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It is well known (see Dvoretzky, Erdés and Kakutani (Bull. Res. Council
Israel Sect. F TF (1958) 175-180) and Le Gall (J. Funct. Anal. 71 (1987)
246-262)) that a planar Brownian motion (B;);>( has points of infinite mul-
tiplicity, and these points form a dense set on the range. Our main result is the
construction of a family of random measures, denoted by { M2, }g 4 <2, that
are supported by the set of the points of infinite multiplicity. We prove that for
any « € (0, 2), almost surely the Hausdorff dimension of M%/ equals 2 — e,
and M, is supported by the set of thick points defined in Bass, Burdzy and
Khoshnevisan (Ann. Probab. 22 (1994) 566-625) as well as by that defined
in Dembo, Peres, Rosen and Zeitouni (Acta Math. 186 (2001) 239-270).

1. Introduction.

1.1. Problem and results. 1t is well known that a planar Brownian motion has points of
infinite multiplicity, and these points form a dense set on the range (Dvoretzky, Erd6s and
Kakutani [7] and Le Gall [12]); see Le Gall ([13], p. 204) for comments on the proof.

In this paper, we restrict our attention to the thick points which constitute a dense subset
of points of infinite multiplicity. In the literature, there are two important ways to define
thick points, one by Bass, Burdzy and Khoshnevisan [1] through the number of crossings and
another one by Dembo, Peres, Rosen and Zeitouni [5] through the occupation times.

Let (B;);>0 be the standard planar Brownian motion started at O defined on a complete
probability space (2, %, (%;)i>0, P), where .%; := o{By,s € [0,t]}, t > 0, is the natural
filtration of B. For any x € R? and r > 0, denote by C(x, r) (resp., B(x, r)) the circle (resp.,
open disc) centered at x and with radius r. Let N,(r) be the number of crossings from x
to C(x,r) by (By) till T¢(o,1y, where Te(o,1) :=inf{t > 0: B; € C(0, 1)} is the first hitting
time of the unit circle C(0, 1). Fix « € (0, 2). Bass, Burdzy and Khoshnevisan [1] studied the
following set:

o T Nx(r) i
(1.1) Ay = {XGB(O, 1).r1i161+ log 1/ —Ol}.

For any Borel measure 8 on R, let Dim(8) be the Hausdorff dimension of j:
Dim(B) := inf{r : 3 Borel set A such that B(A°) = 0 and dimy (A) =r},

where dimg (A) denotes the Hausdorff dimension of the set A. The main result in [1] can be
stated as follows.

THEOREM A (Bass, Burdzy and Khoshnevisan [1]). Let o € (0, %). Almost surely there
exists a measure By carried by Ay,. Moreover,

Dim(By) =2 —«o a.s.
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The random measure 8, in Theorem A gives important information on the set of points to
which planar Brownian motion makes “many visits.” For example, it plays a crucial role in
Cammarota and Morters [4] who gave a characterization of the gauge functions for the level
sets of planar Brownian motion, confirming a conjecture of Taylor [20].

Another definition of thick points was given by Dembo, Peres, Rosen and Zeitouni [5]:
A point x € R? is called an a-thick point (called perfectly thick point in [5]) if

1

1.2 lim ——
(1.2 oot r2(logr)?

Teo,1
/(; L{B,eB(x,ryds =,
where, as pointed out in [5], T¢(0,1) can be replaced by any positive and finite (.%;)-stopping
time.

The fractal measure of the «-thick points was studied in depth in [5]; in particular the
following result holds.

THEOREM B (Dembo, Peres, Rosen and Zeitouni [5]). For0<a <2,

dimg {a-thick points} =2 —a  a.s.

To the best of our best knowledge, it is still an open question whether the two ways of
defining thick points are equivalent or not. For instance, we have not been able to determine
the Hausdorff dimension of A, .

The starting point of our study is to generalize Theorem A to all parameters « € (0, 2).
Our construction of random measures, different from that in [1] where the authors utilized
the local times on circles, relies on a change of measures involving the excursions around
points with infinite multiplicity. This change of measures is given by [1], Theorem 5.2, where
it plays a crucial role.

We consider Brownian motion inside a domain. By a domain in R?, we mean an open,
connected and bounded subset of R?. Given a domain D, a boundary point z € 3D is said to
be nice if there exists a one-to-one analytic function f from the unit disc such that f(0) =z
and the image of the set of points of the unit disc with positive imaginary part is the inter-
section of D with the image of the unit disc by f. A domain D is nice if every boundary
point, except perhaps a finite number of them, is nice (in Lawler [9], p. 48, 0 D is said to be
piecewise analytic). Let D := D U 9 D. We say that a point z € D is nice if either z € D or z
is a nice boundary point.

Denote by IP’Z[;Z/ the probability law of a Brownian excursion inside D from z to z’, whose
definition is given in Section 2.1.

The main result of this paper reads as follows.

THEOREM 1.1. Let D be a simply connected nice domain. Let 7 and 7' be distinct nice
points of D. Fix a € (0,2). With P%° -probability one, there exists a random finite measure
M carried by Ay as well as by the set of a-thick points; moreover,

(1.3) Dim(M%)=2—a, P -as.

We mention that Mg is uniquely determined by the forthcoming formula (5.1), the latter
being analogous to [1], Theorem 5.2. Since MY is supported by the set of «-thick points,
(1.3) yields that almost surely, dim g {«-thick points} > 2 — «, giving a new proof of the lower
bound in Theorem B.
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We will see that equation (5.1) also yields the existence,! for M, (dx)-almost every x, of
a continuous and nondecreasing additive functional (£});>0, called local times at the point
x. Define

Ty :=inf{t >0: B, =x}, «x e R>.

THEOREM 1.2. Let D be a simply connected nice domain. Let z and 7' be distinct nice
points of D. Fix a € (0,2). With IP’ZD’Z -probability one, M (dx)-almost everywhere, there
exists a continuous Brownian additive functional (£} );>0 such that

t
lim 7/ 1yp.— d
r—0+ r2(logr)? Jo {1Be—x|<r} &

moreover, the support of A<} is identified as the level set {t > 0: B; = x}.

(1.4) g = vt > 0;

In Theorem 1.2, under IP’%Z/, the process is killed upon first hitting 7/, that is, at time
T, :=inf{t > 0: B, = 7'}. So the local time £/ is defined for ¢ € [0, T./]. We are going to see

that 2)}/ = o (with IP’ZbZ/-probability one, M?_(dx)-almost everywhere).

1.2. A brief description of the construction of M%,. Let D be a nice domain, and let
x € D and z, 7’ distinct nice points of D, different from x. Let as before T := inf{r > 0 :

/
B; = x}. We consider a probability measure Qi”zda similar to the measure Q, introduced in

Bass, Burdzy and Khoshnevisan ([1], p. 606): Under i”%’a, (B;)s>o0 1s split into three parts:

1. Until time Ty, B is a Brownian motion starting from z and conditioned at hitting x
before 9 D, whose law P}, is defined in Notation 2.1.

2. After T, the trajectory is a concatenation of Brownian loops generated by a Poisson
point process (eg)s>0 With intensity 1jo ) df in time and vp(x, x) in space, where vp(x, x)
denotes the law of Brownian loops in D at x (see (2.12) for the definition).?

3. The last part of the trajectory is a standard Brownian motion in D, started from x and

conditioned to hit 7’ if 7/ € D or to exit D at 7' if z/ € D. The law IP’)BZ/ of this process is
defined in (2.7).

Consider Dy C D a nice domain containing x. The baseline in our construction of Mg,
/ /
stated as Corollary 3.6, is the absolute continuity of Q%' %;* with respect to P};° considered at

931 , where .% 31 denotes the sigma-algebra generated by the excursions outside D together
with the order of their appearances (see Notation 3.4). Denote by Mp, (x, o) the Radon—
Nikodym derivative (up to a renormalization factor Mp(x, «)). Then Mp, (x, ) satisfies a
certain restriction property (see Corollary 3.7).

Now we construct M% as follows: Let D be a simply connected nice domain and let &,
be the connected components of D minus a grid of mesh size 27". By using Corollary 3.7, we
may construct a sequence of random measures M‘én (defined in (4.1)). The measure M%,
is nothing but the (nonnegative martingale) limit of M7, as n — oo, and the limit is not
trivial and defines a (finite) measure thanks to the uniform integrability of (/\/l‘én In>1 (see
Theorem 4.1). This gives the construction of M% .

IThis was a private question by Chris Burdzy.
2When o = 0, the second part is reduced to the single point {x}.
Let us say a few words on the concatenation of the loops (es). Denote by ¢ (¢) the lifetime of a loop ¢. Remark
that 3 ;o £ (es) < 00, a.s.; see (6.2) for the law of ¢. For Ty <t < Ty + 3 <4 {(e5), let s € (0, @] be such that
t =Ty €[, <5 en), Zugs s(ey)). We define By :=es(t — Tyx — >, 5 C(en)).
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1.3. Comparison with previous works. In Dembo, Peres, Rosen and Zeitouni [5], the
main interest was focused on the size of the set of the thick points; as a tool, the authors
constructed a measure on the thick points as a limit along subsequences of a tight family of
measures, for all « € (0,2). In Bass, Burdzy and Khoshnevisan [1], a measure (in fact, the
measure S, recalled in Theorem A) on the thick points was constructed by means of a L2-
limit, for all @ € (0, %); a formula characterizing the measure B, will be recalled in our paper
(see Proposition 5.1).

Our work makes a link between [1] and [S]. Inspired by the conceptual approach of
Lyons [14] and Lyons, Pemantle and Peres [15] for branching processes, we extend the mea-
sure B, in [1] to all @ € (0, 2), relying on the martingale structure instead of computations of
moments. It is to the measure S, in a similar spirit as Lyons [14] to the Biggins martingale
convergence theorem for spatial branching processes originally established by Biggins [2].

After this work was completed, a paper of Jego [8] managed to construct the measure B,
for all a € (0,2) by approximating it via the thick points, as in [1], relying on a truncated
second moment method.

We close this Introduction by describing the organization of this paper:

e Section 2: We collect some results on the Brownian measure ]P’ZL';Z/ on the paths inside a
nice domain D from z to z’ and on the o -finite measure vp(x, x) on the Brownian loops
at x.

e Section 3: We characterize the law of the macroscopic excursions at x under @i, p (Propo-
sition 3.2) and get Corollary 3.6. We also establish Proposition 3.9 which plays a key role
in the proof of Theorem 4.1.

e Section 4: A standard argument says that the proof of Theorem 4.1 boils down to the
study of M¢  under ch’ p (Proposition 4.2). The proof of Proposition 4.2 is based on a
truncation argument in the computation of moments under Qi’ p» Which also provides the
needed capacity estimates (see (4.18)) in the proof of (1.3).

e Section 5: The measure MY satisfies a certain conformal invariance, up to a multiplicative
factor, which implies its almost sure positivity.

e Section 6: We prove that M$, is supported by A, as well as by the set of a-thick points
(Corollary 6.1 and Theorem 6.2) and complete the proof of Theorem 1.1. The proof of
Theorem 1.2 is also given in Section 6.

e Section 7: We identify the measure M in the case o = 0 and discuss its relationship with
the intersection local times of independent Brownian motions.

For notational convenience, we write E[X, A] :=E[X14] when X is a random variable
and A is an event (and we write E[X, Ay, A>] for E[X, A]if A=A N Ap). When v is a

positive measure, we write v(X) := [ X dv and use the similar notation v(X, A) for [, X dv.

Finally, by f(x) ~ g(x) as x — xo we mean that lim,_, y, % =1

2. Preliminaries on Brownian excursions. At first we recall some facts, taken from
Lawler ([9], Chapter 2), on the Green function and the Poisson kernel. Let D be a nice
domain and consider x € D. The harmonic measure P*(Br7,, € o) is absolutely continuous
with respect to the one-dimensional Lebesgue measure, whose density is called the Poisson
kernel and is denoted by Hp(x, y), y € d D. For any nice point y € d D, Hp (e, y) is harmonic
in D.

Let pp(t,x,y), x € D, y € D be the density (in y) of the transition probabilities of B; 7,
under P*. We define the Green function G p by

o0
Gp(x,y) = nf po(tx,y)dt, x,yeD.
0
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Then

2.1 Gp(x,y)=log +0(1), y—ux.

lx =yl
For any nice point y € d D, denote by ny, the inward normal at y. We have (see Lawler [9],
p. 55) that

1
(2.2) lim ~Gp(x,y+eny) =27 Hp(x, y).
e—0t &

Following Lawler and Werner [10] and Lawler [9], Section 5.2, we introduce the boundary
Poisson kernel: for y’ # y distinct nice points of 3 D, define

/ . 1 /
(2.3) Hp(y,y'):= lim —Hp(y+¢n,,y’).
e—0t &

For sake of concision, we will use the following notation: if z, z’ are distinct points of D, we
define

2.4) Hp(z,7):= %Gg(z, 7).

Finally, we define Hp(z,z') := Hp(z',z) when z € 3D and 7' € D. The function Hp is
symmetric and has the following property (see Lawler [9], Section 5.2): if D, D’ are two nice
domains, z, 7’ nice points of D (recall that by y nice point of D, we mean y € D or y nice
point of D), ¥ : D — D’ a conformal transformation such that W(z) and W(z') are nice
points of D’, then

e ifz,77€D, Hy(V(2),¥(z) = Hp(z,7),
e ifzeDandz €dD, Hy (¥ (2), ¥ (Z)) = |V ()| 'Hp(z, 7)),
o ifz,2/€dD, Hp(V(2), ¥(2)) = |V (2)| V' () 'Hp(z, 7).

