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We show that the centred maximum of the four-dimensional membrane
model on a box of sidelength N converges in distribution. To do so, we use
a criterion of Ding, Roy and Zeitouni (Ann. Probab. 45 (2017) 3886-3928)
and prove sharp estimates for the Green’s function of the discrete Bilaplacian.
These estimates are the main contribution of this work and might also be of
independent interest. To derive them, we use estimates for the approximation
quality of finite difference schemes as well as results for the Green’s function
of the continuous Bilaplacian.

1. Introduction.

1.1. The membrane model. A stochastic interface model on a finite subset A of the d-
dimensional lattice Z is a probability distribution on height functions ¢: A — R. The most
prominent example of such an interface model is probably the gradient model, also called
the discrete Gaussian free field. We define it as the centred Gaussian measure on functions
{¢ry: v € A} that are zero outside A given by

PY(dy) = - exp(——Zwlwv ) [av TT o),

veA veZd\ A

where Vi, := (Dlwv),_l = (Vyte;, — ‘ﬁv)?zl is the discrete gradient, the vector of discrete
forward derivatives. The focus of this work, however, will be on a slightly different model, the
so-called membrane model. This is the centred Gaussian measure on functions {yr,: v € A}
that are zero outside A given by

1
PN = —cex (——Zmlwv )Hdz/fv T sotdyn).

Zy vezd veA veZd\A

where A1y, 1= Z?Zl Yote; — 2y + Yry—e; 1s the discrete Laplacian.

We caution the reader that there are different normalizations of the gradient and membrane
model in the literature. Our definitions are most natural from a PDE point of view. They yield
fields that are by a factor of ﬁ in the case of the gradient model, or % in the case of
the membrane model smaller than the fields as defined in [4] and [21], respectively. In the
following, when quoting results from these and other works, we will transform them to our
scaling.

We will mostly consider these fields on a box Vy :=[0, N 19N 79 of sidelength N. We will
denote by (w;’v)UEVN and (¥ ﬁ’v)ve vy random variables distributed according to ]P’X and P4,
respectively, where A = V.

A general heuristic is that the d-dimensional membrane model behaves like the 3 5"
dimensional gradient model. In particular, the critical dimension (where covariances de—
cay logarithmically) is d = 2 for the gradient and d = 4 for the membrane model. One
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interesting question about these models is how their maximums My = maxyevy 1//13 , and

M 1% = maXyeyy ¥ 1%,1; behave as N tends to infinity. The answer depends very much on the
dimension. In the supercritical case (d > 3 for the gradient model, d > 5 for the membrane
model) the correlations decay rapidly. Using Stein’s method, it was shown in [12, 13] that
Mx behaves as if the (lﬂ;,v)ve vy were independent, that is,

A\
J/2dlog N V &4 (log(dlog N) + log4m)
i(m‘} — J2dgY log N + L-¢ )

/gdv +/8dlog N

converges in distribution to a Gumbel random variable, where vy is a lattice point closest
to the centre of [0, N]¥ and gdV = limN_moVar(lp; UN); and that the analogous statement

holds true for M ,@. In the subcritical cases (d = 1 for the gradient model, 1 <d < 3 for

MV A
the membrane model) we have that —2;

2 and % converge in distribution, which follows

N 2 N 2
from the fact that the whole rescaled field converges weakly in C°. This is classical for the
gradient model, and for the membrane model it was shown for d = 1 in [10] and recently for
2 <d <3 in [15]. The most interesting and most subtle case is the critical one (d = 2 for
the gradient model, d = 4 for the membrane model). For the gradient model, in a series of
papers [4, 5, 7, 8] it was shown that M,g — mx converges in distribution to a randomly shifted

Gumbel variable, where mx = ﬁ log N — % loglog N. Even more is known, in particular
convergence of the full extremal process [2, 3] For the membrane model, the picture is less

clear. The best previous result [21] is that N converges to -~ in probability. The question

whether a centred version of M 1% converges in distribution was posed, for example, in [15,
28]. We prove that this is the case.

THEOREM 1.1. Letd =4. The random variable
1 3
MEG —m% :=M4 — —logN + — loglog N
N — My NT gN + lon glog

converges in distribution. The limit law is a randomly shifted Gumbel distribution [L~, given
by
so((—00, x]) =Ee ™7 2wy,

where y* is a constant and Z is a positive random variable that is the limit in law of

=8 > (logN — TN, )e SUEN=TYN.L),

veVy

Before we put this result in context and discuss our proof strategy, let us point out a gen-
eralization.

REMARK 1.2. Our approach is not limited to the membrane model. In fact, consider for
I € N* the V/-model, given by the probability measure
!
Py (dy)

1
exp< Z|A V| )]‘[dwv [T Sotdyn), I even,
ZA

veZd veA veZd\ A

exp< Z|V1A% UF)]‘[d% [] Sodyn), 1odd

Z(l)
veZd veA veZd\ A

- 1
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(note that / = 1 corresponds to the gradient model and / = 2 to the membrane model) in
the critical dimension d = 2/ on the cube A = [0, N]1% N Z9. Then Theorem 1.1 generalizes
to this setting, and the maximum of the field, appropriately centred, converges in law to a
randomly shifted Gumbel distribution. Our proof in the following would only require minor
modifications to yield this more general result. However, since the case [ = 1 is covered by
[7], while the V!-model for [ > 2 is rarely studied, we choose to focus on the case [ =2 in
the following. This allows us to avoid more complicated notation.

1.2. Log-correlated fields. In recent years, there has been great interest in the study of
log-correlated Gaussian fields. Very roughly speaking, these are fields where the covariance
between the values at two different sites decays logarithmically in their distance. Examples
include the two-dimensional gradient and four-dimensional membrane model. It is conjec-
tured that these form a universality class in the sense that many of their features do not de-
pend on the detailed structure of the covariance function (see [17] for a general discussion).
One example of such a feature is the behaviour of the maximum of the field, and one ex-
pects that convergence in law of the recentred maximum holds true for general log-correlated
fields. However, it is a challenging problem to verify this fact for specific examples of log-
correlated fields. In recent years convergence in law of the recentred maximum has been
proven for the gradient model, as already discussed, and also for various other models. Let
us mention branching Brownian motion [6], branching random walks [1], and also problems
from random matrix theory (see [11] for partial results).

Furthermore, there have been efforts to give sufficient criteria for convergence in law of the
maximum that cover a wide range of log-correlated fields. In [22], this was done for so-called
x-scale invariant models. Most importantly for us, in [16] Ding, Roy and Zeitouni gave a set
of four assumptions that ensure that the maximum of a field converges in distribution. Let us
recall their result, slightly reformulated (we have changed the domain from [0, N — 1]9 to
[0, N19, and replaced log, |a| with log(1 + |a|) in (A.0) and (A.1), but it is straightforward
to check that the theorem stated here is equivalent to the theorem as stated in [16]). We write
dy (v) := dist(v, 3[0, N1%) for the distance of v to the boundary of [0, N1%and d(x) :=d; (x).

THEOREM 1.3 ([16], Theorem 1.3 and Theorem 1.4). Let Vy = [0, N1 N Z, and let
oN ={pn.v: v e Vy} be a centred Gaussian field. Assume that:

(A.0) (Logarithmically bounded fields) There is a constant g > 0 such that for all u, v €
VN,

Vargy y <logN + ag
and
E(pn.o — ¢n.u)* < 2log(1+ |u — v]) — | Vargy,, — Var gy | + 4.

(A.1) (Logarithmically correlated fields) For any § > O there is a constant «® > 0 such
that for all u, v € Vy with min(dy (u), dy (v)) > 8N

|Cov(gn v, on.u) — (log N —log(1 + [u — v]))| < a®.
(A.2) (Near diagonal behaviour) There are both a continuous function f1:(0, DY — R and
a function fr: 78 x 79 — R such that the following holds. For all L,e,8 > 0, there exists
No = No(L, &, 8) such that for all x € [0, 119, N > Ny such that Nx € Z8 and d(x) > 8, and
forall u,v € [0, L19NZY we have

|Cov(oN, Nxtvs @N, Nx+u) —log N — fi(x) — fa(u,v)| <e.
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(A.3) (Off diagonal behaviour) There is a continuous function f3: DY — R, where
DY = {(x,y) :x,y € (0, )9, x # y} such that the following holds. For all L,&,8 > 0 there
exists Ny = N{(L, e,8) > 0 such that for all x, y € [0, 119, N > N such that Nx, Ny e 79,
min(d(x),d(y)) >é and |x — y| > % we have

|Cov(en, nx: 9N .Ny) — f3(x, Y)| <e.
Let My = maxyecyy ¢N,v and

my =+/2dlog N — loglog N.

