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CUTOFF FOR THE SWENDSEN-WANG DYNAMICS ON THE
LATTICE

BY DANNY NAM! AND ALLAN SLY?
Princeton University

We study the Swendsen—Wang dynamics for the g-state Potts model
on the lattice. Introduced as an alternative algorithm of the classical single-
site Glauber dynamics, the Swendsen—Wang dynamics is a nonlocal Markov
chain that recolors many vertices at once based on the random-cluster repre-
sentation of the Potts model. In this work, we establish cutoff phenomenon
for the Swendsen—Wang dynamics on the lattice at sufficiently high tem-
peratures, proving that it exhibits a sharp transition from “unmixed” to
“well mixed.” In particular, we show that at high enough temperatures
the Swendsen—Wang dynamics on the torus (Z/nZ)d has cutoff at time
%(— log(1 — y))_llogn, where y(B) is the spectral gap of the infinite-
volume dynamics.

CONTENTS
I. Introduction . . . . . .. .. ... 3706
1.1. Related works . . . . . . . . . o e 3707
1.2. Maintechniques . . . . . . . .. . . . i e 3708
1.3, Organization . . . . .. . . ..t e 3710
2. Preliminaries . . . . . ... 3710
2.1. The g-state Potts model and the random-clustermodel . . .. ... ... ... .... 3710
2.2. The Swendsen—Wang dynamics . . . . . . .. ... ... .. .. ... 3711
2.3. Mixing time, cutoff and spectral gap . . . . . . ... ... ... .. ... 3712
3. Global coupling of the Swendsen—Wang dynamics. . . . . . .. ... .. ... ... .... 3713
3.1. A global coupling for the Swendsen—Wang dynamics . . . . ... ... ... ..... 3713
3.2. Lowerboundonthe spectral gap . . . ... ... ... . ... ... ... ..., 3715
4. Information percolation and estimating the L2distance . . . . ... 3716
4.1. Information percolation for the Swendsen—Wang dynamics . . . . . . ... ... ... 3717
4.2. Estimating the L2 AISANCE .« o o o oo e 3721
43. Proofof Lemma4.8 . . ... ... ... 3727
5. Reducing L! mixing to L2-local MIXING . . . . oo 3731
5.1. L' to L2 reduction: Ingredients . . . ... ... ... .. L L 3732
5.2. Proofof Theorem 5.2 . . . . . . . ... ... ... 3739

Received June 2018; revised January 2019.
1Supported by a Samsung scholarship.
2Supported by NSF Grant DMS-1352013, a Simons Investigator grant and a MacArthur fellow-
ship.
I;\/ISCZOI 0 subject classifications. Primary 60J10, 82C20; secondary 60K35, 60B10.
Key words and phrases. Markov chains, Swendsen—Wang dynamics, Potts model, cutoft phe-
nomenon.

3705


http://www.imstat.org/aop/
https://doi.org/10.1214/19-AOP1344
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

3706 D. NAM AND A. SLY

6. Cutoff for the Swendsen—Wang dynamics . . . . ... ... ... ... ... ... ..... 3742
6.1. Existenceof cutoff . . . . ... .. L L 3742
6.2. Limitof spectral g@aps . . . . . . . .. .. ... 3744

Appendix . . ... e e 3749
A.l. Upper bound onthe spectral gap . . . . . . ... .. .. ... ... . 3749
A2 Proofof Lemma 6.6 . . ... ... .. ... e 3751
A3. Proof of Theorem 6.7 . . . . . . . . . . . . . e 3752

A.3.1. Information percolation on /I 3752
A3.2. Proofof LemmaA.8 . . . ... ... ... 3756
A33. Proofof Lemma A7 . . . ... .. 3757
A34. Proofof Lemma A.6 . . . . .. ... ... 3758
Acknowledgments . . . . . . ... 3759
References . . . . . . . . .. 3759

1. Introduction. A finite ergodic Markov chain is said to exhibit cutoff phe-
nomenon if its total-variation distance from stationarity decreases sharply from
near its maximum to near O over a negligible period of time. In other words, the
cutoff phenomenon of a Markov chain describes the abrupt transition of the chain
from “unmixed” to “well mixed.” Here, by abrupt, we mean that this transition
takes place during a time period of a strictly smaller order than the mixing time.
Although the cutoff phenomenon is believed to be ubiquitous among a broad class
of Markov chains, verifying the existence of cutoff requires a much finer control of
the Markov chain than just establishing the order of the mixing time. Such an anal-
ysis proving cutoff typically yields more information as well as it must identify the
main obstruction or bottleneck to mixing.

Markov chains, such as the Glauber dynamics give a dynamical version of
spin systems that both models the evolution of a physical system and provides
an MCMC algorithm to sample from its stationary distribution. As such their rate
of convergence has always been studied in mathematics, physics and computer sci-
ence communities. While cutoff is expected for many such models and dynamics,
establishing it for such chains is challenging due to their complicated equilibrium
distributions. Only recently has cutoff been verified for a few such chains, partic-
ularly the single-site Glauber dynamics on the Ising model at high temperatures
([22] on the complete graph, and [25-28] on the lattice).

The Swendsen—Wang dynamics is a nonlocal Markov chain in which a constant
fraction of spins change in each step. For the ferromagnetic Ising model and its g-
state generalization, the Potts model, we show cutoff on the torus at high enough
temperatures, which is the first proof of cutoff for a nonlocal chain sampling spin-
systems.

THEOREM 1. Let d > 1 and g > 2 be fixed integers and consider the
Swendsen—Wang dynamics for the ferromagnetic q-state Potts model on the torus
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z/ nZ)d at inverse temperature . Then there exists fo = Po(d, q) > 0 such that
for any 0 < B < By, the dynamics exhibits cutoff at

t-—d(lo( ! )>_110
m1x—2 g 1= 7m0 gn

with a window of O (loglogn), where y is the spectral gap of the infinite-volume
dynamics which lies in (0, 1) thanks to Theorem 2.

Introduced by Swendsen and Wang [33] in the 1980s, the Swendsen—Wang
dynamics was proposed as an alternative of the classical single-site Glauber dy-
namics. In each step, it maps the current spin configuration to a bond percolation
configuration on the graph and then colors each component of the configuration
uniformly from the ¢ colors (for the formal definitions of the Potts model and the
Swendsen—Wang dynamics, see Section 2). It has been the preferred algorithm to
simulate ferromagnetic spin systems in practice as it is highly efficient in most
regimes (see, e.g., [8, 31, 33]). In the classical case of the d-dimensional lattice
cube of side-length n, it is believed that the Swendsen—Wang dynamics mixes in
time of order log n for all temperatures except at criticality. However, in contrast to
the single-site Glauber dynamics, less progress has been made analysing the rate
of convergence of the Swendsen—Wang dynamics due to its nonlocal behavior.

1.1. Related works. There has been a huge effort from mathematics, physics,
and computer science communities to understand the rate of convergence of the
Swendsen—Wang dynamics. The work started from dealing with special kinds of
graphs, proving polynomial bounds on the mixing time at all temperatures. These
are on trees, cycles [6], narrow grids and complete graph [5], where the latter
studied the case of the Ising model (i.e., g = 2).

In particular, a substantial improvement has been made in the case of the com-
plete graph. Long, Nachmias and Peres [24] established the precise order of the
mixing time of the Swendsen—Wang dynamics for the Ising model: ®(1) in high
temperature, @ (logn) in low temperature, and © (n!/4) at criticality. The Potts case
(g = 3) is known to present a different behavior compared to the case of the Ising
model. For ¢ > 3, Galanis, Stefankovi¢ and Vigoda [14] verified that the mix-
ing time exhibits an ®(n'/3)-power law at the threshold which is strictly below
the ordered/disordered transition point. They also showed the quasi-exponential
slowdown of the dynamics in the critical region, extending the result of Gore and
Jerrum [18]. Recently, Gheissari, Lubetzky and Peres [17] improved the quasi-
exponential lower bound into a pure exponential lower bound of exp(cn).

On the other hand, if our underlying graph is the lattice cube, less results are
known compared to the case of the complete graph. In [2, 3], Borgs et al. showed
the exponential lower bound on the mixing time when the dynamics is defined on
the d-dimensional torus at critical temperature with sufficiently large ¢. Later on,
Ullrich [34, 35] developed a nice comparison technique that enables to compare
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the spectral gaps of the Swendsen—Wang dynamics and the heat-bath Glauber dy-
namics. He proved that the mixing time of the Swendsen—Wang dynamics in Z>
with ¢ = 2 is at most polynomial at all temperature, and that if ¢ > 3 then the
same estimate holds except at criticality. Guo and Jerrum [21] extended this result
to general dimensions d when g = 2. At critical temperature in two dimensions,
recent work of Gheissari and Lubetzky [15, 16] established a polynomial upper
bound for ¢ = 3, a quasi-polynomial upper bound for g = 4, and an exponential
lower bound for g > 4, implementing the results of Duminil-Copin et al. [9, 10]
who settled the continuity of the phase transition of the two-dimensional Potts
model. We finally mention another recent work of Blanca et al. [1] where they
demonstrated that the spectral gap of the Swendsen—Wang dynamics on Z?> has a
(1) lower bound in the high temperature regime.

The cutoff phenomenon for the spin systems has only been known for the single-
site Glauber dynamics. The first such result was [22], where they showed cutoff
for the mean-field Ising model at high temperatures. In [25], it was proven that the
Ising model on the lattice torus fo (i.e., periodic boundary conditions) exhibits
cutoff, at all high temperatures for d = 2 and high enough temperatures for d > 3.
This result was extended to the Glauber dynamics for other spin systems such
as the g-Potts model, the hard-core model and the proper coloring model, on d-
dimensional lattices with general boundary conditions.

Although cutoff for the Swendsen—Wang dynamics is established in this paper
for the first time, there are still a plenty of interesting problems left unanswered.
For instance, we conjecture that the dynamics defined on the lattice exhibits cutoff
at all temperature except at criticality, in contrast to the current work which only
deals with sufficiently high temperatures. In fact, demonstrating an O (logn) up-
per bound on the mixing time at general noncritical temperature remains to be an
unsolved problem.

1.2. Main techniques. In contrast to the monotonicity property present in the
Glauber dynamics for the Ising model, the Swendsen—Wang dynamics is non-
monotone. Two previous approaches have been developed for cutoff for single-site
Markov chains on spin systems, a spatial decomposition method [25] and informa-
tion percolation [27]. The former proof crucially relied on log-Sobolev estimates
to bound L? distances which are not available for the Swendsen—Wang dynamics.
On the other hand, monotonicity is essential to prove cutoff using information per-
colation. To overcome this, our approach blends the two techniques, using a new
application of information percolation to control the L? distance locally and com-
bines this with the coupling of the system to a product chain following the ideas
of [25]. The proof consists of the following major steps which we detail.

e Coupling the Swendsen—Wang dynamics. As in the Glauber dynamics for the
Ising model, we construct a grand coupling for the Swendsen—Wang dynamics
in terms of an “update sequence” which consists of random variables that de-
scribe the evolution of the dynamics. The Swendsen—Wang dynamics is then
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a deterministic function of its starting configuration and the (random) update
sequence.

e Information percolation and the L? bound. To apply the information per-
colation framework, we construct the “history diagram” of the Swendsen—
Wang dynamics, by revealing the update sequence backwards in time in the
(d 4 1)-dimensional space-time slab, and by connecting each pair of the nearest-
neighboring vertices if there exists a possible dependency between the two. Thus
it describes the propagation of information backwards in time; formal defini-
tions of the framework will be given in Section 4. At high enough temperatures,
the process of the history diagram is stochastically dominated by a sub-critical
branching process. From this formulation, we derive a bound on the L>-distance
from stationarity of the chain which turns out to be a crucial quantity in proving
cutoff.

e Breaking the dependencies and the L' to L? reduction. To establish cutoff in
Theorem 1, we implement the technique of [25] to relate the L!-mixing time
of the dynamics on ZZ in terms of the L2-mixing of the dynamics on a product
chain of smaller lattices Zf . Our starting point is observing that the subcriticality
of our coupling implies that although the chain is nonlocal, information does not
travel too fast, so that any two distant vertices do not affect each other unless
the time period is long enough. Therefore, one might hope to understand the
original dynamics on fo approximately as a product chain on smaller blocks Z¢
by breaking the dependencies between remote sites. Following the ideas of [25],
this is achieved by showing that for most realisations of the update sequence, one
only needs the configuration of X; on a “sparse” set of vertices to determine the
configuration at time ¢ + s if s < loglogn. Projected onto this sparse set, called
the “update support,” the dynamics can be coupled to a product chain of much
smaller lattices, and the L'-mixing of the primary chain is controlled by the
L2-distance from stationarity of the dynamics defined on Zf’ with r < log’ n.
Finally, we utilize the estimate on the L>-distance derived using information
percolation to bound this distance and establish cutoff.

This approach establishes cutoff in terms of the spectral gap on the small
chain Zf. In [25], it was shown that for the Glauber dynamics the cutoff location
could in fact be given in terms of the spectral gap of the infinite volume dynam-
ics. This proof used monotonicity in a crucial way and a follow up work [26]
extending the techniques to Potts and other spin systems established the exis-
tence of cutoff but could not relate the location to the infinite volume dynamics.
The same issue arises for the Swendsen—Wang dynamics but we are able to re-
late the spectral gap of Zf with the infinite volume dynamics by controlling the
L2-distance and using the representation of the spectral gap as the exponential
rate of convergence to stationarity.

THEOREM 2. For d > 1 and g > 2, let y, (resp., Yso) denote the spectral
gap of the Swendsen—Wang dynamics on (Z/nZ)? (resp., Z). Then there exists
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Bo = Bo(d, q) > 0 such that for any 0 < B < Bo, we have

nl_i)n&)y,,:yoo and 0<ysx <1.

To prove Theorem 2, we need to introduce the framework of infinite-volume
information percolation. This will be done in Theorem 6.7 and Section A.3 in the
Appendix.

Our approach works in great generality for dynamics at high temperature includ-
ing the Potts Glauber dynamics, allowing one to give the cutoff locations in [26]
in terms of the infinite volume spectral gap. We discuss this generalization in Re-
mark 6.8.

REMARK 1.1. It turns out that the methods described so far can be applied to
studying the Swendsen—Wang dynamics on the lattice cube with general boundary
conditions at high enough temperatures. Namely, the Swendsen—Wang analogues
of Corollary 2, Theorems 6 and 6.1 of [26] continue to hold. To be precise, at high
enough temperatures, the Swendsen—Wang dynamics on {0, ..., n}¢ with arbitrary
boundary conditions exhibit cutoff with O (loglogn)-window, and if we have free
or single-colored boundary conditions then the cutoff location can be written by
the same formula given in Theorem 6.1 of [26]. Their proofs can also be carried
out by a straightforward generalization of [26].

1.3. Organization. The rest of this article is organized as follows. Section 2
consists of an introduction on the background. In Section 3, we introduce a cou-
pling of the Swendsen—Wang dynamics and deduce estimates on the spectral gap
and the mixing time. The information percolation framework is explained in Sec-
tion 4, and the bound on the L2-distance from equilibrium is derived in this section.
In Section 5, we describe the reduction argument from L'-mixing on Z¢ to L2-
mixing on a smaller lattice Zf. The final section, Section 6, is devoted to proving
Theorems 1 and 2 by implementing the results from the previous sections.

2. Preliminaries.

2.1. The g-state Potts model and the random-cluster model. Let G = (V, E)
be a finite graph. Let ¢ > 2 be an integer and 8 be a nonnegative number. Then the
q-state Potts model on G with inverse temperature f is the probability distribution
on the configuration space Qy :={1,2,...,q}", where its formula given by

1 )
ZP (137 C]) ,
where E,,(0) :={(uv) € E :0(u) =o(v)} and Zp(f, q) is the normalizing con-
stant. Each configuration denotes an assignment of colors to the sites in V. For
B > 0 we say that the model is ferromagnetic, otherwise it is anti-ferromagnetic.

(o) = exp(B|Em (o)
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In particular, if ¢ = 2, this is equivalent to the Ising model. Throughout this paper,
we will focus only on the ferromagnetic case.