Beware that with this definition, Hp is not continuous at the boundary of D. Indeed, from
(2.2), we see that for z € D and 7’ nice point of D,

. 1 / /
(2.5) lim —Hp(z,z' +eny) = Hp(z, 7).
e—0t &
With this notation, we may give a unified presentation on the forthcoming /-transform (2.7).
As in Lawler ([9], Chapter 5), we consider K the set of all parametrized continuous planar
curves y defined on a finite time-interval [0, #,,] with 7, € (0, c0). For any closed subset
A C R?, we call y an excursion away from A if

(2.6) y(0) e A, y(ty) €A, ys)¢A Vse(0,1)).

More generally, for any 0 < s <t < oo, we call (y(u), u € [s, t]) an excursion away from A
ifur—yw+s),uecl0,t—s],is an excursion away from A.

The space K is endowed with the natural filtration of the canonical coordinate process
(er)r>0- We denote by

Ty :=inf{t >0:¢, € A},

the first hitting time of a set A by (¢;). We will write (B;) in place of (¢;) when the underlying
measure is a probability measure (such as P, and ]P’%Z/).

For any 0 < s <t < 0o, we denote by By the trajectory u € [0, — s] — B4y, an
element in KC. We define ¢[s ;] in the same way.
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2.1. Excursion measures inside D. Recall that for any Borel set A C R?,
T4 :=inf{t >0: B; € A}.
Let D be a nice domain. For x € D, denote by P}, the probability measure under which

(B¢, t > 0) is a Brownian motion starting from x and killed at time T3p. We introduce the

probability measure IP’ZD’Z/ (which is the normalized excursion measure denoted by ,U% (z,7)
in Lawler [9], Section 5.2) as follows; the measure is supported by trajectories from z to z’ in
D.

NOTATION 2.1. Let D be a nice domain. Let z and 7z’ be distinct nice points of D. We
define the probability measure P} as follows:

— !
(i) If ze D and 2’ € D, we let P;;° be the law of the Brownian motion starting at z,
conditioned to hit 7’ before 9D if 7/ € D, and conditioned to exit D at 7' if 7/ € dD. It is
given by the h-transform of the Brownian motion: for any 0 < r < |z — 7|,

dp° _ HoBry,,7)

{Te.n<Top}-
B |ry,, T HoGd) Ve

2.7)

i) If z, 7/ € D, we define P%° as the limit of P2;° as y — z and y € D in the sense of
D D y y
(2.8) below. It is the excursion measure at z conditioned to exit D at z'.

(iii) If z € dD and 7’ € D, we define P3° as the limit of P);° as y — z and y € D in the
sense of (2.8). It is the excursion measure at z conditioned to hit the interior point 7" € D.

For any z € dD nice point, the limit of IP%Z/ when y — z is understood in the following

sense: forany 0 <r < |z —7/|,any A € o {B1prcrys t = 0},
2,7’ T z+eng,z’
(2.8) P37 (A) = lim PR (A).

See Appendix A.1 for a justification of (2.8).

There is a time-reversal relationship between IP’Z[’)Z/ and IP’%’Z (see Lawler [9], Section 5.2)
which can also be checked by applying the general theory on the time-reversal of Markov
processes at cooptional times (see Revuz and Yor [19], Theorem VII.4.5): for any z, z’ distinct
nice points of D,

(law)

2.9) ((BTZ/—t, 0 <t <Ty) under PZD’Z,) ="((Bt,0 <1 <T;) under IP%’Z).

If D, D’ are two nice domains, z, 7’ nice points of D, W : D — D’ a conformal transfor-
mation such that W(z) and W(z’) are nice points of D’, then the image measure of P35 by W
. op¥©),¥(()
isP,, .

We introduce the following notation: for D; C D two nice domains, define

J(D, Dy) = {Z € dD : nice point such that z € d D

(2.10)
and 3r > 0 such that D N B(z,r) = D1 N B(z,r)}.

LEMMA 2.2. Let Di C D be two nice domains.
(i) For 7' nice point of D and z € Dy with z # 7', for any nice point y € D1\ D,

Hp(y,z")

2,7 =
Py (T > Typ,, BTBDl €dy)= Hp(z,7)

HDl (Z7 )’) dy
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(ii) For z, 7/ distinct points of D1 U J (D, D), we have
Hp, (z,7')

P37 (Ty < Typ,) = 22
D e 1 HD(Z,Z/)

PROOF. (i) For any nonnegative measurable function F' on K, we deduce from the mono-
tone convergence theorem that

Ep” (F(Bo.1yp, ) To > Top) = lim Ep* (F(Bio.1yp,1): Tewn) > Tomy)-
Applying the change of measures in (2.7) to T¢ (.7 ) A Typ, in place of T¢ (. ), we have

Ezbz (F(B[O,Tapll)’ TC(Z’,r) > TaDl)
_ 1
"~ Hp(z,7)

Hence, taking the limit r — ot,

ES[Hp(Bryp, » 2)F(Bio,13,0)s Tap A Te'.ry > To, -

E%Z/(F(B[O,TBDIJ)’ T, > Typ,)
. 1
~ Hp(z,7)
which readily gives (i).

(ii) First, we suppose that z and 7’ are distinct points of D;. By (2.11),
EQ[Hp(Bry)p, . 2), Top > Typ, ]
Hp(z,7)

_ E¥{[Gp(Bry)p, - 2]
Gp(z,7)

Note that the function g defined by g(y) := Gp(y,z') — Gp,(y,7), y € D1\{z'}, is har-
monic and bounded. Then g can be continuously extended to {z’} so that g is harmonic on
D1 By the optional stopping theorem for the bounded martingale g(B;), we get that

E*[Gp(Bryp, . 2')] =Gp(2,2) = Gp, (2. 2),

proving (ii) in this case. Making z go to dD N d Dy, using (2.2) and (2.8) yields the equality
for 7/ € Dy and z € J(D, Dy). Using the time-reversal (2.9) yields the equality for z € D
and 7' € J(D, D;). Making z go to 8D N 3D and using (2.3) and (2.8) gives the equality
forz,z € J(D, Dy). O

2.11)
ES[Hp (Bryp, > 2') F(Bio,135,1), Tap > Top, |,

Py (Ty > Typ,) =

2.2. Brownian loops. Let x € D. We consider an infinite measure vp (x, x) on the set of
Brownian loops in D that start and end at x. Let us briefly recall the definition in Lawler ([9],
Chapter 5). For each ¢ > 0, the measure pp(x, x; t) of loops in D of length ¢ is such that for
any bounded measurable function ¢ on X:

1
up (e, x;: D[] = lim —5E[@(Bjo.n). 1 < Top, |B —x| <e].
E—>

3we give here a probabilistic argument on this known continuous extension. Let z € D1\{z’} and let & > 0 be
small such that B(z, ¢) C Dy. By the optional stopping theorem for the bounded martingale g(B; AT, o ;)) at Ty p,

and by letting ¢ — 0T, we get that g(z) = IEZ(g(BTaDl ) = Jyp, Hp, (z, »)§(y)dy which can be continuously
extended to z’ and the extension is harmonic on Dy.
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We define the o -finite measure vp(x, x) by

(2.12) vp(x, x) :=n/OOOMD(x,x;t)dt.

With the notation wp(x,x) of the loop measure in Lawler ([9], Chapter 5), we have
vp(x,x) =mup(x,x).

Furthermore, vp(x, x) can also be viewed as the excursion measure at x of the Brownian
motion conditioned to hit x before hitting d D. We claim that

: 1 Z,X
(2.13) vD(x,x)_le_I)r)lclog(k_x')PD ,

in the sense that for any r > 0 such that B(x,r) C D, for any A € o{ec(x,r)4:,t = 0},

) 1
(2.14) vp(x, x)(A N{Tex,r) < Tx}) = le_I)I}C 10g<H>PZD’x (A N{Tex,r) < Tx}).

See Appendix A.2 for a justification of (2.14). Equation (2.13) implies that the measure
v is conformally invariant: if D and D’ are two nice domains, ¥ : D — D’ a conformal
transformation and x € D, the image by W of a loop under vp(x, x) is “distributed” as

vp (W (x), ¥(x)).
We summarize some quantitative results on vp(x, x) in the following lemma.

LEMMA 2.3. Let D; C D be two nice domains and x € D;.
(i) For any nice point y € 0 D1,
vp(x,x)(Tap, < Tx, eryp, €dy) = Gp(x, y)Hp, (x, y)dy.
Moreover, for any nonnegative measurable function F on K,
vp (x, X)(F(e0,7yp,1)s Top, < Tx) =E*[Gp(x, By, ) F(Bjo,1,p,1]-
(i1)) We have
Cp.p,(x) :=vp(x,x)(Tap, < Tx)
(2.15) = [, Gol.»Hp, (. ) dy
= Cp,(x) —Cp(x),

where Cs(x) 1= — [;¢log(|x — y|) Hs(x, y) dy for any nice domain S. Moreover, Cp_p, (x) =
log(Ry,p) — log(Rx, p,) in the case that Dy, D are simply connected, where Ry p (resp.,
Ry, p,) is the conformal radius of D (resp., D1) seen from x.

(iii) For any nonnegative measurable function F on K,

v (x, X)(F (e, 1.1, Ton, < Tx)

=l E5*[F(Bpo,r,D]Gp(x, y)Hp, (x, y)dy.
1

Consequently,

vp(x, X)(F(erryp, 1)1 Topy < Ty, eryp, =) = ER [F(Bpo.1,)]-
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PROOF. (i) By (2.14) and (2.11), for any r > O such that B(x, r) C Dy,
vp(x, x)(F(e[TC(X.,),TaDI]), Typ, <Ty)

log(1/]z —
o Toe(l/lz =)
—>X GD(x,Z)
=E*[Gp(x, Bryp ) F (Bt ), Typ, D]

by (2.1). Under P*, By, D, is distributed as Hp, (x, y) dy, which implies the first equality in (i)
by taking F(Br,, ,).7;p,1) a function of Br,, . By considering F' a continuous and bounded

[Gp(x, Bryp ) F(Bi1e, . Ton, D]

function on K, and then letting  — 0T, we get the second equality in (i).

(ii) The first equality in (2.15) readily follows from (i). Let g(y) := Gp(x,y) — Gp,(x, y)
for y € D1\{x} [x € D being fixed]. We have already observed that g can be continuously
extended to x. Then g is harmonic and bounded on D1, and by the mean property,

(2.16) g = [ g0IHp . dy = [ Golx, ) Hp, () dy.
dD 0D
The same argument shows that, for S = D or S = Dy,

/aslog(lx = y)Hs(x, y)dy = lim (log(lx — yI) + Gs(x, ),

which implies that Cp p,(x) = Cp,(x) — Cp(x), as stated in (2.15).
Now we suppose that D is simply connected. It suffices to check that

Cp(x) = —log(Ry,p).

Let @ p be a conformal map from D (resp., D) to (0, 1) which sends x to 0 and satisfies
that @/, (x) > 0. By the conformal invariance, G p(x, y) = log m. It follows that

1
lim (1 — Gp(x,y)) =log——— =1logR; p,
Jim (log(Ix = y1) + Gp(x, y)) = log AT I
by definition of the conformal radius.
(iii) It comes from a straightforward application of the strong Markov property together
with the first equality in (i). [J

3. A change of measures. Let o > 0 be fixed. Let D be a nice domain. Wg consider
D C D anice domain containing x. We define for any distinct nice points y, z € D1, differ-
ent from x,

2nw Hp, (x, y)Hp, (x,2)
HD1 (y, Z)

[Taking_ D1 = D, we get the definition of £p(x, y, z) for any x € D and distinct nice points
v, z € D, different from x].

Fix two nice points z # z’ of D. Let x € D distinct of z and z'. Let us take a close look at the

probability measure Q% %,* defined in the Introduction. Under Q%;“, the Brownian motion

B starts from z and is conditioned to hit x. After 7, the trajectory is a concatenation of Brow-
nian loops generated by a Poisson point process (es)s>0 with intensity 1o od? X vp(x, x).
The last part of trajectory is a Brownian motion in D starting from x and conditioned to hit
/
<.
/
The purpose of this section is to study the absolute continuity of Q%% with respect to

3.1 ép,(x,y,2) =

’
PP%° , both restricted to the sigma-algebra generated by the excursions outside a domain D
containing x.
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L=3,

i1 =2ip=3,i5 =4,
ts = 00 = s5.

Co = Bjp.t,]

Ci1 = B, 455

Cs = B, 145

Cs = Bs,, 1.

F1G. 1. Crossings from d Dy to dD1.

As a first step, we look at events of crossings. We introduce some notation, see Figure 1.
Let K denote as before the set of all parametrized continuous planar curves y defined on a
finite time-interval [0, 7, | with £, € (0, 00).

NOTATION 3.1. Let Dy C D C D be nice domains with d(D;, D) > 0. Let y € K.

(i) Define sg := 0 and for all i > 0 (with inf @ := 00),
tiy1 :=inf{r >s; : y(t) € 9Dy},
si+1 :=inf{t > ti11:y (1) € 9D U {y(t,)}}.
(i) Letx € D;. For any integer ¢ > 1, denote, if it exists, by iy the £th smallest index i > 1

such that y hits x during the time interval [t;, s;] and set Uy :=t;,, V, :=S5;, .

Let DZ_C D1 C D be nice domains with d(D,,9D1) > 0. Le_tx € D; and z # 7' be nice
points of D different from x, neither in d D1\ J (D, D1) nor in Dy A

Let
L :=1 4 #{loops from x which hit 0 D}.
By Lemma 2.3,
i’,%a(L =L)=e %0 (aCfLDI_(T))!)Ll
Notice that iy is well defined for any 1 < £ < L. The next proposition gives the law of the

!
points (By,, By,)¢<1 under Q7 ;%. Notice that we may have By, =z’ in the case where

7/ € Dy and the excursion from x to z’ does not hit 3D; (except, of course, possibly at the
ending point).

