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LARGEST ENTRIES OF SAMPLE CORRELATION MATRICES
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The paper studies the limiting distribution of the largest off-diagonal en-
try of the sample correlation matrices of high-dimensional Gaussian popu-
lations with equi-correlation structure. Assume the entries of the population
distribution have a common correlation coefficient p > 0 and both the popu-

lation dimension p and the sample size n tend to infinity with log p = o(n 5 ).
As 0 < p < 1, we prove that the largest off-diagonal entry of the sample cor-
relation matrix converges to a Gaussian distribution, and the same is true for
the sample covariance matrix as 0 < p < 1/2. This differs substantially from
a well-known result for the independent case where p = 0, in which the above
limiting distribution is an extreme-value distribution. We then study the phase
transition between these two limiting distributions and identify the regime of
p where the transition occurs. If p is less than, larger than or is equal to the
threshold, the corresponding limiting distribution is the extreme-value distri-
bution, the Gaussian distribution and a convolution of the two distributions,
respectively. The proofs rely on a subtle use of the Chen—Stein Poisson ap-
proximation method, conditioning, a coupling to create independence and a
special property of sample correlation matrices. An application is given for a
statistical testing problem.
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1. Introduction. The correlation coefficient matrix is an important statistic
in the multivariate analysis. It plays pivotal roles in the statistical analysis of a
multivariate normal data. The maximum likelihood estimator is the sample corre-
lation matrix. This paper investigates the limiting distribution of the largest off-
diagonal entry of the sample correlation matrix in the high-dimensional setting
when the correlation matrix admits a compound symmetry structure, namely, is of
equi-correlation.

Let X, ..., X, be arandom sample from a p-dimensional population. We have
the data matrix X = (X1, ..., X,,)". Write X = (x;j)nxp = xD, x@ . xP)y,
then the Pearson correlation coefficient between x®) and x\/) is given by

Yot (i — X)) (g — X )
\/2221(% — fi)z\/zzzl(mj —xj)?

where ; =n~! Y k—1 Xki. In particular, p;; =1 for all 1 <i < p. The sample cor-

(1.1) ,(3ij= 1<i,j=<p,

relation matrix R is then defined by R= (6ij) px p- In contrast, X'X/n is refereed
to as the sample covariance matrix. Define the largest magnitude of off-diagonal
entries of the sample correlation matrix by
(1.2) Lop = max |pjl.
I<i<j<p

Assuming that x;;’s are independent and identically distributed but not necessar-
ily Gaussian-distributed, the asymptotic distribution of Lg, have been extensively
studied as both p and n tend to infinity. The first result on the topic is due to Jiang
[9], who uses the Chen—Stein Poisson approximation method to get the limiting
distribution of the L, as follows.

Assume E|x11)?°%¢ < oo for some ¢ > 0. Let p = p, andn/p — y € (0, 00) as
n — oo, then

2
Yo -2
P(nL% —4logn +loglo n<t)—ex (——e t/>
for any t € R, or equivalently,

1
(1.3) P(nL3, —4logp +loglog p <t) — exp(—ﬁetﬂ).

Zhou [20] relaxes the moment condition to that lim, _, o x6P(|x11x12| >x)=0
and that limsup,,_, ., p/n < oo. Li and Rosalsky [14] consider the strong limit of
Lo, under some more relaxed assumption. Li et al. [12, 13] have further improved
the assumption of the result, under the assumption that p/n bounded away from
zero or infinity. They actually obtain some necessary and sufficient conditions un-
der which (1.3) holds. As p/n — oo, Liu et al. [16] establish similar results to (1.3)
under the assumption p = O (n®) where « is a constant. Cai and Jiang [3] consider
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the ultra-high-dimensional case where p can be as large as ¢" for some 0 <« < 1
and they extend the result to dependent case. Can and Jiang [4] derive the limiting
distribution of Lq, under the assumption that the population has a spherical dis-
tribution. In fact, a phase transition phenomenon occurs at three different regimes:
logp/n — 0, logp/n — a € (0,00) and log p/n — oo. By using the limiting
distribution of L, Cai et al. [2] work on the asymptotic behavior of the pairwise
geodesic distances among n random points that are independently and uniformly
distributed on the unit sphere in the p-dimensional spaces. The same phase transi-
tion phenomenon is also understood. Without the Gaussian assumption, Shao and
Zhou [19] obtain similar results to (1.3) as log p = o(n*) for some 0 <« < 1.

Assuming the p entries of x are independent, most of the aforementioned work
mainly focus on the improvement of the moment assumption on x11 from the data
matrix X = (x;;),xp as well as relaxing the range of p relative to n. The question
of how dependence impacts on the limiting distribution of the largest correlations
remains largely unknown.

In this paper, we will consider a case that all the entries of x are very dependent.
In fact, we assume x ~ N, (i, X), where N, (u, X) stand for a p-variate normal
population with the correlation matrix R = (0;;) px p, and the corresponding cor-
relation matrix R has the compound symmetry structure, which is also referred to
as the intraclass covariance or equi-correlation structure in literature, that is,

1 p oo e p
p 1 oo p
(1.4) R=|. . .
p p .o 1

It is easy to see that R is positive definite if and only if 1 > p > —1/(p — 1). Since
we will be in the scenario that p = p, — oo, we will always assume p > 0 later.

When p > 0, the sample correlations p;;, I <i < j < p are highly dependent
and new technical challenges arise in deriving the limiting distribution of the maxi-
mum value of these entries. In addition, we found somewhat surprisingly that such
a limiting distribution is Gaussian. This is in sharp contrast to the independence
case (p = 0) in which the limiting distribution is a Gumbel distribution. Where
does the phase transition occur? In what way the limiting distribution changes
over the regime of correlation p? We provide sharp asymptotic results to describe
these regimes of p and their associated limiting distributions of the maximum cor-
relation.

Related to our study is the maximum spurious correlation between each variable
in X and an independent variable Y in which the variables in X are correlated. Fan
et al. [8] derive the asymptotic distribution of such a maximum spurious correla-
tion using Gaussian approximation techniques of Chernozhukov et al. [6]. Unless
the correlation matrix of X is of a specific form, such a limiting distribution can
not be analytically derived and they require a multiplier bootstrap method to es-
timate the limiting distribution. Their setting relates to our case with the last row
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of off-diagonal correlation equal to zero and only computes the maximum sample
correlation in the last row, albeit these sample correlations are also dependent due
to the dependence of X.

. . . d .
Some notation will be used in the paper. The symbol — means convergence in

distribution, & 4 n implies that & and ; have the same distribution. For two nonran-
dom sequences a, and b,, b, = o(a,) means b,/a, — 0, and b, = O(a,) means
limsup,,_, o |bn/ay| < oo. For a random sequence &, and a nonrandom sequence
an, & = op(a,) means &,/a, — 0 in probability as n — 0o, and &, = O, (ay)
means limc_, o limsup,,_, ., P(|§,/an| > C) = 0. In addition, we denote C and
C positive constants independent of n or p, and their values may be different
from line to line.

The rest of the paper is organized as follows. Section 2 gives the main results,
discussions and an application. The proofs are relegated to Section 3, where we
develop necessary technical tools for our quests.

2. Main results and discussions. Let X, ..., X;, be a random sample from
the population N, (1, X) with the population correlation matrix R defined as in
(1.4). The data matrix is given by X = (X1, ..., X)) = (Xij)nxp-

We will study the following two statistics in this paper:

1 < .

2.1) Jn = (Jnax k; xpixg; and L, = | naxpij.

where p;; is defined as in (1.1). The first statistic is the maximum off-diagonal
entry of normalized sample covariances when © = 0, whereas the second statistic
is the maximum off-diagonal entry of the sample correlations. The purpose of
having the normalization in J, is such that J, and L, have the same scale. To
make our analysis thorough, we allow p to depend on n. It will be seen from
Corollaries 2.1 and 2.2 later on that J,, and L, behave differently as p is a constant.

2.1. Main results. We first consider the limiting distribution for the statistic
Jy.

THEOREM 2.1. Let p, > 0 for eachn > 1 and sup, > py < 1/2. Assume p =
0 and X = R, where R is given by (1.4). Suppose p = p, — o0 and logp =
0(n1/3) as n — 0o. Set

loglogp>
= 2,/1 — == )./1 - p2.
The following holds as n — oo:
(1) If pn/logp — 0, then
d
4\/ logp(\/ﬁ-]n — 1) —> @,

.. . . _Ke X/2 .
where ¢ has distribution function F (x) = e~ K¢ / ,x € R with K = —1

427"
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(i) If pu/logp — X € (0, 00), then

NN
——F=—— —> § + oo,
V2pn
where &€ ~ N (0, 1), Ao = ﬁ, ¢ is as in (i) and ¢ is independent of &.
(iii) If py+/log p — o0, then
J —
V=N ),
V2pn

The above theorem has the following implication.

COROLLARY 2.1. Let p € (0,1/2) be fixed, u =0 and ¥ = R, where R is as
in (1.4). Suppose p = p, — 0o and log p = o(n'/3) as n — oo. Then

Iy —
Vi =i d N, 1)
V2p

as n — 0o, where g = /np + 2,/ (1 — p2)log p.
For the largest entry of the sample correlation matrix R, we have the following.

THEOREM 2.2.  Let p, > 0 for eachn > 1 and sup,,». py < 1. Assume X =R,
where R is as in (1.4). Let p = p, — oo satisfying log p = o(n'/3) as n — oc. Set

loglo
o =~n—1lp,+ (1 —pn)'\/1+210n —P%(Z\/logp_ 47:(;/103)'

The following holds as n — oo:
(1) If pn/log p — 0O, then
d
4\/log p(v/n — 1L, — p2) = ¢,

where ¢ has the distribution function F(x) = e_Kefx/z, x eRwith K = 4\/15.
(ii) If pu+/logp — X € (0, 00), then
vn—1Ly — 2 d
——F=—— —~> §+ oo,
V2pn
where £ ~ N0, 1), Ag = ﬁ and ¢ is the same as in (i) and ¢ is independent
of &.
(iii) If pn+/log p — oo, then
/n— 1L, —
vn—1bn — K2 _d> N0, 1).

V20,1 = py)
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If p is close to zero, presumably the behavior of L, is close to an extreme-value
distribution as in (1.3); if p is relatively large, L, is asymptotically the normal
distribution as stated in Theorem 2.2. Part (ii) of the above theorem actually gives
the phase transition between the two cases. The following is an easy consequence
of Theorem 2.2.

COROLLARY 2.2. Let p € (0,1) be fixed and £ = R, where R is as in (1.4).
Suppose p = p, — oo and logp = o(n'?) as n — oo. Then, (v/n —1L, —

u2) /o2 i) N0, 1) as n — oo, where

pr=pn—1+42(1=p)-J14+2p—p2-Jlogp and o>=~2p(1—p).

The above two results are totally different from Jiang [9], Zhou [20], Liu et al.
[16], Lietal. [12, 13], Cai and Jiang [3], Can and Jiang [4], Cai et al. [2], Shao and
Zhou [19]. They all end up with the Gumbel distribution by arguing that p;;’s are
roughly independent random variables. In Theorems 2.1 and 2.2, the appearance
of p creates a strong dependency among the terms ) }_, x;xkj, 1 <i < j < p,in
the definition of J,, from (2.1). This is also true for the terms p;;, 1 <i < j < p.
The occurrence of p makes the situation so delicate that, if p is a constant, the
limiting distributions of J, and L,, are no longer the Gumbel distribution, they are
the normal distribution instead.

For J,, (similarly for L,), a key difference between the case p = 0 and the case
p > 0 is explained as follows. When p > 0, each term of the denominator in (1.1)
can no longer be regarded as roughly /n as that in the case p = 0. In particular, if
p > 0 is a constant, the dependence really matters, and the difference can be seen
from Corollary 2.2 by comparing the means and the variances.