3
2+/2d
Then the sequence My — my converges in distribution to a randomly shifted Gumbel distri-
bution Woo. The limit distribution is given by

:Uvoo((_oo’ x]) = Eeiy*zeimx Vx,

where y* is a constant and Z is a positive random variable that is the limit in law of

Zy = Z (v2dlog N — wN,v)e_‘/z—d(*/z—dlogN_‘pN’”).

veVy

This theorem easily implies Theorem 1.1 once we show that i 1% (or rather /8 1%) satis-
fies assumptions (A.0), (A.1), (A.2), (A.3). In fact, we can prove even slightly stronger state-
ments than these. Let us state the precise results that we will prove. We abbreviate A = /8.

THEOREM 1.4. The field pn := )ﬂlfﬁ in dimension d = 4 satisfies:

(A.0") There is a constant oy > 0 such that for all u, v € Vy,

Vargy , < min(log N + o, ajlog(2 + dy (v)))
and
Var oy .y — Cov(pn,v, on ) < log(l + |u — v]) + 2ap.
(A.1") There is a constant o) > 0 such that for all u,v € Vy

max(dy (u), dN(U)))‘ <o
1+ lu — ] -

Cov(en,v, ¢N.u) — log (2 +

(A.2") There are a constant 6y > 0, a continuous function fi: (0, D*—> Randa function
fr: 7Z* x Z* — R such that the following holds. For all L,e > 0, 6 > 6y there exists N(/) =
N{(L, &,0) such that for all x € [0, 1]*, N > N such that Nx € Z* and d(x) > W and
forall u,v € [0, L1* N Z* we have

|Cov(9n, Nx+vs N Nx+u) —10g N — fi(x) — fa(u,v)| <e.
(A.3") There are a constant 0 > 0 and a continuous function f3: D* - R, where D* =

{(x,y):x,y € (0, )* x # y} such that the following holds. For all L,& > 0, 6 > 0} there
exists N{ = N{(L,¢,0) such that for all x,y € [0, 114, N > N{ such that Nx, Ny € 72,

min(d(x),d(y)) > M and |x — y| > % we have

|Cov(gn, nx, oN.Ny) — [3(x, ¥)| <e.

It is not hard to check that the assumptions (A.0"), (A.1"), (A.2"), (A.3’) imply (A.0), (A.1),
(A.2), (A.3), respectively, so that Theorem 1.1 is a straightforward corollary of Theorem 1.4.
We give a few more details in Section 4.

The proof of Theorem 1.4 is the main contribution of this work. In the next section we will
describe our approach.
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1.3. Green’s function estimates. The covariance function of the membrane model is the
Green’s function Gﬁ of the discrete Bilaplacian on the grid [0, N1 with zero boundary data,
and the assumptions (A.0"), (A.1), (A.2'), (A.3') all correspond to certain estimates for this
Green’s function. Therefore our goal is to understand this Green’s function. We are going
to apply tools from PDE theory and numerical analysis, so before proceeding further it is
convenient to rescale our domain to a unit box. Let 7 = %, let V;, = [0, 11* N (hZ)*, and

let w}ﬁx = %%,%- Let G4 and G4 be the covariance functions of ¥4 and /. Then also
Gpx, ) =Gy, ).

Using Gl%, and Gﬁ, Vy and Vj,, and ¢ and ¥, simultaneously is a slight abuse of nota-
tion. It should, however, always be clear from the context which object we are referring to.
Let us also remark that from a PDE point of view it would arguably be more natural to choose
h= N+r2 and rescale [0, N]* to [k, 1 — h]*, as this would give our domain a natural bound-
ary layer of zeros, matching the continuous Dirichlet boundary data. Our choice of rescaling,
however, is in line with [16].

OBSERVATION 1.5.  Under the aforementioned rescaling, each statement (A.0'), (A.1"),
(A.2), (A.3) from Theorem 1.4 for Ay 1% in dimension d = 4 is equivalent to the correspond-

ing following statement for Gﬁ.

(B.0") There is a constant oy > 0 such that for all x,y € Vy,
d
MG (x,x) < min<—10gh + o, o log(Z + _;x)))

and

W2(GA(x, x) — GE(x, y)) < 10g<1 L - y') + 201

(B.1") There is a constant af > 0 such that for all x,y € Vj,
max(d(x),d(y)))‘ <o
=< (Xo.
h+lx —yl

(B.2") There are a constant 6y > 0, a continuous function fi: (0, D* > Randa function
fa: 74 x 7Z* — R such that the following holds. For all L, e > 0, 8 > 6y there exists N(/) =

N{(L. &,6) such that for all h < 5, with ;. €N, all x € Vj, such that d(x) > h|logh|’ and
0
forallu,v € [0, L1* N Z* we have
IA2G 3 (x + hu, x + hv) +logh — fi(x) — fa(u, v)| <e.

(B.3') There are a constant 0y > 0 and a continuous function f3: D* — R, where D* =
{(x,y):x,y € (0, 1)4, x £ vy} such that the following holds. For all L, e > 0, 6 > 0} there
exists N{ = N{(L, &,0) such that for all h < % with % € N and for x,y € Vy, such that

1

AzGﬁ(x, y) — 10g(2 +

min(d(x),d(y)) > h|logh|® and |x — y| > 1 we have
2GR (x.y) — f3x, y)| <e.

Let us discuss how one might prove Theorem 1.4, or rather the statements (B.0"), (B.1'),
(B.2'), (B.3'). We write T, = (hZ)* N ([—h, 1 +1]*\ [0, h]*). The function G4 is the Green’s
function associated to the discrete boundary value problem

Afup = fr inVj,
(1.1) up =0 onTy,

Diluh =0 onIy
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(where D''u(x) = ulbethv)=ul®) and v is an outward unit normal vector). That is, for y € Vj,
v h

the function G (-, y) is the unique solution of that equation with right hand side f;, = §,(y),

defined as

1

Spy(x) = A4
0 otherwise.

ifx=y,

One previous strategy to prove estimates for Gﬁ, introduced in [21] and used as well in [14],

—A , . . .
was to compare G}? to G;,, the Green’s function associated to the discrete boundary value
problem

A%uh = fp inVp,
(1.2) up=0 on F;l,
Apu=0 onlYy,

where F;l = (hZ)* N ([—=2h, 1+ 2h]* \ [-h, 1+ h1*). The problem (1.2) can be seen as an
iterated version of the discrete Poisson problem, and so many of the analytic and probabilistic
tools available for the latter also have a version for (1.2). In particular, there are random walk
representations for 6}? that allow to control it well. The strategy in [21] then was to use PDE
techniques to compare solutions of (1.1) and (1.2). This allows to estimate the difference
between G, and G, uniformly in compact subsets of (0, 1)*. For our purposes, this is not
good enough, as for (B.2’) and (B.3') an error term that is only bounded is already too much.
Note however that results similar to (B.0"), (B.1") can be proved using these methods. In fact,
[21], Proposition 1.1, and [14], Lemma 2.1, are already weaker versions of (B.0’) and (B.1).

In [26] the authors considered G,f in dimensions 2 and 3, and used a very different strat-
egy. They used a compactness argument to transfer estimates for the continuous Green’s
function in domains with singularities to the discrete setting. This allowed them the prove
discrete Caccioppoli inequalities (i.e., L>-based decay estimates on balls of various sizes)
and to conclude from these estimates for Gﬁ. In principle, this strategy can also be applied in
our four-dimensional setting. One obstacle to this is that, unlike the two- or three-dimensional
case, the relevant continuous estimates cannot be found in the literature. Even more impor-
tantly, the estimates in [26] are all up to a possibly large constant, and so the argument would
have to be modified significantly to obtain estimates such as (B.2") and (B.3').