Another model that shows a rich connection with the Potts model is the random-
cluster model. Also called as the FK-Ising model, this model is introduced by
Fortuin and Kasteleyn in [12, 13]. Here, the configuration space is X g := {0, 1}E,
and for each configuration w € X g, we say that an edge e is open in w if w(e) =1
and is closed otherwise. The random-cluster model with parameters p € [0, 1] and
q > 0 is the probability distribution on X g defined by

P() =~ ! PE@I(] _ p) E\E@)| gk@),
rc(P. q)

where E(w) is the set of the open edges of w, k(w) denotes the number of con-
nected components in the subgraph (V, E(w)) (note that we also count each iso-
lated vertex as a component) and Zrc(p, ¢) is the normalizing constant.

One can observe the relations between the g-state Potts model and the random-
cluster model by considering the Edwards—Sokal measure [11], which is the joint
distribution of the two defined as

(o, w) i= plE@I(1 — p)ENE@Iq p b o))

Indeed, one can check that when p, B satisfies the relation p = 1 — e~ #, the
marginal distribution of v on Qy (resp., X ) is equal to & (resp., ¢). A detailed
illustration on this fact can be found in [20]. Throughout the rest of the paper, we
always assume that p and g satisfy

p:l—e_ﬂ.

2.2. The Swendsen—Wang dynamics. One interesting feature about the
Edwards—Sokal measure is that it provides an insight to sample a random clus-
ter configuration from a Potts configuration, and vice versa. This is closely related
with the formulation of the Swendsen—Wang dynamics which is first introduced in
[33]. Given a Potts configuration X; € €2, a step of the Swendsen—Wang dynamics
results in a new configuration X, as follows:

1. Sample w; € Sf by setting w;(e) = 1 with probability p =1 — ¢~# and
w;(e) = 0 with probability 1 — p for each e € E,,(X;), independently of e. For
e ¢ E,(Xy), set w;(e) = 0. Hence, we obtain a joint configuration (X;, w;);

2. Assign to each connected component of (V, E(w;)) independently a new
color from Q = {1, 2, ..., g} uniformly at random and obtain the new Potts con-
figuration X, 1.

Not only is it well known, but also is a simple fact that the Markov chain defined
as above is reversible and stationary with respect to the Potts measure. Similarly,
if we run the dynamics by 2 — 1 starting from an edge configuration wy, then it
defines a reversible Markov chain with respect to the random-cluster measure. We
call this chain the edge SW dynamics.
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2.3. Mixing time, cutoff and spectral gap. The total-variation (L!) distance
is arguably the most fundamental notion of convergence in the theory of Markov
chains. For two probability measures i1, (2 on a finite state space S the fotal-
variation distance is defined as

= A A =1
ler — mallrv -—gléUS(\Ml( ) — )|—§Z\M1(x)—uz(x)!-

xes

Another notion of distance is the L2-distance, which we define as

wi(x) _q

2
p2(x) '

12
m(x)} .

2.1) et = p2ll 200y = {Z

x€eS

For an ergodic Markov chain (Y;) with stationary distribution x, we define the
worst case total-variation distance from equilibrium as

d(t) := max| Py, (Y; € ) — it] v
YOES

where [Py (Y; € -) denotes the probability distribution of ¥; starting from yo. Then
the mixing time of the chain (Y;) is defined as the minimal time when d(¢) gets
below some given threshold, that is, for each € € (0, 1),

fmix(€) :=min{t > 0:d(r) <€}.

A family of chains {(Y,")}, is said to exhibit cutoff if for every fixed € € (0, 1)

we have
lim t‘;n‘z‘i =1.
=00 M (1 —e)

Here, we typically consider the family {(Y;(”))}n that consists of the same type of
Markov chains whose system size grows in n (e.g., the Swendsen—Wang dynamics
on ZZ). A sequence (wy,) is said to be a cutoff window if tr(nril () — tr;"&(l —€) =
O (w;,) for every € € (0, 1). Then the existence of cutoff is equivalent to the exis-
tence of such sequence (w),) that satisfies w, = o(tr(n"il (€)).

For a discrete-time reversible Markov chain (Y;), the transition matrix P of the
chain has real eigenvalues which we denote by 1 =4 > --- > A|5) > —1. Then the
spectral gap of the Markov chain (Y;) is defined as

y =1 —max{is, |1}

Spectral gap of a Markov chain provides some fundamental results on the mixing
time. We point out a well-known property of it as follows. For a proof, see, for
example, [23].
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PROPOSITION 2.1.  Let (Y;) be a discrete-time, ergodic and reversible
Markov chain with stationary distribution | and spectral gap y. Define d(t) =
maxy,es [Py, (Y; € ) — wlltv. Then the following holds true for all t > 0:

(1—y) <2d(1) < pu i (1—p),

where [imin = MiNyes 1(X).

Moreover, if P is nonnegative definite, then the spectral gap y =1 — A, can be
written by the following formula using variational approach:

Ex (f,
2.2) y = M

 fer?(m) Varg (f)°
f#0

where &, : L?() x L?(7r) — R denotes the Dirichlet form defined as

1
Exlf.8) =5 fg (@ = FO) PGy,

3. Global coupling of the Swendsen—Wang dynamics. Throughout this sec-
tion, d > 2 will be any fixed integer, and G = (V, E) will be a finite graph of
maximal degree d.

The purpose of the following subsection is to define a global coupling for the
Swendsen—Wang dynamics. This coupling method gives a simple proof of the con-
stant lower bound of the spectral gap in Section 3.2.

3.1. A global coupling for the Swendsen—Wang dynamics. We introduce the
update sequence of the Swendsen—Wang dynamics which consists of three types
of elements that determine the updates. For an edge configuration w € ¥ on G,
let (V, w) denote the subgraph of G induced by the edge set {e € E : w(e) = 1}.

DEFINITION 3.1 (Update sequence). Let (X;)o<;<;, be the Swendsen—Wang
dynamics for the g-state Potts model on G = (V, E). The update sequence of
(X1)o<t<t, is defined by $;, = {(@r, (cy.1)vev, A@t)};*:_ol, where the elements of
£, are given as follows:

1. Let (@r):>0 be the collection of i.i.d. Bernoulli (bond-)percolation configu-
rations on G = (V, E) with probability p. In other words, for each edge e, w;(e)
is set to 1 with probability p and to 0 with probability 1 — p independently of e,
and o;’s are independent.

2. Let (cy,1)vev,i>0 be i.i.d. Unif{l, ..., g} random variables which are inde-
pendent with (@;)s>0.

3. Foreacht > 0, let k(w;) be the number of connected components in (V, w;)
and let C{", ..., C/?(ra),) denote its components. For each j € {1, ..., k(@,)}, define
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oct(C;?”) to be any bijective function that maps C;-?" onto {1, ..., |C;‘-_” [}. Then we

combine all the information of at(Cf”)’s, by defining Az, : V — Nas

Ay, (v) = a,(C;-?”)(v) ifve C?’ for some ;.

Note that in Step 3, the specific choice of the function a,(C?t) is unimportant.
Any function that is bijective from C;f_)’ onto {1, ..., |C;f_)’|} leads to the desired

coupling. However, the functions o, (C ;”’)’s should be deterministic.

It turns out that the combination of the three types of random variables con-
structed above can actually govern the evolution of the Swendsen—Wang dynam-
ics. We describe how it is done in the following definition.

DEFINITION 3.2 (Global coupling). Let $);, = {(®;, (cyv.r)vev, A@,)};*;O'. The
Swendsen—Wang dynamics (X;)o<;<;, for the g-state Potts model on G is coupled
with $);, as follows:

1. Given the Potts configuration X; at time ¢, the corresponding edge configu-
ration w; in the first step of the dynamics follows @, on monochromatic edges, that
is, ws(e) = wy(e) if X;(u) = X, (v) with e = (uv), and w;(e) = 0 otherwise.

2. Let C i‘)’ e Cl?(tw,) denote the connected components of (V, wy). For each
Cj-”’, pick a vertex v; € C;‘)’ that satisfies Ag, (vj) = min{Ag, (1) :u € C;-”’}, that
is, for each connected component of w;, we pick the vertex having the smallest
label with respect to Az, .

3. Obtain X;41 by assigning to each component C;f)’ anew color ¢y, ;.

Let us briefly check how this procedure is actually identical with the law of
the Swendsen—Wang dynamics. First, since @; ~ i.i.d. Perc(G, p), generating the
edge configuration w; in Step 1 is indeed the same in law as the first step of the
Swendsen—Wang dynamics. In the second and third steps, no matter how «; and
Ag, are defined, each connected component in (V, ;) receives a color ¢, ot
ii.d. Unif{l, ..., g}, matching the definition of the Swendsen—Wang dynamics.

REMARK 3.3. Unlike the monotone coupling of the heat-bath Glauber dy-
namics for the Ising model or for the random-cluster model, the coupling is not
monotone in the following sense: Consider the edge Swendsen—Wang dynamics
on X by proceeding 2 — 3 — 1 instead of 1 — 2 — 3 in the Definition 3.2. If
we define the order between the edge configurations by w, o’ € g, w < ' if and
only if w(e) < '(e) for all e € E, then one can observe that wy < w(’) does not
imply w; < .
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3.2. Lower bound on the spectral gap. In this subsection, we implement the
global coupling given in the Definition 3.2 to prove a constant lower bound on the
spectral gap of the Swendsen—Wang dynamics. The proof will be an application of
the path coupling method which is first introduced by Bubley and Dyer [4]. In this
procedure, an upper bound on the mixing time will naturally be derived as well.

PROPOSITION 3.4. Let p=1—e"P and g > 2. For any p such that edp <
1— %, the spectral gap y of the Swendsen—Wang dynamics for the ferromagnetic
q-Potts model on G at inverse temperature B satisfies y > 1 — 2edp. Moreover,
the mixing time has an upper bound

tin(1/26) < 2 _
log(1/2edp)

PROOF. With Proposition 2.1 in mind, the following lemma directly implies
Proposition 3.4. [

LEMMA 3.5. Let (X;) be the Swendsen—Wang dynamics on G = (V, E) with

|V| = n and maximal degree bounded by d. Then for any p such that edp < 1— \/LE

andt > 0,

n}%xHPXO(X, €) — 7|y <nedp)’.

PROOF. Let (X;) and (X)) be two copies of the Swendsen—Wang dynamics
that are coupled according to the global coupling in Definition 3.2. Let w; and o)
be the edge configurations generated after the first step of the dynamics, corre-
sponding to X; and X7, respectively. Also, let d(X;, X;) be the Hamming distance
between the two configurations, that is,

d(Xe, X)) =|{ueV:X(u)#X, ()}

Suppose that at time ¢, the two configurations satisfy d(X,, X;) = 1. Let v be
the vertex such that X, (v) # X} (v). Let @, be the percolation configuration at time
t included in the update sequence and let C be the connected component of (V, &;)
containing v.

At the second step of the coupling, every connected component of w; that is
not contained in C receives the same color as the corresponding component of W},
since w; and w; are the same except at N (v) = {e € E : Ju, e = (uv)}. This implies
that X, 1 (V \ C)= X;H(V \ C). Moreover, if we let u to be the vertex in C such
that Ag, () =1, then X, 1(u) = X;H(u) by the definition of the global coupling.
As aresult, we deduce the following inequality:

(3.1) E[d(X:+1, X;41)ld(X,, X]) = 1] <E[|C| — 1].
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We bound the right-hand side of (3.1) by dominating our graph G by its cover
tree. Let (Ty, o) be the infinite d-regular tree rooted at e. Consider a Bernoulli per-
colation with edge inclusion probability p on (T, e), and let I' be the connected
component of the percolation containing e. Since the maximal degree of our graph
G is d, we can consider a projection ¢ from (T, e) onto (G, v), thatis, p(e) =v
and ¢ preserves the edge relations of Ty and G. Then there is a natural coupling
between I' and C via this projection, and the size of I' stochastically dominates
the size of C.

Hence, we have E[|C| — 1] < E[|T'| — 1] = E[|E(I")|], where E(I) is the set of
edges in I'. For each k, we have P(|E(I")| = k) < (edp)k, since we should select
k edges to be open (probability p*) and the number of choosing a k-subtree con-
taining e is at most (”Z‘) < (ed)*. Thus, our assumption edp < 1 — 1/+/2 implies

E[|E(D)|] < Y41 k(edp)* < 2edp, and hence,
(3.2) E[d(Xo11. X, )ld(X:, X)) = 1] < 2edp.

Then the path coupling argument (see, e.g., [23]) implies that (3.2) can be ex-
tended to the case when d(X;, X)) is arbitrary. Hence, we deduce that

E[d(X,. X))ld (X0, X¢)] < d(Xo, X}) edp)'.
Finally, the basic coupling inequality and Markov’s inequality imply that
II)IC%X”IP)XO(XI €) — 7| v <E[d(X:, X;)] <nQedp)’,

which concludes the proof. [J

4. Information percolation and estimating the L2 distance. In this section,
we analyze the distance from stationarity measured by the L2-norm. Detailed un-
derstanding on the L? distance will turn out to be crucial in establishing cutoff
for the Swendsen—Wang dynamics. Indeed in Section 5, we will see that the total-
variation (L') distance from stationarity can essentially be controlled by the L>-
distance of the chain defined on a smaller lattice Z¢ from its stationarity.

In the previous work [25] on the Glauber dynamics for the Ising model, a similar
L' to L? reduction technique is used to prove cutoff, and estimating the aforemen-
tioned L2-distance is an important issue there as well. In [25], the condition of
strong spatial mixing is assumed, which provides a strong enough control on the
L?-distance based on the results from [7].

However in the case of the Swendsen—Wang dynamics, following the same pro-
gram seems to be difficult (see Remark 4.10), and hence, we need a different ap-
proach. We implement the concept of information percolation which is first in-
troduced in [27, 28]. To be specific, we reveal the update sequence backwards in
time to develop the history diagram, whose purpose is to describe the information
flow on the space-time slab. In this section, we explain how this framework is ap-
plied to the Swendsen—Wang dynamics and deduce an exponential decay of the
L’-distance.
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Throughout this section, the underlying graph G = (V, E) will be a degree-d
transitive graph on n vertices. In other words, we will work with a d-regular graph
with a nice symmetry such that for any two vertices # and v of G, there exists a
graph isomorphism f : G — G that maps u to v and preserves the graph structure.

4.1. Information percolation for the Swendsen—Wang dynamics. Recall that
the update sequence for the Swendsen—Wang dynamcis from time O to #, is defined
by 9;, = {(@r, (cv.t)vev, ./45,[)};*:_01. According to Definition 3.2, §);, and the initial
condition determines the dynamics at time ¢ < ¢,. We first introduce the notion of
oblivious vertex as follows.

DEFINITION 4.1 (Oblivious vertices). Given the update sequence §);, of the
Swendsen—Wang dynamics from time O to time #,, we say that v is an oblivious
vertex at time ¢ if v is an isolated vertex in (V, ;). Otherwise, v is said to be
nonoblivious at time t.

REMARK 4.2. We have two simple observations on (non)oblivious vertices as
follows.

1. The term oblivious comes from the following observation: If « is an isolated
vertex in V, w; at time ¢, then X;;1(#) becomes independent of the initial state
Xo. Hence, at u, it forgets all the information from the past when it proceeds to
time ¢ 4+ 1 from 7.

2. On the other hand, for a nonoblivious vertex u at time 7, we should look at X,
in order to determine X;11(u). To be precise, if C is the connected component of
(V, w;) containing u, then X;1(u) is determined by C, (cy,1)vec and Ag,. If Cis
the connected component of (V, @) containing u, then C C € and C is determined
by w; and X :(C). Therefore, we see that X ++1(u) is possibly dependent on the
colors of sites in C at time 7, but independent on the colors of the rest.

Based on the observation, we can develop the history diagram of the Swendsen—
Wang dynamics, which describes the information flow backwards in time. We
will consider a space-time diagram on the underlying domain V x {% k=
0,1,...,2%}. A layer at an integer time, say ¢, will describe the history at time
t, and a layer at a half-integer time, say ¢ + % will contain the information of the
edge configuration ;. Figure 1 illustrates an example of a history diagram.

Let & = (V,&) denote the graph with the vertex set V =V x {’% k=
0,1,...,2t} and the edge set which is defined as follows: (u,?), (v,s) € V are
adjacent if and only if we either have (uv) € E ands =t,oru =vand |t —s| = %
In other words, the edges of & are the nearest neighbors of V.