4In other words, z,7’ € J(D, D) U (D\({x}UdD; UD»)). Note that z ¢ 3D\ J (D, D1) means that z does
not belong to d D unless z € J (D, Dq).
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PROPOSITION 3.2. Let Dy, C Dy C D nice domains with d(D,,9D1) > 0. Let x € D;.
Let 7 # 7' be nice points of D different from x, neither in dD{\J (D, D) nor in Dy Let
L > 1 be an integer. Let y\, ..., yr be nice points of 3D,. Let ¥}, ..., y; be nice points of
dD1\dD. We can take as well y; =z’ in the case 7 € Dy U J(D, Dy). Let 1 <iy <--- <if,
be integers. Then

S5 =ij, By, €dy;, By, edy}, 1< j<L|L=L)

_ Cp.p,(x)~ =D

Ep(x,z,7')
L
< [Tép(x. yj. ¥))PE" (By, €dyj, B, €dy} 1< j<L.tiy <Tv).
j=1

In this equation, we mean, in the case y; =7/, By, =z' and B, =z’ when writing By, €
/ /
dy; and le.L edy;.

Taking L = 1 and integrating over y; and y}- yields the following equation which will be
used in (3.12):

(3.2) Ep(x,z,7) =Ey° [Z ép, (x, By, Bsi)l{ti<TZ/}}-

i>1

PROOF OF PROPOSITION 3.2. To deal with the case z € 9 D, we extend the A-transform
representation (2.7) to z € 3D. To this end, we abusively write, when z € 3D, P%, for vp(z)
defined in (A.2) (which is not a finite measure). With this notation, (2.7) still holds for nice
point z of d D: this comes from (2.8), (2.7) (replacing z there by z + en;), and (A.2).

Denote by Q the probability expression Qi”%’a (...) in the proposition. For simplicity, we
suppose first that y; # z’. We notice that for each 1 < ¢ < L — 1, the trajectory between V,

!
and the next hitting time of x is, conditionally on By, = y’, distributed as ]P’yD’x. Moreover,
conditionally on L = L, By, is distributed as ¢Typ, under vp(x,x)(- | Typ, < Ty) when £ <

L, and as By, under ]P’BZ/ when £ = L. Using the strong Markov property at the hitting

19U’}

times of x and stopping times Vi, ..., Vr_, the probability expression Q is
L=t
[1P3 " Gi=ij—ij-1, By, €dypvp(x,x)(er,p, €dy;| Bryy < Tx)
j=1

Vi1 X . . !
x Py~ (i =ip —ir-1, Bu, € dy)PR" (Bryp, Uy € dyy),
where we set y; = z and io = 0. We can write it as
(3.3) Q0 =111y,

where

L
Yi—10X . . .
I .= H]PDJ (iy=ij —ij_1, By, €dyj),
j=1

SThe assumption z, z’ ¢ 3D\ J (D, D), which may look somehow uncomfortable, will be automatically satis-
fied in the applications in the forthcoming sections. The same remark applies to other propositions and corollaries
in this section.
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L-1
My =[] vo(x, x)(er,p, €y} | Top, < To)Pp° (BT,,D Uiy € dy]).
j=1

By the strong Markov property at the stopping time t;, we have for any y’ € dD; U
{z}, y € 3Da, P} (iy = i, By, € dy) = P (By, € dy,t; < TP, (Tx < Typ,) and by

Lemma 2.2(ii) (with z =y, 7’ = x there), P};" (Tyx < Typ,) = ng(iy ’;)). We get that
‘X . ' Hp, (y, x)
P} (i1 =i, By, €dy) =P} " (B edy, t; < Tx)m,
which is, using the h-transform (2.7),
4 HD (yv x)
P (B, €dy,t; < Typ) ———"—.
p(By €dy, t; < aD)HD(y/,x)
Hence,
Vi L Hp,(y;,x)
(34 H B3 By €0 i < Top) s

On the other hand, the law of e, Dy under vp(x, x)(- | Typ, < Ty) has, by Lemma 2.3, density
on 0D

_ I 4
Cp,p,(x)
whereas, by Lemma 2.2(i) (with z = x, 7’ = 7/ there),
Hp,(x,y)Hp(y', )
Hp(x,7')

p(x,y")Hp, (x,y")dy’,

dy’

(3.5 IP’/BZ (BTM)1 € dy/, Typ, < TZ/) =

Recalling y; # z’, we obtain that
Hp, (x,y;)Hp(y;.2")
(L-H 1 7L L7 dy Gp(x,y))Hp,(x,y;)d
HD(X,Z) L]l_[l D y]) Dl( y]) y]
Recall that Gp(y, y') =27 Hp(y, y’) when y, y' € D. By (3.3), (3.4) and (3.6), we get that

Hp(y;,7)
Hp(z,x)Hp(x,7)

(3.6) II,=Cp p,(x)”

0=0mE " Cp p,(x)"ED

L
¥
X 1_[ HDl(x yJ)HDl(x y] dy] l_[I[D . I(Btij_,'j
Jj=1 j=1
In view of the definition of £p, in (3.1), we have

HD(y25 /)
HD(Z x)Hp(x, z/)

L €dyjiti—i; <Typ).

]_[ Hp, (x,y;)Hp, (x,Y})

L

HD()’L,Z)
H
HD(Z Nép(x, z, z’) HSD‘ x Vi yj ]1—11 Dy )’J y])

Comparing with the statement of the proposnlon, we see that it remains to prove that
L
/ / j—1 / /
HD(yLa < ) 1_[ IP>Dj (Btij—ij,] € dy_/v tij—ij_l < TBD)HD1 (}’1, )’]) dyj
Jj=1

(37) /
= Hp(z, 7 )Py’ (Btij edyj, By € dyj, 1<j<L,ti <Ty).
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Consider the right-hand side. By the h-transform (2.7) (we recall that y; # z’ hence s;; <
T,), it is equal to

]P)ZD(Bt,*j € dy]’ BS,‘j € d)’;, 1 = .] <L, Si; < TBD)HD(y/La Z/)-

Recall that Hp, (y, y) for y € Dy and y’ € dD; is the density at y’ of the harmonic measure
of the Brownian motion starting at y. It follows that, using the strong Markov property at the
hitting times Si; 1 j>2and ti, j=1,

PZD(Bt,-j € dyj, Bsi,- € dy}-, 1<j<L, Si; < TBD)
L
= ]_[ H”Df_l(Btij,,-F1 edyj,ti;—i;,_; <Typ)Hp, (y;, y})dy},
j=1

which completes the proof in the case y; # z’. In the remaining case y; = z/, the same proof
applies by replacing (3.5) by

/
Py (T < Tap,) = %
which holds by Lemma 2.2(ii) (with z = x and 7’ = 7’ there), then replacing (3.7) by
L ¥t / L-1 /
jl:IIPD (Bt,-j,iFl €dyj.ti,—i; , <Typ)Hp, (yj7yj)j1:[1 dy;

(3.8) )
= Hp(z, )Py’ (By, €dyj. B € dyi, 1<j<L,ti <Ty),
where we write By, € dy; for Bs, =z'.
As in the case y; # Z/, it remains to check (3.9). By the strong Markov property at time
t;, and Lemma 2.2(ii) (with z =y, and 7’ = 7’ there), the right-hand side in (3.9) is
Hp(z. 7))
X IP’ZD,Z/(Btij €dyj, Bs;, edyj,1<j<L—1,By edyt; <Ty)

Hp,(yr,7)
Hp(yr.2)
which, in view of the Ai-transform (2.7), is

PZD(Bt;j edyj, By, € dyj, 1<j<L—1, By, edyr.t; < Tsp)

X I’ID1 (yL, Z/).

We use, as before, the strong Markov property attimes s;; |, j >2and t;;, j > 1 to get (3.9).
This completes the proof of Proposition 3.2. [

/ ’
Our next aim is to compute the Radon-Nikodym derivative of Q3 %;* with respect to P3)°
when both measures are restricted to an appropriate sigma-algebra denoted by ﬁgl (defined

in Notation 3.4 below). We start by computing the conditional law of Qi”%’“ given L.

Take the notation of Proposition 3.2. Fix an arbitrary L > 1 as well as arbitrary integers
1 <iy <ip <---<ig.Ontheevent {t;, < T}, let C; be the trajectory from Si; ot for
1 <j<L-—1,Cy the trajectory from (time) O to t;;, and C the trajectory from s;, to T,
see Figure 1. [In case t;, > T,s, C; will play no role, and can be defined as any trajectories. ]
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Observe that, under Q% ZD“, conditionally on L = L andoni; =ij, By; €dyj;, By, € dy ,
1<j<L(in partlcular t;, < T,), the trajectories (C;,0 < j < L) are 1ndependent for
0<j <L —1,C;j is distributed as a Brownian excursion in D from y’, oy conditioned

on ti, —i;, =Ty;,, (withip:=0and yp:=2);Cpisa Browman excursion in D from y; to
7’. [Beware of the degenerate situation that C; = {z'} if yL 7'.] In other words, (C; j. 0=

j < L) has the same distribution under “ ¢ IL=L,ij=ij, By; €dyj, By, edy}, 1<

j <L) and under Pi)z a Bt, edy;, B si; € dyj, 1 <j=<L,t, <T;). Itimplies that for any
measurable set A € 6 (C;,0 < j <L),

ZZOl(A|L L,ij=ij, By, €dy;, By, €dy,1<j <L)
3.9)

:IP%’Z (A Bti]- edyj, B, € dy}, 1<j<L,t, <Ty).

i
We introduce the following notation. Let K denote as before the set of all parametrized con-
tinuous planar curves y defined on a finite time-interval [0, 7, ] with 7, € (0, 00).

NOTATION 3.3. Let D; C D be nice domains. Let y € K.

(i) Let &p, be the set of excursions away from D] U {y(0)} U {y(t,)} in the sense of
(2.6); an element of &p, is called an excursion inside Dj.
(i)) Foree€ &p,, call ¢y and ¢y its starting and ending points.
(iii) An excursion away from Dy U {y(0)} U {y (#,)} is called an excursion outside D;.

NOTATION 3.4. Let D; C D be nice domains. Let .# ; be the sigma-algebra generated
by the excursions of Brownian motion outside D; together with the order of their appear-

ances.f’

Observe that for any A € 9’31, AN{t, <Ty}€o0(C;,0=<j<L). Hence, by Proposi-
tion 3.2, we have for any A eﬁg,
ity 5 (A,ij=ij, By, €dy;, By, €dy;,1<j<L|L=1L)

Cp,p, (x)" =D L /
3.10 = =2 I vy
G190 ép(x,2,7)) j:fDl(x i)

x P37 (A, By, €dyj, By €dy; 1= j < L.ty <Ty),
which gives that
2, Z Ol(A | L L)
Cp,p, (x)"E=D L
= l Ezbz lA Z 1_[SD](-xaBtiijSij)l{tiL<Tz/} .

/
§p(x,2,7') I<ij<--<ip j=1

(3.11)

Contrarily to the left-hand side in (3.11), the right-hand side depends on D; via the stop-
ping times. To get rid of the dependence on D;, we want to compute

L
E%Z [ Z 1_[ %‘Dl (x’ Btlj s Bsij)l{tiL<TZ/}

1<ij<---<ip j=I

SFor any y € K, we can associate a function ¢ (y) = ((¢g, ¢4) p,, R) where (eg, ¢4) p, are starting and ending
points of excursions in Dy of y and R is the order relation defined as R(egq, e’g) = 0if ¢g is visited before efg, and
1 otherwiss:, for any eg, e/g stflrting points of F:xcursi'ons in £p, . Then the sigma-algebra generated by (eg, ¢4) for
¢ € Ep, with the order of their appearances, is the sigma-algebra generated by ¢.
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Observe that any (¢e,, ¢4) for ¢ € Ep, is measurable with respect to .7 + . Conditionally on
F 31’ the excursions between ¢, and ¢4 for ¢ € £p, are independent Browman excursions

inside D; with law PQDgl’ed. Notice that each excursion inside D; can be associated to at most
one t;: for any excursion ¢ € Ep,, write (if it exists) t(e) for the time t; associated, which is
the hitting time of d D, by the excursion. Set t(¢) = oo otherwise. Similarly, we write

s(e) :=inf{t > t(e) : ¢, € dD; U {Z'}}.

Consequently,
> 1‘[ §p, (x, By, . Bs )it <)
I<ij<---<ip j=I
L
= Z 1_[ gD] (-x’ Bt(ej)a Bs(el))l{t(el)<oo}9

ek j=1

=Dy
where we write Y ek asa short way for sum over ordered (distinct) excursions !, ...,elye

-1

(EDI)L.7 Apply (3.2) to Dy = D, z = ¢g, and 7/ = ¢4. Notice that in this case, the sum
>_i>1---1n(3.2) has at most one term. This yields that for any ¢ € £p,,

E%° [£D, (x. Bi(e)> Bse) Lit(e)<oo} | ﬁ,;]

= Eeg,ed [Z SDI (x, By, le)l{tl<Tcd}]

i>1

= SDl (xa eg’ ed)'

Hence,
) L
Ezbz |: Z 1_[ gD] (X, Bt,'j’ BS,‘j)l{t,‘L<TZ/} <g.bi_l:|
1§i1<~-~<iL j=1
(3.12)
L o
= Z 1_[ Ep, (x, ¢}, e).
eLDl Jj=1

For future use, we observe that the same argument also gives (noting that s;, < T ensures

ti, <T,)
, L
2,2 g+
Ep [ Y [lénitx, Bt Bs, )iryp, <ti) Lisi, <7} JD1:|
I<ij<--<ip j=1
(3.13)
_ZHEDI )l{e 147, ed;«éz}
e’[) Jj=1
Going back to (3.11), the following proposition is already proved.
"The excursions ¢!, ..., eL are naturally ordered in terms of their appearances, in particular any set of L distinct

excursions appears only once in the sum.
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PROPOSITION 3.5.  Let D1 C D be nice domains. Let x € Dy. Suppose that z and 7 are
distinct nice points of D, different from x, and not in 3D\ J (D, Dy). For any A € F;

Cp.p (x)_(L_l) ’ L ..
SLYAIL=L1) = ‘ ES° [ 1a) ] [1&pi(x.ef.e)) |,

/
Ep(x,2,7) il
_Dl

where as before, ) .. means that the sum runs over all ordered (distinct) excursions
_Dl

..., el e (SDI)L. In particular, we have

(3.14) E3f [Z]‘[s,)l x.ele } £p(x,2,2)Cp.p, ()71
L Jj 1
_Dl

Recall that Cp p, (x) = Cp, (x) — Cp(x) by (2.15). Since L — 1 is by construction a Pois-
son random variable with parameter avp (x, x)(Typ, < Tx) = aCp p, (x), we get the follow-
ing corollary.