Instead of the aforementioned approaches to derive estimates for G,? we will use esti-
mates for the approximation quality of finite difference schemes for the Bilaplacian. This
idea is not completely new as, for example, in [15] estimates for finite difference schemes
from [31] were used to prove convergence of the rescaled four-dimensional membrane model
in some negative Sobolev space. However, we would like to obtain a much stronger conclu-
sion, namely pointwise estimates for the difference of the discrete and continuous Green’s
function. The result from [31] is very general, but because of its generality it requires in our
specific case very strong assumptions on the solution of the continuous Bilaplace equation to
be approximated (being C?) to yield estimates useful for us (the W; ’2—approximation error
decaying like h%).

We will use a rather different estimate for the approximation quality of finite difference
schemes. We will discuss the details in Section 2.2. Roughly speaking, the result is the fol-
lowing: Let 2 < s < % let u e W2 n Wg’z((O, D% extended by 0 to R*, and assume that
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A%y = f in (O, 1%, so that u satisfies

A%u=f in (0, %
(1.3) u=0 ond(0,1)?

du=0 ond,1)*
Furthermore, let uj,: (hZ)* — R be the solution of

Adup =Th3333f invy,

up =0 on (hZ)*\ Vi,

where 7"-3:3-3:3 is a certain regularization operator. Then
lu = unll 22,y < CH 2 ullpso,1%).

where || - is a discrete Sobolev norm.

w22y,

This result is inspired by closely related recent results in [27]. However, in that work the
focus is on obtaining estimates as above for s as large as possible. In the case of interest to
us, s < %, the result can essentially be shown using the methods from [18-20].

We will use this result to compare solutions of (1.1) with solutions of (1.3). In particular,
we will use it when u is the regular part of the continuous Green’s function on [0, 1]*. To
do so, we need regularity estimates for solutions of (1.3). As already mentioned, optimal
estimates for higher order elliptic problems on four-dimensional polyhedral domains are not
yet in the literature. Instead we will use much weaker estimates (similar to ones in [24, 25])
which are nonetheless sharp enough for our purposes. These estimates will allow us to place
the regular part of the Green’s function in W2*%0-2 for some small ko > 0, and this is good
enough to apply the estimate above.

We will also need to have good estimates for the discrete Green’s function on the full space
(hZ)*. These were derived in [23] using Fourier analysis. Furthermore, Theorem 2.3 gives us
control over the th’z-norm of the difference of u and uj, while we are actually interested in
the L;°-norm and want it to decay. To achieve this, we will use a discrete Sobolev-inequality

that allows us to control the Lj°-norm by the th’z-norm at the cost of a term logarithmic
in h. The presence of this term is the reason why we can prove (B.2") and (B.3’) only up to
distance |log|? to the boundary. For (B.0") and (B.1’) we do not need a decaying but only a
bounded error term and so we can prove these estimates on the whole domain.

We will give the details of the argument that we sketched here in the following sections.
In Section 2 we gather various useful results: The aforementioned result on finite difference
schemes from [27], as well as some discrete inequality of Poincaré-Sobolev-type. These tools
will allow us to compare G ﬁ with various other Green’s functions: the discrete Green’s func-
tion of the full space (that we discuss in Section 3.1) and the continuous Green’s functions
of the box [0, 1]* and of the full space (that we both discuss in Section 3.2). After all these
preparations we can then turn to the proof of Theorem 1.4 in Section 4. We first prove a
crucial lemma, Lemma 4.1 that shows that the regular part of the discrete and continuous
Green’s functions on the box are uniformly close, and then we use this lemma and the results
of the preceding sections to establish Theorem 1.4. Finally, we use Theorem 1.3 to conclude
Theorem 1.1 as well.

1.4. Notation. Our notation mostly follows that of [26], with some minor modifications.
From now on we will only consider the membrane and not the gradient model, so there is no
risk of confusion when we drop all superscripts A.
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In the following, C denotes a constant that is independent of all other occurring variables,
but whose precise value may change from occurrence to occurrence. By C, ;. we simi-
larly denote a constant depending only on r, s, ¢, ... whose precise value may change from
occurrence to occurrence. Occasionally we write r = s 4+ O(¢) to express |[r — s| < Ct.

We write 9; for the partial derivative in direction ¢;, and 9% = 8?1 ---82{4 for a multi-
index o. We denote by V, V2, A, A? the gradient, the Hessian matrix, the Laplacian and
the Bilaplacian, respectively. In particular, the reader should not confuse V> and A. For
QCcR* open, k e N, p e [1,00], @ € (0, 1) we use the LP-space LP(£2), the Holder space

0, k,2
C”*(2) and the Sobolev space W*<(2); the latter equipped with the norm ||u||Wk2 @ =

2ol <k I10% u||L2(Q) For s > 0 not an integer (i.e., s =k +¢ where k e N, 0 <1 < 1) we will

also encounter the fractional Sobolev space W*2(€2) with norm ||u/|? Ws2(Q) =

Z|o{| o la 3%t~ u () dx dy. For any s <0,

and the seminorm [u] T

[u]%}vs,Z(Q) Ws 2Q) =
we define W*2(2) as the dual of Wy 5 2(Q). We extend these definitions to vector-valued
functions by taking the /2-norm of the norms of the components.

By B, (x) we denote the open ball of radius r around x.

For a unit vector a € R* define the forward difference quotient th(x) = }11 (w(x + ha) —

v(x)) and the backward difference quotient D! VX)) =7 (v(x) —v(x —ha)). When a is a
standard unit vector ¢;, we write D! instead of Dh and D", instead of D" o

The discrete gradient is the vector V,v(x) := (th(x))l |» the discrete Hessian is the
tuple V v(x) = (Dh D" v(x)) the discrete Laplacian is Ajv(x) := ZLI Dlh D}jiv(x),
and the discrete B11ap1ac1an is A = A, 0A,. For a multi-index o € N*, we write Dhuh (x)=
(D{l)“‘1 (D4)"‘4uh(x) leen A C (hZ)* and up: A — R, we define |uy, ||

l] 1’

LA ~
D oeA h*up(x)|?, and ”“h”LZ"(A) =Sup, 4 lun(x)|. We will also use the discrete Sobolev-
norm ||uh|| 224y = ||lu h”Lz(A) + ||thh||L2(A> + ||thh||L2(A) where we extend the defini-

tions to Vector—valued functions as before.

For r > 0 and x € (hZ)* we let Q" (x) = x + [—r, r]* N (hZ)* be the cube of diameter 2r
around x.

Let us also fix once and for all a smooth function : R* — R that is equal to 1 on B1 0)

and 0 outside B (0). We define 1 (x) = n(rx) ny” (x) =™ (x — y) and let ), be the

restriction of n(r) to (hZ)*. Thus ny) and ”h,y are cut-off functions at scale r around y.
2. Preliminaries.

2.1. Discrete inequalities. We collect here two discrete inequalities that we will use sev-
eral times in the following. We begin with a Poincaré inequality.

LEMMA 2.1. Let x. € (hZ)*, r > 0. Let uy,: (hZ)* — R and suppose that uy vanishes
on at least one of the faces of Q,(x,). Let this face be contained in a plane x; = c. Then

2 2 41 h 2
lehl132 g oy = €7 > ADlu)
(2.1) X: {x,x—i—hei}CQﬁ'(x*)
< Cr ”thh”LZ(Qh( ))

PROOF. This is a particular case of [26], Lemma 2.1. For the convenience of the reader
we give a proof. The second inequality is obvious, so we only prove the first. By translating
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and reflecting the lattice and renaming the coordinates, we can assume i = 4, Qﬁ‘(x*) =
[0, 2r]* N (hZ)*. We write x = (x’, x4) where x’ € R3, x4 € R, uj, = 0 if x4 = 0. We will
prove the one-dimensional estimate

