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CONVERGENCE OF TRANSPORT NOISE TO ORNSTEIN-UHLENBECK
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We consider the vorticity form of the 2D Euler equations which is per-
turbed by a suitable transport type noise and has white noise initial condition.
It is shown that stationary solutions of this equation converge to the unique
stationary solution of the 2D Navier—Stokes equation driven by the space-
time white noise.

1. Introduction. Navier—Stokes equations in dimension 2 with periodic boundary con-
ditions and additive space-time white noise

du+ (u-Vu+Vp)dt =vAudt + o« dW,

(1.1)
divu =0

have been the object of several investigations, [4, 5, 9, 11, 21, 24, 25] among others and,
with its first-stage renormalization, even contributed to the development of some of the ideas
around regularity structures. One of the main features is the Gaussian invariant measure for-
mally given by

(1.2) p(dw) = Z" " exp(—Bllol},) do

(B > O related to the constants of equations (1.1) and the domain) where we have denoted
by w the vorticity associated to the velocity field # and where ||a)||2L2 denotes the enstrophy
(hence p is often called enstrophy measure). This equation is well posed in suitable function
spaces, even in the strong probabilistic sense. For the purpose of the next description, it is
convenient to reformulate the equation in vorticity form

(1.3) do+u-Vodt =vAwdt +a V- dW,

where, as said above, @ = V-1 - 4 and, for a vector field v, V- - v denotes d,v; — 9;v,. Here,
W is a solenoidal vector valued cylindrical Brownian motion.
A related model is 2D Euler equations, that in vorticity form is

orw~+u-Vo=0

with @ = V1 - u, divu = 0. In the sense described in [2, 13], the enstrophy measure p is
invariant also for this equation (for every 8 > 0, in this case). The same fact holds for a
stochastic version of 2D Euler equations, but with transport type noise, as described in [14,
15]:

do+u-Vodt =) or- Voo dWk,
k
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where oy (x) are divergence-free vector fields and W independent Brownian motions. We
focus our discussion on the 2D torus T? = R?/Z? and choose, to fix notation,

1kt 5
—=Tye(x), kel
V2 [k
where Z% =7? \ {0}, k't = (ky, —k1) and e (x) is the orthonormal basis of sine and cosine
functions; see (2.1) below. In [14, 15], the problem has been studied for y > 2.

The purpose of this paper is to present a rather unexpected link between stationary so-
lutions of these two models. Based on [14, 15], it is interesting to ask what happens when
y =2, the limiting case where certain terms diverge. For instance, the [t6—Stratonovich cor-
rection of the multiplicative noise above diverges proportionally to > <y ﬁ as N — oo.

or(x) =

We therefore investigate whether this divergence may be compensated by an infinitesimal
coefficient in front of the noise:

1

k
(1.4) do+u-Vodt =2/vey Y Wek.w)odw",

where ey = (X jx<n #)_1/2 ~ ﬁ. Our main result can be stated as follows (see the

next section for relevant notation and Theorem 2.13 for a more precise statement).

THEOREM 1.1. The stationary solutions of the model (1.4) with marginal (1.2) converge
to the unique stationary solution of (1.3) with o = +/2v.

Notice that the system (1.4) is hyperbolic in nature, while (1.3) is of parabolic type. Let
us explain a vague physical intuition about this result, which however is not sufficient to
state a firm conjecture, without a due detailed investigation. Transport multiplicative noise
> 0k - Vo o dW* provokes a random Lagrangian displacement of “fluid particles.” Assume
that the space-covariance of the Gaussian field ) ; ok (x) Wtk is concentrated around zero, as it
is in the scaling limit investigated in this work. Look at fluid particles as an interacting system
of particles; the effect of the Gaussian field on different particles is almost independent, when
the distance between particles is not too small (see [8], Introduction, for related discussions).
Thus, approximatively, it is like driving each particle with an independent noise, and we
know from mean field theories that independent Brownian perturbation of particles reflects
into a Laplacian in the limit PDE. This intuitively explains the presence of the Laplacian in
the limit equation, but the presence of a white noise is less clear. The latter fact seems to be
related to the white noise structure of the stationary solutions considered here. It would be
interesting to investigate similar questions for other stationary solutions of SPDEs like [17,
18]. It seems that for other SPDE models different results are possible; see [16]. Another
interesting example of special limit with diffusion and noise can be found in [7, 12].

Let us also emphasize another nontrivial aspect that could be misunderstood. Technically
speaking, a Laplacian (or a more complicated second- order differential operator) arises when
rewriting a Stratonovich multiplicative transport noise in [t6’s form (see Section 2 below).
This does not mean that the original equation, with transport noise, is parabolic. The original
equation is hyperbolic, and the solution (when smooth enough) is the stochastic Lagrangian
transport of the initial condition. Thus it is a nontrivial fact that a truly parabolic equation is
obtained in the scaling limit investigated in the present work.

This paper is organized as follows. In Section 2, we prove the main result (Theorem 2.13)
which states that the white noise solutions of a sequence of stochastic Euler equations con-
verge weakly to the stationary solution of the Navier—Stokes equation driven by space-time
white noise. We solve in Section 3 the corresponding Kolmogorov equation by using the
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Galerkin approximation. Finally, in the first part of the Appendix we recall a decomposi-
tion formula which plays an important role in the proof, and in Section A.2 we prove the
coincidence of two different definitions of the nonlinear part in the Euler equation.

2. Convergence of the equations (1.4). First, we introduce some notation. We denote by
T? = R?/Z? the two-dimensional torus, which will be understood as [—1/2, 1/2]? endowed
with periodic boundary condition. Set

N cos2rk -x), keZ2,

e T?,
sinrk-x), keZ?,

(2.1) ex(x) =
where Z2 = {k € Z} : (ki > 0) or (kj =0,k > 0)} and Z> = —Z2 . Then {ey : k € Z3} con-
stitute a CONS of L(Z)(TZ), the space of square integrable functlons with zero mean. Define
1 1
NATE
with k1 = (ko, —k1). Let v > 0 be fixed and, for N > 1, define Ay = {k € Z3 : |k| < N}. We

rewrite the equation (1.4) as

(2.3) dof +ul Vol =2v2vey Y o - Vol o dWS.
keAn

(2.2) o (X) = — ——ep(x), keZ2,

N

Here, o, =vi. uiv and conversely, uf\’ is represented by a),N via the Biot—Savart law:

ul¥ (x) = (0} * K)(x) = (o, K (x — ),

with K being the Biot—Savart kernel on T?:

, kL
K (x) =2mni ek — o — sin(27k - x).
(x) = Z | |2 > e ( x)

keZ} keZ}

We assume that the initial data a)év of (2.3) is a white noise on TZ; namely, a){)\’ is arandom
variable defined on some probability space (®, F, P), taking values in the space of distribu-
tions C*°(T2) on T2, such that, for any ¢ € C (T2, (a)év , @) is a centered Gaussian random

variable with variance ||¢||? 12(T2)" From the definition, we easily deduce that

Elw) . o)y . ¥) = (. V)2 forany ¢,y e C>®(T?).

We denote the law of a)(l)v by w, which is also called the enstrophy measure with the
heuristic expression (1.2). It is not difficult to show that j is supported by H '~ (T?) =
Ms=0 H~1=5(T?), where, for any r € R, H" (T?) is the usual Sobolev space on T2.

For any fixed N > 1, following the proof of [14], Theorem 1.3, we can show that the
equation (2.3) has a white noise solution o e C([0,T], H '~ (T?)) (possibly defined on
a new probability space with new Brownian motions); namely, for any ¢ € [0, T'], a)tN is
distributed as the white noise measure 4, and for any ¢ € C*®(T?),

o 0=l o)+ [ o @0}, Hylar

— 2V 2vey Z/ o, oy - Vo)dWk

2.4) X

+4V8N Z f a)r’ak V(oK V¢)>

keAn
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Moreover, it is easy to show that " is a stationary process, which is a consequence of the
same result for the stochastic point vortex dynamics proved in [14], Proposition 2.3. Our
purpose is to show that the equations (2.3) converge in some sense to

(2.5) doy + 1y - Voo di = vAw, df +V20VE - dW,,  wo .