2.2. Discussions. The paper investigates the limiting distributions of the
largest off-diagonal entry of sample covariance/correlation matrices generated by
a random sample from a high-dimensional normal distribution. We assume the
normal distribution has the structure of equi-correlation (1.4). Under the assump-
tion that p — oo and log p = o(n!/3), the asymptotic distributions of the largest
off-diagonal entries of both matrices are established. Their behaviors depend on
the value of p. The limits are the normal distribution if p is reasonably large; the
limiting distributions are the extreme-value distribution if p is very small. We also
figure out the regime to differentiate the two scenarios. In particular, for p in the
regime, the limiting distribution is the convolution of the Gaussian distribution and
the extreme-value distribution.

We make a few remarks as follows.

REMARK 2.1. For the sample correlation matrix R, we get the limiting distri-
bution of its largest off-diagonal entry for each p € [0, 1). The same result holds for
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the sample covariance matrix but under the more stringent restriction 0 < p < 1/2,
which is required in Lemma 3.11. This difference will be easily understood by the
fact that the sample correlation matrix can be regarded as a type of self-normalized
statistics. It is known that self-normalized statistics are more “tamed” (see, e.g.,
Shao and Wang [18]), and hence the range of p is more relaxed in the case of the
sample correlation matrix than that in the case of the sample covariance matrix.
We do not know whether or not Theorem 2.1 is still true for the case p € [1/2, 1).
It is an interesting project for future.

REMARK 2.2. Under the Gaussian assumption and that for the equi-corre-
lation R in (1.4), the decomposition structure of (3.21), that is,

2.2 Xi=ypG, .../ +V1—p(E1,....5),

where &,&;,...,§, are independent standard Gaussian random variables, and
plays a key role in the proofs. Now let us remove the Gaussian assumption. Instead,
we assume the decomposition (2.2) continues to hold with &, &1, ..., &, relaxed to
be i.i.d. random variables. Then Theorems 2.1 and 2.2 may also hold.

REMARK 2.3. The paper deals with the equi-correlation matrix. If R =
(rij) has another special structure, one may like to work on maxi<jj<p f;j or
maxi<j<j<p Pij/pij. It seems that, to get good properties for these two quantities,
R cannot be arbitrary.

REMARK 2.4. Recall the notation J, in (2.1). Let fn =n! Y h—1 Xk1Xk2 be
the sample mean of i.i.d. random variables. Assuming p is fixed. It is easy to check

that (ﬁfn —Jnp)/y/1+ p? 4, N (0, 1). Corollary 2.1 asserts that

iy —/np —2,/(1—p>logp 4
(2.3) 5 S N@©,1).
Yo

Comparing the two limiting results, we see J, has a larger mean and a smaller
standard deviation than those of J,,, respectively. However, the two means are on
the same scale and so are the two standard deviations. This concludes that the
correlation, instead of independence, dominates J,, such that Jn, as the maximum
of many random variables, is more or less like a single term J,,.

REMARK 2.5. Assuming p = 0, Jiang [10] obtains the limiting spectral dis-
tribution of the sample correlation matrix R. When n /p — ¢ € (0, 00), the au-
thor proves that the empirical spectral distribution of R asymptotically obeys the
Marchenko—Pastur law. If 0 < p < 1, by using the decomposition (3.21), it can
be shown easily that the spectral distribution of the sample covariance matrix also
takes the Marchenko—Pastur law as its limit. A similar result is expected for corre-
lation matrix R for the case p > 0 by employing the approximation method from
Jiang [10].
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REMARK 2.6. Review the limiting distribution in Corollary 2.2 is normal.
This does not mean the convergence rate is similar to that of the standard CLT.
The convergence rate of CLT is much faster than that of maximum of i.i.d. Gaus-
sian random variables which converges to the Gumbel distribution. This can be
seen easily from the following example. Let {x;; 1 <i <n} be N(0, 1)-distributed
random variables with Cov(x;,x;) = p > 0 for all i # j. Then we can write
xi = /pn++/1— pn; foreach i, where n, n1, ..., n, are i.i.d. N (0, 1)-distributed
random variables. Obviously, maxi<;<, x; = /pn + +/1 — pmaxi<j<, ;. It is
known that

2.4) ol loglogn + log(4m) n U,
. max 1; = ogn — )
e g 2/2Togn V2logn

where U, i) e ¢ (see, e.g., Leadbetter et al. [11]). This concludes that

max x; —/2(1 — p)logn = /pn + &,
1<i<n

where g, ~ Y1=£ . logloen i, orohability. So, maxj<j<p Xi —+/2(1 — p)logn 4

8 Jlogn
N (0, p) with speed 1(:/%100%1 , which is even slower than the convergence rate \/13)@
appeared in the coefficient of U, from (2.4).
2.3. An application to a high-dimensional test. Let X1, ..., X, be a random

sample from the population N,(u, X). We are interested in testing whether X
is diagonal. A natural nonparametric test is to use the test statistic L,, which is
powerful for sparse alternatives. The null distribution of such a test statistic cor-
responds to the limiting distribution for case p = 0 in regime (i) of Theorem 2.2.
A question arises naturally how powerful it is under the dense alternatives. The
specific alternative of interest is

Hy:p=0 vs. Hi:p=pi,

where p1 € (0, 1) is given.
Assume the dimension p and sample size n are all very large such that log p =
o(n'/3). By part (i) of Theorem 2.2, under Hy,

d
4\/log p(v'n — 1L, — p20) —> ¢,

_ _ loglogp . . . . P —x/2
where o9 = 24/log p 1 osp and ¢ has distribution function F(x) = e~ *¢ ',
xeRand K = ﬁ. For 0 < @ < 1, denote g, the (1 — «)-quantile of the distri-

bution F(x), that is,

(2.5) qo = —log(32m) — 2loglog(1 — a)*l.
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Then a rejection region of the asymptotic size-« test is given by
e — loglog p }

4/logp )
Using part (i) of Theorem 2.2 again, when p; = o(1/+/log p), the asymptotic
power is still «, like a random guess, as the asymptotic distribution under such
a contiguous alternative hypothesis is the same as that under the null hypothesis.

Now the power starts to emerge when p; = A/+/log p for A € (0, 0o0) as in case (ii)
of Theorem 2.2. In this case, @y can be calculated as

(2.6) %g:{\/n—anEZ logp +

n—1 [1 2x2+0< 1 )}
log p (log p)3/? H20-

The power function is

B(p1) = P{~n — 1L, > 120 + qo/(4y/log p)|p1}

= Pl4,/log p(v/n — 1L, — j122) = g — 420 — 1+ 162% + 0(1)|p1 }.

According to part (ii) of Theorem 2.2, the power tends to 1 for each fixed A. By
using a similar argument, it is easy to show that the power in case (iii) has also
asymptotic power 1.

3. Proofs. The proofs of Theorems 2.1 and 2.2 are quite involved. We break
them into Sections 3.1, 3.2, 3.3 and 3.4. In Section 3.1, we provide some prelim-
inary results; In Section 3.2, we prove the main results; in Section 3.3 and Sec-
tion 3.4, we prove some key technical steps used in the proofs of Theorem 2.1 and
Theorem 2.2, respectively.

3.1. Some technical tools. In this section, we will collect and prove some tech-
nical tools toward the proofs of Theorems 2.1 and 2.2.

We first present Lemma 3.2, a special property of the sample correlation matrix
R as defined below (1.1). An auxiliary fact has to be derived first.

LEMMA 3.1. Let Xy,..., X, be i.id. random vectors and X ~ N,(0, X),
where X is a p X p positive semidefinite matrix. Set X = (X1, ..., X)'. Then, for
any n x n orthogonal matrix O, we have OX = X.

PROOF. LetYy,...,Y, beiid. and ¥; ~ N,(0,1,). Then X; and £'/2Y; have
the same distribution for each i. By independence,

3.1) X=X ....,X) L(v1,....,)2"2
As a consequence,

OXL O, ..., Y,)s!?
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for any n x n orthogonal matrix 0. Write (Y1, ..., Y,) = (ij)nxp. Then y;;’s are

ii.d. N(0, 1)-distributed random variables. Hence O(Y1, ..., Y,) < Y1,.... 7))
by the orthogonal invariance of independent Gaussian random variables. From
(3.1), it follows that

OX<L(y,....v,)s2Lx, 0

The following lemma provides a simple expression for the sample correlation
matrix.

LEMMA 3.2. Let Xy,..., X, be iid. random vectors and X| ~ Np(u, X)
where € R? and X is a positive definite matrix. Let p;; be as in (1.1).
Suppose Yi,...,Y,_1 are iid. and Y1 ~ Np(0,%). Write (Y1,...,Y,—1) =
VM, s V) —1yxp- Then

. d V/v;
(6ij) =(7’ ) -
VPPV VL pxp

PROOF. Since p;; is invariant under translation and scaling of the vectors
X1, ..., X,, we assume p = 0 without loss of generality.

Denotes 1 = (1,1,...,1) e R"! and A, =1, — %11/. Trivially, A is an
idempotent matrix with tr(A) = n — 1, then there exists an n x n orthogonal matrix

O such that
_m Infl 0
A=0 < 0 0) 0.
Write
X1j = Xj cx1;
X2 —X; X2
(3.2) o =AY
Xpj — Xj Xnj

foreach 1 < j < p. Write X = (X1, ..., X,) = (Xjj)nxp- Then

X1 — X1 X12—X2 0 Xip—Xp

X1 — X1 Xpp—X2 -+ X2p—Xp

Xpl — X1 Xp2 — X3 - xnp_)zp
I, O d I, O

=0 (™ oxX=0'(™" X
0 0 0 0

by Lemma 3.1. Then

v . L1 O _ (xij)(n—l)xp
(5 Da=(5),
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where 0 above is a p-dimensional row vector with all entries equal to zero. There-
fore, H 4 O’X, and hence

d ~
HH=XX= (xij)/(n_l)Xp(xij)(n—l)xp~
Define (x;j)(n—1)xp = (V1, ..., Vp)(n—1)xp- The above implies

(3.3) HHZL (V/V)),

For a positive definite matrix M = (m;;) px p, define /(M) to be a p X p ma-
trix such that its (i, j)-entry is equal to m,-jmi_il/zm;jl/z. Let M, be the set
of all p x p positive definite matrices. Then 7 : M., — M, is contin-
uous map and, therefore, is Borel-measurable map. From (3.3), we conclude

h(H'H) 4 h((V!V;)pxp). The desired conclusion then follows. [J

The next one is the Chen—Stein Poisson approximation method, which is a spe-
cial case of Arratia, Goldstein and Gordon [1], Theorem 1.

LEMMA 3.3. Let {ny,a € I} be random variables on an index set 1 and
{By,a € I} be a set of subsets of 1, that is, for each « € I, By C I. For any
teR,set A=) yc; P(Ng >t), Then we have

‘P(rgg}(na < t) —eik‘ < (1AL (b1 + by +b3),

where

bi=3"Y POla>0Pas>1),

ael BeBy

bzzz Z P(ne >t,ng >1),
aecl a#peBy

by= |P{na >tlo (g, B ¢ Ba)} — P(a > 1),
ael

and o (ng, B & By) is the o-algebra generated by {ng, B ¢ By}. In particular, if ny
is independent of {ng, B & By} for each o, then b3 vanishes.

The next lemma is on the moderation deviation of the partial sum of i.i.d. ran-
dom variables. It can be seen, for instance, from Linnik [15].

LEMMA 3.4. Suppose {¢, 1, &2, ...} is a sequence of i.i.d. random variables
with E¢; = 0 and EClz = 1. Define S, = >, ¢i. If Ee"lI" < 0o for some 0 <
o <1andty>0,then

1 S
lim —logP(—n an) =—

n—oo x}%

1
2

$

o
for any x, — 00, x, = 0(n22-9),
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The following lemma studies the moderation deviation of the partial sum of the
independent but not necessarily identically distributed random variables; see Chen
et al. [5], Proposition 4.5.

LEMMA 3.5. Letn;, 1 <i <n be independent random variables with En; =0
and Eeil < oo for some h, > 0 and 1 <i < n. Assume that Y Eni2 =1.
Then

P(Y/_imi=x)

=1 C 1 3 4)63)/
l—<I>(x) + n( +x )Ve

forall0 <x <hp,andy =3}, E(Iniemily, where sup,>1 |Cn| < C and C is
an absolute constant.