DEFINITION 4.3 (The history diagram). Let (X;)o<;<;, be the Swendsen—

Wang dynamics on G, and suppose that £;, = {(@;, (cv.1)vev. A@,)};*:_Ol, the up-
date sequence for (X;), is given. For each v € V, the history diagram of v (in short,
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()] U3
. . e o o . . . . o =1,
X X I ) I x t:t*—%
e o ¢ o + e o o o o {(=t,—1
X e--e--s X

e-—e-e ~-—[xx»——-xxt:%

. . . e o . . . o o o (=
FIG. 1. An example of the history diagram of the Swendsen—Wang dynamics on {1,2,...,12}
until time t, = 4. The figure illustrates the history diagrams of vi = 1,vy =5 and vy = 11. The
crossed-out points at a half-integer time t — % denote the oblivious vertices, and the dashed-lines de-

scribe the edges of w;_1 which are not included in the history. History diagrams of different vertices
are distinguished by different colors.

the history of v) is the connected subgraph 7, of & defined by the following re-
cursive procedure that starts at the vertex (v, t,):

0. (v, t,) is the unique vertex of .7, at time ¢,.

1. Attime r € N, connect (u, t) with (u, t — %) with an edge for all u such that
(u,t) € 5,, and include (u,t — %) as a vertex of .77,

2. Let u be such that (u,t — %) € A, and let C be the connected component
of (V, w;—1) that contains u. If u is nonoblivious at time ¢ — 1, then include every
vertex and edge of C in .7, as a vertex and an edge at time t — %, respectively.
Note that edges of C are given according to @;_1.

2'. If u satisfies (u,t — %) € ¢, but is oblivious at time ¢ — 1, we do not take
any more action for this vertex, that is, we stop branching from (u, t — %).

3. For each u such that (u, r — %) € J,, connect (u,t — %) and (u,t — 1) with
an edge if and only if u is nonoblivious at time ¢ — 1.

4. Return to Step 1 with time set to be t — 1 and repeat the process until there
are no more vertices nor edges to be added to J7}.

We now introduce several notation on the history diagram as follows:

e For any subset A C V, the history of A is defined by 774 = J,ca 7.

e For each ¢ € {0, %, 1,...,t— %, t.}, we define 7, (t) = ¢, N (V x {t}). For
convenience, we will regard 7%, (r) as a subset of V, since they all have the
same time element .

o For a subset A C V and time ¢, we define %4 (t) = 724 N (V x {t}). As above,
we will consider .77 () as a subset of V.
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Now we are ready to derive a new graph structure on V, which will lead us to
the definition of the information percolation clusters.

DEFINITION 4.4. For any u, v € V, we write u ~; v if and only if .7, (s) N
I, (s) # @ for some half-integer s < f,.

Note that we only check the intersections at half-integer times, since 77 () N
I6,(t) # & implies 77, (t + %) N (t + %) # @ for an integer ¢.

DEFINITION 4.5 (Information percolation clusters). Let (V, ~;) be the graph
with edges induced by the relation ~;. The connected components of this graph
are called the information percolation clusters. Moreover, information percolation
clusters are classified into three types. For each information percolation cluster
ccVv:

1. C is marked RED if 72 (0) # @.
2. C is marked BLUE if #7¢(0) = @ and |C| = 1.
3. C is marked GREEN if otherwise, that is, #¢(0) = @ and |C| > 2.

Figure 2 describes an example of a history diagram and its information perco-
lation clusters.

Let us introduce some notation for the information percolation clusters. For a
given history diagram {7 : v € V}, let Cr denote the collection of red clusters,
and let V be the union of red clusters. We define Cg, Vi, Cg and Vg analogously
for blue and green clusters, respectively. We also write .77 for J#y,, for conve-
nience (and similarly for blue and green).

S o=

e ——e-—0s ¥ 4 X X P t=
. . . . L 1 . . . . . L] t=
FI1G. 2.  An example of the history diagram of the Swendsen—Wang dynamics on {1, 2, ..., 12} until
time ty = 4. The crossed-out points at half-integer times denote the oblivious vertices. The dashed

horizontal edges indicate the edges of w; which are not included in the history. Colors are drawn
with respect to the colors of the information percolation clusters that contain the vertices at the top.
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REMARK 4.6. The only possible case of a vertex v € V being {v} € Cp is
when it is an isolated vertex in the graph (V, @y, _1). If there was another vertex
u that belongs to the same connected component as v in the graph (V, w;,—1),
then one can observe that v ~; u, hence, implying that the size of the information
percolation cluster containing v is at least 2.

Note that for a subset A C V, ¢4 (0) = @ implies that the recursive procedure
described in the Definition 4.3 terminates before reaching time 0. Therefore, if an
information percolation cluster C satisfies C € Cg U Cg, then X;, (C) is indepen-
dent of the starting configuration Xo. In particular, if C € Cp, then the cluster itself
is equal to a single vertex v and X, (v) is distributed according to Unif{1, ..., g}.

On the other hand, while X, (C) is independent of Xy when C is a green cluster,
configuration on C can have a highly nontrivial distribution due to the dependen-
cies between the intersecting update histories. It is these green clusters that contain
the complicated structure of the Potts measure. In order to avoid this complication,
we adopt the following strategy:

Strategy 1. Condition on the histories of the green clusters and study the remain-
ing red and blue clusters.

By conditioning on the histories of the green clusters, each remaining vertex
is either a blue singleton or a member of a red cluster. Since the law of the blue
singletons are i.i.d. uniform distributions on {1, ..., g}, this approach turns our
focus solely to the red clusters.

Red clusters encode the information of possible dependency of X;, on the start-
ing configuration. For instance, if Cg = &, then X, ~ m; since X, is independent
of Xy, we would have the same configuration at time #, even if we start with
Xo~m.

Therefore, at the point when P, (X;, € -) is close to i, it is fair to expect the
size of Vi to be small. In fact, it turns out that conditioned on .77, the L?%-distance
from X,, to stationarity can be controlled by the size of V.

Strategy 2. Estimate the size of the red clusters.

The key step in the analysis of the red clusters is controlling a conditional prob-
ability that A € Cr, in which we condition not only on .73, but on the entire
histories outside of A, and that A itself is either a full red cluster or a union of
blue singletons. To write it formally, for any subset A C V' let 77, :=J{J4, :v e
V \ A} = 7\ A, and define

4.1) W, = sup P(A e Cr|H#, ,{A€Cr}U{A C Vg}),
%_:%_e%om(A)

where J7," € #:om(A) is the shorthand notation for 7, N (A x {t, — %}) =0,
which imposes a compatibility condition on .7, . This is introduced to prevent
{A € Cr} U {A C Vg} from being an empty event. Note that aiming to estimating
the probability of {A € Cr}, we may require that .74 must not intersect 7, since
otherwise {A € Cr} is an empty event.



CUTOFF FOR THE SWENDSEN-WANG DYNAMICS 3721

REMARK 4.7. It is worth noting that when conditioning on the collective his-
tory of green clusters, .77G should always satisfy the condition .75 € 5 om(V \
Vg). Indeed, the green histories must be disjoint from the histories of blue and red
clusters. In what follows, therefore, we automatically impose 75 € F2om(V \ Vg)
to hold whenever we condition on .7g. However, we refuse to write this notation
explicitly for the sake of the simplicity of notation.

An important bound on W4 is described by the following lemma which will be
proven in Section 4.3.

LEMMA 4.8. Let A # & be an arbitrary subset of V. For any 6 > 0, there
exist constants M = M(0) and po = po(0, d) such that for any p < po,

Wy < M3edp)~1e M),

where MM(A) is the size of the smallest connected subgraph containing A.

For intuition, recall that if A is a red cluster, then the histories {7, : v € A} are
all connec‘ged and at least one of them survives until time 0. It turns out that the term
(Bedp)’*~2 bounds the probability of .77, (0) # @. The last term e ?MA) comes
from the observation that the histories {77 : v € A} must be spatially connected,
thus the projection of the history diagram on V is a connected subgraph containing
A (whose size is at least 9JT1(A)).

4.2. Estimating the L* distance. The goal of this section is to prove the fol-
lowing theorem that estimates the L? distance from stationarity (recall the defini-
tion given in (2.1)) of the Swendsen—Wang dynamics.

THEOREM 4.9. Let d > 2 and q > 2 be fixed integers, G = (V, E) be a
degree-d transitive graph on n vertices, and let X; be the Swendsen—Wang dy-
namics for the g-state Potts model on G. Then there exists a positive constant
po = po(d) and C = C(d, p) such that for any p < pqg the following inequality
holds true for any large enough n and t > C logn:

1
4.2) n}%xHPxo(Xt €)—m ||L2(ﬂ) < Zexp<—log(ﬁ)(t —Clog n)),
where y = yg is the spectral gap of the chain (X;).

REMARK 4.10. Diaconis and Saloff-Coste proves an inequality that is es-
sentially the same as (4.2) when a Markov chain has log-Sobolev constant that is
bounded uniformly in the size of the system ([7], Theorem 3.7). Therefore, in [25],
Theorem 4.9 for the single-site Glauber dynamics comes for free as the “strong
spatial mixing” implies the log-Sobolev constant being bounded uniformly. Al-
though we believe that the Swendsen—Wang dynamics also has uniformly bounded
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log-Sobolev constant at high temperatures, nothing is known in a rigorous sense.
Therefore, we prove Theorem 4.9 based on the information percolation framework
rather than bounding the log-Sobolev constant of the Swendsen—Wang dynamics.

REMARK 4.11. It turns out in Proposition 4.12 that the constant C = C(d, p)
given by C = 2(10g(ﬁ))_1 satisfies (4.2). This fact will be used in Sections 5
and 6 when determining the cutoff window.

PROOF. Let P, : L?(w) — L?(7) be the semigroup operator defined by
P f(x) =E,[f(Xy)], and let p; »(y) = Py (}i’y_y) Since the Swendsen—Wang dy-

namics is reversible, a simple calculation yields that

~ _yhXs=2)
Pi(ps,x)(y) = ZPy(Xf - 7(z2)
(X, =
_Z ( t— ]P’ Xy=2)= pt-l—s,x(y)'

Therefore, the L? distance from stationarity at time ¢ 4+ s becomes

43) ”Pxo(XI—H' €)—m ||L2(71) = ” Pt(ps,xo) - 7T(ps,xo) ||L2(7T)
<||P: — 7T||2—>2||ps,x0 - ]1||L2(;T)s

where 7 (f) :=E, f and 1 denotes the identity map. Since the operator norm of
P; — 7 satisfies | Py — 7]2—2 < (1 — y)" (see, e.g., Chapter 2 of [32]), we readily
obtain the conclusion from the following proposition. [J

PROPOSITION 4.12. Under the same assumption as Theorem 4.9, let ty =
logn
log(1/3edp) *
po the following inequality holds true for any large enough n:

4.4) H)IC%X”PXO (Xlo €)—m ||L2(7T) =2

Then there exists a positive constant po = po(d) such that for any p <

In the remaining section, we discuss the proof of Proposition 4.12.

Let (X;) and (Y;) be two copies Swendsen—Wang dynamics started from the
initial configurations Xo = xo and Yy ~ 7, respectively. We couple their update
sequence via the coupling in Definition 3.2, and hence, they share the same history
diagram. The following lemma is a simple variant of Jensen’s inequality which
enables us to work with X; and Y; conditioned on J75.

LEMMA 4.13. Let u, v be two probability measures on the same finite sample
space and H be a random variable. Then the following inequality holds true:

it = 01320 = [IRCHD = vCI D gy APCHD).
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PROOF. Proving this statement is a simple consequence of Jensen’s inequality.
Calculation yields that

w(x)\2
= vl + 1= Z(y—x)> e

[/ H) dP(H) P2
_;[/v(xw)dl@(m} /”(X'H)‘”P(H)

_ p(x|H) v(x|H)dP(H)
_Z[/ v(x|H) [v(x|H")dP(H’)

T/ v(x|H)dP(H)

X

(x| H)\?
5;/<V(X|H)) v(x|H)dP(H)
—/Z(’;((L'HJ v(x|H)dP(H)

=/||M(-IH>—v<-|H>Hiz<v(_|H))dP(H>+ L.

The inequality in the third line follows from Jensen’s inequality, which is ap-

plied with respect to the probability measure %. U

Applying Lemma 4.13 to our case, we get
[Pro(X; €) —Pr(Y; € ‘)”32(71)
< [P (X0 € 15) = Pa (Y € 12 ) 47

2
= il;p||Pxo(Xt € |%) - ]P)JT(YI € '|%)“L2(n(.|yfg)),
7 ,'g

where we take the supremum over all J7G € om(V \ Vg), as discussed in Re-
mark 4.7.

Since X;(Vg) is independent of X, the coupling between X, and Y; implies that
they are identical on Vg. Moreover, conditioned on .75, X;(V \ Vg) and X;(Vg)
are independent from each other, since the two histories %ﬂvg and %ﬂv\vg are
disjoint and X;(Vg) is independent of Xg. Therefore, the projection onto V \ Vg
does not decrease the L? distance, and hence,

H}C‘;‘}XHPXO(Xt €)= 7| g = H}C‘(}X”P)co(xt €)=Pr (Vi €] 20

(4.5) N — 7
<maxsup || — Tl 12¢z),
X0 J’?”g
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where we define [i; and 7 by
Fe =P (Xo(V \ Vo) € -|):
=P (Y1 (V\ Vg) € -|5).

Assume that we have Vx = &. Then V \ Vg consists only of blue vertices, and
hence, the law of X,(V \ Vg) conditioned on g is identical to vy\y,, where
vy denotes the uniform distribution on {1, ..., q}U. Therefore, if the effect of the
red clusters is negligible, it is reasonable to predict that the law of X,(V \ Vg)
conditioned on 7 is close to VV\Vg- Based on this intuition, we will modify
(4.5) using the following lemma, switching our attention to the distance between
X;(V\ Vg) and VYA Vg -

LEMMA 4.14. Consider the Swendsen—Wang dynamics X; on G starting from
the initial configuration xq. Let Y; be the coupled chain with initial distribution
Yo ~ . Then there exists po = po(d) such that the following holds true: for all p €
(0, po), there exists a constant C = C(d, p) such that conditioned on the history
of green clusters, we have

~  ~n2 ~ 2
(4.6) rrgfolxilgllm nlle(%)§2rr)1€aolxs%qgllm WAV 2y T 1

forall t > Clogn and any large enough n.

PROOF. By expanding the L>-distance, we have

(4.7) I =Flom= > == —1

Observe that for any x € Qv\vg, 7 (x) can be sampled as follows: Sample Vg C
V' \ Vg via the law n that generates the red clusters, then sample the configuration
Xvz, on the red clusters. Finally, generate xy, according to vy,, where Vg =V \
(Vg U Vg). Therefore, 7 (x) can be written as

Fx)= Y.  n(R)er(xR)vB(xp).

RCV\Vg

where @ represents the law of xr given that R is the union of red clusters, and B
being the shorthand for V \ (Vg U R). Hence, 7 (x) satisfies the following trivial
inequality when we just take R = &:

4.8) 7T (x) = n(@)vy\yg (x).

CLAIM 4.15. There exists a constant C = C(d, p) such that n(2) > %for all
t > Clogn.
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Assume Claim 4.15 for the moment. Then (4.7) can be rewritten as

L fi(x)?
I — 720 <2 Ntk
L2(7) Z VV\Vg(x)

= 1= 207 =gl ey, + 1
xEQV\Vg

when ¢ > Clogn. By taking supremum over ¢ and xo, we deduce (4.6). U

PROOF OF CLAIM 4.15. We start by observing that

4.9) n({2)) =P(Vr #2|#5) < > P(AeCrlHG) < Y Va,
A#D A#D

by a union bound and the definition of 7. The last inequality is clear by the defini-
tion of W4 in (4.1). Using Lemma 4.8 with the choice of 8 =log(4ed), we obtain
that

Z Wy < Z Z‘IJA Snz Z M(Sedp)t_%e_Gk

A#QD veV Asv k>1 Asv
(4.10) M(A)=k
<nM@Bedp) ~? S 2e 0ty < M Gedpy .
k=1

where we used the fact that [{A : A 5> v, M(A) = k}| < (2ed)¥; the number of
connected subsets of size k containing a given vertex v is at most (ik) < (ed)* and
each such subset includes at most 2% subsets satisfying M(A) = k.