REMARK 2.1. Some explanations for the nonlinear term in (2.4) are necessary. For ¢ €
C®(T?),

1
Hp(x,y) = 2K (x =) (Vo () = V$(), xye€ T2,

with K being the Biot—Savart kernel and the convention that Hy (x, x) = 0. It is well known
that, for all x € T? \ {0}, K(—x) = —K(x) and |K (x)| < C/|x| for some constant C > 0;
thus Hy is symmetric and

(2.6) IHglloo < C| V2] o

Since ! is a white noise on T? for any r € [0, T], the quantity (o @ o, Hy) is well

defined as a limit in L2(®, P) of an approximating sequence; see [13], Theorem 8, for details.
According to the arguments in Section A.2, this definition is consistent with that defined by
the Galerkin approximation; the latter will be used in Section 3.

First, we follow the arguments in [14], Section 3, to show that the family of distributions
{OMn=1 of ¥ on X := C([0, T], H~'~(T?)) is tight. To this end, we need to apply the
compactness criterion proved in [22], page 90, Corollary 9. We state it here in our context.

Take 6 € (0, 1) and k > 5 (this choice is due to estimates below) and consider the spaces

X=H'""%T?, B=H'7(T?%, v=H"(T?.

Then X C B C Y with compact embeddings and we also have, for a suitable constant C > 0

and for
5/2
2.7) 0= ;
k—1—=38/2

the interpolation inequality
1-6 0
lollp < Cllolx “llely, ©eX.

These are the preliminary assumptions of [22], page 90, Corollary 9. We consider here a
particular case:

S=LP0,T; X)nWY3*0,T; ),
where forO <o < 1and p > 1,

N VEOEFIO]|

P
Yd
tds<oo}.
|I—S|0‘p+l

T
WP, T;Y) = {f:feLp(O,T;Y)&/ /
0o JO
The next result is taken from [14], Lemma 3.1.

LEMMA 2.2. Let$ € (0,1) and k > 5 be given. If
12(6k — 1 —=36/2)
> 9
8
then S is compactly embedded into C ([0, T, H~'73(T?)).

Po
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PROOF. Recall that 6 is defined in (2.7). In our case, we have so =0, rg = pp and 51 =
1/3,r1 =4. Hence sg = (1 —0)sg + 0s; =60/3 and
1 1-0 6 1-60 0

ro ro r Do 4

It is clear that for pg given above, it holds sg > 1/rg, thus the desired result follows from the
second assertion of [22], Corollary 9. [J

Next, since H ™'~ (T?) is endowed with the Fréchet topology, one can prove the following.

LEMMA 2.3. The family {QN}Nzl is tight in X if and only if it is tight in C([0, T],
H~'73(T?)) for any § > 0.

The proof is similar to Step 1 of the proof of [14], Proposition 2.2, and we omit it here. In
view of the above two lemmas, it is sufficient to prove that { Q" } y= is bounded in probability
in W1/340, T; H=*(T?)) and in each L?(0, T; H~'~%(T?)) for any p > 0 and § > 0.

Before moving further, we recall some properties of the white noise which will be fre-
quently used below.

LEMMA 2.4. Let£:(®,F,P) — C®(T?) be a white noise on T2. Then for any p > 1
and & > 0, there exist C, >0, C s > 0 such that:

(1) E((&, 9)IP) < Cpli¢ll% for all g € C(T?);
) E(IENY,-1-5) < Cp.s:
(3) E((& ® &, Hp)|P) < CplIV2p|5 for all ¢ € C=(T?).

PROOF. The first assertion follows from the fact that (£, ¢) is a centered Gaussian ran-
dom variable with variance ||| 12(r2)" Applying this result to ¢ = ex, we can deduce the
second estimate from the definition of the Sobolev norm || - || z-1-s5.

We turn to prove the last one. Let Hg, n > 1 be the smooth approximations of Hy con-
structed in [13], Remark 9, satisfying

|H ]l oo < 1Hplloo < C[ V2] o
where the last inequality is due to (2.6). By [13], Corollary 6(i), we have
E(|e ®&, Hy)l") < Cpl Hy |5, < C, | V?] 2

This implies the family {(§ ® &, H£>}nzl is bounded in any L?(®,P), p > 1, which, com-

bined with the fact that (§ ® &, Hg) converges to (§ ® &, Hy) in L?*(®,P) (see [13], Theo-
rem 8), yields the desired result. [J

We first note that, for any p > 1 and § > 0, by (2) of Lemma 2.4,
T
(2.8) U lo 17 -1 } = /0 E[|of (|, -s]dt < CpsT. forall N> 1.
Next, similar to [14], Lemma 3.3, we can prove the following.

LEMMA 2.5. There exists C > 0 such that for any ¢ € C*(T?), we have

E[(o) — ol 8] < Ct — (1Yl + [ Vo] %)
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PROOF. The proof is similar to that of [14], Lemma 3.3. By (2.4), we have
t
0 — ol 9)= [ (o} ® 0 Hy)ar
)

—2V/2vey Y / o, op - Vo)dWk

(2.9 e

+dvey > / L0k - V(og - Vo)) dr
kEAN

First, Holder’s inequality leads to

= ([l oot e

(2.10) 5(;—5)31@[/ () @ !, Hy) dr]
- [ €IVl ar =i -9 |V,

where in the second step we used the fact that a)fv is a white noise and Lemma 2.4(3).
Next, by Burkholder’s inequality,

#l (o 35 [l o voion) ]

keAn

< CSNEK/S 3 (o, ox - Vo) drﬂ

keAn

<C8N(t—s)/ [(k ] ( jV,gk.vd))z)Z]dr

We have by Cauchy’s inequality and Lemma 2.4(1) that

(5 o]

keAy

=) E[(w . or - Vo) o), 01 - Vo)

k,leAn
< 3 [E), o Vel [Ew), 0 - V']
k,leAn
2
<C lok - Vli2,
(Z )
5 2
scnwnio( 3 ||ak||§o) :

keAy

Note that, by (2.2),

1
Yo lorlZ = > |k|2=s;f,

keAn keAn
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hence,
2
2 (X (o o veP) | = civelies®
keAn
This implies
(2.11) [(81\/ > / o, o - v¢)dW’<) ]<C(t )2Vl

keAy

Finally, by Holder’s inequality,

[(aN Z/ o, o - V(o V¢))dr>4}

keAn

<&yt —s)’ /Z]E[( > (o - V(o - v¢))>4} dr

$ keAy

Since oy - Vo =0, we have oy - V(oy - Vo) = Tr[(ox ® ak)V2¢]. Therefore, by Lemma 2.6
below,

> ok Viok- V) = —8N2A¢

keAn

As a result,

|:(8N Z / a)r 0% - V(oy - ng))dr)j

keAy
< - [ Blio) agJar =€~ ) 1861
s
Combining this estimate together with (2.9)—(2.11), we obtain the desired estimate. [
LEMMA 2.6. It holds that

1
Y k@0 = 16N I,
keAn

where I is the two-dimensional identity matrix.

PROOF. We have
ON(X) = Y or(x) ®op(x)

kGAN
kL @kt
= Z ;?4 [cosz(an-x)—l-sinZ(an-x)]
keAnNZZ k]
_ ¥ 1 ( k3 —k12k2>
= 7\_
keAyNZ2 k] kiky Ky

:12 L (kB —kk
kA \—kiky K2 )

keA
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So Qp is independent on x. First, we have
kiky

=-3 Z T

keA
since we can sum the four terms involving (k1, k2), (—ky, k2), (k1, —k2) and (—ky, —k2) at
one time. Next,

1 k3 1 k?
1,1 M2
OV =3 X =5 2 = O

keA keAn
since the points (k, k3) and (k3, k1) appear in pair. Therefore,

1 K4+k2 1 11
L1 22 1 2 -2
QN _QN _Z Z |k|4 __ Z |k|2 4 N

keAn keA

The proof is complete. [

Applying Lemma 2.5 with ¢ (x) = ex(x) leads to
E[|w) — o, e[ < Ct —s)?k®, keZ.
As aresult, by Cauchy’s inequality,

4
E(Jof = | 3-)

(it —et )]

k

< (WP ™) 0+ ) Bl — o )]

k k
<C—9)?Y (1+ k) kP < C(t—s)°,
k

since 2k — 8 > 2 due to the choice of . Consequently,

T o) — o) I}« T |t —s|?
[/ / t—s|7/3 dtd]<C/ f t_sl7/3dtds<oo.