In our framework, n; above is a quadratic form of two independent normal vari-
ables for each i. We first need to control E(|n; |3e*!").

LEMMA 3.6. Let U and V bei.i.d. N(0, 1)-distributed random variables. Let
a,b,c,d,e, f bereal numbers. Set n = aU?+bUV +cV2+dU +eV + f. Then

2 2y,.2
E(InPe*™)y < C-(jal® + 11> + | + 1d)? + lef® + | fIP) - 2@ T HTx

1 . .
<
as0<x < VEEL where C is constant not depending on a, b, c,d, e or f.

PROOEF. First,use |[UV| < U?+ V2 tosee
(3.4) Il < (lal + B U? + (1b] + [c]) V2 + [dU +eV| + | f].
In particular,
Elnl® <48 E[(lal +16))°U"S + (1b] + |c)’ V' + |dU + eV |° + | 1]
< Ci[(lal + 16)° + (161 + Ie])’ + (@ + &%)/ + 1 £1°]
< Cif(lal + 161+ [el)” + (1] + lel)” +1£1°],

where C is a constant not depending on a, b, c, d, e or f. We also use the facts
E(US + V'8 < 0o and dU + eV £ /a2 + &2U. It follows that

(3.5) (Enl)'? < ¢} (lal + 1b] + Ic| + |d] + le] + | £1)°.
From (3.4),
E(InPe™y < (Eln®)? - [E exp(3x(la] + b)) U? + 3x(1b] + |c]) V?)]"/?
[Eexp(3x|dU +eV|)]'? - X1
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First,
Ee3x-|dU+eV| — EeSx«/ d?+e?|U|

2.2 2,2 2002, 2
SEe3)c d+eU+E€—3x d+eU:269x (d“+e)/2

by using the identity Ee/N (0D = e’/ for all t € R. Second, setting @ = 3x(|a| +
|b|) and B = 3x(|b]| + |c|), and reviewing Ee'U? = (1 =2s)"Y2forall s < 1 we
have

Eexp(3x(lal 4 b)) U? +3x(Ib| + |c)VH) = (1 —2a) "1 (1 =287 <4
ifa < }T and B < % by independence. Finally, combining the above, we see

E(nPe™™) < C - (lal + 1b] + || + |d] + le] + | f])3 2@+l

as0<x < . The conclusion then comes from an inequality on convex

1
12(lal+b]+]cD
function f(x) :=x>forx >0. O

In our setting, the parameter y from Lemma 3.5 needs a special care. This will
be done below with the help of Lemma 3.6.

LEMMA 3.7. Let {&;k > 1} be i.i.d. N(O, 1)-distributed random variables.
Set T = E(|&; 1>) + 1. Assume p = pn satisfies that p — 0o and log p = o(n'/3).
Let {y, > 0; n > 1} be real numbers such that y, = O(log p). Then,

1 & 1
Pl - Z(l + |§k|3)ey”§/g/" >27 ) < exp(——nl/z(logn)_z)
ni- 4

as n is sufficiently large.

PROOF. By assumption, we assume y,, < Nglog p for all n > 1, where Ng >
0 is a constant. For ¢ > 0, set ©®, = {max|<x<p é,? < éen/y,}. By the inequality

P(N@O,1)>y) < ﬁye‘ﬁ/z < e‘y2/2 for all y > 1, there exists a constant n; >
1 such that

P(®§) = nP(|‘i:l| > (Sn/yn)l/z) <n- exp<_§ . yi)

as n > ny, which is again bounded by

& n _n2/3
n-exp| —=——- <n-e
2Ny logp
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asn > n, > ny, where ng > 1 is an integer depending on ¢. It follows that

( S0+ I P ey'lff/"zzr)
k=1

1 <& 2/3
<P _ 1 3 8>2 —n
< (n Z( + |&[7)e® > r)+n e

k=1
as n > n,. Take € =1log(4/3). Then 2¢~°t = 37/2. Consequently,

P(% i(l + & [3)ef > 21)

_j: Z<|sk|— () 2 57) = ( Z“””)

as n is sufficiently large, where & = (&> — E(1&%))//Var(&) and x, =

n'/4/logn. Set o = \/Var(&}). Observe that o2/3 - [g >3 < |&|% + (E|&13)%/3.

This implies Eexp(02/3|§k|2/3/4) < oo since & ~ N(0,1). Take o = 2/3 in
Lemma 3.4 to see

(\/—Zé“k>xn><exp< i 12 (logn)~ )

as n is sufficiently large. In summary,

1 <& 2 1 2/3
Pl — 1 3 J’n“;:k/n>2 < (__ 1/21 2) e
(HE (14 |&")e > T>_6Xp g (logm) ™ J 4 -e

k=1
This implies the desired inequality. [
The following result provides us with an equivalent expression on a limit the-
orem. It will be applied to the proofs of Propositions 3.1 and 3.2 later, in which

F(x) is an extreme-value distribution.

LEMMA 3.8. Let M, be a random variable for each n > 1 satisfying

lim P(M, < \/4logp —loglogp +x) = F(x)

n—o0
for any x € R, where F(x) is a continuous distribution function on R. Then
loglog p L 1
4 /logp  4./logp

where U, converges weakly to a probability measure with distribution function
F(x).

M, =2,/logp —

n»
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PROOF. Easily, (1 + H2=1+ %t + r(t) where SUP|| <4 |r ()| <12 for some
e > 0. Fix xg € R. Let Ag > 0 be given. For any x € [xo — Ao, xo + Aol,

loglog p X )1/2
4log p 4log p

\/4logp —loglogp + x :2\/logp<1

loglog p
8log p 8log p

=2/log |1 +r(p)],

where

sup |r(p,x)| < sup

[x—x0|<Aop [x—x0|<Ao

<log10gp X )2 - (loglog p)?
4logp 4logp/) ~ 15(log p)?
as n is large enough. By the given condition,

loglog p X

4. /Togp  4./logp
as n — oo, where s(p, x) :=2r(p, x)/log p and

3.6) nli)ngo P(Mn <2,/logp — + s(p, x)) =F(x)

(loglog p)>
(3.7) sup  [s(p,X)| S o —F5
|x7x0\§A0‘ | 7(10g p)3/2
as n is sufficiently large. Define
log logp)
3.8 U,=4,/1 M, —2,/1 — ).
Then (3.6) implies that
(3.9) Jim P(Up <x+1t(p,x)) =F(x),
where ¢ (p, x) :=4s(p, x)+/log p. Easily, from (3.7),
(loglog p)*

swp [i(p, )] <
[x—x0|<Aop log p

as n is sufficiently large. Therefore, for any é > 0,
PUy<x—=8)<PU,<x+1t(p,x)) < PU, <x+9)
as n is sufficiently large. From (3.9),

limsup P(U, <x —38) < F(x) <liminf P(U, <x +§)
n—oo

n—oo -
for any x € [xg — Ag, xo + Ag]. For § € (0, Ag), taking x = xo + & and x = xg9 — 9,
respectively, we have

limsup P(U, < x0) < F(xo+9);

n—oo

liminf P (U, < x0) > F(xo — 8).
n—oo
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Letting § | 0, we obtain lim, .~ P(U, < xg) = F(xg). Since xg € R is arbitrary,
this limiting result together with (3.8) concludes the proof. [J

The next lemma is a coupling result, enabling us to prove that the two random
variables appearing in parts (ii) of Theorems 2.1 and 2.2 are asymptotically in-
dependent. Now we assume {&x, &xi; 1 <k <n,1 <i < j < p} are i.i.d. random
variables with the distribution N (0, 1).

LEMMA 3.9. Suppose p=p, > o0oasn— o00. Forall 1 <i < j < p, let
Crij = n~1/2 Zzzl &k (ki + &kj). For any real numbers {A,; n > 1} and any set of
random variables {H;j; 1 <i < j < p}, we have

o] +or(= )

as n — 00. The above statement also holds if “C,;;” is replaced by “C,,;;” with
m=n—1.

max {H; ;j+1,Cyij} = max {Hlj+k

I<i<j<p I<i<j<p

PROOF. Recall [|&]| = (&7 +--- +&2)!1/2. Then
N 1‘ _lgl®=nl 1
151l &1+ «/ﬁ 1l
1
S _
Jn ||§||
as n — oo since \/n/||&|| — 1 in probability and n~1/? Iy (ékz — 1) converges to

N (0, 2) weakly. For any real numbers {A,; n > 1} and any set of random variables
{H;j; 1 <i < j < p}, by a triangle inequality,

0p(n~'"?)

ka

max {H; ;j+2,Cyij} — max {Hi,j+kn anlj}
I<i<j<p I<i<j<p &1
(3.11)
[
<A - max  |Cyjl.
gl I<i<j<p
Note that

Z kil

g i

Observe that E(§1£11) = 0, that Var(§1£11) = 1 and that Eexp(|§1£11]/2) < oo.
By Lemma 3.4 and the assumption that log p = o(n'/?), we have

max [Cy;j| <2- max—
l<i<j=<p <p

1 n
P( max |Gyl =24 logp)ip'P<ﬁ'Z§k§k1
k=1

> Al
@3.12) =i - ng)

<p.eA0op)/3
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as long as A > +/3. So maxj<;-j<,|Cuijl = O,(y/log p). This together with
(3.10) and (3.11) implies the desired result. Reviewing the arguments above, we
see the assertion is still true if “n” is replaced by “m.” [

3.2. Proofs of Theorems 2.1 and 2.2. The key elements in our proofs are a
special property for sample correlation matrices under Gaussian assumptions, the
Chen—Stein Poisson approximation method, conditioning arguments and a cou-
pling to create independence. To make it clear, we take L, from Theorem 2.2 to
elaborate this point through a few steps:

(a) The special property (Lemma 3.2) for sample correlation matrices allows
us to remove X; and x; from the expression p;; in (1.1); so we get an easier form
of the target to work with.

(b) With some efforts, we are able to write

(3.13) Ly=o0o,+B,0n+ vuRy,

where oy, Bn, yn are constants, Q, goes to N(0, 1), R, (the quantity M, from
Proposition 3.2) is the maximum of sums of independent but nonidentically dis-
tributed random variables; see (3.46).

(c) We use the Chen—Stein Poisson approximation method to work on R,.
However, due to the strong dependency, we are not able to apply the method di-
rectly. In particular, the methods for deriving the limiting distribution of R, under
the assumption p = 0 in all earlier literature are no longer valid. We will use a
conditioning trick. In fact, conditioning on certain event, we obtain the asymptotic
distribution of R,, by the Chen—Stein method. After taking the expectation of the
conditional probability, we finally derive the limiting distribution of R, (Proposi-
tion 3.2).

(d) We construct R), such that it is independent of Q, in (3.13) by Lemma 3.9
and R), has the same asymptotic distribution as that of R,. Furthermore, we show
that the difference between L, and L), := o, + 8, 0n + vaR], is negligible. So,
basically speaking, L, is reduced to a linear combination of two independent ran-
dom variables such that one goes to the normal distribution and another goes to
the extreme-value distribution.

Now we start to prove the main results. The following notation will be used
throughout the rest of the paper. The random variables

(3.14) {6, & &z ki =1,2,.. .} areiid. as N(O, 1).

Given p, €0, 1) for each n > 1, set

1= p, ,
(3.15) ay = Pr and b, = |7
1+ pn I+ pn

For x € R and integer p > 1, set

(3.16) sp=1/4log p —loglog p +x.
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In our theorems, we assume p — 00, so s, is well defined as p is large. This
clarification will not be repeated in the future. Let &;’s be as in (3.14), and write

(3.17) E=(&,....&) and |&l=(E+--- 4D
To prove Theorem 2.1, we need further notation as follows:

(3.13) Nkij = anéki%“kj + bnéi (Eri + &kj);

(319) m] = \/_ Z Nkij

forall 1 <i < j < p. The quantity max<;<j<p My;; will serves as a key building
block to understand J,,, the largest entry of a sample covariance matrix. It will be
used in the proof of Theorem 2.1.