COROLLARY 3.6. With the notation and assumptions of Proposition 3.5,

d Z,Z/aa

“.D _ Mp,(x,a)
Py Lzp TP WEp(x, 2.2
where
al-1 L
(3.15) Mp, (x, ) := e~ %1 ™) Zl m Y 1o (x.e).¢))
L> j

By definition, Mp (x, @) = e 2@ p (x, z,2') under Py’

COROLLARY 3.7. With the same notation and assumptions of Proposition 3.5. Let Dy C
D be another nice domain such that x € D, and that z, 7' do not lie in dD>\J (D, D»).8
Then

B3 [Mp,(x, )| 75 ] = Mp, (x, @).

PROOF OF COROLLARY 3.7. Let C € ﬂg}. Then C € ﬁgz, hence in view of Corol-
lary 3.6, we have

. Mp,(x,a) T, Mp,(x,)
]EZ,Z |:1 2 i| Z Z o C EZ,Z |:1 1 :|’
D€ Mp(x,a) (©=Ep" |l Mp(x,a)

which implies Corollary 3.7. [

The rest of this section is devoted to Proposition 3.9, which controls the condi-
!
tional expectation of Mp,(:, o) under i’ZD’“, and is also the main technical tool in

the proof of the forthcoming Proposition 4.2. At first, we compute the expectation of
L I :
ZE%H l_[j=1 Ep, (x, eg, ed)l{eéaéz’eg#,} under different measures.

81t is elementary to check that if z ¢ dD{\J (D, D1), then saying z ¢ 0D\J (D, Dy) and saying z ¢
dDy)\J (D1, Dy) are equivalent.
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LEMMA 3.8. Let x € Dy. Suppose that z, 7' are distinct nice points of D, different Jrom
x, and do not belong to d D1\ J (D, Dy). We take the convention that Hp,(x,y) =01ify ¢ D;.
We have the following equalities: For all L > 1,

Cp,p, (x)~ D ES 7 j
Ep(x,z,7) ;]1_[1&)1 Mietpeclze)
(3.16) Dy
_ (1 . HD] (X, Z))<1 _ HD](-va/))
HD()C Z) HD(X,Z/) ’
L
j Hp (X, Z) L
3.17) E%* L (1 — 17>CD,D (x)",
D E%:l:[ { #Zt #x} HD(x,Z) 1
L .
(3.18) UD(xax)|: H 1{ L#x, 3L¢x}:| = CD,D[ (x)L+1,
E%)l Jj=1
where as before, Z 3 means that the sum runs over all ordered (distinct) excursions
e ...,eb)e (€D1) tffurthermore z € D, then
Cp.p, ()™ Dup(z,2) |:Z l_[ Ep, (x {egsﬁz ¢ #z}:|
e%) j=1
(3.19)

= (27)*(Hp(x,2) — Hp, (x,2))".

PROOF OF LEMMA 3.8. Let A be the event that, under Q% ;, the first part of the tra-

jectory from z to x hits d Dy, and so does the last part from x to z'.
We have by Lemma 2.2(ii),

o (A L=L)=P3" (Tap, < T)Py* (TaD1 <T.)
_ (1 _ HD] (-x’Z)><1 . HD](x7 Z/)>
Hp(x,2) Hp(x,z) )’
Let D, be a nice domain such that x € D, D> C Dj and that z, 7’ ¢ D;. Observe that for

all 1 <iy <---<ip, AN{L=L,ij =iy,ip =i} = A, i) N{L=L,i; =i1,iL =i},
with Ai1,ir) == {Typ, <ti, B, #7'} € Fp, . Then

(3.20)

ZZO((A|L L)

= > ““(A(zl ir),ij=ij,1<j<L|L=L)

1<iy<-<ip,

_ Cp.p,(x)~ =D
- Ep(x,z,2)

EZLSZ( Z l{TaD1<tzl Bg; 752 HSDI x Yjs y}))

1<iyj<--<ig j=1

the last identity being a consequence of (3.10). Applying (3.13) gives
Z Z O[(A | L L)

_Cp.p ()" (- L
ZH l{e #zeb#2) |
ek j=1

ép(x,2,7)
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which is the same expression as on the left-hand side of (3.16). Together with (3.21), this
yields (3.17).

Recall the definition of Cp p,(x) in (2.15) and that lim,_, . (Gp(x,z") — Gp,(x,7)) =
Cp,p,(x) as proved in (2.16). It follows that

, Hp, (x,7')
| R
SD(X’Z’Z)( Hp(x,z")

Then making z — x in (3.16) implies (3.17).
Hp,(x.,z) _ Gp,2)—Gp,(x,2)  Cp.p;(x)
Hp(x,z) — Gp(x,2) log1/]x—z]
making z — x in (3.17) gives (3.18).

Recall that Hp(y, y') = Gp(y, y')/2m when y, y" are in D. When z € D\dD;, making
7/ — z# x in (3.16), and using (2.1) and (2.13) give (3.20). O

>—> Cp,p,(x) as 7 — x.

Notice thatas z - x, 1 — by (2.1). Using (2.13),

Let us go back to the probability ch”%’“ for z # z’ which are different from x. For any nice
domains § C Dy C D, such that x € §, we introduce &, p, s, the set of excursions away from
D§ U {z} U {z'} U {x} (in the sense of (2.6)) but excluding all loops at x that lie in s

For any nice domain set S C D; which contains x, any nice domain Dy C Dj, and any
u € Dr\{x}, let

oL1
(3.21) M p,.s.p,(u, ) := e %P1 Z L= Z 1_[ &c.py,5.D, (U d)
x ,D,S
where the sum ZQLD ; runs over all ordered (distinct) excursions (¢!, ..., e¢l) in (&x.py. $)k
=x,Dy,
and
gx,Dl,S,Dz(u’ eg» ed)
(3.22
§p, (u, eq, ¢q) if eg, ¢q €Dy,
(2m)*(Hp, (u, x))* .
. ife, =¢g=x,
= CD],S(-X)

2n(Hp, (u, ¢g) — Hp,(u, ¢g))(Hp, (u, eq) — Hp, (u, ¢q))
HD[ (egs ed)

otherwise.

e2V* for any A > 0, we have the fol-

Considering (3.21), and the inequality > =0 ')2 <
lowing bound:
(3.23) My.p,.s5,p, (1, &) < Yy p,,5,p, ()e”*CP1 2V @Tx1.5.0, ()
where
(3.24) T.p,.5.0,(U) := Z E¢,py,5, Dy (U, eg, 0q).

QGEX,D],S

PROPOSITION 3.9. Let S C Dy C D be nice domains such that x € S. Let Dy C D be a
nice domain satisfying d Dy C S€. Suppose that z and 7' are distinct nice points of D, different

9In words, Ex,py,s stands for the set of excursions in £p, that do not hit x, to which we also add: (a) the
excursions from d D to x (if they exist); (b) the excursions from x to d D1 (if they exist); (c) loops at x which lie
in Dy and hit 4S; (d) if z € Dy, the path from z to x if it does not hit dDy; (e) if z’ € Dy, the path from x to 7’ if
it does not hit 9 D.
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from x, which belong neither to 0 D1\J (D, D1) nor to dDy\J (D1, D3). Let u € Dy\{x}.
Define

xDz(M a) —e OlCDz(M) Z 1)|ZH$D2 1{X¢21}

L 1
eD2]

We have, with the notation of (3.21) and (3.24),

]EQZ,Z/,a [Mx,Dz (l/l, O[) | (eg» ed)eegx.pl,s]
x,D

(325) = X,D|,S,D2(uaa)
(3.26) STx,Dl,s,Dz(u)e_“CD'(”)ez @Yx,py,5,0, ()

PROOF. Any element of £p, that does not hit x, necessarily hits 9D, and lies (except,
possibly, for the starting or the ending point) in Di\{x, z, z'}, and is thus contained in an
excursion, say ¢, away from Dj U {x, z, Z'}; e cannot be a loop at x lying in S because 9 D, C
S¢. In other words, ¢ € &x p, 5. It follows that

My p,(u, )
L— L

OlCDz(M) Z (L _ 1) Z Z l_[ T(e

K=16K | bitli=L.tz 1<K j=I

where as before, the sum Z K runs over ordered (distinct) all excursions (¢!, ..., ¢K) e
]s

(&x,py, K, and T/, €; j) s the sum, over all £; distinct excursions el el in

5D2 which do not hit x and which is contalned in the excursion ¢/, of the products
T2, €y (u, el ehhy. .

Notice that conditionally on (e,, ed)eegx,Dl.S € (Cz)g"-plfs, the family (Y (¢/,€;))1<j<k
for distinct ¢!, ..., K € &x.p,,s, 1s independent. We claim that
(32 BT (¢, 6)I(s. e)eee, py.s] = Cpi.py ()™ Ex 1 5.0, (1, ¢ €7)-

xD

Indeed by definition of & p, s, the excursion ¢/ can be an excursion from dD; to dD;
which does not hit x, or from d D to x or from x to d Dy, or a loop at x in D conditioned
to hit 9S. Let us check (3.27) for each of these four cases. Write Q327 for the conditional
expectation term on the left-hand side of (3.27).

If ¢/ is an excursion from d D; to d D which does not hit x, then eé e€eoDy, eé € dD; and

none of ¢/, ..., ¢/-%/ hits x. By the Markov property,
Lehed "
Qa2 =Ep, > H Eny(use)’ e))
ordered (distinct) ¢/+1,...,¢""Y e€p, I= 1

=Cp,.p, )" '&p, (u, eg,ed)

by using (3.14) for the second equality. This implies (3.27) as éx,Dl,S,Dz(M,eé, ei,) -
Ep, (u, eg, ¢)) in this case.

If ¢/ is an excursion from dD; to x, then eé € 0D and eé = x. By the Markov property
and (3.16),

Hp, (u, eg)>( HDz(u,e§)>

QG271 =Cp,.p, ) &p, (u, eJ Zi)(l '
HDl(u eg) HD](M’QCJ[)
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which yields (3.27) by the definition of & p, s, p, (u, eé, eé) (recalling that eé # x and ei =x
in this case). The case when ¢/ is an excursion from x to 3 D; follows from phe same way.
Finally, for the case when ¢/ isa loop at x in D conditioned to hit 95, eg, = eil =X, S0

0327 =vp, (x, X)[Z l_[ &p, (x )1{e Lotz etz

L
ep, /=1

TBS < Tx:|

L o
VD, (x, X)[Zggl Hj:l éDl (x, g, ed)l{ei,;éz,eg;éz}]
vp, (x, x)(Tys < Tx)

Recall from (2.15) that vp, (x, x)(Tss < Tx) = Cp,,s(x). Using (3.20), completes the proof
of (3.27). _
By (3.27), EQZ,ZL;,a[Mx,Dz (u, a)|(eg, ea)eee, p, 5] s given by

L
e xCn2 ) Z -1 Z Cp Dz(“)LiK

K=1

K
j
xl > [ 140150, (1. fg,ed)}.
oK s Gt bk =182 1V <K j=1

The sum Y 9% ;... is also

o] L_ L K .
L—K
Xy L Conn Y (x- )st D15y ¢ )
L=l &.Dy.S j=1
3 : S ol L-K
=> HxD s.D, (1, ¢}, Z Cpy,p, ()~ .
T o) 2 KDL - Kl
Since
00 L-1 K-1
Z = Cp,.p (M)L K aie“CDl’Dz(“)
=% (K = DL —K)! b2 (K —1)! ’

and Cp, p,(u) = Cp,(u) — Cp, (u), we get (3.25), which, in turn (in view of (3.23)), yields
(3.26). O

4. Construction of the measure M% . Let D be a simply connected nice domain. Let
z and 7’ be distinct nice points of D. For n > 0, we let 2, be the set of the connected
components of D minus the grid of mesh size 27". We choose (Z,,, n > 0) such that z and
7z’ never lie in any of the grid. We will abusively call an element of %, a square (it is not
necessarily a square near the boundary of D). We say that x is suitable if x is in some square
D, € 9, at any level n, and is different from z and z’. The set of suitable points has the full
Lebesgue measure.

For any suitable x, we let D,(,x) be the square in 7, that contains x. We let %4, be
the sigma-algebra generated by the starting and return points of all excursions inside some
square D, together with the order of their appearances. Then (%, ),>0 is a filtration, and



POINTS OF INFINITE MULTIPLICITY 1805

O'(U o0 Zg,) coincides with o (B;, t € [0, Thp]). 10 We define for any Borel set A,

4.1 2, (A) :=/AMD}(1x>(x,oc)dx,

where MD(X) (x, @) is defined in (3.15) and MD(") (x, @) := 0 if x is not suitable.
Note that M7, (A) is Fg,-adapted. For any suitable x, Fg, C F +(x) (defined in No-

tation 3.4 for the latter), so we can use Corollary 3.7 and integrate over A to yield that
(M%}” (A))n>0 is an (Fg, )-martingale under ]P’ZDZ . Consequently, the following limit exists:

4.2) ME(A):= lim M$, (A)€[0.00), Py -as

THEOREM 4.1. Let D be a simply connected nice domain, and z and 7' be distinct nice
points of D. Fix 0 <« < 2 and a Borel set A. Under P , the martingale (./\/l‘;n (A))n=0
converges in L' to ME (A).

