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We consider slow/fast systems where the slow system is driven by frac-
tional Brownian motion with Hurst parameter H > % We show that unlike

in the case H = % convergence to the averaged solution takes place in prob-
ability and the limiting process solves the ‘naively’ averaged equation. Our
proof strongly relies on the recently obtained stochastic sewing lemma.

1. Introduction. The purpose of the paper is to study a two-scale stochastic evolution
on R¢ with memory of the type

(1.1) dx; = f(x{,y)dB: +g(x;, yf)dt,

where B is an m-dimensional fractional Brownian motion (fBm) of Hurst parameter H > %,
f:RYxY - LR" R and g:R? x Y — R?. The fast variable y; is assumed to take
values in a state space ) which is either an arbitrary Polish space or a compact manifold,
depending on the situation. We will consider both the case in which the dynamic of y is
given, independently of that of x, and the case in which the current state of x influences
the dynamic of y. In the latter case, we will assume that the dynamic of y is Markovian,
conditional on B.

We recall that one-dimensional fractional Brownian motion is the centred Gaussian pro-
cess with By = 0 and covariance E(B; — Bs)2 =t — s|2H. An R™-valued fBm (Bl, ..., B")
is obtained by taking i.i.d. copies of a one-dimensional fBm. A fBm is not a semimartingale
and does not have independent increments. It does however have a version such that almost
all of its sample paths t — B;(w) are Holder continuous of order « for any o < H.

Let us first consider the simple case in which the fast process y has no feedback from x
and is of the form y; = Y; /. for some process Y which is almost surely Holder continuous of
order o with @ + H > 1. The integral appearing in (1.1) can then be interpreted as a Young
integral. For the processes {x?, ¢ > 0} to have a limit, we would at the very least need uniform
bounds. The usual Young bound however only gives an estimate of the form

t
[ sy an,

which is not very helpful since the process y® is in general expected to have a Holder norm
of order 8% Proving these bounds present unexpected difficulties. In the case where B is a
Brownian motion, the desired estimates follow quite easily from It6’s isometry and/or the
Burkholder—Davis—Gundy inequality. They are of course not available in our setting, but we
would nevertheless like to exploit the stochastic nature of the fractional Brownian motion.
We resolve this problem by using a carefully chosen approximation to the Young integral
and using a recently discovered stochastic sewing lemma by L& [23]. Our main result in this
setting is given by Theorem 3.13 below. When combining it with Lemma 3.14, this can be
formulated as follows.

SIFEE, yE),1b1g,

Received March 2019.
MSC2010 subject classifications. 60G22, 60H10, 60HOS.
Key words and phrases. Fractional Brownian motion, averaging, slow/fast system, sewing lemma.

1826


http://www.imstat.org/aop/
https://doi.org/10.1214/19-AOP1408
http://www.imstat.org
mailto:m.hairer@imperial.ac.uk
mailto:xue-mei.li@imperial.ac.uk
http://www.ams.org/mathscinet/msc/msc2010.html

AVERAGING DYNAMICS DRIVEN BY FRACTIONAL BROWNIAN MOTION 1827

THEOREM A. Let ) be a Polish space and let f, g be bounded measurable and of class
BC? in their first argument. Let y; = Yy/¢ for a Y-valued stationary stochastic process Y that
is independent of B and is strongly mixing with rate t =% for some 8 > 0 in the sense that

sup{P(ANA) —P(A)P(A): Aco(Yy),Aca(Y)} Sto.

Let f(x) = [ f(x, y)u(dy), where p is the law of Yo, and similarly for g. Then, any solutions
to (1.1) converge in probability to the solution to

(1.2) dx, = f(%,)dB, + g(x,) dt,

with the same initial value.

REMARK 1.1. This is very different from the case where B is a Wiener process. In that
case, one cannot expect convergence in probability and the weak limit solves a diffusion with
averaged generator; see, for example, [7, 15, 19, 20, 25, 26, 31, 33], which is different in
general from the diffusion with averaged diffusion coefficients appearing here. In this sense,
equations driven by fBm with H > % behave more like ODEs rather than SDE:s.

Note however that our convergence in probability refers to convergence in probability in
the full ‘product’ probability space on which both B and Y live. In particular, we do not know
whether the convergence to X holds with B replaced by any given b € C# with 8 < H. In the
lingo of diffusions in random environment, our convergence result is ‘annealed’ rather than
‘quenched’.

REMARK 1.2. It would be natural to take for y the solution to a SDE driven by a frac-
tional Brownian motion independent of B. Unfortunately, it is not clear whether the results of
[2, 12, 14] concerning the ergodicity of such processes can be strengthened in order to satisfy
the assumptions of Theorem A.

The other case we consider is when the state of the slow variable x feeds back into the
dynamic of the fast variable y. In this case, we restrict ourselves to the case when ) is a
compact Riemannian manifold and y is given by the solution to

1 A
ﬁV(xf, yi)o dWy,
where, for any fixed value x € R, Vi(x, -) are vector fields on a state space ), and where 114
is a m-dimensional standard Wiener process that is independent of B.

Since solutions to this equation are expected to be Holder continuous of any order o < %,
the integral with respect to B appearing in (1.1) can still be interpreted as a Young integral
for any fixed ¢ > 0. Since the slow and fast variables interact with each other, however, a
solution theory with mixed Young and It integrals must be used. Such a theory is available
in the literature; see, for example, the work by Guerra—Nualart [11] extending Kubilius [21],
as well as [5]. Our main theorem is the following result, which is a slight reformulation of
Theorem 4.3 below.

1
(1.3) dy; = —Volxy. y7)dr +

THEOREM B.  Let f, g and the V; satisfy Assumption 4.1 below, let B; be a fBm of Hurst
parameter H > i and let Wt be an independent Brownian motion. For every x € RY, let
w* denote the (unique) invariant measure for (1.3) with x; replaced by x. As before, let
fx)= [ f(x, y)u*(dy), and similarly for g.

Then, as € — 0, the process x; converges in probability in C* (for any a < H) to the
unique limit x; solving (1.2) with the same initial value.
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1.1. Outline of the article. In both cases, the proof of convergence of the slow variable
is based on a deterministic residue bound, Lemma 2.2. This is a quite general statement
about differential equations with Young integration, not involving any stochastic element nor
needing any preparation, and is therefore given at the very beginning of the article, even
though it becomes relevant only in the later stages.

Section 3 is devoted to the proof of Theorem A. In order to prepare for this, we use the
Mandelbrot—Van Ness representation of B; by a Wiener process W;. We then make use of
the observation, [12], that the filtration G; generated by the increments of B up to time ¢ is
the same as that generated by W, and that B can be decomposed for ¢ > 0 as B; = B; + B,
where B; is smooth in 7 and B, is independent of Gy. Such a split can be made with reference
to any G, for any time u, which allows us to define integrals of the type

/U F(s)dB(s).

for G,-measurable processes F', as the sum of a Wiener integral against B; and a Riemann—
Stieltjes integral against the smooth function B;. The stochastic sewing lemma then allows
us to extend this integration to a class of adapted integrands which are allowed to be quite
singular (much more than what Young integration would allow), but such that the singular part
of their behaviour is independent of B in a suitable sense. This is the content of Lemma 3.10,
which is the main ingredient of the proof of Theorem A given in Section 3.4.

Section 4 is devoted to the proof of Theorem B. The main ingredient of the proof is given
by Theorem 4.16 where we show that one has a bound

1 _
[ (b 30) = i),

< C&*(Ixla,plt — s17 + | — 517).
LP

for some 1 > % and 77 > 1, where  is the average of 1. Compared to the results in Section 3,
the difficulty here is that the process y® does depend on x (and therefore also on B) via (1.3).
The main idea is to interpret the integral appearing in this expression as the output of the
stochastic sewing lemma applied to

U —_
Avw= [ (s, ¥70%) = ) By,

where Yf’g denotes the solution to (1.3), but with the process x replaced by the fixed value x.
In this way, the integrand is F;,,-measurable (for F the filtration generated by B and W) and
the integral can be interpreted as a mixed Wiener/Young integral as before.

The hard part is to show that § A satisfies the assumptions of the stochastic sewing lemma.
For this, we use the fact that we only need bounds on E(§ Ay ;, /| F5) and that this quantity is
much better behaved than § A itself. Section 4.4 contains preliminary estimates on the Markov
semigroup generated by Yf ¢ as well as some form of ‘nonautonomous Markov semigroup’
generated by (1.3), while Section 4.6 then contains the uniform bounds on the conditional
expectation of §A.

Notation. We gather here the most common notation:

e (2, F,P) is a probability space and || - ||, denotes the norm in L?(£2).
. . def
e For s <t and x; a one-parameter process with values in R?, we set 0Xg ¢ = X — x5. We
also set || x|lq,p = supy , [t — ST x5, -
e Fors <u <t and A, a two-parameter stochastic process, we set

def
8Asut = As,t - As,u - Au,t-
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We also set

aer Al def IEG Agut| Fo) |
Al < sup 2P NAllg,p = sup —— 2200

s<t | s<u<t [t —s|*

_s|a’

o Hy ={As €Ly(Q, F,P):||Aly,p < oo}

o Byp={x; €F:0x5,€ HY), By,p C Lp(£2,C") (up to modification) for y < o — %

o Hy ={As;:llAlly,p < o0}

e W, and W, are two independent two-sided Wiener processes of dimension m and m, re-
spectwely

e G, and G, are the filtrations generated by the independent Wiener processes W and W,
respectively, and F; = G; vV g,

e B; (also denoted by BlH ) is a fractional Brownian motion of Hurst parameter H, which is
related to W, via the Mandelbrot—Van Ness representation.

o Foru <t, B* ¥ E(B, — B,|G,) and B* ¥ B, — B, — B".
Also B, = def BO Bt = Bto.

f < g means that f < Cg for a universal constant C.

Cg denotes the space of smooth functions with compact support.

BCk is the space of bounded C* functlons with bounded derivatives of all orders up to k.

Fora € (0, 1), |x|oa = SUpPy =%l js the homogeneous Holder semi-norm.

|r— )
| +loo and | - |Lip denote the suprernurn norm and minimal Lipschitz constant, respectively.

| flose =sup f —inf f.

Forh € CR,RY), k € (0, 1), |h|— =supg ;<7 |t — s|“7'| [ h(r)dr|.

For f:RxRY = R, |f |,y 1s the smallest possible choice of constant K with the prop-
erty

Sup}f(-,x)|_K§K, Sup|f(-,X)—f(-,)’)|—x <K.
X X#£y lx — y[¥
e We write B()) for the Borel o -algebra of a topological space ). For s < u, we set

U ={F:QxY— R: bounded (Fs v G,) ® B(Y) measurable}.

2. A deterministic residual bound. We first state a bound on the difference between
two solutions to a differential equation driven by a Holder continuous signal, given a bound
on the corresponding residual. In the following, the reader may think of b; as a realisation
of the fractional Brownian motion B, or a realisation of (B, r) € R”t!, but our statement is
purely deterministic.