PROPOSITION 3.1.  Let p, > 0 for each n > 1 and sup,~ pn < 1/2. Let s
be as in (3.16). Set M, = maxi<j<j<p My;;. If p= p, — o0 and log p = 0(n1/3),
then

. —Ke X2
0, P My < 5p) =77

_ 1
forany x € R, whereK_4m.

The proof of Proposition 3.1 will be presented in Section 3.3. Let J,, be as in
(2.1). Define

n

(3.20) W,=nJ, = 1<rln<ajx<pkX;xk,xkj, n>2.

PROOF OF THEOREM 2.1. By assumption, = 0. Let {&, &, k, i =1,2,...}
and ||&]| be as in (3.14)—(3.17). Write

(3.21) Xki = /Pnék + V1 — pnri, 1=<k=n,1=<i=<p.

It is easy to check the n rows of the matrix (x;;),x p are i.i.d. random vectors, x1; ~
N(0,1) foreach 1 <i < p and Cov(xy;, x1;) = p, for 1 <i < j < p. Thatis, each
row follows N, (0, R). As aresult, X and (x;;),x p have the same distribution. So
we assume X = (X;;),x p in the next. Denote

12
—EZ%‘;?,

(3.22) Byij = Z Exibij»
1
Crij = T };sk@k,- + &;)
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forall 1 <i < j < p. Then it follows from the expression (3.21) that
(3.23) [ Z-xkl-xkj = pnAn+ (1 — pn)Bnij +von(l— /On)Cnij-

First, by the central limit theorem, we are able to write
Ay =1+ 20,1,
where U1 1= —= Y (62 = 1) 4 N(0,1). Define

(I = on) Bnij + +/pon(1 — pp) Chrij

Mnt] :
J1—p2
f Z an&riej + bn Gri + &j)],
where a,, = }JFZ” and b, = . Denote M,, = max<;<j<p Mp;j. From these
notation, we have
1 n
(3.24) —= > Xkixkj = pas/1 + V20 Unt + |1 = 02 Myij,
N

k=1
and hence
(3.25) 1<Itn<ajx<p \/— Zxklxk] \/ﬁpn + ﬁannl +/1- prlen-
Review the notation & = (&1, ..., &,)’. Define

M, = max f Z[anskzskj + by, ﬁgiék(skz + Elq :|

I<i<j<p
Ve }
= H; by -
155-‘5‘}2;){ b gy Cni
where H; j = n—1/2 > i—1 anékikj. By Lemma 3.9 and the fact that 0 < b, <1,
~ 1o
(3.26) M, = M, + 0,,( ;p).

This together with (3.25) implies that

~ Jlo
=\/ﬁpn+\/§annl+\/1_P%Mn+0p( ;p>
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By Eaton [7], Proposition 7.3, or Muirhead [17], Theorem 1.5.6, we know | £ and
||§_|| are independent. Then U, = ﬁ(”é |2 — n) and M, which is a function of

||§_|| and &;’s, are also independent. This is a crucial observation in the following

argument.
Now, it follows from Lemma 3.8 and Proposition 3.1 that

loglogp 1
3.28 =2 Uy,
(5:28) Mn=2yloer =4 ogp T alogp "

1,3
where U, i> n with distribution function F,(x) =e 4/2r ¢’ for all x € R. From
(3.20),

~ loglog p 1 <«/10gp>
M, =2,/1 — U o .
" ogp 4«/logp+4«/logp 2+ Op Jn
Then
- ~ loglogp> d
3.29 Up =4,/1 -\ M, —2,/1 —
( ) n2 ng ( n ng+4@

Since U, and 1\71,, are independent, U~,,1 and ﬁnz are independent. Reviewing the
definition of W, as in (3.20). Solve M,, from the first identity in (3.29) and then
plug it into (3.27) to see

1 1—p} . Jlogp
— W, — 11 =V2paUpt + ~——0 0< )
\/ﬁ n — M1 Pn n1+4m n2+ Op «/ﬁ
J1=07 - 1
= ‘/Eannl +——Un p<—>
4/logp Jlog p

by the assumption that log p = o(n'/3), where

loglogp>
- 2/log p — —=—=2) /1 — p2.
m1 \/ﬁprﬂr( AN T, o

We now derive the three conclusions by the above relation.
Case (1): pp~/log p — 0. From the Slutsky lemma, it follows that

4_V1°gp(n—1/2wn —u) S g,
J1—02
—Kef%

where ¢ is the extreme-value distribution F(x) = e with K = 2 «/E The

conclusion then follows by the assumption p, — 0 and the Slutsky lemma again.



LARGEST ENTRY OF SAMPLE CORRELATION MATRIX 3341

Ccise @i): pp+/log p — X € (0, +00). By using the independence between U,
and U, and the Slutsky lemma again, we have

—12w, —

n — M1 d

——F=—— > § + A9,
\/ipn

where £ ~ N(0, 1), Ag = 2 fx and ¢ is as in case (i) and ¢ is independent of £.
Case (iii): pp+/log p — 00. By the Slutsky lemma,

n=12W, — @

V2pn
The proof is completed by using (3.20). O

— N(0,1).

Now we proceed to prove Theorem 2.2. Recall the notation from (3.14) and
(3.15). Define 0.2, = (1 — pu)? + 2pna?,

" 1= pu)bn
(3.30) g = and b= LT P

Oonl Onl

for 1 <k <m :=n — 1. With these notation, we further define

My =, [sk,-skj = P62 + 57— )+ Bt + ).

I’llj anlj’
fork=1,2,....m

PROPOSITION 3.2. Set M, = max1<,<j<pM . Let p, € (0,1) for each
n>1.Lets), be as in (3.16). If p — oo and log p = 0(n1/3) then

lim P(M, <s,)=e" Kem/2

n—oo

for any x € R, where K = 4@

The proof of the above conclusion is arranged at Section 3.4. The major contri-
bution of L, in Theorem 2.2 comes from the left-hand side of (3.31) next, which
is asymptotically the sum of two random variables well understood earlier.

LEMMA 3.10. Let p, € [0, 1) for all n > 1. Recall the notation in (3.14) and
(3.15). Define xii = /pnék + V1 — pnéii for 1 <k <m and 1 <i < p, where
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m=n—1. Assume log p = o(n%) as n — 00. Then

1 m

(ﬁ]éin}ij) . |: — g xkl +ij i|
(3.31) .
1 1

- —pnf+ fpn(l P)Unt + 2y 1= 0} ﬁgx//ku + Anij,

where Uy, = ﬁ ZZ’zl(Skz -1,

Vkij = an [%‘kifkj - %(Skzi +& — 2)} + (1 — pu)brér (Eri + &)

and, as n — 00,

(3.32) max  |Anii| =0 (1 gp).
I<i<j<p I P ﬂ
PROOF. Define
mzj anu, l<i<j=<p,
where niij = anériyj + bakxExi + &), an = /72 and b, = /72~ From

(3.24), we have

«/—Zxkzxkj—pn\/_'i"/ianml'F 1_;0an1],

where U, = m 2?21(513 — 1). In particular,
1 m
—— Y (ankp + 2bnikri).-

m

We can write
Z X +ka

1
(zpnﬂ'i‘ 2\/§anml) +—=y1- p;%(Mmii + Mmjj)

- 4@ 4 m
1 L =~ P Nz
ZEpn'i‘Ean 1_10;%"‘ ,—mUml+4\/— py%Tml]
1 Jo 1
=+ ——=Un1+ —=/1 — p2Tnij.

2" om sV !
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where
(3.33) Tmij = \/— Z an (8% + Sk] 2) + 2bn &k (&ki + &) ]-

So the product on the left-hand side of (3.31) is equal to

(pn\/’?l"i' \/Eanml +/1- p%Mmij>

(l_ 'O”U _L l—p2T~)
2 m " m ntmij
1
Pn\/ +\/7Pn(1 ,On)Um1+5 l_py%Mmij

0
- Zn\/ 1= p2Tnij + Anij,

where

2
o p: 5 PayI—py
AmJ—_ U - —

ﬁml m

(Umleij)

- ﬁ U= 02T (V20uUnt /1 = p2 Moy ).
Observe that
%mMmij m Tnij = \/7 J—Zwkw
where
Wiy = an 1ty = 6%+ 88 D) |+ (1 = pbubii + ).

Use the trivial bound 1 — ,0,% <1 to see

2
L P2 Pn 1
(3.34) 1<1111<an IAmJ|§ﬂUml+—ﬁ(Mm+Tm)|Um1|+_ﬁ(Mme)a
where
M,, = max [My;;| and T = max [Tyl

I<i<j<p I<i<j<p

From Proposition 3.1, we know

(3.35)
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in probability. Now, from (3.33) we have

T, < max

S+ -2

I<i<j<p \/_ k=1
+ max — i +&kj)
(3.36) Isi<jzp «/— ’
m
= 2 1r£ta<xp T X} Skl ‘ +2 1<rln<ajx<l7 f
=21, +21).

Let & = (83, — 1)/~/2 for 1 <k <m. Then E¢ =0, Var(¢) = 1 and Eelé11/2 <
0o. By Lemma 3.4, from assumption \/Iog p = o(n'/?), we see that

1 m
P(l, =2A2\/logp) < p- P(ﬁ Dbl = Azw/logp>
k=1

<p.e~Aozp)/3

(3.37)

as long as Ap > V3. So I, = O, (y/log p). Furthermore, notice E(§1611) =0,
Var(£1&11) = 1 and Eexp(%|§1§11 |) < co. By the same argument as obtaining

(3.37), we have I, = Op(J/1og p). In summary, 7, = O, (+/log p). This together
with (3.35) and the fact U,,;; — N (0, 1) implies that

Ayil=0 <logp)
1sizyep I m
by using (3.34). We then get (3.32). O

PROOF OF THEOREM 2.2. As explained at the beginning of the proof of
Lemma 3.2, without loss of generality, we assume u = 0.
Let {&k, &i,  k,i =1,2,...} beasin (3.14) and (3.15). As before, p = p,. Define

Xki = o/Pnk + V1 — pnéki, 1<k<n—-11<i=<p.

Review the beginning of the proof of Theorem 2.1, we know that the n — 1
rows of the matrix (x;j)u—1)xp are ii.d. random vectors, each of which fol-
lows N, (0, R). Write (x;j)(n—1)xp = (V1,..., Vp) such that, foreach 1 < j < p,

Vi=(x1j,...,x4—1,;)'. By Lemma 3.2, we have
/— Zk 1 XkiXkj
vn—1 max p;j 4

1<i<j< 1< <
P<i=p l<] p\/nlzkl kz\/nlzkl k]
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Denote m =n — 1, h; ZMand

\/_ Zk 1 XkiXkj

(3.38) Anij = Yy

So it suffices to prove the statements (i), (ii) and (iii) with “/n — 1L,” replaced
by “maxi<;<j<p Ani;”. Our proof consists of a few of steps.