In order to prove Theorem 4.1, we first remark that by Corollary 3.6, the (finite) measure

[4Q% z " () Mp(x, ) dx has Radon—Nikodym derivative M$, (A) with respect to Py
Fa,. We assume without loss of generality that A has a pos1t1ve Lebesgue measure. Let

1

4.3) 0O = s ] < () Mp (x, o) dx

be the normalized probability measure defined on o (U;2 (%2, ).
By an elementary fact (see Durrett [6], Theorem 5.3.3), M%, (A) converges in L (lP’ZbZ/) if
and only if M% (A) < oo, Q% 2 4 5., where M9 (A) is the QZ 29 4 5. limit of Mg (A),

which exists since 1/ M"‘ _(A) is a nonnegative supermartingale under 05 2

Then Theorem 4.1 follows from the next proposition.

PROPOSITION 4.2.  Let D be a simply connected nice domain, and z and 7’ be distinct
nice points of D. Fix 0 <« < 2. Then

(4.4) N Z B ML (R?) <o0) =1 Lebesgue-a.e.x € D.
As a consequence of Theorem 4.1, we have the following.

COROLLARY 4.3. Under the assumption of Proposition 4.2, we may define a random
/
finite measure m on the Borel sets such that P3)° -a.s., m is the weak limit of M, . Moreover,

for any rectangle A, m(A) = lim, oo M, (A), Py

PROOF OF COROLLARY 4.3. The argument is routine; we give the details for the sake
of completeness.

10, identify the two sigma-algebras, note that by continuity, it suffices to show that for any disc B(x,r) C D
(where r > 0 is rational, and x is with rational coordinates), the duration and the exiting position of Brow-
nian motion starting at any y € B(x, r) and killed upon exiting from B(x,r) are measurable with respect to
o (U2 ZFg,)- This, however, is quite straightforward because by continuity, the number of crossings and their
positions between two concentric circles (hence the local time on any circle, hence the duration by integration

over local time) are measurable with respect to O’(Uso 2 Fp,)-



1806 E. AIDEKON, Y. HU AND Z. SHI

First, note that the sequence (M7, ),>¢ is tight, all the measures being supported in the

compact set D; so we can extract a (random) subsequence, say (n(k), k > 1), along which
‘;‘]n(k) converges weakly to some finite random measure m.

We may define M$, (A) such that P%’Z/—a.s., (4.2) simultaneously holds for all rectangles A
with rational coordinates. For any € > 0 and rectangle A, let Ay . be an open rectangle and

A_ ¢ be a closed rectangle both with rational coordinates such that A_ , C AcAc At
and fAH\A% Mp(x,a)dx < e. By the L!-convergence in Theorem 4.1, for any & > 0,

E%ZI,(M(‘;‘O(AJF,E) —MS (A_,)) = fAH\A,,g Mp(x,a)dx < e. It implies that for any rect-
angle A,

(4.5) inf (MS(A+,0) = ME(A-)) =0, P57 -as.
£>

Consider the event .7 on which (4.2) and (4.5) hold for all rectangles A with rational coordi-
nates. By the Portmanteau theorem, for any ¢ > 0, we necessarily have m(A) <m(A4 ) <

liminfy 0o M%, (At e) =M% (A4 ), and similarly, m(A) > M%(A_ ). Consequently,
(@A) < inf (M, (A+.c) — ME(A—s) =0
E>

for any rectangle A with rational coordinates on the event /. The Portmanteau theorem
implies that m(A) = limg_ M%}ﬂ(b (A) = MZ (A) for any such A, which by the monotone

’
class theorem yields the uniqueness of the limit measure m on < and proves the Pj;" -a.s.
weak convergence of the sequence (MY ),>0 to m. Finally, for any rectangle A (regardless

of the rationality of the coordinates of A), equation (4.5) holds P%Z,-a.s., hence the same
reasoning shows that m(A) = lim, oo M, (A), ]P’Z[f/-a.s. O

DEFINITION 4.4 (Definition of M$)). In the sequel, by a slight abuse of notation, we still
denote by Mg, the finite random measure m in Corollary 4.3.

Theorem 4.1 implies in particular that EZD’Z, (M2,(D)) > 0. Furthermore, ]P’i;z/—a.s., M
is not trivial; see Proposition 5.3.

The rest of this section is devoted to the proof of Proposition 4.2. First, we present in

/
Section 4.1 some preliminary estimates under Q%%;“ by means of elementary properties of

£p; then we give the proof in Section 4.2.

4.1. Preliminary estimates. Let x € D. Let y, z € D be distinct nice points, different
from x. Recall from (3.1) that &ép(x,y,z) = %y)]g’m
functions under conformal transformations, we see that &p is invariant under conformal
transformations: if D and D’ are two nice domains, z # z’ nice points of D, ¥ : D — D’

a conformal transformation such that W(z) and W (z’) are nice points of D/, then

Ep (W (x), W(2), ¥(Z)) =ép(x,z, 7).

. By properties of harmonic

LEMMA 4.5. Let D be a simply connected nice domain and 7' € 3D be a nice point.
(i) For any x € D, and any nice point z € 3 D different from 7/, we have
(4.6) Ep(x,z,7) <4

(i) For any § € (0, 1), there exists some positive constant c4 = c4(8, D) such that for any
x,z € D with |x — z| > §, we have

4.7 Ep(x,z,7) <ca.
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PROOF OF LEMMA 4.5.  Observe that &p (x, z, 2') = £5(0,1)(0, ¥ (2), ¥(z')) for ¥ a con-
formal map from D to B(0, 1) which maps x to 0. It is well known (see Lawler [9], Chapter 2,
formula (2.4)) that for any |a| < 1 and |b| =1,

1 —|al?

4.8 H )= ———.
(4.8) Bo,1)(a,b) 271|a—b|2

It follows that for |b'| = |b| = 1, Hp,1)(b', b) =
Exercise 5.6).

If z € 9D, then |W(z)| =1 and &p(0,1)(0, ¥(z), ¥(Z)) = [¥(2) — W()|* < 4 yielding
(4.6).

It remains to treat the case z € D with |z — x| > §. Write a := W (z) for notational brevity.
Using the elementary fact that for any |a| < 1, Hp0,1)(0,a) = % log |£11—|, we have

pT b’|2 (see also Lawler [9], Chapter 5,

1 1\ 1-—Jal? 1 logl
4.9 0,¥(z), ¥(7 (l —) <— 4
(4.9) £p00,1)(0, U (2), ¥(')) = 5 \log a)ia VR S 71 4]
by using the triangular inequality: |a — W (Z')| > W ()| — |a| =1 — |a]|.

Now we shall estimate |a| from below. Observe that |u — x| = ¥~ !(a) — U~1(0)] <
lalsupp<; <1 [(U~1Y (ar)]. Applying Corollary 3.19 (Lawler [9], Chapter 3) to the con-
formal transformation W1 which maps B(0,1) to D, we get that for any 0 <r < 1,

(W1 (ar)] < 44 ("a’t)l 9D) < 4dlam|(?), where diam(D) denotes the diameter of D. Then

lu — x| < 4d1am(D) T '“' . Since |u — x| > & by assumption, we deduce that |a| > n, with
n:i= m. Gomg back to (4.9), we get that £p(x, z,2") = &g0,1)(0, ¥ (2), ¥ (') <

log ! .
% SUp, <y <1 % =: c4, proving (4.7). [
From (4.8), we have the following lemma.

LEMMA 4.6. For each & > 0, there exists n > 0 such that |% — 1| < € for any

|b| =1 and |a| < 1.

In view of the proof of Proposition 4.2, we now study loops from x to x under Qi’%“. For
any r > 0, we denote by

(4.10) N (x, r) :=#{loops from x to x which hit C(x, r)},
4.11) Y(x,r):= Z EBe,r) (X, egyeq) Lixge)
QGgB(er)

where Ep(y ) is the set of excursions inside B(x, r) as defined in Notation 3.3, and £ defined
in (3.1).

Let z # 7’ be distinct nice points of D, different from x. Let ro € (0, 1) be such that
B(x,r9) C Dand z, 7/ ¢ B(x,rg). Let ry := ;—2 for k > 0.

LEMMA 4.7. Leta >0.As k — o0,

() N(x, rk)fvalog @ch -a.s.;
(i) T (x,rx) ~a(log - )2 “ Yoa.s.
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PROOF OF LEMMA 4.7. (i) We start by mentioning a simple fact on the concentration
of a Poisson variable: Let N be a Poisson random variable with parameter A > 0. By the
standard large deviation principle, for any & > 0, there exist some § > 0 and Ao > O such that
for all A > A,

(4.12) P(INj, — Al > 1) <e %

Under fc’,z,é’“, the number of loops from x to x that hit C(x, ry) is a Poisson variable of
parameter avp(x, x)(Tex,r) < Ty) (see Section 1.2). By Lemma 2.3(ii1), vp (x, x)(Te(x,r) <
= fc(x ) G0, Y)HB(x 5y (x, y) dy ~log(1/ry) as k — oo. By (4.12) and the Borel—

Cantelli lemma, N (x, ry) ~ alog(1/r) as k — 00, Q7% 2% _a 5. This proves (i).

(i1) For each r > 0, the contribution to the right- hand side of (4.11) comes from the paths
of the excursion from z to x, of the N(x,r) loops which hit C(x, r), and of the excursion
from x to z’. Consequently for any k > 1,

N (x,ry)
T(x,ry) = Tbegin + Z Tj + Tend,
j=1
where under Qi”z,é’a, Yvegin» Yend, 11,72, ..., are mutually independent (and independent

of N(x,rg)) such that Ypegin and Yend are distributed as Y (x, rg) under Py and ]P’)IC)’Z/,
respectively, and for any j > 1, 7 has the same distribution as that of 7 (x,r;) under
vp(x,x)(e|Te(x,r) < Ty). [For the sake of presentation, we have introduced 7’ for all j > 1;
we have also omitted the dependence on k in the notation Yyegin, Yend and 71, j > 1.]

We claim that

(4.13) Z z a(Tbegm) Z z a(Tend) Z z a(Tl) =Cp B(x, rk)(x)

In fact, notice that HB()C ) (x,z2) =0 as well as Hp,r)(x,2) = 0. Applying (3.17)
to L =1 gives that Q7 o " (Yvegin) = Cp,B(x,r) (x). In the definition of Y (x,r) in (4.11),
EB(e,r) (X, eq,80) = Sg(x,r)(x, ¢4, ¢g), so by the time-reversal property (2.9) for the path from
x to z/ and another application of (3.17) to L = 1, we get @i”ZD,’“(Tend) = Cp B, (X).
Finally, recall that vp(x, x)(T¢(x,r) < Tx) = Cp,B(x,r)(x) by definition (see Lemma 2.3).
Applying (3.18) to L =1 gives that Q7 o % (1) = Cp . Bx,ry) (x) and completes the justifica-
tion of (4.13).

By Lemma 2.3(ii), Cp B(x,r) (x) = [C(x,rk) Gp(x,Y)Hp(x,r(x, y)dy ~log(1/ry) as k —
00. [A fact already used in the proof of (i)].

From (i), the statement (ii) immediately follows once we have shown that for any deter-
ministic sequence n such that liminfy_, o "7" >0,

1 1k ,
4.14) |:Tbegm + Yend + Z T (ng + Z)CD,B(x,rk)(x):| — 0, i’yz[)’a'a-s-
k j=1

To get (4.14), we shall use the following inequality (see Petrov [16], Theorem 2.10): There
exists some constant ¢; > 0 such that for any sequence of independent real-valued integrable
random variables (7;);>1,

n 3

> (i —Em))

i=1

n
<cn'?Y E[Inil’] Vn=>1.
i=1

(4.15) E
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Using the fact that &g, ,,)(x, ¢g, ¢4) is bounded by 4 (see (4.6)), we deduce from the
definition of 7" (x, r¢) in (4.11) that for some numerical constant c; [we may take ¢y = 16],

3 L
T’ <e ), 3 [T 8Ben . e e e u cbsyy.

=1,L =
L IEB(x,rk)] 1

where as in the previous section, ) L is a short way to denote sum over all ordered

=B(x,rg)
(distinct) excursions (¢!, ..., L) € (Sg(x’rk))L.

From the equations (3.17) and (3.18) with L € {1, 2, 3}, D; = B(x, ry) there, we see that
there exists some positive constant ¢3 = c¢3(x) such that the third moments of Ypegin, Of Yend
and of 17 are less than c3 (log(l/rk))3.

3}
ng

Recalling (4.13). It follows from (4.15) that
2,7, 1
x,D |:n_2
which is summable in k thanks to the assumption on ng: liminfz— o 7* > 0. The Borel-
Cantelli lemma yields (4.14) completes the proof of (ii). [

ny
(Tbegin + Yend + Z Tj — (ng + 2)CD,B(x,rk)(x))
k
2 3/2 1 3
S Clc?’m (10 ) s

j=1
: 2

ng Ik

4.2. Proof of Proposition 4.2. We fix D, z # 7’ nice points of D. Let 0 < o < 2 and
0<p<?2—a«a.Take y =y (o) and ¢ = ¢(p) such that y > «, ¢ > 0 and

(4.16) 214 &)y —a+o0 <2.

Let n € (0, 1) be the constant in Lemma 4.6 associated with our choice of €. Let K > 5 be
such that 27K < 16 Constants cs, cg, ... in the proof can depend on D, z, 7/, @, 0, ¥, &, K
even if not specified.