This implies the family {Q"}y>; of probability measures is bounded in probability in
W34, T; H=<(T?)).

Combining this result with (2.8) and the discussions below Lemma 2.3, we conclude that
{ON} =1 is tight in X = C([0, T], H~'=(T?)).

Since we are dealing with the SDEs (2.3), we need to consider QV together with the
distribution of Brownian motions. Although we use only ﬁnitely many Brownian motions in
(2.3), here we consider for simplicity the whole family {(W Jo<i<T 1k € 73 o}- To this end,

we assume RZO i1s endowed with the metric
lax — br| A 1
dpa(a.b)= )

21kl ’
keZ}

2
a,beR%,

Then (RZg, dZ%) is separable and complete (see [6], page 9, Example 1.2). The distance in
Y :=C([0, T1, RZ) is given by

dy(w,w) = sup dzz(w(t) w), w,we),
1€[0,T]
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which makes ) a Polish space. Denote by W the law on ) of the sequence of independent
Brownian motions {(W Jo<i<T 1k € 73 ol

To simplify the notation, we write W. = (W;)o<;<r for the whole sequence of processes
{(W,")ostsr ke Z%} in ). Denote by pN the joint law of (@N,W)onX xY,N > 1.Since
the marginal laws {Q" }yen and (W} are respectively tight on X’ and ), we conclude that
{PN)nen is tight on X x ). The Prohorov theorem (see [6], page 59, Theorem 5.1) im-
plies that there exists a subsequence {N;};cn of integers, such that PVi converge weakly to
some probability measure on X x ). By Skorohod’s representation theorem ([6], page 70,
Theorem 6.7), there exist a probability space (@ F, IP’) and stochastic processes (a) WN')
on this space with the corresponding laws PVi, and converging P-as. in X x Y to a limit
(., W.). We are going to prove that @. solves equation (2.5) with a suitable cylindrical Brow-
nian motion.

First, we have the following simple result.

LEMMA 2.7. The process ®. is stationary with paths in X, and for every t € [0, T, the
law w; of @, on H~'=(T?) is the white noise measure .

PROOF. Recall that, for every i > 1, ™ has the same law as the stationary process oV
which solves (2.3) with N = N;, and has white noise measure p as their marginal distribu-
tions. For every m > 1 and F € Cpo(H ' (T%H)™),0<t; <---<t,, < T and h > 0 such
that t,, + h < T, since &N converges to @. a.s. in C([0, T], H_l_(']l‘z)), one has

]E[F(CT)[I, ey Cbtm)] = ll_l)l'g)E[ (a)fl ) (Z)IZI)]
~N; ~ N;
:ll_lfl;.loE[ ( 11+h""’wtm+h)]

= E[F((Z)t]-l—ha ey d)tm—i—h)]’

where E is the expectation on ((:), F , }f”). Hence @. is stationary. Similarly, for any F €
Cyp(H™'= (T,

| F@ (@ =E[F@)] = lim B[F@")] = [ F@du). 0

Next, we show that (a) W ") satisfies an equation similar to that for (a) ,W).By (2.4)
and Lemma 2.6,

t t
(or gl =l 9]+ [ o) @ . Holar v [[ (0}, Aglar

(2.12)
—2V2vey, Y / Lok - Vg)dW).

kEAN

For any ¢ € C (T?2), let {qu;}nz | C H**(T? x T?) be an approximation of Hy satisfying
(cf. [13], Remark 9)

lim (Hg—H(p)z(x,y)dxdy:O, /TzHg(x,x)dxzo, n>1.

n—o0 Jr2 J12
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Note that (5).Ni , W.Ni) has the same law as (a).Ni , W.), and the latter satisfies the equation
(2.12), therefore, it is easy to show that

~ ~N: ~ 4 ~ N ~N:
E{ sup (a)fv’,qS) (@ év’,gb)—/(a)ﬁv'@wﬁv’,Htp)dr
t€[0,T] 0
—v/( oY, Ag)dr +2v2vey, Y / N ok-V¢>dWrN"*k}
0 keA
. t
SE{ sup /(a)N ® oV H¢—H¢)dr}
1€[0,T]
+E{ sup /(wN’®a) i H¢—H¢)dr}
te[0,T11/0

which, since both @, ' and a)ﬁv " are distributed as the white noise measure i, is dominated by

1/2
2
2TE,|(0 ® o, Hy — Hy)| < 2\/§T</T2 /Tz(qu; — Hy) (x, y)dxdy) :

where the inequality can be found in the proof of [13], Theorem 8. Letting n — oo yields,
P-a.s., forall r € [0, T],

t
(@ ¢)=(@)" . ¢) +f wN"®cbﬁv",H¢>dr+u/0(cb£Vf,A¢)dr

(2.13) )
—2V2vey;, ) / ONi, oy - V) dWNik,

kEAN

REMARK 2.8. Using the almost sure convergence of @"i to @ in C ([0, T,
H™!- (’]I‘z)) we can show that the quantities in the first line of (2.13) converge respectively
in L2(®,P) to

t t
@0 a0 b, /()(cbr®a)r,H¢>dr, /0<cbr,A¢>dr

see [14], Proposition 3.6, for details. However, the term involving stochastic integrals does
not converge strongly to the last term of (2.5). Therefore, we can only seek for a weaker form
of convergence.

Before proceeding further, we introduce some notation. By A € ZZ, we mean that A is
a finite subset. Let 15 : H~'~(T?) — span{e; : k € A} be the projection operator: ITyw =
Y e {w, er)e;. We shall use the family of cylindrical functions below:

FCi=|F(0) = f((w,er);1 € A) for some A € Z§ and f € C7(R™)},

where R is the (#A)-dimensional Euclidean space. To simplify the notation, sometimes
we write the cylindrical functions as F = f o [1, and for [,m € A, fi(w) = (01 f)(I1pw)
and f; (@) = (019, f)(ITpw). Denote by L the generator of the equation (2.5): for any
cylindrical function F = f o [T with A € 72,

(2.14) LooF =4v1 Y |IP[fra(@) — fi(®){w, )] — () - Vo, DF),
leA
where the drift part

(u(w) Vo, DF)= Zfz(a)) wQw, H,).
leA
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Finally, we introduce the notation

(2.15) Cri=—5
Now we prove that the limit process @ is a martingale solution of the operator L.
PROPOSITION 2.9.  Forany F € FC2,

(2.16) MF = F(@,) — F(ao) — /Ot Lo F (@) ds

isan ]:"; =0 (ws : 5 <t)-martingale.

PROOF. Recall the CONS defined in (2.1). Taking ¢ = ¢; in (2.13) for some / € 72, we
have

d@), &)= (@) @ @', H,)dr — 42|l 2(@), &) dt

2.17) — 24/ 2ven, Z <67),Ni, O + V€1>dW,Ni’k.
kGANi

For [,m € Z(z), we write d(d),N i) - d(cb,N i ey) for the differential of the cross-variation of

the two processes (d);v ' e) and (J),Ni ,en). Then

d(cbivi,el) . d(d)iv", em) = 81)8]2\,[ Z (cb,lvi, o - Vel)(d)tlvi,ok - Vey,)dt.
kEANl.

Direct computation leads to oy - Ve; = V2r Cr.iexe—;; hence
(&),Ivi, o - Vel)(cbt]\’i,ak - Ven)
= 2712Ck,1Ck’m<5)lN", eke_l)(d),]\]i, exe—_m)
= 2712Ck71Ck7m[(cZ),Ni , eke_1)<c7),lvi, exe—_m) — 81.m] + 2n281,mC,%’,.
As aresult,
di@t, ) - A en)

= 161)712812\,[ Z Ck,ZCk,m[(d);N",eke,l)<c?),1vi,eke,m> — 81, m | dt
kEANl-

+ 8u28) |l1% dt,

where in the last step we have used Lemma A.1. To simplify the notation, we denote by

Rim(@)") = 8vr? > CriCrm[(@), exe—1)|@r, exe—m) = 81.m]-
kGANl.