Step 1: Reduction of L, to a simple form. Write hi_l = (14&ui //m)~ /%, where
Cpi i=m~1/? kazl(x,%i — 1). By the Taylor expansion, there exists § € (0, 1) such
that (14+x)"12 =1 —x/24+¢(x), where |¢ (x)| < x2 for all x € [, 8]. It follows
that

iy =L v oG] [ 2 o ()]

-1 Cni é‘n] e il

2Jm 2ym

.__gniéﬂnj ( _ é‘ni ) (é‘n/)
6= T\ 2um) N\

) o) el ()

Obviously, if |{ni /«/m| < & and [£,j//m| < §, then max—; j |1 — Lo/ (2/m)| <2
because § € (0, 1), and hence

Enil 12| 26 27 2 G AL+

(3.39)

where

leijl < + +— - — =
4m m m m m m
This gives that
8
(3.40) max |g;| < — - max {m
I<i<j<p m 1<i<m

provided maxi<;j<p [£ni/+/m| < 8. Let & = (“;‘kzl — 1)/4/2 for 1 <k < m. Then

Eg =0, Var(gy) =1 and Eelfil/2 < oo, By assumption, (x1;, X2;, ..., Xmi) 4
(&1,&,...,&) foreach 1 <i < p. Set

Q, = {max |Cnil < 34/log p }

1<i<

Then it follows from (3.37) that
(3.41) lim P(2,)=1.
n—oo
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Now we see from (3.38) and (3.39) that

“ _ Cni an
( 2 ’““ﬂ) (1- 507 205 +1)
( Z klxk]> |: (Zxkl+2xk]>] l]’

ﬁ\

(3.42)

ﬁ\

where
(1 )
/
g .= —Zinxk)'é“z
ij J J
VI

Proceed to estimate maxj<;<j< pm_l/ 2| > i1 XkiXkj|. To this end, (3.2) implies
that

max | Xkj

1
Svm+|Upi|+ max —=
I<i<j<p /M

Z[anékigkj + bnéi (ki + Ekj)]‘

k=1

<f+|Um1|+ max

<i<j=p Jm

Aék‘]

where U, = 2m)~1/? pIyA (g,f — 1). Observe that the last two maxima above
have the same distribution. By the estimate of I, from (3.36), each of them has
size Op(+/log p). Using the assumption log p = o(n'’3), we see

T, := max

= 0, (V)

i Xkj| =

as n — o0o. Therefore, by (3.40),

8
/
max [e)] < Ty max eyl <, - max o2
I<i<j<p I<i<j<p m 1<i<m

provided max;<;<j<p |f/—’%| < §. By assumption, — 0. This enables us to

see

(3.43) Ig, - max |8U|—— 0,(V/n)-(3 flog p)? = <logp>‘

I<i<j<p

3/log p
Jm
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By Lemma 3.10 and (3.42),
Apij = pn\/%'i‘ ‘/Epn(l = o) Um1

\/l_pn \/—Zl/’kquZAm,Jr%]
= pn\/%'i' ‘/Epn(l = P)Un1

t Oy L=pi O‘nl«/— ZW’W +8l/’

where ¥y;; and A,;; are defined as in the lemma, 8” =2/, + 8lfj and %21 =
(1—pu)? + 2pnan. Easily

(3.44)

log p
Io - max |e/|<2- max |A,i|+ 1 max |ej;| = ( )
S l§i<j§p{ ijl = 1§i<j§p| nijl +1g, - 1< j<p| il = O Jn

by (3.32) and (3.43). Let f(i,j) and g(i, j) be real functions defined on
{G, j); 1 <i < j<m}. Itis easy to see that

| max fG.j)— max gl )= max [£G.)) - g
I<i<j<p <i<j=<p I<i<j=<p
Therefore, from (3.44) we have

Ig, - max Ay

I<i<j=<p
(3.45) =g, - [,On\/%‘F \/5,0,1(1 - ,On)Uml]
log p
+0u1y/1 — p2- 1<Iln<ajx<p{gnh/_ Zlﬁku}.lszn-i-Op( T )

Observe that the last maximum is exactly M, appeared in Proposition 3.2. Writing
Io, =1 — Igc, we eventually get

max An,j—pnf+[pn(l_pn)Uml

I<i<j<p

3.46
(3.46) log p

N

+ouy/1— p2M, + 0, ( )+Igc v,
for some random variable W,,.

Step 2: Asymptotic independence between Uy, and M),. Review the definition
of Y;; in Lemma 3.10. Set

\/—ék@kl + &),

g = B0y = 226+ =) |+ (1o 3

I<i<j<p

~ 1 m
M/ — ~/
n max { o \/— Z Nkij }
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From the definitions of @/, and &/ in (3.30), it is easy to see that (1 + p2)a/> +
2b2 = 1. Since b}, = =20 e ge | 1=2ba| < 1 "By [ emma 3.9,
nl Onl

- 1—p.)b, V1 V1
(3.47) M;,—M,;:OP(( Puon ng)zop( 0gp>.
Oni NG vn
By Lemma 3.8 and Proposition 3.2,
loglog p 1
M =2./logp— \%
" £p 4/Togp  4Jlogp "
where V,, i ¢ with distribution function F(x) = e~ X ¢ 2 for all x € R, where
__1 ;
K = YWirt The above two assertions tell us that
~ loglog p 1 1
M =2/logp — + Vi + (—)
" &P 4/logp 4Jlogp " or JIog p
Then
~ ~ loglogp) d
3.48 Uy :=4,/1 A M —=2/1 ——=" ) = ¢.
( ) n2 ng < n ng+ 4\/@

Since Uy,1 = (2m)~1/? 221:1(5,3 —1) and M,fl are independent by the same argu-
ment as that after (3.27), U,,; and Unz are independent. Evidently,

1—p 1/2
ony1=pt= (1= + 200 15 2) 1=
n

= (1= pn) -/ 14200 — p2.

In particular, oy14/1 — ,o,% < 2. Combining (3.46), (3.47) and (3.48), we obtain

max Am'j - pnﬂ_ \/Epn(l — ) Umi

I<i<j<p

~ lo
=ou1y/1 _P%M,/, + Op(ﬂ> + Ige -

Jn

loglo U, lo
:a,,l\/l—,o,%<2\/logp— g gp+ n2 )+0p<ﬂ)+192.\pn.

4/Togp  4/logp N
Set
loglog p
= 1— 1420, — 2-(21 —7>.
p2 = ppv/m + (1= py) -/ 1+ 2p, — p? R AN
Then
Un2

PRP— — —_ - N - 2'
| max  Anij = 12 V20 (1 = p)Unt + (1 = py) 1420 =00 e

+ IQ’CI * lIJﬂ?

+0P(ﬁ>
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where the equality O, (log p/+/m) = 0,(1/+/log p) holds due to the assumption
logp = o(n'/3). Notlce that P(|Iqec - Wyl - v/logp > &) < P(2;) — 0 for any

¢ > 0 by (3.41), hence Ige - W, = 0,(1/+/10g p). It follows that
Un2
| max A - 12 = V2001 = p)Up1 + (1 = pu) -/ 142, — o G o

1
OAJEﬁ)
Step 3: Derivation of conclusions (i), (ii) and (iii). Recall the assumption that
on >0 foreachn > 1 and sup,~.; p, < 1.
Case (i): pn\/@ — 0. For this case, by the Slutsky lemma,

d
log p ( max  Apjj — Mz) — @,
(I'=pn) -/ 1+ 20, — Isi<j=p

where ¢ has distribution function F (x) = e~ X¢ ? with K = 2 \/— The conclusion

follows by the assumption p, — 0 and the Slutsky lemma again.
Case (ii): pp+/log p — A € (0, 00). By the Slutsky lemma and independence,

maxi<j<j<p Anij — U2 d

— & + Moo,
\/jon(l — Pn)
where £ ~ N(0, 1), A0 = 4fx and ¢ is the same as in case (i) and ¢ is independent

of &. The conclusion is yielded by the assumption p, — 0 and the Slutsky lemma
again.
Case (iii): pp+/log p — oo. In this situation, by the Slutsky lemma,
maxi<j<j<p Apij — U2

\/Zon (1= pn)
The proof is complete. [

w1 +0,(1) 5 N, 1).

3.3. The proof of Proposition 3.1. In this section, we will use the Chen—Stein
Poisson approximation method (Lemma 3.3) with conditioning argument to get
the asymptotical distribution of M,, defined in Proposition 3.1. The conditioning
procedure is employed because Lemma 3.3 asks more independence than what the
structure behind M,, has.

LEMMA 3.11. Recall the notation in (3.14)—(3.16). Assume p, > 0 for all
n>1andsup, -, py < 1/2. Define Z, = n12b, 30, Ex&L. If p= pn — 00 and
logp = o(n'3) as n — oo, then there exists a constant § € (0, 1) such that

14+p 1
Eexp|:— I —i—cSn (Z, —sp)z} :0(;)

as n — oQ.
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PROOF. If p, = 0 for some n > 1, then Z, = 0 and the expectation in the
lemma is identical to exp(—(4log p — loglog p + x)/(1 4 §)), which, by taking
8 € (0, 1) small enough, is bounded by p~3 as n is sufficiently large. Therefore,
to prove the lemma, w.l.o.g., we assume p,, > 0 for all n > 1.

First, we show

o (E— 1 a1}
3.49 Ee— 11 B e <_ 1 )
(349 ¢ S 1 P\ 20 11

for any o1 > 0 and B; € R. In fact

: /OO B g
—0o0

Ee—®1G1—1° —
V2r

Write

(=)’ = =

2 ( 1x a1 )2_ 1B}

Now, define y such that

It follows that

o /32
b /OO e—dl(x—/ﬂ)z—% dx =e_2‘a]1—+11 LY b e—yz/Zdy . #
V2 J—o0 2 J—oc0 V21 +1

Thus, (3.49) holds.

Recall the notation (3.17). By Eaton [7], Proposition 7.3, or Muirhead [17], The-
orem 1.5.6, we know ||&]|| and &/||&|| are independent. Also, e D it Ské;ﬁ ~
N (0, 1) by independence. Consequently,

d 1]
Zy=by- N £].
In particular, ||£]|/4/n and &{ are independent. Let 7 = %. Observe

(Zy — sp)2

(3.50) E exp|:— .

} — Ee1E=P)° — f[E e @A),

where E stands for the conditional expectation given ||£]],

brIIE |2 Vnsp
o] = and B; = .
nt bull&l
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By using (3.49), we obtain

2
Ele—al(é{—ﬁl)z < exp<—S7p||g||2>
T+ 2br21 n

(3.51)
2

Sp
= e"p{_u F O+ pn) | +2b2] }

if |€12/n < 1+ 8. Observe that (1 + p,)~! 4 252 = llfljjj < % < 4/3 for

all n > 1, where p := sup,-; pn < 1/2 by assumption. Take § € (0, 1) such that

0 := (14 8) 22 <4/3. Hence, given |§|?/n < 1+,

5/
Eje—&-p? < (08P
= T

as n is sufficiently large. By the large deviations for i.i.d. random variables, there

exists a constant C > 0 depending on t only such that P(@ > 148) < e™"C for
all n > 1. Combining the above inequality, (3.50) and (3.51), we arrive at

(Zy — Sp)21|

T

2
=E|:Ele_“1(51—ﬂ1)2 (”5” 1+8>}+P<@>1+5>

(logp)™? ¢ ( 1 )
<— 57— +e " =0l =),
p4/9 p3

where the last equality follows from the assumption log p = o(n'/3). O

E exp[—

PROOF OF PROPOSITION 3.1. In the next section, we will assume p is large
enough such that s, > 0. Set I ={(i, j); 1 <i < j < p}. Fora = (i, j) € I, define
Xa = Mm'j and

By = {(k,1) € I;either k € {i, j} orl € {i, j}, but (k,[) # a}.
Let P, and E» stand for the conditional probability and the conditional expectation
given {&; 1 < k < n}, respectively. The crucial point is that, given {&;1 < k <

n}, random variable X, is independent of {Xg; 8 ¢ By}. Since {Xy,a € I} are
identically distributed under P>, by Lemma 3.3, we have

(3.52) ’Pg(rgg(Xa < sp) — e < w; + wy,

where

—1
Apl = % ( Z’?klz > Sp)
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and
wi=Y_ Y Py(Xo>sp)Pa(Xg>sp)
ael BeBy
p(p—1) 1 ’
<—F2p)- Pz(— > 2 > Sp)
2 N
and

wy = Z Z Py(Xo > s5p, Xpg > 5p)
ael BeBy

p(p—1) 1 & 1 &
57'(219)'1"2(—5 Nk12 > S —E 77k13>5>-
2 ﬁkZl p nkzl p

Note that P(maxye; Xo <5p) = EP>(maxqe; Xo < 5p). From (3.52),

‘P(maxXa < sp) — Ee_)‘l’l‘ < E‘Pg(maxXo, < sp) —e
ael ael

< Ew; + Ew;.