(2.2) Z |uh(x/,X4)}2 <Cr? Z ]fouh(x',m)\z.
x4€[0,2r1NhZ x4€[0,2r —hINAZ

Once we have established this, (2.1) follows by multiplying (2.2) by 4* and summing over
all x’ € [0, 2r]> N (hZ)3. To prove (2.2), we use u(x’, 0) = 0 and write

|lun(x', x4)| :‘ > up(x'y ya +h) —up(x’, ya)
v4€[0,x4—h]NhZ

= Y. hDjup(x', )
v4€[0,x4—h]NhZ

sh(%>é< > Db n)P)

v4€[0,x4—h]NhZ

1

2

</2hr Z |fouh(x’,y4)|2>2

y4€[0,2r—h]NhZ
and therefore

2
> laGx)P=2onr [ Dl )
x4€[0,2r|NRZ v4€[0,2r —h]NKZ

§4r2 Z |D£‘uh(x/,y4)]2.
v4€[0,2r—h]NhZ

This shows (2.2). [

Next, we give an inequality of Poincaré-Sobolev type. Given uy, : (hZ)* — R that vanishes

outside of V}; we would like to estimate its pointwise values by the [[up | 2.2 (hzy%)~Dorm. We
h

cannot hope for such an estimate to hold with a constant independent of %, as the (continuous)
Sobolev space W22((0, 1)*) does not embed into L>°((0, 1)*). However, by Strichartz’s [29]
version of the Moser-Trudinger inequality any u € W22((0, 1)*) with |u|| w22(0.1%) = 1
satisfies f(0’1)4 el gy < C, and this suggests that u can diverge at worst like /| log |x]|.
So back in the discrete setting we can hope for an estimate with a factor scaling like /| log A|.
Indeed we have the following result.

LEMMA 2.2. Assume that uy : (hZ)4 — R vanishes outside of V},. Then for any x € Vj,
we have

d(x)
lup(x)| < C log(2 + W )lluhIIW;,z((hZ)4).

This lemma in combination with Theorem 2.3 will allow us to control the distance between
the solution of a continuous Bilaplace equation and its discrete approximation at the cost of
a logarithmic divergence (which we will be able to absorb in the applications in Section 4).

PROOF OF LEMMA 2.2. We first want to localize to a ball around x. Let v, =

nﬁiﬁxHh)uh. Then vy, (x) = uy(x). Furthermore, vy, is supported on QZ(X) 1 (). The discrete
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chain rule implies that

[Dfon(»| =€ sup DI )] sup Jup(2)]
zeQ () 2€07 ()

+C sup @] sup [ Dftun ()|

z€0l(y) €0l (y)

1

h 2\?

<C sup [DIIO P Y }uh(z)|>
2€Q}() €0l

1

2
ZGQ (6] z€Q(y)

and a similar expression for |Dl.h D" Vh ()|. If we sum the squares of these estimates over y,
we see that

|| Uh ” Wi’z((hZ)‘l)

d(x)+h
=C || ”;z,;(cxH ) ||L°°((hZ)4) || V}%”h “L%(QZ(XH_M x)

(d(x)+h)
+ C”V hly, ||L,3°((hZ)4) | Viup “L%(QZ(J()-FZ/’!(X))

2 (d(x)+h)
(2.3) + C| Vi, HL;O((hZ)“)”uh”Lf,(QZ(x)Hh(x))

< C|VZun| 2,0 +—  Vaunll 2o

= SRR L (O yn ) T gy + N LR QG 12 )

a2 il e
We can apply Lemma 2.1 to uy, and D}'uy, for any i € {1,...,4}, because these vanish on

QZ(x)+2h )\[=h, 1+ h]* and hence in particular on a face of QZ(x)+2h (x). Thus, we obtain

o4 lluen ”L%(QZ(tzh(x)) = C(d(x) + 2h)||vhuh ||L2(QZ(x)+2h(x))
< () +20)° [ VRl

(Qd(x)+2h (x))°

If we combine this with (2.3) and note that d(x) + 2h < 2(d(x) + h), we obtain
(25) ”'Uh || 2, 2((hZ)4) = C”Mh ” 2, 2((hZ)4)

Furthermore, an argument analogous to the one that led to (2.4) shows that

(2.6) lvn ”L%((hZ)“) = C(d(x) + h)2|| Vi%vh “L%((hZ)“)'

Now we are in a position to apply discrete Fourier analysis, similar to the proof of [21],
Proposition B.1. Let

mE) =ht Y v(y)eE

ye(hZy*

for any £ € [— T —]4 be the Fourier transform of v;,. Then we also have the inverse formula

1 .
—iz&
vn(2) = 0t /_l i vp(§)e™"""> d§
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for any z € (hZ)4, and Plancherel’s formula in the form

/[_ Jm@Fde=ern® 3 juol = ot ee,

b4
K ye(hZ)y*

=9

We have
Dltvp (&) = (e — 1) ... (e — 1Y%, ()
for any o € N*. This implies

— 1
|Dlvp(8)| = Eléllo” S €4 | TR (B)]

for any & € [—%, %]4. In combination with Plancherel’s formula and (2.6) we conclude

2.7) /[ )
(2.8) /[ )

Next, we estimate

)| = o
<c[ . ln©l

I
h’h

SC(/[_E,w('S"‘*mﬁm'zdf)%

h

N |vh($)| <C|Viu ||L2((hZ)4) = C””h” 22(hzyty

STE = Clonll Gz 00y = CE) ) 012200

E
h

Tp(&)e™¥8 dé‘

El
hh

) (A—%,%]4('fl4+ m)‘@)%.

Using (2.7) and (2.8), we see that

y 1
[ (64 e IO P a6 = Clunl

h’h
Furthermore, we can compute using polar coordinates that

A 1 ) (d(x) +h)*
/[_%,%]4(“5' +(d(x)—|—h)4 d = /_%%41+(d(x)+h)4lél4 “

T dx) + h)*s?
= C/o 14+ (d(x)+ h)*s?

< <1+ d(x) +h) (7))
crog(

)

/\

I/\

Putting everything together, we indeed arrive at

d(x)
|Mh(x)| = |Uh(x)| <C 10g<2+ h )”vh||W/%’2((hZ)4)

d(x)
<C 10g(2 + T) llun HW}?’Z((hZ)“)'
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2.2. Estimates for finite difference schemes. Let us discuss next the estimate for the ap-
proximation order of finite difference schemes that was already mentioned in the Introduc-
tion.

To state it we need some definitions, taken from [27]. For j > 1 let 6; be the standard
univariate centred B-spline of degree j — 1 (cf. [20], Section 1.9.4). Of interest to us are

3 ) | |<1
4 < i A=
03(2) 1= l( _E) 1 <3
2IZI 5 ) 2<|Z|_2,
0, else,
L, | |<1
91(2) = s < =5
0, else.

Using this, we can define the smoothing operator TAh’j forl <i<4as

1 pei= g [ s (52 ay
extended to distributions on R* in the obvious way. Furthermore, we set
Th’j""’jf =T/ 0. 0T) 1.
It is important for us that T maps constant functions to themselves and that
1" o7 f = DD, TR .

If we define the shorthand

1,3,3,3,3=2¢; .__ h,3 h,3 h1 h3 n3
T ti=T7 ool joT; 0T, )jo-- 0Ty
we also have
1,3,3,3392 ¢ _ nhpnh 7h,3,3,3,3-2¢;
(2.9) T o f =Dy D.,T i f.

THEOREM 2.3. Let2 <s <3, letue W32 ((0, 1)*), extended by 0 10 it € W52(R*). Let
A%ii = f as distributions, so that in particular

Alu=f in (0,1
Furthermore, let uy,: (hZ)* — R be the solution of
Auy =Th3333 ¢ invy,
up=0 on (hZ)*\ Vj,.
Then we have

”I/lh || 2, 2((hZ)4) = C ”u”WS 2((0 1)4)

Note that f = A% € WS—*2(R%) is in a negative Sobolev space. The operator 7/3:3.3.3
maps WH2(R*) to C(R?) for any t > —% (see [20], Section 1.9.4). So in particular Th'3*3’3’3f
has pointwise values and the difference scheme in Theorem 2.3 makes sense.

This theorem is closely related to [27], Theorem 1.2. In that theorem, one takes % <5 <3,

and T"3:3:33 is replaced by 772222, The novelty of that work lies in choosing a good
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extension # and dealing with its boundary values. In our case, we can just extend u by 0 and
thereby avoid many of these subtleties. In fact, all the ideas for the proof of Theorem 2.3 are
already, for example, in [20].

