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We develop a perturbation theory for stochastic differential equations
(SDEs) by which we mean both stochastic ordinary differential equations
(SODEs) and stochastic partial differential equations (SPDESs). In particular,
we estimate the LP-distance between the solution process of an SDE and an
arbitrary Itd process, which we view as a perturbation of the solution process
of the SDE, by the L9-distances of the differences of the local characteris-
tics for suitable p, g > 0. As one application of the developed perturbation
theory, we establish strong convergence rates for numerical approximations
of a class of SODEs with nonglobally monotone coefficients. As another ap-
plication of the developed perturbation theory, we prove strong convergence
rates for spatial spectral Galerkin approximations of solutions of semilinear
SPDEs with nonglobally monotone nonlinearities including Cahn-Hilliard—
Cook-type equations and stochastic Burgers equations. Further applications
of the developed perturbation theory include regularity analyses of solutions
of SDEs with respect to their initial values as well as small-noise analyses for
ordinary and partial differential equations.

1. Introduction. In this article we develop a perturbation theory for stochastic differ-
ential equations (SDEs) by which we mean both stochastic ordinary differential equations
(SODEs) and stochastic partial differential equations (SPDEs). To illustrate this perturba-
tion theory, we use the following setting in this introductory section. Let (H, (-, ) g, |I-ll5)
and (U, (-, )y, |I-lly) be separable R-Hilbert spaces, let D € H be a Borel measurable set,
let w: D — H and o: D — HS(U, H) be Borel measurable functions, let 7 € (0, 00), let
(2, F,P, (IF;):ef0,17) be a filtered probability space which fulfills the usual conditions, let
(Wt)rero,1) be an Idy -cylindrical (IF;);¢[o0,71-Wiener process, let X, Y : [0, T] x @ — D be
adapted stochastic processes with continuous sample paths (c.s.p.), and let a: [0, T] x Q2 —
H and b: [0, T] x @ — HS(U, H) be predictable stochastic processes which satisfy that for

all t € [0, T] it holds P-a.s. that [ llas |l & + 1651w ) + 10X 11 + lo (X Vs v ar) +
e Y # + llo (Yo ls gy ds < 00 and

t t
(1) X, = Xo +/O W(Xy)ds +f0 o (Xs)dWy,

t t
@) Y, = Yo +/ a5 ds +/ by dW,.
0 0

The process X is thus a solution process of the SDE (1) and the process Y is a general Itd pro-
cess with drift process a, diffusion process b, and Wiener process W. We view the stochastic
process Y as a perturbation of the solution process of the SDE (1) and we are interested in
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estimates for the strong perturbation error || X; — Y| r(@: my = (E[II X; — Y; ||[;{])1/p at some
fixed (or random) time ¢ € [0, T'] for p € (0, c0).

Informally speaking, we estimate the global perturbation error by the local perturbation
error. More formally, for every p € (0, co) we estimate the global perturbation error || X7 —
YrllLr(;H) by the L9-norms of the difference X — Yy at time 0 and of the differences
a—wu(Y)=(ar—pnY))ieo,r1and b —o (Y) = (b; — o (¥;)):eq0,7] 0f the local characteristics
where g € (0, 00) is appropriate; see Theorem 1.2 below for details. This perturbation result
can then be applied to any stochastic process that is an Itd process with respect to the Wiener
process W. Possible applications include:

(1). Local Lipschitz continuity of solutions of SDEs with respect to their initial values
(choose a; = u(Yy) and by = o (Y;) for t € [0, T']; cf. Corollary 2.8 in Section 2.3 below
and Cox, Hutzenthaler and Jentzen [13] for details),

(i1). Strong convergence rates for time-discrete numerical approximations of SODEs (e.g.,
the Euler—Maruyama approximation with N € N = {1,2,3,...} discretization time
steps is given by a; = u(Yyr/nn) and by = o (Yyr/n) for t € [nT/N, (n + 1)T/N),
ne{0,1,..., N — 1}; cf. Section 3.1 below),

(iii). Strong convergence rates for spatial Galerkin approximations of SPDEs (choose a; =
P(u(Yy)) and byu = P(o(Yy)u) for u € U, t € [0, T] and some suitable projection
operator P € L(H); cf. Section 3.2 below) and

(iv). Strong convergence rates for small noise perturbations of solutions of deterministic
differential equations (choose o =0, a; = u(Yy), by = ¢ (Y;y) for t € [0, T] where
6: D — HS(U, H) is a suitable Borel measurable function and where ¢ € (0, c0) is a
sufficiently small parameter; cf. Section 3.3 below).

In the scientific literature, a frequently used method to estimate strong perturbation errors
is to employ Gronwall’s lemma together with the popular global monotonicity assumption
(cf., e.g., Minty [54, 55] for deterministic equations and Pardoux [60] condition (4.19), for
SODEs) that there exists a real number ¢ € R such that for all x, y € D it holds that

3) =y, @) = Oy + 5 llo@) —oWMfsw.m <cllx—ylF -

Under the global monotonicity assumption (3), there are a multitute of mathematical results
in the scientific literature and, at least partially, the above problems (i)—(iv) have been solved
under this assumption (cf., e.g., Prévot and Rockner [61], Proposition 4.2.10, Cerrai [8] for
problem (i), cf., e.g., Hu [33], Higham, Mao and Stuart [32], Hutzenthaler, Jentzen and Kloe-
den [36], Sabanis [64] for problem (ii), and cf., for example, Liu [51], Sauer and Stannat [65]
for problem (iii)). Unfortunately, the global monotonicity assumption (3) is too restrictive
in the sense that the nonlinearities in the coefficient functions of the majority of nonlinear
(stochastic) differential equations from applications do not satisfy the global monotonicity
assumption (3) (see, e.g., Section 3.1 and Section 3.2 below for a few example SDEs which
fail to satisfy (3)).

Beyond the global monotonicity assumption (3), we are not aware of a general technique
for estimating global perturbation errors by local perturbation errors. In the scientific litera-
ture, there exist the following results for SDEs with nonglobally monotone nonlinearities for
the problems (i)—(iv). Problem (i)—which is, in a certain sense, the simplest of problems (i)—
(iv), as there is only a perturbation of the initial value but no perturbation of the dynamics
of (1)—is already solved for a large class of SDEs with nonglobally monotone nonlinear-
ities (cf., e.g., Li [50], Hairer and Mattingly [28], Zhang [70], and Cox, Hutzenthaler and
Jentzen [13]). Problem (ii) has been solved for a large class of one-dimensional square-root
diffusion processes with inaccessible boundaries (cf., e.g., Gyongy and Rasonyi [26], Dere-
ich, Neuenkirch and Szpruch [18], Alfonsi [3], Neuenkirch and Szpruch [59]). We are not
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aware of any result in the scientific literature that solves problem (ii) in the case of a multidi-
mensional SODE which fails to satisfy (3). Regarding problem (iii), we are aware of exactly
one result in the scientific literature on SPDEs with nonglobally monotone nonlinearities, that
is, the work of Dorsek [19]. More precisely, [19], Corollary 3.2, establishes the strong con-
vergence rate 1 for spatial spectral Galerkin approximations of the vorticity formulation of
the two-dimensional stochastic Navier—Stokes equations with degenerate additive noise. For
problem (iv), we have not found results in the scientific literature on SDEs with nonglobally
monotone nonlinearities.

An important observation of this article is that there exist exponential integrating factors
exp( fé Xxsds), t € [0, T], such that, informally speaking, the rescaled squared distances || X; —
Y, ||%I exp(— [ 6 Xsds), t € [0, T], are sums and integrals over local perturbation errors where
(Xt)ref0,1] 1s a suitable stochastic process. The following proposition, Proposition 1.1 below,
formalizes this idea and establishes a pathwise perturbation formula. In Proposition 1.1 the
squared Hilbert-space distance ||v — w||%1, v, w € H, is replaced by a more general function
V(v,w), v,w € H, to measure distances. It proved very beneficial in the case of some SDEs
such as Cox—Ingersoll-Ross processes or the Cahn—Hilliard—Cook equation with space-time
white noise to measure the distance between the solution X and its perturbation Y with a
general function V € C2(H?, R) rather than with the squared Hilbert space distance (cf., e.g.,
Cox et al. [13], Section 4.10 for details). Next we note that in the perturbation formula (4)
below, there appears an operator Eu,c : C2(H? R) — C(H?,R) defined in (15) below which
is the formal generator of the bivariate process consisting of two solution processes of the
SDE (1); cf. also Ichikawa [39], Maslowski [53], and, for example, Leha and Ritter [48, 49]
for references in the scientific literature where this operator has been used.

PROPOSITION 1.1 (Perturbation formula). Assume the above setting, let U C U be an
orthonormal basis of U, let V = (V (x, y))(x,y)€H2 e C2(H?*,R),andlet x: [0,T]x Q2 — R
be a predictable stochastic process with ]P’(fOT |xs|ds < 00) =1. Then for all t € [0, T] it
holds P-a.s. that

V(X:, Yr) L (@ V) (X, Yy) 0 (Xs) (0, V)(Xs,Ys) b
exp( Jo xrdr) 0 p(Jo xr

=
(gp,,(r V)(Xs,Ys)—xs V (X, Ys)+Z,,€U(3x ay V)(XSv Ys)(o(Xs)u,[bs—o (Ys)]u)
@) +/ exp(Jg xrdr) ds

s dWS

! (ayv)(Xs’Ys)[as_.u(Ys)]‘f'% trace([bs"‘U(Ys)]*(Hessy V)(XSqu)[bs_o'(Ys)])
+/ a ds.
0 exp(fo xrdr)

Proposition 1.1 follows immediately from It6’s formula together with the addition and the
subtraction of a suitable term; see Proposition 2.5 below for details. Proposition 1.1 turned
out to be rather useful to develop a perturbation theory for the SDE (1) and, thereby, to
partially solve problems (i)—(iv) without assuming global monotonicity. In the formulation
of Proposition 1.1, the exponential integrating factor exp(/{, xs ds), t € [0, T], can be quite
arbitrary. However, it is essential to observe that if the stochastic process x: [0, T] x 2 — R
can be chosen such that Vs € [0, T']: P(@M,g V)(Xs, Ys) — xs V(Xs, Ys) <0) =1, then the
expectation of the right-hand side of (4) is, informally speaking, dominated by sums and
integrals over the local perturbation errors a — w(Y) and b — o (Y) times random factors. The
exponential integrating factors exp(/ 6 xsds), t € [0, T], on the left-hand side of (4) and the
random factors on the right-hand side of (4) can then, roughly speaking, be estimated by using
Holder’s inequality and Young’s inequality. In the case where there exists p € [2, 00) such
that for all x, y € H it holds that V(x, y) = |Jx — y||’;{, this leads to the perturbation estimate
in (5) below. We also refer to Section 2.3 below for more general perturbation estimates
including a general “distance-type” function V.
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THEOREM 1.2. Assume the above setting, let € € [0, 00], p € [2,00), let T: 2 — [0, T]
be a stopping time and assume that P( [y [(Xs — Ys, 0(Xs) — u(Ys)) u + W lo(Xs)—
o*(YS)||2HS(U,H)]+/ IXs — Ysl|3; ds < 00) = 1. Then for all &, B € (0, 00), r, q € (0, 00] with
%l/p + 5 = L it holds that

)
1 X: —Yellr@m) < [”XO —YollLrio: m)

-1 -1 —D(l
+a"7) la - wM)lLe(o,<]; 1) ) @)EJ b — U(Y)”LP([[OJ}];HS(U,H))]

. exp(f[m Ym0 p 0+ P o ()0 W liswn %+ %—ﬁ] ds)
0

I1Xs=Ysl1%

L4(SR)

In the formulation of Theorem 1.2 the expression [0, 7] := {(¢, w) € [0, T] x Q: 1 < T(w)}
denotes the stochastic interval from O to 7 (cf., e.g., Kiihn [47]) and in the formulation of
Theorem 1.2 the convention 8 := 0 is used. Theorem 1.2 follows immediately from Corol-
lary 2.12 below which, in turn, follows from Theorem 2.10 below. Theorem 1.2 can be
applied to prove local Lipschitz continuity in the strong sense with respect to the initial value
by choosing t =T, e =0,a=u(Y), b=0c(Y). Thereby one obtains a quite similar inequal-
ity as in Cox, Hutzenthaler and Jentzen [13], Corollary 2.19 (see also Corollary 2.8 below).
Local Lipschitz continuity with respect to the initial value follows then from finiteness of the
exponential moment on the right-hand side of (5) which, in turn, is implied by conditions sim-
ilar to (6) and (7) below in the case a = u(Y) and b = o (Y) (cf., e.g., Cox, Hutzenthaler and
Jentzen [13], Lemma 2.22 for details and cf., e.g., also [5, 20, 21, 28, 31] for some instructive
results on exponential moments). Note that the counterexamples in Hairer, Hutzenthaler and
Jentzen [27] show that some condition on p and o beyond smoothness and global bounded-
ness is necessary to ensure that the exponential moment on the right-hand side of (5) is finite
and, thereby, that solutions of (1) are locally Lipschitz continuous with respect to the initial
values.

In order to demonstrate the flexibility of Theorem 1.2 (and Theorem 2.10 below), we
partially solve two well-known approximation problems by means of Theorem 1.2 and The-
orem 2.10, respectively. In our first application of Theorem 1.2, we establish in Theorem 1.3
below the strong convergence rate 1/2 for suitable numerical approximations for a large
class of finite-dimensional SODEs with nonglobally monotone coefficients. We point out that
strong convergence rates for numerical approximations are particularly important in order
to construct efficient multilevel Monte Carlo approximation methods (cf. Giles [23, 24],
Heinrich [29, 30], and Kebaier [43]). In the scientific literature, strong convergence rates
for time-discrete approximation processes for multidimensional SODEs are only known un-
der the global monotonicity assumption (3) (cf., e.g., [32, 33, 36, 44, 52, 63, 64, 69] and
the references mentioned therein). In addition, strong convergence without rates has been
established for time-discrete approximation processes for multidimensional SDEs with non-
globally monotone coefficients in [6, 34, 45, 64, 68]. To the best of our knowledge, Theo-
rem 1.3 is the first result in the scientific literature which proves a strong convergence rate
of time-discrete approximation processes for a multidimensional SODE with nonglobally
monotone coefficients. In particular, to the best of our knowledge, Theorem 1.3 is the first
result in the scientific literature which implies a strong convergence rate for the stochastic
Lorenz equation with bounded noise (see Section 3.1.2), for the stochastic van der Pol oscil-
lator (see Section 3.1.3), for the stochastic Duffing—van der Pol oscillator (see Section 3.1.4),
for a model from experimental psychology (see Section 3.1.5), for the overdamped Langevin
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dynamics under suitable assumptions (see Section 3.1.6), or for the stochastic Duffing oscil-
lator with additive noise (see Section 3.1.7). In inequality (7) below, there appears an operator
Guo:C 2(H,R) — C(H,R) defined in (13) below which is the generator associated with the
SDE (1). Theorem 1.3 follows immediately from Proposition 3.3 below.