Let x € D be a suitable point, meaning, as before, that x is in some square D, € &, at any
level n, and is different from z and z’ (recall that the set of suitable points has full Lebesgue

measure). Let g € (0, 1) and r = 3¢, let

E®(rg,y) :={d(x,dD U |z,7'}) > ro}
(4.17)

1 1\?
N ﬂ{N(x i) < ylog— T (x,r¢) <y(log ) }
k=0
We assume, for the moment, that for all suitable x € D,

(4.18) li fl E /w E(x)( Y| < esro)
' nlinigo (d(e,0DSH> L 0 | Jp Tu —xje ro,v) | =c¢slro),

where c5(rg) is some positive constant depending on rg. We claim that Proposition 4.2 will
follow from Lemma 4.7 and (the case ¢ = 0 of) (4.18). In fact, for any ¢ > 0, we deduce from
(4.18) (with ¢ = 0) that

llmlnﬂE@ 2a[min(c, M7, (D)), E®(ro, y)]

n——+00 ¥.D

<cs5(ro) + chmmfl{d( D) <)

= ¢5(ro),
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for Lebesgue-a.e. x € D. By Fatou’s lemma, it gives that for any ¢ > 0,

E oo [min(c, ME, (D)), E¥ (ro, )] < e5(r0),
x,D

then, by monotone convergence,

(4.19) E ye.a[ME&(D), ED (10, )] < 5(r0).

x,D

We deduce that for Lebesgue-a.e. x € D, i”zl/)’“—a.s., M, (D) < oo on the event E™ (rg, y).
By Lemma 4.7, we have for any x € D\{z, 7'},

oo
(4.20) fj,g"‘( EW (27, y)) =1.
=1

Hence we get (4.4). [The case 0 < 0 <2 — « in (4.18) will be used in Section 6.]

It remains to prove (4.18). We fix r¢g > 0 and suitable x € D such thatd(x,dD U {z,7'}) >
ro. We write By := D and By := B(x, r¢) for any k > 1. We distinguish three possible situa-
tions: (i) |u — x| > rx withu ¢ DS, (i) |u — x| < rx with u ¢ DS, and (iii) u € DS". We
suppose that d(x, 8D,(,x)) > %, which means that x is not too close to the boundary of D,(,x).

First case: \u — x| > rx with u ¢ D,(,x). Since we are going to integrate over u with re-
spect to the Lebesgue measure, we suppose, without loss of generality, that u is a suitable
point. With the notation of Proposition 3.9, observe that Mx NG (u,) =M D (u, @) since
the excursions inside D,(,”) cannot hit x. Recall the definition of 1y p, s p, () in (3.24). We
are going to take D; = D, S = Bk and Dy = D,(l"). Then Tx,D,BK,D,(,“) (u) is (possibly) con-

tributed by excursions from z to x, from x to z” and by the loops at x in D which hit C(x, rx).
By definition,

Tx,D,Bk,D,(l”)(u)
= T (Hp(u,2) — H (0, 2)) (Hp a, 2) = Hp
= HD(Z,x)( p(u,z p (1,2 p(u, x) i u, x))
2
+ WJT’Z,)(HD(M, z/) — HDr(,u) (u, Z/))(HD(M,X) — HD,(,”) (u,x))
(2m)? )
* W(HD(M’X) - HD,(:‘)(M’X)) N(X,VK),

by recalling that N (x, rx) denotes the number of loops at x which hit C(x, rg). This implies
that

Gp(u,x)*

N(x,rg) =:c@a1),
CD,BK ()C) ( )

@20 7 g pw@) <&p,x,2) + Ep(u,x,7') +
recalling that Gp(u, x) =27 Hp (u, x).

By applying Proposition 3.9 to D; = D, S = Bx and D> = D\, we get that
]E@z,z/,a [MDr(z”) (M, Ol)lN(.X, VK)] = ]EQizga [MX,D;(:‘) (I/l, Ol)|N(-xa I"K)]

X,

4.22)
< c(4.21)e—aCD(u)eZN/aC(zt.zl)‘

Let us control the three terms in c4.21). For the last term in c@421), we remark that
since |u — x| > rg, we have, by Lawler [9] Proposition 2.36, G p(u, x) < logdiam(D) +
log# (where diam(D) denotes, as before, the diameter of D). For any |y — x| = rg,
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Gp(x,y) > logd(x,dD) + log i (again by Lawler [9] Proposition 2.36). It follows that
Cp.5x (%) = Jeterg) G0 Y HB(e.rg) (x, y) dy > log(ro/rk). On the event E®(ro, y), we
have N (x,rg) < y(log rk )2, hence for some constant cg = c6(ro, K, D, ¥),

Gp(u,x)?
CD,B[( (X)

To control £p (u, x, z) + Ep(u, x, Z') in c4.21), we discuss separately two cases: If z € 3D,
then we apply (4.7) to see that £p (u, x, z) < c4.If z € D, Hp(u, x) is bounded as seen in the
previous paragraph (recalling that |u — x| > rx), Hp(x, z) > infy.4(y s puiz))>ro Hp (¥, 2) =:
c7(ro, z, D) > 0, hence ép(u, x,z) = Zn%HD(u, 7) <2mc7Hp(u, 7). We get that for
z€D,Epu,x,z) <cs+2mc7Hp(u, z)). A similar bound holds for &p (u, x, 7). Therefore,
we have shown that for some constant ¢g = cg(rg, z, 7', K, D, y),

caan <cs(1+Hpu,z) + Hp(u, 7)) = f. o (u).
Going back to (4.22), we see that

(x)
EQ;:{),Q [M o (u, @), E¥(ro, ¥)]

<Egecal My, 0), N(x,rk) <y (ogrg)’]
x,D n

< f z’(u)e_aCD(u)ez ooz w,

which implies that

o
2, (du)
E 2.7« / jni’E(X) ro, }
QxY,DY |: lu—x|>rg |M—X|Q (0 )/)
(4.23) < f W e O AT @
lu—x|>rg U —x]@°"

=09,
with g :=rg® [} fow )e=¥Cpe/elea W) gy < oo,

Second case: riig+1 < |u — x| < rryk for some k > 0, with u ¢ Dr(,x). We still have

MLDV(IL,) (u,a) = MD,(,") (u, o). We claim

(4.24) D c By, DM CB{g.s

To see why D,(f’) C By holds: It suffices to check |u — x| + +/2 x 27" < ry, which is easy.
Indeed, |u — x| < rrrx < %rk (since K > 1), and since d(x, BD,(,X)) > }‘2_”, we also have
V2 x 27" < /2 x 4d(x, 8D,(,x)) <2 x 4lu — x| < /2 x 4ry4 g which is smaller than %rk
(since K > 4).

We now prove the second inclusion in (4.24) by discussing on two possible situations. If
Pkt K41 > o, then trivially [u — x| > reg k41 > Fe k45 + /2 x 27", which yields dD§" €
Bi, k45- If, on the other hand, r¢ k41 < iin, then ryy g5 < }‘2_”, which yields Byyx+5 C
dDy" (because d(x, DSy = 127), which, in turn, implies DS C B As such,
(4.24) is proved.

Recall the definition of Y p, s.p,(u) in (3.24); we take Dy = By, S = Bi4+kx+5 and
D) = D,(,”). Then Tx By Brogas. DY (u) is (possibly) contributed by excursions from C(x, ry)
to x, from x to C(x, }k)’, aild+b’y ’tlhe loops in By which hit C(x, r¢t+x+5), and by excursions

+K+5°



1812 E. AIDEKON, Y. HU AND Z. SHI

from C(x, ry) to itself without hitting x. [The latter excursions make the most significant

contribution to 1 B Brs k15D (u).] We claim that for some positive constant cig only de-
pending on K and alle e 8x75k73k+K+5,

u ’ 9 5 .
(4.25) 8 v BB xrs, Dl (s Bgs €d) = €10

To prove (4.25), we start by noting that H D (u,x) = 0 (because x ¢ D,g")) and
D(u) (u,y) =0forany y € 3B, =C(x, rr). Hence by (3.23),

§

x Bk Bk+K+5 D(M) (u eg’ ed)

2 .
(277) (HBk(M, X)) /CBk,Bk+K+5(x) if g =¢7 =X,
&, (u, eq, ¢q) otherwise.
If ey, eq € C(x,7k), we use (4.7) to see that Sx B Brssss
the following explicit computations: Hp, (i, x) = % log —\urfxl’ CBi. By s (X) =log —h— =
T —|u—x|2

"k+K+5
(K +5)log2, Hg, (u,y) = zmk p—
k4K +1 < |u — x| < rp+x, we easily get (4.25).

For ¢ inside C(x, ri) which does not hit x, we have by our choice of K and Lemma 4.6,
£, (u, e, ¢q) < (14 )%, (x, g, ¢q).

With the notation of (4.10), the number of excursions from C (x, r) to x, from x to C(x, r¢),
and the loops in By which hit C(x, ry1x+5), is less than 2N (x, ry+x+5) + 2. [The presence
of 42 is due to the path from z to x, and to the path from x to z’.] In the notation of (4.11),
we have

NG (u, eg, eq) < 4; otherwise, we use
n

and Hp, (x,y) = for any y € C(x, rt). Since

271rk

4260) T, sy pe @) < (L+)2Y 00 r) +2¢10(N (¥ rkgk45) + 1) =t cae).

X,
In view of (4.24), we are entitled to apply Proposition 3.9 to D = By, S = Bxtx+5 and
_ p
D> = Dy, to see that

B gea[Mpo (4, @) IN (6, ri 45), T (6]

=Eqee o[ M, o, IN (&, ris g 45), T (6, 7))
< cnpe B VIR,

Recall the definition of Cg(u) in Lemma 2.3. We see that Cp, (1) > log(1/(2r)). By the
choice of the event E® (r, y), we deduce the existence of a constant c¢y; depending on

(K, &, a, y) such that uniformly in u satisfying |u — x| < rx and u ¢ D,(,x),

2
, ) €11 1
(4.27) IEQ;ZD,Q [MD’SW (u,a), EY(ro, y)] < PRGN a( og P _x|) .

Third (and last) case: u € D( ), Here we assume that n is large enough so that D(x)
B(x ro). Recall that d(x, aD(x)) > 2" Let a, be the smallest integer j > K such that r; <

T' In particular, B,, C D,(, ), so the number of excursions in £ vy which hit x is smaller than

Dl‘l
N:=N(x,rq,)+ 1. Forall 0 <m < L, and for all ¢!, ..., ¥ distinct and ordered excursions

in & P which do nor hit x, consider the set of ¢! ., el distinct and ordered excursions in
n

&pw such that @ el el and any e € {e!, ..., eL)\(E, ..., ¥") hits x. We
M)

remark that the cardinality of this set is less than (,~ ).
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Recall from (4.6) that &0 (u, y, y') < 4 forany y, y' € 9DS". It follows that
. L N
. .
2 [16pmn epe) = 204 " (L - m) 0L (u),
_ =

where @f,o) (u) :=1 and for any m > 11
O, (u) = Z l_[ SD(X) Micger)
_D,({x) Jj=1
We get that for any u € Dy,

MDy(lX) (u, o)

—aC (x)(u) > L
(4.28) <e "Tnf Z (L_ i Z ( N >®§l’")(u>

—aC (W) o okl N
<Y S omuy Y 4t mi(L-])!(L—m)'

m=0 L=max(m,1)

To estimate the sum >-72 .. 1)(++) in (4.28), we shall use the following elementary
inequalities: for any b and j two integers and for all s > 0,

(4.29) i st <J> <1 ise (1) 1 i(sj)’f Loy
' Zb+or\e) = a\t G
When m = 0, the sum Zio=max<m,1)(~ --)in (4.28) is equal to

00 L—1 0 14
L« N\ & (o)
2.4 (L —1)! <L>_4z§) e! <€+1)

L=1

< 4Ne4«/a(N—l)’

by using (4.29) for the last inequality. When m > 1, the sum Z‘L’O:max(myl)(- -+) in (4.28) is
equal to, after a change of variables L =m + ¢,

o0 Vi m—1
" Z < (m (—4?+z)' <N> = (n(:— 1)!64@

’

by using again (4.29) for the last inequality. It follows from (4.28) that

m—1

—aC () (u) e o m) 4N
Mpo @) <e P [4N+m§1 m(@,{" (u) [e*Ve

4.30
( ) _aCD,(lx) (u)

= [4Ne + MX,D,(,X) (u, O()]e4\/m,

NN Y=0if N<L—m.
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with the notation of Proposition 3.9. We want to use Proposition 3.9 with D1 = B,,_k, D2 =
D' and S = B, (note that D ¢ Ba, -k as K > 4). Remark that uniformly in u € D,

(4.31) 0 < Hp,, x(u, x) = Hpw U, x) < c12(K).