A basic tool is the following estimate, the proof of which is elementary and follows for
example easily from [9], equation (2.8).

LEMMA 2.1. Assume that F : R? — R has two bounded derivatives and let o € (0, 1).
Then the composition operator x — F(x) = (t — F(x;)) satisfies the bound

[F(x) = FD)y STF'|golx = o +[F" [ 1x = yloo(IX]a 4 1¥]a)-
The announced bound goes as follows.

LEMMA 2.2. Let F € BC?, let b € CP for some B > % and let Z, 7 € C* for some o €
(0, B] such that o + B > 1. Let z, 7 be the solutions to

t _ t
a=L+Amem, z=L+AF@mm
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Then there exists a constant C depending only on F such that, on the time interval [0, 1], one
has the bound

|2 = Zlo < Cexp(CIpl{* + CI1Z|Y* + CI1Z1Y*) Z — Zla.

PROOF. Since, by Lemma 2.1, we have the bound
2.1 [F@) = F@y Sz =2l F'l o + [F"| 12 = Zloo(Izla + 1Zla),
we conclude that on [0, 7] with T < 1 one has
12— Zloo S (TP LIz = Zloo + | F'| JT* P12 — Zla)Iblg + 1Z — Zlow,
2= Zla S(TP7LIz = Zloo + | F'| o TP12 — Zla) blg +1Z — Zla.

where L = |F|Lip + T*|F"|so(Izla + |Z]o). The two inequalities are proved similarly, we
demonstrate with the second one. By (3.11) in Section 3, we obtain on [0, 7] the bound

|z —Zla < ‘/(;.(F(Zs)_F(Zs))dbs +|Z_Z|ot

S|F@) = F@)|,TPblg + |F(2) — FQ| TP blg +1Z — Zla,

and the requested bound then follows from (2.1). In a similar way, using the fact that
|F(2)|lq <|F’'|oolz]a, We obtain the a priori bound

l2la S 1Zla +TP%blg + TP1bIgl2a,
and similarly for z. Provided that we choose T in such a way that
(2.2) TPblp<c.  TYZla<1. TYZla<1,

for some sufficiently small constant ¢ that only depends on F, we thus obtain the bound
1Zle S| Zlo + TP |b|g, and similarly for |Z|y. In particular, this shows that for 7" as in (2.2)
one has L < 1.

This then suggests the introduction of the norm

|zle.7 = |2loo + T%|2la;
with suprema taken over [0, T'], for which we obtain the bound
|z = Zlar S TP1z = Zla1Iblg +1Z = Zla 1,
thus yielding
|2 = Zlor <21Z = Zla,1,

on [0, T] where T is as in (2.2). Iterating this bound, we conclude that on any sub-interval
[s,s + T] of [0, 1], one has a bound of the type

[z = 2Dls, s+ Ty 7 <2exp(CA+5/T)Z = ZlaT,
whence we conclude that on [0, 1], for a possibly larger constant C, one has
1z —Zle Sexp(C(1+T7H)Z = Zla.
1/ 1/

Since (2.2) allows us to choose T suchthat 1/ T < |b|/13/’3 +1Z1% +1Z14/%, the claim follows.
O
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3. Averaging without feedback. In this section, we provide an interpretation of the in-
tegral against fractional Brownian motion that is more stable than the Young integral in situ-
ations in which the integrand exhibits fast oscillations. The idea is to exploit the adaptedness
of the integrand in a way that allows us to apply the stochastic version of the sewing lemma
[10] recently obtained in [23].

To take one step back, we recall that integration of a deterministic function with respect to a
fractional Brownian motion (fBm) of Hurst parameter H > % is called a Wiener integral (with
respect to Gaussian processes): the integrands are smooth stochastic processes completed
with the norm given by the inner product

(d),zl/):E(fR%stng/fsst).

(Limits of smooth functions with respect to this norm can be Schwartz distributions.) When
the integrand is sufficiently smooth, this is just the Young integral.

Let B; be a m-dimensional fractional Brownian motion with Hurst parameter H € (%, 1),it
has an integral representation with respect to a two sided standard Wiener process W;, which
was introduced by Mandelbrot and Van Ness [29]. We consider H as being fixed throughout
this article and, therefore, omit the superscript. For r > u, write the increment of fractional
Brownian motion as a sum of two processes:

u r
B—Bi=[ (-0t @-w"Haw,+ [ ¢ -wiiaw,
—0o0 u
3.1 ) )
& By B

Writing G; for the filtration generated by the increments of W, Bt” is G,-measurable and
smooth in ¢ on (u, 00), while Et” is independent of G,. For the special case u = 0, we simply
write B, = Bto, B; = E,O. Recall also that the filtration G; coincides with that generated by the
increments of B.

3.1. Mixed Riemann and Wiener integrals. If f: R x R? — L(R™,R?) is a measurable
function and x; a G;-adapted stochastic process, our first task is to define fé f(@r,x;)dB, as
the limit of ‘Riemann sums’ of the type >_; /. :;_"“ f(r, xs;) dB,, provided that f and x satisfy
suitable assumptions. Prior to justifying its convergence, we explain how each individual
integration in the sum is defined. For any s < ¢, set

def [! det (! =y ! ~
As,t: f(r,xs)dB, = f(raxs)dBr+ f(r»xs)dBr-
s s s

The first integral will be considered as a Riemann—Stieltjes integral which will exploit the fact
that B® is a smooth function with a well-behaved singularity at time s. The second term will
be interpreted as a Wiener integral with respect to the Gaussian process B*, which we can do
since x; is Gg-measurable and, therefore, independent of it. Since r B;‘ is smooth for r > u
and its derivative has an integrable singularity at r ~ u, the Riemann integral [ uz fr,x,)d Br“
can be defined in a pathwise sense as soon as f is continuous in both of its arguments. If
x. has continuous sample paths, then the same is true for the Wiener integral since the map
F— fut F,.d l};‘, viewed as a linear map from C* into L?(£2), can be extended to all F e C°
(and actually even to F € C™* for « small enough; see Lemmas 3.2 and 3.3 below). Think
now of u as being fixed and consider an arbitrary stochastic process F on [u, t], but we think
of the case F,, = f(r, xy).

REMARK 3.1. If F is either deterministic and Holder continuous of order & or F' € By
where p > 2 and o + H > 1, then the mixed integral coincides with the Young integral.
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The first follows from the deterministic sewing lemma and that fut(Fr — Fu)dI}r N
u|*TH  The second follows from the stochastic sewing lemma; alternatively, this is a special
case of Lemma 3.12 below.

In situations where f and x are sufficiently regular so that the usual Riemann sums con-
verge, we will see in Lemmas 3.12 and 4.10 that the notion of integration used here coincides
with the classical Young integral. The advantage of this set-up however is that we can exploit
the stochastic cancellations of the Wiener integral through the use of the stochastic sewing
lemma, which allows us to substantially expand the class of admissible integrands and is
fundamental for extracting uniform estimates for SDEs with random inputs.

We begin with building up estimates for the mixed stochastic integral explained earlier.
Let R denote the covariance function of B. We work componentwise, so that instead of
complicating our notation with i.i.d. copies of the one-dimensional fBm’s, we may assume
that B is one dimensional in the formulation below. It follows from the scaling properties of
B that

R(r,s)=EB,B, = (r A s)””%(@),
r
3.2) g

R o 1
RO=EBBis = [ (=9 3141 -2 ds,
0

T .. def 32
so that their distributional derivatives 8,% R E afa S

2 _ 2H—2 (I =5
ar’SR(r, s)=(rAs) G<—r/\s ),

R(r, s) satisfy

(3.3)
Git)=QH - DR ) - t+ DR ¢).

Convention. We now fix a filtration F; with Gy C F; and such that, for every s, B is
independent of F;. The example to have in mind which will be relevant in Section 4 is to
take F; = Gy V Gy, where G is the filtration generated by the increments of a Wiener process
independent of B.

Recall that Wiener integrals are centred Gaussian processes. In our case, Fy is random but
with Fy; € F, for any s € [u, t], so that fut Fod Ig’g is a centred Gaussian process, conditional
on F,.

LEMMA 3.2. G(t) ~ 1?12 for t €1 and G(t) ~ tH_% for t > 1. In particular,
8,2, s R(r,s) is integrable over any bounded region and there exists ¢y € R s.1.,

topt
/0/0|8r27SR(r,s)|drds§clt2H,

for every t € R.. For some fixed u > 0, let Fy be pathwise smooth in s and suppose Fy is
Fu-measurable for any s € [u, t], then the following It6 isometry holds:

(3.4) E((/t Fsdés“)z‘]-"u>(w) — /ut /ut 82 R(r, 5) F, () Fy() dr ds.

PROOF. The bound on 8,27SR(r, s) follows at once from the representation given in
Lemma A.1 below, while the fact that (3.4) holds in the distributional sense is classical; see,
for example, [16]. The bounds on R given in Lemma A.1 guarantee that the distributional
derivative of R coincides with its weak derivative and is an integrable function, so that (3.4)
also holds with the right-hand side interpreted as a Lebesgue integral. [J
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As usual [3, 16], the left-hand side of (3.4) can be defined in such a way that this isometry
extends to all g taking values in the completion of the space of smooth functions under the
norm given by the right-hand side of (3.4). This in particular contains all g € L2, as can be
shown similar to [30]. It turns out however that the space of admissible integrands for this
Wiener integral contains not only functions, but also distributions of order —« provided that
Kk < H— % More precisely, we have the following result, a proof of which is postponed to
the Appendix.

LEMMA 3.3. Let h be a continuous function. Then, for all T > 0 and x € [0, H — %),
one has the bound

def

(3.5) h3kus = STH=202,

T T
/ / 32 R(r, )h(r)h(s)dr ds
0 0 ’

where the negative Holder norm |h|—, on [0, T] is given by

/sth(r)dr

Since B is smooth in ¢, integrals with respect to it extend to rougher integrands, as we will
show now. Below we provide a bound for integration with respect to the full fBm.

k= sup |r—s<7!
0<s,t<T

LEMMA 3.4. Let B be a fBm with H > % and fix 0 <k < H — % Let s > 0 be fixed.
Let r — F, be smooth, with each F, for s <r measurable with respect to Fs. Then, fort > s
with |t —s| <1 and 2 < p < q one has the bound

t
\[
N

where |F|_, denotes its negative Holder norm on [s, t].

By linearity and density, this immediately allows us to extend the notion of integral against
B to any integrand in L1((2, F;),C™*) forany 0 <« < H — % (which may no longer agree
with the Young integral).