Thus, we can choose a positive constant C = C(d, p) such that the r.h.s. of
(4.10) is smaller than % for all ¢+ > C logn. Together with (4.9), we readily deduce
the conclusion. [

There is a simple but beautiful lemma due to Miller and Peres [30] to bound the
L?-distance of a measure from the uniform measure. Here, we use the version in
[27, 28] of this lemma. Although they deal with the case of ¢ = 2, generalizing it
to arbitrary ¢ is straightforward, and hence, we omit its proof. We use this lemma
as a key ingredient in proving Proposition 4.12.

LEMMA 4.16 ([27, 28,30]). Let2={1,..., q}Vfor a finite set V. For each
R C V,let pg be a measure on {1, ..., q}R. Let v be the uniform measure on <2,
and let u be the measure on 2 obtained by sampling a subset R C 'V via some

measure 1, generating the colors on R via ¢g, and finally sampling the colors on
V' \ R uniformly. Then

(@.11) i =72, <E[gRF] -1,

where R and R’ are i.i.d. with law 1.
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By applying Lemma 4.16 to (4.6) and combining with (4.5), we obtain
2 /
(4.12) n}%x“IP’xO(X, €)= 7|2 < 2s;ng[q'VR”VR ] -1,

where Vg, Vg are i.i.d. copies of the variable Uy cc,,, A conditioned on J75.

We will reduce the quantity |Vr N Vg/| to one that involves the W4 variables
defined in Definition 4.1. This is done by the following lemma and its corollary
due to Lemma 2.3 and Corollary 2.4 of [27]. Even though our definitions of up-
date histories, history diagram and information percolation clusters differ in details
from [27, 28], the two lemmas below can be proven exactly in the same way.

LEMMA 4.17 ([27], Lemma 2.3). Let{Ja : A C V} be a family of independent
indicators satisfying P(J4 = 1) = Wy. The conditional distribution of red clusters
given G can be coupled such that

{A:AeCr}C{A:Js=1}

COROLLARY 4.18 ([27], Corollary 2.4). Let {J4 4’ : A, A’ C V} be a family
of independent indicators satisfying

(4.13) P(Jaa=1)=WpaVy forany A,A'CV.

The conditional distribution of (Vr, Vr') given 7€ can be coupled to J4_a'’s such
that

(4.14) VRO VRl = Y [AUA|J4 a0
ANA'#£

We continue analyzing (4.12). Using |A U A’| < |A| + |A/|, we get

SupE[g'VRﬂVR’||%] < E[exp(logq Z (JA] + |A’|)JA’A/)]

(4.15) And'zo

= ]_[ E[exp(logg (Al + |A"|) 4. 47)]
ANA/#£D

with the equality due to the independence of J4 4/’s. Note that we have eliminated
the conditioning on .75 . By the definition of J4 4/’s in (4.13),

[1 Elexp(logq(lAl+|A[)Ja.a)]

ANA' £
4.16 <TT TT [@“H™—1)waws +1]
(4.16) v ANA'#£D

con(o( £ a0,

A>3vg
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where the last inequality holds for any fixed vertex vg due to the symmetry of G.
Thus, by referring to (4.12), we conclude that

2
(4.17) max By (X €)= 7| f2gr) < Zexp(n<z q'*”%;) ) —1.

Asv
Implementing Lemma 4.8 with 6 = log(4ged) we obtain that
S gy < MBedp) 1Y Y gre

A3v k>1 A>v
M(A)=k

< M(3edp)' ™2 ¥ (2qde ") < M(3edp)' 3,
k>1

where we bounded the number |{A : A 5 v, M (A) = k}| in the same way as (4.10).
Thus, plugging in t = ty which is defined in the statement of Proposition 4.12 gives

us that
1A 2 M2
2 Y —-1<2 —-1<2,
e"p(”(Zq A) ) = ex"(n(sedm) =

A>v

for all large enough n. Together with (4.17), we deduce (4.4). [

4.3. Proof of Lemma 4.8. Fix an arbitrary subset A of V and recall the defi-
nition of Wy in (4.1). To estimate W4, we will first fix .7, to be equal to some
history X and later take supremum over X. For the validity of the definition of
Wy, pick any history diagram X’ that is disjoint with A x {t, — %}.

For a given subset S C V, let Cy g, denote the collection of red clusters that
arise when exposing the joint histories of S (for instance, Cr = C’;k?,(V))' Let V;g( $)
be the union of the members of C;“z( 5) and define CZ‘;( 5)> Vg( 5) analogously. Observe

the following two identities given that 77, = X:

Indeed, A € Cr clearly implies both A € C;"Q( 4 and 3 N X = . On the other
hand, if A € C;"z( Ay then A should be a subset of a red cluster in Cr. Then 574 N
X = & imposes the history of A to be disjoint with that of V \ A, and hence,
A itself is a red cluster in Cr. Thus, we find out that P(A € Cr|7, = X,{A €
Cr}U{A C Vg}) is equal to

P(A € Clpy. HaNX = 0|, = X)
P({A € Chp)) VLA C V4, HANX = 0|8 =X)

(4.18)

We start by lower-bounding P(A C V5 ), 4 NX = &| A, = X), which s at
most the denominator of (4.18). As discussed in Remark 4.6, the only possible way



3728 D. NAM AND A. SLY

for {A C Vgi( )} to happen is when every v € A is isolated in the graph (V, &, 1),
which is to close all the edges adjacent to v in @,, 1. Moreover, notice that if
{AC Vg( 4} then automatically 4 N ;" = @. Since the underlying graph is
transitive with degree d, we get

(4.19) P(A C Vgl =X) > (1 — p)?lAl

and the bound is independent of X.
Let us turn our attention to bounding the numerator of (4.18) from above. We
start by obtaining

(4.20)
=P(A €Cha), #a N X =2) <P(A €Chyy)),

where the first equation comes from the observation that {A € C;"z( A)} N{FHNX =
@} is independent of {77, = X'}.

Now we estimate the quantity P(A € C’;k?,(A))' Set W, = |74 (t, — t)| for each
integert =0, 1,...,t and W; 11 = 0. We also define

T :=max{0 <t <t,:|#4(1)| =2},

and let T = —1 if |4 (t)] = 3 for all 0 <t < t,. Note that on the event {A €
C;kz( A)}, T is well defined. Also, Recall that there cannot be a case with W; =
1, since it can either be zero or at least 2. Observe that if A € C;;( A) then the
following two events should also occur:

1. The history starting from .52 (T) survives until z = 0.
2. The total number of spatial edges in {4 (s + %) s=T,...,t, — 1} is at
least M(A) — 1.

The first event comes from the definition of red clusters. For the second one,
note that if we project the histories {774 (s + %) :s=T,...,t, — 1} on the spatial
space G = (V, E), then we should have a connected subgraph of G that contains
A. Since the number of edges in such a graph is at least 9)I(A) — 1, the second event
should also take place. (Recall that 9t denotes the size of the minimal connected
subgraph containing A.)

CLAIM 4.19. For any p > 0 satisfying edp < L. the probability of the first
event conditioned on T is at most 2(3edp)” A 1.

PROOF. Suppose that the history .77, from time 7 to s has been revealed and
(u, s) € 72,. Then for any k > 1, the probability that («, s) branches out to k + 1
children at time s — 1 is bounded by (edp)*, as in Lemma 3.5. Therefore, we can
stochastically dominate W; by Galton—Watson branching process as follows.
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Let {£® :i e N} be the collection of i.i.d. random variables on integers with the
distribution given by {r (k) : k € N} such thatr(k+1) = (edp)k fork>2,r(1)=0
and r(0) =1 — 3 4>, r (k). Then for each ¢, conditioned on W;, we have

@20 Wi <0+ 45,

Hence, by Markov’s inequality, the probability of the event 1 is bounded by
E[W,,|T]. Thus, we conclude the proof by noticing

(4.22) E[W,|T]=2E[tD]" <23edp)”,

where the last inequality holds for any positive p with edp < % O

Note that the first event is independent of the histories from time 7 + % to
t, — %, whereas the second one is measurable with respect to these. Also, the event
2 clearly implies
te—T
(4.23) DSOWi=MA) +6,— T — 1>9M(A),
j=1
since the graph J4 (t, —t + %) has at least W; — 1 edges. Therefore, we obtain

(4.24) P(Ae C;(Z(A)) = E[{2(3€dP)T AL w4t W, _r=mcan]-
As we proceed, we get

E[{2Bedp)" A 1w, 1w, _r=om(ay]
[~

(4.25) < Z E[2(3€dp)k11{wl+---+wzpr Son(A) L (r=k}]
k=0
+ ELw, 4w, zman Lir=—n]-
Note that the event {T = k} implies {W; > 3} for all 0 <t <t , —k — 1 and

{W;,_r = 2}. We also introduce a constant C satisfying pC < 1 whose precise
value will be specified later. Then the r.h.s. of (4.25) is at most

Ix

k
2 E[26edp) L se sty - aniay LW Wiy =31 L, 2]
k=0 B

(4.26) t

A =k y
< Z2(3edp)ke—A9ﬁ(A)(pc)3z*—3k—1E[(e_>Zj=1 ]]

A Z["(:l Wj
—AMA) 3I*E|:( e ) j ]
+e (pC) »C ,
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where we used either 1{X > x} < e X=9) or X >x} < (pC)_(X_x). Now we
bound the terms W; as follows, based on the domination by the Galton—Watson
process as in (4.21):

Wi
E[(€2)\(pc)—l)Wt+l | Wt] < [1 4+ Z(eZK(pC)—I)k-Fl (€dp)k:|
k>1
22 241N k\ W,
e de t
4.27) (1 + Z( ) )
pC =1 C
4r+1
pC
where we picked C such that Zde— =1 A A. Using (4.27), we deduce that

pC?

x—k te—k—1 g7

E[(¢*(pC)~ ) 2= Wi <E[(¢* (pC) ) EI= Wi L MWk
te—k—=2 57 .
=E[("(pO) )= (2 po) T e,
and iterating this inequality gives
tx—k
E[(* (pC) ™)== ] < B[ (pO))™]

41 Wo
< <1 4 e > <2lAl

Finally, (4.24)—(4.26) combined with (4.28) implies that
P(A € Cra))

|
< {Z(pc)3k1(3edp)k2|A| + 2\A| }ekm(A)(pC)?)t*
k=0

(4.28)

(4.29)
3ed

{(p@ 12( 2C3> } DA pey

< 2(pC) ! Bedp)e~*DMA) < \fge= Bedp) 2~ CmDIUA)

where we used 2/4! < e™MA) and (ed/p*C3) > 1 by making p smaller if needed.
If we substitute A by A + 1 in (4.29) and set

C(nd. p) = (2de™*5/p)'/%;

M@G) =3¢ P2

po(d,d) = m,
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then we deduce that for any p < py,
(4.30) P(A € Chyn)) < M(3edp)~2 "),
By combining (4.30) and (4.19), we have that

Wy < M(3edp)* 2 (e (1 — p) =)™,

Therefore, by choosing A that satisfies e~ = e‘x(l — po)~?, we obtain the
conclusion that there are M = M (0) and py = po(8, d) such that

W, < M3edp)~2e ™A

holds true for all p < pg. U

5. Reducing L! mixing to L2-local mixing. We turn our attention to the case
when the underlying graph has the lattice structure: having the lattice points as ver-
tices and the nearest-neighbor connections as edges. In this section, we show that
the total-variation distance of the Swendsen—Wang dynamics on Z¢ from stationar-
ity is essentially controlled by the L>-distance of the dynamics on a smaller lattice
Zf from its stationarity. We rely on the approach from [25] after developing some
ingredients that are specific to the Swendsen—Wang dynamics.

More precisely, consider the Swendsen—Wang dynamics (X;) for the g-Potts
model on ZZ, the d-dimensional lattice of side-length n and with periodic bound-
ary conditions, and let = denote the Potts measure on Z¢. Also, we assume that
the parameter p satisfies p < pg, where po is the constant given in Theorem 4.9.
Further, consider such a chain defined on a smaller lattice, namely (X ,T ) on Zf for
r =3log’ n, and let 7" denote its stationary distribution (Zf is also endowed with
periodic boundary conditions). Inside Z¢, let A C Z¢ be a subcube of side-length
2log> n, whose precise location is not of an interest due to the periodic boundary
conditions. Define

e T N T
(5.1) m; 1= max [Py (X (A) €)= a2t
where X tT (A) and n:{ denote the projection of X ,T and 77 onto the cube A, re-
spectively. Our goal is to prove Theorem 5.2 which explains how the quantity m;
governs the total-variation distance of X; from stationarity. Its statement is a vari-
ant of Theorem 3.1 of [25].

REMARK 5.1. We actually have a lot of freedom in the choice of r. Indeed,
all the results in this section are identically applicable to any poly-logarithmic
quantity which is at least log**? n, for any positive constant 8. This fact turns out
to be useful later on in Section 6 when we specify the cutoff location as stated in
Theorem 1.
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THEOREM 5.2. Let X; be the Swendsen—Wang dynamics for the q-Potts
model on Zg with p < po, define m; as in (5.1), and set p, = m. Then
the following holds true:

4/3

1. Let s = s(n) and t = t(n) satisfy (10dp,)loglogn <s <log™°n and 0 <

t <log*’® n. For sufficiently large n,
1 d 1 _
H}%X”PXO(XIH €)= 7|y = E[GXP((”/log7 n)‘my) —1]7 +n7.
In particular, if (n/log7n)dm,2 — 0 as n — oo for the above choice of s and t,
then

lim sup max [Py, (X, € -) — 7 |y = 0.
n—oo X0

2. If (n/3log> n)dm,2 — 00 for some t > (20dp,) loglogn, then

I}lrg%réfrr}%xHPm(Xt €)=y =1
REMARK 5.3. The first statement of the theorem can be generalized to the
case of X defined on a smaller lattice. To be specific, let log5 n<m<nandlet X,
denote the Swendsen—Wang dynamics on Z%. Then under the same assumptions
on s and ¢ as in Theorem 5.2,

1 1 _
H}C%X“PXO (X5 €)=y = E[eXP(mdmtz) —1]? +n7

This variant will be proven along with Theorem 5.2, and turn out to be useful when
establishing the explicit location of cutoff.

Theorem 5.2 is proven in Section 5.2 by following the methods in [25]. To this
end, we first need to derive some properties of Swendsen—Wang. This is done in
Section 5.1, with emphasis on explaining two major ingredients:

A. Eliminating the dependencies between distant sites;
B. Restricting our attention on the “update support” which typically exhibits a
nice “sparse” geometry as well as contains all the information of the dynamics.

In [25], property A is shown by using locality of the Glauber dynamics, which
is not the case for the Swendsen—Wang dynamics. We instead use percolation es-
timates to deduce A. Property B is obtained by subcriticality of the information
percolation developed in Section 4.

5.1. L' to L? reduction: Ingredients. Throughout this section, we assume p <
Ppo, where pg is the constant given in Theorem 4.9. We begin by observing two
important properties of the high temperature Swendsen—Wang dynamics. The first
fact we notice is that the information in the Swendsen—Wang dynamics cannot
travel too fast.
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LEMMA 5.4. Let B C ij be a lattice cube with side-length log* n. Let
BT :={ve 74 - dist(v, B) < log3n},

where dist(-, ) denotes the *°-distance in the lattice. Suppose that (X;), (X;) are
the two copies of the Swendsen—Wang dynamics coupled by the same update se-
quence with their initial configurations satisfying X,(B*) = X,(B™). Then for
tmax = 10g4/3 n, X;(B) = X|(B) holds for all t < tmax except with an error prob-
ability n="Y for all sufficiently large n.

PROOF. Let{E j};?ﬁ) be the collection of boxes constructed as follows:
= o pt - T = 3/2
Bo: =BT, Ek+1:={v € B :dist(v, EF) > log”“n} forall 0 <k < fmax.

Note that we have E, D B by definition. Also let the update sequence of X; and
X, be 94, = {(@r, (co.)vev, A@t)};“j(’;_l (recall Definition 3.1).