THEOREM 1.3 (Strong convergence rates for numerical approximations). Assume the
above setting, let d,m e N, c,r € (0,00), qo,q1 € (0,0], @ € [0,00), p,q € [2,00) with
L+ -+ L =1 assume H=D =R, U=R", let Uy € C'(R?,[0, 00)), u € C' (RY, RY),
o € C'(RY, R¥™) have at most polynomially growing derivatives, let Uy € C3(R?,[1, 00))
satisfy for all x,y € RY with x # y that Z?:] ||(U0i))(x)||L([)(Rd,R) < c|Up(x)| =V,

%1€ < e(1 + Up(x)), E[eY0*0] < 00 and

R —=
(p=HA+1/c)
(6) (@)= D)+ Lo (=0 O g < ¢ 4 D@t | Ui+Ui )
=124 - 2qoTeT 2qieT
@) (Gu.ocUo)(x) + % llo (x)* (VU0 () I + Ut (x) < & Up(x) +c,

and let ZN : {O,l,...,N}xQ—)Rd,NeN,satisfyforallNeN,ne{O,l,...,N—1}
that Z(I)V:Xo and

(8) 7N = A + ]l{ M(Z,[lv)%-FU(ZZL\])(W(HUT/N—WM/N) :|
n+l = “n I )

ZY lga <exp(In(T/N)| /) [1+||u<z,év>%+a(Z/,V)<W<n+1>T/N—Wnr/mn@

Then there exists a real number C € [0, 00) such that for all N € N it holds that

© SUPpe(o,1,..., vy 1 Xnr — Z ey < CNTV2,

The numerical scheme (8) has been proposed in [38]. Note that we cannot replace
scheme (8) by the well-known Euler—-Maruyama scheme since Euler—Maruyama approxi-
mations diverge in the strong sense in the case of superlinearly growing coefficient functions
(see Theorem 2.1 in [35] and Theorem 2.1 in [37]). As sketched above, exponential integra-
bility properties play an important role in the perturbation theory developed in this article.
The advantage of the numerical approximations (8) is to preserve exponential integrability
properties of the exact solution under minor additional assumptions (see [38] for more de-
tails). Condition (7) ensures that both the exact solution and the numerical approximations
admit suitable exponential integrability properties and assumption (6) ensures that the expo-
nential term on the right-hand side of (5) can be estimated in an appropriate way. Observe
that if we choose go = g1 = 00 in Theorem 1.3, then condition (6) essentially reduces to the
global monotonicity assumption (3).

Our second application of Theorem 1.2 and of the more general Theorem 2.10 below con-
cerns the approximation and the analysis of SPDEs. In the literature, there are a number
of results which prove pathwise convergence rates or convergence rates for convergence in
probability for spatially discrete approximation processes of SPDEs with nonglobally mono-
tone nonlinearities (see, e.g., [1,4, 7,42, 45, 62]) or which prove strong convergence without
convergence rates for spatially discrete approximation processes of SPDEs with nonglob-
ally monotone nonlinearities (see, e.g., [6, 25, 45, 46]). We are aware of only one result
which establishes a strong convergence rate for spatially discrete approximation processes of
SPDEs with nonglobally monotone nonlinearities namely the above mentioned Corollary 3.2
in Dorsek [19]. Now our perturbation estimate (5) in Theorem 1.2 and its more general ver-
sion (30) in Theorem 2.10 below, respectively, result in Theorem 1.4 below which can be
applied to semilinear SPDEs with nonglobally monotone nonlinearities to establish strong
convergence rates for Galerkin approximations. In particular, we apply Theorem 1.4 below
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to obtain for the first time a strong convergence rate for spectral Galerkin approximations
for Cahn—Hilliard—Cook-type SPDEs (see inequality (77) in Section 3.2.2 below for details)
and for stochastic Burgers equations with bounded diffusion coefficients (see inequality (99)
in Section 3.2.3 below for details). Theorem 1.4 follows immediately from Proposition 3.7
below.

THEOREM 1.4 (Strong convergence rates for Galerkin approximations). Assume the
above setting, let ¢: D — R be a Borel measurable mapplng, let € € [0, 00], r € (0, oo)
40,4140, 41 € (0, 00], ¢, a, B, &, B € [0, 00), p € [2, 00), Up, Up € C*(H, [0, 00)) U1,U1e
C(D,[0,00)), P € L(H) satisfy for all x € D, y € P(H) that P(H) C D, L > + — qo + = q1 +

é% + qL] = 1 E[eloXo0) 4 0000 < 00 and
(G0 U0)(¥) + % 0 () (VUQ) ()3, + Uy (x) < & Up(x) + B,
(Gru.peU0) () + 5 10 ()* P (VU)W + Ui (y) <& Up(y) + B.
(10) (Px —y, Pu(Px) — Pu(y) y + L= Po (Px) — Po (W IEsw. i)

+(y = Px, Pu(Px) — Ppu(x)) g + L8 | po (Px) — Po(0)lidsw. m)

2 U U
<oy [ oy 4 Ly 0y 0 Ty,

and assume that for all t € [0, T'] it holds P-a.s. that fO lu(PX) g+ llo(PXs) ”2HS(U,H) ds
and Y, = PXo + [ Pn(Ys)ds + [ Po(Ys) dWy. Then

(A=1y 1 r ! B /3
sup (| X: = Yillprumy = T2 7lexply— 4+ e+ X | 2o + = | ds
tel0,T] 0 i=0

(1 [er<Xo)]’[%+ﬁ] ’E[eﬁowo)]‘[%*ﬁ]

Mo X Lrqo,71x2:R) ‘E

+ sup [[({ — P)X¢llpr(@:m) -
1€[0,T]

As a third application of Theorem 1.2, we study SDEs with small noise (cf., e.g., Theo-
rem 1.2 in Freidlin and Wentzell [22] for the case of globally Lipschitz continuous coeffi-
cients). In particular, Corollary 3.12 below can be applied to a number of nonlinear ordinary
and partial differential equations perturbed by a small noise term such as the examples in
Sections 3.1.2-3.1.7 as well as the examples in Sections 3.2.2-3.2.3. We refer the reader to
Section 3.3 for more details.

1.1. Notation. Throughout this article, the following notation is used. For all sets A and
B, let M (A, B) be the set of all mappings from A to B. For all measurable spaces (A, .A)
and (B, B) let LY(A; B) be the set of all A/B-measurable functions. For every d € N let
C% (R, R) be the set given by

f" is locally Lipschitz continuous and for
GRIR)= ) {feC’®)R): allie{l,2 3}andAgs-almostall x € R it
pocel3,00) holds that || f© ()| ;o) gd gy < | f(x)[H7/P)
For every d € N and every metric space (E, §), let C713 (R4, E) be the set given by
CLRY, E)={feCRY E): (3ce[0,00):¥x,y e R :

(12)
S(f (), ) <c(l+ IxlGa + 1Y15a) Ix — yllga)}-
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For all separable R-Hilbert spaces (H, (-, ")y, |l-llg) and (U, (-, )y, I-lly), every or-
thonormal basis U of U, every open set O C H, every nonempty set O C O and all u €
M(O, H), 0 € M(O,HS(U, H)), let G, o: C*(0,R) > M(O,R), G: C'(0,R) —
MO, U*), Guo: C*(0*R) > M(O%R), and G,: C'(0%,R) - M(O?, U*) be
the functions which satisfy for all ¢ € C'(O,R), ¥ € C' (0%, R), ¢ € C2(O,R), ¢ €
C%(0%,R), x,y € O that

, 1

(13) Guod)(x) =¢ (X)pu(x) + 3 trace(o (x)o (x)* (Hess ¢)(x)),
(14) (Go¥)(x) = ¥'(x)o (x),

Cpo)(x.y) = (axqﬁ)(x W) + (aayqs)(x,ym(y)

1 3
#3558 (0 @) o))

(15)
+ Z(——¢)(x (o)) @), (o))
4l Z(a 2¢)<x W((em)@. (0 ())w).
ueU
0 0
(16) Goll)(x,y) = ( xw)(x y)a(x)—l—(ayl//)(x,y)a(y).

We call the linear operator G, » in (13) generator, we call the linear operator G, in (14)
noise operator, we call the linear operator G,  in (15) extended generator (cf. Ichikawa [39]
and Maslowski [53]), and we call the linear operator G, in (16) extended noise operator
(cf., e.g., Cox, Hutzenthaler and Jentzen [13]). For every T € (0, co) let Pr be the set given
by Pr = Uyen{(to, t1,....t,) e R 0=19 <1ty <--- <1, =T}. For every T € (0, o0),
every filtered probability space (€2, F, P, (IF;);¢[0,77) which fulfills the usual conditions, and
all adapted and product measurable stochastic processes x: [0, T] x Q2 — Rand ¢: [0, T] x
Q — U* = L(U,R) with }P’(fOT | xs| + ||§S||%]* ds <o0) =1 let W[y, ¢] be the equivalence
class (with respect to indistinguishability) of adapted R-valued stochastic processes on [0, T']
with c.s.p. which satisfies that for all ¢ € [0, T'] it holds P-a.s. that

t t
A7) ‘I’[X,i]t=exp<£xs—%IIQII%/*dSngCdes)-

For every a € R let at be the real number given by a* = max(a,0). For every T €
(0, 00), every filtered probability space (2, F, P, (IF;);c[0,77) which fulfills the usual con-
ditions, and every stopping time t: 2 — [0, T'] let [0, t] be the set given by [0, t] =
{(t,w) €10, T] x Q: t < t(w)} (see, e.g., Kiihn [47], Definition 3.1). Throughout this article
we also often calculate and formulate expressions in the extended real numbers [—o00, 00] =
R U {—00, oo}. In particular, we frequently use the conventlon =0-00=0.

1.2. Setting. Throughout this article, the following setting is frequently used.

SETTING 1.5. Consider the notation in Section 1.1, let (H, (-, -) g, |I-llg) and (U, (-, ")y »
[I-ll;y) be separable R-Hilbert spaces, let O € H be an open set, let O € B(0O), T € (0, 00),
let (2, F, P, (IF/)se[0,77) be a filtered probability space which fulfills the usual conditions, let
(Wt)iero,1) be an Idy -cylindrical (IF);c(0,71-Wiener process and let U € U be an orthonor-
mal basis of U.
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2. A perturbation theory for stochastic differential equations (SDEs).
2.1. It6’s formula and an exponential integrating factor.

LEMMA 2.1. Assume Setting 1.5, let V € C2(O,R) and let X: [0,T] x Q — O,
a:[0,TIxQ— H,b:[0,T]xQ2—>HSWU,H), x:[0,TIxQ—>R,¢:[0,T] xQ—> U*
be predlctable stochastic processes which satisfy that for all t € [0, T] it holds P-a.s. that
Jo sl g + 11 IIHS(U my +1xsl+ L5112« ds < o0 and X, = Xo + [§ as ds + 3 bs dWy. Then
forallt € [0, T] it holds P-a.s. that

V(X1) VMJ+/‘”XMS?deW

v , [x.¢ls
(18) [x C]t
vy ag +5 trace(b* (Hess V) (X;) by )+trace (§ [V (X5)8s— V' (Xs) by )=V (Xs) xs
+ Thx.als ds.
PROOF. Applying 1t6’s formula to the process \I,V[;Xgi)]t, t € [0, T'], shows that for all t €
[0, T'] it holds IP-a.s. that
V(X LV (X)bs — V(X
00 _y 4 [ VD VG,
\IJ[Xv C]Z‘ 0 LIJ[X?(]Y
LV (Xs)as + %trace((bs)*(Hess V)(Xs)bs) — V(Xs)xs — %”{S ”%/*]
(19) + d
Wix,¢ls
/f 3V (X557 — trace (g7 V' (X,)by)
+ ds
0 Wix,¢ls

Combining this with the elementary fact that for all s € [0, T'] it holds that

V(X)) 115+ — trace(sy V' (Xy) by) = V (X) 18 i) — trace (s V' (X,) by)

(20)
= trace(¢;V (X,)¢s) — trace(¢, V' (Xs) bs) = trace(¢) [V (X5)&s — V' (Xy) by))

completes the proof of Lemma 2.1. [

In Lemma 2.2, we present a slightly different formulation of Lemma 2.1, that is, we add
and substract in (18) the generator in (13) and the noise operator in (14). Lemma 2.2 is an
immediate consequence of Lemma 2.1.

LEMMA 2.2. Assume Setting 1.5, let V € C*(O,R), u € LY°(O; H), o € LYO;
HS(U, H)),and let X: [0, T] x Q22— O,a:[0,T]xQ— H,b:[0,T] x Q— HSWU, H),
x:[0,T] x Q—> R, ¢:[0,T] x Q — U* be predictable stochastic processes which sat-
isfy that for all t € [0, T] it holds P-a.s. that ] |lag| g + Ibs s iy + 1xs 4+ 12515+ +
lw(XO) e + ||0(Xs)||%IS(UyH)ds < oo and X, = Xo + [yasds + [} bsdW. Then for all
t €0, T] it holds P-a.s. that

V(X t _ * _y!
XD _yx )+/ GuoVI(X) XSV(XS)Er[ace;(];Y [VX0&G=V' (X bs]) 4
Yix. <l Koo ds

1) +/ V/(Xo)las—pu(Xs)1+3 trace([lzf’adgfs)] (Hess V) (Xs)[bs U(Xs)])d

V! (X0 bs—0 (X)1H(Go V) (X —V (X)Es
+/ WIx.Zl; dWs.



PERTURBATION THEORY AND STRONG CONVERGENCE RATES 61

2.2. A perturbation formula. In the next result, Proposition 2.3, we formulate the special
case of Lemma 2.2 where the stochastic process (X;)¢[o,7] in Lemma 2.2 is the pairing of
two stochastic processes X = (X 1 x2).

PROPOSITION 2.3.  Assume Setting 1.5, let V = (V(x1,X2))(x, xec0? € C*(0O*,R),
ne L9O: H), o € LYO; HS(U, H)), let x: [0,T] x @ > R, ¢:[0,T] x Q — U* be
predictable stochastic processes, let X' : [0, T]xQ— O,a': [0, T]xQ— H,b" : [0,T] x
Q— HS(U, H),ie€{1,2}, be predicTz‘able stochastic processes, and assume that for all t €
[0. 71, € {1.2} it holds P-a.s. that [y llajl i + b, )+ 1Xs| + 1165 W + I (XDl +
I|[|Do (X;)}g%lsw,m ds < ooand X\ = X+ [yalds + [y bidW,. Then for all t € [0, T] it holds

-a.s. that

VX!, X2 ) 0 VIO XD B =0 (X)) [+Go VI (X, XD —V (X, XD
R —yx), X3 4 = [ \v[x],;]s W
lI'I[X’ é‘]l 0
G VYL XD) —tsV (X XD-+trmce(65 | V(X1 XDE—TE 0 VAL XD])
vg Ylx,¢ls s

L2 (@, V)(X},st)[ai,—u(Xi,)]—l-% Y2, trace([b§,+o(x;‘)]*(Hessx,. V)(x},xg)[b;i—c(x;)])

+ UIx.CTs ds
Pt (9 0y, V) X XD (|l o (XD) Ju, [ b —0 (X7
n }Z,:.(ax,a s V)X x )Z(q[lb[;;ix )] [p3 71— (X3 [u) s
uelU 0

Next we formulate the special case of Proposition 2.3 where the stochastic process
(X })te[o,r] in Proposition 2.3 is a solution process of the SDE with drift coefficient u and
diffusion coefficient o.