SIFI=el le =517,
p

PROOF. Since our set-up is translation invariant, we restrict ourselves to the case s =0
without loss of generality and we write

t t _ t o
/F,dB,:f F,a’B,—l—f FdB €1, +D.
0 0 0

To bound I;, we note that r — B, (w) is a smooth function on (0, co) satisfying the bounds,
forany p > 1,

(3.6) 1B, <SP 1B, SrP 2

We then integrate I by parts, so that

= t t pr .
Ilth/ F(r)dr—/ / F,duB,dr,
0 0 JO

and the required bound follows from Holder’s inequality. ~
Concerning I, since the integrand is Jp-measurable and B is independent of Fy, the
Wiener integral /5 is Gaussian and its L, norm is bounded by its L, norm. We can proceed
as if the integrand were deterministic and use Lemma 3.2, so that one has the bound
t ot r/2
3.7) E|12|”§EVO /0 F(r)F(s)ar%sR(r, s)drds

Inserting the bound from Lemma 3.3 into (3.7), we obtain the bound || 1|, S [I1F|—« ||ptH_"
as required. [J
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3.2. Stochastic sewing lemma. Let A, ; denote a two parameter stochastic process with
values in R”, where s <t. Both s and ¢ take values in a fixed finite interval [a, b]. We are
interested in situations where A is close to being an increment. To quantify this, for any
s <u<t,set

d f
SAsut = Ay — Ay — Aus,

which vanishes if and only if A ; is the increment of a one-parameter function. In the cases
of interest to us, the family of ‘defects’ 6 Ay is typically much smaller than Ay ; itself for
|t — s| small.

Let us now quantify this more precisely. Given p > 2 and an exponent n > 0, we define
the space H,f of continuous functions (s, 1) — Ay, € LP (2, F;) such that

def |l Asll
(3.8) I4lly.p = sup =0 < oo,
where || - || , denotes the norm in L”(£2). We also define the space I-—I,f of maps Ay ; as above
such that

E(8 Agut| F,
(3.9) Il % sup MECAwl 2y

s<u<t |t - S|n
Then H,f’ is a Banach space with norm || - ||;;, ,, while || - [|l;, » is only a semi-norm.

We will view a partition of the interval [a, b] as a collection P of nonempty closed inter-
vals that cover [a, b] and overlap pairwise in at most one point, so we can use the notation
> fu.vlep Au,v for the ‘Riemann sum’ associated with A on the partition P. Given such a
partition, we write |P| for the length of the largest interval contained in P. The following
result was proved in [23], Theorem 2.1. The version presented here is slightly weaker than
the general result, but it will be sufficient for our needs. Note that a deterministic version
of the sewing lemma was given in [10] and was instrumental for the reformulation of rough
path theory [28] as exposed, for example, in [8]. A multidimensional analogue to the sewing
lemma is given by the reconstruction theorem from the theory of regularity structures [13],
Theorem 3.23.

LEMMA 3.5 (Stochastic sewing Lemma). Suppose that, for some p > 2, one has A €
H,f N H,—f with n > % and n > 1. Then, for every t > 0, the limit in L?

def
(3.10) I (A) S dim Y Auw,
[u,v]eP

with ‘P taking values in partitions of [s, t], exists and there exists a constant C depending
only on p and n, n such that

[ 75,0, = CUIANGpl = 17 + 1 Ally, ple = s17),
|E(15,:(A) = Ash|F) |, < CllAIlG ple — 51"

Furthermore, 1(A) satisfies the identity I ,(A) + 1, :(A) = I; :(A) for any s <u <t, so
that there exists a stochastic process I;(A) = Iy ;(A) with I, t(A) = I;(A) — I,(A). If one
furthermore has the bound |E(Ag (| Fy)llp S|t — s|", then 1(A) =

REMARK 3.6. In the general case, the bound (3.8) is required for §A only, but we will
always have this stronger bound at our disposal. Note also that [23], Theorem 2.1, requires
joint continuity of E(A; ;|Fy), but this is only ever used to obtain [23], equation (2.8), which
we do not need.
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REMARK 3.7. A simple special case is the classical result by Young [35]: for f € C¥
and g € C# with a + 8 > 1, one has the bound

(3.11)

t
f frdgr — f(g — g9 < | flalglglt — s
S

Strictly speaking, setting As; = fs(g: — gs), this is only a special case of Lemma 3.5 for
B> %, but this is only due to the fact that, as already mentioned, the formulation given here
is slightly weaker than the one given in [23].

3.3. A stochastic integral with respect to fBm. For k,y € [0, 1], we introduce a space
C™7 of distributions of order —« (in time) with values in the space of Holder continuous
functions of order y (in space). More precisely, an element f € C™*7 is interpreted as the
distributional derivative with respect to the first argument of a continuous function f R x
RY — R, such that £(0,x) =0 and

|ft.x) = fs.x)| < K|t —s|'7%,
|ft, %) = f(s,x) = f(t,y)+ f(s, 9| <Kt —s" ¥ |x —y]7,

uniformly over |s — 7| < 1 and x, y € R?. Alternatively, one has

D = FEDl

xF£y |x—)’|” N

(3.12)

K.

sup| f (-, x)|_, <K,

We write | f|_,, for the smallest possible choice of proportionality constant K in (3.12). In
particular if f is bounded and f (r, -) uniformly y-Holder continuous (uniformly in r), then
f eC™Y for every k > 0.

The following lemma is only used for the proof of Theorem A.

LEMMA 3.8. Fora,k € (0, 1), the map

(f,X) = (t'_) f(l7xt))’

extends to a continuous map from C~'V x C% into C™* provided that ya > «. Furthermore,
one has the bound

(3.13) 10> £ x| S 1 ey (L RILTT),

on any interval of length T .

PROOF. This is an immediate consequence of the deterministic sewing lemma [10]: Let
Hy.; be a deterministic two parameter process with

|Estl < K[t — 5", |SEsut|§KLip|t_s|n,

_ .. — def
for some n > 0 and n > 1. Then, for every s < ¢ < T, the limit I ;(E) =
limp|—o Z[u,v]ep Eu.v exists along partitions of [s, 7] and one has
(3.14) |5, (B) — Byi| < Kuiplt — s1".

To make sense of the distribution r +— f(r, x,), we need to be able to make sense of its
integral over any interval [s, ¢]. A good candidate for this is /;(Z), where

t A A
=, = f £ xs)dr = f(t,x5) — £ 5, x5)-
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Writing K = | f|_,,, the bounds (3.12) imply that |E ;| < K|t — s|17¥. On the other hand,
we have

16 Bsucl = | £ (1, x5) — fu,x5) — ft,x0) + Fu, x0)|

(3.15) e .,
§|f|—K,y|t_”| ls —ul” leg,

so that the corresponding ‘integral’ /(&) is well defined since ya > « by assumption. Fur-
thermore, it follows from (3.14) that

1L (B)| S 1t — 51 7 floieny (14 |x |21 — 5]7%),

which does indeed show that the distributional derivative of ¢ — Ip ;(E) belongs to C™*. In
the particular case where f is actually a 8-Holder continuous function in its first argument,
we have

|85 — f(5,x5)(t — )| S|t —s|FF,

so that we do have I ;(2) = fst f(r, x;) dr and, therefore, %Io,,(E) = f(t, x;) as required.
O

We now introduce a space of stochastic processes that will be a natural candidate for
containing our solutions. Recall that F; denotes a filtration of the underlying probability
space as in Section 3.1, namely it contains Gy = o ({B, — By : u, v < s}) and is such that B,s
is independent of F; for every s.

DEFINITION 3.9. Fora > 0and p > 1, let By, denote the Banach space consisting of
all F;-adapted processes x; such that 6x € HY, where 8x5.r = x; — Xx5. We also write
(3.16) % lle,p = sup |t — s[™*llx¢ — x5l Lr-
s,t

(To be consistent with (3.8), we should really write [|6x |4, , but we drop the § for the sake
of conciseness.)

Our aim is to lay the foundations for a solution theory of SDEs driven by fractional Brow-
nian motion with right-hand sides determined by functions f: R x RY — L(R™,R%) such
that the following holds.

LEMMA 3.10. Let p>2and a > % Assume that x. € By, let f € CT*V (determinis-

tic) for some k,y > 0 such thatn=H — k > % andn=H — k +ya > 1, and define the two
parameter stochastic process

t
As,t :/ f(l", Xs)dB,,
s

where the integral is interpreted as a conditional Wiener integral as constructed in
Lemma 3.4. Then one has A € H,f N Hﬁp and we take the resulting process as our defini-
tion of the stochastic integral against B:

def

t
(3.17) / Frx)dB, 1, ,(A).

This integral satisfies the bounds

/ ' frx)dB,

p

(3.18) . )
S ey (It =177+ XN 1t = s17),
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)

HE( / (F ) — Frx)

(3.19) P

S ey L e = 517
uniformly over s, t € [0, T].
PROOF. . By Lemma 3.5, it suffices to show that for «, y as in the assumption, one has
A € Hy N HY with
(3.20a) n=H—«k, NAly.p ST 1=k
(3.20b) n=H—-«k+ya, WAz S 1 1=y Xl ,

Since f (-, x5) is Fy-measurable and f € C™*7 with x € [0, H — —], it follows from
Lemma 3.4 that one has the bound

(3.21) I Asillp S sup | £ (x| 1t —s|77%,

xeR4

where C), is a universal constant, thus yielding the bound (3.20a).
We now bound § Agy; for u between s and . Since

t
Shai= [ (Frx) = ) B,
u
and since s < u, we are again in the setting of Lemma 3.4, which yields

(3.22) 18 Asullp S N1f o) = £ x| [l e —ul*

We then note that

|f(.9 Xg) — f(a xu)|_K =< |f|—l{,y|xs _xuly-
Choosing ¢ = p/y in (3.22), we thus obtain

H—
18 Asucll p S 1f 1=y 1yl = s1%7 8 — u ™75,

so that (3.20b) follows. Since H —k > % and H +ay —« > 1, we can now apply Lemma 3.5
and immediately deduce I;;(A) = lim;p_¢ Z[M’U]ep A,y and the required bounds (3.18)-
(3.19). O

REMARK 3.11. Since f(¢, x) is not assumed to be Holder continuous in ¢, the integral
defined in the theorem by sewing up the mixed integrals (Riemann-Stieltjes integral with
respect to the smooth B; and the Wiener integral with respect to B, with essentially ‘nonran-
dom’ integrand) cannot necessarily be interpreted as a Young integral.

Finally, we note that in ‘nice’ situations where the integral against B also makes sense as
a Young integral, the two integrals coincide. The precise statement is as follows.

LEMMA 3.12. Under the assumptions of Lemma 3.10 and assuming that f is such that,
for some § with 6 + H > 1, one has

sup sup |t—s|_‘s|f(t,x)—f(s,x)|<oo,

X r=s|<1

the integral given by (3.17) coincides with the usual Young integral.
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PROOF. By Lemma 3.4 withxk =0,and g > p > 2,

/ (f(l’, xu) - f(u,xu))dB,

p

< H§|U—M|H+6.

sup |frox) = f e, | v —ul

refu,v]

The final part of Lemma 3.5 then leads to the desired conclusion, namely that

tm Y ([ reovodn, — )b, - ) =0

|P|_)0[u,v]e73

in probability. [

3.4. A semideterministic averaging result. In order to state the main theorem of this sec-
tion, which is then going to lead us to the proof of Theorem A, we introduce the space C*2
of functions that are o-Hélder continuous in time, with values into the space BC2. With this
notation, we then have the following.