Let us estimate the probability of the event {X,11(E;y1) # X;+1 (Ef+1)} con-
ditioned on being X,(E;) = X;(&;). Suppose that a connected component K of
(ZZ,&),) satisfies that K N 8,41 # @ and K C E;. In that case, X,;(K) = X, (K)
implies that on K, they remain the same after an update, that is, X;1(E/4+1) =
X;Jr] (Ert1)-

Therefore, if the event {X;1(E;41) # X;H(E,H)} occurs, we should have
a connected component K of w, that satisfies K C E; as well as K N E,41 #
@, which means that there is a percolation path in @, that crosses between Ef
and E;y1. Implementing the well-known fact that the crossing probability in a
subcritical percolation decays exponentially with respect to the distance (see, e.g.,
Theorem 6.75 of [19]), we deduce that

P(X;41(Br1) # Xp 1 (B )1 X (Er) = X/(E))))
(5.2) <P(E° <5 E1411X: () = X|(E)))
<P(Ef & Er1+1) < exp(—cplog*?n),

where ¢, > 0 is the constant depends on d and p.
Therefore, by summing up the left-hand side of (5.2) over ¢, we obtain

P(X,(B) = X;(B) for all t < tmax) > P(X,(E;) = X, (&) for all < fyax)
> 1 — (log*? n) exp(—c, log*/* n),
which is less than n~'1¢ for all sufficiently large n. [
This lemma tells us that until time log*3n, we can possibly ignore the de-

pendency between sites with distance at least log> n. Next, we observe that the
dependency on the initial condition disappears quickly.
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LEMMA 5.5. Let (X;) be the Swendsen—Wang dynamics defined on Zf and
let ffZ;z denote its history diagram defined in Definition 4.3. Then

P(H(0)=2) =1~ 1(3edp)’.

In particular, if | = 0(log5 n) and t > 11dp,loglogn, then we have
(5.3) P(H79(0)=2) > 1~ (logn)™>9,

PROOF. By a union bound and the symmetry, we have
(5.4) P(59(0) = 2) = 1 = I"P(H,(0) # 2).

We then bound P(7%,(0) # @) analogously as Claim 4.19, hence, obtaining the
estimate

P(;(0) # 2) < (Gedp)'.

For the final inequality, just note that the average offspring number of £ is smaller
than 4edp. Together with (5.4), we readily obtain our conclusion. [

Based on the two fundamental properties of Lemmas 5.4 and 5.5, we prove that
the L'-distance of the Swendsen—Wang dynamics from equilibrium at time ¢ + s
can be bounded in terms of the L!-distance at time  projected onto subsets of
sparse geometry which is defined as follows.

DEFINITION 5.6 (Sparse set). Let log>n < m < n. We say that the set A C
Z% is sparse if for some L < (n/log’ n)? it can be partitioned into components
Ay, ..., Ar such that:

1. Each A; has diameter at most log® n in Z& .
2. The || - ||co-distance in an between any distinct A; and A; is at least

2d log* n.
We additionally define S(m) := {A C an : A is sparse}.

This is a slightly modified version of the sparsity defined in Definition 3.3 of
[25]. Our goal of this subsection is to prove the following theorem.

THEOREM 5.7. For log5 n <m <n, let (X;) be the Swendsen—Wang dynam-
ics for the Potts model on Zi and w be its stationary measure. Let (11dp,) %
loglogn < s <log*3n and t > 0. Then there exists some distribution p on S(m)
such that

|Pxy(Xe4s € ) = 7| gy

(5.5 _
= /3( )”]Pxo(xt(A) €:)—7ma ”TV dp(A)+3n~"1%
m

holds true for all possible starting state xo, where p, = 10g(1/+edp)‘
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To prove this, we first introduce the notion of induced update sequence, which is
necessary when coupling the two copies of the chain defined on different graphs.
Using this, we define the barrier-dynamics, a variant of the chain that forcibly
blocks the information coming from remote sites. It turns out that the barrier-
dynamics resembles the original dynamics except for a negligible error, for which
our focus turns to the investigation of the barrier-dynamics. This argument will be
a variant of what is done in [25].

DEFINITION 5.8 (Induced update sequence). Let G = (V,E) and G’ =
(V/,E') be two graphs which are subgraphs of a same larger graph. Let

9, = {(oy, (CU,I)UGV,A@,)}?:_OI denote the update sequence for the Swend-
sen dynamics on G until time t,. Then the induced update sequence $; =

{(@], (¢}, Dvev, Aiz/)}?—_ol of $);, on G’ is defined as follows:
, /=
1. The percolation configuration @; is given by the following rule:

wy(e) ifeeE;

foreacht, @)(e)=1" ] ,
iid. Ber(p) ifee E'\ E.

2. Let K be an arbitrary connected component in (V', @}).
e If K is also a connected component in (V, @), then
¢y, =cy; and Aé}; (v) = Az, (v), forallveKk.
e If K is not a connected component in (V, @;), then
C/v,t =ii.d. Unif{l,...,q} forallveKk,

which is independent from everything else, and Aé}, lx : K —{1,...,|K]|}is
1
given by an arbitrary ordering.

DEFINITION 5.9 (Barrier-dynamics). Let (X;)o</<;, be the Swendsen—Wang
dynamics on Zi, for m that satisfies log®> n < m < n. Also, let the update sequence
for (X,)o<i<s, be 9, = (@, (cu.)vev, Az}, . Then we define the barrier-
dynamics as the following coupled Markov chain:

1. Partition the lattice into disjoint d-dimensional (rectangular) boxes, where
each of them has side-length either log* n or log*n — 1. We will call these boxes
as “blocks.”

2. For each block B;, let Bl-+ be the d-dimensional box of side-lengths log* n +
21og> n centered at B;, for example, if B; has side-lengths log* i, then

B = [J{v:lu—vle <log’n}.
ueB,-
For each i, let ®; be a graph isomorphism mapping Bl.Jr onto some block CiJr and
B; onto C; C C;r , where the CiJr blocks are pairwise disjoint.
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3. Impose periodic boundary conditions on each block CiJr and run the
Swendsen—Wang dynamics where the update sequence f);*(c;'_ ) is given by the

induced update sequence of §);, o O, oncC f .
4. The barrier-dynamics is the Swendsen—Wang dynamics on J; Cl-Jr with the
update sequence given by ﬁﬁ’* = {$(C l+ )}

REMARK 5.10. Note that in the third step of the definition, the graph of Cl-Jr
is not a subgraph of Zi. As we impose a periodic boundary condition on Cl.+ ,
there are newly added edges on the boundary of Ci+ . Therefore, in the percolation
configuration of the induced update sequence, these new edges are endowed with
i.i.d. Bernoulli random variables.

Based on the barrier-dynamics defined as above, we can construct a randomized
operator G; on Zi as follows. Starting from a given initial configuration xo on Zfln,
we transform xo into a configuration on the block C l+ in the obvious manner:

x(()i) = xo(BiJr) o® ! Then we run the barrier-dynamics until time ¢ with initial

state x(()l) for each block. The output of G; is then obtained by projecting the result
of the barrier-dynamics onto B; for each i, that is, we define the color at vertex
v to be the color at ®;(v) of the barrier-dynamics, where B; is the unique block
that contains v. In other words, we pull-back the configuration from C; onto B; for
each i. We denote this output as G;(xo) and call G; the barrier-dynamics operator.

If the time period is not too long, then the original dynamics X; can be coupled
with G;(Xo) except for a tiny error. The basic reason for this is that each block B;
is far enough from BB;r .

LEMMA 5.11.  Suppose that log> n < m < n. Set tyax = log*/® n. The barrier-
dynamics and the original dynamics on Zi are coupled up to time tmax except with
probability n=1% That is, we have X, = G, (Xo) forallt < tmax with probability at
least 1 —n~'% for any starting configuration Xo and for any sufficiently large n.

PROOF. Let (Xf’) be the barrier-dynamics on |J; C;r as defined in Defini-
tion 5.9. Since both the update sequence and the starting configuration of (X;)
and (X ;’ ) coincide on B;r (where we identify Bi+ and C l+ in the obvious way), we
can apply Lemma 5.4 to these two processes. Therefore, we obtain

P(X,(B;) = X" (B;) forall < fyax) = 1 —n 119,
which holds for all n sufficiently large. By a union bound over B;, we get
P(X; = G,(Xo) forall £ < fipay) =1 —n 104, O
Thanks to Lemma 5.11, we may focus on the barrier-dynamics rather than the

original one when proving Theorem 5.7. To this end, we introduce the notion of
update support and study its geometry as it is done in [25, 26].
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As a first step toward the definition of update support, observe that the ran-
domized operator G;(x) can be regarded as a deterministic function of the start-
ing configuration x and the random update sequence .6? . Let us rewrite this as
G (x) = g(x, H?). Note that g(-, H2) : Qe — Qya is a deterministic function for
each update sequence $);. " "

DEFINITION 5.12 (Update support). Let ﬁf be a realization of an update se-
quence for the barrier-dynamics between times [0, ¢]. The update support of .61’ is
the smallest subset A o C ZZ& such that G, (x) is a function of x(A 51;) for any x,
that is, there exists a functlon fﬁb QA o — QA o such that

g(x, 9% = Fep(x(Agp))  forall x € Qzq.
In other words, v ¢ A B if and only if for every initial configuration x, any color

change at site v does not affect the configuration g (x, 55? ). This definition uniquely
defines the update support of ﬁf .

Keeping Lemma 5.5 in mind, we may predict that the update support shrinks
considerably in a relatively short period of time, hence, resulting in having sparse
geometry. We prove that this indeed happens typically for the barrier-dynamics,
following the approach of [25], Lemma 3.9.

LEMMA 5.13.  Let G be the barrier-dynamics operator on Z¢,, let $° denote
the update sequence of G up to time s for some s > (11dp,)loglogn, and S(m) be
the family of sparse sets of Zi. Then P(A b € S(m)) <n~'% for any sufficiently
large n.

PROOF. Let (X b) be the barrier dynamics on Zd and %”b For a block B
which appears in the first step of Definition 5.9, define Ep to 'be the event that
Agpr N B # & for a random update sequence ﬁf. By the definition of the barrier-
dyﬁamics, XP(B*) is not affected by Xo(u) if u ¢ Usena BT, where N(B)
denotes the collection of the block B and its neighboring blocks. Therefore, A sp N

B=gif &%”1-;1 (0) = @ for every B € N(B). Hence, we can apply Lemma 5.5 to
deduce that

5.6) P(Ep) < IP’( U {0 # @}) < 39ogn)™? < (logn)~*
BeN(B)
In the following, we define two events E* and E° whose union dominates the
target event {Aﬁ? ¢ S(m)}:

e EP: there exists a collection B of (n/log’ n)? blocks such that E holds for
every B € B, and the pairwise distances between any two distinct blocks in B
are at least 4 in blocks.
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e E’: there exists a sequence of blocks (B;,, Bj,, ..., B;;) with [ > [y := % logn
such that for all k </, Bjy N Agp 7 @ and the distance between B;, and B;, _, is
at most 3d in blocks.

We first show that {Afﬁ ¢ S(m)} C E* U E”. Suppose that we have Agp ¢ S(m)
but not E*. Then we partition A 5P according to the following rule:

ueBNAg andu’ € B'N Agp belong to the same component
if the distance between B and B/ is at most 3d in blocks.

In other words, u € BN Agy and u'eB NA sp are in the same component if and
only if there exists a sequence of blocks (B = By, B, ..., By = B’) such that for
each i the distance between B; and B, is at most 3d in blocks.

Under this partitioning, the number of components is less than (n/log’ n)?,
since we are not in E*. Therefore, we can find a component of diameter greater
than log> n because A b is not sparse. Therefore, in that particular component, it
is possible to find a sequence of [y blocks whose distance in blocks is at most 3d
between each step, and hence, A s € E".

Next, we verify that both P(E 1) and P(E") are small. Note that the events
Ep and Ep are independent if the distance between B and B’ is at least 4
in blocks. This is because Ep and Ep/ are determined by the update sequence

on Ugenes BT and Ugiey ) B’ ", respectively. Utilizing (5.6), we can bound
P(E?) by
2n/log n)

(
PE) < <(n/10g )

We can bound P(E”) similarly, using the independence of Ep among distant
boxes. Once it is done appropriately, we obtain P(E”) < n~ ', where a complete
calculation can be found in Lemma 3.9 of [25]. Therefore, we conclude the proof
by summing up two estimates on P(E #y and P(E?). O

)(Og )" 4d(n/log7n)d<n—(n/log8n)d<n—11d.

We conclude this subsection by proving Theorem 5.7. To this end, we first show
that the total-variation distance from stationarity at time ¢ 4+ s can be bounded by
its projection onto the update support at time ¢. The following lemma formalizes
this approach, while its proof is omitted due to similarity to Lemma 3.8 of [25]. In
what follows, we also use the abbreviated form P(ﬁf ) to denote the probability of
having the specific update sequence Sﬁf between times [0, ¢].

LEMMA 5.14. Let log n <m <n, and let (X;) be the Swendsen—Wang dy-
namics on Zd Then for any xo, t > 0 and 0 < s <log*/?n,

“Pxo(Xt—H € ) -

v

5.7) 1od
/HPXO(Xt(At t4s €°) = T4y ”TV d]P’(ﬁt t-H) +2n ’
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where 573?,z s denotes the update sequence of the barrier-dynamics over the time
period [t, 1 + sl and Ay 5= Agp . is its update support.
tt+s

PROOF OF THEOREM 5.7. This is obtained as a direct consequence of Lem-
mas 5.13 and 5.14. Since we have s > 10dp, loglogn, Aﬁé; is a sparse set except

with an error at most n~'%¢_ Keeping this in mind, let p be the probability measure
on S(m) defined as

p(S) :=P(Agy € S|Agy € S(m)).

By plugging p instead of dIP’(ﬁf ) into (5.7) along with compensating the error

n~1% we deduce (5.5) as a conclusion. [

5.2. Proof of Theorem 5.2. Our approach is very similar to Theorem 3.1 of
[25]. In order to cover some necessary changes, we present a proof for part 1 of
the theorem. However, for the second part, we refer to the literature instead of
reproducing it due to its similarity.

To begin with, we introduce an elementary lemma on the L?-distance between
the product measures. This lemma will be useful when dealing with product chains
which will occasionally appear later on.

LEMMA 5.15. Let (,u,-)f.‘:1 and (vl-)ff:1 be two collections of probability mea-

sures on a discrete state space, and let = ®f~‘:1 Wi and v = ®f:1 v;. Then the
following inequality holds true:

k
e =172, < exp<Z i — viniz(w)) ~ 1L

i=1

PROOF.  Proof is done by elementary calculations on [[x — vl 2(,).

pix)? b i (x)?
I =i,y = DA 1 =T [ A

i L e i)

= -

(i = vill 7o, + 11— 1

i=l
k
< exp(Z i — Vi”%z(w)) — 1.
i=1 O

PROOF OF THEOREM 5.2, PART 1. Let m be a fixed integer such that log5 n<
m<n.let AC Z% be a sparse set, and let U,'L:1 A; denote its partition according
to Definition 5.6, where we have L < m¢ A (n/log’ n)? by definition. For each
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component A;, define
A;r = {v:dist(v, 4;) < log3n}.

Now we map each Ai+ into smaller, separate tori Zf with r = 31og’ n. To be pre-
cise, let ¥; be the graph isomorphism mapping A;r onto Cl-Jr , where each Ci+ is
contained in distinct tori Zf. Set C; :=yi(A;), letI' = UiL:1 Ci, and let i denote
the combined information of ;’s, that is, | ,+ = v; for each i.