To make this work more self-contained, we give some details for a proof of Theorem 2.3,
closely following [27].

PROOF OF THEOREM 2.3. Firstof all, s < % and u € Wg’z((O, 1)#) imply that & is actu-
ally in WS’Z(R4) and ||12||Ws,2(R4) = ||u||WS»2((O,1)4)-
Let ey : (hZ)* — R be given by e, =u — uyp,. Then,

Alep = A2t — A2uj = A2ii — T"3333 A% on Wy,
en=0 on (hZ)*\V,

and by summation by parts we have

2
2.10) I Vi%eh ”L%((hZ)“) = (e, A%zeh)Lﬁ((hZ)“)
= (eh, A%Ij[ — Th’3’3’3’3A2L~l)L£((hZ)4)-

_ Th3333A2

We can rewrite A%IZ u using (2.9) as

4
Ajii — T"3333 A% =" DIDM At — T"333392 A

—

DI'D" Apii — DFD" T"3:3:3372¢ A

|
.M#

I
—

D!'D" g,

Il
M-P

1

where
gl = Ahiz _ T]’l,3,3,3,3—2€i Aﬁ
We can insert this into (2.10) and use summation-by-parts once again to obtain
4

2
|| V}%eh || LI ((hzyh) = Z(ehv D?D}iigi)L}%((hZ)“)

i=l

4
=Y (D}'D" e, 81) L2 (hzy)
=

i
4
2
<> g 2 nzyhy | Vicen ||L§((hZ)4)
i=1

and thus

4
(2.11) | Viren “Lﬁ((hZ)“) = Z I8l 2 (nzys)-

i=1

The summands on the right-hand side can be bounded using the Bramble—Hilbert lemma
(see, e.g., [20], Theorem 2.28): As s > 2,

| ARiE ()] < Crllill oo vt (—3n/2.30/20%) < Chos 181 s (e (=302, 30/2)%) -
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Because s > % and T7-3:33:372¢ f(x) only depends on Sl (=3n/2,30/2)* We can conclude

from [20], Theorem 1.67, and the locality of 7h.3:3.3.3=2¢i that
| 773333724 Nji ()| < Cis il s e 302,302

Thus g; (x) is a bounded linear functional of it € W*2(x + (—3h/2, 3h/2)*). This functional
vanishes when u|, | 3, /2,3h/2) is a polynomial of degree at most 2. Indeed, if that is the case
then Auly (35,2 35/2)* is a constant functlon and Apu(x) is equal to the same constant, and

the claim follows from the fact that Tl Th 3Tlh : Tl}ﬁ T4 maps constant functions to
themselves.

We have now shown that g;(x) is a bounded linear functional of & € W%?(x +
(—=3h/2,3h/2)*) that vanishes on polynomials of degree at most 2. By the Bramble—Hilbert
lemma it is bounded by Chs[itlyys.2(x4(—3n/2,30/2)%) for s < 3. Using a scaling argument to
determine the correct prefactor of &, we obtain

|8 (0] < Col* Ty (o4 (—3m72.30)20%)
and hence
4 2(s—4)
llgi ||L2((hZ)4) <Ch* Y7 WOVl 3h/2,3h/2)%)
(2.12) xe(hZ)*

< C*CPilgea gy < Csh* 2 ullyea o 1ys)

for those s. Now we can plug (2.12) into (2.11) and obtain
[Vitenl 2 nzysy < Csh® lutllws 2.1

for s < . Using the discrete Poincaré inequality completes the proof. [
3. Estimates for other Green’s functions.

3.1. Estimates for the discrete Green’s function of the full space. Our strategy will be to
compare G, with several other Green’s functions, so let us introduce these first.

Recall that A = +/87. Let G be the Green’s function of the continuous Bilaplacian on
[0, 1]* with Dirichlet boundAary data (i.e., of the problem (1.3)). We also need Green’s func-
tions on the full space. Let G(x, y) := —%2 log |x — y|. It is easy to check that this is a funda-

mental solution of the Bilaplacian (i.e., that AZ —Aiz log |- —yl|) = 8y in the sense of distribu-
tions). We also define G, : (hZ)* x (hZ)* — R by Gi(x, y) = F(=%) — 1 logh where F
is the function introduced in the following lemma. We added the summand —= log h here to

ensure that G, has the same asymptotic behaviour as G. We also define shlfted versions of
G, and G, namely for r > 0 we let GO = G + log ", and G(r) G+ logf . We occasionally

write Gy, for G(-, y), and define Gy, y, Gy, Gh,y, Gy) and Gh,y analogously.

LEMMA 3.1 ([23], pages 96-97). There is a function F : 7Z* — R such that

1, x=0
AF(x)=1{" ’
1F @) 0, else,
satisfying the asymptotics
1 1 xt+xd+xd 42 1
F(x)=——=log|x| + 1 2 3 4+0(—)
) =—galoellt s [0 e

for x #0.
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In [23], F is defined using the discrete Fourier multiplier associated to A%. By expanding
that multiplier into a Laurent series and computing the Fourier transform termwise it is possi-
ble to give asymptotic expansions to arbitrary high order. This technique also applies to other
discrete polyharmonic Green’s functions. For our purposes, the first two terms quoted above
are sufficient.

Lemma 3.1 immediately gives us an asymptotic expansion of G, and so we can easily

obtain estimates for Gh and G(r).

LEMMA 3.2. Let h >0, and r > 192h. Let o € N* with || < 2. Then for any x,y €
(hZ)* with o1 = |x — Yoo < 16r we have

(3.1) 600w — g(;)]w

lx —yl+h)I 7
3.2) IDEGY) ()] < —
(3.3) DG, (x) — 8°G P ()] < CW‘

PROOF. By translation invariance, we may assume y = 0. The definition of (A};Zr) implies
that

A (r) X 1 1
G’ (x,0) = F(E) — ﬁlogh+ ﬁlogr

1 |x] h? xf+x§+x§‘+xf1‘ 0(&)

208 T |x |6 x |4
(3.4)

1 1
— plogh + ﬁlogr

2 4, 4, .4, 4 4
:llogL—l— h= x{+x5 +x3 +x4 O(h—)
A2 % x| 24m? |x]© |x]4
From this we immediately conclude (3.1) in the case x # 0. In case x = 0, we can directly

use

() 1 r
G, °(0,0) = F(0) + )\—Zlog%
to obtain (3.1). A

The explicit formula for G reveals that

ol
log| =

C

r|05|

096G )] =

if g—4 < |x|c0, and thus (3.2) easily follows from (3.3).
For (3 3) we want to take discrete derivatives of each summand in (3.4) separately. If

g= 0( 4) then |D gx)] < hlal |x|4 = Ch| @ S0 for |o| <2 we can neglect the error term.
Using Taylor s theorem, we can see that

1 r 2 x4 xd 4 xd 4 xd 1 h
Dh(—lo — 1 -2 =3 4)_3 lo 0(7).
528 5 T 242 g a2 g| | ol
Note that we can avoid the singularity here because |x| > gz > 3h. This easily implies (3.3).

g
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3.2. Estimates for continuous Green’s functions. We want to compare G and Gy,. This
is only useful if we also have estimates for G to begin with. We will derive such estimates in
this section. The following estimates are far from optimal, but sufficient for our purposes.

We obviously have a well-posedness result for the Bilaplace equation in the energy space
W22 The following result states that the same holds true if we raise the regularity slightly.

THEOREM 3.3. There exists kg > O with the following property: Let 0 < k < «q. Then for
each f € W2T2((0, 1)*) there is a unique u € W*2 N Wg’z((O, D*) such that A*u = f
in the sense of distributions, and we have the estimate

(35) ||M||W2+k 2((0 1)4) C ”f”W 24k, 2((0 1)4)

for a constant C,. depending only on k.

For convenience, we will assume in the following that ko < %, and fix such a «q. Note that
W22 N W2 (0, DY) = Wy T2 (0, DY) if k < 1

PROOF OF THEOREM 3.3. This is a special case, for example, of [25], Theorem 6.32,
but for the convenience of the reader we give the short argument.