In fact, if |14 — x| > 2 , then HB K(M x) = 5= log r|;" xKI < 10g2(K + 1), by using the fact

that rq, < 2. Now 1f|u—x| < 2 then d(u, 3DS) > 2" (recall that d(x, D") > &),

By Lawler [9] Proposmon 2.36, ng e, x) — D(X) (u,x) = 21 E* log |BTaB —u| —
7 E* log|Br, o Ul = 2 log 5K < 1982 (K 4 2) =: ¢1(K). This proves (4. 31)

Using (4. 31) the similar computations leading to (4.25) show that there is some positive
constant c3 only depending on K such that for all u Dy(, ), forall e € & By, _x.Ba, >

3

x,Bq —KaBanaD;(zx) (u, €g> ¢q) < C13.
Recall the definition of Ty p, s p,(u) in (3.24); we take Dy = By,—k, D> = DY and

S = B,,. Remark that for all u € D lu—x| <22 <2 Ta,—1 < Nrg,—k by the
choice of K. By Lemma 4.6, for all y € C(x, rq,—k), Hp, «,y) <(1+¢&)Hp, ,(x,y).
Then similar to (4.26), we have that

@4.32) T g B, pw@) =0+ &)’ (x,ra,—k) +2c13(N(x, rq,) + 1) =: ca3)-
Applying Proposition 3.9 to D1 = By,—x, D2 = D,(,x) and S = B, gives that

E, ova|M, @, a)|N(x,rg,), (14327 (x, rq,—k)]
Qx.D Dy

< 0(4.32)67“%“:1* W2 /@,

On the event EY(rg, y), N(x, rq,) <y log % and ¥ (x,rq,—x) < y(log o I_K )2, hence

) +2613(V10gr—+1)§(1+8) y<10gr—) :
an

Qn

ca3 <1+ e)2y<10g —
ap—

where c14 = c14(K, y, ro) > 0 denotes some constant and for the last inequality. Therefore,
E era[M o (u, @), E® (ro, )]

x,D
2 2(1+¢) Jay
C _ C
5(1+s)2y(logﬁ) . aCBan_K(u)(ﬁ> ‘
ra,l rﬂn

By definition, Cp,, _, () = fc(x ra, o log |ul—y|HBun <, y)dy > log ﬁ and in the
(x)

same way, D(x) (u) > log [2 —. Using (4.30) yields that uniformly in u € D,

) ()
]E@j'c,,zD,a [MD’(IM) (M7 (X), E (rOa )/)]

1\2 4 /aylog L / 1 \2U+e)Jay—a
§c15<log—) e VT T (—) )

Ta,

(4.33)

Iq,

Recall that r, < %2_" <rq,—1. We deduce from (4.33) that

4.34 E M@0
(4.34) 2.7 GD(X)W,E (ro,y)|— 0, n— oo.
ueD, -

x,DY
Then equation (4.18) comes from (4.16), (4.23), (4.27) and (4.34). This completes the proof
of Proposition 4.2.
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S. Image of of M2, under a conformal mapping. The following result is analogous

to [1], Theorem 5.2, with the extensions to all « € (0, 2). Recall that Cp (x) = — [, log(|]x —

YDHp(x, y)dy and £p (x, z, /) = ZHREIHPL.D).

PROPOSITION 5.1. Let 0 <« < 2. Recall that D is a simply connected nice domain and
z, 7/ nice points of D. For any nonnegative measurable function f, we have

6D B [ e BME@D = [ B (7 B P Wp(x,2,2)

Consequently, if for a family of events (Ex)xep, Q% zs “(E ) =1 for Lebesgue-a.e. x € D,
then with probability one, the event E, holds for ./\/l“ -almost all x.

PROOF OF PROPOSITION 5.1. By the standard monotone class argument, it is enough to
prove the equality (5.1) for f(x, B) = 14(x)1F, where A C D a Borel set and F € %, for
an arbitrary n > 1. Then the left-hand side of (5.1) is equal to

B (M) = || B (M0 000 15) a2

=‘/;Qis7%a(F)e—aCD(x)$D(x’Z,Z/)dx’

where the first equality follows from Theorem 4.1 and the second from Corollary 3.6. [

As pointed out in [1], equation (5.1) characterizes the measure M$ . To be more precise,
under the assumptions of Proposition 5.1, suppose that there is a random finite measure m on
the Borel sets of R2, measurable with respect to the Brownian B := (BZ)OSISTZ/’ and which

also verifies equation (5.1), replacing M%_ by m there. Then m = Mg IP’ZD’Z/—a.s. To see it,
define m’ := m — MZ, . Equation (5.1) applied to m and Mg yields that, for any bounded
measurable function f,

By /D f(x, Bym'(dx) = 0.

Let A a Borel set of R2. For ¢ > 0, taking f(x, B) :== m'(A)lcealjm(a)|<c. We get that

EZD’Z/ [m’(A)? 1 (4)|<c] = 0, hence by monotone convergence, E%Z/ [m’(A)?] = 0. We deduce
the claim.

Let D, D’ be simply connected nice domains, and W : D — D’ a conformal transforma-
tion. Let z, z’ be distinct nice points of D such that W(z) and W(Z') are nice points of D (¥
can be extended to a conformal transformation of D U B(z, ¢) U B(Z/, &) for some ¢ > 0, see
Lawler [9], p. 48).

PROPOSITION 5.2. The image measure of M, by ¥ under IP’%Z/ has the same law as
the measure | W' (W~ (x))| 2~ ~4 M (dx) under I[D‘P(Z) V&)

PROOF OF PROPOSITION 5.2. It suffices to show that for any nonnegative measurable
function f,

55 [ 79, wB) M@0
(5.2)
—EpOO [ e Bl )T M @,
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From Proposition 5.1, the left-hand side is
(5.3) [ B (£(W ), W(B))e POt (r, 2. ') dr.

The conformal invariance of QZ 2, (which results from the conformal invariance of the

Brownian measures P}, IP’XDZ and vp(x, x)) implies that

EQZ,Z’JX (f(\ll(_x), "II(B))) = EQ‘I‘(Z),\I’(Z/).a (f(\p()C), B))
x,D Y (x),D’

Moreover, £p(x,z,2)) =&p (¥ (x), ¥ (z), ¥(Z')) and Cp(x) = Cp (W (x)) +log |¥'(x)|. By
the change of variables y = W (x), equation (5.3) becomes

/ Egraeera(fO B)e T Oy (v, W), W)W (W () dy

which proves (5.2) by another use of Proposition 5.1. [J

PROPOSITION 5.3. Let z, 7’ be distinct nice points of D. We have P (./\/l (D) >0)=

PROOF OF PROPOSITION 5.3.  To stress the dependence of D in M% , we write M%_
in this proof. We want to prove that szl(/\/lgo’ p = 0) = 0. By Proposition 5.2, ¢ :=
IP’;Z (/\/loo p = 0) is independent of z, 7’ and D. Consider D = (0, 1)?, and D € 9, a square
of mesh . The event { M7 , = 0} implies that { M D(ﬁ) 0}. Conditionally on .% ; and
ony,y the starting and ending points of an excursion inside D (if exists),

P3* (MS p(D) =017F) <PE” (M3 5=0)=c.
Let % :=#{D € 9 : there is an excursion inside D}. It follows that
¢ =P (M3 p(D) =0) <Ej (¢”).

Note that ¢ < 1, # € {1, 2,3, 4}, szl—a.s. and .# > 2 holds with positive probability. Then
the only possibility is that c =0. [

6. Thick points. Recalling D a simply connected nice domain and z # Z/ nice points
of D. By using Proposition 5.1, we immediately deduce from Lemma 4.7(i) the following
result. Let N (x, r) be as in (4.10) the number of loops from x that hit C(x, r).

COROLLARY 6.1. Let 0 <o < 2. With IPZ’Z/-probability one, the measure M2  is sup-
D o]
ported on the set of points x such that

N(x, r)
i logl/r

Corollary 6.1 is an extension of [1], Corollary 5.1, to all « € (0, 2).
In the sequel, we establish the relationship between Mg and the thick points defined in
(1.2).

THEOREM 6.2. Leta € (0,2). With szl—probability one, the measure M2 is supported
by the set of a-thick points.
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By assuming Theorem 6.2, we are able to complete the proof of Theorem 1.1:

PROOF OF THEOREM 1.1. By Corollary 6.1 and Theorem 6.2, it remains to check (1.3).

The upper bound of (1.3) follows from that of Theorem B. In fact, for any sufficiently small
r >0, the law of (Brg, ,\p+1>0 <1 < Te.nnp — Te.nnp) under IP’ZD’Z/ is absolutely con-
tinuous with respect to that of a planar Brownian motion. Then we deduce from Theorem B
that

dimpy {a-thick points} =2 — a, szl—a.s.,

which in view of Theorem 6.2 yields the upper bound in (1.3).
For the lower bound in (1.3), let E“) (rp, y) be the event defined in (4.17). Corollary 4.3

says that }P’%Z/—a.s., M, converges weakly to M. By Theorem 4.1, the probability QZD’Z/’a

defined in (4.3) with A = D there, is absolutely continuous with respect to IP’%’Z/. Hence M7,

converges weakly to M2, Z[';Z/’“—a.s. In other words, for Lebesgue-a.e. x € D, i”zl/)’“—a.s.,
&, converges weakly to M2

Let 0 < ¢ <2 — . Using the same arguments leading to (4.19) and by replacing M7, (D)

M, (d
by /p Wj+x(|;t), we deduce from (4.18) that

E [/ M,Em(ro, J/)} < c5(ro),
x,D D

|lu —xl@

for Lebesgue-a.e. x € D.
Let DU be the set of points x € D such that d(x, d D) > rg. It follows from (5.1) that for
any ro > 0,

Ez,z/ [/ 1 Mgo(du)M‘é‘o(dX)}
D\ Jpxp E®(r0.y) lu — x|

:/ dxe—tCoWep (x, 2 2)E [/ M,Em(ro,y)}
D D

Q' lu — x|

< 05(1’0)/ dxe_aCD(x)fD (X, z, Z/)
D
< 00.
Hence sz/—alrnost surely, for all rg > 0,

M (du) M2 (dx)
/ 1E(x)(’o,}/) = > <00

lu — x|¢

By (4.20) and Proposition 5.1, IP’ZD’Z/—almost surely, M -almost all x, %2, E® (27, y)
holds. Then by Proposition 5.3, for some £ > 1, the measure my(dx) :=1 E(x)(zfz’y)/\/lgo(dx)

me(du)my (dx)

is not trivial and [}, < 00.

lu—xle

For any Borel set A such that M%_(A°) =0, we have my(A°) =0and [, 4 me(dw)me(dr) _

|u—x|@
fpxD % < 00. It follows from Frostman’s lemma that dimg(A) > . This yields

that a.s., Dim(M$_) > 0. As o can be as close as possible to 2 — «, we get the lower bound
in (1.3). This completes the proof of Theorem 1.1. [J

Denote by ¢ (¢) the lifetime of a loop ¢ and let
(6.1) Ag:i=)Y C(ey), O0<s<a.

v<s§
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Note that A is a subordinator on [0, ] whose sample paths are strictly increasing. The law
of ¢ under vp(x, x) can easily be computed: it follows from (2.12) that

vp(x,x)(¢ €dr) =mpp(x, x;1)(§ €dr)

1
6.2 = lim —=P*(r < Typ, |B; — dr
(6.2) Jim = (t <Top,|Br — x| <e)

=napp(t, x,x)dt.
Let us define (¢} );>¢ by the inverse of A:

0 ift <Ty,
(6.3) g ={inf{s >0: Ay >t —Ty} if Ty <t <Ty+ Ag,
o ift >Ty + Ag.

By construction, @Z 2% almost surely, + — ¢} is continuous. Moreover, by imitating the
proof in the one- d1mens1onal Brownian motion case (for instance, the proof of Proposition

VI.2.5,[19]), we get that QZ 2% almost surely, the support of d¢; is exactly equal to the level
set {T, <t < Ty + Ag: B, =x}. We call ({);>¢0 the family of local times of B at x. We
mention that after 7, + Ag, B is a Brownian motion started at x and conditioned to hit Z.
Theorems 6.2 and 1.2 will be a consequence of the following result.

!
PROPOSITION 6.3. Forany x € D, i’%a-a.s.for all0<t<T,,

t
6.4) f 13, ey ds = £5,

Iim ———
r—l>rg+ r2(logr)? Jo

where €}, defined in (6.3), denotes the local time at x up to time t (under Z z a)

By assuming Proposition 6.3 for the moment, we give the proofs of Theorems 6.2 and 1.2.

PROOF OF THEOREM 6.2. By definition, Ex = a. It follows from (6.4) that Q% 2 s

. T./ .
lim, _, o+ m fOZ 1{B,eB(x,r ds = a, Wthh in view of Proposition 5.1 yields Theo-
rem 6.2.

PROOF OF THEOREM 1.2. For any x € D, we define

1 tAT,
£ = rE%L W /0 1B eB(x,r)yds if the limit exists for all 7 > 0,

and £ :=0,Vr >0, otherw1se By Proposition 6.3, for any x € D, Qy'% T s, £ = EfAT/

for all # > 0. Then QZ , t — £ is a continuous additive functional and such that
t — d£} is supported by {t € [0 T./]: B; = x}. By Proposition 5.1, we get Theorem 1.2. [

The rest of this section is devoted to the proof of Proposition 6.3. Recall A defined in (6.1).
Letforany r >0and 0 < 8 < «,

TX+A;3 TZ,
Ig(r) :2/(; 1{B,eB(x,rnds and Iy (r) 22/0 1{B,eB(x,r)} ds.

. Ty T,
Notice that Io(r) = [y 1(B,eB(x,r))ds and I (r) — Io—(r) = fTX“JFAa 1¢B,eB(x,r)} ds corre-
spond to the times spent in B(x, r) by a conditioned Brownian motion under P%;* and under
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]P’)Bz/, respectively. In the literature, there is a law of the iterated logarithm for their asymp-
totics as r — 07; see Ray [18] and Le Gall [11].

PROOF OF PROPOSITION 6.3.  Proposition 6.3 will follow from the following statement:
i”zda—a.s., for all B € [0, o],

Ig(r)  _
r—0+ r2(logr)?

In fact, take § = 0 in (6.5) implies (6.4) for all ¢ € [0, Ty]. For t € [Ay + Ty, T,], we
remark that I, _(r) < fot 1(B,eB(x,r) ds < I4(r), then by (6.5) we see that (6.4) holds for these
t.Now consider Ty <t < Ty +Aq, B:=4; € (0,a). Wehave Ag_+T, <t < Ag+Ty.Then
Ig_(r) < fot 1{B,eB(x,r)} ds < Ig(r). Applying (6.5) gives (6.4) forany T, <t < Ag + Ty.