COROLLARY 2.4. Assume Setting 1.5, let V = (V(x,y))(x’y)eoz € C2(0%,R), JTIS
£Y(O; H), o € L%O:; HS(U, H)), and let X,Y: [0,T] x Q@ — O, a: [0,T] x Q —
H, b:[0,T] x Q > HSWU,H), x:[0,T] x > R, ¢:[0,T] x Q — U* be pre-
dictable stochastic processes which satisfy that for all t € [0,T] it holds P-a.s. that
fOT lasllz + ”bs”]z_]S(U,H) + Ixsl + ||§5||2 s X)) le + ||U(XS)||12—IS(U,H) + lu¥)lla +
lo (Vo) s mry ds < 00, Xo = Xo+ o w(Xy)ds + [ 0/ (X,) AWy, and Y, = Yo + [g asds +
fé by dWs. Then for all t € [0, T] it holds P-a.s. that

V(X;:,Y) Ly V) (X, Y9 [bs—0 (Y)+(Go V) (Xs, Yo )=V (X, i)
A X, Vo) + f B Tl U(‘E[x(;] X )V ETE Gy,
\IJ[X’ g]t 0 56 s

t (?/4,0V)(XS,YS)*XSV(XS,Yg)*Ftrace({;k[V(XS,YS);S7(8XV)(XX’YS)O-(Xs)i(ayv)(xsﬁys)bx]) d
+£ Wx.¢ls s

(22)

L 8y V) (X Yy)lay—p(Yy) 4§ trace([bs+o (Vo) " (Hessy V) (X;.Ys)[bs—0 (Ys)])

+£ UIx.Lls ’ ds
t /-
(8:8y V) (X, Yy) (0 (X )u,[bs—0 (Ys)1u)

tx FE3e ds.

uelU 0

Note in the setting of Corollary 2.4 that if Y is also a solution of the SDE with drift coef-
ficient u and diffusion coefficient o and if x and ¢ are appropriate (see Cox, Hutzenthaler
and Jentzen [13], Proposition 2.12), then Corollary 2.4 essentially reduces to Cox, Hutzen-
thaler and Jentzen [13], Proposition 2.12, and can be used to study the regularity of solutions
of SDEs in the initial value. The next result, Proposition 2.5, formulates the special case of
Corollary 2.4 in which the process ¢ = 0 vanishes.
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PROPOSITION 2.5. Assume Setting 1.5, let V = (V (x, y))(x,y)eoz € C2(0%,R), [T
LY9(O; H), 0 € LOGO;HS(U, H)), let X,Y:[0,T] x Q - O, a: [0,T] x Q — H,
b: 10, T]x 22— HS(U, H), x: [0, T] x Q2 — R be predictable stochastic processes, and as-
sume that for all t € [0, T] it holds P-a.s. that fOT las |l g + ||bs||12{S(U7H) +lxs| X))l g+
lo X Ifsw. iy + 16X + oY) lfsw.mds < 0o, X = Xo + Jou(X)ds +
féa(Xs)dWs and Y; = Yy + fé agds + fé by dWs. Then for all t € [0, T] it holds P-a.s.
that

V(XY L (3, V) (Xs, Ys)lbs—0 (Y5)]+(Gy V) (X, Yy
( tt 1) — V(Xo. Yo) + J VX >[cx (‘;f %( )X YD) gy
exp(fo Xs ds) 0 PUo Xu
‘=
(gu,oV)(XS,Y,Y)_XSV(X,YsYY)+Zu U(axayV)(Xs,Y.Y)(U(X.v)u,[b.v_o-(ys)]u)
(23) +£ expffg Xudu) ds

! @y V)(Xsyys)[as_ll(ys)]‘i‘% trace([bs‘l'ﬂ(ys)]*(Hessy V)(Xs'sys)[bs_a(ys)])
+f . ds.
0 exp(fy Xu du)

2.3. Perturbation estimates. In this subsection, our goal is to establish an estimate for
the quantity sup,cpo. 7111V (Xs, Yo)llLr(@:r) for some r € (0, 00) in (23) in Proposition 2.5.
The following lemma follows from (23) by applying a localizing argument together with
Holder’s inequality and Fatou’s lemma.

LEMMA 2.6.  Assume Setting 1.5, let V = (V(x,¥))(; yyeo? € C*(0%,[0,00)), p €

L£LY(O; H), 0 € LO(O; HS(U, H)), let T: Q — [0, T] be a stopping time, let X, Y : [0, T] x
Q — O be adapted stochastic processes with c.s.p., let a: [0,T] x Q — H, b: [0, T] x
Q — HS(WU,H), x:[0,T] x @ — R be predictable stochastic processes, and assume

that for all t € [0, T] it holds P-a.s. that fOT Ixs| + llasllg + ”bS”IZ-IS(U,H) + (X))l +
lo X sy + 16XDla + oY) s mds < 00, X = Xo + Jon(Xo)ds +
fé o(X,)dWs, and Y; =Yy + fé asds + fé by dWy. Then for all p € (0, 1] it holds that

exo( )
0

sup {E[WXO, Y0+ 1 (@ V)X 1) = 1V (X, To)

IV (Xe, YOl Lror) <

Lr/(=pP)(Q:R)

+ ZuelU (axayv)(Xx, Ys) (0 (Xs)u, [bs — o (Yy)]u) + (8y V)(Xs, Ys) [as — n(Ys)]

(24 '
+ %trace([bs + 0 (Yy)]" (Hessy, V)(Xy, Yy) [by — O’(Ys)]):l exp(— J{ xudu) ds] : ti;j’fu”c’;”[‘ﬁm
v . 2
igog VO (X,, Yy) LOHR) [|Xs| + llasll g + ||bs||12.[s(U,H) + X)) e + (Yl e

+llo X isw, ) + 0 Vs | ds € L% (2 R)}.

PROOF. Throughout this proof let 7,,: & — [0, T'], n € N, be stopping times which sat-
isfy for all n € N that

2

2 ¢t .
rnzinf<{t}U{te[0, T1: Zf”w)(xs,n) LOGHR)

i=00

L1361+ Nlas iz + 15 s o,

X+ 1Dl + o X sw, ) + 1o VD) s, m | ds > n}).
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Holder’s inequality and Fatou’s lemma prove that for all p € (0, 1] it holds that

EACSIREI N, (} X ds)

IV (X, YOl Lriaer) =
TSR T exp(fg xsds) o\

V(Xe, Yo)

2 exp(fg x5 ds)

LP(S:R)
LUQR)

exp(j s dS)

0
V(Xs,. Ye) r

e ¢ pr(/&" xst)} exp(‘gxs S)

neN
Applying Proposition 2.5 to the right-hand side of (25) completes the proof of Lemma 2.6.
]

LP/0=DP)(Q;R)

LP/A=p)(Q:R)

If the right-hand side of (24) is further estimated in an appropriate way, then a more com-
pact statement can be obtained. This is the subject of the next corollary.

COROLLARY 2.7.  Assume Setting 1.5,let V = (V (x, y)) (. y)c02 € C2(0%,[0,00)), pu €

L£9(O; H), o0 € LO(O; HS(U, H)), let t: Q — [0, T be a stopping time, let X, Y : [0, T] x
Q — O be adapted stochastic processes with c.s.p.,leta: [0,T]xQ— H,b: [0,T] x Q —
HS(U, H), x: [0, T] x Q — [0, c0) be predictable stochastic processes, and assume that for

all t € [0, T it holds P-a.s. that [ |\ag|u + Ibs s . a1y + 16X+ o (X s, 1y +
(Yl + ”O'(YS)”%{S(U’H) + xsds <00, Xy = Xo + fot w(Xs)ds + f(;a(Xs)dWs, and
Y, = Yo+ [yasds + [ bs dWy. Then for all p € (0, 1] it holds that

T
exp (f Xs dS)
0 Lp/(1-p)(Q:R)

— xsV(Xs, Y5) + ZMEU (axayv)(Xs, Yy) (0 (X5)u, [by — o (Yy)lu) + (ayv)(st Yy) lag — n(¥Ys)]
(26)
1 * +
+ 3 trace([b + o (Y)I* (Hess, V)(Xs, ¥5) by — o (Y1) ] ds].

IV (Xe, YOllLoiry < E[V (0. Y0) + 1 [@o V)X, Vo)

Lemma 2.6 can be used to study the regularity of solutions of SDEs with respect to the
initial values. This is illustrated in the next result, Corollary 2.8, which follows immediately
from Lemma 2.6.

COROLLARY 2.8. Assume Setting 1.5, let V € C*(0?, [0, 00)), o € L2(O; HS(U, H)),
uE EO((’); H),let t: Q— [0, T] be a stopping time,let X, Y : [0, T]x Q2 — O, x: [0, T] x
Q — R be predictable stochastic processes and assume that for all t € [0, T] it holds P-
a.s. that foT Ixs| + (X))l + ||O’(Xs)||12{s(U,H) + (Y lla + ||O’(Ys)||]2{s(U7H) ds < o0,
f(; [(?u,a V)(Xs, Ys) — xs V (X, Yv)]+ds <0, X;=Xo+ f(; w(Xs)ds + f(; o(Xs)dWs and
Y=Y+ fé w(Ys)ds + fé o (Yy)dWs. Then for all p € (0, 1] it holds that

(27) || V(X‘[s Y‘L’)”LP(Q;R) S ]E[V(X()a YO)] ||exp(f6 XS ds) ||L[)/(1—p)(Q;R) .

Corollary 2.8 is a statement quite similar to Proposition 2.17 in Cox, Hutzenthaler and
Jentzen [13] in the case p =1 in the setting of the proposition. As Proposition 2.17 in Cox,
Hutzenthaler and Jentzen [13], Corollary 2.8 can now be used to study the regularity with
respect to the initial value for a number of nonlinear SDEs in the literature (such as the
stochastic Duffing—van der Pol oscillator, the Cox—Ingersoll-Ross process or Cahn—Hilliard—
Cook equations); see Cox, Hutzenthaler and Jentzen [13], Sections 4-5, for a list of examples.
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2.4. Perturbation estimates in the case of Hilbert space distances. This subsection inves-
tigates the special case of Proposition 2.5 in which the distance-type function V € C2(0?, R)
in Proposition 2.5 satisfies that there exists p € [2, oo) such that for all x, y € O it holds that

Vix,y)=llx —yl%.

PROPOSITION 2.9. Assume Setting 1.5, let o € LO(O; HS(U, H)), n € LYO; H), let
X, Y:[0,T]x Q22— 0, a:[0,T] xQ— H, b:[0,T] x Q > HS(U,H), x:[0,T] x
Q— R be Tpredictable stochastic processes, and assume that for all t € [0, T] it holds P-
a.s. that fo lasllz + ”bs”]z_]s(U,H) + Ixs| + (X)) llg + ||U(Xs)||12-IS(U,H) + lu¥)lla +
llo (Y lfis(w. ) 4 < 00, X = Xo + Jo iu(Xs)ds + [y 0 (Xs)dWs and Y; = Yo + [g as ds +
fé by dWs. Then forallt € [0, T], € € [0, 0], p € [2, 00) it holds P-a.s. that

1X, — Y,Il%
exp(Jf§ xs ds)

) _
t P”X.v_Ys”([f[D )[<Xx_YssM(Yv)_as>H+M ”bS_O'(YS)”%]S(U,H):I_XS”XS_YS”Z

28) 47

-2
PIXs=Ysll > [Xs—
exp(fo Xudu)

t Ys
<[1Xo — Yoll%, +/1 I [o(Xs) — by1dWy),

ds

0 eXP(f(f Xudu)
-2 —
Ep X =Yl [ =Y (X)) = (¥0) g+ L= o (X)) —0 (V) s | J
+£ exp( iy Xu du) 5.

PROOF. Combining (23) in Proposition 2.5 together with Remark 2.14 in Cox, Hutzen-
thaler and Jentzen [13] and a straightforward generalization of Example 2.15 in Cox, Hutzen-
thaler and Jentzen [13] shows that for all € [0, T'], p € [2, o©) it holds P-a.s. that

X, — Y II% p L pIXe—Y P2 (X -]
— = Xo—Yolly + 2 [0(X) — bs]d W,
exp(fo Xs ds) " £< exp(f 1o du) o) = bl dWs)y

E g ry) P52 1Yl (o (X0 —o (G0 (X = Yo [l + | 1bs —o (V) T*1X, - Y1l | 4
- { exp(fg xu du) §

-2
EpIXs =Yl [(Xs=Ys (X0 =) 5+ 3 1o (X0) =0 (V) s ) | =25 I Xs = Vs 1y

+/

0 exp(fo xudu) ds

PIXs =Yl [ (X =Yy (V) =ay) 5§ 1bs =0 (V) s 0,y Firace ([0 (V) =0 (X) I bs =0 (Y,)]) |

exp(fo xu du) ds

t
+/
0

n } 1x,2v,) P (P=2) X, =Y | Y trace ([0 (Vo) —o (Xo)I"[Xs Vl[Xs s Tbs—0 O)1)
0 exp(Jg xu du)

The Cauchy—Schwarz inequality in the Hilbert space HS(U, H) (see, e.g., Prévot and Rock-
ner [61], Remark B.0.4 and Proposition B.0.8), the Holder estimate for Schatten norms (see,
e.g., Prévot and Rockner [61], Remark B.0.6) and the fact that for all a, b € R, ¢ € [0, 00]
it holds that ab < %az + %bz hence imply that for all # € [0, T'], € € [0, o], p € [2, 00) it
holds P-a.s. that

IX: = Yilly P 1KY 8 XY
e iy < Vo= ot + [P ot 1w
+ j, )4 ”Xx_Ys”(]f_z)[(X.V_Y.NM(YS)_H.Y)H"'M ”bs_O'(XY)”]Z.[s(U,H)} ds
0 exp(fy Xudu)

2 _
Ep X =Yl (X =Y n (X0 —(Y9)) g+ L= o (X ) =0 (V) sy |~ s 1K =Yl

+/

0 exp(Jg u di0)

ds.

This completes the proof of Proposition 2.9. [
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The next result, Theorem 2.10, further develops our theory of perturbations for SDEs. In
particular, we apply a localization argument to the right-hand side of (28), then take expecta-
tions on both sides and thereafter apply Holder’s inequality.