THEOREM 3.13. For H > %, let a, k,y > 0 satisfy the assumptions of Lemma 3.10 and
o < H —«. Let furthermore ¢ € (a, 1] and let f,, f : Ry x R4 — L(R™,RY) be in C5? such
that

Jim | fu — fl-cy =0.
Let x" and x be the C* solutions to the equations
(3.23) dx" = fu(t,x")dB,, dx; = f(x;)dB,

with xj = xo and the integrals interpreted pathwise in Young’s sense. Then x" — x in prob-
ability in C*. The same holds if the equations include a term with d B replaced by dt.

PROOF.  The fact that (3.23) admits unique solutions in C* for every realisation of B € C?
with 8 > @ and o + 8 > 1 is standard. (Combine Lemma 2.1 with [35] to show that the Picard
iteration is contracting in C* with fixed initial value.)

Let us first obtain bounds on x” that are uniform in n. For any % <a < H — k satisfying
ay > 1— H +«, we can apply bound (3.18) of Lemma 3.10 so that, over any interval [0, T],
we obtain the bound

[l ST+ T 7).

o,p

which immediately implies that |[x" ||, , < 1, uniformly over n, provided that we choose a
sufficiently short time interval. This bound can be iterated and, therefore, yields an order one
a priori bound on ||x"||4, , over any fixed time interval.

We then note that we can write

t_ ro_
w=2+ [ faods, =70+ [ FGd)a,,
0 0
with
t —
Zi=xo. 2z =x0+ [ (fals.xf) - () dB.

It now follows again from (3.18) in Lemma 3.10 that, over any fixed time interval, one has
the bound

12" = Zl gy p SV Fa = Pl (L4 |52 ,)-
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Note now that by Kolmogorov’s continuity theorem, we have for any §, ¢ > 0 the inclusions

1
(3.24) LP(R,C%) C By, C LP(R,C5777°)
so that, choosing p large enough, we conclude that |Z" — Z|, — O in L, for any p > 2, as
n — 00. The claim now follows from Lemma 2.2. [J
The type of application of this theorem that we have in mind is that when f;, is, for exam-

ple, given by
(3.25) Jn(t,x) = F(x, ynt),

for some smooth function F' and for a stationary stochastic process y; that is independent
of the driving noise B. (This is so that f; can be considered deterministic.) To give a more
concrete setting, given any two random variables X and Y, we can measure their degree of
independence o (X, Y) (also called the ‘strong mixing coefficient’) by

a(X,Y)= sup{P(A NB)—P(APB):Aco(X),Be a(Y)}.
Note that if F and G are two bounded centred functions, then
(3.26) EF(X)G(Y)| <4a(X,Y)|Flxo|Gloo,

see [17]. The following proposition is then crucial.

LEMMA 3.14. LetY be a Polish space and let (y;):cR be a stationary Y-valued stochas-
tic process such that a(yo, y;) <t 70 for some 8 > 0. Let F : R? x )V — R be a measurable
function; C? in the first variable, such that

|F(x,»)| <K, |F(x,y)—F(z,y)|<Klx—zl,

uniformly over y € Y and x, z € R%. Assume for simplicity that outside of a compact set F is
periodic in its first argument.

Then, for every k > 0, every y < 1 and every p > 1, the sequence f, defined as in (3.25) is
such that | f,, — fl_,(,y — 0in L, asn— oo, with f_(x) = [ F(x,y)u(dy), where i denotes
the law of y; for any fixed t.

PROOF. Since F is bounded measurable and f,, (¢, x) = F(x, yur) € C%! we note that f

is bounded Lipschitz continuous. Replacing f,, by (fn — f)/K, we can assume without loss
of generality that K = 1 and f = 0. Making use of (3.26), we then have the bound

t 2 nt pnt
E(/ fn(r,x)dr> =n—2E/ / F(x, y.)F(x, yr)drdr
s ns ns
5 nt nt
<|Fx,)Pan™? / / o(yy. y7)dr dF
ns ns

) 2 nt nt s
SIF(x,)|on” / f lr —7|~°drdr
ns ns
< |F(x, -)|ion72|nt —ns|?? < nOr — s>,

On the other hand, we have the trivial bound | fs’ Jau(r,x)dr| < |t —s|, so that for any p > 2,

/: fu(r,x)dr

_3 1-4
Snorlt—s| .
p
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Replacing f,(r, x) by f,(r, x) — fu(r, z), we similarly obtain

_3 1-4
<nrlx—zlle—s]'77,
p

t
/ (furx) — fulr,2)) dr

Applying Kolmogorov’s continuity criterion, we obtain over any finite time interval the bound
) _s
H‘/O (fﬂ(rvx)_fn(r7Z))dr Snorlx—z|,
P

provided that we choose p large enough so that % + % < k. In other words, we have the

bound

1—«

() = fuC D] ], S 7 lx =2,

This allows us to apply Kolmogorov’s criterion a second time; this time in the spatial variable,
showing that for any compact set K, we have

o) = fu Dl | o
sup Sn py,
XF#Z |X - Z|y p

x,zelC

_3
provided that p is such that % < 1 — y, where the proportionality constant in front of n »

depends on the compact set K. Since F' is furthermore assumed to be periodic outside of a
compact set, this bound extends to the whole space, proving the claim that | f;, — flc,, — 0
in L U

pe

PROOF OF THEOREM A. As above, we define

(@, x) = f(x, ynt),

for f as in the statement of the theorem. Since f is Lipschitz continuous and CZ, the
equation x; = f (x¢)dB; has a unique solution. Assume now that x” is a C* solution to
dx;' = fu(t,x}')dB;. Note that since f, € COl ¢t > fat,x") € C7F for any k < a (by
Lemma 3.8) and the integral fé fu(s, x)dBs makes sense by Lemma 3.10, so the notion
of what constitutes a solution is unambiguous.

We now modify f outside of the ball Bg of radius R centred at O so that the result-
ing function ff is periodic in its first argument and satisfies the conditions of Lemma 3.14.

. def . .
Write fnR (t,x) = fr(x, ysn) and denote by x]' R and xtR the respective solutions to dx; =

fr(X¢, ynr) d By and dx; = fR(xt)dB,. By Theorem 3.13, as n — oo, x?’R converges to xtR

in probability. The reason why we are able to apply this result is that, even though the func-
tions fR are not deterministic, they are independent of B. Furthermore, one has x;' R = x;!

and xtR = x; before they exit Bg so that, sending R — oo, we conclude that x;' — x; in
probability, as required. [J
To conclude this section, we give a deterministic example of averaging. Fix a function
F:RxR"xR; — L(Rm,Rd),
(tax, t) = Ff(tsx)

with the property that, for any fixed T € R, the function F; is of class BC? and is periodic
with period 7 in its first argument. We furthermore assume that, for some positive Radon
measure 1 on Ry and some x > 0, one has

(3.27) fo | Felpe2 (14 7€) u(dr) < oc.
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‘We then set

00 _ o1 fr
ol x) = /0 Font,0pdn),  fa)= /0 . /0 Fo(t,x) diu(d).

REMARK 3.15. A special case is when u is atomic, which corresponds to the case when
fn 1s a sum of periodic functions.

PROPOSITION 3.16. In the above setting, if we set
dx{” = fu(t.x{")dB,,  d% = f(E)dB,,

then x™ converges in probability to x.

PROOF. We have f,, f € BC? as an immediate consequence of their definitions and
(3.27). Note also that if g, is periodic with period & and averages to 0, then one has the bound

/ Cgerdr

< |ge|oo(|t —s|A 5)-

As a consequence, one has
t
\)

[ (a0 = Feoyar

§/(;OO|F,(~,X)|OO(|I—S|/\n_lr),u(dt)

~

o
Sl AR N L P e
0

Since one similarly has the bound

t _ _
[ (a0 = £ = Fo+ F)dr| Sn L = ylle = 5117,
)
it follows that | f,, — f|_,<’1 < n~*, and we conclude by Theorem 3.13. [

4. Averaging with feedback. We now turn to the main result of this article, where we
allow for feedback from the slow dynamic into the fast dynamic. The trade-off is that our
averaging result is not as general as Theorem 3.13, as we require that the fast dynamic is
Markovian.

4.1. A class of slow/fast processes. Fix a smooth compact manifold ) for the fast vari-
able and consider the slow/fast system

(4.12) dxf = f(xi, /) dB; + g(x, y7) dt,
1 1 N
(4.1b) dyf:gVo(xf,yf)dt—i-$V(xf,yf)odW,,
x§ =x0 € R, Yo=y0€),

where B is a m-dimensional fractional Brownian motion with Hurst parameter H > % and W

a m-dimensional standard Wiener process independent of B. Also, f : RYx) — L(R™, Rd)
and g : R x ) — RY. We use the shorthand

m
V(xe, 35) 0 dW, €3 Vi(x?, yF) 0 d W
k=1
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for vector fields V;(x,-) on Y. Similarly, £(x¢,y*)dB, & Y7 | fi(xf, y¥)dB*. We fix a
Riemannian metric on ) and, furthermore, assume that the following holds.

ASSUMPTION 4.1. The drift vector field g is uniformly bounded and globally Lipschitz
continuous. Also f, Vg € BC? and Vi € BC? for k > 0. Furthermore, there exists A > 0 such
that, for all x € RY, y € Y and v € T\, one has Zj>0(v, Vi(x, y))2 > )»Ivlz.

Solutions will be interpreted as follows. We fix a realisation of the fractional Brownian

motion in C# for some g > % and we will look for solutions that are Holder continuous of

order o for some o < % with o 4+ 8 > 1, so that integration with respect to the realisation

of fractional Brownian motion can (and will) be interpreted as a Young integral. We will see
in Theorem 4.6 below that (4.1) is well-posed and admits solutions in B, , for any a < %
Indeed, by the consideration in Remark 4.5, it is sufficient to consider the case where ) is
a Euclidean space. A posteriori, one can easily show that the slow variables actually satisfy
xf € Bg,, for any B < H, but this will not be needed.

For any fixed (x, y) € R? x Y and any time s € R, consider the SDE

(4.2) dYs, = Dot Yy0)dt + Ly, Ys)odW,, Yos=1y,
E Ve
with > 5. We write Y ; = CTDf,,(y) for the solution flow associated to this equation, which
exists for all time and is unique under our assumptions. The superscript denotes the frozen
variable x and we have refrained from adding also ¢ to the notation.
Write now P} for the Markov transition semigroup on ) with generator

.

&

1 m
Volx, ) + 5,-221(%’ 9)%,

(vector fields are identified with first-order differential operators in the usual way), so for
any points x € R, y € Y, and bounded measurable F : Y — R, P F(y) = EF(&JfY",(y)).
Note that since ) is compact and the diffusion for y is uniformly elliptic for any x € R, the
solution éf,,(y) with generator P} admits a unique invariant probability measure u* on ).