Recall that cb,N " is a white noise for any ¢ € [0, T], thus by the second assertion of Proposi-
tion A.3, Rl,m(cT)tN") is bounded in any LP([0, T] x ©), p > 1. Finally, we get

(2.18) d@N, er)- di@)" s em) =263 Ry (@) dt + 8v728), 1|2 dt.
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By the It6 formula and (2.17), (2.18),
~N; ~ N;
dF (&) =df (@, er); 1 € A)

=" fi@") @) @ @, He) — dva || X@), )] d
leA

— 24/ 2vey, Zﬁ(cb,lvi) Z <67),Nl Of - V€l>szNi’k

leA keAy;

+ 3 fim(@) [k, Rim(@r) + dvm8,ull|*] de
I,meA

Recalling the operator Lo, defined in (2.14), the above formula can be rewritten as
(2.19) dF(@)") = LooF (") dt + %, & dr +dM),

where

= > fim(@ ) Rim(@")

I, meA
is bounded in L? ([0, T] x ©) for any p > 1, and the martingale part
dm)Y = —2v2ven, Y fil@r) Y (@) ox - Ver)d Wik

leA keANI.

Note that M " is a martingale w.r.t. the filtration
B —o(@ Wi <1,

where we denote by W, = {W, i’k}keZz.
Next, we show that the formula (2.19) converges as i — oo in a suitable sense. To this
end, we follow the argument of [10], page 232. Fix any 0 < s <t < T. Take a real valued,

bounded and continuous function ¢ : C([0, s], H 1= x RZ%J) — R. By (2.19), we have

E[(F(@ivf)—p(@j,vf)—/st LoF(@¥)dr — 2, /stg, fdr)go(@,Nf,vf/_Nf)] 0,

Since F € F Clz, and &),N " is a white noise, all the terms in the bracket belong to L” (P) for any

p > 1. Recalling that, P-a.s., @, wihiy converges to (&., W.) in C([0, T], H™ '~ x RZ%),
thus letting i — oo in the above equality yields

E[(F(@) ~F@ - | ’ .cooF@r)dr)w(cb., W)} _

The arbitrariness of 0 < s < ¢ and ¢ : C([O0, s], H = x ]RZ(%) — R implies that MF is a
martingale with respect to the filtration G, = o (w5, Wy :s <t),t € [0,T]. Forany 0 < s <
t < T, we have F; C Gy, thus

B(F|7,) = B[E(WF |G,)| 5] = E[MF\F] = M,
since M is adapted to F;. [

Next, we show that @. solves (2.5) in a weak sense; cf. [9], Definition 4.1.
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_PROPOSITION 2.10.  There exists a family of independent standard Brownian motions
{Wk t > O}keZZ such that (&., W.) solves (2.5) in the sense of (2.25), where W, =

Yez3 W ekm-

PROOF. In order to identify the process @, we take some special cylinder functions F.
First, let F(w) = (w, ¢;) for some [ € Z(Z), then

LooF(0) = =4[l (o, e1) — (u(w) - Vo, e).
Thus, by Proposition 2.9, the processes
M = (&, e1) — (@0, &) + /Ot(4v712|l|2(d>s, er) + (u(@y) - Vag. e))) ds, €72
are martingales. In particular,
(2.20) d(@y, er) =AML — (@vr?|1)>(@r. e1) + (@) - Vaoy, e)) dt, | € Z2.
Therefore, for [, m € Z%, [ #m,
d[(@r, er)(@r, em)]
= (@, em) AML — (@, e) (Bv7 2|12 (@ €1) + ((@r) - V. €)) dt

+ (@ ) AM™ — (@, 1) (Ao im P (@ em) + (u(@y) - Védy, em)) di

+ d( MO M<’"))
Equivalently, denoting by M, the martingale part,

(@1, er){@r, €m)

~ t
= (@0, e1) (@0, em) + My — dvr? (|I* + |m|2)/ (@s, e1)(@s, em) ds
0
(2.21) t
- fo [(@s. em)it(@s) - Vg, &)+ (@5 er) (@) - Vg, em)] ds
+ (M(l)’ MW));-
On the other hand, taking F(w) = (w, €;){w, e;,), we have
LooF (@) = (0, ey) (= |11 (0, &) — (u(w) - Voo, ef))
+ (o, ) (= m|* (@, en) — [u() - Vo, en))
= — 4 (1> 4 1m|*) (@, e1) (@, em) — (@, em)u(@) - Vo, ¢)
—{w, el)<u(a)) Vo, em>.

Therefore, by (2.16), we obtain the martingale

! ~ ~ -
ME™ =@y, er)(@r, em) — (@0, €1) (@0, em)

t
+ v (112 + |m|2)/0 (@5, 1) (s, em) ds

+ /Ot[(d)s, em)(u(&s) - Va, ) + (@, er)(u(@s) - Vs, ep)] ds.
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Comparing this equality with (2.21), we deduce
(2.22) (MO ™) =0, 1#m.
Next, by (2.20), we have
d((@r. e1)?) = 2@, e) [P — (Gvr (1@, e1) + (u(@y) - Véoy, e)) di]
+d(m?),
which implies
(@, e1)* = (@0, e1)” + 2/0’<cbs, ey dM? + (M),

(2.23) t
_ 2[0 @y, e1) (A2 |1y, e1) + (u(@s) - Vi, e1)) ds.

2 one has

Similarly, taking F(w) = (w, e;)
LooF (@) = =2(w, e))(u(w) - Vo, e) — 8vr?|1]*((w, e1)* — 1).

Substituting this into (2.16) gives us the martingale

~ t
MY = (@, e1)? — (@0, e1)? +2 /0 (@5 e1)(u(@s) - Vag, er)ds

t
+8vn2|l|2/ (@5, e1)*> — 1) ds.
0

Comparing this identity with (2.23) yields
(2.24) (MD), = 8vr? |11,
According to the equalities (2.22) and (2.24), if we define
~ 1 ~
Wl:—M(l), IGZZ,
LoVl

then {Wl 7 72 is a family of independent standard Brownian motions. Now the formula (2.20)
becomes

d{@y, er) = 23/ 2vr|l| W]
(2.25)
— (v ll1}@r, er) + (@) - Vay, e))dr, 1 eZ.

The above equations are the component form of the equation below,
(2.26) dé; 4+ u(@y) - Vo dt = vA&, dr + vV2vVE - dW,,

where W, is the vector valued white noise defined in the statement of the proposition. There-
fore, @; solves the vorticity form (2.26) of the Navier—Stokes equation driven by space-time
white noise. [

We can rewrite (2.26) in the velocity variable &#. = u(w.) as follows:
(2.27) dii 4+ b(it) dt = vAii dr +~/2vdW.

Here, b(u) = Pdiv(u ® u) and Au = PAu, in which P is the orthogonal projection onto
the space of divergence-free vector fields on T2. It is clear that & has trajectories in
C([0, T], H~(T?)), that is, in C([0, T], H~%(T?)) for any 8 > 0. As mentioned at the be-
ginning of this paper, the above equation has been studied intensively in the last two decades.
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We deduce from Lemma 2.7 and Proposition 2.10 that the process # is a stationary solution
to (2.27) in the sense of [9], Definition 4.1. Let us remark that this definition is based only
on the Sobolev regularity of s € C([0, T], H™ (T?)); the definition of the nonlinear part b(ir)
is based on the Galerkin approximation and coincides with our definition, as explained by
Theorem A.12 in terms of the vorticity variable.

Similar to the arguments in [20], Section 3.5, we can prove the following.

PROPOSITION 2.11. The uniqueness in law holds for stationary solutions to (2.27).