THEOREM 2.10. Assume Setting 1.5, let o € LO(O; HS(U, H)), n € LY%(O; H), ¢ €
[0,00], p € [2,00), let T: Q — [0, T] be a stopping time, let X,Y: [0,T] x Q — O be
adapted stochastic processes with c.s.p.,leta: [0, T]xQ— H,b: [0,T]x Q2 — HS(U, H),
x:10,T] x Q — R be predictable stochastic processes and assume that for all t € [0, T] it
holds P-a.s. that foT lasll g + ”bsqus(U’H) + lu(X) g + ||6(XS)||I%IS(U,H) +lln¥)lla +
”O'(YS)HIZ{S(U,H) ds < o0, X; = Xo + fotM(Xs)dS + f(;U(Xs)dWs, Yi =Y+ fot asds +
fé b, dWy and

(X, =Yy (X)) —p(¥y)) g+ L= 5 (X ) o (¥,
X5 —Yll%

T 2 +
(29) ‘é-li )“HS(U.H) +Xs] ds < 00.
Then for all r, g € (0, oo] with % + é = % it holds that
”Xr - YT”L’(Q;H)

=

T X =Yy (X ) = (Yy)) g+ EED 5 (X ) —o () 1} +
exp({[ i u H > o o HS(U,H)_I_Xs] ds

—_vy.12
(30) s L4(Q:R)
2
(10 = Yol + [ p1x = v
(p—1) (14+1/e) 2 2 1+
. [(X —Y, ul¥)—a)yg+ f”b - U(Y)”HS(U,H) —xlIX - Y”H] HL'([[O,r]];]R)]'

PROOF. Throughout this proof let x: [0, T] x 2 — [0, 0c0) be a predictable stochastic
process which satisfies for all ¢ € [0, T'] that

- +
(X =Y. (X)) = (YD) + L= o (X)) —0 (V) s vy Ly ]
t

3D Xt =pLlp<n [ I1X,—Y: 1%

Note that Proposition 2.9, the definition of x, a localization of the involved stochastic integral,
and Fatou’s lemma prove that

1X: = Yellfy p
———— | < E[lI X0 — Yol
[exp(fg Xs ds) [ 2
el ,,||Xs_ys||§5*2>[<xs_1n,,uxn.)_as>H+%;+””||bs—am)||%{S(U,H)—xs||xs—ysH%,]+ 4
+ é‘ exp(fg)%l,du) 51

This, the fact that ¥ > 0, and Holder’s inequality hence prove that for all ¢ € (0, 00], r €
(0, p] with L + L =1 it holds that

p g r
i IX: — Yellg

| X~ _lelir QH = Tt A g
(@ exp(L J s ds)

T
exp(% { Xs ds)
L4(2;R)

_ +
X = Yo, 1Y) = as) g+ EEIEHE by — o (V) s,y — s 1Xs = Yol | ds].

T
exp(% { As ds)

T
-2
E[nxo ~ Yoll+ [ p 1K = Yol

La(xR) LP(2R)

P
=

This implies (30). The proof of Theorem 2.10 is thus complete. [J
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Corollary 2.11 uses Theorem 2.10 to study the difference of solutions processes of two
semilinear SPDEs with possibly different coefficient functions.

COROLLARY 2.11. Assume Setting 1.5, let A: D(A) € H — H be a densely defined
linear operator with O C D(A), let F1, F> € EO(O H), By, B> € L2%(O:HS(U, H)), ¢ €
[0, 00], p € [2,00), let X', X2: [0, T1x Q2 — O, X: [0, TI1x Q2 — O, x: [0, T]x Q2 — R be
predictable stochastic processes and assume that for all t € [0, T], (i, j) € ({1, 2}2\{ (1,2)H
it holds P-a.s. that [ |AX{ |+ 1 AXll i+ Fs (XDl + 11 B; (XJ)IIHS(U H)+||F2(X e+
”BZ(XS)”HS(U,H) ds < 00, Xi = X6 + fo AXE + Fi(XD)ds + fo Bi(X!)dwy, X, = X(Z) +
Jo AXs + Fa(XDds + [§ Bo(X)) dWy and

ds < o0.

T r (2= X AIX2 =X+ Fy (X2~ Fy (X)) + =509 ) By (X2 — By (Xo) s . 1) +
(32) /] AT + ]
0 g sIH

Then for all t € [0, T], r, g € (0, 0o] with % + 3 = L it holds that

I1X! = XPller@m < 1X! = Xiller@:m)
2 A A
+] p1x2 = X122 - X, R - B )E

(p—1) (1+1/e) Iy pocov2 B 2 o2 | VP
(3) IR By (XY — B sy — X IXT = KU o

ex }[<X%—ffs,A[XE—XY]+F2(X3>—F2<XY)>H
P\ IX2-X, 13,

+

=D+ | By (x2)— Bz(xs)”HS(Um 4y ]+ds
IX2—X11%

L4(R)

Corollary 2.11 follows immediately from the triangle inequality and an application of The-
orem 2.10 to the stochastic process (X ,Z)te[o,T] with the perturbation process ()A( HDiefo.r]- In
a number of situations it is convenient to further estimate the right-hand side of (30) in The-
orem 2.10 in an appropriate way. This is the subject of the next corollary of Theorem 2.10.

COROLLARY 2.12. Assume Setting 1.5, let o € LO(O; HS(U, H)), n € £L%°(O; H),
e€[0,00], pe[2,00), let T: 2 — [0,T] be a stopping time, let X,Y: [0,T] x Q > O
be adapted stochastic processes with c.s.p., let a: [0,T] x 2 — H, b: [0,T] x Q —
HS(U, H) be predictable stochastic processes, and assume that for all t € [0,T] it
holds P-a.s. that [y llasl|u + Ibs sy + I X a + o XD sy + 10X i +
”J(YS)”IZ-IS(U,H) ds < o0, X; = Xo + féﬂ(xs) ds + f(;o—(Xs)de’ Yi =Yy + fé asds +
f(; by dWs, and

T (XY, (X )~ (Yy) y+ Z= D 6 (X ) o (V) I +
(34) £[< w(Xs)—p( ))H”XY 2 llo(Xs)—o( )”Hs(yﬁy)] ds < oco.

Ay
Then for all 8, p, r € (0, 00), g € (0, 0] with % +o= Lit holds that

[Xe = Yol 1@y

(p—1) (1+¢ +
< exp<f[<XS Yo, (X)) = (¥0) g+ L= o (X ) =0 V) sy 4 l)+(%—;>} ds)
0

I1X,=Ys 1% p

L1(2;R)
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-1
. ”XO_YOHLP(Q;H)+8 P ”a_/'L(Y)”LI'([[O,r]];H)
1_1
+o077 J(p = DA+ /) Ib - o(Y>||Lp([[o.,ﬂ;Hs<U,H»]

Corollary 2.12 follows immediately from an application of Theorem 2.10 with x; = %(1 —

%) + %(% — %), t € [0, T] and an application of Young’s inequality.

3. Applications of the perturbation theory for SDEs.

3.1. Numerical approximations of SODEs. This subsection uses Corollary 2.12 to estab-
lish strong convergence rates for the stopped-tamed Euler—Maruyama method in [38] (see (6)
in [38]). To accomplish this, we employ the elementary result in Lemma 3.1 below. The proof
of Lemma 3.1 is straightforward.

LEMMA 3.1. Let d € N and let y: R? — R? be the function which satisfies for

all v € R? that ¢ (v) = W Then for all v e RY it holds that ||1//(v)||L(Rd) <3,
RrRd

|9/ @) = Iga | Lgay < 3[1AIVIRa]> and supyera, juy,, <1 [V )@ 0)|ga < 14[1 A

lvllga ]-

We now use Lemma 3.1 together with Corollary 2.12 to prove a suitable strong conver-
gence rate estimate (see (36) below) for the stopped-tamed Euler—-Maruyama approximations
in [38].

LEMMA 3.2. Consider the notation in Section 1.1. Letd, m,n e N, 0=t <t; < ... <
th=T < 00,0 eBRY), ¢ e LORLR), n e LORY; RY), o € LORY; RY™) satisfy for all
x,y € R that max ([ (x) — () lga. o) — 0 0 s gay) < @)+ 1x — yllga,
let (2, F, P, (Fy)ici0.17) be a filtered probability space which fulfills the usual conditions, let
W: [0, T]x 2 — R™ be a standard (F;);c[o0,71-Brownian motion, let X, Y : [0, T]x Q — R4
beT adapted stochastic processes with c.s.p., assume that for all t € [0, T] it holds P-a.s. that
Jo M1t (X9) lga + 110 (X) | s ds < 00 and X, = Xo+ [o 1(Xs) ds + [y 0 (Xy) dWy, assume
forallke{0,1,...,n— 1}, t € [tx, tx4+1] that Yo = Xo and

WYy (t— 1)+ (V) (W, = Wy,)
T+ (Vo) (t—t) 0 Vi) (Wi= Wi 12

(35) |

and let t: Q@ — [0, T] be given by v = inf({T} U {r € {to, 11, ...,t,}: ¥; ¢ O}). Then for
all stopping times v: Q — [0, T] and all e,r € (0,00), p € [2,00), q,u, v € (0, c0] with

S+ ¢ =7y and  + § = it holds that
1

1\ T 2

HXV/\T — ITyar ”L’(Q;Rd) = 3OP (1 + g) e [05215&2(—1 |tk+1 - tk|]

(p—=D (I+e) 2
exp U‘/}t [(Xs_YSsl/-(Xs)_M(Ys»Rd‘i‘pfﬁ HO(XS)_U(Ys)”HS(]R”’.]Rd) :|+ds
0 I1Xs=Y;l2 4

(36) L1(2;R)

: [ sup_ |I(Ho)lzs +11 lo (¥3) s e ey 12 + |¢<X;)||}LM(Q;R)}
se|,

sup max(l, JT le ) | po.ray TV ||(7(Ys)||LU(Q;HS(RM,Rd))) :
s€[0,T]
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PROOF. Throughout this proof let v: 2 — [0, T] be a stopping time, let e(m)
(1,0,...,0),...,e" =(0,...,0, 1) € R™ be the Euclidean orthonormal basis of the R’", let
¥ : R4 — R? be the function which satisfies for all v € R? that ¢ (v) = v [1 + ||v||ﬂz§d]_1, and

let Z,a: [0,T]x 2 — R4, b: [0, T]x Q. — HS(R™, RY) satisfy forallk € {0, 1,...,n—1},
t € [ty, ty+1) that

(37 Zy =pu¥y) (t — 1) + o (Yy) (W — Wy),

(38) @ =Z) R + ] U 2o () o ()",
j=

and b, = ¥'(Z;) o (Y;). Itd’s formula then proves that for all # € [0, T'] it holds [P-a.s. that
Y, = Yinr = Xo + Jo Lis<ryasds + [} Ls<ry bsdWy. This, Da Prato and Zabczyk [15],

Lemma 7.7 and Lemma 3.1 imply that for all p,u € [2,00), v € (2, co] with % + % = %
it holds that
lla — M(Y)“Lp([o,t]];]Rd)
1
<14T7 [ sup [l (Yo) e + o (Yo Iy o ey + |¢><X;)|HLU(Q;R)]
5€[0,T]
1
Vu(u_l)llo(YS)HLLl . m pd 2
sup [VT |n¥9)], . (@:HS®R™.R ”:H max |tee1 — ¢, }
SE[OPT] [ T | (Y g ray + 7 opax | |tk+1 — te

and

16— o)l Lr(fo,]:HS ®™,RY))

1
<6Tr |: sup ” ”U(Y)”HS(R'” R9) +|¢(Y)|HLU(Q R):|
s€[0,T]

1

2
max |tpy1 — ¢ .
Ofkfn—ll k+ k|]

u =0 llo(¥Y)u g psmm rd
[0+ S e

SE
Corollary 2.12 hence implies that for all €,r € (0, 00), p € [2,00), q,u, v € (0, 0o] with
1 1 1 1 1 1 -

E+6:;andﬁ+gzﬁlth01dsthat
1

2
+ \/(p -D{d+ 1/8)} [ max_ Itk+1 - tk|:|

1
”XU/\T - v/\tHLr(Q;Rd) = 6T17|:

VAT [ (X5 =Yoo it (X) = (Y5 pa + L2 |15 (X ) =0 (V) 12 om +
. exp( [ i = HSEMED 4 p %:| ds

{ I1Xs—Ys 12,

L4(QR)

[ sup. (Y5l + 11V 0 () s 1+ 1080 R)}

s€[0,

/ Vu =1 lo¥)ll uq. m Rpd
sup [ T | (Ys )”L“(Q R4) \/QL S ))]
S‘G

This ylelds (36). The proof of Lemma 3.2 is thus complete. [

Lemma 3.2 is only of use if the right-hand side of (36) is finite. The next result (Propo-
sition 3.3), in particular, provides sufficient conditions to ensure that the right-hande side of
(36) is finite and thereby establishes strong convergence rates for the stopped-tamed Euler—
Maruyama approximations in [38].
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PROPOSITION 3.3. Consider the notation in Section 1.1, let d,m € N, r,e,c,T €
(0, 00), g0, g1 € (0,00], & € [0,00), p € [2,00), Uy € C3 (Rd [0, 00)), Uy € CHL(RY, [0,
00)), 1 € CH(RY, RY), 0 € CHL(RY, R*™) satisfy for all x, y € R? that

1/c

xllgs = c (14 Uo(x)),

(G0 U0)x) + 3 llo: (x)* (VUO) () lfem + U1 (x) <@ Up(x) +c,

(x =y, 1) = w()re + L= o () = 0 ) e e

Up(x)+Uo(») Ul(x)+U1(Y)] 2
< _
[+ Lol st | 1% = Vliga

and L » T % qo + - = %, let (2, F, P, (Fy)icfo.1)) be a filtered probability space which fulfills
the usual condmons, let W: [0, T] x @ — R™ be a standard (F;);c[o0,T1-Brownian motion,
let X: [0, T1xQ—>RYand Y?: [0, T]x 2 — R4, 0 € Pr, be adapted stochastic processes
with c.s.p., assume that E[eUO(XO)] < 00, assume that for all t € [0, T] it holds P-a.s. that
X, =Xy —i—fé w(Xs)ds —i—f(; o (X5)dWs, and assume foralln e N, 6 = (19, t1, ..., t,) € Pr,
kel0,1,....,n— 1}, t € [tx, tip1] that Y§ = Xo and

+ Wi—W,
(39) Ytngti_Hl{ R (t—t)+0 (Y)) (W= W) ]

1Y) llga <exp(IIn(maxozi <1 fi1-1)[1/2)] |:1+||M(Ytk)(l e Wi W l2,

Then there exists C € [0, 00) such that for alln e N, 0 = (to, t1, ..., t,) € Pr it holds that

12
(40) sup;ejo.71 1Xr — ¥{ | r(q:mdy < C [maxee(t 2.y 1tk — te—11] /

PROOF. Throughout this prooflet g € (0, co] satlsfy — + — and lettg: 2 — [0, T],

‘IO

6 € Pr, be the functions which satisfy foralln e N, 6 = (to, H,.. tn) € Pr that
1/2
:inf({T}U {te{to,ﬁ,...,l‘n}i ||Yte||Rd Zexp(ln( max [t,'+1 —t,‘]> )})
ic{0,1,...n—1}

Note that the assumptlon that u € Cp (R4, R%) and the assumption that o € Cp L(RY, RI*m)

ensure that there exists ¢ € [1+ || (0)||ga + llo (0) s ®m Ry 00) such that for all x, y e RY
it holds that

@1) max{[|u) —puMlge. lo () =0 Mlus@n ey} < ¢ L+ x5 +19154) I1x =y lga.
Next let ¢: R? — R be the function which satisfies for all x € R? that ¢ (x) = 4|¢]2[1 +