We begin with the case k = 0. In that case, we can test the weak form of A%y = f with u
and obtain

212 2
IV=ul 720,194 = (5 A7) 120,18
= (I/l, f)Lz((O 1)4) = ”M”sz((o 1)4)”f”W 22((0 1)4)

The Poincaré inequality implies ||u||W2,2((0,'1)'4) <C|V? u||Lz((0’1)'4) and so we obtain (3.5).

For the general case we can use a stability result for analytic families of operators on
Banach spaces: The spaces WS2((0, 1)*) and Wé’z((O, D% (for % <s< %) each form an
interpolation family with respect to complex interpolation, and so by [30], Proposition 4.1,
the set of those s € (%, %) for which AZ: Wg’z((O, D% = WS=%2((0, )*) has a bounded

inverse is open. We know that this set contains 2, so the existence of «g as in the theorem
follows. [J

Next, we state some estimates for G. We begin by estimating the regular part of G in
certain Sobolev norms. Recall that G (x, y) = G(x y) + lOgr for any r > 0.

LEMMA 3.4. Let kg be as in Theorem 3.3, and let 0 <k <«kg. Let K >2,r >0,y €
(0, 1)* be such that “2 <r <4 Then
CK,K
(3.6) 1Gy =05 G | warea o1y <~

’,-K

for a constant Ck  depending only on K and k.

PROOF. Let H") = Gy — ny)éy). By Theorem 3.3, it suffices to show

Ck
2 ,
(37) || A H(r) || W—2+K,2((0, 1)4) S I"K £
By standard interpolation theory and our assumption « € [0, ko] C [0, 2] it suffices to estab-
lish this for « € {0, 2}.

Observe that A2H ") is zero in (0, 1)* \ B, (y) as well as in B, />(y) (as the two singularities

cancel out). This means that A2H ") is supported in B, (y) \ B, /2(y) and there it is equal to
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—A%(n (r)G;r)). We have an explicit formula for G\, and so it is straightforward to check
that |A2(n{ G{”)| is bounded by ££ on B, (y) \ B,/2(). This easily implies (3.7) for k =2

For the case x = 0, we need to be slightly more careful: Let Xy(r) be a cut-off function that
is 1 on B, (y) \ Br/2(y) and zero outside By, (y) \ Br/4(y) (e.g., X(r) n§2r) §)r/2)). Then
we have AZH") = y(r)Az(n(r)G(yr)) and thus we can calculate

|aH®D| W=22((0,1)%)

= sup /AZH(’)go

llell 22((0 H= =1
- s / 2(n G0 Mg
llell 22((0 h= =1
= sup —A(ng)égr))A(xy(r)(p)
llell 22((0 = =1
<C|a@’GY)| su lA(x" o)l
= My "Cy N L2(Bor (0)\Brja(y)) p Xy “@IL20,1%-
llell 22((0 = =1

To estimate the second factor, we proceed as in the calculation that led to (2.5). We have a
Poincaré inequality

(38) ||l/t ||L2(Z+(—S,S)4) < Cs ||VI/£ ||L2(Z+(—S,S)4)

for any u € WL2(z 4+ (—s, 5)*) that is zero (in the sense of traces) on one of the faces of
7+ (—s, s)*. This is the continuous analogue to Lemma 2.1, and the proof is very similar.
Using (3.8) we can estimate

12067 0) | 120,179

c C
2
=< V70l 208,00 + TNV 2B, ) + 2101228400

2
§c<1+@+d(y2)
r r

2
)H #li2g+aaons = Cxlelyza o1

We also have that A(n(r)G(yr)) is bounded by r% on By, (y) \ By/4(y) and hence

1

2 1 _
2285, o084y < €7 7 =€

Using this, we obtain (3.7) for k =0. U

) A~ @)
|A(myGY)

Next, we give some estimates on the local behaviour of G. The first two allow us to control
G far from and close to the singularity, respectively, while the last one expresses the Holder
continuity of G — G near the diagonal.

LEMMA 3.5. Let kg be as in Theorem 3.3. Let y € (0, 1)*. The function Gy is smooth on
0, D*\ {y}, and G — G is symmetric and smooth on (0, 1)* x (0, D*\ {(x, x): x € (0, D4}
and can be extended continuously to (0, 1)* x (0, 1)*. Slightly abusing notation, we write

Gy, y)—Gy,y):= lLim G(.,y")=G(H.Y").

/ "

oLy~ (yy)
y'#Y"
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Let K > 1. We have the following estimates, where % <r<4W.

2
d(y)
3.9) GO =C iflx—ylz ==,
(3.10) G, ) =GP, ] <Cx iflx =yl <d(y).
Furthermore if r > 0 is arbitrary, |y’ — y| < d(y) and |y" — y| < d(y) we have the estimate
G(y,Y) =GV, Y) = (G, y) =GV (v, 1)

3.11) I ylK T

B il e ol Nl

- d(y)<o

PROOF. The smoothness of G and G — G follows from standard regularity theory for
higher order elliptic equations. The estimate (3.9) is given in [24], Theorem 8.1. There also a
variant of (3.10) (without the correction IOgr and with slightly worse error term) is given. The
results in [24] however are in a far more general setting, so we prefer to give an elementary
proof of the specific estimates we need.

We use a standard Caccioppoli inequality (see, e.g., [9], Capitolo II, Teorema 3.1I or Teo-
rema 6.1): If u € W22(B,(z)) and A%u =0 in By (z) then

C
(3.12) |V2u ”LOO(BS/z(z)) =0 HVZL‘”LQ(Bx @)

We will also need a special case of the Gagliardo-Nirenberg interpolation inequality, namely

1
2|2
(3.13) e By (e = C(s IV7ul Lo, 0 + S—zlluan(Bs(z»)-

To see this, observe first that by scaling we can assume s = 1. The Poincaré inequality implies
that lu —a = b (- — 2)llLo(By (2 < ClIV2ull Lo, 2y, Where @ = 7 [ and b = g [ Vu,
and so we only have to bound a and b. We have |a| < C|lu ||L2(31(Z))’ and the estimate ||u —

allp2g, 2y = llullL2¢p, () implies
bl <C[b- ¢ =2 128,20
<C(lu=a—=b-(- Z)HL2(31(1)) +llu—all 25, 2))

= C(“ Vz””mowl(z)) + ||”||L2(B1(z)))'

This completes the proof of (3.13).
After these preparations we can now begin with the proof of (3.9). We first assume that
d(x) <2d(y). Let HIO/® = G, — pl 8 GUO 1 emma 3.4 with « =0 implies that

(3.14) [V2H D] 15 g 1ys) < C-

The function H @)/ agrees with Gy on (0, n* \ Ba(y)/8(y). Because % + Ty) < @ <
|x — yloo We have By(x)/16(x) N By(y)/8(y) = & and thus (3.14) implies

HVZGy”L2 C.

(Ba(xy/16(x)) =
Using the Caccioppoli inequality (3.12) we conclude

C

2
(315) ||v Gy ||L°°(Bd(x)/32(x)) S m
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Next, note that the Poincaré inequality (3.8) applied on x + (—d (x), d(x))* and (3.14) imply
that

d()/9) 2 y2 g @d0)/8) 2
[H @I gy < CA@VEH O gy sy < ()
and therefore
2
Gyl L2(By g0y 20y = €A

Recalling (3.15), an application of (3.13) concludes the proof.
It remains to consider the case d(x) > 2d(y). In that case |[x — y| > d(x) — d(y) > @,
so we can interchange the roles of x and y and repeat the above proof (using that G(x, y) =

G(y,x)).
Next, we give a proof of (3.10). This is quite similar to the preceding argument. Because
G differs from G“@0)) only by at most %2 log K < Cg we can assume r = d(y). Let again

HUO) = G, — "GV Observe first that if [x — y| > 2% then (3.9) implies (3.10).