Let us define (X;) to be the product chain of the Swendsen—Wang dynamics
on (Z;’)L, and let w* denote its stationary distribution. We couple X; and X, in
a natural way as follows. For the initial configuration xo of (X;), define x; to be
x5 (C;r) = xo(A;r) o 1/fi_1 for each i, and endow arbitrary colors for the rest of the
sites. Also, the update sequence of (X}) is given by the induced update sequence
of (X;) as defined in Definition 5.8. Then the triangle inequality implies that

[Py (Xi(A) € ) = A |y
(5.8) < [Pa (X1 (A) € ) = Pyg (XF(T) € ) |y
+ [Py (X7 (D) € ) = 7t |y + lra = 71 |7y
where we omit the expression such as ¥ ~! since the correspondence between A
and I' is clear in the current context.
Note that the distance between A; and aAj is at least log’ n. By identifying
A; and C; in an obvious way, Lemma 5.4 implies that X; and X, are coupled on

U,'L:1 A; until time fmax = log*3 n, with an error probability at most n 1% (this
property can be proven analogously as in Lemma 5.11). This shows that
(5.9 ”IPXO(XI(A) € ) - an‘ (X;k(r) € ) “TV = ”_IOd'
The third term in the r.h.s. of (5.8) is split into three parts as follows:
|ma =7t py < pr(’; (X7 (@) €)=y

(5.10) + [P (X7, (1) € ) = Py (X (A) € )y

tmax

+ ”Pxo(Xtmax(A) € ) —TTA ||TV'

An analogous method as (5.9) can be used to bound the second term in the r.h.s. of
(5.10). For the third term, we apply Lemma 5.5 to obtain that

”]PXO (Xtmax(A) € ) —TTA ”TV

(511) = ”PXO(Xtmax € ) - ]P)T[ (Xfmax € .)”TV
<P(X;,, 1s dependent on X() < n_md,
where the last inequality is obtained by putting [ = m and 1 = tmax = log*/> n into

(5.3). For the first term of (5.10), we apply Lemma 5.15 to deal with the product
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chain:
pra‘(x;kmx(r) €)= 7ty

1
=< EHPx(’; (X7 o (@) €)= 7| L2

tmax

(5.12) ! L ) . 1/2
< 5| Z”]P’x(»; (X5 (Ce:)—m ”L2(n;") -1
i=1

d 2 1/2
(Z7) e-) - 7Tr*||L2(7r,*)} —1] / ’
*
74>
inequality, we used the fact that projection can only decrease the L>-distance while
the first line is due to Cauchy—Schwarz. Now by plugging f = finax = log*/? n into
(4.2) of Theorem 4.9, we get

(5.13) [Py (X

tmax

tmax

1
< E[exp{L ||ng (X

where 7" and 7, are shorthand notation for ¢, and 7, respectively. In the last

zf)e)—mn} |2y < n e,

Using this combined with (5.12) gives

1
G149 P (X;, (D) €)= af gy < S[exp{Ln™) — 1112 <n=10d,

*
Imax

which holds for all sufficiently large n. Thus, we can rewrite (5.10) using (5.11),
(5.14) as

(5.15) |lma — 7t py <3n
Hence, by combining (5.8), (5.9) and (5.14), we get
(5.16)  [Pry(Xi(A) €) = Al py = [Py (X7 (T) € ) =71y +dn~ 1.

We derive an upper bound on the r.h.s. of (5.16) in terms of m; similarly as what
is done in (5.12). Note that the diameter of C;r is smaller than %r = 210g5 n, and
hence, we have

—10d

[Py (X7 (Ci) € ) = ||L2(7ri*) =m;.
Therefore, plugging this into (5.12) with replacing fmax by ¢ gives that
1
(5.17) [P (X (T) € ) = i gy < 5 (exp(m]) — )%,

and this holds regardless of the initial configuration x;. Altogether, (5.16), (5.17)
and Theorem 5.7 imply that

1 _
(5.18) max [Py (X4 € ) =17 |y < 5 (exp(Lm}) — )2 4707104,
Finally, recalling that L < m? A (n/log’ n)¢ and replacing 7n~'% by n=? estab-

lishes the first part of Theorem 5.2. This verifies the variant version in Remark 5.3
as well. [
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PROOF OF THEOREM 5.2, PART 2. Since the proof is identical to that of The-
orem 3.1 in [25], we refer to the literature rather than rewriting it in the current
paper. However, we explain two minor changes that should be made for our case.

First, we divide the underlying lattice Zﬁ into blocks of side-length 3log> 1, in
contrast to the side-length 3 log® n blocks in [25]. Also, whenever the log-Sobolev-
type inequality (Theorem 2.1 of [25]) is used in the reference, we implement The-
orem 4.9 or Lemma 5.5 as an alternative. It is applied when bounding the terms
such as ||Py,(X;,.. € -) — wlTv, which can be done as (5.11) and (5.13) in our
case. [J

6. Cutoff for the Swendsen—Wang dynamics. In this section, we prove The-
orems 1 and 2. In Section 6.1, we establish the existence and the location of cutoff.
However, the cutoff location will be written in terms of a finite-volume spectral
gap. In Section 6.2, we prove that the spectral gap of the finite-volume dynam-
ics indeed converges to the infinite-volume gap, which verifies both Theorems 1
and 2.

REMARK 6.1. In Section 3, we showed that the spectral gap is bounded
strictly away from O uniformly in n when p < pg. On the other hand, one can also
verify that the spectral gap is strictly away from 1 if p is sufficiently small, whose
proof is deferred to Proposition A.2 in the Appendix. Thus, if we can demonstrate
that the spectral gap converges as the lattice size tends to infinity, we consequently
have that the limit is strictly between O and 1.

Throughout this section, let 0 < pg < ﬁ denote a small constant that not only
satisfies the condition given in Theorem 4.9, but also lies in the regime where
there exists a constant ¢ > 0 such that y(r), the spectral gap of the Swendsen—
Wang dynamics on Z;i, lies in [¢, 1 — c] uniformly in r, as discussed in the above
remark. Moreover, for a given constant 0 < p < pg, the following notation are
introduced for convenience:

1 LT
©6.1) y*(r):log(m) p*':[log(4edp)] '

Note that pg <
' =1

ﬁ implies p, < 1. Then Proposition 3.4 implies that y,(r) >

6.1. Existence of cutoff. Our starting point is to sum up the results in the pre-
vious sections and derive a sharp bound on m; defined in (5.1), which will then
naturally imply the existence of cutoff.

LEMMA 6.2. Set r = 3log’ n. For every 0 < p < po, 18dloglogn <t <
log*/3 n and n sufficiently large,
e—y*(r)t—Ide*(r)loglogn _ n—9d <m, < e—y,(r)t+12dy*(r)log10gn
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PROOF. Let X ,I denote the Swendsen—Wang dynamics on Zf with periodic
boundary conditions, and let 77 be its stationary distribution. Then the r.h.s. of the
desired inequality comes directly from Theorem 4.9 and Remark 4.11.

m; = H}c‘ax||lp>)€o(xtT €)— ET||L2(7T+) < 2 V+(N(—11p.loglogn)
(6.2) 0
< e—)/*(")f+12dy.(r)loglogn

Further, note that rdmt = 0(1) due to the condition ¢ > 18d log log n. Therefore,
combining Theorem 5.2 with m =r (see Remark 5.3) and Proposition 2.1 implies
that

e <OIB(Xy € )~y

(6.3)

< (exp(rfm?) — 1)1/2 +n <2rm, + n%,

where s = 11dp,loglogn, and the last inequality is achieved by the elementary
inequality e* — 1 < 4x which holds for x € [0, 1]. Using the fact that y,(r) >
po! > 1, we deduce that

(6.4) m, > e—y,,(r)t—lde,,(r)loglogn _ n—9d‘

Combining the inequalities (6.2) and (6.4) concludes the proof. [

We can now prove the existence of cutoff in the following theorem, establishing
the cutoff location in terms of y,(r) and the O (loglogn)-window.

THEOREM 6.3. Let (X;) be the Swendsen—Wang dynamics defined on Zg. Set
r= 310g5 n,0 < p < po,and let t, t, and .} be defined as follows:

te = ti(n) =

logn,
2y, (r)

:=1t, — 18dloglogn,

t

n
t,f :=t, +20d loglogn.
Then we have the following which establishes cutoff of (X;):

Jim max [Py (X, €) =7y =15

(6.5)

i ma B4, 8, €=y =0

PROOF. The proof is a straightforward application of Theorem 5.2 and
Lemma 6.2. The latter one combined with the fact y, () > 1 implies that

1
(n/31og’ n)dmtzn_ > 3 log? n —> oo;

(n/log’ n)dmf+_s <log™%n—0,
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as n tends to infinity, where s := 11d loglogn. Therefore, Theorem 5.2 shows that
the two equations in (6.5) are true. [J

6.2. Limit of spectral gaps. In this final subsection, we verify Theorem 2 and
conclude the proof of Theorem 1. To this end, we apply Theorem 6.3 to varying
values of r to prove the convergence of {y,(r)}.

Although all our argument has been formulated in terms of r = 3 log® n, it can be
extended naturally to r = log*+® n for any constant § > 0, maintaining the window
of size O (loglogn) (see Remark 5.1). We can state this as follows.

COROLLARY 6.4. Let (X;) be the Swendsen—Wang dynamics on Zﬁ and let

8 > 0 be any small constant. Set r1 :=log**®n, 0 < p < po and let y, be defined
as (6.1). Then there exists C = C(d, §) > 0 such that the following holds for all
ri<r< r12: For the parameters t,, t,” and t," given by

t, = t,(r) =

d
logn,
2y, (r)

t, :=t,— Cloglogn,

n
t7:=t,+ Cloglogn,
we have
nlggon}%xupxo(xt; €)—m|y=1
(6.6) .
dim max [Py (X, € ) =7 |y =0.

Implementing this generalization, we can now prove the following proposition
which is the first step toward establishing Theorem 2.

PROPOSITION 6.5. Let (X;) be the Swendsen—Wang dynamics defined on Zf,
set 0 < p < po, and let y,(r) be defined as (6.1). Then there exists a constant
Vi € (0, 1) such that

[yu(r) = Pu| < 277 1/4F8,

which holds for any constant § > 0 and for any sufficiently large r.
PROOF. Our proof uses the approach of [25], Lemma 4.3. For any large

enough 7, let r; = 31og**® n and pick r; such that rj <rp < rlz. Then Corollary 6.4
implies that

logn — Cloglogn <

logn + Cloglogn.
27,(r1) 2,(ra) 8 g8
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By rearranging the terms, the uniform boundedness of y,(r) (Proposition A.2)
gives that

4+ (r1)ya(r2) Cloglogn _ 1/
d logn ~— ! ’

Ya(r2) — vu(ry) <

where the last inequality holds for all sufficiently large n. Since the role of r; and
r» can clearly be reversed, we deduce that for any large n,

—1/446
max_[y.(r)) = ya(r)| <7y

ri §r§r1

Therefore, by iterating this inequality, we obtain

S) = (T < 02O <o 1A o

i>0 i>0
which implies the existence of the limit y, := lim, _, oo Y% (r) as well as
|ya(r) = P < 207140,
The property 0 < y, < 1 follows by Propositions 3.4 and A.2, whose statements
combined tell us that there are two constants c1, ¢; > 0 depending on d, p, g such
that

0<c) <yu(r) <ca < o0,

uniformly inr. U

Our next goal is showing that y := 1 — e M s equal to the infinite-volume
spectral gap y~o, Which leads us to concluding the proof of Theorem 2.

PROOF OF THEOREM 2. Thanks to Proposition 6.5, it suffices to verify that

A

Yoo =7V-

Step 1. Yoo < 7.

In order to prove Yso < 7, we need a good control on the following quantity
which is just the L!'-variant of m, defined in (5.1):

6.7) m’:= max [Py (X](A) €)= 7} | gy
xoeﬂzg

where r :=3log>n, A C Zf is a sub-cube of side-length 21log’ n, and X ,T is the
Swendsen—Wang dynamics on Zf with the stationary distribution 77, as defined
in Lemma 6.2. It turns out that m; has a lower bound which resembles that of m;
in Lemma 6.2. This is shown by the following lemma whose proof is presented in
Appendix A.2.

LEMMA 6.6. For every t > 0, my satisfies the following inequality:

(6.8) m;k > e—y*(r)t—Ide*(r)log]ogn _ n—9d‘
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Let us pick xg € Q) and A C Q4 which achieve the maximum my, that is,
P (X[ (A) € A) = 7l (A) =m.

Let Z; be the Swendsen—Wang dynamics on the infinite-volume lattice Z¢, and let
7 denote its stationary distribution. Define A™ := {v : dist(v, A) < %log5 n} C
Zf, and let ¢ : AT — Z? be a graph homomorphism that maps A™ onto its iso-
morphic copy in Z¢ whose center is located at the origin.

Let Z; ~ m° denote a random configuration on 74 distributed according to
7, and let Z € Q74 be defined as follows:

Fr—1 . .
(6.9) Zo(v) = xo/(w (). 1fvelg(A );
Zy(v), otherwise.

Set s9 = 7d loglog n. In order to deduce the desired conclusion Y < 7, we control
the L2-distance between 7°° and the law of Z; with starting configuration Z,. We
begin with the following inequality (cf. (4.3)):
(610) e—yfot “IP)Z()(ZSO € ) - T[oo ||L2(7r°°) z ||IPZ0(ZH-S0 € ) - noo ||L2(n°°)’
where y>° satisfies 1 — Yoo = e~ . By Cauchy—Schwarz, we have
6.11) |P2y(Zi4so € ) = ”OO”LZ(nOO) > [Pzy(Zissy € ) = 7% 1y

> Pzy(Zi45y(A) € A) — 37 (A),

where we wrote A (resp., A) instead of ¥ (A) (resp., A o 1//_1) for convenience.
Consider the coupling between Z; and X;( such that the update sequence of

Z; is given by the induced update sequence of X: on AT translated by . In
particular, the update sequences of Z; and X;" coincide on At modulo . Under
such coupling, an analogous argument as Lemma 5.4 implies that

(6.12) P(Zigso(A) # X5y (D) <n ™ forall 7 < log’n,

since the two chains starts with the same initial configuration on A™*. Moreover,
the weak spatial mixing property of the Potts measure at high enough temperature
(see, e.g., [29]) gives that

(6.13) |71 =7 Fa |y < €0 <0,

where c is a positive constant depending on d, p. By combining the four inequali-
ties (6.10)—(6.13), we deduce that

e |P2y(Zsy € ) = ”oo”L?(nOO)
=P (X1 (A) € A) — 7} (A) =20

(6.14) .
= m;“ﬂo —2n~

> e—y,(r)(t—i—so)—lde*(r)loglogn . 3n—9a'

’
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where the last inequality is due to Lemma 6.6. We now upper bound the Lh.s. of
(6.14) by the following theorem which can be understood as an infinite-volume
analogue of Theorem 4.9.

THEOREM 6.7. Let 26 ~ X, let Zy be defined as (6.9), and let (Z;) be the

Swendsen—Wang dyamics on Z% with initial configuration Zo. Then there exists
Py = Po(d) > 0 such that for any 0 < p < p, and so :=Td loglogn, we have

HPZO(ZSO €)— T[OOH L2(7) <2,

where T° denotes the infinite-volume Potts measure, that is, the stationary distri-
bution for (Z;).

One can prove Theorem 6.7 by implementing the information percolation
framework in the infinite-volume domain Z?. This is done similarly as in The-
orem 4.9, while some difficulties arise due to the infinite nature of the domain Z¢.
We discuss the details in Appendix A.3.

Implementing Theorem 6.7, equation (6.14) implies that

(6.15) 3l/te—yf° > [e—y,,(r)(t+so)—15dy,,(r)loglogn _ 3n—9d]1/l’

which holds for all # < log> n. Then, substituting r = log!/? n and letting n — oo
gives that

> —
e Vx >e Vt’

since ¢~ 7+("og'2n+12dloglogn) 5, 3, =94 Thys we deduce the desired conclusion
Yoo < V.

Step 2. Yoo > 7.

The second part is shown by utilizing the variational characterization (2.2) of
the spectral gap. To this end, we first note the fact that the transition matrix of
the Swendsen—Wang dynamics on any finite graph is nonnegative definite (e.g.,
Remark 4.4 of [35]). This naturally extends to the infinite-volume dynamics, im-
plying that the transition kernel is nonnegative definite.