PROOF. By [19], Theorem 3.14, it is sufficient to show that the pathwise uniqueness
holds for stationary solutions of (2.27). Let u; (i = 1,2) be two stationary solutions to the
equation (2.27) in the sense of [9], Definition 4.1, which are defined on the same probabil-
ity space (®, F, P), with the same initial data u{(0) = u2(0) = u(0) (P-a.s.) and the same
cylindrical Brownian motion W(¢), 0 <t < T. Then, fori =1, 2, P-a.s.,

t t
ui(t) =u(0) — / b(ui(s))ds + v/ Au;(s)ds +V2vW (@), 0<t<T.
0 0
These equations can be rewritten as
t t
ui (1) = e""4u(0) — / "I b(u;(s)) ds +v2v / (I AW (s).
0 0

We extend W (-) to be a two-sided cylindrical Brownian motion on R (possibly at the price of
enlarging (®, F, P)) and define

Z(t) = @/t e" U4 qw (s).

It is well known that Z is a stationary process with paths in C([0, T'], B} ,) for any o <0,
p = p =2 (cf. the last line on page 196 of [9]). Here, for any s € R, B, , is the Besov space

on T2. Note that
t
V2 / "= dW (s) = Z(t) — "4 Z(0),
0
we arrive at
t
(2.28) ui(t) — Z(t) =e""4(u(0) — Z(0)) — / " 4p(u;(s))ds, i=1,2.
0

As in [9], Theorem 5.2, page 196, let «, 8, p, p, o be such that
2 0 >2 B=>1 ! + !
—>a>—0>0, =p>2, > 1, S A S
p p=p 2 p 2 B 2
Using these parameters, we define the following space:
E=LP(0.T;:B% ,)NC([0.T1. 55 ,).
Since for any ¢ € [0, T'], u; (¢) is distributed as
N, (=A)~") = Q) N(0, 1/(4r?k|?)),
kez}
one has u;(t) € Bp 0’ P-a.s. (see [4], Proposition 3.1). We also have Z(0) € B;’p (P-a.s.),

thus by [9], Lemma 6.1, we obtain that, P-a.s., [0, T] 3 ¢ — "4 (u(0) — Z(0)) € £. Next, for
any y > 1 and ¢ > 0, since

B[ 1o cedr) = [ BAbGO) - )ar

o 1 o
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using estimates on the operator b(-) and the regularity provided by the Gaussian marginal of
u;(-), we can prove b(u;(-)) € LY (0, T; H~'78) (P-a.s.); see the arguments on the top of page
197 in [9] for details. Therefore, [9], Lemma 6.2, gives us that fé e"U=)Ap(u;(s))ds € E.
Combining these discussions with the equations (2.28), we deduce that u; — Z € £ (P-a.s.)
for i =1,2. By [9], Theorem 5.2, page 196 (see, in particular, the arguments on page 200
after the proof), we obtain u(t) = uy(¢) forall ¢ € [0, T] P-a.s. Thus the pathwise uniqueness
holds for stationary solutions to (2.27). [J

REMARK 2.12. Recently, R. Zhu and X. Zhu proved in [25], Section 4, the strong Feller
property for the semigroup associated to the equation (2.27). Combining this result with the
existence of a unique solution of (2.27) for a.e. initial condition in the Besov space By , (see
[9], Theorem 5.2), one can show that this equation actually admits a unique solutlon for all
initial data in Bg, o~ In the proof of Proposition 2.11, we are dealing only with the pathwise
uniqueness of stationary solutions of (2.27), for which we do not need the latter stronger
existence result.

Recall that a)tN is the stationary solution of (2.3), and {oMy nN>1 are the laws of (a),N Jo<i<T-
Now we can prove the main result of this paper.

THEOREM 2.13.  The whole sequence {Q™}n=1 converges weakly to the law of the so-
lution to (2.26).

PROOF. Proposition 2.11 implies that the stationary solutions to (2.26) are unique in law,
thus we deduce the assertion from the tightness of the family {Q"} N>1. U

REMARK 2.14. Denote by Lys the Kolmogorov operator associated to (2.27). Under an
explicit condition on the lower bound of v, it is shown in [21], Corollary 1, page 572, that the
operator (Lys, F C%) is L! -unique, which implies that its closure (Lns. D(Lys)) generates
a Co-semigroup of contractions {P;};>¢ in L'(w) and p is invariant for P;. According to [24],
Remark 1.2, the martingale problem associated to (Lys, F CI%) has a unique solution.

For other weaker uniqueness results on (Lys, F Clz,) see, for example, [1, 3, 23]. A similar
L'-uniqueness result was proved in [24], Theroem 1.1, with less precise estimate on the lower
bound of v.

3. The Kolmogorov equation corresponding to (2.5). The purpose of this section is to
solve the Kolmogorov equation associated to the vorticity form of the Navier—Stokes equation
(2.5) driven by the space-time white noise. To simplify notation, we write H '~ instead of
H~'=(T?). The main result is the following.

THEOREM 3.1. Let pg € L>(H™'~, ). Then there exists a measurable function p €
L0, T; L2(H~'=, u)) which solves
(3.1 0r o =£’$opt, Pli=0 = po.

More precisely, for any cylindrical function F = f o I15 and o € C'([0, T1, R) satisfying
a(T) =0, one has

0= a(O)f F,OodM+/ / (' (t)F — a(t){u(w) - Vo, DF))dudt
3.2)
+an? Y / [ aOnl i) = fi@(w.e)dud.

leA
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REMARK 3.2. Unlike [15], Theorem 1.1, we do not have result on (o} - Vw, Dp;)(k €
Z(Z)); see Remark 3.6 below for details.

We can prove Theorem 3.1 by following the line of arguments in [15]. Due to a technical
problem which will become clear in the proof of Theorem 3.1, as in [15], Section 4, we
consider an equation slightly different from (2.3):

(3.3) doN +ul Vol =2v20éy Y or - Vol o dWF,
kel'y

where T'y = {k € Z3 : |k| < N/3} and
_ 1 —1/2
kGFN| |

The generator of (3.3) is given as below: for F € F c2,

LyF(w) =4vEy Y {0k - Vo, D{(ox - Vo, DF))
(35) kel'y
— (u(w) - Vo, DF).

For any cylindrical function F € FC2, we denote by

1
(3.6) LY F(w) = 5 Y ok - Vo, D{o - Vo, DF)),
kGFN

then
Ly F(w) = 8vE3 LY F(w) — (u(w) - Vo, DF).
Now we need the decomposition formula proved in Proposition A.3. Replacing A y there by

"y, we obtain the following.

PROPOSITION 3.3. Forany F € FC2. it holds that

lim LyF=LoF in L*(H™'7, ).
N—o0

With this result in hand, we will define the Galerkin approximation of the operator L
for which we need some notation (see [15] for details). Let Hy = span{e; : k € Ay} and
Iy : H~'7(T?) — Hy be the projection operator, which is an orthogonal projection when
restricted to L2(T?2). We project the drift term u(w) - Vw in (3.5) as follows:

by (@) =Ty (u(yw) - V(Myw)), oecH 17(T?,

where u (I yw) is obtained from the Biot—Savart law:

u(Mye)(0) = [ K= )(yw)()dy.

We shall consider by as a vector field on Hy whose generic element is denoted by & =
ZkeAN &rer. Thus
by(E) =TIy (u(E)-VE), &€ Hy.

Analogously, we define the projection of the diffusion coefficient oy - Vw in (3.5):

GN (&) =Tiy(ox - VE), &e€Hy.
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It can be shown that by and G’I‘v are divergence-free with respect to the standard Gaussian
measure uy on Hy. With the above preparations, we can define the Galerkin approximation
of the operator L, as

Lng(E) =4vEy Y (G, VNG, Yng)y, )iy (B) — (BN, V) y ().
kEFN

Consider the Kolmogorov equation on Hy:
3.7) ap =Lyp".  pVli—o=p € Ch(Hy),

where E;‘\, is the adjoint operator of Ly with respect to py. We slightly abuse the notation
and denote by p; N(w) = N (IMMyw), N > 1. It is easy to show that, for all ¢ € [0, T'],

H'Ol‘ ”LZ(M)—FSVSN Z f / (Tk V(HNCU) D,OS >L2(T2)d/‘1“ds
3.8) kely
2
= “P(])v I L2(u)*

For k ¢ 'y, we set (o} - V(IIyw), D,OSN ) L2(T2) = 0. Here are two simple observations.