1 [[ga13¢+2. Note that for all x, y € RY it holds that max {1, |12 (x)|[ga. o (¥)[|Z &gy} =

¢(x) and max{||u(x) — pu(Wlre, lo(x) — oM lgswn rey} < (@) + d(¥) Ix — yliga-
Corollary 2.4 in [13], Corollary 2.9 in [38], and the fact that for all x € R4 it holds

that ||x||l/c <1 4 Up(x) imply that there exist C;,C> € R such that for all n € N,
0= (to, tl, ..., ty) € Pr it holds that

[ - E[exp(vgg§s> e d)ﬂ
s€[0,T]

(42)
0y SATH 0
| sup E|exp Ugi,{ + f Uzg,i“)du <Cy,
s€[0,T]
(43) sup [l (¥ W iz2r (@ R)+ sup [||Xt||L2r(Q;Rd)+||Y;9||L2r(Q;Rd)]SCZ-

tel0,T]
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Lemma 3.2 hence shows that foralln e N, 6 = (1o, t1, ..., t;,) € Pr it holds that
sup || Xiazy — ¥r, ll2r i)
1e[0,T]

172

2 17,27 (2 _
wpy 23600214 1] @7 | max e —n|

— 2

% (X =¥ X)) gt D o X0 =0 O | ¢ o ) 7+

exp| S e ds
[1Xs=Y |l pa

0

L4(R)

Moreover, note that the assumptions of Proposition 3.3, Holder’s inequality, Jensen’s inequal-
ity, and nonnegativity of Ug and Uy imply that foralln e N, 8 = (9, t1, ..., t;) € Pr it holds
that

B 2
% (X (X) =YD g+ P2 o (X =0 O | ¢ o a1+
exp f[ = )] ds
9 2
[ Xs—Y§ “Rd

e—cT

LI(R)

=

2qoTeT 2g1e2T

T9 6 0
exp(f Uo(Xs)+Uo(Yy) + Ui(X)+U1 (YY) ds)
0

LI(Q:R)

0 SATy 0
oo 42+ 220 )
0

Combining this with (44) and (42) implies that there exists C3 € R such that for all n € N,
0 = (1, t1,...,1t,) € Pr it holds that

s 2q
E[exp(voeg» YR d)} ‘ sup
0

2q

s€[0,T]

12
45 sup || X/ngy — Y rerdy < C3| max |fggq —t .
@s) B s |

Holder’s inequality and (43) hence prove that for all n e N, 8 = (%o, t1, ..., t,) € Pr it holds
that

sup | X; — ¥/ | @:ra)
t€l0,T]

0 0
46) = lm<nil 2 @r) [IES[EPT] H Xi =Y ”Lzr(Q;Rd)} + t:{‘éf’ﬂ | Xents = Yiney |1 ra)

. 1/2
<C2|Plrg <T]|> +C3 [ max |fx41 — tk|:| .
0<k<n—1
Next observe that Markov’s inequality, the fact that for all x € R4 it holds that %||x||]}§/dc <

14 Up(x), nonnegativity of Uy, (42) and the fact that for all x € [0, co) it holds that %x“ <e*
show that foralln e N, 68 = (19, t1, ..., t;) € Pr it holds that

Pl <T] < IP’[IlYﬁll]Rd > exp(|ln(maXie{o,1 ..... n—1ylit1 — ti)}m)]

0
[F’|:1 + UO(YT) > 1 . exp(ﬂﬂ(maxie{o,l..u,nl)ti+l—fi)|1/2>:|

eaT — ce” c

1+ Up(YY . NEPRNTY
§E[exp< + aOT( T)>i|eXp(c;alT exp(|1n(maXze[0,1,....Z—1)fz+1 )| ))
e

<C exp(i _ |In(max;eqo.1,... n_1}li+1—ti)|2) .

el 24.¢5 eoT

A

(47)
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Therefore, we obtain that there exists C4 € R such that foralln e N, 0 = (1o, 1, ...,1;,) € Pr
it holds that
. 172
(48) Plo <71 <G, max e -]
ke{0,1,...,n—1}

Combining this with (46) completes the proof of Proposition 3.3. [

Proposition 3.3 establishes under suitable assumptions strong convergence rates for the
stopped-tamed Euler—-Maruyama approximations in [38] in the case of SDEs with possibly
nonglobally Lipschitz continuous drift and possibly nonglobally Lipschitz continuous diffu-
sion coefficient functions. A number of SDEs from the literature have a globally Lipschitz
continuous diffusion coefficient. This special case of Proposition 3.3 is the subject of the
statement of Corollary 3.4 below. Corollary 3.4 follows immediately from Proposition 3.3.

COROLLARY 3.4. Letd,m €N, let 0 : R — R¥*™ pe globally Lipschitz continuous,
let ¢, T € (0,00), Uy € CH(R?, [0, 00)), U; € Ch(R?, [0, 00)), u € CH(RY, RY) satisfy for
all € € (0, 00) that

(49)  lim_ sup [ G0 Up)(0) + 3 o) (VUQ) (O + Ur(x) = 1 ()| < o0,
xeR

(50) sup [“‘y’l’l“f’”,‘é‘(y”ﬂ*d — & (Uo(®) + Up(y) + U1 (x) + Uy (y))] <00
d Y% q
x,yeR?, x#£y R

and sup, cpa [1x II]}{/; —cUp(x)] < 00, let (2, F, P, (F)seq0,17) be a filtered probability space
which fulfills the usual conditions, let W: [0,T] x Q — R™ be a standard (F;);c[0,1-
Brownian motion, let X : [0, T] x Q2 — RY and Y9 : [0, T] x Q — R, 0 ¢ ‘Pr, be adapted
stochastic processes with c.s.p., assume that E[eUO(XO)] < 00, assume that for all t € [0, T]
it holds P-a.s. that X; = Xo + fé,u(Xs)ds + féo(Xs)dWs, and assume for all n € N,
0=(to,....1tn) €Pr, k{0, 1,....,n— 1}, t € [t, trp-1] that Y§ = Xo and

n(Yp) =10 +o (V) (Wi=Wy)
174 llga <exp(In(maxozi<a—1 ti1=1)["2)} | TV —t)+o (V) (W= Wy )12,

(51 v/ = Yti—i-]l{

Then there exist C, e R, r € (0, 00), such that for all r € (0,00),n € N, 0 = (t9,t1,...,t,) €
. 1/2
PT it holds that Supte[ovT] ||X[ — Y[GHLr(Q;Rd) < Cr[maxk6{1,2 ..... n} |tk - tk—l'] / .

We now apply Corollary 3.4 and Proposition 3.3, respectively, to a selection of example
SODE:s with nonglobally monotone coefficients. In each of these example SODEs, the partic-
ular choice of the functions of Uy and U; in Corollary 3.4 and the estimates associated with
them are particularly inspired from the article Cox, utzenthaler and Jentzen [13] in which
regularity with respect to the initial value for these example SODEs has been analyzed. The
following common setting is used in our investigations of the example SODEs.

3.1.1. Setting. Throughout Section 3.1 the following setting is frequently used.

SETTING 3.5. Letd,meN, T € (0,0), u € C(R?,RY), o € C(R?, R¥*™), xy € R4,
let (2, F, P, (F/)se[0,77) be a filtered probability space which fulfills the usual conditions, let
W:[0,T] x Q— R™ be a standard (IF;);c[0,7]-Brownian motion, let X : [0, T] x 2 — R4
and Y?: [0, T] x 2 — RY, 9 e ‘Pr, be adapted stochastic processes with c.s.p., assume that
for all ¢ € [0, T] it holds P-a.s. that X; = x¢ + fé w(Xs)ds + fé o (X)dW;, and assume for
allneN,0 = (to,t1,....t,) €Pr,ke{0,1,...,n— 1}, 1 € [tx, tr1] that ¥ = X and

1Y) =1 +0 (Y7 (W =Wy )
1Y Il <exp(lin(max <i <y ti—1;-D['/?)} 1+ =10+ (VD W =Wi)l12, |

(52) Y/ =Y +1 {
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3.1.2. Stochastic Lorenz equation with bounded noise. In this subsection, assume Set-
ting 3.5, let a1, ap, a3 € [0, 00), assume that d = m = 3, assume that o is globally bounded
and globally Lipschitz continuous’, assume for all x = (x1, x2, x3) € R> that u(xy, x2, x3) =
(Ot] (X2 —x1),000X] — X3 — X1X3,X1X2 — Ot3X3), and let Uy € C(R3, [0, 00)) satisfy for all
x € R? that Up(x) = [|x |13 Note that

Jim sup [ Up)(6) + 3 o ()" (VU (W) 35 = 1 Up ()]
xeR
(53)
< tim_sup [20x, (s + 2110 () gy — 1] Vo) + llo (0 g g, | < 00

n—)ooxeR3

This proves that (49) is fulfilled. Moreover, note that for all ¢ € (0, co) it holds that

=y, u () —p())p3
sup |: lx—yI2 R} _ ¢ (||x||%R% + ||y||I%R3)i|
x.yeR?, x#y R3

(54)
< sup 7”“?):“(””“@3 —€ (IIXI|23 + ||y||23) < 00.
3 x—ylga R R
x,yeR?, x#y

This shows that (50) is satisfied. We can thus apply Corollary 3.4 to obtain that there exist
C,eR,r €(0,00), such that for all r € (0,0),n € N, 6 = (19, t1, ..., t,) € Pr it holds that

12
sup, cio.71 1Xr = Y7 | 1r(@urdy < Cr[ maxgeq 2,...n 1tk — k-1l ] 2,

3.1.3. Stochastic van der Pol oscillator. 1In this subsection assume Setting 3.5, let ¢, @ €
(0, 00), v, 8 € [0, 00), let g: R — R!*™ be a globally Lipschitz continuous function, assume

for all for all x € R that ||g(x)"‘||]12w <c (1 +x2), assume that d = 2, assume for all x =

(x1,x2) € R%, u € R™ that pu(x) = (x2, (y — a(x)?)xz — 8x1) and o (x)u = (0, g(x1)u),
and let ¥ € (0, 5), Up, Uy € C(R?, [0, 00)) satisfy for all x = (x1,x2) € R? that Up(x) =

Zlx 112, and Uy (x) =9 [a — 2c9] (x1x2)*. Note that

tim_ sup (G0 U0)() + § 1o (0 (VUQ) () + U1 (1) = 1 Up ()]
n—>oox€R2
llo (o)1
=9 li — 2 _ 2 " THS®™.R?)
—ﬁnlggo sup {(1 N xpxz+y (x2)” —a(xix2)” + >
(x1,x2)
cR?

llx112
+ 2o () x| o + L) s xz RZ}

(55)
. 2
<9 lim sup [ng(xl)*an +(1+y+8-3) IxIZ

(x1,%2)
eR?

+20 ol |g () * g + L — @ mmﬂ

. 2
Sﬁnll)ngo sup [c+<1+y+8+c+2ﬁc—§> ||x||R2]<OO-

xeR?

I Global boundedness and global Lipschitz continuity of o is, for example, satisfied in the additive noise case
in which there exists 8 € (0, co) such that for all x € R3 it holds that o (x) = VBlIgs € R3%3 (see, e.g., Zhou and
E [71)).
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Moreover, note that Cox, Hutzenthaler and Jentzen [13], Subsection 4.2, ensures that for all
e € (0, 00) it holds that

sup [(x—y,u(X)—M(y»Rz —e(Ui1(x) +U; ()’))]

r=(xpix2), =yl

y=(1 ,iz)eRz,

X#£y
(56)

S Sup [(X_Yvﬂ(x)_g(y))RZ —¢ [O( _ 2019] ((xle)z 4 (y1y2)2>] < 00.

x=(x1,x2), ||X—Y||R2
y=(1.y2)€R?,
XFEY

Combining this with (55) shows that (49) and (50) are satisfied. We can thus apply Corol-

lary 3.4 to obtain that there exist C, € R, r € (0, 00), such that for all r € (0, 00), n € N,

0 = (t0, 11, . .., ta) € Pr it holds that sup, (o 71 | Xr — Y,ellL,-(Q;Rd) < C,[maxgeq12,...ny 1tk —
1/2

tk—l] .

3.1.4. Stochastic Duffing—van der Pol oscillator. 1In this subsection assume Setting 3.5,
let 1,00 € R, a3,c € (0,00), let g: R — RIX™ pe a globally Lipschitz continuous func-
tion?, assume for all x € R that ||g(x)*||]§m < c(14x?), assume forall x = (x1, x2) e R%, u €

R™ that d = 2, u(x) = (xz,azxz —ax) — o3(x1)x — (x1)3), and o (xX)u = (0, g(xu),
and let & € (0, 2), Up, Uy € C(R?, [0, 00)) satisfy for all x = (x, x2) € R? that Up(x) =

PI9DY 4 (x2)2] and U (x) = 0 [z — cB] (x1.x2)?. Note that

(57)
SUp [ (Gru.0 U0) () + 3110 ()" (VUQ) ()3 + Ui () = 0 Up(x) |

lim
=00 xeR2

=9 lim sup |:oz2 (x2)2 — QXX — a3 (x1x2)2 + [
n—>00 ._
x=(x1,x2)
eR?

140 ()28  12m | Uy (x)—n Up(x)
2 + 5

. 2 2 —
<9 lim sup [[leu] + leal] x[Bs — o3 (1)  SLEEPEIILECT L G G |
x=(x1,x2)
eR?

<9 lim  sup [ S+ |lar] 4 loa] + LD x|, + [e8 — as] (x1x0)? + LB=nlolx)
2 2 R o

. . c c(1+9) 2 nUp)
=90 nll)rgo s;gZ [2 + [Ioell + oo + =5— ] xllge — =5 ] < 0.

Moreover, note that for all ¢ € (0, co) it holds that

sup | BT ONg2 ) + Ug(y)
) lx=ylZ,
x,yeR”, x#£y ®
(58)

() —p
< sup [%};Rz —¢&(Uo(x) + Uo(y))i| < 00.
x,yER? x+£y

2 A common choice for the natural number m € N and the function g: R — RIX™ in the stochastic Duffing—van

der Pol oscillator is the choice where there exist 81, 82 € R such that forall x e R, u = (u1, up) € R? it holds that
m =2 and g(x)u = B1xuy + Bruy (see, e.g., Schenk-Hoppé [66]).