Using the variational characterization, write Y as

B Exc(f, f)
Yoo fer2(x) Varso(f)’

f#0
where £ and Vary, denote the Dirichlet form and the variance in terms of 7°,
respectively. For any f € L?(7°), we can pick a sequence {f,} of finitely sup-
ported (i.e., the value of f, depends only on spins at finitely many sites) L>(77°°)-
functions such that f,, — f in L?(x®°). In this case, we also have that

Eoo(fus fn) = Eo(f, f) and  Vareo(fn) — Vars(f),
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as n — oo. Therefore, for any € > 0, we can pick a finitely supported g € L?(7>)
such that

e €& ,
ML x(8.8)
2 7 Vare(g)

Then, due to the convergence of Gibbs measures as the underlying volume tends
to infinity, there exists M > O such that for all m > M,

Em(g, 8)
> 9797
(.10 7 €= Van, ()
where &, and Var,, denote the Dirichlet form and the variance in terms of the
stationary distribution on Zi, respectively. Since the r.h.s. of (6.16) is greater than
or equal to y (m), we obtain that

Voo + € Z J,/\a
as m tends to infinity. This holds for all € > 0, so we deduce that yoo > y. 0O

REMARK 6.8. In the proof of Theorem 2, we did not use any property specific
to the Swendsen—Wang dynamics, and hence, the theorem can be generalized to
other types of Markov chains on spin systems. For instance, our method yields the
same result for the Potts Glauber dynamics, implying that the cutoff location of
the Potts Glauber dynamics in Theorem 3 of [26] can be written in terms of the
infinite-volume spectral gap.

In general, one can show that by following the proof of Theorem 2, the finite-
volume spectral gap converges to the infinite-volume gap if the Markov chain has
the following properties:

A. Information does not spread too fast. (Analogue of Lemma 5.4).

B. Dependence on the initial condition wears off quickly enough to deduce an
exponential decay of the L?-distance from stationarity. (Analogue of Theorems 4.9
and 6.7).

For instance, for the Potts Glauber dynamics, A comes from locality of the chain
and B can be obtained by a log-Sobolev type inequality [7] (see Remark 4.10).
Then we can use the methods in Theorem 2 and deduce that the spectral gaps
converge to the infinite-volume gap.

We finally conclude the proof of Theorem 1, which comes as a direct conse-
quence of Theorem 6.3 and Proposition 6.5.

PROOF OF THEOREM 1. By Theorem 6.3, the Swendsen—Wang dynamics on
Z¢ has cutoff at

ty =

logn,
2y, (r)
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where r = 3log> n and with O (loglogn)-window. Note that by Proposition 6.5,
we have

d
logn — ———logn |yu(r) — y.2°|logn

<
2y, (r) 2y 20 2y (r)y®
2d

<——log /" n=0(1),
Ye(r) Y

as one sets 8 to satisfy § < 1/4, where y>° is given by 1 — Yoo = e~ v . Thus, the
cutoff locations stated in Theorems 1 and 6.3 coincide with the same O (loglogn)-
window, and this concludes the proof of Theorem 1. [

APPENDIX

A.1. Upper bound on the spectral gap. We establish an upper bound on the
spectral gap of the Swendsen—Wang dynamics, which has been assumed in proving
the main theorems. Our approach is to investigate the edge SW dynamics (see
Section 2.2) instead of the original one. As mentioned at the end of Section 2.1,
we impose that the parameters p and g to satisfy the equation p =1 — e=#.

We begin with a lemma that sheds light on the relationship between the edge
Swendsen—Wang dynamics and the original chain.

LEMMA A.1. Let G=(V, E) be agraph. Let y (resp., V) be the spectral gap
the Swendsen—Wang dynamics (resp., edge SW dynamics) defined on G. Then we
have

y=Y.

The main idea behind this lemma is the similarity between the transition matri-
ces of the two Markov chains. For a proof, see e.g., Lemma 2.6 of [35].

Let (a)tl) and (a)?) be the two copies of the edge Swendsen—Wang dynamics
on (Z/nZ)? with initial configurations a)(l) =1 and “’8 = (, respectively. It is well
known that there exists a coupling between the two that satisfies

(A1) [P(wr €)= P(o) € )y =Ploy # ).
We take such an optimal coupling (w;, »?). (For more explanation on coupling

inequality and optimal coupling; see, e.g., [23].) Investigating this pair, we show
that the spectral gap of the dynamics lies strictly away from 1 uniformly in 7.

PROPOSITION A.2. Consider the Swendsen—Wang dynamics on the d-
dimensional torus (Z/nZ)%. Then for every 0 < p < (2d)~>/2, the spectral gap
y (n) of the process satisfies

J/(n)fl—p(l———— <1 foralln.
q
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PROOF. Consider an optimal coupling (w,l, a)?) of the edge Swendsen—Wang
dynamics on Zg that satisfies (A.1), each starting from the all-open and all-closed
configuration, respectively. Pick any vertex u € ZZ and one of its neighbor v, and

0
w,
let {u < v} denote the event that there exists an open path in a)? that connects
u and v. Then for each ¢, our goal is to derive a lower bound of the following
probability:

0 0
@i @y
(A.2) P(wtlJr](e):l,u > vl (e) =1, u </ v),

where e denotes the edge (uv).
We start with an observation which is clear by the definition of our chain:

(A.3) P(w;y1(e) = 1o (e) =1) = p.

.. o w?+1 . .
On the other hand, conditioned on u </ v, we have u <— v if and only if the
open clusters of u and v are assigned with the same color and the percolation

configuration at time ¢ + 1 connects the pair of vertices. The probability of the
latter event can be bounded by a rough estimate as follows: for w ~ Perc (Zf’l, D),

P(u <> v) < p+(2d —2)p* + > (2dp)’ < p +2dp>.
1>5

For the first inequality, we used the fact that the number of length-one and length-
three paths between u and v are 1 and 2d — 2, respectively, and the number of
length-1 paths is bounded by (2d)'. The second inequality holds for all p such that
p< (2d)~3/2. Since w ~ Perc(ZZ , p) stochastically dominates a)? 1 in a natural
way, we have

0

w? 1
(A4) P(u <5 vju </ v) < —

p (p+ 2dp3).

Now we derive a lower bound on (A.2) using (A.3) and (A.4):

1 Oy 1 | )
Plw;41(e) = Lu </> v|w, (e) = 1, u </> v)

0 wo
> IP’(a)tlH(e) =llwl(e)=1) —P(u by vlu <7L> v)
1 1 2dp?
> p——(p+2dp°) =p(1 - —)
q q q

0

0
Then, since the starting configurations satisfy a)(l) (e)=1and u </ v,

o 2t
P(w, ?éa)?)ZIP’(a)t](e)zl,uﬁQv)z{p(l_é_ZdTp)} ’
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and this also gives the bound on the total-variation distance between the law of the
two copies as the pair is an optimal coupling. Therefore, by utilizing the second
inequality of Proposition 2.1 and by Lemma A.1, we obtain that

1 2dp?
y(n)sl—p(l————),
q q

as one tends ¢ to infinity. Moreover, it is an estimate that holds uniformly in n,
hence, concluding the proof. [J

Although not used in this paper, we can derive an upper bound of the spectral
gap for low temperature Swendsen—Wang dynamics using an analogous method as
in Proposition A.2. The following corollary illustrates how it is generalized.

COROLLARY A.3. Consider the Swendsen—Wang dynamics on the d-dimen-
sional torus (Z/nZ)? . If p > 0 satisfies p > cl], the spectral gap y (n) of the given
process satisfies

1
ym)sl—p+—.
q
In particular, y (n) is strictly smaller than 1, uniformly in n.

PROOF. The proof is identical as it is done in Proposition A.2, except for the
estimate in (A.4). In the current case, we use a more obvious estimate:

0 0

g

A.2. Proof of Lemma 6.6. We first introduce the following simple property
of product measures.

LEMMA A.4. Let{u; }{-‘:1 , {v };‘:1 be collections of probability measures on a
state space, let |1 = ®f: | i and v = ®f.‘:1 v;. Then the following inequality holds
true:

k
lw = vliry <Y llwi = villrv.
i=1
PROOF. We can prove this lemma by the following simple observation:

i (xi) = [T viCxi)

k k
=1 i=1

k
< > |miG) =) [ i)

X1yeees Xk i=2
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k k
+ > i) [ JuiGa) = ] vix)
X1 =2 i=1

..... Xk

k k
[T miGe) =TT viex)
i=2

i=2

=) juixD) —viG)|+ Y
X1 2

X2, X

Iterating this for k times draws the conclusion. [

Therefore, by following the proof of Theorem 5.2 along with the application of
the previous lemma to (5.17), we obtain that

H}c%X”PXO (Xits €)= 7|y < (m? A (n/log” n))my +n%,

where X; is the Swendsen—Wang dynamics on Zﬁl with log>n <m <n and s =
11dp, loglogn. Then, as what we did in (6.3), pick m = r := 3log> n and deduce
that

(A.5) O <p(X] €)= 7| py < 2r%m 42070,

and hence,

m;k > e—y*(r)t—Ide,(r)loglogn . n—9d.

A.3. Proof of Theorem 6.7.

A.3.1. Information percolation on Z%. Let (Zt)?:o denote the Swendsen—
Wang dynamics on 74 with initial configuration Zg defined in (6.9), and let 7
denote its stationary distribution. Also, let A, A™ and ¥ be defined as in (6.7),
(6.9). Note that the boxes A, AT are centered at the origin. Throughout this sec-
tion, we write A (resp., A1) instead of ¥ (A) (resp., ¥ (A™)) if there is no ambi-
guity.

We choose an analogous approach as in Theorem 4.9, while adjusting the argu-
ment to the infinite-volume setting. We draw the history diagram on the space-time
slab Z¢ x [0, t,], but use a modified definition of classifying the information per-
colation clusters. .

Let §,, denote the update sequence of (Z t)?zo and let %, be the update history
of v € Z¢ defined as in Definition 4.3. We adopt the same graph structure u ~; v
on Z4 as in Definition 4.4: u ~; v if and only if 7, (¢t + %) N I, (t + %) #+ o for
some integer ¢.

DEFINITION A.5 (Information percolation clusters for Z;). Let C C Z¢ be a
connected component in the graph (Z¢, ~;). Then:

1. C is marked RED if 2 (0) N A # @,
2. Cis marked BLUE if #-(0) N AT =@ and |C| = 1;
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3. C is marked GREEN if otherwise, that is, if %A‘%(O) NAT =@ and |C| > 2.

Intuition for this modified definition is straightforward: if we consider the sta-
tionary chain Z, with the initial configuration Z;,, then Z,(C) = Z;(C) as long as
f?&(O) N AT = @, since the starting configurations Z( and Z(/) can possibly differ
only on A™. Therefore, even if the history survives until r = 0, the two chains are
still coupled if it does not intersect with A™ at r = 0.

Set V =74 , and let 573 denote the collection of red clusters. Let \773
Uceéj, € be the union of red clusters, and define Cs, Vi, Cg and Vg analogously.
Moreover, let 5 = %ﬂVR, and define %’@, A5 51m11arly To introduce the analog

of W4 in (4.1), 1et%”A. U{,%” veV\A}_%V\A,andset

(A.6) Wy = sup P(A € Cr|.#, ,{A €Cr}U{A C V5)),
Hoy Ay €Heom(A)

where ,}%;_ € %om (A) is the shorthand notation meaning j%( NA X {t,— %} =g
which imposes a compatibility condition on ., . Then we have the following
infinite-volume analog of Lemma 4.8, whose proof is presented in the final sub-
section.

LEMMA A.6. Setrg:= %log5 n and let A # & be an arbitrary subset of V.
For any 0 > 0, there exist constants M = M (6) and po = po(0, d) such that for

any p < po,
J, < Me_gm(A)[(?;edp)’*_% A e~ 0 A=)

where 9M(A) is the size of the smallest connected subgraph containing A, and || A||
is defined by || Al ;= maxyec4 [|X||co-

We introduce one more lemma that restricts our attention to a finite domain. Let
r :=31og’ n and define R to be the following random variable:

(A7) R:=max{|[v]|lec:veE VR}Vr

The following lemma indicates that it is unlikely to have R > r at time s =<
loglogn. Its proof is postponed to Section A.3.3.

LEMMA A.7. Let (Z;);_, be the Swendsen—Wang dynamics on 1% defined as

above, where s = ®(loglogn). Then at time s, the random variable R defined in
(A.7) satisfies

(A.8) P(R>r)<n 1%,
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Keeping Lemmas A.6 and A.7 in mind, we continue by comparing the L2
distance of the dynamics at time s =< loglogn from its stationarity. Due to
Lemma 4.13, we get

2
IPz,(Zs € ) — PZé(Z; €) ||L2(n°°)
< ]E[“]PZO(Zs € |=%%) - ]P)Z{)(Zs € '|=%%)Hiz(z?°°)]

A9 = lim E[|P2,(Zs €-1) ~ Pyy(Zs € 170) | 2z Lin=rol]

Ro—o00

<lim supER[SUPHﬁ — 75 Hi%ﬁw)]’
Ro—)OO % 0

where 7 is the shorthand notation for 7 (-|.%%), and the measures i and 75°
are defined by

() =Pz, (Zs € |#, R < Ro);
() =Pz (Zs € |4, R < Ro).
Also, Eg denotes the expectation over the randomness of R. The equation in the
third line is due to monotone convergence theorem.
Let Ry > r be a fixed number. Conditioned on both .73 and the event {R < Ry},

Z, and Z are coupled on B;eo U Vg, where B; := {v : ||v|lco <!}. Therefore, the
integrand inside the r.h.s. of (A.9) can be written as
~  ~00|2 ~  ~p2
(A.10) sup|| 7z — 75° | 2 z00) = SUP I — Tl 2z
G G

where /1 and 7 are defined as
Al () =Pz, (Zs(Bry \ V) € |, R < Ro);

' () :=Pz(Z;(Bry \ Vo) € |G, R < Ro).

We now state an analog of Lemma 4.14 that enables us to work with the uniform
distribution instead of the complicated measure 7. Its proof turns out to be similar
to that of Lemma 4.14, which is postponed to Section A.3.2.

LEMMA A.8. Let Ry > r. For every subset S C Bg,, define vs to be the uni-
form distribution on {1, ...,q}5. Then there exists Py = po(d) such that for any
0 < p < py and s > (6d)loglogn, we have the following inequality: conditioned
on ¢ and {R < Ry},

IZ = 7l 2, < 21 = viia, + 1,

where v is the shorthand notation for vg, \Wg
0
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Applying this lemma to (A.9), (A.10), we focus on bounding the following:

Ex[suplli — vlI}, |
G

Similar to Section 4.2, we proceed by implementing Lemmas 4.16, 4.17 and
Corollary 4.18. Therefore, we obtain first by Lemma 4.16 that

Ex[sup i —vI}s, ]
g

(A.12) < Eg[supE[g'"R"R|.57, (R < Ro}] | - 1
Y

< (1+n7°) supE[q "ROR 7] — 1,
G

where the expectation E is taken over the randomness of Vg and Vg, the i.i.d.
copies of red vertices. The second inequality comes from Lemma A.7. Then Corol-
lary 4.18 implies that, under the same conditioning,

VRN Vel = Y |AUA|Tqa,
ANA'#D
A,A'CBgy\Vg

where {J, A4’} are the independent indicators such that P(J, an=1)= Uy y.
Thus, the same series of calculations as (4.15), (4.16) give that

SEPE[L]'VRQVR,H‘%]SCXP{ > < > qlAI\BA)z}

G VEBR, WVEACBR,

ool ()]

UGV A>dv

(A.13)

We split the summation over v € V in the exponent to two parts, v € B, and v €
V \ B, (Recall that r = 31log’ ). For the first part, we implement Lemma A.6 to
deduce that

2 (Z qA@A)Z =M*Qr+ 1>d(z > qke_gk(4edp)s_2)2

veEB, “A>dv k>1 A>v
M(A)=k

2
(a.14) < M22r + 1) (Z(4ed)que_9k(4edp)s_2)
k>1

i 1
= M*(ogm)' ! (dedp)® " <,



3756 D. NAM AND A. SLY

where we choose large enough 6 that makes the summation over k smaller than 1,
and p is accordingly small in order to satisfy the conditions of Lemma A.6. Note
that in the second inequality, we use the same bound as (4.10) on the number of
A > v such that MM (A) = k. The last inequality is obtained if we set s > 6d loglogn
with n being large enough.