PROPOSITION 3.4.

(1) The sequence {pV I nen of functions is bounded in L°°(0, T'; L>(H™ ', w);
(2) the family

{Enlox - VIIyw), Do) 2oy : ket 0) € Zg x [0, TT x H™' "}y

is bounded in the Hilbert space LZ(Z% x[0,T]x H ', #® dr ® W), where # is the counting
measure on Z(z).

As a consequence, we obtain the following.

COROLLARY 3.5. Assume py € L>(H™'~, ). Then the family {pVYNen has a subse-
quence which converges weakly- to some measurable function p € L*(0, T; L*(H™'~, ).

REMARK 3.6. Unlike [15], Theorem 3.2, we are unable to show that (o} - Vw, Dp;)
exists in the distributional sense, and the gradient estimate below holds:

S [ o Vo, Dppandr = i,
keZd

We repeat the proof of [15], Theorem 3.2, to see the difference. Recall that, by convention,
(ox - V(Myw), DpAgv)Lz(Tz) =0, ke¢ly.
By Proposition 3.4, there exists a subsequence {N;};cn such that:

(a) pNi converges weakly-* to some p in L*°(0, T'; L*(H™ -, w);
(b) &en;{ox - V(IIy, w), D,otN")Lz(Tz) converges weakly to some ¢ € LZ(Z(Z) x [0, T] x
H "= #® dt @ pn).
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Leta € C([0, T1,R) and B € L*(Z3 x H™'~,#® w) such that g € FC; for all k € Z3.
By the assertion (b),

T
lim Z ‘/(; fH—l— EN,‘(O'k . V(HNia)), DptNl )LZ(TZ)a(t)’Bk du dr
k

= Z  @r()ee(t) Br(t) dpdr.
f /.

Fix some k € Z%, we assume that 8; =0 for all j # k and By = By o [T for some A € Z%.
Then the above limit reduces to

T
tim ;[ [ (o VTlyo). D) e ) frdped

i—00

3.9 r
- / / oe(t)er(t) B dpu .
0 H-1-

For all big N; such that A C Ay;, we have

T N,
/0 / ok - VTN, @), Do) 2 2@ (1) i (@) dpedi

T
=[] (G5 Tnpl ), @) dun, dr
N; i
T
- /0 /H Pl () ()(GY, . Vi, Bil gy, (€) dua; de

T
_fo /qu ,O,N' ()a(t)|og - V(I y,0), D,Bk)LQ(Tz) dp dr.
Since k € Z3 is fixed, if N; is big enough, we have

(O'k . V(HNl.a)), Dﬂk)LZ(TZ) = —(HN[CU» Ok - V(Dﬂk»

(3.10)
= —(w, 0% - V(D)) = (0% - Vo, DP).

Therefore,

T
(&:‘Ni'/(‘) /H717<O—k . V(HNl.w), D,OZNI>L2(T2)C{(Z),3]< d/Ld[
- r N;
== [ [ Ao Vo, Do duds

— —0- / f pra(t)(ox - Vo, DBg)dudt =
where the second step is due to (a). Combining this limit with (3.9) yields
T
[ ] eoawpiaud =
0 JH1-

By the arbitrariness of @ € C([0, T']) and B € FC2, we see that

oe(1) =0 forall k € Z3.

Now we are ready to present the following.
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PROOF OF THEOREM 3.1. Recall that uy is the standard Gaussian measure on Hy. Let
Fe ]:Cl% and a € C'([0, T, R) satisfying a(T') = 0. For all N large enough, we can regard
F as a smooth function on Hy. Multiplying both sides of (3.7) by «(¢) F and integrating by
parts with respect to uy, we obtain

T ~
0=01(O)/ Fpévd,uN-i—/ / pN[o(s)F +a(s)Ly F]duy ds.
Hy 0 Hy

We transform the integrals to those on H ~!~(T?) and obtain

_a(O)/ Fpo
(3.11) +/ /717 pN[o($)F — a(s)u(Myw) - V(Myw), DF)]duds
+ 4vE%, Z/ f pNa(s)|og - V(Myw), Dlog - V(Myw), DF))duds.
kel'y

Assume F has the form f o I14; in this case we say that F is measurable with respect
to Hy = span{ey : k € A}, or Hy-measurable. Of course, F is also H,s-measurable for any
A" D> A. When N is big enough, we have A C I'y = An/3. For all k € I'y, analogous to
(3.10),

(ox - VIIyw), DF)= —(llyw, ox - V(DF))

= —(w, or - V(DF))
=(ox-Vw,DF).

We see that (o - Vo, DF) is Hp,, /3 -measurable. In the same way, we have

{ox - VIIyw), D{oy - VIIyw), DF)) = (ox - V(IIyw), D{ok - Vo, DF))
= (ox - Vo, D{(oy - Vo, DF)),
which is Hj , -measurable. Therefore, by (3.6),
! > ok - V(Iyw), D{oy - V(IIyw), DF)) = LY F (),
kely

and (3.11) becomes

N T N
O=a(0)/ N Fpq d/L+/ /717 pi [¢' () F —a(s)u(Myw) - V(I yw), DF)]dids

+ 8vey Z f / P oz(s)EO F(w)duds.

kel'y

By Proposition A.3, changing N into N; and letting i — 0o, we arrive at
—(x(O)/ F,ood,u—i-/ / [a/($)F —a(s)u(w) - w, DF)]dpds

+4vﬂZZIlI// a®)ps[fii(@) = filw)(w, e)]duds.

leA

The proof is complete. [
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APPENDIX

A.1. Decomposition of the diffusion part (A.2). For the reader’s convenience, we re-
call some useful results which were proved in [15]. First, recall that Cy ; is defined in (2.15)
and Ay =1{k e Z% : |k] < N}. The following identity is taken from [15], Lemma 3.4.

LEMMA A.1. It holds that

1 1 \—1/2
2 27,2 :
(Al) . E Ck,l = EEN |l| with EN = < E W) .
eAN keAn

PROOF. Denoting by Dy ; = %, then

kt-Dr  (k-DF 1 [kt N2 kN2 I
ot = L (8]
k1P = T T el ) TR e

The transformation k — k= is 1-1 on the set Ay = {k € Z(Z) : k] < N}, and preserves the
norm | - |. As a result,

> Ci= ),

keAy keAn

(kJ_ 1)2 B
|k|4 - Z

keAn

(kD12
TR

keAn

(k-1)? )
w2 D

keAn

Combining the above two equalities, we obtain

1 1 1 1
2 2 2 2 —21712
2. Cii=35 ) (Ck,1+Dk,1)=§|l| > R 1.
keAy keAy keAy

Next, we recall a decomposition formula of the operator

(A.2) LY F(w) = % Y (ox - Vo, D{ox - Vo, DF)), F € FCj,
keAy

which was proved in [15], Proposition 4.2. To this end, we need the following simple result.

LEMMA A.2. Assume that F = f o [l for some finite set A C Z%. We have

LYF@) =7 Y Y CriCrmfrm@)w, exei){w, exe—m)
keAyl,meA

— 72 Z ZC,%Jfl(a))(a),e,%el).

keAyleA

(A.3)

PROOF. Note that DF (@) =) ;A O f)(ITaw)e; =Y cp fi(w)er; therefore,

(or -V, DF) =" fi(w)(ox - Vo, e)
leA

— —Zﬁ(w)(a),ﬁk - Vey)

leA

= —2r > Crifi(w)(w, exe—p).

leA
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Furthermore,

D{ox-Vo,DF) =21 Y C((w, exe—1) D[ fi(@)] + fi(w)exe—;)

leA
=21 Y Crilw. exe—) fim(@)em
I, meA
— «/Eﬂ Z Ck,lfl(w)eke—l-
leA
As aresult,
(ox - Vo, D{oy - Vo, DF))
=21 Y Crifim(@) o, exe—1)(ok - Vo, em)
(A4) I,meA
— V21 )" Crifiw) ok - Vo, exe).
leA

We have (o} - Vw, e,) = —(w, 0k - Vey,) = —\/QJTCk,m(a), exe—m) and
(or - Vw, ere_;) = —(a), oy - V(eke_l)) = \/EJTCk’[<a), e,%e[>.