Now,

_ p(p—1) 1<
Ee )‘P1=Eexp|:——P2<—an12>sp ;
2 ﬁk:l

2
1 n

Ew; <p*- E{h(— Y min> sp) ];
Vi

1 & 1 &
Ew2§p3-P(—Z’?k12>sp,—zflk13 >Sp>-
\/ﬁkzl ﬁk:l

The following three lemmas say that Ee 7! — exp(—4\/1§e_x/2), Ew; — 0and
Ewy — 0. The proof is then complete. [

LEMMA 3.12. Let the assumptions in Proposition 3.1 hold. Review that P>
stands for the conditional probability given {&x; 1 < k < n}. Then

p(p—1) - 1 _.»n
EeXP[_TPZ(ﬁ;nk12>SP %exp(—me x/)

asn — oo forall x e R.
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LEMMA 3.13. Let the assumptions in Proposition 3.1 hold. Review that P
stands for the conditional probability given {&x; 1 <k <n}. Then

1 & 2 1
ElP| — 7)k12>S> =0(—)
[ (fg ’ P’
as n — oQ.

LEMMA 3.14. Let the assumptions in Proposition 3.1 hold. Then

1 & 1
Pl — Nk12 = Sp, T]k13>s)_o( >
(fz e s> ) =o(
asn — oo.

Now we start to prove the three results one by one.

PROOF OF LEMMA 3.12.  Write
(3.53) Z Nk12 = Z anér1ér2 + bnbi (&1 + &r2)].
k=1

Given {&; 1 < k < n}, it is the sum of independent random variables with mean

Eslanéri&xa + bnér(Ex1 + &k2)] = 0 and variance Vara[an&xiéka + bnéi (k1 +
£x2)]> = a2 + 2b2&}. Thus,

n n
(3.54) Var, (Z 77k12) =na? +2b2 > &2.
k=1 k=1

Define
ma |§|<[and—<—§n§ :
F, = X n
k k = “
Sett = E(|§1|3) + 1. For v > 0, set

1 n

Gn(v) = {— SO(1+ [ P)eriitoen/n < 2r}.

n
k=1

The parameter v will be chosen later. By the fact P(|N (0, 1)| > x) < ﬁe"ﬁ/z

for all x > 0, the large deviations for i.i.d. random variables and Lemma 3.7, we
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have
c 1 &, [6 157
P((Fya N Gu()) <nP(E1] = )+ P(= Y &2 e [_, _}
n i 7 14
(3.55) +p(l i(l + |Ek|3)ev5k2(logl’)/n >2‘L’)
=1

1
<3 exp(—é—lnl/z(logn)_2>,

as n > ny, where n, > 1 is a constant depending on v. Define 0,120 = a,zl +
2b2(L 1 &2). Then, on F,,
115 2 2 15 2
where the last inequality follows from the identity a + 2[92 =1.
Next, we will use Lemma 3.5 to get a precise estimate on Py(—= Zk | Mk12 >

8

sp). To do so, Lemma 3.6 will be applied to control y defined in Lemma 3.5.

Reviewing (3.53), we take a = a,,/ /10,0, b = bu&r //N0n0. Set ny = a&r1&x2 +
b(&x1 + &x2). Then it follows from (3.54) that

n
(3.57) Exnr=0 and > Vary () =1
k=1
for each k. Furthermore, by (3.56) we have

(3.58) la| < 2 and b| < 2ed _,
vn

Jn
on F,. Then, on Fj,, use the Holder inequality, the facts that 2|&11£12| < 5121 + 5122
and £11 + €12 ~ v/2N(0, 1), and independence to see

2h
Eeld < Eexp<ﬁ|f§11§12| +2h|&1 + 512|>
12
(3.59) < [E GXP<%($121 +5122)>} - [E exp(4v21N (0, 1))]1/2

2h 2
= Eexp(—N(O, 1)2) el < 00,
N

for all h, k, n satisfying 0 < h < h,, := %ﬁ and 1 < k <n. Now, on Fj,, by
Lemma 3.6 and (3.58) we have

C 2 C 242
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for all x € (0, j527). Observe that (0, %) (0, 13.21) on F, by (3.58). Thus, (3.60)
particularly holds for all x € (0, \/n/24). Now take xo = 5,,/0y,0. Then

(3.61) X0 <2sp < Jn/24

on F, by the assumption log p = o(n'/3). We then have

n
y =Y Ex(lml*e™)
k=1

C n
7 Do (1 [&)e! s
=

A

C

n
o SO (1+ [l e e
n

k=1

<
on F,. Thus, y <2Ct/4/n on F, N G,(256) := H,. The inequality in (3.55) im-
plies
(3.62) P(HF) < 3exp(—n'/*(logn) 2 /4)

as n is sufficiently large. From (3.57), (3.59) and Lemma 3.5, we conclude

1 n n
Pz(— > a2 > Sp) = Pz(Z Nk > XO>
(3.63) Vi3 =

=[1= @] [1 + 01 +x3)ye*07]

on H, since xo < h, = 4/n/8 by (3.61). Finally, xgy = O(sf,n_l/Z) — Oon H,
by the assumption log p = o(n'’3). Reviewing (3.56), we have s,/2 < s,/0,0 <

25, on Hy. Hence, from the formula P(N(0,1) > x) = \/ZI—M e‘xz/z(l + o(1)) as

X — o0 we obtain that, on H,,,

Pz<%énk12 > S,;) = [1 - d)((;%))] . [1 + O(logj//ﬁ2 P)}
0n0

a N2msp

as n — 0o, where the last term “o(1)”” does not depend on &;’s.
To prove the lemma, it is enough to show

(3.64)
L=/ %0) (1 4+ o(1))

2 1

p I ¢ —x/2
— P — E >5, | > ——¢
2 2<ﬁk:1nk12 ”) 427
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in probability as n — oo. Since P(H,) — 1, to complete the proof, it suffices to
check
2 n
p 1 1
P\ =) _ mi2>sp| - Iu, > ——
2 (ﬁ ,; P ) 4427

in probability as n — oo. Now 0,0 — 1 in probability as n — oo and s, ~
2./log p, comparing this with (3.64), it suffices to show

e—x/Z

2 1

p —s2/(202) —x/2
3.65 — e O [y — e
(3.65) 4./2mlog p W

in probability. By the central limit theorem for i.i.d. random variables, 030 =1+
0,(1//n). Hence a,,* = 1 + 0,(1//n). It follows that

s’% (210 1lo lo +1> [14—0(1)}
R —_ = —x - R
20,120 £p 2 £8P 2 p Jn

1 1
=2logp — Eloglogp + Ex +op(1)

by the condition log p/n'/3 — 0. This implies (3.65). O

PROOF OF LEMMA 3.13. Review the proof of Lemma 3.12. Let H, be defined
as above (3.62). By (3.63), there exists a constant n; > 1 not depending on &;’s

such that
P L Xn: I <2[1 cp(—s” >] I
o k12 >sp | Iu, <21 — 1q,
\/l’_lk:1 P 050

as n > njp since xo = s, /0,0. Recall the inequality 1 — ®(x) < ﬁe‘xzﬂ for all
x > 0. Then, from (3.56) we have

1 - 2 02 2/2 C 72/8
P\ —= ) nmkiz>s )] Iy, <C-20 . e™5/%0 [y < —— .7
|: (ﬁ/; : S,% log p

as p > np, where n, is a constant not depending on &;’s. Therefore, combining this
with (3.62), we see

n 2 n
E|:P2<%]; Nk12 > sp) } < E|:Pz<%]; Nk12 > Sp)

1
<p443 exp(—znl/z(logn)_2>

2
- IH,,} 4 P(HY)

as n is sufficiently large since log p = o(n'/3). This proves the lemma. [J
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PROOF OF LEMMA 3.14. Let P3 and E3 stand for the conditional probability
and the conditional expectation given {&k, &1; 1 < k < n}, respectively. By inde-
pendence,

1 & 1 &
P{—= ) nki2>sp, —F= 77k13>S)
(ﬁ; g ﬁg g

" 2
=E|:P3<%];nk12>sp) }

Recall the notation in (3.18) and (3.19). Write Y }_; nk12 = (bn >y &kék1) +
> i1 (@1 + bu&r)éEra. Then, given {&, &1; 1 < k < n}, we have from indepen-
dence that

(3.66)

1
T Z k12 ~ N(ion. 06,

k=1

(3.67)

where

Jon = [Zskskl and 002,1— Z(ansk1+b £0)°.

=

Trivially, b2 '0” < Sup,sg T +p =k? < 3 and a + b2 ( 1] for all

€[0,1). Deﬁne

1+p

2

(of
A={luon| <~3s,/2} and B;= {1 —8<— Jor"bz <1 +5}

n n

for 8§ € (0, 1). Observe a,&11 + by 4 a;+ b2 - 51 since £ and &; are i.i.d.

2
N (0, 1)-distributed random variables. Thus, 2%2 Ly die 1‘§k Then, by the

large deviations for the sum of i.i.d. random Varlables we obtain

(3.68) P(B§) = ( ng ell—8,1+54] ) G

for all § € (0, 1) where Cs > 0 for each § € (0, 1). Similarly, {£:&x1; 1 < k < n}
are i.i.d. with mean zero and variance one. Notice |£1&11] < %(|f§1|2 + 1E11P).

Therefore, Eexp(%|f;‘1§11|) < 00. From Lemma 3.4 and the fact s, ~ 2+/log p =
o(n'/%), we see that, for any ¢ € (0, 1),

P(A° ( [s”

1—¢ 3s2

o e %)
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as long as n is large enough. Since K2 < 1/3, we choose ¢ = 1/2 — «2. Then
12,< 2 + —L > 1. This implies that

l1—¢ 355 1
P(Ac) < 26Xp<— 2/{2 . T) = 0(;)
asn — oQ.

It is easy to see that s, — o, — o0 on A. By the inequality P(N(0,1) > y) <
L 2 < e =*/2 for all y > 1, we have from (3.67) that, on A N By,

«/Zny

| Sy — o
P3(— > ma = S,;) = P3(N(uon, 03,) = 5p) = P3 (N(O, 1> u)
Vg

O0n

1 _ 2

=< exp(———(sp 2#0}1) )
2 O0n

Note that aon <1+ 8)(a + bz) 1+5 on Bjy. Therefore, on A N Bs,

1 1+;0n 2
Piy\ —= ) nki2>s )EGXP<— (s —uo))-
(«/ﬁ,; p p n

2(1+6)

Review (3.66). We then have

1 & 1 &
Pl—= ) nki2>sp, —= 77k13>s)
(ﬁkzzl ! ﬁg !

2
- I+ p
< E[P3<ﬁ > ez > Sp) IA"UB§:| + ECXP<— T ; (sp — Mon)2>
k=1

14+
< P(A°)+ P(B§)+ Eexp(— 0 +'(;" (sp — ,u()n)z)

1 1+p
< nCs E ( n-. _ 2>.
0(p >+€ + L exp Y (on — sp)

By Lemma 3.11, choosing § > 0 small enough, we know the last expectation is

identical to o(1/p?). The desired conclusion follows from the assumption log p =
on'/?). O

3.4. The proof of Proposition 3.2. The major building block of L, in Theo-
rem 2.2 is M), as seen in the statement of Proposition 3.2. Now we prove this
proposition. First, we need an analogue of Lemma 3.11. Review the notation from
(3.14), (3.15) and (3.30). Set

_ 1 /(&2 /
(3.69) Vi = =5 Pnd (i — 1) + by érér
forl <k<m:=n—1and V, = (y1 + -+ ym)/J/m.
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LEMMA 3.15. Let p, € [0,1) be constants. Suppose p = p, — oo and
logp = on'3) as n - oo. Let sp be as in (3.16). Then there exists § € (0, 1)
such that

1-8 ) 1
(370) E IKr/: - eXp —?a)%(vn — Sp) =0 ?
asn — oo, where K :={0 <V, < ﬁwnsp/2} and wy, := «/Var(y1).

PROOF. First, if p, =0 for some n > 1, then 3 =0 for all 1 <k < m. Hence
V, = 0 and the expectation in (3.70) is zero by the definition of K. So it is enough
to prove the conclusion by assuming p, > 0 for all n > 1. The proof is divided into
a few of steps.