Therefore, we can restrict our attention to the case [x — y| < @. By Lemma 3.4, we have
that

2yy(d
[V2HYO 2.1y < C.
The function H @0 agrees with Gy — (A}id(y " on Ba(y)/2(y). Thus, as before, the Cacciop-
poli inequality implies that
C

5 .
IVZ(Gy — Gy)HLOO(Bd(wM(y)) = Ty)z

and the Poincaré inequality implies
e d») 2
Gy GY||L2(Bd(y)/4(y)) = HH ”LZ(Bd(),)(y)) =Cd(y)

so that the conclusion follows from the interpolation inequality (3.13).
For (3.11) observe that by Lemma 3.4, we control the W2tko-2_norm  of Gy —

n§d(y 2 (A;y(y ) That Sobolev space embeds into the Holder space C%0 and so we have

d Ad d A(d
[Gy - n§, UDG; (y))]CO’KO((O,l)“) = C“Gy - ’7§ (y))G§ o» || W2H40:2((0,1)%)

C
=< .
—d(y)ee
Because G — n;d(y))éy(y» agrees with G — G&d(y)) on By(y),2(y) this implies
A(d(y A " =yl
G, y) =G (Y, y) = (G, ) = G (3, )| < o
If we add and subtract log'jw on the left-hand side, we obtain
/ A () () A(r) |y =yl
GO y) =G (. y) = (G ») =GV (y.»)| = C o
Similarly, we obtain
A(r) A(r) ly" = y|®
1 / " / / /
GO y) =GP0 y) = (G0 Y) = 670y = €=

where we used that d (y') > %d(y) sothat y, y” € By(yy2(y"). If we add the last two estimates
and use once again that d(y’) > %d(y) we arrive at (3.11). O
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4. Proof of the main theorems. In this section, we will finally prove that G}, satisfies
(B.0"), (B.1), (B.2'), (B.3), which according to Observation 1.5 implies Theorem 1.4.

Recall that G}, is the Green’s function of the discrete Bilaplacian on V}, with zero boundary
data outside V},, G is the Green’s function of the continuous Bilaplacian on (0, 1)* with zero

Dirichlet boundary data, and G;lr) and G are shifted versions of the discrete and continuous
full space Green’s function.
The main technical statement used in the proof of Theorem 1.4 will be the following.

LEMMA 4.1. Let kg be as in Theorem 3.3. Let K > 2, and r > 192h. Then for all x,y €
Vi, with d%—” <r< @ we have

(Ga(x. y) = ()G (. 3) = (G, ) = 1 ()G (x, y)))|

R0 / d(x)

This lemma is so useful because it simultaneously provides control over the difference
between the discrete and continuous Green’s function when x, y are far apart and over the
difference of the regular part of the discrete and continuous Green’s function when x, y are
close.

PROOF OF LEMMA 4.1, We define Hj, = G,y — 1}, G}, and H = G, — {” G Let
ﬁh be the solution of

ALH, =T"3333A%H inV),
Hy,=0 on (hZ)*\ V.

Our goal is to estimate |Hp, (x) — H (x)|. We will estimate Hj, — ﬁh and Flh — H separately.
The estimate of the latter term is straightforward: Using Theorem 2.3 and Lemma 3.4, we
obtain

1 Hn = H 2270 < CRROIH y2im20,11%)

<Cgx—
K

Estimating Hj, — Hj, is more tedious. Similarly as in the proof of Lemma 3.4, we let
X)(,r) = n§4r) — ny/ » and Xn, ) be the restriction of X(r) to (hZ)*. Then we have

A7 (Hy — Hy)
_ A%,(Gh,y _ 77hr)yG(r)) Th,3,3,3,3A2(Gy _ ngr)Ggf))
_ Xér;A%(Gh,y _ ’7h (r) G(r)) }Er) Th,3,3,3,3A2(Gy _ n§)r)G§)r))

(r) A ) A0 () n,3,3,3,3 A2 A
4.1) __thy (”hryGr )+ i, T A%(n (r)G;r))

__th)Az (r) +Zx(r) Th33338 A(n(r)G(r))

_X/Er;ZDhDh n;,r));G(r))+Th3333 Ze,A( (r)é(yr)))‘
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Because Hy, — I:Ih is supported in V;, we have
2 =02
”Vh(Hh — Hp) ||L%((hz)4)

, - ~
= (A, (Hy — Hy), Hy — Hh)Lg((hZ)“)

< sup (ARCHL = Hn).0n) 12yt 1 Hn = Hilly22 0
on=0 on (hZ)*\V},
llenl W22z~ 1

which together with the Poincaré inequality implies that
”Hh - I:Ih ”WZ’Z((hZ)“) <C sup (A%(Hh - I:Ih)’ Wl)L%((hZ)“))-
on=0on (hZ)*\Vj,

llenl 2 2=

Combining this with (4.1), and abbreviating T;* := T"3:33:372¢ we see that
”Hh - Hh ”th-z((hz)ét)
4
<C  swp Y (DIDL (=) G))

o =0 on (hZ)\V}, i=1

1
lenll, 2 2((hZ)4)

+ 77 A0 GO 00 2yt

4
<C sup Z(— n(n, )G(r))
4.2) @n=0on (hZ)*\Vj, i=1
llon W22z = 1

+ T A(T)(r)G(r)) DhDthh y(Ph)LZ (hZ)*)

(r) (r) @)
=C Z” ) + T A(T} ! G )HL%(Qgr(y)\Qf/n(y))
x sup 197G e L2(hZ)h)
¢p=0 on (hZ) \ Vi
llonl W22z = 1

where we used that X 1s supported in By, (y) \ B,/g(y) so that the support of A ( X (ph)

is certainly contained in er M\ Qr /32(y). The discrete product rule and the Pomcare in-
equality imply that

V7 G n) | L2 (hZy%)

< C|V? v <

= ClIVienl 2o, ,on T T 1Vaenl20n L on + oz lonllzn o
dy)+h (d(y)+h)?

5C(1+ o) +((y)2 ))

r

” Ph ” Wi’z((hZ)4)

< Ckllenl W22(hZy*)
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and hence
20, ()
(4.3) sup Vit ven) 2y = Cr-
on=0on (hZ)*\V},
llenl 2 2((,12)4) 1

Let us now also estimate the first factor in (4.2). The operator T"-3-3-3:3=2¢ preserves
constant functions. Therefore for any z with [z — y|eo > 35

(Th,3,3,3,3—261A(n(}’)é;}’)))(z)

AMPGD) @)

+ (Th ,3,3,3,3— 2e,( (n;r)é(yr))(‘) _ A(n(r)é(r))(x)))(z)
A

(4.4) A
PG @+0(h sup  [V(HPED))
T+ (=33

. h
AnG V) (@) + 0<r—3>,

Th.3.3.3.3=2e

where we have used that | F @) = Csup,4(_3p/2,3n/2) | f11n the second step as

well as the explicit formula for G (z, y) in the third step. From Lemma 3.2 and Taylor’s
theorem, we know that for 6’—4 <l|z—yloo < 16r

. h

DG () =0°GV () + 0( |a|+1)
ha oy of L

D,G,\(2) = O(r“)’

h
h () (r)
Dgny, (2) = 8%y (z)+0< a+1>

Dl = 0(57)

If we combine these estimates with the discrete product rule, we obtain that for any z with
32 <l|z— yloo =8r

r r) A(r h
@s) M, G0 = A6 @ + 0[5 ).
Combining (4.4) and (4.5) we find that

h
‘_Ah(n;lr’)yG(r) +ZTh3333 Ze,A( (r)G ) C—3

i=1

on Qg‘r M\ Qi’/n(y) and therefore

h
<C-.

L%(Qz,(y)\Qf/32<y)>

i=1

If we use this result and (4.3) in (4.2) we see that

h
” Hp, — Hh ” W2 2((hZ)4) = CK
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In summary,

1y = Hl 22 gz < 1Hn = Hilly22 gz + 1H = Hll g2 gz
hl{() h hKO

because % < 1. Finally, Lemma 2.2 allows us to conclude that for any x € (hZ)*

d(x)
|Hjp(x) — H(x)| < Cg 10g(2 +— )”Hh — Hlly22 )

This completes the proof. [

Before we turn to the proof of Theorem 1.4 let us observe that Lemma 2.2 already implies
an upper bound on G (x, y).