Substituting these facts into (A.4) and summing over k yield the desired result. [

Now we can rewrite E?vF (w) as the sum of two parts, in which one part is convergent
while the other is in general divergent.

PROPOSITION A.3. It holds that

LYF@)=7> Y fim@) Y. CiCrm({w, exe—i){w, exe_m) — 81.m)
I,meA keAn
(A.5)

1
+ o e P fru) = filo) (. e)].

leA

Moreover, for any |, m € 7.2, the quantity

(A.6) Rim(N)= Y CtiCim((w, exe_1)(w. exe_m) — 81.m)
keAn

is a Cauchy sequence in L (H™'~, ) for any p > 1.

PROOF. The proof of the second assertion is quite long and can be found in the Appendix
of [15]. Here, we only prove the equality (A.5). We have, by Lemma A.1,

Y Y CriCrmfim(@) @, exe ) (@, exe )

kehy [meA
(A7) = > fim@) Y CriCrm({w,exe—1)(w, exe—m) — 81.m)
I,meA keAy

+ sN22|l| fii(@).

2 leA
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Next, note that C_x ; = —Cy; and e,% + ez_k =2forall k € Z(Z), we have

Y. Cilo.ga)= Y [Cllo.ete)+ C?y o, e ier)]
keAy keAy.keZ?

1 _
= )Y 2w =5ey @€,
keAy keZ?
where the last step is due to Lemma A.1. Therefore,

> chzfl(w)w erer) = ESNZZW fi(@){w, e).

keAyleA leA
Combining this equality with (A.3) and (A.7) leads to the identity (A.5). O

A.2. Coincidence of nonlinear parts. Our purpose in this part is to show that the non-
linear term in the vorticity form of the Euler equation defined in [13], Theorem 8, agrees with
that defined by Galerkin approximation; therefore, we can freely use any of them. Although
we mainly work in the real setting, it is sometimes convenient to use the canonical complex
orthonormal basis {ey}; 72 of L?(T?, C). Note that {¢; ® &} k.1cz2 1s an orthonormal basis of

L*((T*)?2,0C).
LEMMA A.4. Assume f € C®((T?)%, R) is a symmetric function and Jp2 f(x,x)dx =
0. Then

(wQw, f)= Z frealw, &) w, &) holdsin L*(H™'~, w),
k,leZ?

where

f=faea = fEamamddy.

PROOF. Denote by
(A.8) Ay =[keZ*: k| <N} = Ay U{O0}.
Since f € C*®((T?)?), the partial sum of the Fourier series

NGy = ) friek)e(y)

kleAy
converges to f, uniformly on (T%)2 and in L2((T?)?). In particular,
(A9) lim / fN(x,x)dx:/ f(x,x)dx =0.
N—o0 JT2 T2

It is obvious that fy (x, y) is smooth and symmetric. By [13], Corollary 6(ii), (iii),

Eu[((w@@w, f =N +/T2 fzv(x,x)dxy} =2/(T2)2(f — fw)?(x, y)dxdy.
As aresult,

Eflo®w, f— fn)?]
(A.10) 2
(f — )G, y)dxdy+2[/ fux, x)dx}

']I*ZZ
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Next, note that

(o, fn)= D frilw. é)lw.é).

kieAy
Therefore, by (A.10),

ACEPNEDS fk,z<w,ék><w,éz>)2]

k,lGAN

2
E4KT2)2(f_fN)Z(X,y)dxdy+2[[E2 fN(x,x)dx:| .

Thanks to (A.9), the desired result follows by letting N — oco. [
We need the following simple equality.

LEMMA A.5. Let {ak,l}k 1ehy C C be satisfying ax,; = aj k, ak.] = a—k,—i. Then

2
(A1) E“H S asw. 0.5 — 3 ak,_k‘ ]=2 S gl

kileAy keAy kilcAy

PROOF. Itis clear that 3, leAy ay.1{w, ex){w, ;) is real and

> ak,—k:EM< > ak,z(w,ék)(w,51)>-

keAy kilcAy

Following the arguments of [15], Lemma 5.1, we can prove the desired equality. [

Recall the expression of Hy for ¢ € C°(T?) in Remark 2.1. Now we can prove the inter-
mediate result below.

PROPOSITION A.6. Forany j € 72,

(@w, He)) = ) (He; & ®&) (. &){w. &) holdsin L*(H™'", p),
k,leZ?

where ¢ is defined in (2.1).

PROOF. Let He”j be the smooth approximating functions of H,; constructed in [13], Re-

mark 9, which satisfy the conditions in Lemma A.4. Recall the definition of Ay in (A.8). To
simplify the notation, we introduce

c?)NzchNa)z Z (w, ex)ex, we H ™.

kGAN

Then

(ON ®@ON, He) = Y (He; &k ® &) (w, &)@, &)

k,leAy
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is the partial sum of the series. We have
E.[((0®w, H,) — (&5 ® &y, He,))’]
<3B,[lw®w, H, - H.)’]

(A.12) 5
+3E[(0 ® 0, Hy)) — (on ® &, H,' ))°]
+3E,[(on ® by, HY, — He, )]

We estimate the three terms one-by-one. By the proof of [13], Theorem 8,

2 2
(A.13) Eulleo ® w, He; — H;}) ] 52/(T2)2(Hej - HE”]) (x,y)dxdy.

Next, by Lemmas A.7 and A.8 below (see also [15], Lemma 5.3), we have E, (oy ®
oy, H, j) = 0. Moreover, for any fixed n > 1, Lemma A.4 implies

(A.14) EM[((@N®@N,H;;>_(w®w,ng))2] —~0 asN — oco.
It remains to deal with the last term on the right-hand side of (A.12). As a result of (A.14),
(A.15) Nli_r)nOOIEM(d)N ®on, Hy ) =Bulo @ w, H,' ) = /Tz H; (x,x)dx =0,
where the second step is due to [13], Corollary 6(ii). By (A.11),
Eu[(dy ® dn. H — He)) — Eylon ® by, HY. — H,)’]

=2 Y |(H! - H,, &8}

k IGAN

2
=2 (Tz)z(H:j _Hej) (x,y)dxdy.

Therefore,
Eul(on ® oy, HY, - He,)’]

2 5 A 2
<4 (TZ)Z(H:I. — H,;)(x,y)dxdy + 2[E (0N ® b, H] — H,;)]

2 ~ ~ 2
—4 /( (Bl = Hey (5, ) dxdy + 2[Byfon © b, HY P
where we used again E, (oy ® dn, H, .) 0. Thanks to (A.15),

limsupE[(dn ® dn, H". — Hej)z] <4 (H! — Hej)z(x, y)dxdy.

N— oo 2z 4

Combining the above inequality with (A.12)-(A.14), first letting N — oo in (A.12) yield
limsupE[((w ® w, H,;) — (on @ ON, Hej))z]

N—o0

2
<18 (Tz)z(Hen/ ej) (x, y)dxdy.

We complete the proof by sending n — oco. [J

It remains to prove the following.
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LEMMA A.7. Forany j € 73,
(Hej,ék ®e)=0 fork=0orl=0.
PROOF. We have
(A.16) He(x,y)=m(e—j(x) —e_j(0)j - K(x—y), (x,y)eT>xT.

Without loss of generality, we assume j € Z%r thus —j € Z* and

[ .
(A.17) e_j(x) = ﬁ[e_j(x)—ej(x)].
Recall that
1
(A.18) GxK = 27115,(#()@5,( for all k € Z2.

Case 1: k =1=0. We have

/;Tz)z Hej(x,y)dxdy =7'[j ./(‘Tzﬂ(e_j(x) —e_j(y))K(x —y)dxdy

=2 - /Tz(e_j * K)(x)dx.

Using (A.17) and (A.18), we obtain

/(Tz)z H,;(x,y)dxdy

(_-J_ 1

e_j(x) —2mi— J ej(x)) dx =0.