REMARK 4.2. The semigroup P; depends on ¢, but in a trivial way, that is, only though
a time change. In particular, the family u* of invariant measures does not depend on €.

Writing f(x) = Jy f(x, y)u*(dy), and similarly for g, the following is our main result.
The proof of which will be given in Section 4.8.

THEOREM 4.3. Assume Assumption 4.1. Let B; be a fBm with Hurst parameter H > %

and let W, be an independent Brownian motion. Then over any finite time interval [0, T] and
forany B < H, the solution x; to (4.1) converges, in probability in CP as e — 0, to the unique
limit x; solving

dx, = f(%)dB, + g(%,)dt, o= xo.
Furthermore, there exists an exponent k > 0 (depending on ) such that

gij%)Pﬂxf —)E,|ﬂ > &) =0.
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REMARK 4.4. The lengthy part of the proof is to obtain a priori estimates on the slow
variables {xf} that are uniform in ¢. The Young bound is of course useless since the Holder
norm of r — y? diverges as ¢ — 0. It is more advantageous to use the sewing technique.
Since y{ contains noise not independent of the increments of B, (3.17) cannot be directly
applied to ! f(x£, y¢)dB,. Instead we break the interaction between the slow and the fast

variables by replacing y? by Y , def ®3°, (vs) and exploit the fact that, since x£ is left frozen
at its value at time s and Y;; is driven by W, the integrand is independent of Br‘ . In order
to use these for obtaining estimates, we first prove that for any fixed ¢ > 0, our notion of
integral, used for the purpose of estimation, does still coincide with usual Young integration;
see Section 4.3.

We also consider equation (4.1b) separately, with x; a given JF; stochastic process not
necessarily the solution to (4.1a). More precisely, we consider

%V(xt, y5) odW,,
for x any given sufficiently regular F;-adapted stochastic process. Its solution flow will
be denoted by &g, namely @5 ,(y,w) is the solution to the equation at time ¢ > s with
¢ (v, w) = y. For its existence, see Remark 4.5. The chance element o in the flow is often
omitted for simplicity and the superscript denotes the dependence on the auxiliary process
X;.

Given an adapted R¢-valued stochastic processes x; and an initial condition yo, we will
henceforth use the symbol Y ; in order to denote the process

1
(4.3) dy; = EV()(xt, yi)dt +

def = x,
4.4) Yii S O3 (D5 ,(30)),

namely Y . is the solution to (4.2) with frozen parameter x = x; and with initial condition
y = ys, with y; itself given by the solution to (4.3).

REMARK 4.5. First, we assume that (4.3) is defined on the Euclidean space RY . Sup-
pose Vp € c'and Vy,...,V,, are C2. Set \7(t, v, w) = V(x;(w), y), the randomness in x;
is independent of that in W, — W;, so there exists a unique global solution to the SDE
dy; = V(t, yi,w)od W, + Vo(t, vs, w) dt, which follows from the fixed-point argument and
the condition |V (x, y) — V(x, y")| < K d(y, y’). On a compact manifold the global existence
is trivial. Let (U;, ¢;) be an atlas of charts in M with the property that for every i, ¢; (U;)

contains the centred ball B(3r) of radius 3r and the pre-image of V; def ¢i (B(r)) covers the
manifold. Consider the SDE dy; = (¢)V (¢, y1) odW; + (¢« Vo(t, y;) dt. Since the the vec-
tor fields (¢;)«(V;) have uniform bounds on B(3r), there are uniform estimates, in i, on the
exit time of y; from V; to U;.

4.2. Estimates for SDEs with mixed Young and It6 integration. In this section, we show
that SDEs driven by a fractional Brownian motion with H > % and a Wiener process do admit
solutions in By, ,, for arbitrary p. This is similar to the results obtained in [11, 21], but since
our spaces are slightly different, our result does not appear to follow immediately from theirs.
The first estimate below is a semipath by path result: we fixed a realisation of the fBm, then
consider the It6 integral.

THEOREM 4.6. Let b € CP where g > % and consider the equation in RY,

4.5) dz; = F(z,)db, + o (z;) dW,; + G(z;) dt,
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for some F € BC? and o, G € BC'. Here, the first term on the right-hand side is a Young
integral while the second term is an It6 integral. Given a time interval [0, T] and numbers
a>0and p>=1lwithl - <a < % (allowing 1 — B < o < B if o vanishes identically),
there exists a unique solution in By, p. Furthermore,

1
(4.6) Izllep S 161G + 1.

PROOF. Note that the conclusion is more restrictive for larger values of p so we can
choose p sufficiently large so that o > % anda+8>1+ %. Let z € By, ([0, 8]) and recall

that, by Kolmogorov’s continuity theorem, we have By , C L,(2,C?) forany y <a — 1

p
and, for any fixed x > 0, one has
S S
(4.7) lzly 1, S 8727 izl p-

(This is because, on an interval of length §, |z], < 8’7_V|z|}; forany 0 <y <y <1.) Letus
define, for z € By , ([0, 8]),

xp(z)=z0+/0'F(z,)db,+/O'a(z,)dvi/,+/0'0(z,)dr

=z0+ W1(2) + ¥2(2) + ¥3(2),

and show that for a sufficiently small value of §, ¥ maps the ball of radius 1 in B, , ([0, 5])
centred around zg to itself.

Choosing y such that y + 8 > 1 (which is always possible by taking p large enough and
« small enough) and using Young’s bound (3.11), we obtain the estimate

s 91|, S IF @), 1b1g8# 7% + | Floo bl g8# 2
< |FlLiplzly [bl8" 7 =% + | Floolbl 8P,
where the Holder seminorm |z|, is really the Holder seminorm of z[[0, 8], while the Holder
seminorm |b|g is considered on the full interval [0, T']. Combining this with (4.7) and using
the fact that | - [lo,p < Il + |« |l p, We obtain the a priori bound
_1_ _
W1 (D)., S 2l plblgd” 77 + bl goP 2,

o,p ~
where we used that o + § — % > 1. As a consequence of the Burkholder—Davis—Gundy
inequality, we immediately obtain the bound

1
[w:)],,, S lolocd?™,

provided that o < %, p is large enough, and « is small enough. This is the only place where

we require that o < %, which is due to the regularity of the Wiener process. If the Wiener

process is absent, we can choose any « € (0, ). Finally, it is trivial that
W3 @), S 1Gloc8' .

This shows that, assuming that W does admit a fixed point in By, ,, this fixed point neces-
sarily satisfies the bound

1
”Z”Ol,p S |b|ﬁ5ﬂ_a + 827 4+ 31—11’

provided that 87 |b| g =< c for a sufficiently small constant ¢ > 0 (depending on F). Since this
bound is independent of the initial condition, it can be iterated and necessarily holds on any
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interval of size 4. It is then straightforward to verify from the definitions that, on the interval
[0, T'], one has

lzlle,p S8 sup [zlls, s + 81,
s€[0,T—4]

which implies that, fixing 8 with §#|b|s = 1,

1
, L
Izlla,p S IbI8" " + 877 + 1 S 1+ blg,

as claimed.

To show that such a solution exists and is unique, we note that by [11], Theorem 2.2, there
exists a unique adapted process z € L?(€2, C%) solving (4.5). To show that it furthermore
satisfies the stronger bound (4.6), write T for the stopping time given by

vy =T Ainf{t € (0, T]:|z][0, t]|a > M}.

The process z” obtained by stopping z at time ), then belongs to B, p and the same calcu-
lation as above shows that it satisfies the bound (4.6). Since one has limy;_, oo P(zM =2) =1,
the claim follows at once. [J

Since the fractional Brownian motion has moments of all order, we may take average over
all fractional Brownian paths and obtain the corollary below.

CORROLARY 4.7. Suppose that B and W are independent and let F, G and o be as
in Theorem 4.6. Let o € (%, %) be such that « + H > 1. Then for any initial value and any
interval [0, T, there exists a unique solution in By, to

dz; = F(z;)dB; +U(Zt)th + G(z) dt.

1
Furthermore, ||2]lq,p S 1+ |||B|§ | p. (f o vanishes, we may take a € (%, H).)

4.3. Stochastic equals Young. We will make use of the following fact.
LEMMA 4.8. Leta € (0,1) and let F and G be two positive functions such that
F(t) < /Ot F'™(s)G(s)ds.
Then one has the bound F*(t) < « fé G(s)ds.

PROOF. Let F (1) = ]6 F'=%(s)G(s)ds, so that F is a continuous increasing function
and we have the bound

%ﬁ“m =aF YO F' ()G (1) <aG (1),

since F17% < F1=%_ The claim then follows since F¥ < Fe.

Recalling Y; ; given by (4.4) (with x; arbitrary, not necessarily solution to (4.1a)), standard
methods for estimating its deviation from y; on the time scale of [s, #] blow up exponentially
fast as ¢ — 0. (For longer times, we will use the smoothing properties of the semigroup.)
Recall that y, = CDJ(;’u(yo) = @f,u(ys) and ¥, , = d_fou (ys), and denote by p the Riemannian
distance on ).
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LEMMA 4.9.  Suppose x. € By, , where a < % ando + H > 1. For p > 2,

4.9)

_1 1
sup ,O(yu, Ys,u) Ps ”x”a,p'g 2|t_s|2+a7

s<u<t
provided that |t — s| < min(%S ,c)e where § is the injectivity radius of Y and c¢ a constant
depending on the bounds on V, Vj.

PROOF. Since Y is compact, we can find a function d which agrees with the Riemannian
distance in a neighbourhood of the diagonal and such that 4 is globally smooth. (Take d =
gop for g : Ry — R asmooth concave function with g(r) =r whenr < §/4 and g(r) =6/2
when r > 35/4, where § denotes the injectivity radius of )).)

We now claim that, by applying It6’s formula to d?”(y,,Y,,) and then using the
Burkholder—Davis—Gundy inequality, one obtains for p > 1 the bound

E sup d*? (yu, Ys.)
s<u<t

(4.10)
1 ! 2 1 ! 2np—2 2
S [ EPrGnYdr - [CE@R 0 Ypln - ) d.
& Js & Js

We proceed with the proof based on this, and return to give more explanation at the end of the
proof. Let o; = Esup, , dr (Vu» Ys.u). Using Holder’s inequality on the last term, we obtain
the bound

] t 2572 5 1
Gtsg/ Or r (llxu_xr||2p+5rp)dr,
s

so that Lemma 4.8 yields

1 1 rt 1
of S [ (=13, +o/)dr
S
This allows us to apply Gronwall’s inequality, yielding

e [t — 5|

1
P
o’ S

1—s
e 1
2 2 2
[ e =l dr S S e 5P
S

&

where we used the bound |t — s| < & to make sure that the exponential factor doesn’t cause
an explosion. This is precisely the required bound since we considered d>” rather than p”.

The bound (4.10) is straightforward in Euclidean space using the x <> y symmetry of the
distance |x — y|%. If ) is a compact manifold, (V,p(x, y), v) = —(Vyp(x,y),v), where v, v
are tangent vectors at T, M and T, M, respectively, and are obtained by parallel translations
along the geodesic from one to the other. This holds because we only consider x, y such that
their Riemannian distance p(x, y) is smaller than 1/2 of the injectivity radius.