LEMMA 4.2. For any x, y we have that

(4.6) |Ga(x,y)| < C\/log(Z + %) 1°g<2 + %)

PROOF. The idea is the same as in the proof of [26], Lemma 8.1. We have
Gn(x,y) =(Gpx, ahvy)L%((hZ)“)
2
= (Gh.x» AhGh,y)L%((hZ)“)
2 2

= (ViiGnx: VieGhy) 12 (nzyt-

This implies on the one hand
2 2
4.7 |Gr(x, V)| < [ ViGn x| L2(hZ)*) IViGh.y HL%((hZ)“)
and on the other hand (by choosing y = x) that
2 2
G (x, %) = [ Vi Gxll 12 (nzyt)-

From Lemma 2.2, we know that

d(x)
|Gr(x,x)| < log(2+ T) |ViGi.x |2zt

Combining the last two estimates, we obtain
d(x)
|Gp(x,x)| < C10g<2+ T)

which is (4.6) in the special case x = y. For the general case, we can use (4.7) to see that

|Gr(x, )| < | v%Gh,x I L} ()% I V%Gh,y I L2 ((hZ)*)

SC\/log<2+ @)log<2+ d;—”) 0
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Now we can turn to the proof of the main technical result of this work, Theorem 1.4.

PROOF OF THEOREM 1.4. Recall that according to Observation 1.5 we actually have to
verify (B.0), (B.1"), (B.2") and (B.3).

Step 1: Proof of (B.1).

Letx,ye (hZ)*. We can assume w.l.o.g. that d(x) < d(y) (else interchange x and y). If
d(y) < 768h we have that |log(2 + %ﬁ‘;l@”n < C, and by Lemma 4.2 also |Gy, (x, y)| <
C, so that (B.1”) holds trivially. Thus we can assume d(y) > 768h.

Consider first the case [x — y| < @. Then Lemma 4.1 with K =2, that is, r = @ >
192h implies

d 2 A(d 2 ) A
G (x. ) =it PP 0GP (x y) = Gx,y) + O () GO (x, )|

h*o d(x)

which implies that

1Gr(x,y) — G\ P(x,y) = G(x, y) + GUOD(x, y)|

h*o 2r
<C— 10g(2 + —)
r h

Ko
The function s s%o“/ log(2 + 2s) is bounded on [1, 00), so that we actually obtain

(4.8) 1Gr(x,y) = GV (x, y) = G(x, y) + GUOD (x, y)| < C.

From Lemma 3.2, we know

A(d(1)/2) 1 d(y)
G, (x,y) — ﬁlog(m <C

(where we have absorbed a term %2 log 2 into the constant). Furthermore by Lemma 3.5,

Gx, ) =GP (x, p)| < C.

If we use these estimates in (4.8), we obtain

G Ly Q) <C
h(X,}’)_ﬁ og =)=

aiy) _d©)
Because [x — y| < =~

1 d(y) ) 1 ( d(y) )’
oY LSV L PN TS A | P
Az Og<|x—y|—|—h el Gy |

Combining this with the preceding inequality we arrive at (B.1").
Iflx —y|> @ we argue similarly. We use Lemma 4.1 with r = @ > 192h and con-
clude

is bounded away from 1 by a constant, and so

|Gh(-x’y) - G(-x’y)| = C.

d@y)

Ty is bounded above.

This combined with Lemma 3.5 implies again (B.1’), as now
Step 2: Proof of (B.2)). A
Recall from Lemma 3.5 that a(x) := A2 im0 (G, x") = G, x")) is well

x/¢x//

defined for each x € (0, 1)* and that a: (0, 1)* — R is continuous.
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After this remark we can proceed similarly as in the first step. We choose f1(x) = a(x),

fr(u,v) = A2F(u — v) with the F from Lemma 3.1. Furthermore, we choose 6y = 2}(0
Given L and 6 > 6y we take NO so large that 768 L < |1ogh|9 when h < —-. Then d(x) >

h|logh|® > 768Lh. We want to apply Lemma 4.1 with K = 8 and r = @

(x + hu, x + hv). We have that r = % < d“‘”’f””’ < d(x;hv)
and also r = @ > 192Lh > 192h so that all assumptions of the lemma are satisfied. We
obtain

at the point
d(x+hv)
8 9

and similarly r >

Gh(x + hu, x + hv) — GO (¢ 4 hu, x + ho)
— G(x + hu, x 4+ hv) + GO (x 4 hu, x + hv)|
h*o d(x + hu)
< CFTO\/Iog(Z—i- T)
4.9) 1o/ Toghl

rko

“0/1logh|
(h|logh|?)<o

< C|log h|2~%.

Here we could omit the cut-off functlons n(d(x)/ » and n(d(x)/ 4 because |x +hu — (x +hv)| <
4Lh < d(x) . Since Ok > Ooko = 5, for Njj large enough the term on the right hand side will

1
<
be less than 212 whenever h e

By (3.11) in Lemma 3.5, we have for u, v € [0, L1

d
’G(x+hu,x+hv) GO (x + hu, x + hv) — a(x) +ﬁ og%
K0 K
<C<|hu| + [hv| 0)
o d(x)¥o
h*o
Ld(x)Ko

< Cr|logh| =%,
Thus we can choose N large enough such that for 7 < W we have

G (x + hu, x + hv) — GO (x 4+ hu, x + hv)

sup
u,vel0,L1*NZ4
a(x) 1 ) d(x) )
————1o
2 2T |tz

uniformly in x. Our definition of G;ld(x)/ K implies that

x+hu x-+hv 1 1 d(x)
F — — —logh 1 —
( h h ) 52 08ty

G;ld(x)/‘l)(x + hu, x + hv) =

4w

1 1
=F(u—v)—)\—210gh+ﬁlog 2
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Using these results in (4.9), we arrive at

a(x) e

1
Gh(x+hu,x+hv)—F(u—v)—l—ﬁlogh—)\—2 =3

for h < 5, which implies (B.2).
0

Step 3: Proof of (B.3).

This is very similar to Step 2. We set f3(x, y) = A>G(x, y), which is continuous away
from the diagonal according to Lemma 3.5.

We use Lemma 4.1 with K =L and r = @ < % < |x — y|. For N{ large enough we have
r > 192h, and the lemma implies
h0./|logh|

rko

Gh(x,y) — G(x,y)| < CL < Cp|logh|z0%0

and it suffices to take N| so large that the right-hand side is less than f—z for any h < €L

Ny
Step 4: Proof of (B.0').
Here we actually need to prove three estimates, namely

(4.10) A2Gp(x, x) < |logh| + C,
(4.11) A2Gu(x,x) < Clog(2+ %)
2 lx — vyl
(4.12) A2(Gu(x,x) — Gu(x,y)) <log( 1+ — ) +C.

Now (4.10) follows immediately from (B.1’), and (4.11) is a special case of Lemma 4.2.
Finally, (4.12) can be obtained from (B.1") as follows. We know that

22(Gn(x,x) = Gi(x,))
d(x) max(d(x),d(y))
510g(2—|— T) —log<2+ Py P— ) +C
e ( (dx) +21)(1x =y + 1) >+
h(h+ |x — y| +2max(d(x), d(y)))
so one only has to observe that

d(x)+2h -c
h+|x —y|+2max(d(x),d(y)) — O

Finally, we give the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Because of Theorem 1.3 and Observation 1.5 all we have
to check is that each of the statements (A.0'), (A.1"), (A.2), (A.3") implies its counterpart
without the prime.

We begin with (A.0") = (A.0). We know that

Var gy , < min(log N + o), ajlog(2 + dy (v)))
and this implies in particular that
Vargy , <log N + o
Furthermore, if we know

Var gy .y — Cov(en, v, onu) <log, |u — v| + 2
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then by symmetry this also holds with u, v interchanged, so that we actually have
max(Var o,y — Cov(@n,v, oN,u), Varon u — Cov(en v, 9N .u))
<log, |lu —v|+ 2«
and a short calculation shows that this is the same as
E(pn.o — ¢n.u)” <2log, [u —v| —| Vargy,, — Vargy..| + C.
For (A.1") = (A.1) one has to verify that min(d(u), d(v)) > § N implies

max(dy (u), dy(v)) N ‘
log(2 —log( ————— )| = Gs,
og(-l— 1+ |u— vl ) Og(1+lu—v|>_ ’

which is straightforward.

For (A.2) = (A.2) we fix some 0 > 6. Given L, ¢, §, we choose Ny > N(/)(L, g,0)
large enough such that |log N|? < 8N for all N > Ny and conclude (A.2). Analogously one
sees that (A.3') = (A.3). O
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