Step 1. Reduction of K}, to a smaller set. From the definitions of a;, and b/, in
(3.30), it is easy to check that

(3.71) (1+ p2)a? 4262 =1.

Trivially, we have w2 = p2a/?/2 + b}?. Therefore,

"2 2
1—pn
11 T+
(3.72) =———. L
202 (1—p)?+ Qpa) 122

1 1
2 1+2p, — pj 4

because 1 +2x — x2 <2 forall x € [0, 1). In particular,

1 1 2 1 2 19\2
(1= 20) > (1-10) = (2) - 08
1 — w? 5 5 20

This implies that

1 1-6 )
E{I(O <V, < gwnsp> -exp|:—1 2(V" —Sp) “
n

—

1-34 1 \?,
<ov] -1 (1-500) 5

1
<exp[—3.2(1 —28)log p] = 0(—3)
p

as n — oo if § > 0 is small enough. Therefore, it is enough to prove (3.70) with
K} being replaced by K}/ = {wys,/5 < Vi < /Twys,/2}.
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Step 2. The tail probability of V,,. By the formula 2 = 1 p2a/* + b/* again,

1 I\ 2 N
—5ppd 1 2b 1
< 2/0n n) =_(1+ 2n/2> <
o 2 pLay;
b;l 2 1 2a/Z -1
— =11 — _n) <.
(w) ( Tafgz) =

Recall y in (3.69). Set y{ = yk/(/mw,) for 1 <k < m. The above implies that

N

and

m - Vel <= ($k1+1)+|§k§kl|<fk1+§k+1

In addition, y{’s are i.i.d. with mean zero and satisfy Y}, Var(y;) = 1. Also,
Ee'l < 00 if 0 < 1 < \/m /4. Observe

m
1 3 (2 4ER+D) C
= B = L + 6+ 1) e B <

for all 0 < x < /m/4, where C = E[(£ + £2 + 1)3es¢hTitD] < oo, By
Lemma 3.5,

m
(3.73) P(Vnzx)zp<zy,gz i) 52[1—<p(i>]
i=I @n @n
provided (x/w,)?//m — 0 and 0 < x/w, < /m /4. In particular, by the assump-
tion log p = o(n'/3) and the fact P(N(0,1) > 1) < ﬁe"z/z for all ¢ > 0 again,
we have

(3.74) P(V, > x) < e < /Co)

for all %a)nsp <x < 4wnsp.
Step 3. The estimate of the expectation from (3.70). Let A, By and ap > 0
—ay(x—sp 2
be constants. Assume [Aj, By] C [0, s,]. Notice W = 2a2(sp — x) -

_ _ 2
e~ 20=5p)" e have

e—afz(v—s],)2 _ e—atz(Al—s,,)2 120 /U (sp—x) - e—az(x—sp)z dx
Ay

o0
< o~ 2(A1=sp)? +2012sp/ e_o‘Z(x_sP)zl(Al <x <v)dx
0
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forany s, > v > Ay. Replacing v with V},, then multiplying both sides of the above
by I (A <V, < By), we get

e_“z(v"_si’)zl(A <V, <B)

o0
< g 2(A1=5p)? +2a2sp/ e_“Z(x_s”)ZI(Al <x=<V,<Bpdx
0

By
< e~2(A1=sp)? 4 2a2s1’/ e~ G’ [(V, > x) dx.

Ay
Set A| = w,sp/5 and By = ﬁwnsp/Z. By taking expectations on both sides of
the above, we obtain from (3.74) that
E[e=2Vi=0’[(A) <V, < B))]

B
—a2(A1—sp)? —a(x—sp)?
(3.75) <e 4 —{—2012S,,/A1 e P P(V,>x)dx

2
< e_"‘z(A‘_SP)2 + 20258 /BI exp(—az(x - s,,)2 - x_> dx.
Al 26(),21

Now we evaluate the integral. Write

2 2 2
2 X7 1 arsp sy,
—oa(x =sp) _sz__(\/a2+2a)2x_ 1 ) Qa2+ 1

Za),%

Now, define y such that

y 1 azsy
(3.76) == 0t 5 - ——.
V2 N 2w /Otz i+ ﬁ
It follows that

B X2
2a2spf exp(—az(x — sp)2 _ _> dx
A

| 2w?
2 ’
s B , 1
= (2azsp) . exp(_izp> . / e—}z/z dy  ——
2005 +1 ' 200 + L
wl‘l
/8moan s>

p L _op
< ————5p-€Xp wr 1) / e dy,
l2a2+a% a260n+ 27'[ —00
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where A’ and B’ are the corresponding values of y in (3.76) as x = A} and By,
respectively. This combining with (3.75) implies

E[e=2"=0 [ (A} <V, < B))]

2
2 N
<e M=) 4 Az ans? - exp(— —P ),
P 202 + az_l

where the inequality o) (a2 + w,; 2)_'/ 2 < . Joar /2 is used. Take ap = 11_ _sz . Then
1 —8 <y <4/3 by (3.72). Note !
l—w? 140 1+4w?
2 -1 2
2w, + o, =2w;, + 1_;5 1_;5 1—s
where @? := Sup,,> a)ﬁ < 1/4.From (3.72), we know Ay <s,/10. This concludes

1-3 5
E IKV/L/ - €Xp —17602(‘/” —Sp)
n

1 2 1-35
< exp|:—(1 — 6)<Esp — s,,) :| +2,/6m (log p) -exp(—msi).

The first term on the right-hand side is 0(p‘3) if (1 — 8)(%)2 -4 > 3, which is

true if 0 < 8§ < 2/27; the second term is o(p~>) as long as 1:32 > 3/4, which is
equivalent to that 0 < 8 < 1 — 3(1 4+ w?)/4. The desired conclusion then follows

from the fact w?> < 1/4. O

PROOF OF PROPOSITION 3.2. The strategy of the proof is similar to that of
Proposition 3.1. However, the technical details are more involved. Let I, s, and By
be as in the proof of Proposition 3.1. For « = (i, j) € I, define X, = M,/lij. Let P>
and E; stand for the conditional probability and the conditional expectation given
{&; 1 < k < m}, respectively. Again, the key observation is that, given {&; 1 <
k < m}, random variable X, is independent of {Xg; 8 ¢ B,}. Since {Xy,a € I}
are identically distributed under P,, by Lemma 3.3, we have

(3.77) ‘PZ (rgg;( X, < Sp) e,

’ ’
< w4+ wy,

where

p(p—1 (1 Ly
Ap2 = P Y Ma>sp
2 ﬂk:l
and

w) = Z Py (Xy > 5p)P2(Xp > 5)p)
ael BeBy

p(p—1) 1o ?
< T'(ZP)'PZ(ﬁ];Uk12>Sp)
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and

wy=Y_ Y Pry(Xa>sp, Xg>5p)
ael BeB,

( 1) l / 1 /
<P o). P — =3 ,
= 2 ( ) 2( /—k 1’7k12>s[) /_k 177lcl3>s17

Note that P(maxye; Xo <5p) = EPy(maxye; Xo < 5p). From (3.77),
— Fe M2 )
’P(rgg}(Xa §sp> Ee "r ‘5 E‘P2<I£12;(Xa §sp) e v ’
< Ew| + Ew).

Obviously,

_ p(p—1 I &
Ee ApzzEexp|:— P2< Zn,’(12>sl, ;
2 Nt

2
1 m
Ew’1§p3-E|:P2(— Ne1n > S ) :|;

1 & 1 &
3
Ew,ZSP P<\/n_”l§ :n;<12>sp’ﬁz:nllcl3>sp>'
k=1 k=1

The following three lemmas say that Ee~*r2 — exp(—ﬁe‘x/ 2 E w] — 0 and
Ew}, — 0. The proof is then complete. [

LEMMA 3.16. Let the assumptions in Proposition 3.2 hold. Review m =n — 1
and P; stands for the conditional probability given {&x; 1 <k <m}. Then

(p—1 1 & |
(3.78) Eexp[—%&(ﬁgnkm>sl,):|eexp(—me /2)

asn — oo forall x e R.

LEMMA 3.17. Let the assumptions in Proposition 3.2 hold. Reviewm =n — 1
and P; stands for the conditional probability given {&x; 1 <k <m}. Then

2
LA 1
(379) E|:P2<ﬁ];’7k12 > Sp> :| :0(;)

asn— oQ.
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LEMMA 3.18. Let the assumptions in Proposition 3.2 hold. Reviewm =n— 1.
Then

P(ﬁg Mei2 > Sp, \/»an >Sp> —0<p13>

as n — oQ.
Now we start to prove the three statements one by one.

PROOF OF LEMMA 3.16.  We will get a sharp estimate on P> (—= Zk | Men >

sp) first by using Lemma 3.5. To carry on this, we have to check the required
conditions.
Step 1: the behaviors of n;,,. Write

(3.80) §:mu—§:{4&&&—%%%Hﬁé—%]+%&@m+&ﬂ}

k=1

Given {&; 1 <k <m}, it is the sum of independent random variables. It is easy to
check that

(3.81) Exny =0, Vary(ny;) =ai(1+ pp) + 2b1EL.
So the conditional variance
m m
(3.82) Var, (Z m’dz) =m(l+ p))ay +2b77 > &L
k=1 k=1
Set

- 15
F, = < d < —
n{mﬂm /man Zg_m}
Recall the notation T = E(|£;|?) + 1 defined earlier. For v > 0, define

(3.83) G,(v) = {% %(1 4 |gk|3)ev§kz(logp)/m < 21}‘

k=1

The parameter v will be chosen later. The inequality (3.55) says that

(3.84) P((F,NGp(v))) <3 exp(—%nl/z(logn)z)

as n > n,, where n, > 1 is a constant depending on v only. Define

(3.85) 02 =(1+pa’ + 2b’2 ng
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Note (3.71). Then, on F,,,
1 1 15 15
3.86 =1 24272 < 1 2ot <
(3.86) 3 2[ +pDa? 4202 <o} < (14 p2)a? + TRy
Next, we will use Lemma 3.5 to get a precise estimate on Pz(ﬁ i Mern >
sp). To do so, set

/

/
d=c =— ayPn | by = a, .
2/ moy» Mmoo
/ /
d =e = bngk . r_ ay, On
A/ Mop2 A/M0Op2

and i), = a’ékz] +b'EErn + C'Skzz +d & +e'E + f'. Then it follows from (3.82)
that

n
(3.87) Exn=0 foreachl<k<n and ) Vary(m)=1.
k=1
Furthermore, from (3.85), 0,2 > max{a,,, b} on F,. Then

(3.88) max{

'}gﬁ and ]d’]:]e’]f%fl

on F,. Hence, on Fy, |n;| < I(Skl +EL) + &1 + &2l + f By the fact &1 +
Erp ~ V2N (0, 1) and independence,

, 2h
Eehln"l < eh/\/% . Eexp(ﬁ(%‘kzl —i—é‘kzz) +h|§11 +512|)

4h 1/2
< 1/16'|:E (2 4g2 }
(3.89) ¢ eXp(ﬁ (S 5“))

. [E exp(2v/2hN (0, 1))]"/2
=2. Eexp(%N(O, 1)2) e < oo
m

for all A, k, n satisfying 0 < h < h,, :== \/m/16 and 1 < k < m. Now, on F,, by
Lemma 3.6, (3.86) and (3.88) we have

C
Ea(|nf el < s (14 gl )et 5 ot/
3.90
( : c 3\ 4x2E2/m
< — (14 &)™

fO0<x < m A «/m, where C here and later in the proof is a con-
stant not depending on &;’s and may be different from line to line. Observe that
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(0, %) C (0, m) on F), by (3.88). Thus, (3.90) particularly holds for
all x € (0, \/m/36). Now we take x; = s,/0,2. Then, by (3.86),

(3.91) x1 <25, < /m/36
on F, by the assumption log p = o(n!/?). We then have
m
Z (Il ek Z + lea ) s
C < L0461 (1
_/Z 1+ |& | £ (logp)/m

on F, as n is sufficiently large. Thus, y <2Ct/s/m on F, N G, (64) := H, by
(3.83). The inequality in (3.84)) implies

(3.92) P(HE) = 0(%)

as n is sufficiently large since log p = o(n'/3) by assumption.