This means the stochastic differential dy, and dY; ; can then be compared using the Lip-
schitz continuity assumption on the vector fields, modulo the Stratonovich correction term
which can be dealt with by the Lipschitz continuity assumption on Zl’?’:l Vy, Vi. The same
consideration holds for our modified distance function which is of the form g o p where g is
a smooth real-valued function. [J

We consider the two parameter family of stochastic processes:

t
4.11) AL, =/ h(xs, Ys..)dB,.
S
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This is for fixed process x. € By, , and for Y, = CTfo[(cba ;(70)), as in (4.4). We will also
write y; for the process obtained by solving (4.3), that is, y, = CIDS’ (Yo, ®), and we recall that
both y; and Y ; depend of course on €.

We have the following conclusion, which holds for any x. € B, (we emphasise that this
does in particular include the solution to (4.1a) but we do not restrict ourselves to that case).

LEMMA 4.10. Assume that h € BC! and that x € By,p with o + H > 1 + %. Then

for each ¢ fixed, the process I;(A?) given by Lemma 3.5 coincides with the Young integral
f()t h(xs, Vs) dB;.

PROOF. Note first that under our assumptions, the process s — h(xs, ys) belongs almost
surely to CP for every B < (o — %) A %, so that the Young integral is well defined for every

BeC H:" for « sufficiently small. N
Let AS , = h(xs, y5)(Br — By), so that I; (A®) coincides with that Young integral by (3.10).
As a consequence of the last statement of Lemma 3.5, it is sufficient to show that
“Ag,t - Ag,t”p Sle—sl,
for some 1 > 1. Note that ¢ > 0 is fixed, so we are allowed to obtain bounds which diverge
as ¢ — 0. Apart from x;, the evolution of Y, has no further dependence on the fractional

Brownian motion, so that i (xs, ys) — h(xs, Ys,r) is Fg-measurable for Fy; = G, V G(W). We
then use Lemma 3.4 with x =0 and p’ < p, so that

t
[ hxs. ) = bt Yo ) B,

4

(4.12) g

< 11 Crss y5) = hxs, Ys Dol ls = 217
By the Lipschitz continuity of /, we have the bound

|Hh(-xSayS) h(XS7Y )| ” ~ || sup p(ys, sr)

rels,t]

Since the distance p is bounded, it follows from Lemma 4.9 that, for every « > 0, one has the
bound

1 1 _
sup 0 (ys, Ys,r) <1/\(8_7|t—s|7+o‘)5(8_1/2|t_s|%+0t)1 3

rels,t]

Combining this with (4.12), the claim follows. [

4.4. Semigroups with a parameter: Ergodicity and continuity. Denote by | F|Ljp the best
Lipschitz constant of F and set | F|osc = sup F — inf F'. On a space with bounded radius,
|Flose S | FLip- Recall that P denotes the semigroup associated to (4.2). By differentiating
the solution flow, a brutal bound on the derivative flow which is the solution to the equation
dv, =¢7V ZVvt Vod W, +e! V., Vo dt (the estimates depend on the covariant derivatives up
to order 2), yields a bound of the type |P; FLjp, < C eClE|F |Lip- This can be improved using
ergodicity; for large time, we will also make use of the smoothing properties of the Markov
semigroups P*.

LEMMA 4.11. Under Assumption 4.1, the following holds:

(1) There exist constants c, C such that for any x € RY,

(4.13) |PYFlog < Ce % |F|ose,
(4.14) [Py FlL, < Ce "¢\ F|Lip,
(4.15) |PYFlge < Cet e /¥ |F |,

uniformly overt € R...
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(2) Forany x,x € RY, the bound
(4.16) |PYF — P} F| < Clx — X||FLip.

holds for all t > 0.
(3) Ifh:RYx Y — Risa Lipschitz continuous bounded function with fy h(x, y)yu*(dy) =
0 for every x, then for any k € (0, 1),

4.17) |PXh(x, ) — Prh(E, )| SIS |h|L1p x — 5|\ exet/e,

PROOF. It follows from standard estimates (see, e.g., [6]) that for any ¢ € (0, ), one has
the bounds
Py Flp < C(1V (2/8)71 %) Flose,
(4.18) 1
Py Flge2 < C(1V (t/6)7")|F oo,

where the constant C only depends on derivatives of Vg up to order 2 and of the remaining Vj
up to order 3. The reason why one obtains the oscillation norm on the right-hand side of the
first bound is that | F'|Ljp does not change under constant shifts and | F'|osc = infeer 2| F —¢|oo-
In fact, (4.18) holds for all #, but we do not need it.

It furthermore follows from the uniform positive lower bounds on the heat kernel (see [1]
for the case of R" and, e.g., [4, 32] for versions that apply to manifolds; see also [34]) that
|PXF(y1) — PYF(y2)| < (1 —A)|Flos for some constant A > 0, so that (4.13) follows by
iterating this bound (Doeblin’s condition).

Using this last inequality for time ¢ — ¢ and (4.18) for the remaining time ¢, we obtain for
t > ¢ the bound

}szF|Lip = |,P2‘C,P{tf€)F|Lip < Ce™"*|F|Lip.
For ¢ < ¢ on the other hand, this bound follows from L” bounds on the Jacobian, so that

(4.14) holds. The bound (4.15) follows in the same way.
It is also rather straightforward to verify that

(4.19) |PXF — P F|, < Ce“"|x — X||F|Lip-

While this bound is good for ¢ < ¢, it can be significantly improved for ¢ > ¢. Indeed, for
t > ¢ and any partition A of [0, ¢] into subintervals of size at most ¢ and at least ¢/2, we have

|PYF—PiFly< Y Pl (Piy—Pi )P Fly

[s,uleA
Y e lx — %||FlLip < Clx — %||F |Lip.
[s,ule A
Here, we used (4.14), the small time bound (4.19), and the fact that P}"_, is a contraction in

L.

For the last bound, we make use of the fact that, since the integral of A (x) against the
invariant measure for P} vanishes, its supremum norm is controlled by its oscillation and
vice versa, so that (4.13) yields the bound

IPXh(x, )| o < Ce e h| oo
Combining this with (4.16), we see that
[PFh(x, ) —PIAGE, 9| o S inf{lhloce™ /%, |x — %||hlLip}
1 —
SRl Rl e — 2| e e,

completing the proof. [J



AVERAGING DYNAMICS DRIVEN BY FRACTIONAL BROWNIAN MOTION 1849

LEMMA 4.12. Fixx € R? and y € Y and write y; = CTD’OEJ(y). Fixp>2and F: Y — R
bounded measurable, and write F(X) = [ F(y) w*(d v). Then one has the bound

1 q_1
Sé‘ptl ?|Flosc,
p

t _
(4.20) H/O (F(yr) — F(x)) dr

uniformly over x e R¢, y € Y and t > 0.
PROOF. SinceinfF < F(x) < sup F, one has the almost sure bound

] [ (Fon = Fooyar

so that the general case of (4.20) follows from the case p = 2 by interpolation.
For p =2, we write F(y) = F(y) — F(x). With this notation, we have the identity

ro 2 topro - L L
E(/(; F(ys)ds) :2]0 /0 (P{(F-P_ F))(y)dsdr.

By Lemma 4.11, we can bound the supremum of Pf_sﬁ by Ce=<I"=s1/2| F|oq, giving the

bound
r_ 2 ) t r cls—r|
E(/ F(ys)ds) §C|F|oSc/ / e ¢ dsdr.
0 0 JO

Since this integral is bounded by a multiple of ef and since |F losc = | F'|0sc, the claim follows.
O

=< 2t|F|Osc7

CORROLARY 4.13.  We fix an adapted stochastic process x; with values in RY and v,
with values in Y. Let h : R? x ) — R be bounded measurable, set Y1 = Cfot(ys), and set
h(x) = Jh(x,y)u*(dy). For p>2and s <u <t, one has the bound

1 -1
Sj |hlosce? |t —ul 7,
p

/t(h(xs, Yo ) — il(xs)) dr

uniformly over € € (0, 1], and over the processes x; and y;.

PROOF. Applying Lemma 4.12 with X = x,, y = Ys, = ®3°,(y5) and F = h(x;, +), we
then obtain

x(

Since this bound is uniform over y and since |h(x, <)|osc < |h|osc for every x, the claim
follows. [

t _ _ p 1 _ 1
/ (h(xm (D;fr(Ys,u)) _h(xs)) dr ‘Fu) S |h(xs’ ')|OSC€[’ |t — M|1 7.
u

4.5. Regularity of limiting drift. In this section, we show that Assumption 4.1 guarantees
that the limiting functions f and g do again belong to BC2. Throughout Section 4.5 (and only
here), we write P} for the semigroup generated by (4.2), but with ¢ = 1, that is, we work on
the fast timescale. The reason why we can do this is that we are only interested in showing a
result about the invariant measures, and these do not depend on &. We also write ®¥ for the
corresponding flow map, so that (P} F)(y) =EF (CTD;‘ (»)). The main ingredient for the proof
is the following claim.

LEMMA 4.14. Under Assumption 4.1, for any fixed t > 0, the map x — P7 is differen-
tiable, uniformly in x, as a map R¢ — L(BC?, BC!) and as a map R? — L(BC!, BC?). It is
also twice differentiable, uniformly in x, as a map R¢ — L(BC?, BCY).
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PROOF. Consider the semigroup P; on R¢ x ) given by
(PiF)(x, y) =EF (x, &} ().

By [6], Proposition A8, and [24] (see also [22] for related results), 75, maps BC* into itself
for k € {0, 1, 2}, and the claim follows. [J

LEMMA 4.15. Under Assumption 4.1, the map f(x) = fyf(x,y),ux(dy) belongs
1o BC?.

PROOF. For any given x and ¢, we view P, as a bounded linear operator on the spaces
BCK of k times continuously differentiable functions on ), k =0, 1, 2. Writing IT, for the
projection operator given by I1, F = (u*, F)1, where F : ) — R and 1 denotes the constant
function, we note that IT, commutes with P;" and that, by part (1) of Lemma 4.11, we can
choose ¢ sufficiently large so that |[(1 — IT,)P} Flgcr < %|F lgcr for k € {0, 1, 2}, uniformly
over x. We used the fact that F' — I, F' is centred.

We fix such a value of ¢ from now on. Writing R* (1) for the resolvent of Py, it follows that
that for each k € {0, 1, 2}, the operator norm of R* () in BCF is bounded by 4, uniformly in x
and uniformly over X belonging to the circle y of radius Al, centred at 1. Indeed, for B = BCK,
we write B = (1) @ B where B+ = {F : (u*, F) =0}, and view I1, as the projection onto
(1) for this decomposition.