74 M. HUTZENTHALER AND A. JENTZEN

Combining this with (57) proves that (49) and (50) are fulfilled. We can thus apply Corol-
lary 3.4 to obtain that there exist C, € R, r € (0, 00), such that for all r € (0, 00), n € N,
0 = (1,1, ...,1t,) € Pr it holds that SUP;¢(0,7] | X; — Ytg ||Lr(Q;Rd) < Cr[maxke{l,z,m,n} |t —

fk—1|]1/2-

3.1.5. Experimental psychology model. 1In this subsection assume Setting 3.5, let «, § €
(0, 00), B € R, assume for all x = (x1, xp) € R? that d =2, m = 1, pu(x1, x2) = ((x2)*(8 +
daxy) — 3B%x1, —x1x2(8 + daxy) — 3B%x2), and o (xy,x2) = (—Px2, Bxy), and let g €
[3, 00), Up € C(R?, R) satisfy for all x € R? that Up(x) = ||x||%,. Note that
(39)

7711>nc}o sup [(gu,o Uo)(x) + % IIG(X)*(VUO)(X)IIHZW —n Uo(X)]

xeR4
: (g—2) glg—1 (g—2) 2 _ q
< fim, sup [q 1152 e, 100z + 2952 I o ) g gy — 112 ] < o0
Moreover, note that for all ¢ € (0, co) it holds that

up [<x—y,u(x)—u<y>>R2 — & (Up(x) + Uo(y))}

=112,
x,yER? x+£y R
(60) )=
w0 —pu(y
= sup [WZW — & (Ixllf + ||)’||Hq§z)} < 00.
x,yER?, x#y ®

Combining this with (59) proves that (49) and (50) are fulfilled. We can thus apply Corol-

lary 3.4 to obtain that there exist C, € R, r € (0, c0), such that for all r € (0,00), n € N,

6 = (to, 11, ..., 1n) € Pr it holds that sup, (0. 711 X; — Y/ | 1r (. rdy < Cr[maxreq,2,...n) |tk —
172
—1l]'".

3.1.6. Brownian dynamics (Overdamped Langevin dynamics). In this subsection as-

sume Setting 3.5, let ¢, B € (0,00), 6 € [0,2/8), V € C%(Rd, [0, 00)), assume for all

. llzII7
x € R? that d = m, hmsupr\o SUp, cRrd H—‘)Ré) < 00, u(x) = =(VV)(x), o (x) = /Blpd,

and (AV)(x) <c+cV(x)+86 ||(VV)(x)||%Rd, assume for all ¢ € (0, 0co) that

sup
x,yeR?,

(61) X#Y

=y, (VIO —(VV) (@) ga
=134

—e (VO + Ve + 1VV@)IR + ||(VV><y>||§W)} < o0,

and let ¥ € (0, % —0), Up, U; € C(RY,R) satisfy for all x € R? that Up(x) = & V(x) and
Ux)=91 - g(@ +9)) ||(VV)(x)||%Rd. Note that

Jim sup (G Uo) () + 3 llo ()" (VUD) ()l + U1 () = 0 Uo ()]
xeR

= tim_sup |~ [(VV)0)l + 5 V)@ + L NEVIO G + 52 —n V)]

xeRd

< tim sup [£ +[CEL 1] I(VV)@)IE, + L2+ [£ -] V)]

100y cRrd

=19 lim sup [‘7 + [% - n] V(x)] < 00.

'I—>OOX€R4
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This and (61) ensure that (49) and (50) are fulfilled. Lemma 2.12 in [34] thus allows us
to apply Corollary 3.4 to obtain that there exist C, € R, r € (0,00), such that for all
r € (0,00), n €N, 6 =(,11,...,1;,) € Pr it holds that sup,cjo 7111 X: — Yt9||L,-(Q;Rd) <

12
Cr[ maxieq1 2,0} 1tk — te—11] 2,

REMARK 3.1 (Higher order strong convergence rates for SDEs with possibly nonglobally
monotone coefficients). Corollary 3.4 applies both to SDEs with additive and nonadditive
noise and establishes the strong convergence rate 1/2. We expect that, in the case of SDEs
with additive noise (see, e.g., Sections 3.1.6 and 3.1.7) and possibly nonglobally monotone
coefficients, an application of the perturbation theory in Section 2 (to be more specific, an
application of Proposition 2.9) yields the strong convergence rate 1. Similarly, we expect that
Proposition 2.9 can be used to establish higher order strong convergence rates for suitable
higher order schemes in the case of SDEs with possibly nonglobally monotone coefficients.

3.1.7. Langevin dynamics and stochastic Duffing oscillator. In this subsection,’ assume
Setting 3.5, let y € [0, 00), B € (0,00), V € C%(Rm, [0, 00)), assume for all x = (x1, x2) €

R2" i e R™ that lim SUP,~ 0 SUP cRm lll_il‘l}R('Z) <00,d =2m, u(x) = (x2, —(VV)(x1) —yx2),

and o (x)u = (0, /Bu), assume for all ¢ € (0, 0o) that

(62) sup  [LED=CIOIen — g (jx )2, + 101 + V) + V()] < 00,
x,yeR™ x+#y

and let 9 € (0,00), Uy € C(R> R) satisfy for all x = (x1,x) € R2" that Up(x) =
Zlxildn + 9 V(x1) + 5 llx2[13m. Note that

lim_ sup [ (G0 Uo)@) + 3 l0(¥)* (VU ) IFen — 1 Uo(x) |
1790 v eRrd

. 2
63) = lim sup [0 (x1, X2)gm — Oy X2 ]| fm + ’7”% + ﬂ% X2l fm — 71 Uo(X)]

17790 = (x1,x2) R

<o Lim  sup [[3—=2{IxilEa 4+ {1 +E —y = 2xalEn + B2 < 0

tim, s [[4 2]l [+ %y it + 2]

(cf. Cox, Hutzenthaler and Jentzen [13], Section 4.5). Inequalities (62) and (63) show that
(50) and (49) are fulfilled. We can thus apply Corollary 3.4 to obtain that there exist
Cr € R, r € (0,00), such that for all » € (0,00), n € N, 6 = (t9,t1,...,t,) € Pr it holds
that sup, 0.7 1 X — Yﬁ”Lr(Q;Rd) < Cr[maxke{l,g ,,,,, n} 1tk — tk_1|]1/2 (cf. also Remark 3.1
above).

3.2. Galerkin approximations of stochastic partial differential equations (SPDEs). The
next result, Corollary 3.6, is useful for the estimation of approximation errors of Galerkin
approximations of solutions of SPDEs.

COROLLARY 3.6. Assume Setting 1.5, let ¢ € [0,00], p € [2,00), P € L(H), u €
L£9(O; H), o € L2(O; HS(U, H)) satisfy P(O) C O,let X,Y: [0, T]xQ — O, x: [0, T] x
Q — R be predictable stochastic processes, assume that for all t € [0, T] it holds P-a.s.
that J§ lX)lla + llo (X)) s,y + 16P XD + o (PXO s my + 1Y) o +

3These assumptions are, for example, satisfied in the case of stochastic Duffing oscillator with additive noise
(see, e.g., (9) in Datta and Bhattacharjee [16]) in which there exists A € (0, c0) such that, for all x € R, it holds
that m = 1 and V (x) = 1x2 + 4x*.
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||G(Y)||HS(UH)ds<oo X, = Xo+ Ji w(Xs) ds+ [} o(X;)dWy, Y, = PXo+ J¢ Pu(Yy)ds
+f0 Po (Yy)dWy, and

T (Y= P Xy, Pu(Ys)—Pu(P X)) g+ L=20FE | po (v)— Po (P X,) |12 +
(64) f[ s s TS AL : - PR s ] SR
0 s sy
. 1 1 _ 1.
Then for all r, g € (0, oo] with > + 7= it holds that
sup Xy — Yillpr@:my < sup [[( — P)X¢ll1r @ /)
t€[0,T] t€[0,T]
T
—-PXs, PH(Ys) PH(PXs»
eXP({[ 1—PX, I,
(p—1) (1+e) 2
(65) fHPO’(YS)_PU(PXS)HHS(U’H) +d
" 1Y —PX,T, F s L1@R)
-2
A1y = PXIETPLY = PX, Pr(PX) = Pp(X))u
1/p

-1 (141
+ LRG| Po (X) = Po (PX) s my — 2 1Y = PXIT| 00 o

Corollary 3.6 is a special case of Corollary 2.11 (choose D(A) = H, A=0, F1 = u,
Bi=o0,F,=Pu, Bo=Po, X' =X, X2=Y, X = P(X) in the setting of Corollary 2.11
and Corollary 3.6, respectively). If the processes X and Y in Corollary 3.6 satisfy suitable
exponential integrability properties (see Corollary 2.4 in Cox, Hutzenthaler and Jentzen [13]),
then the right-hand side of (65) can be further estimated in an appropriate way. This is the
subject of the next result.

PROPOSITION 3.7.  Assume Setting 1.5, let € € [0, 0], r, g0, q1, 4o, ¢1 € (0, 00], ¢, @, B,
&, B €0, 00), p €[2,00), Uy, Up € C2(0, [0, 00)), Uy, Uj € C(O, [0, 0)), ¢ € LO(O; R),
we L£2%0; H),o € £LO(O; HS(U, H)), P € L(H) let X, Y [0 T] x Q —> O be predictable
stochastic processes, assume that P(O) C O, — + + + n + =, and E[eUO(XO) +

UO(YO)] < 00, assume forallx € O,y € (P(H) N (’)) that
(G0 Uo) () + L lo () * (VU0 (1)1}, + Ui (x) < a Up(x) + B,
(Gppu,peUo)(¥) + 3 o PX(VU) M2 + Ui (v) < @ Up(y) + B,
66)  (Px—y, Pu(Px) — Pu()y + L5 | Po(Px) — Po (D Ifsw.m

+(y — Px, Pu(Px) — Ppu(x)) g + LD | Po(Px) — Po () s, m)

2
< lewl +[C+ Vo) o Do) U1<x>+ul(y>]”Px_y”H’

q()TeaT OTeozT 1e"‘T

and assume that for all t € [0, T] it holds P-a.s. that fOT (X)) llg + IIG(XS)HIZ_IS(U’H) +
lu(PX) g + ”U(PX‘V)HZHS(U’H) + lnu¥)lla + ||O’(Yv)”[2-[s(U’H)ds < o0, X; = Xo +
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fo w(Xs )ds—l—fo o(Xs)dWs, and Y; = PXo—l—fO P,u(Y)ds+f0 Po (Yy)dWs. Then

11
sup ||Xz—Yz||Lr(s2;H)ST(2 ”)eXP< +fC+ Z [qeas + = I:om]ds>
1€[0,T] ai

1 1
(67) [+ ar ‘E[ o] [4+2]

Mo e o, 71x2:R) ‘E[eUO(XO):I

+ sup (I = P)X¢llpro:m) -
1€[0,T]

PROOF. Throughout this proof let g € (0, oc] be given by ot Ly L % Ly
x: [0, T] x 2 — R be the stochastic process which satisfies for allr [0, T]t

Up(Xy) + 4 Uo(Y1) +U1(Xt)+U1(Yt)+(1/2 1/p)

queaT L] T T qlea a1 T

1_1 and let
q1 q
that

Xr=c+

(68)
_ (=PXy, Pu¥)=Pu(PX)) g+ L= | o (1) - Po(PX) s w.rn

1Y =P X113

Note that (68), Holder’s inequality, nonnegativity of U, Up, Uy and Uy, Jensen’s inequal-
ity, Cox, Hutzenthaler and Jentzen ([13], Corollary 2.4), the assumption that E[eUO(XO) +

eﬁO(YO)] < 00 and (66) prove that
(69)
T (p=1)(+e) 2
(Ys—=PXs,Pu(Ys)—Pu(PXs))y+ | Po(Ys)—Po (PX)|l +
exp(f[ w Iz H 5 o o HSW.H) Xs] ds)

0 I1Ys—P X%

£

LI(R)

<exp(———+fc+ Z[

1

B N
sup |E exp(UOe(a)_fS) +f U'(z{;’)_ﬁ du)
selo.71] | 0

[ U (Y) U (Y)—B [%—FE}
sup |Efexp| =%~ —|—f L2 du
sef0,71]| | ¢

o) 4 o 4]

In addition, observe that Corollary 3.6 yields that

<exp(———+fc+ Z[

(70)
sup | X: = Yillpr@:my < sup 14 — P)X¢ll1r o m)
+€[0,T] 1€[0,T]
T
(YS_PX.S"PI“L(YS)_PM‘(PXS)>H
+ exP(ﬂ 1Y~ P Xy

+

W||Pa(YS)—Pa(PXS)H%{S(U.H)+ ]+ds
Y= PX,I Xs

L9(S%:R)
2
ey = PXIEPLy = PX, Pr(PX) = PROO)H

1/p

—1) (141
+ LRG| Po (X) = Po (PX) sy = X 1Y = PXITT| o e
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Moreover, note that (66), (68), the fact that for all ¢ € [0, T'] it holds P-a.s. that Y; € (P(H) N
0), and Young’s inequality show that

)
| Iy = PXIE2 [y = PX, P(PX) = PR(X) i

1/p

—1) (141
+ 2=DAHD) ) po (X)) — Po(PX)gsw.my — x 1Y — PX||§1]+HL1([O S

(71)

@r)(1-/p) 2 IY=PXI$™>  a2-1/p) p 1TV
5p"[f|‘p(x)| ar=m T T ”Y_PX”H] HL‘([O,T]XQ;R)

<TY27VP 0O Lo 0. 110 R) -

Putting this and (69) into (70) establishes (67). The proof of Proposition 3.7 is thus complete.
O

In a number of cases the functions Uy and Uy in Proposition 3.7 satisfy that there ex-
ists p € (0, 0o) such that for all x € O it holds that Uy(x) = ﬁo(x) = g ||x||12q. This special
case of Proposition 3.7 is the subject of the next result, Corollary 3.8. Corollary 3.8 follows
immediately from Proposition 3.7.

COROLLARY 3.8. Assume Setting 1.5, let ¢ € [0,00], r,p € (0,00), g € (0, 00],
c,p €[0,00), pel2,00), Ue CO,[0,00)), uel’0;H), o € LOO;HSU, H)),
RS L’O((’); R), P e L(H), let X,Y: [0,T] x Q — O be predictable stochastic processes,
assume that P> = P = P*, Py <1, P(O) €O, % + % = %, and E[eg”x(’“%l] < 00,
assume forall x € O, y € (P(H) N O) that

(x, )Y+ 3 lo ) s,y + 5 lo@)*x1E +UK) < B,
(72) (Px — y, w(Px) — p(3)) y + L= o (Px) — o D) i )

+(y — Px, Pu(Px) — Pu(x)) y + L8 6 (Px) — o ) s )

L~

2
<O e+ LU + £UMIPx =y,

and assume that for all t € [0, T] it holds P-a.s. that fOT lw(X)llg + ||‘7(Xs)”2HS(U,H) +
IPX) I + o (PX) s + 10@Dla + o (V) Esq g ds < 0o, Xi = Xo +
Jou(Xs)ds + [ 0(Xs)dWs, and Y, = PXo + g Pu(Yy)ds + [ Po(Ys) dWs. Then

sup | X; — Yilloro: By
te[0,T]

1 1 BpT
(73) < el zrqo,71x2:R) TGP e[i_FjLCTJF%] ’E[eé\lXollﬁ,]ﬁ

+ sup [[(I = P)X¢llpr o m) -
t€l0,T]

We now apply Corollary 3.8 and Proposition 3.7, respectively, to two semilinear example
SPDEs with nonglobally monotone nonlinearities. In both example SPDE:s, the verification of
assumption (66) in Proposition 3.7 is partially based on Cox, Hutzenthaler and Jentzen [13],
Section 5.