= P2

T2f1<

Case 2: k=0and [ # 0. Then

(Hepeo®a) = [ | He(x0a() drdy
(T?)2

=mnj- 2 (e—j(x) —e_j())K(x — y)é(y)dxdy.

We divide the right-hand side into two terms /1 and I>. We have, by (A.18),
2.J 1t
Ii=mnj- /;ﬁ e_j(x)(K xe)(x)dx =2m“i TE

According to (A.17), it is clear that if [ # £, then I} = 0. On the other hand, if / = j or
[ =—j, westill have I1 = 0.
Next, we deal with I>. Again by (A.17),

/ e_j(x)e;(x)dx.
T2

Ih=— [e—j () —&;M]K (x = y)er(y) dx dy

T /‘
V27 S

. ) _
=i /Tz[(z( %81 j)(x) — (K * &4 ) ()] dx

(A.19)

If I = j, then by (A.18),

L

T (21)
2= T
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Similarly, I =0 if [ = —j. Finally, if / # £, then we deduce easily from (A.18) and (A.19)
that I, =0.
Summarizing these computations, we conclude that (H, e eo®ey=0foralll e Z(z).
Case 3: k # 0 and [ = 0. The arguments are similar as in the second case and we omit it
here. We can also deduce the result by using the symmetry property of H,;. [

We also used the following result in the proof of Proposition A.6.

LEMMA A.8. Forall j k1 €Z,

~ lL kJ- 8 _8‘77, EZZ;
(He;,ex Qep) = = /272 (J 5 J 5 )x .j,k+l ji—k—1 J ]
1] |k] 18kt +8j,—k—1), JeEZ.

PROOF. Assume j € Z%. By (A.16),
(Hep o @) =) - [ e (080 (K 5 d

wj - [ e mamE 2 dy.

We denote the two terms by J; and J;. By (A.18) and (A.17),
- J_

- - i1+
[, et dx = VI @i = k).

Similarly,

2 )kt
Jr =~2n W(aj,m — 8 —k—1)-
The proof is complete. [

Recall that we have defined in Section 3 the projection

oy =TMyo= Y (w.e)a= Y (o )&,

keAn keAn

where the last step follows by a simple computation. According to (A.8), we have oy =
wn + (o, 1). Taking into account Lemma A.7 above, we conclude that, for any j € Z2,

(A.20) (oy ® by, He,) = (oy @ wy, He,) forall N > 1.

Now we can prove the first main result of this part.
THEOREM A.9. Forany j € 72,
(@@ w, He;) = lim (wy @ wy, He;)  holds in L*(H™'7, ).
Moreover,

E[{o ® , He, 2[ H? - (x, y)dxdy

(A21)
=2 Y [(H,. &®a)|

k,eZ3
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PROOF. The first assertion follows from Proposition A.6 and (A.20). Next, by Lem-
ma A.8 above,

(He,, 8k ®é_) =0 forallk e Z*.
Hence, Lemma A.5 and (A.20) imply

Y. (Hep. e @ér) (o, é)(w, é)
k,leAn

]

Bl(oy ® ow. H,,)*] =E|

=2 Y [(H, &0
k,leAn

Letting N — oo yields the second result. [

In the following, we denote formally by
(A.22) b(w) =u(w) - Vo,by(®) =T y[u(wy) - Von], N >1.

We shall prove that b is well defined as an element in L>(H™ -, w; H —2-)and by — b w.rt.
the norm of this space as N — oo. This assertion is consistent with [9], Proposition 3.1 and
[4], Proposition 3.2.

For any j € ZZ, by Theorem A.9,

(A.23) (p(w),ej)=—(w®w, Hy;) = — Z (He;, ek Q er)(w, ex)(w, er).
k.leZ]

Lemma A.8 implies that

o JoltjkRN?
‘(Hej,ek®el)‘2=2n4( TE +W) (8 k+1 +8j,—k—1)
j'lJ' j'kJ_>2
=27, (— .
TR T T
Using the fact j = +(k 4 [), we obtain

o . 1 1\?2
(A.24) (He;, e ® @[> =278 vt (J -kL)Z(W - W) :

The next estimate will play a key role in the sequel.

LEMMA A.10. There exists C > 0 such that for all |j| > 2,

3 |(Hey & ®&)|* < Cljl*log .
k,lez}

PROOF. Thanks to (A.24), we have

> K e,€k®61| =27t (j’kL)2< : —L)z
—k|> |k

‘ lj
k,l€Z} keZZ\{j}

1 1 \?
+ 27t '-k“( ——)
2 U\ e

keZZ\{—j}
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which is easily seen to be convergent. We denote the two quantities on the r.h.s. by /] and I,
respectively. Note that

< o 1>2:(|j|2—2j-k>2< 14+ 4G - k)?
j—kI2 k2 lj—kl4k1S =7 | —k4k4
thus
"kJ_Z '~kl2--k2
nearlt Y Sl etent Y S
~ |j —k[*Ik| =~ | — k4|
keZ3\{j} keZ\{j}
=11+ 2.
We have
. ((j—k) - kH)?
ny=drtjt Y L2
~ |j —k[*Ik|
keZ\{j}
. 1 . .
<47tjt Y ———— <Cljllogljl,
~ |j — k2]
keZg\{j}

where the last step is due to [4], Proposition A.1. Similarly,

. o205 02
I s = 167" Z (J-k=7D)G k)

i — k|4k|4
NV
. 1 . .
<tert|jl* Y ————— <C|jl*logljl.
71T — kT Ik]
keZg\{j}
Therefore, we obtain
(A.25) I <Clj*logljl.

In the same way, we have I, < C|j|*log|j| which, together with (A.25), implies the result.
O

REMARK A.11. Recall the definition of L,. The above estimate shows that the nonlin-
ear part in L is not dominated by the diffusion part. Indeed, taking F'(w) = (w, e;), | j| > 2,
then by (A.23), Theorem A.9 and Lemma A.10,

E,[(b(), DF}] = E.[(0 ® . He,)?] < C|j|*log|jl.

Note that the factor log|j| cannot be eliminated. On the other hand, regarding the diffusion
part L’go in L, we have

~E,[FLE F] =472/

As a result, the Lions approach does not work here to give us the uniqueness of solutions to
(3.1).

Now we can prove the second main result of this part.

THEOREM A.12. Foranyd >0,

, 2
]\/lgnoo Eu([bn (@) — b(w) | 37-2-5(2)) = 0.
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PROOF. Note that

1
lon (@) = b(@)|3-2-sp2 = Y i (b @) e)) = @), ej)’

jez3
and by (A.22),
(bn(w), ej) = —1py (j){on ® N, He;)
=—1a,(j) Y. (He, &r ®&){w, &) {0, &).
k IGAN
Therefore,

1
[bn (@) — b(w) ”%17275(11-2) = Z W«bN (w), ej) — (b(w), ej))z
JEAN

(b(w), e;)*
+ Z |j|4+25
JEAY

Denote the two quantities by Ji v and J y, respectively.
First, by Theorem A.9 and (A.23), we have

A2
]EJZ,N: Z E<b(a)),e]>

jeAfV |j|4+28
=2 Z |J|4+25 Z ‘ e/’ek®el ’
JEAY k,lez?

log ||
=C Z |J|2+28’
JEAY

where the last inequality follows from Lemma A.10. Therefore,
(A.26) lim IEJz’N =0.

Recalling (A.23) and denoting by AN N= (Z% X Z%) \ (Any X Apy), we arrive at

by (@), ej) = (b(w). ej)= > (Hej.ex @) (. &) (w. &), j€An.
(k.DeAS v
Analogous to (A.21),
E(bn(@).ej)— (b@).e))* =2 > [(H.ec@e)|.
(k.DEA v
As a result,

E/iv=2). |4+28 Y [He a0

JGAN (k.DeAy v
_1 ~ ~ 12
SZZ | j[4+28 Z |<H€j’ek®el>| .
Jjez} (k,DeAS y

By Lemma A.10 and the dominated convergence theorem, we obtain
lim EJ; y =0.
N 1—r>nc>o LN

Combining this limit with (A.26), we complete the proof. [J
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