Since IT, commutes with P, that operator splits with respect to this decomposition as
Pf =id @ (1 — I1,)P; and its resolvent is given by

R =(r-P) ' =—id"' @ (-1 —T1)P) ",

The first term is obviously bounded by 4, while the second term is given by the convergent
Neumann series

] 1
rl(l + 5 (1= TP+ (1~ I,)Pr)? +)

which is also bounded by 4 in operator norm since |A| > % and [|(1 = TT)Pf| < % We claim

that, uniformly over A € y and x € R, the map x — R* (1) is C% as a map into L(BC?, BC?)
and C! as a map into L(BC?,BC') and into L(BC', BCY). Indeed, this is an immediate
consequence of the identities

DyR* = R*(D,P}), R,
4.21)

DIR* =2R*(D.P])R* (D P})R* + R*(D{P) R,
combined with Lemma 4.14.

We now recall that one has [18], Theorem I11.6.17,
1
I, = —jlé R*(\)dh.
2im y

In particular, for any fixed probability measure © on ), one has the identity
- 1
(422) F = 5 § s R ) £ 5, )
LT Jy

It now suffices to note that, by our assumptions, one has D]; flx,.) e BCX* fork € {0,1,2}
uniformly over x and, therefore, the claim follows from (4.21) combined with Lemma 4.14.
O
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4.6. Uniform estimates on the slow variable. 'The main theorem in this section is a uni-
form estimate for the slow variables. The divergence of the Holder norm of r > y? means
that the bounds given on A? and A in the proof of Lemma 4.10 diverge as ¢ — 0, and are
thus inadequate to show any kind of tightness result. This is where our precise choice of A®
comes in. We will show that A belongs to the Banach space H;)' N I-_I; with uniform (in €)
upper bounds on its norms.

The estimates obtained in Lemma 4.11 on P;" are not quite sufficient for our use, we will

also introduce a second family of random semigroups Qf ; generated by the flow @7 ;; see

Definition 4.18 below. Given the Wiener process W, and the fractional Brownian motion B,
as before, we define the filtration F; = G, Vv G,, where

G =0{B,—B,:r <u<t}, gAt:O'{Wu_Wr:rfuft}-
Observe that G; = o {W, — W, : r <u < t}. We will also make use of the ‘noise’
(4.23) G =o{W,—W,:s<r<u<t},

and also G; defined using W;. In the definition for B, ,, we use the filtration F; given above.

The following theorem is the main technical tool in the proof of Theorem 4.3 as it yields
uniform bounds in € on the fixed-point map defining x. Its proof relies on three further lem-
mas: Lemmas 4.23, 4.22 and 4.24, given after the proof of the theorem.

THEOREM 4.16. Let T >0, let p =2 and a € (0, %) be such that 1 + % <o+ H, let

x. be a R%-valued process in By, p and let y¢ be the solution to (4.3) where V is assumed to

satisfy Assumption 4.1. Then there are exponents n > % and i1 > 1 such that, forh : R4 x Y —
R a bounded uniformly Lipschitz continuous function, one has the following:

1. Suppose in addition that h(x) fy h(x, y)u*(dy) =0 for all x. Then for any 8 < H,
there exists a constant k > 0 such that

t
/ h(xr,yf)dBr
s

holds uniformly over & and over x;.
2. For general h, one has the bound

t
f h(xrs yf) dB;
s

(4.24)

S 8K|h|BC1(||x||a,p|t e S|n)»
p

(4.25)

5 |h|BC1(||x||a,p|t —s|T+ |t - S|n)-
p

PROOF. Fix an arbitrary R?-valued stochastic process x; in By, (which is not necessar-
ily a solution to our equation). We first note that the bound (4.25) for general 4 (i.e., with
h # 0) follows from the bound (4.24), combined with the estimate (3.18) for [0 h(x,)dB;.
We therefore only focus on the proof of (4.24) and assume that # = 0 from now on.

During the rest of the section, we will also suppress the superscript € whenever possible.
Note that standard estimates for the Young integral fé h(x,, y%) d B, obtained by taking limits
in the Riemann sum } _,, ,1ep i1 (x5, ¥5) (B, — By) would require uniform (in ) bounds on the
Hoélder norms on y#, which we do not have.

In order to obtain estimates that are uniform in &, it will be useful to use Lemma 4.10 and
write the integral as lim|p|—0 X, yjep Au,v, Where A is given by

t
AS,I :f h(.xy, str)dBr.
N

In order to obtain the bound (4.24) from Lemma 3.5, it therefore remains to obtain a bound
on [|All;,p and ||All57,, for some p > 2, some n > % and some 77 > 1. The bound on || A]|;,,
is contained in the following lemma, the proof of which is relatively straightforward.
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LEMMA 4.17.  Assume that h = 0. For every p > 2 and k > 0, one has {As 1} € H,f with
n=H —k and

1 As.llp < e = 51775,
uniformly over s,t € [0, T], provided that k < («/2) A (1/p).

A . . .
PROOF. To prove that ||Al|,, , = sup; _, ”‘t‘_";l“,{’ is finite, we first write

Fy(r) = h(xs, Ys,r)a

so that
t
A= [ F)as,.
)

Furthermore, conditional on F, Fy and B are independent, so that we can apply Lemma 3.4,
yielding for ¢ > p and « € [0, 1) the bound
1As,llp S NEs =l 1t = 5177

On the other hand, it follows from Corollary 4.13 exploiting ergodicity, that fors <u <v <t,
one has the bound
1 1-1
Serlv—ull7,
q

/MU Fs(r)dr

so that Kolmogorov’s continuity theorem implies the bound

1
Sed,
q

IFsl-cl, =

v
sup|u—v|1—'</ Fy(r)dr
Uu#v u

provided that k > %. Choosing g = 1/k completes the proof. [J

It now remains to show that Ay ; € I-_I};’ for some 1 > 1 and to obtain a suitable bound for
small values of €. We have the identity

t
SAgu = / (h(xs, Ysr) — h(xu, Yu,r)) dB;.
u

Recall that this integral is defined as the sum of a Wiener integral against Eﬁ‘ and
a Riemann-Stieltjes integral against B“. Since Eﬁ’ is independent of F, Vv G:, while
h(xs, Ys ) — h(xy, Y, ) is measurable with respect to it, the Wiener integral has vanishing
conditional expectation against F,,, so that

t K3
E(3 Agul F) = f E(h(xy, Yy.r) — h(xa, Yur)|Fu) B dr

u
t KX
= [ (PG, (Vo) = P, ) (0)) B dr.
u
In the last line, we have used
YS,V = q_j_?fr(yé) = &);frc_bfju (y.S) = q_D;fr(YS,u)v Yu,r = (i);?r(yu)‘

It seems to be difficult to get a good enough bound on this expression, so we exploit the fact
that we really only need to bound the conditional expectation of § Ag,; with respect to Fy
rather than F,,. Conditioning on F; however has the unfortunate side effect that it no longer
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keeps this term separate from the term B}‘. Instead, we are going to condition on F; V G,.
We have

E(S Asutl Fs v Gu)

@w = CE(P ks ) (V) — P (v, ) 0| v Gu) B dr

t 2
=/ (PyesPryh(xg, ) (vs) — E(P h(xus ) V)| Fs v Gu)) B dr.
Given a ‘final time’ u, we write
U ={F: QxY—R:
4.27)
F is bounded and (F; Vv G,) ® B())-measurable}.

Given an element F € U, we will use various norms for its J-dependency, but will always
keep the w-dependency fixed, so that these norms are interpreted as R -valued random vari-
ables. For example, we set

| Floo(w) = sup|F (@, y)|, |FlLip(w) = sup p(y, M F(w,y) - Fo,7)
yey Y#YEY

9

and similarly for | F|osc(w), but we will always denote them simply by |F'|oo, | F|Lip, €tc.

For any stochastic process x (not necessarily a solution to our equation) adapted to the full
filtration ', we then define a collection of bounded linear operators Qy : U, — U," in the
following way.

DEFINITION 4.18. Given a fixed value u# and a process x adapted to F, we set for r <
v<uand F elU),

(4.28) (QF,F)(@, y) EE(F (-, ®F (3, ))IF V Gu) (@)

REMARK 4.19. The fact that we have G,, and not G,, in the right-hand side of (4.28) is not
a typo. We always condition on the whole trajectory of the fractional Brownian motion B up
to the ‘“final’ time u. Observe that Q; | F is a three-parameter family of stochastic processes,
and could be denoted by Q7' F.

Since Cﬁfﬁv(y) is independent of G,,, for u > v > r, we can also build from 735_, an operator
Pr,: Uy — U by setting

(P, F) (@, ) CE((PL, F)( »)IF v Gu) (@),

By P!, F(w,y), we mean applying the semigroup to each F(w, -), so if F happens to be

Fr V G,-measurable, then 75;‘ , coincides with P;_,, applied w-wise.

Using these notation, we can rewrite (4.26) as
t A
EGAwlF v G0 = [ (PP )00
(4.29) u
— Q5 WPl yh(xu, ) (v5)) B dr.
The expression in (4.29) then naturally splits into two parts. The first part is given by

LA X X S
I déff 'P_ffu(’Priuh(xs, ') - ,Priuh(xu’ '))(yS)Br dr.
u
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We then apply the estimate in (4.17), namely

[PrR(x, ) = PIR(E, )] o S RIS IR b — %[ e /e,
This term is then bounded by
t -
(4.30) 1111 S R IRISE(xs — xul ™1 F v Gu) / e Um0l B dr.
u
Consequently, for % + % =1,
1—k t Kr(r u) u
1l S TRl RIS B — xul ' IF v Ga) || | € |BY|dr
u rq’

We choose p’ = (1 —«)~! and ¢’ =« !, which yields the bound
H (|xs — Xy 1 T Fs v gu)”

1—
oo = Xl pls —ul 7

recall that ||B“||q < |r —u|f~! for every ¢ > 1 so that

H KC() u) <8H/\|t_u|H

rq’

|dr

Combining these bounds, we conclude that for every n < H + « there exist k, ¥ > 0 such that
1l S €M1l plt — ul 11 RIS
The remaining term is given by
def =
L= / (P = QL) P b (xu, ) (3)) B dr
u

We then apply the following estimate from Lemma 4.24, to be found after this proof,

|5, F — QL F| SVE(XRIF v Gu)lu — 51 Fluip,

where the Holder norm | x|z is taken on [s, ] and @ < H is a number to be chosen, to deduce
that

t =
|I2| = ‘/ (P;C,supfiuh(xm ) — Q?u h(x57 ‘))(ys)B;lf dr

t _ =
gf VE(XI2IF, v Gl = 5% P x|y, | BY dr.
u
We apply to this the following estimate obtained in Lemma 4.11:

[P uh (s, )|y < Cem U™ hxs, )|y, < Cem U™ L.

Then, provided that we choose o and p in such a way that ¢ < o — %, we can apply Kol-
mogorov’s continuity theorem yielding

_ s
120l S XN, pe* 1ILip(r — $)TH <.