3.2.1. Setting. We frequently employ the following setting.
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SETTING 3.9. Let k,/ e N, T € (0,00), D=1(0,1), 6 € [0,1), 0 e R, # € (6 —
1,0], let (2, F,P, (F;)sef0,7]) be a filtered probability space which fulfills the usual con-
ditions, (H, (-, ). Ilg) = (LAD;RY), (-, ) 2 pmty s 1l 2 pemiy)s (U () D) =
(LAD;RY, () 2wty - Il z2pirny)» et (Woiepo,r7 be an Idy-cylindrical (F)ef0,71-
Wiener process, let A: D(A) € H — H be a generator of a strongly continuous ana-
lytic semigroup, assume that ¢ — A is strictly positive, let (H;, (-, )y, I-llz,), r € R, be
a family of interpolation spaces associated to o — A, let xo € Hy, F € C(Hp, Hy), B €
C(H,HS(U, H)),let Py € L(Hy, D(A)), N € N, assume for all N € N that dim(Py(H)) <
oo, let X: [0, T] x 2 — Hp be an adapted stochastic process with c.s.p., assume that for all
t € [0, T'] it holds IP-a.s. that

t t
(74) X, =eMxg+ [TV F(X)ds + [T B(X,) dWy,
0 0

let uy: Py(H) - Py(H), NeN,and oy: Py(H) — HS(U, Py(H)), N € N, satisty for
all N eN,ve Py(H),u €U that uy(v) = Py(Av + F(v)) and oy (v)u = Py(B(v)u), and
let XV:[0,T] x Q — Py(H), N €N, be adapted stochastic processes with c.s.p., assume
that for all t € [0, T'], N € N it holds P-a.s. that

N _ ! N ! N
(75) X, = PN(XO)+£MN(XS )ds +{0N(Xs ) dW;.

3.2.2. Cahn-Hilliard—Cook-type equations. In the following result, Corollary 3.10 be-
low, we establish strong convergence rates for spatial spectral Galerkin approximations for
certain Cahn—Hilliard—Cook-type equations. In our proof of Corollary 3.10 we apply Propo-
sition 3.7 to these spatial spectral Galerkin approximations and for this application of Propo-
sition 3.7 we construct in the proof of Corollary 3.10 suitable functions Uy, 00, U, and U 1
such that (66) is satisfied (cf. (85) and (91) in the proof of Corollary 3.10 below).

COROLLARY 3.10. Assume Setting 3.9, assume 6 € (1/12,1/2), k=1,9=—-1/2,0 €
(0, 00), let c € (0,00), n € [0,00), (Se)ec(0,00) € [0,00), let L: D(L) € H — H be the
Laplacian with the standard Neumann boundary conditions on H, assume for all v € D(A)
that D(A) = D(Lz) and Av = —L?v, let e, € H, n € N, satisfy for all n € N that e, =
(amin{n—=1.1}/2 cog((n — Dmx)}re,1), and assume for all v e Hg, N € N, ¢ € (0, 00) that
Py) =N (en,v)gen, F) =c AW —v), n= SUPy, weH, v#w ”B(v)ﬂf_(ﬁ)””:S(U’H)
H]/Q, and

, X0 €

(76) o= sup (12 = POBOisw,my — £ 1T = POw2I3 e 1 = Povl, vl
vEHy

Then for every r € (0, 00), a € (—00, 2) there exists C € R such that for every N € N it holds
that

(7 supreqo, 71 I1Xe = XV lLr@imy < C N2
PROOF. Throughout this proof let P,L e L(H) satisfy for all v € H that Pv=( —

Phv=v—P(v)=v—ej{e],v)yand Lv=—3Y2,(n— 1)"2172 (e,, v) y e,. Note that
for all v € D(L) it holds that

(78) LLv=LLv=Pv.
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Moreover, observe that Young’s inequality proves that for all § € [3/4,00), M € N, x €
Py (Hy) it holds that

—c|Px,x%); = —c(Px, (Px + Px)%),
= —c(Px, (Px)*); = 3c(Px, (Px)*(P1x))y — 3¢(Px, (Px)(P1x)%),
—c[Px, (P1x)*),
= —c| (Px)*[[3; = 3c{Px, (Px)2)yler. x)u — 3c|l Px Iy |(er. x) ]
—c(Px.en)n(ter. x)n)’

79 < —cl (Px?} + [V2e8 (P2 ]| 2587 21 Pl fer. x|
=3¢l Px|3|(er. x)u |
< —e(1 = &) (Px?[}, = 3¢(1 = ) Pxlislfer. vou
= —c(1 =8| (Px)?[} - 3c(1 - %) 1Pl (x5 — 1 Pxl%]
< c|:5 +3(1 - %) - 1]||(ﬁx)2||§, - 3c<1 - f—5>||13x||%1||x||%,.
In the next step observe that for all M € N, x € Py (H) it holds that

(L, o (X)) 1 = (Lx, Py(Ax + F (X))

= (LPyx,Ax + F(x))g = (Lx, Ax + F(x))y
(80) = —(Lx, L%)y + (Lx, F(x))yg = —(Px, Lx) g + c{Px,x> —x)y

= ((=L)"?Px, (=L)'*Px)y + c(Px,x* )y — c(Px,x)n

= I(=L)"?Px||3; + c(Px, x>}y — cl| Px|F
Hence, we obtain that for all M € N, p, p € (0, op), Uy € C2(Py(H), [0, 00)), x € Py (H)
with Vy € Py (H): Up(y) = 5 I(—=L)/2y|1% + 51| Py|% it holds that

(Gurp.on U0) () + %HGM(X)*(VUO)(X) B
= [—P(Zx, i (X)) g + %“(_Z‘)I/ZGM(X)||12rIS(U,PM(H))i|

+ [/3<ﬁx» MM(x))H + g”ﬁaM(x)”IZ{S(U,PM(H))]
@D + L ow 0 [o(=L)x + pPx]|,

< o[ el Pty = I 1y = clPx. ) + 11D B s

40 ell T = 15 = e %) ) + 3P B s |

+ 1| BG)* PP — pLiIx|?,.
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Combining this with (79) and the fact that Vv € H: ||(—I:)1/2v||12q < ||15v||12q proves that
for all § € [3/4,00), M € N, p, p € (0, 00), Up € C%(Py(H), [0, 00)), x € Py(H) with
Vy e Pu(H): Up(y) =& I(=L)!2y||3, + & || Py||% it holds that

Gur.on U0)X) + 3 ow ()" (VU () |3,
< p|ell iy = 'L+ <[5 +3(1= )~ 1|2

(82) — 3c(1 - %)Hﬁxlléllxllif}

+ plela I = " [ = 3¢lx'x ]3]

n (0+DIPBO) i1 n 1B s iy lAP—=p LI 1y I PX1I%;
2 2 :

The fact that B is globally Lipschitz continuous and (76) therefore imply that for all
§€[3/4,00), MeN, g, p,p e (0,00), Up € C2(Py(H),[0,00)), x € Pyy(H) with Vy €
Py (H) : Uo(y) = §11(=L)'2y|13; + pIIPyIIfq it holds that

Grung.on U0) @) + 1 |om (0)* (VU ) 7,
<ol L+ e[5+3(1=5) =1 102 =361 = 5 )1t
+plelx I3 = 1275 = 3¢]x'x 3]
+ (p+p)[§s+€|l(PX)22HH+€HPXI|HHXIIH]

1 B(x)—B(0)+B(0) |13 1P —pLI? 4 Il Px||2 ~
(83) + B K1 + pel| Px ||y

< (P+P)£+pc|:8+2 ]:|||(Px) ”H

+[oc + 1BO)fisw.m 1AP = pLIZ ) M Px 113 + e — pl|x' |3
A 2 2
= A" + 3efx"x| %]
S P 16B — oLl - pe(3— ) |1 Py + 55722
This implies that there exist p, o, p € (0, 00) such that for all Uy, U; € C2(D(A), [0, 00))

with Vx € D(A): l~Jo(x) = %”(—i)l/zx”}zq + %6”13)(”%1 and Vx € D(A): Uj(x) —
p x5 + A I1x113, 1| Px |3, it holds that

84 sup sup [ Gpuyron Ul py i) () + 3 lom (0)* (VU () + U1 ()] < o0
MeNxePy(H)

This allows us to choose 8 € R, p, p, p € (0, oo) Ug, U1 € C2(D(A), [0, 00)) which sat-
isfy Yx € D(A): Up(x) = §II(—L)2x 1}, + 5 I Px|3;, Vx € D(A): Ur(x) = p |x" |3, +
A llxl3 1 Px|3, and

85) B=sup sup [Gpuyy.on Uolpyin) () + 3 lon () (VU (01 + U1 ()] <
MeNxePy(H)
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Next note that for all ¢ € [0,00), p € [2,00), M,N €N, x € Py(H), y € Py(H) with
M > N it holds that

(Pnx —y, Pnupm (Pnx) — Pnup (D)) g
+ L=D0E | Py oy (Pyx) — Pvo D s, py iy
+(y — Pnx, Pnuy(Pnx) — Pypup (X)) g
+ L=DGEVE | proy (Pyx) — Pyow (O isw. py )
< (Pyx —y, F(Pyx) = F() i — IL(Pyx — 0%
(86) + =040 ) B(Pyx) — B sy
+(y = Pyx, F(Pyx) — F(x)) y + L= B(Pyx) — B s, i)
<cll(=L)2(Pyx = iy +c(Pyx =y, L[(Pv0* =¥7]) = IL(Pxx = I

_ 2
+ DGO Py x =yl + (LG — Pyx), (Px)* = 2% = (Pyx —x))

- (I+1/e)n?
+ PRI (1~ Py)x I -

This implies that for all € € [0, 00), p € [2,00), M, N € N, x € Py (H), y € Py(H) with
M > N it holds that

(Pvx —y, PNpp (Pnx) — Py (0))y
+ =D | Py oy (Pyx) — Pyow ) [sis . py iy
+(y — Pnx, Pnpp (Pyx) — Pyip (X)) g
+ =D Py (Pyx) — Pyom @) |fisw. ey

<c|(Pyx —y) |3 — cl(Pyx — ), [(Pnx — ) ((Pyx) + (Pyx)y +y)] )

MLO=PAOly | (=D py 2 4 2] (P — 6
+ e+ DGRy — pyaf,
< cl(Pux =) [} = el[(Px = 3P Py + (Puy +¥2),
— L = Py — el(Pux = Y (Pyx = n[(Py0)? + (Pyx)y + )y
87) @O py g2 4 2| x — Pyx][x® + (P + (Pyo)x] [
+ [ 4 LG Ny - Py

<c|(Pyx —y) |5 = S([(Pvx — )T, (Pyx)? +y2), — 2Ly — Py) |5,
—c{(Pyx — ), (Pyx — )[2(Pyx) (Pyx) + (Pnx)'y + (Pnx)yY +2y'y])y

_ 2 o2
4+ 1)(1+8)Z IPveyly oy o2 |x = Pyx]1[x* + (Pyx)* + (Pyx)x] ||12q
+ [62 + —(’"”“2“/5)"2} |1 — Pw)x|3

< (Pyx =) [3 = ${[(Pyx = 0T (Pvx)* +¥2)y = SILG = Py,
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+2¢|[(Pyx = ) (1PNl + 1) [ g [1Prx = yI(Bv )|+ [y ) [

_ 2
+ =D py e — )12 4 P lx — Pux][x? + (Pyx)? + (Py)x] |

+ [cz + 7@—”“;”8)’72} |1 = Py)x|3;.

Young’s inequality therefore shows that for all ¢ € [0,00), p € [2,00), M,N € N, x €
Py (H),y € Py(H) with M > N it holds that

(Pnx —y, Pnpum (Pyx) — Pyum (D)) y
+ WH Pyoy (Pyx) — PNUM(y)”IQ—IS(U,PN(H))
+(y — Pnx, Pnpp (Pnx) — Py (X)) y
+ L=DCHUD | Py (Pyx) — PNUM(X)”IZ{S(U,PN(H))
< el (P — ) [y — LM g Py — yi(|PwY |+ V)
4 (P_l)(l+5)'722||PNx—y||%.1
(88) + Pllx — Puxllg 2% 4+ (Pyx)? + (PNx)X] oo gy

N [Cz 4 w}”a - Po)x |

< ¢l (P = '}, — MO0t

+ 8c|| Pnx — y”%{[”(PNx)/”iOO(D;R) + “y/“iOO(D;R)]

(p—D(I+e)n* || Pyx—ylI3 2

+ |:C2 + —(’"”“2“/8)"2} |1 = Py)x] -

In the next step observe that the Sobolev embedding theorem together with interpolation
shows that there exist & € [0, 00) and (k¢)ge(0,00) € [0, 00) which satisfy for all x € D(A),
q € (0, 00) that

®9) el <@l +50x"15  and  8clXixpir) <5 + 5 Ul

(cf., e.g., Sell and You [67], Theorem 37.2). Putting this into (88) proves that for all ¢ €
[0,00), pe[2,00),qg € (0,00), M,N €N, x € Py(H), y € Py(H) with M > N it holds
that
(Pvx —y, PNiup (Pnx) — Py (D)) y
_ 2
+ L=DED | Py oy (Pyx) — Pyow(y) Iasw. Py
+(y — Pnx, Pnpup (Pyx) — Py iy (X))

—1)(1 2
90) + p=l+1/e) 1)(2+1/8) ” Pyoy(Pyx) — PNO'M(X)”HS(U’pN(H))

A _ 2
<[ g+ DGR Ny = 31+ P = Y1010+ UL )
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DH(1+1
+|:C +([7 )(+/8)77 _|_36 “x”LOQ(DR)

+ 51PN o I = Pl

Combining this and (85) with Proposition 3.7 (with c =k +«x, + %(p - DA+ 8)772, qo = 00

120 =00, q1 =29, 41 =2q,a=0,8 =0, Up = Ul py,ctr» Uo = Uolpy ety Ut = Ut pyy i),
Uy = Uilpy,H) for M € N in the notation of Proposition 3.7) shows that for all ¢ € [0, 00),
pe[2,oo),q,re(o,oo),M,NerithM>Nand%+;:;itholdsthat

SuP HX — X | ey

tel0

I T
<v2r7Y) exp(% -1+ |:K +iq + —("_1)(21+8)"2}T + ﬁ—)
q

—1)(1 2 2 2 2 2
Oh [y e R 4 P

N = PixM

LP([0,T1x;R)
M Ny, L
) |E[eU0(X0 )]E[er(xo )]|2q + sup ||(I — PN)XtM ||L,(Q;H),
€[0,T]
The fact that for all N € N, v € Hy 4, a € (1/2, 00) it holds that

o0

1PNVl < D [(ent1, V) | llensill oo (p:my
1
2

n=0
|(ent1, U>H|):|
(92) = V2 i <Q +7'r4n4) ? i

1
2 2
UH
Ln=0 | [n=0

(o +7*n*)" (ens1.v)
<[ o) 1] [Slenie, ]

n=0 | n=1

<V2 i <Q +714n4> : <(Q —I—n4n4)

IR

IR

1
2

o —

B —

S =
=V2| > (e+7*n*) 7 | Ivla,

and

12— Pyl < [ = Pyy@ = vl < (0 +7*N*) " il

©93) L(H)

—a/4 oy —
<[V ol = N 0l
hence proves that for all p € [2, 00), ¢, 7 € (0,00), @ € (1/2,00), M, N € N with M > N
and l + l = 1 it holds that

sup HXM XtN
1€[0,T]

<N *n %J2T exp(% —

o = +[;2+Kq+(p—1)n2+§]T)

1
p



PERTURBATION THEORY AND STRONG CONVERGENCE RATES 85

—a/2 ]
[nv +c4—v%0/23 o+m ”) JHMX<Lsu@€mJJ"Xy”%”GIHwM)

[E[exp(§ 1) Xoll3; + 5 1P Xol) ] ’1/4 +N" [Supze[o,r] |x

Lr<sz~Ha/4)] '
Combining this with the fact that Vp € [2,00), @ € (0,00): m~%/2 Texp(— - —) <

V2T exp(3) < v/2exp(%) implies that for all p € [2,00), g,r € (0,00), a € (1/2,00),
M, N eNwith M > N and § + 1 =} itholds that

sup HXM XtN
t€[0,T]

L"(2;H)
O = NVZexp([5+& i+ (p = D+ ] T) [E[exp(22 1x013) ]|
-[1+n ltetBe[r® (Q+ﬂ4n4> tx/Z]l/Z]

M2
-max (1, supyeo, 71X, 13 20 Ha/4)) .