Step 2: a sharp estimate on Py(m~'/2 Y0 n,, > sp) by Lemma 3.5. By
(3.91), we see that x; < /m/36 < /m/16 = h,. From (3.87), (3.89) and
Lemma 3.5, we conclude

2 Nk > Sp | = P2 Me = ——
\/_k 1 e k=1 On2
3
=[1—=®@D]-[1+0M)(1+x7)yei]
on H,. Just notice |O(1)| is bounded by an absolute constant. Finally, by (3.91),
x?y = 0(s13,m*1/2) — 0 on Hy. Reviewing (3.86), we have 5,/2 < x; <25, on
H,,. Hence, from the formula P(N (0, 1) > x) = ﬁe‘xz/z(l +o0(l)) asx — o0
we obtain that, on H,,,

Pz(ﬁ éwsp)=[l_¢(;_52)]<1+0m>

= T2 /) (14 0(1))

27y
as n — 0o, where o(1) does not depend on &’s.
Step 3: proof of (3.78) by (3.93). By the bounded convergence theorem, to prove
the lemma, it is enough to show that

(3.93)

2

p 1 / 1 —x/2
— . Pl — E >5, | — e
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in probability as n — co. Since P (H,) — 1, to complete the proof, it is enough to
prove

2 m
)4 1 , 1
—'PQ—E >sp |- IH, > ——
2 (ﬁ i P) NG
in probability as n — oo. Recalling (3.71) and (3.85), it is trivial to see 0,0 — 1

in probability as n — oo. Also, s, ~ 24/log p, comparing this with (3.93), it is
enough to prove

e—x/2

2
14 —s2/(26%) 1 —x/2
3.94 —_— e O [y —— ¢
( ) 4./2mlogp Hn 427

in probability. By the central limit theorem for i.i.d. random variables, we know
02 =1+ 0,(7) from (3.71) and (3.85). Hence 05> = 1 + O, (). This leads

to that
5 (21 D ol +1> [1+0<1>]
—5- =(2logp — = loglo —x - —
20}122 g p 3 glog p B p \/E

1 1
=2logp — 3 loglog p + Ex +o,(1)

by the condition (log p)/n'/3> — 0. We then get (3.94). O
PROOF OF LEMMA 3.17. Review the proof of Lemma 3.16. Let H,, be defined

as above (3.92). By (3.93), there exists a constant n; > 1 not depending on &;’s
such that

—1 S On2 2 /(252
P n;<12>5 ) 'IHn fi-e_sp/( ‘Tnz).IHn
<ﬂk§ ! s,

asn >nj. Then

1 & 2 o2 2,2
[Pz(ﬁ Z n;clz > sp>:| Ay, <C- Lzz .e_sp/%z g, <
k=1

55 “ logp

2
. 6—75[,/8

on H, asn > nj by (3.86), where n5 is a constant not depending on & ’s. Therefore,
combining this with (3.92), we see

2 2
1 & 1 &
E| P, —E n >s>]§E|:P2(—E n >s> -IHn:|+PHC)
|: ( m P k12 p m Pt k12 p ( n

1
< p3.4+0<;)

as n is sufficiently large. This proves the lemma. [
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PROOF OF LEMMA 3.18. Let P3 and E3 stand for the conditional probability
and the conditional expectation given {&k, &1; 1 < k < n}, respectively. By inde-
pendence,

G 1 &
Pl —=) M2 >sp, —= 771/<13>s)

m 2
=E|:P3(ﬁ];nl/<12>sp> i|

Mhia = o (UE = 1) + BUs + wi,

(3.95)

Write

where Uy = &2,

1 /
Qp = _Epnany
Br = (a,&x1 + b)),

and yy is defined in (3.69). Now,
1 m
P - /
3(\/% 2’7/{12 > Sp)
(3.96)

= P3( Z an(Ug = 1) + BeUi] > sp — ZVk)

We will complete the proof with a couple of steps.
Step 1: the size of ﬁ > i1 Yk Unconditionally, {yx; 1 <k <m} arei.i.d. with

mean zero and variance w2 = 1p2a)? + b/> mentioned below (3.71). By (3.72),
w? < 1/4. From (3.73) and the fact P(N(0,1) > ) < ﬁe—ﬂ/z forall r > 0,

(f Y= Gwnsp> <2e” @012 < p=2 (1og p)**

as n is sufficiently large for all & > 0. Review the short argument as in getting
(3.73), the above inequality also holds if “y;” is replaced by “—y;.” It follows that

P<% i)/k

k=1
as n is sufficiently large for all & > 0. Set

- 1 | &
|t

> ansp) =< 2P7282 (log p)GZ

mZVk

ﬁ }
< TCL)”SP .
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Then
~ 1
(3.97) P(R) =o( ;)
(&) =o(;
asn — oo. Let
1 m
Yk -
\/ﬁ,;

Set W, = an(U,? — 1)+ BrUy for 1 <k <m. Now we consider
1 & 2 ’ 1 & /
P —Z[Oln(Uk—l)—i-,BkUk]>Sp =P —ZWk>Sp .
My M
Step 2: the behaviors of Wy’s on typical sets. Observe

E3(Wi) =0;

(3.98) _n2 2 _ 1 7\2 / / 2
Var3 (W) =2a;, + B = E(pnan) + (ay,&x1 + by&k)".

It follows that

m

1o 1 1
02, := Var; (ﬁ > Wk) = E(pna;)z + — > (an&a + b &)°
(3.99) k=t =

a1
L2 () + (a5 Zsk
Set

F(S)_{max |sk|<ﬁand1—a<;ng<1+5

k=1

for n > 1 and § € (0, 1). By the fact P(N(0,1) > ) < ﬁe—ﬂ/z for all 7 > 0
again and (3.68), for any § > 0, there is a constant Cs > 0 such that

(3.100) P(F,(8)) <e™C

as n is sufficiently large. Review m = n — 1. Under F,, (), it is easy to see from
(3.71) that

(3.101) o3 = 053] = 8,
where 00 1= (32 + 1)a;? + b}?. Evidently,

(3.102) 1/2<0f <1
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by (3.71). Now, review the notation 7 = E(|&; |3) + 1 defined earlier. For v > 0,
define

1 m
Gm(v) = {— S (1 + [Bel)etfitoerim < 2r>.

M
The parameter v will be chosen later. Now (81, ..., Bn)’ 4 a? +b2Er, ..., Em).

From (3.71) we know a/? +b/? < 1. Then, by Lemma 3.7, for all v > 0, there exists
n, > 0 such that

1 m
P(Gn(v)°) < P(Z Y1+ |k |?)evék dogp)/m o 21’)
k=1

1
< exp(— Zml/z(log m)_z)

for all n > n,. Define H,(5, v) := F,,,() NG, (v) N K,,. Join the above with (3.97)
and (3.100) to see

1
(3.103) P(H,(8,v)) = o(—3)
p
asn — oo forall § € (0, 1) and v > 0. By Holder’s inequality,
Exe" Wi < ghlonl/Vm . By exp(hm ™' 2|y [UE + hm™"/2| By | Uk )

letn |1 -1/2 2\11/2
<e -[Ezexp(2hm o, |U
(3.104) - [ 3 p( o] 1)]

- [Esexp(2hm™'21811U4 )]

<X

aslongas 0 < h < % From (3.71), we see |a,| < 1. Therefore, (3.104) holds

for all 0 < h < hy, := \/m/8. Furthermore, by taking a = a,//m, d = Br//m,
f=—ay//mand b =c = e =0, we have from Lemma 3.6 that

3 2
Ey( WL pimarvim) < € (10, P 4 18F) - exp( 222 - elentivin
3 m3/2 m

(3.105)

Ce 2p2
< e (14180 o)

4

forall 0 < x < +/m/12 since m\/ﬁ > /m/12. Now take x3 = ;—:’3 The asser-
tions (3.101) and (3.102) imply that 1/4 < 0,123 <2 on Fy,($) for all § € (0, 1/4].
Then x3 < 2s;, on H, (8, v) for all § € (0, 1/4] and all v > 0. Moreover, due to the
fact 0 < w, < 1/2 we see that
o 7
Z Yi| <sp+ Twnsp <2s,

k=1

1
(3.106) 0<S;)§Sp+ﬁ
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on K,. This says that 0 < x3 < 2s;, <4s, <m/24asn>ny,s>n, forall § €
(0, 1/4] and all v > 0O, where n,, s > 0 is a constant depending on § and v. This and
(3.105) yield

ZE <|\V/Vi 2x3'W"|/V—>_L/Xz: +18c1%) exp(128s2 ’8")

(3.107) k=1 m>
2rC

ﬁ
on H,(8,128) as n > ng > niy3,s for all 6 € (0, 1/4], where ns depends on §. The
last step follows from the definition of G,,(v) and the fact s[% <4logp as n is
sufficiently large.

Step 3: a bound on P3(ﬁ Y ’7212 > 5p). Review (3.96) and the definition

of Wi, we see

1 m ,
(3.108) Ps <\/—%k§:}nk12 >sp) ( Z — >x3)

since x3 = s;)/on3. Set W, = Wi /(y/moy3) for 1 <k <m. Then (3.98) and (3.99)
imply
m
EW/,=0 and Varz (Z W,é) =1
k=1
for each 1 <k < m. Since 411 < 02 <2 on F,(6) for all § € (0, i] we see from

(3.104) that E3eh‘Wk| < E362h|Wka <ooforallO<h <h, := *1/6_ Moreover,

by (3.107),
m m 3
Wil | Wkl
E(|W], x3‘Wk| E3|: | ex (X3 ):|
=Y E(W[ ]; i S

k=1

IA

m
8 £ ('Wk| 2x3|wk|/ﬂ> L 16t¢
k=1 Vm
on H,(8,128) for all n > ns and 8§ € (0, 1/4]. Trivially, 0 < x3 < /m/24 < hy,.
The inequality from (3.106) says that x33y = O(s; /+/m) — 0on H, (8, 128) by the

condition log p = o(n'/3). After verifying all conditions required in Lemma 3.5,
we conclude

P; (Z W, > x3> <2[1 - ®(x3)]
k=1

on H,(8,128) for all n > ng and & € (0, 1/4]. The definition of s;, and (3.108)
yield that

(efioer) oot
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on H, (58, 128) for all n > ng and 6 € (0, 1/4]. On I%n,

1 fa)”sp ﬁ Sp
Vk <— —
f0n3 =1 2043 4 ou3

since 0 <w, <1/2 by (3.72). By the fact 1/4 < 0,%3 <2on H,(5,128) with § €
(0, 1/4]. Therefore, == — - 31\/171 Y he i Yk — oo on H,(8,128) as n — oo. Since

’(7‘;

P(N(0,1) > x) < e~**/2 for x > 1, we obtain that, given & € (0, 1/4]
1 & 2 s
P3[— ) 0L, >s,] <4-exp| - — yk
on H, (8, 128) as n is sufficiently large. By (3.101) and (3.103), given 6 € (0, 1/4],
| 2
ﬁk:l
R e O | R E)
=4a- H,(5,128) " €XP| —— | Sp — —F/—= Vi o\ —=
oH\ " Vm i P’

1 1
<4. E{IIZ,, -exp[—i((7023 5 (sp— Vn)z]} + 0(;)

as n is sufficiently large, where V,, = m~1/2 Y hei Yk- Now

E{I(Vnsm-exp[ (031 G - n>2]}

o))
<exp|—————|=0| —=
O3+ 3) P
since 1/2 < 0@y < 1 by (3.102). Denote
R V7
K;:{O<ﬁ2yk<7wnsp}.

Then, for given § € (0, 1/5],

m 2
(G i) |

1 1
=% E{IK'/' 'eXp[_(a(% T V”)ZH - 0(?)

as n is sufficiently large. By (3.71) and (3.72), 0023 + a)% = 1. The desired conclu-
sion then follows from Lemma 3.15 and (3.95). U

m
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