The second part is derived similarly but utilizing the alternative bound on Uy
Let 9 B; denote the boundary points of By, that is, the points having [°°-distance
exactly [ from the origin. Then we obtain that

Z (Z q|A|‘T’A>2

veB¢ “Asv

33 (Z ) qke—0k>ze—20(1—ro)

I>rvedB; k>1 A>v
M(

(A.15) A)=k
2
<M?*> 2421+ 1)t 03 (Z(4e9+1dq)")
I>r k>1
<Y et < 1
— lzr 69

where 6, p are chosen to be large and small respectively as in (A.14), and the
inequalities in the last line holds true for all n sufficiently large.
Thus, combining equations (A.12)-(A.15) give us that

ER[SEP Iz — ””%2(\))] <(1+n7) S‘,{PE[‘IWRQVR'H%] —1<eP 1.
G A

Therefore, equation (A.9) and Lemma A.8 imply that
2
Pz (Zs € ) — IP)Z{)(Z; € ')||L2(7T°°)

: ~  ~2
=< R(I)I—IPOOER [ijl%) i — 7 ”LZ(]’;)]]-{RfR()}] <2,

concluding the proof of Theorem 6.7. [J

A.3.2. Proof of Lemma A.8. Recall the definitions of the measures [i, 7 in
(A.11). Note that the L2-distance between i and ¥ can be written as
- Ax)? A% v(x)
”M_ﬂ”iz(ﬁ)= %_IZZ v(x) T(x)
X

X

where the sum is taken over x € Q Bry\ V" Thus, it suffices to show that

v(x) <27 (x)
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for all x. Analogously as in the proof of Lemma 4.14, we can interpret 7 as fol-
lows: we first sample a subset S C Bg, \ \7g of red vertices (we denote this prob-
ability as 77(S)), generate the configuration on S via some law @, and sample the
configuration on Bg, \ (\7g U §) according to the uniform distribution. In other
words, we have

F)= Y. W(S)Psxs)g S,
SCBRy\Vg

where S7 := Bg, \ (Vg U S). In particular, we get
7T (x) = (@)v(x),

and hence, it suffices to verify that 7(2) > 1/2.
Note that we can obtain the following similarly as Claim 4.15:

7(12)) = P(Vr # @1, R < Ro)

< (1+n7) Y P(A € Cr| )
(A.16) A#D

<1+ 3 3 Uy,

veBRO A>v

where the second inequality is due to Lemma A.7. We split the above sum into
v € B, and v € V \ B,. Following the same series of calculations as (A.14), (A.15),
we deduce that

i 1
(A.17) Z Z Yy < Mz(logn)nd(4edp)2s_4 + c

UEBR() Asv

Thus, (A.16), (A.17) with s > (6d) loglogn imply that 7({&|}¢) < 1/2. O

A.3.3. Proof of Lemma A.7. Our proof goes similar to Lemma 5.4, using the
subcriticality of percolation. Recall that r := 3log> n, |AT| < rp=: %log5 n and
s = O(loglogn).

If R > r, then we have a vertex v such that ||v]| =/ > r, and that }EU(O) NAT #£
&, implying that there exist percolation paths over the time period from O to s, that
connect v to AT. Thus, there exists integers s’ € [0, s) and r" € (r¢, [] such that
there is an open path in @y that connects B, to (B,»)¢, where r” :=r"+ (I —rg)/s.
This implies that

~ | —
P(A,0) N AT #2) <l exp(—c ro),
N
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where ¢ > 0 is a positive constant depending on p, d. Thus, we obtain that

P(R>r) < Z P(%(O)OA+¢®)§Z Z Sle_c(l:ro)

veV\B, I>r ved By

’

I e 8 16s
< Zg_gi <" & <pl0d
T Tl—e /¥ T ¢ -
>r

where the inequalities in the last line hold for all sufficiently large #, and for the
second one from the end we used the fact that 1 —e™ > x/2 forx € [0, 1]. O

A.3.4. Proof of Lemma A.6. Due to Lemma 4.8, it suffices to show that there
exist M, pg such that for all 0 < p < pg, we have

(A.18) U, < Me 0OMAHIAlI=r0)
Proceeding analogously as in the proof of Lemma 4.8, we focus on bounding
P(A €Cxrn))

where 5;‘3( sy denotes the collectign of red clusters that arise when exposing the
joint histories of S. Set W; = | %4 (¢, — t)| for each integer ¢t > 0. By the same
argument from the proof of Lemma 4.8, the number of spatial edges in A (t + %)
isatleast W, _,. If A C;kz(A)’ we have

Wi+ Wo+- -+ W, >9M(A) + 1, — 1 =>M(A),

since the history of A should spatially connect until # = 0. Moreover, there should
be a space-time path in .7 that connect each point of A at time 7, to a point in
AT at time zero. This implies that

Wi+ Wot -+ W, = |A] = [AT] = Al = ro,
where rq 1= % log’ nn. Therefore, we obtain that

(A.19) W 25 ORA) Al -r0))

< e M IAHIAI=TOEexp(2A (Wi + - - + W,)],

which holds for all A > 0, where we used 1{X > x} < X =3) (o deduce the last
line. Proceeding similarly as (4.27) using the Galton—Watson branching process
representation (4.21) for W;, we get

W,
E[e¥Wir1|w,] < [1 + Ze3<k+m(edp)k] " W, _ W,
k>1
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where we picked small enough p such that 2dp < Ae~%~!. Implementing the
same argument as (4.27), we deduce that

E[eZA(Wl'f‘""‘FWZ*)] < E[eZ)‘-(Wl+"'+Wt*71)e}\wt*fl]
< E[eZ)\.(Wl+---+W,*72)e3)»Wt*,1 ]’

and iterating this inequality gives
(A.20) E[e?WF W] < F[e3*W1] < (1 + ddpeP )"0 < 2141
By combining (A.19) and (A.20), we get

P(A € Gy ) < e IAI=10) =G DA)

Therefore, equations (4.18)—(4.20) from Lemma 4.8 followed by some adjustment
of constants imply (A.18), and hence, the desired conclusion.

Acknowledgments. We are grateful to Evita Nestoridi and Insuk Seo for fruit-
ful discussions on the first draft. We also thank the anonymous referee for valuable
comments.

REFERENCES

[1] BLANCA, A., CAPUTO, P., SINCLAIR, A. and VIGODA, E. (2018). Spatial mixing and non-
local Markov chains. In Proceedings of the Twenty-Ninth Annual ACM-SIAM Symposium
on Discrete Algorithms 1965-1980. SIAM, Philadelphia, PA. MR3775916

[2] BORGS, C., CHAYES, J. T., FRIEZE, A., KiM, J. H., TETALI, P., VIGODA, E. and VU, V. H.
(1999). Torpid mixing of some Monte Carlo Markov chain algorithms in statistical
physics. In 40th Annual Symposium on Foundations of Computer Science (New York,
1999) 218-229. IEEE Computer Soc., Los Alamitos, CA. MR1917562

[3] BORGS, C., CHAYES, J. T. and TETALI, P. (2012). Tight bounds for mixing of the Swendsen—
Wang algorithm at the Potts transition point. Probab. Theory Related Fields 152 509-557.
MR2892955

[4] BUBLEY, R. and DYER, M. (1997). Path coupling: A technique for proving rapid mixing in
Markov chains. In Proc. 38th Annual Sympos. on Foundations of Computer Science 223—
231.

[5S] COOPER, C., DYER, M. E., FRIEZE, A. M. and RUE, R. (2000). Mixing properties of the
Swendsen—Wang process on the complete graph and narrow grids. J. Math. Phys. 41
1499-1527. MR1757967

[6] COOPER, C. and FRIEZE, A. M. (1999). Mixing properties of the Swendsen—Wang process
on classes of graphs. Random Structures Algorithms 15 242-261. MR1716764

[7] D1Aconis, P. and SALOFF-COSTE, L. (1996). Logarithmic Sobolev inequalities for finite
Markov chains. Ann. Appl. Probab. 6 695-750. MR1410112

[8] Du,J., ZHENG, B. and WANG, J. S. (2006). Dynamic critical exponents for Swendsen—Wang
and Wolff algorithms obtained by a nonequilibrium relaxation method. J. Stat. Mech.
2006. PO5004.

[9] DUMINIL-COPIN, H., GAGNEBIN, M., HAREL, M., MANOLESCU, I. and MANOLESCU, 1.
(2016). Discontinuity of the phase transition for the planar random-cluster and Potts mod-
els with g > 4. Available at arXiv:1611.09877.


http://www.ams.org/mathscinet-getitem?mr=3775916
http://www.ams.org/mathscinet-getitem?mr=1917562
http://www.ams.org/mathscinet-getitem?mr=2892955
http://www.ams.org/mathscinet-getitem?mr=1757967
http://www.ams.org/mathscinet-getitem?mr=1716764
http://www.ams.org/mathscinet-getitem?mr=1410112
http://arxiv.org/abs/arXiv:1611.09877

3760

[10]

(11]

[12]

[13]

(14]

[15]

[16]

(17]

(18]
[19]

(20]

(21]

(22]

(23]
(24]
[25]
[26]
(27]
(28]

(29]

(30]

D.NAM AND A. SLY

DUMINIL-COPIN, H., SIDORAVICIUS, V. and TASSION, V. (2017). Continuity of the phase
transition for planar random-cluster and Potts models with 1 < g < 4. Comm. Math. Phys.
349 47-107. MR3592746

EDWARDS, R. G. and SOKAL, A. D. (1988). Generalization of the Fortuin—Kasteleyn—
Swendsen—Wang representation and Monte Carlo algorithm. Phys. Rev. D (3) 38 2009—
2012. MR0965465

FORTUIN, C. M. (1971). On the random-cluster model. Doctoral thesis.

FORTUIN, C. M. and KASTELEYN, P. W. (1972). On the random-cluster model. I. Introduction
and relation to other models. Physica 57 536-564. MR0359655

GALANIS, A., gTEFANKOVIC, D. and VIGODA, E. (2019). Swendsen—Wang algorithm on the
mean-field Potts model. Random Structures Algorithms 54 82—-147. MR3884616

GHEISSARI, R. and LUBETZKY, E. (2018). Mixing times of critical two-dimensional Potts
models. Comm. Pure Appl. Math. 71 994-1046. MR3794520

GHEISSARI, R. and LUBETZKY, E. (2018). The effect of boundary conditions on mixing of
2D Potts models at discontinuous phase transitions. Electron. J. Probab. 23 Paper No. 57,
30. MR3814251

GHEISSARI, R., LUBETZKY, E. and PERES, Y. (2018). Exponentially slow mixing in the
mean-field Swendsen—Wang dynamics. In Proceedings of the Twenty-Ninth Annual
ACM-SIAM Symposium on Discrete Algorithms 1981-1988. SIAM, Philadelphia, PA.
MR3775917

GORE, V. K. and JERRUM, M. R. (1999). The Swendsen—Wang process does not always mix
rapidly. J. Stat. Phys. 97 67-86. MR1733467

GRIMMETT, G. (1999). Percolation, 2nd ed. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences] 321. Springer, Berlin. MR1707339

GRIMMETT, G. (2006). The Random-Cluster Model. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 333. Springer, Berlin.
MR2243761

Guo, H. and JERRUM, M. (2018). Random cluster dynamics for the Ising model is rapidly
mixing. Ann. Appl. Probab. 28 1292-1313. MR3784500

LEVIN, D. A., LuCczAK, M. J. and PERES, Y. (2010). Glauber dynamics for the mean-field
Ising model: Cut-off, critical power law, and metastability. Probab. Theory Related Fields
146 223-265. MR2550363

LEVIN, D. A. and PERES, Y. (2017). Markov Chains and Mixing Times. 2nd ed. Amer. Math.
Soc., Providence, RI. MR3726904

LoONG, Y., NACHMIAS, A. and PERES, Y. (2007). Mixing time power laws at criticality. In
Proc. 48th Annual IEEE Sympos. on Foundations of Computer Science 205-214.

LUBETZKY, E. and SLY, A. (2013). Cutoff for the Ising model on the lattice. Invent. Math. 191
719-755. MR3020173

LUBETZKY, E. and SLY, A. (2014). Cutoff for general spin systems with arbitrary boundary
conditions. Comm. Pure Appl. Math. 67 982-1027. MR3193965

LUBETZKY, E. and SLY, A. (2015). An exposition to information percolation for the Ising
model. Ann. Fac. Sci. Toulouse Math. (6) 24 745-761. MR3434254

LUBETZKY, E. and SLY, A. (2016). Information percolation and cutoff for the stochastic Ising
model. J. Amer. Math. Soc. 29 729-774. MR3486171

MARTINELLI, F. (1999). Lectures on Glauber dynamics for discrete spin models. In Lectures
on Probability Theory and Statistics (Saint-Flour, 1997). Lecture Notes in Math. 1717
93-191. Springer, Berlin. MR1746301

MILLER, J. and PERES, Y. (2012). Uniformity of the uncovered set of random walk and cutoff
for lamplighter chains. Ann. Probab. 40 535-577. MR2952084


http://www.ams.org/mathscinet-getitem?mr=3592746
http://www.ams.org/mathscinet-getitem?mr=0965465
http://www.ams.org/mathscinet-getitem?mr=0359655
http://www.ams.org/mathscinet-getitem?mr=3884616
http://www.ams.org/mathscinet-getitem?mr=3794520
http://www.ams.org/mathscinet-getitem?mr=3814251
http://www.ams.org/mathscinet-getitem?mr=3775917
http://www.ams.org/mathscinet-getitem?mr=1733467
http://www.ams.org/mathscinet-getitem?mr=1707339
http://www.ams.org/mathscinet-getitem?mr=2243761
http://www.ams.org/mathscinet-getitem?mr=3784500
http://www.ams.org/mathscinet-getitem?mr=2550363
http://www.ams.org/mathscinet-getitem?mr=3726904
http://www.ams.org/mathscinet-getitem?mr=3020173
http://www.ams.org/mathscinet-getitem?mr=3193965
http://www.ams.org/mathscinet-getitem?mr=3434254
http://www.ams.org/mathscinet-getitem?mr=3486171
http://www.ams.org/mathscinet-getitem?mr=1746301
http://www.ams.org/mathscinet-getitem?mr=2952084

CUTOFF FOR THE SWENDSEN-WANG DYNAMICS 3761

[31] OssoLA, G. and SOKAL, A. D. (2004). Dynamic critical behavior of the Swendsen—
Wang algorithm for the three-dimensional Ising model. Nuclear Phys. B 691 259-291.
MR2071308

[32] SALOFF-COSTE, L. (1997). Lectures on finite Markov chains. In Lectures on Probability The-
ory and Statistics (Saint-Flour, 1996). Lecture Notes in Math. 1665 301-413. Springer,
Berlin. MR1490046

[33] SWENDSEN, R. H. and WANG, J. S. (1987). Nonuniversal critical dynamics in Monte Carlo
simulations. Phys. Rev. Lett. 58 86-88.

[34] ULLRICH, M. (2013). Comparison of Swendsen—Wang and heat-bath dynamics. Random
Structures Algorithms 42 520-535. MR3068036

[35] ULLRICH, M. (2014). Rapid mixing of Swendsen—Wang dynamics in two dimensions. Disser-
tationes Math. 502 64. MR3222829

DEPARTMENT OF MATHEMATICS
PRINCETON UNIVERSITY
FINE HALL, WASHINGTON ROAD
PRINCETON, NEW JERSEY 08544-1000
USA
E-MAIL: dhnam @princeton.edu

asly @princeton.edu


http://www.ams.org/mathscinet-getitem?mr=2071308
http://www.ams.org/mathscinet-getitem?mr=1490046
http://www.ams.org/mathscinet-getitem?mr=3068036
http://www.ams.org/mathscinet-getitem?mr=3222829
mailto:dhnam@princeton.edu
mailto:asly@princeton.edu

	Introduction
	Related works
	Main techniques
	Organization

	Preliminaries
	The q-state Potts model and the random-cluster model
	The Swendsen-Wang dynamics
	Mixing time, cutoff and spectral gap

	Global coupling of the Swendsen-Wang dynamics
	A global coupling for the Swendsen-Wang dynamics
	Lower bound on the spectral gap

	Information percolation and estimating the L2 distance
	Information percolation for the Swendsen-Wang dynamics
	Estimating the L2 distance
	Proof of Lemma 4.8

	Reducing L1 mixing to L2-local mixing
	L1 to L2 reduction: Ingredients
	Proof of Theorem 5.2

	Cutoff for the Swendsen-Wang dynamics
	Existence of cutoff
	Limit of spectral gaps

	Appendix
	Upper bound on the spectral gap
	Proof of Lemma 6.6
	Proof of Theorem 6.7
	Information percolation on Zd
	Proof of Lemma A.8
	Proof of Lemma A.7
	Proof of Lemma A.6


	Acknowledgments
	References
	Author's Addresses