Fatou’s lemma together with Cox, Hutzenthaler and Jentzen [12], Corollary 3.5 (with H =
HU=U,A=A—9o, H={ej,er,...}, Pn=Idy, y =0, =0 -0, 8=0, F=F,
B =B|p,, X=X, X" = XM for N € Ny, M € N in the notation of Cox, Hutzenthaler and
Jentzen [12], Corollary 3.5) hence shows that for all p € [2, 00), g, r € (0, 00), @ € (1/2, 00),
N e Nwith 5 + 2 = | it holds that

sup H X — IN

t€[0,T]

L7 (Q:H)
©5) =N VIexp([h + p + i+ g + £17) [E[exp( 2 1x013) ]|

[1+77\/_+c+\/gc[ ( +7n 4) a/2]1/2]

max{l hmmfsupte[o 7] ||Xz ||L2,,(Q H /4)}

Combining this with, for exmaple, Cox, Hutzenthaler and Jentzen [13], Corollary 2.4, a stan-
dard bootstrap argument (cf., e.g., [41], Lemma 3.1 and Lemma 3.2), the fact that for all
p € (0, 00) it holds that E[exp(p||X0||%,)] < 00, and the hypothesis that xo € Hj/» demon-
strates that for every r € (0, 00), o € (—00, 2) there exists C € R such that for every N € N
it holds that

(96) sup,cro,r) | Xe = X} lLrsmy < C N2
The proof of Corollary 3.10 is thus complete. [J

Note that if Q € L(U) is a trace class operator (see, e.g., Prévot and Rockner [61], Ap-
pendix B), if k =/ =1 in Setting 3.9, and if B: H — HS(U, H) in Setting 3.9 satisfies
that for all u, v € H it holds that B(v)u = {(v/Qu)(x)}xe(.1), then B: H — HS(U, H) in

| B(v)=Bw)llusw, 1) __
T—wln =0and

Setting 3.9 fulfills sup,, e y£u
Vee(0,00):

sup [I1(1 = PO BO)IIfisw,my — & 1 = POv)2IF — e I = POl Il ] < o

veHy

o7
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and in that case (74) reduces in the setting of Corollary 3.10 to the Cahn—Hilliard—Cook-type
SPDE

98)  dXi(0) =L X ) + o L5 {(XG0) - X)) |dr + VO Wi ()

for x € (0, 1), t € [0, T] equipped with the standard Neumann and the nonflux boundary
conditions X;(0) = X/ (1) = X/"(0) = X,"(1) =0 for ¢ € [0, T] (cf., e.g., [2, 14]). Corol-
lary 3.10 hence, in particular, ensures that for every arbitrarily small ¢ € (0, co) it holds that
the spectral Galerkin approximations X", N € N, in (75) converge with the strong conver-
gence order 2 — ¢ to the solution process X of the Cahn—Hilliard—Cook-type equation in (98).
Lower bounds for strong approximation errors for SPDEs in the literature demonstrate that
the strong convergence rate 2 — ¢ in Corollary 3.10 is essentially optimal and can, in general,
not be improved (see, e.g., [11], Lemma 7.2). Further lower bounds for strong approximation
errors for SPDEs can, for example, be found in [17, 40, 56-58].

3.2.3. Stochastic Burgers equation. In the following result, Corollary 3.11 below, we
establish strong convergence rates for spatial spectral Galerkin approximations for certain
stochastic Burgers equations. In our proof of Corollary 3.11 we apply Corollary 3.8 to these
spatial spectral Galerkin approximations and for this application of Corollary 3.8 we con-
struct in the proof of Corollary 3.11 a suitable function U such that (72) is satisfied (cf. (103)
in the proof of Corollary 3.11 below).

COROLLARY 3.11. Assume Setting 3.9, assume that D = (0,1),k=1,0=0,0 =1/4,
V¥ =—1/2, xo € Hi 2, assume that A is the Laplacian with the standard Dirichlet boundary
conditions on D, assume that B: H — HS(U, H) is globally Lipschitz continuous, let e, €
H, n € N, satisfy for all n € N that e, = {ﬁsin(nn(x))}xe(o?l), let ¢ € R\{0}, n € (0, 00),
and assume for all v € Hyj4 C L*(D;R), N €N that Py(v) = Zflvzl (en,vV)gen, F(v) =
5 w2, and n = SUp,c g ||B(x)||%IS(U’H). Then for every r € (0, 00), a € (—00, 1) there exists
C € R such that for every N € N it holds that

(99) sup;epo, 7y |1 Xe = XV lLr@im < CNT2.

PROOF. Throughout this proof let || B|Lip(#,Hs (U, H)) € R be the real number which satis-

fies that || Bl|Lip(#, HS(U, H)) = SUPy e 1. vtw IIB(v)]f_(u;)”H:sw.n) < 00. Note that forall M € N,

x € Py (H), p € (0, 00) it holds that

0w g+ 3 o fisw. py iy + 5 lom ¥ x 113

(100) < (X, Ax) g + S IBO s ) + 5 1B xlIg < 3+ 4L [1xl13 — '
2 2 2
=3+ Gl — £ 0 = [1 - £ = 3 - [1 - 2]

Hence, we obtain that for all N, M €N, x € Py (H), y € Py(H), p € [2,00), ¢ € (0, 00)
with N < M it holds that

(Pnx —y, upm(PNx) — MM()’))H + W lom(Pyx) — O—M(y)”IZ—IS(U’PM(H))
+(y — Pnx, Pnupm(Pnx) — Py (X)) g
+ wﬁl/ﬁ lom(Pnx) — UM(X)H%IS(U,PM(H))

(101) = —[I(Pyx = I + §{(Pyx =2 (Pxx +))

(p=D (+&) I BIE i s,y 1 PN Y=Y
2
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— $((y — Pyx), ((Py — Dx) (Pyx + )y
1) (141
+ w ”B”IZAp(H,HS(U,H)) (I = Py)x|3 .

Next let «: (0,00) — (0, 00) be a strictly decreasing function which satisfies for all v €
D(A), r € (0, c0) that 3% ||U||%°O((0,1);1R) <k(r) ||v||%1 + % HU/”%{ (cf., e.g., Sell and You [67],
Theorem 37.2). Note that Young’s inequality shows that forall N, M e N, x € Py (H), y €
Py(H), p €[2,00),¢,8 € (0,00) with N < M it holds that
(Pyx =y (Pnx) = i) g + L5 Yoy (Pyx) — om D s py iy
+(y — Pyx, PNnum (Pnx) — Pnpp (X)) g

—1) (1+1
+ =D 6 (Pyx) — om ) s, py i)

= [6278 | (Prnx + y)’||§{ + W ”B”iip(H,HS(U,H))] I Pyx — yl%
(o) + 335 | Px = Yll7o0(0,1m) — 5 I1(Pvx = )1
T [% 1 Prx 4 x [ T 0,1):) + (=D /e ||B||%ip(H,HS(U,H))] I(I — Py)xI%,
< [K(S) + 25 |}x’||i, + 2% Hy/Hi, + p=Ddte) ”B”%ip(H,HS(U,H))] IPyx — yli%
+ 1[G 1PN + 21 e 0.1ym) + LB s asw, | 1 — PiIX I, -

Combining (100) and (102) allows us to apply Corollary 3.8 (with g = 2, Ux) = [
27T2]||x 12, c =k (8) + w||B||Llp(H Hs(. i) for x € Py (H), M € N in the notation
of Corollary 3.8) to obtain that for all N, M €N, r,q,¢,8,p € (0,00), p € [2,00) with
1,1 2 :
N<M, +,=1 ,and ¢?8 < 2’; [ —2’;—7’2] it holds that
sup HXM XtN
tel0,T]

< su I—P
LM (Q:H) — te[OpT ”( N)X

L’(Q;H)

-1 - T
L TG exp(3 — 5+ [c@® + L BIR sy | T+ %)

(103) .‘E[e%\xm]\“q
. H (S pwx x4 . o V0= DA+ D IBlpernsw.n)]
. H(l — Py)xM HH LP([[O,T]];R)‘

The fact that for all N € N, o € (1/2,00), v € Hy > it holds that

N
||PNU||L°°(D;R)SZl(en,U>H|||€n||Lw(D;R) |:Z” * (7 n* |{en, )Hl):|
n=1
1/2 1/2 172
104  V2l& x V2 Illa,, | &
S]T_a Xin 2a X:Inzanza“en’v)le :7-[701/2 X:In 200
n= n—= n=

1/2
-2
<[z n 2] il
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the fact that for all N e N, o € (0, 00), v € Hy 7 it holds that

I = Powlly = | (=)~ = Py) =4y

105) =[O Pu—pry)| || =] a7 a - Py

v
L(H) || ”Ha/z

= (N 122—0[/2 —(N+1)"%7—@ - N~ O
= [+ 1022 ol = V4 D ol < N7 ol ,

L(H)

and the fact that T1/%2 < exp((Tz;l)) hence imply that for all N,M €N, r,q, 6, p € (0, c0),

o € (1/2,00), pel2,00) with N < M, L+ 1 =1 and % < %[ —%] it holds that

sup HX,M — XIN

L7 (2 H)
(106) <N~ exp([q+np +Kk@)+p ”B”Llp(H HS(U, H))] ) ‘E[e%“XO”%”l/q
) [1 +|c| [ - n*z"‘]l + ﬁllBllLip<H,HS(U,H))]

M2
.max(l, SUP;¢[0.7] Il X, ”LZP(Q;HQ/Z))'
Combining Fatou’s lemma and, for example, Cox, Hutzenthaler and Jentzen [12], Corol-
lary 3.5, therefore shows that for all N e N, r,q € (0,00), a € (1/2,00), p € (0, %),
p €12,00) with & + £ = J it holds that

s HX x|
o 17T @i

21x,12 71174
< eXP((HW))T + (2 azn zﬂpn])T + PT||B||fip(H,HS(U,H))) ‘E[eZ ”XO”H]‘

(107) [1+|c| < L+ up ||B||L1p<HHS(UH))}

maX<1 ljbrrgggtes[gpn XM L21)(Q;Ha/2)) N7
Combining this with, for example, [13], Corollary 2.4, a standard bootstrap argument (cf.,
e.g., [41], Lemmas 3.1-3.2), the fact that inf ¢ (0, o0) E[exp(pllXolllzq)] < 00, and the hypoth-
esis that xo € Hy/, demonstrates that for every r € (0, 00), a € (—00, 1) there exists C € R
such that for every N € N it holds that

(108) SUpP; 0,77 | X: — X;N”L’(Q;H) <CN™“.
The proof of Corollary 3.11 is thus complete. [

Note that if b: (0,1) x R — R is a globally bounded function with a globally bounded
continuous derivative, if Q € L(U) is a trace class operator (see, e.g., Prévot and Rock-
ner [61], Appendix B), if k =1 =1 in Setting 3.9, and if B: H — HS(U, H) in Set-
ting 3.9 satisfies that for all u, v € H = U it holds that B(v)u = {b(x, v(x)) (+/Qu)(x)}xep,

then B: H — HS(U, H) in Setting 3.9 fulfills the assumption in Corollary 3.11 that

sup,cg | B(v) II%IS(U’H) +SUPy el vtw ”B(v)if_(ﬁ)“‘fsw’m < oo and in that case (74) reduces

in the setting of Corollary 3.11 to the stochastic Burgers equation

(109)  dX,(0) =L X,(0) + ¢ X;(0) £ X, (0] dr +b(x, X, ()Y QdWi(x)
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for x € (0, 1), ¢t € [0, T'] equipped with the standard Dirichlet boundary conditions X;(0) =
X;(1) =0 for ¢t € [0, T]. Corollary 3.11 hence, in particular, ensures that for every arbitrar-
ily small & € (0, 00) it holds that the spectral Galerkin approximations X", N € N, in (75)
converge with the strong convergence order 1 — ¢ to the solution process X of the stochastic
Burgers equation in (109). Lower bounds for strong approximation errors for SPDEs in the
literature demonstrate that the strong convergence rate 1 — ¢ in Corollary 3.11 is essentially
optimal and can, in general, not be improved (see, e.g., [11], Lemma 7.2). Further lower
bounds for strong approximation errors for SPDEs can, for example, be found in [17, 40,
56-58].

3.3. Analysis of SDEs with small noise. 1In this subsection, we use Corollary 2.12 to
study perturbations of deterministic ordinary differential equations and deterministic partial
differential equations by a small noise term.

COROLLARY 3.12. Assume Setting 1.5, let ¢ € [0,00), u € £%0: H), o € LY%0O;
HS(U, H)), let t: Q — [0, T] be a stopping time, let X,Y: [0, T] x Q — O be adapted
stochastic processes with continuous sample paths, assume that for all t € [0,T] it
holds P-a.s. that ] m[m — Yo (X)) — p(Y)) gt ds + J§ llo (YD) lhsw ) +

luX) e + ¥ llads < 0o, X; = Xo + [y w(Xs)ds, and Y, = Xo + [ou(Ys)ds +
Jo e (Yy)dWs. Then for all p,r € (0,00), p € [2,00), g € (0, 0] with % + é = L it holds
that

1Xe = Yol pr i
1_1
(110) <ep 27 p— LloM)llro.]:1sw. 1)

T 1 1
(Xy =Yy, (X)) = (Y)) g (7—;)]+
eXp(/o [ emAT A

Corollary 3.12 follows immediately from Corollary 2.12 (with o (x) =0, ag = u(Yy), by =
o (Ys), e =00 for x € O, s € [0, T] in the notation of Corollary 2.12). If the processes X
and Y in Corollary 3.12 enjoy suitable exponential integrability properties (see, e.g., Cox,
Hutzenthaler and Jentzen [13], Corollary 2.4), then the right-hand side of (110) can be further
estimated in an appropriate way. Corollary 3.12 can be applied to a number of nonlinear
ordinary and partial differential equation perturbed by a small noise term such as the examples
in Sections 3.1.2-3.1.7 as well as the examples in Sections 3.2.2-3.2.3.

L1(2;R) ‘
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