Combining these estimates, we have shown that, provided that we choose p sufficiently large
and k sufficiently small, there exists > 1 and a constant C (&) such that

|EGAwlFs v G, < COlxlla, pe ¢ — ).
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When combining this with Lemma 4.17, we have proved that A belongs to H} N b_lﬁp

with n > % and 77 > 1, and we have obtained bounds for it that are of order ¢ for suffi-
ciently small ¥ > 0. We also know from Lemma 4.10 that I;(A®) equals the Young integral
fot h(xs, y$)dBs. Applying Lemma 3.5, this leads to the bound
t _
/ h(xp, y7)dBr| < (1Al plt = sI" + [ Ally, plt —s17)
N p

< C(W)lIxlla, pe“ It — 5" + e[t — s|",

uniformly over ¢ € (0, 1], thus completing the proof of (4.24). [

CORROLARY 4.20. Suppose that Assumption 4.1 holds. The solutions x¢ to (4.1) are
uniformly bounded in By, for any o < H and p > 1.

PROOF. The assumptions on our data guarantee that, for each ¢ > 0, there exists a unique
solution to (4.1) that belong to By, , so we only need to obtain the uniform bound. By Theo-
rem 4.16, we obtain for the time interval [0, 7] the bound

”x”a,p g C(|f|00a |f|Lip)TK(1 + ”x”a,p) + Tgloo,

where k > 0, which implies the required bound on a sufficiently short time interval. One
concludes by iterating the bound. [J

REMARK 4.21. It is clear from the proof of Corollary 4.20 that instead of assum-
ing that g is bounded, it suffices to guarantee that it satisfies a bound of the form
I fOTg(xr, yodrllp, S T(1 + |lx|lg,p) for some «k > 0. (Here, y; solves (4.3) driven by
x as usual.)

4.7. Bounds on the random semigroup. In the rest of this section, we fix a F;-adapted
stochastic process x; and as usual ®¢, denotes the solution flow to (4.3). For any x € RY,

fixed, d>§7, denotes the solution to (4.2) with frozen variable x. We first bound the difference
between the evolutions of ®* and ®* over a short time period [r, r'].

LEMMA 4.22.  Suppose that x € By, . Let F : Q2 x ) — R be bounded and (Fs v G,) ®
B(Y) measurable. Then, for s <r <r’' <u with |r' —r| < ¢ and for x € RY, one has the
almost sure bound
(4.31) |PLF— QX F| 5\/ sup E(lxy — %21 Fr v Gu) I FILip-

velr,r’]

PROOF. Since d_>f’ ,+(¥s) depends on the filtration of B only through the value of yj, it is

measurable with respect to F, Vv @:/; cf. (4.23). Since furthermore _C’;:/ is independent of G,,,
it follows that

(P} F(@,9)(») =E(F (o, &), (N)IF v Gu).
We now have
|(PEF = Qf  F) (@, )] = [E(F (o, &;,/(») = F(w, D}, (D) F; v Gu)|
< IFILipE(p(®} (), BF (D)1 Fr V Gu).

We then apply Itd’s formula to d (éf 2(¥), @7 ,(y)), where d is a modification of p such that
d? is smooth. Since the increments of W on [r, '] are independent of F, Vv G,, its martingale
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term vanishes after taking conditional expectation with respect to F, V G,. The rest of the
estimate for the distance is routine (see Lemma 4.9) and the required bound follows. [J

We fix a ‘final time’ u and recall that /' is the space of bounded real valued functions
from Q x ) that are measurable with respect to (Fs V G,) ® B()); cf. (4.27).

LEMMA 4.23. Lets <r <wv. Let F €U} be a function that is continuous in the second
variable for almost every w. The operators Qy . : U — U defined by (4.28) satisfy the
composition rule

Qf, 0O F = O} F.

PROOF. Since @; (5, (y,w),w) = &¢ ,(y,0) and o > &7 (v, ) is (Fr V Gy)-
measurable, for F e U},
(QF, Q5 F)(») =E((QF ,F)(~, @, (1)) Fs v Gu)
=E(E(F(-, @7 (D5, D))IFr v Gu)|Fs v Gu)

=E(F (-, &5 ,(")IFs v Gu) = (25, F) (),

as required. Here, the fact that w > @7 . (y, @) is (F V G, )-measurable was used in order to
go from the first to the second line. This is a particular instance of the fact that if x — F(x, w)
is continuous in x for almost every w and Y : 2 — X is a G-measurable random variable for
some sub-o-algebra G, then the identity

E(F(x,)|G)lx=y =E(F(Y(-),-)|G)
holds almost surely. We have also used the fact that CD;, has a version which is continuous in

time and in the initial value. O

LEMMA 4.24. The following estimate holds uniformly over all s <v <u and all F €
U, :

(4.32) [P F - QF F| S \/E(|x|g|fs V G)lv — | FlLip.

PROOF. We know that (4.32) holds for |v — s| < ¢ from Lemma 4.22 with x = x; since
one has the bound

(4.33) E(jx, — x5 | Fr Vv Gu) SE(x21Fs v Gu)lu — 512,

uniformly over r € [s, u] and r" € [r, u]. We also know from Lemma 4.11 that IPffisFlLip is
bounded by a constant multiple of | F'|Lip, uniformly in time.

We then consider a partition A of [s, v] into subintervals of size between ¢/2 and &, and
we write the difference of the two semigroups as a telescopic sum, then apply consecutively
the following: the triangle inequalities, the contraction property of O ,, estimate (4.31) com-
bined with (4.33) and Lemma 4.11. We also use the quasi semigroup property of Q*. This
yields

‘ﬁfva_ Q?,UFL)O = Z |Q)vc,r(73;\jsr’ - Q;C,r/)Pjs—r/F|oo

[r,r']leA
< Y (P — Q)P Fly
[r,r'leA

S Y VEWBIFE VG)|s - P Fl,
[r,r'leA
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S Y VE(xRIF Vv Ga)ls —vime Ve Flg,
[r,r'leAa

S VE(XBIF v Ga) v — 51?1 Fluip,

as required. Note that there exists C such that for any &, 3|, ,/jen e~clv=r'l/e < C provided
the size of the partition is of order ¢. [

4.8. Proof of the main result. We now have all the ingredients in place for the proof of
Theorem 4.3.

OF THEOREM 4.3. By Lemma 4.15, we know that f and g belong to BCZ. This implies
that there exists a unique solution x; to

dx; = f(X,)dB, + (%) dt, Xo=xo,

where the integral against B is interpreted pathwise as a Young integral; see for example [27].
We apply Theorem 4.16 with 4 = f — f, yielding the bound

ST+ N1xlla.p),
B.p

| [(rr30) = Fe s,

uniformly over x and over ¢ € (0, 1], where y? is obtained from x by solving (4.1b). Here,
1

« > 01is small enough and « < 5 and p are such thatae + H > 1+ % Since sup, [|x; [|lo,p < 00
by Corollary 4.20, we conclude that
[0 - Fayas| <o
B.p

’

and a similar bound holds for || fo (g(x{, y8) — g(x$)) ds| g, p- Setting

)ffdjfxo-i-/ dB +/

we have just shown that the processes x; and x; are close in Bg p:
& K
(4.34) |x® — x ||/5,p <e.

It remains to show that x; and x; are close in the B-Holder norm, for which we begin by
obtaining a pathwise estimates on their 5-Holder norm. Writing

X, _xt—xt+x0+/ §)dB; +/

we may apply Lemma 2.2 to compare x; and X;, where we take F = ( f,8) and b, =
(Bi(w), 1), Zo = x0 and Zo = xo + x; — x;. We have the pathwise estimate:
1 _
jxf — %5 Sexp(CIBIJP + C + Clx° —x*|/F)|%° — x| .
(Note that the 8-Holder seminorm of the constant xg vanishes.) Since (modulo changing 8

slightly), we already know from (4.34) that |x® — x®|g — 0 in probability at rate &*. This
concludes the proof. [J
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APPENDIX: ESTIMATES ON CONDITIONED FBM

The purpose of this Appendix is to provide a proof of Lemma 3.3, as well as to provide an
explicit representation of R used in Lemma 3.2. For this, we first derive a suitable represen-
tation for the mixed derivative of the covariance function R of B.

LEMMA A.l1. Let R be as above, c; = (H — %),63 =(H — %)(H — %) and ¢, =
—c3 fp° uH_%(l + u)H_% du. Then for r < s, one has the identity
8ZSR(r, s) = cer_%sH_% +co(s — ;’)ZH_2
(A.1)
o H-—1 H-—3
+C3/ v T2(s —r+v)T 2dv.
r

PROOF. Recall that one has the identity
(A.2) Git)=Q2H - DR @) — ¢t + DR @),
with
ﬁ(r):/olu—s)H—%(1+z—s)H—%ds.

We have

1

F/(t)=(H—l)/ (1 —)H=3(1 41 —5)1=3 ds
2/ Jo

(A3)

1 1/t
=(H—§)t2H_1/ W31+ w3 du,
0

where we used the change of variables s = 1 + ru. Differentiating the second line of (A.3)
immediately gives

(A (R'(1) = 2H — DR'() — ex(1 + )13

On the other hand, differentiating the first line of (A.3), we obtain

)= (1 - L 3 [T b H-3
R (f)—<H—§)<H—5)/(;(1—S) (1+1—y) ds

1
:(:3/ uH_%(t—i-u)H_%du
0
o0 H—1L H-3 o0 H—1L H-3
263/ u’'"2(t+u) Zdu—C3/ u'"2(t+u)’ " 2du
0 1
22 [ H-L H-3 *© H-l H-3
= st /u 2(1+ u) 2du—03/ W2+ uy =3 du.
0 1

Substituting (A.4) into (A.2), we can then rewrite G as G(t) = ¢ (1 + t)H_% — R” (1), so that
forca =—c3 [5° uH_%(l + u)H_% du,

o0
G@t)=c(l ‘H)H_% + cpr* 2 +c3/ uH_%(t —I—u)H_% du,
1

and the claim follows by substituting this into (3.3). [J
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OF LEMMA 3.3. It follows from the fact that a conditional variance is always smaller
than the full variance that

T T
h ks < C‘/ f Ir —s?"2h(r)h(s) dr ds| =: 2C|I|.
0 0

By homogeneity, it suffices to consider the case T = 1 and, by symmetry, we can restrict the
domain of integration to the region where r < s. To bound /, we then note that we can find a
constant ¢ such that

1 ps
I:/O /0 (s — ) 2h(r) drh(s)ds
1 S Ky
:C./O /0 /r (S_M)H_%(u_r)H_%th(r)drh(s)ds

1 1 3 u
=c/O /u (s—u)H_ih(s)ds/() (u—r)H_%h(r)drdu.

Performing one integration by parts, we note that

3N (" o — A3 Ry — 7
_’(H )fo(u r) (h(u) — h(r))dr

‘/u(u—r)H_%h(r)dr
0 2

1
Sl euf 27",

where we used the fact that « < H — % to guarantee integrability at r = u and h denotes a
primitive of 4. The other factor is bounded in the same way, so that

1
NS IE, [ =0t S
as required. [J
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