In order to prove (6.5), by the monotonicity, we only need to show that for any fixed
B e (0,al, Q% as.,

(6.5)

Ig(r)

6.6 —— = 4.
(6.6) r—0t r2(logr)?

To this end, let ro > 0 such that B(x, r9) C D\{z, z'}. For any 0 < r < rg, denote by L(r)
the local time at C(x, ) of (B;);>0 (as the occupation time density at r of the process (|B; —
x|)i=0) till Ty + Ag if B <« and till T,y if B = . Then

Ig(r) = /Or L(u)du.

We will prove that Q%%;%-a.s.,

L(r)
m —= =
r—0+ r(log r)2

28,

which gives (6.6) by integrating L(-).

Without loss of generality, we suppose that x = 0. We can decompose the trajectories in
B(0, rg) as

e Brownian excursions from C(0, r¢) to C(0, ro) which do not hit O,

e Brownian excursions from C(0, rg) to O or from 0 to C(0, rgp),

e and Brownian loops at 0 in B(0, rg).

The Brownian excursions which do not hit 0 can be ignored to understand the asymptotics
of the local time around O since none will hit C(0, r) for » small enough.

Let us consider the Brownian excursions from 0 to C(0, ro). These excursions are of finite
number almost surely. The norm of an excursion is a two-dimensional Bessel process stopped
at the first hitting time of ry. Its local time process at r € (0, o) is equal in law to the process
(rUvog(ro/r))re(0,ry) Where U. is the square of Bessel processes of dimension 2 starting from 0
(see Exercise 2.6, Chapter XI in Revuz and Yor [19]). By the classical law of the iterated log-
arithm for the process U, almost surely as r — 07, Ulog(1/r) = O(log(1/r)(logloglog1/r)).
Hence the contribution to L(r) by the excursions from 0 to C(0, rg) are o(r(log r)?). The
same is true, by time-reversal, of excursions from C(0, rg) to 0.

If we denote by L (r) the local time at C(0, r) of Brownian loops (¢s)s<¢ in B(0, rp),

then we have shown that almost surely, L(r) — L) (r) = o(r (log r)?) as r — 0. It remains
L(c.)(r)

to prove that almost surely, lim, _, o+ rogr)?

=2, or equivalently
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By scaling, we may take ro = 1. For a loop ¢, denote by /(¢) := max,>¢ |e(u)| its maxi-
mum norm (recalling that x = 0). By Lemma 2.3(ii), we get that

v30.1)(0,0)(h(e) > r) =log(1/r), O0<r<l,

which implies that the point process P(B) 1= > ;< g.¢,eB(0,1) Hlog(1/h(e))} i @ Poisson point
process on (0, co) with intensity Sdf. Write 0 < u; <up < --- < ug < --- for the points of
P(B) andlet Ny := Y722 Ly, <.t > 0. Then (N;);>¢ is a Poisson process with parameter f3.

Conditionally on {(¢) = r}, the norm of a Brownian loop |e(-)| can be decomposed as a
two-dimensional Bessel process from 0 to its first hitting time of r, followed by an indepen-
dent copy of the same process going backwards in time; see Pitman and Yor [17]. Therefore,
conditionally on {h(¢) = e}, the process of local times at e~ of |e(-)|, for # > s, has the law
of the sum of two independent copies of (e~ U,_s),>s which by the additivity of the square of
Bessel processes, is equal in law to the process (e~ U,(i)s)tzs, where U® denotes the square
of Bessel processes of dimension 4, starting from 0.

Let U (4), k > 1, be an i.i.d. copies of U @, independent of {ui}x>1. Then the process
(e’ L(c)(e™"))s>0 is equal in law to the process (X;);>0 wWhere

o
k
X; = Z 1{ukSt}Ut(—)uk’ t>0.
k=1

It is enough to show that almost surely,

To this end, write

o0
X; :4Z(f — ) Ly <y + X\z :4/(0 ](t —s5)dN, + 5(},
k=1 ,t

where X; 1= 302 1<) (U5, — 4(r — ). Notice that [ ,,(t — 5) dNy = [, N ds. By
the law of large numbers lim;_, % = B, which yields that ;12 f(o, t](t —s5)dNy — 28 as.

To complete the proof, we only need to check that X, = o(t?) as. It is well known that
U; —4s is amartingale and Var(Us) = 8s2 (see Chapter XI in Revuz—Yor [19]). Conditionally
on {ug}r>1, X is a (finite) sum of independent martingale hence is a martingale. By Doob’s
L’-inequality, we get that for any ¢ > 0,

E( sup X7) <4B(X7) =32E Y ljyzn(t —w)’ = 326 5.
0<s<t =1 3

Using the Borel-Cantelli lemma gives that almost surely, supy—,, 1Xs| = O(r3/20M)y a5
t — o0. Hence X; = 0(t2) a.s., which completes the proof of Proposition 6.3. [J

7. Further discussions.

7.1. The case « =0. In the case @ =0, Q%% is the law of a Brownian excursion from
z to x in D, followed by an independent Brownian excursion from x to z in D. We claim

that for any z, z’ two distinct nice points of D,

(7.1) MO (o) =mu(enN D), Py -as.,
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’
where p denotes the occupation measure of the Brownian motion (under P}}°) defined by

w(A) = fOTZ, 1{B,ea) dt for any Borel set A. To identify the two measures, we only need to
show that

(72) 7B [ fen Bn@n = [ Eo(£( B)en(x. 2.7 dx.

for f(x, B) =h(x)e” Jo© (B dt \yith nonnegative Borel functions / and /.

It is enough to prove (7.2) for z € D; the case when z € 9 D follows by considering z, :=
7+ &,n, with g, — 0" as n — oo.

Consider the right-hand side of (7.2). By the strong Markov property at time 7,

~ Tx ’ Tz/
Eqeeo(f (6, B)) = hoER e o MO BOUELT [ o H0-E0dr),

The law IP’%X is the normalized excursion measure denoted by /ﬁ}) (z, x) in Lawler ([9], Chap-
ter 5.2). It is up(z, x) divided by the mass 2Hp(z, x), and

0
wp(z,x) :=/O wp(z,x;s)ds,

where ©up(z, x; s) denotes the measure on the Brownian paths in D of length s, from z to
x (the factor 2 comes from the renormalization of Hp in (2.4)). We refer to Lawler ([9],
Chapter 5.2) for the precise definition of wp(z, x;s) and the following equality: For any
nonnegative Borel function F' and for any s > 0,

/D 1Dz, x; 8)(F(By)e 0 B0 dy gy — F2[F(By)e 0 hB0d s o1 ],
It follows that
Tx
F(x)E%* e_fo h(t,B;)dt dx
JRCEA )

F(x) — [ h(e, By dr
= _ , 0 Dt d
b 2Hp . P )dx
_ g |:/T3D F(By) e—fgh(fth)df ds]
Pllo 2Hp(z, By) ’

/ T,
which implies that, with g(x) :=E;° [e~ Jo¥ bt Byydry
]E o ’B , 2, 4 d
|| Eqao(F (e, B (r.2.2) d

Typ . s H B !
=nE3 [/ hi(Bs)g(By)e™JohtBod Hp(Bs.2) ds}
0

Hp(z,7)
It is, by the A-transform (2.7),

’ T, . 5
nEp [ | BB g(Bye B ds]
, T, . T,y
=nEy [fo h(Bg)e Jo™ h.Bodt ds]

, T,
=By [/0 f(BS,B)ds},

where the first equality follows from the Markov property at time s. This proves (7.2).
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7.2. The intersection local times. Fix p > 2 an integer and let (z1,2)), ..., (zp, 2},) be

J— —

p pairs of distinct nice points of D. We consider ®f’: | IP;;’Z‘ the law of p independent ex-

cursions BY, 1 <i < p, inside D, from z; to zg. For any x € D and o € [0, 2), we consider
iz

®f _1 Qi’ ’LZ)’ “ the product measure. As the product of independent uniformly integrable mar-

tingales is still a uniformly integrable martingale, we obtain the existence of a finite random
measure Mg’ such that for any nonnegative measurable functions f;, 1 <i < p,

®IEZ’ /Hﬁ , BD)M%P (dx)

i=1
(7.3)

P
=/ E, (Hf x, B“)) X Cotn) [T ep (x, 2. 2]) d.
®1 lQ i=1 i=1

We refer to Le Gall ([13], Chapter 9, Theorem 1) for a similar decomposition involving
the self-intersection local times.

When o =0, 777 M&f’ is nothing else than the image of the pth intersection local times
measure. In fact, let y (dsy - - - ds ) be the intersection local times of p independent excursions

BM ..., B, which means that y is a measure supported by {(si,...,s,) € Rf : B}ll) =
o= Bs(f )} and formally defined by

y(dsy -+ -dsp) := (o) (Bg (1) B(Z)) 5{0}(3(’7 D Bs(f))dslw-dsp

Then we may check as in the previous subsection that ®f:1 ZD' ’—a s, t— P /\/lOo is exactly

the image of y by the application (sy,...,sp) = Bv(l1 ) The details are omitted.

APPENDIX

A.1. Justification of (2.8). The existence of the limiting probability measure IP’%Z/ fol-
lows from the Kolmogorov extension theorem once we have proven that

(A.1) lim B ™% (F(Bryee.ot = 0)  exists,
e—>0t
for any O < r < |z — Z/| and for any bounded measurable function F on K.
Let vp(z) be the excursion measure in D at z defined by

1
A2 vp(z) := lim —P&F™,
(A2) p():= lim P}
in the sense that for any r > 0 such that D NC(z,7) # &, any A € G{BTDOC(”)H, t >0},

L ten,
(A3 w@(AN{Tprcen < Tonh) = lim —PL™™ (AN {Torcer) < Ton)).

We refer to Burdzy ([3], Theorem 4.1 and pp. 34-35) for a justification of (A.3) and the fact
that vp(2)(Tpnc(z,r) < Top) < oo. By linearity, (A.3) is true when replacing 1o by simple
functions, then by any bounded measurable function (any measurable bounded function being
limit of simple functions for the uniform norm).

Now let 0 < r < |z—Z/|. Using the strong Markov property at time Tpnc(..r) it is enough to
show (A.1) for f(BTDnC(“)) instead of F(BTmC(“)H, t > 0), where f denotes some bounded
Borel function.
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To this end, we have by the definition of IP’{)’Z/ in (2.7) that forany 0 < r’ < |z — 7| — r,
. +eng,7
eli%lJr IEZD ) (f(BTDmC(z,r)))

Hp(B1pcr 0 2)
HD (Z + gnZv Z/)

. +eng
= lim EZD [

e—0F

S Brpecin) Tewry < TBD]

. z+en
N 51—1>I8+ eHp(z,7) Ep Z[HD(BTDQC(Z/./)’ Z/)f(BTDﬂCu,r))’ Te .y < Ton]

- HD (Z’ Z,) VD (Z)[HD(BTDF\C(Z/J’) ’ Z/)f(BTDmC(z’,))v TC(Z/,F/) < TBD],
by (A.2). This completes the proof of (A.1) and justifies the definition of IP’%Z/ in (2.8).

A.2. Justification of (2.14). Let r > 0 be small such that B(x,r) C D and let ® be a
bounded measurable function on K. By the strong Markov property at T¢(x ),

E5 [®(Breq 4508 = 0), Ty < Te] =B [f (Breg.,)): Tewry < T,
with f(b) :=E? ,[®(Bs,s > 0)]. By the h-transform,
ES'[f (Brei)s Te.r) < Tx]

— i B ). T < T

Gp(x, Brg,, )
T TCen’ g T o7
Gp(x,2) JBre. ) Tew.n C(x,g):|

Gp(x, Bty ,,)
=E| ———""f(B ]
[ Gp(x,2) I Brecen)

= lim IEZ|:

It follows that

. 1 ox
Zlgr&(log Iz _x|>ED [q)(BTc(xqr)+-)» Tex,r < Tx]

=E*[Gp(x, Bry,,,) f (Broe )]
Therefore, the proof of (2.14) reduces to show that

(A.4) vp (x, X)[®(erp ) Tery < To] =E¥[Gp(x, Brgy, ) f (Brg )]s

where as before f(b) := Ei’ pl®(B)] for any b € C(x,r). By the monotone class theorem,
it is enough to consider ®(erp,, , +.) of form @, 5(e) := P(ere(, , 4s.5 = Te(x,5) © Orpy )
where 0 < § < r is arbitrary and 6 denotes the usual shift operator. Then
fb) = E%x[q)(Bs, s < Texs))]
— b|:GD(-x7 BTC()C’(;))
Gp(x,b)

where the second equality is due to the A-transform. By the definition of up(x, x; ¢) and the
strong Markov property at T¢(x,5) 0 015, )

wp(x, x5 [ Prs5(e), Toe,r < T

(B, s < Tew,s), Te,s) < TaD}

. 1
= 81_1>n(;1+ EEX[CD,,(S(B), Te(x,s) © eTC(x,r) <tATyp, Pa(|BS —Xx|<eg, s < TBD)]

=E*[®,5(B)pp(s, x,a), Te(xs) © O1¢(, ., <t ATy,
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where s :=1 — Te(x,5) © 9Tc<x pyo @ = BTC(X 50700 1, and the last equality follows from the
) ’ X,r
definition of the transition probabilities pp. Taking the integral over ¢ gives that

vp(x, x)[q)r,é(e)a Te(er) < Tx]
= ]EX [q)r,S(B)GD(X, BTC()‘v‘S)OGTC(x,r))’ TC(X,(S) © QTC(x,r) < TBD]

By the strong Markov property at T¢(y ) and the h-transform, the above expectation term
E*[---]is equal to

E*[Gp(x, Brg, ) f (B1g(,.y)» Tew.r) < Top),

yielding (A.4) because T¢(x ) < Typ holds with probability one.
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