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It is known that a unitary matrix can be decomposed into a product of
complex reflections, one for each dimension, and that these reflections are in-
dependent and uniformly distributed on the space where they live if the initial
matrix is Haar-distributed. If we take an infinite sequence of such reflections,
and consider their successive products, then we get an infinite sequence of
unitary matrices of increasing dimension, all of them following the circular
unitary ensemble.

In this coupling, we show that the eigenvalues of the matrices converge
almost surely to the eigenvalues of the flow, which are distributed accord-
ing to a sine-kernel point process, and we get some estimates of the rate of
convergence. Moreover, we also prove that the eigenvectors of the matrices
converge almost surely to vectors which are distributed as Gaussian random
fields on a countable set.

Notation. If v € C” is a vector, then we write v[m] for the image of v under
the canonical projection map C" — C™ onto the first m standard basis vectors and
we write (v); for its kth coordinate.

We write O(n) for the orthogonal group of dimension n, that is, the group of
invertible operators on R” which preserve the standard real inner product. We write
U (n) for the unitary group of dimension n which preserves the standard complex
inner product. For any vector space V, real or complex, we write GL(V) for the
group of invertible transformations. We always write 1 for the identity operator in
every space.

We write U = U (1) for the unit circle in C, that is, those complex numbers with
modulus 1.

Calligraphic characters denote o -algebras, that is, A, B, C, etc. If A and B are
o -algebras on a common set, then .4 Vv B denotes the smallest o -algebra containing
both 4 and B.

We also write a V b, for a,b > 0, to mean max(a,b) and a A b to mean
min(a, b).

We employ asymptotic notation for inequalities where precise constants are
not important. In particular, we write X = O(Y) to mean that there exists a
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constant C > 0 such that |X| < CY. All constants are assumed to be absolute
unless indicated otherwise by an appropriate subscript; for example, we write
fu(x) = O, (g, (x)) to mean that there are constants C,, one for each value of
n, such that | f, (x)| < C,, g, (x) for all x. We also use (modified) Vinogradov nota-
tion, where X <Y means X = O(Y), for convenience.

If # is a real number, we write | ] its integer part.

If H is a Hilbert space with scalar product (-, -), and if F C H, then F- ={x e
H; (x,y)=0Vy e F}. If H is a complex Hilbert space, then we will always use
the scalar product which is linear in the first variable and conjugate linear in the
second, that is, (ax, by) = ab(x, y).

1. Introduction. It has been observed that for many models of random ma-
trices, the eigenvalues have a limiting short-scale behavior when the dimension
goes to infinity which depends on the global symmetries of the model, but not on
its detailed features. For example, the Gaussian Orthogonal Ensemble (GOE), for
which the matrices are real symmetric with independent Gaussian entries on and
above the diagonal, corresponds to a limiting short-scale behavior for the eigen-
values that is also obtained for several other models of random real symmetric
matrices. Similarly, the limiting spectral behavior of a large class of random her-
mitian and unitary ensembles, including the Gaussian Unitary Ensemble (GUE,
with independent, complex Gaussians above the diagonal), and the Circular Uni-
tary Ensemble (CUE, corresponding to the Haar measure on the unitary group of
a given dimension), involves a remarkable random point process, called the deter-
minantal sine-kernel process. It is a point process for which the k-point correlation
function is given by

sin( (xp — x4))

,ok(xl,...,xk)zdet( ) .
7T (xp — xq) I<p.q<k

From an observation of Montgomery in 1972, it has also been conjectured that the
limiting short-scale behavior of the imaginary parts of the zeros of the Riemann
zeta function is also described by a determinantal sine-kernel process. This similar
behavior supports the conjecture of Hilbert and Pdlya, who suggested that the non-
trivial zeros of the Riemann zeta functions should be interpreted as the spectrum
of an operator % + i H with H an unbounded Hermitian operator.

In 1999, Katz and Sarnak [6] gave a proof of the Montgomery conjecture in the
function field case. It appears from this work (which relies, among other things,
on existing work developed for the proof of Weil’s conjectures, most notably
Deligne’s equidistribution theorems) that the classical compact groups (e.g., the
unitary group, the orthogonal group, the symplectic group, etc.) endowed with the
Haar measure play a central role in the corresponding spectral interpretation. The
regime studied by Katz and Sarnak (fixed genus, and number of elements of the
base field going to infinity) does not contain arithmetic in the limiting spectral
interpretation (this is an effect of equidistribution theorems when the number of
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elements of the base field goes to infinity). On the other hand, the problem is still
open in the problematic regime where the number of elements of the field is fixed
and the genus goes to infinity. There it is not clear how random matrix statistics
and arithmetic mix together in the limit (see [5] and [9] for more discussion on
this particular aspect). A similar phenomenon occurs for the Riemann zeta func-
tion. Inspired by the work of Katz and Sarnak, Keating and Snaith [7] suggest to
use the characteristic polynomial of random unitary matrices to model the distri-
bution of values of the Riemann zeta function on the critical line and propose a
conjecture for the moments of the Riemann zeta function on the critical line where
again random matrix statistics and arithmetic mix in a mysterious way.

Following this body of work, several questions have naturally emerged. In par-
ticular, Katz and Sarnak asked whether it is possible to give a meaning to strong
convergence (i.e., almost sure convergence) for the eigenvalues of random unitary
matrices to the determinantal sine kernel point process. This problem was first
solved by Borodin and Olshanski in [1] and then together with Paul Bourgade, the
second and third authors of this paper proposed in [3] an alternative solution with
the so called virtual isometries (see below for more details on the construction of
virtual isometries). Our approach was probabilistic (we used coupling techniques
ideas) and also quantitative: we were able to quantify the rate of convergence to
the sine kernel point process. The goal of this paper is twofold:

e to improve on our estimates in the rate of convergence to the sine-kernel point
process by refining several other estimates;

e to give a complete panorama of the spectral analysis of virtual isometries by
establishing quantitative strong convergence for the eigenvectors as well.

We believe that these new and/or refined estimates can be very useful in tack-
ling other problems at the interface of random matrix theory and analytic number
theory. For instance, in the companion paper [4], we provide a new approach to
ratios of characteristic polynomials and solve a conjecture on the limit of ratios
of characteristic polynomials, where we use the estimates of this paper. In another
companion paper, we use the spectral analysis of this paper to construct a flow
of operators, constructed from virtual isometries, and whose spectrum is the sine-
kernel point process.

We now briefly recall the notion of virtual isometry, which has been introduced
in [3], generalizing both the notion of virtual permutation studied by Kerov, Ol-
shanski and Vershik [8], and the previous notion of virtual unitary group intro-
duced by Neretin [11]. A virtual isometry is a sequence of random unitary matrices
(un)n>1 constructed in the following way:

1. One considers a sequence (x,),>1 of independent random vectors, x, being
uniform on the unit sphere of C”".

2. Almost surely, for all n > 1, x,, is different from the last basis vector e, of
C", which implies that there exists a unique r,, € U (n) such that r,(e,) = x,, and
rn — I, has rank one.
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3. We define (u,),>1 by induction as follows: #1 = x; and for all n > 2,

L0
”":r”<unol 1)'

It was proven in [2] that with this construction, u, follows, for all n > 1, the
Haar measure on U (n). From now on, we always assume that the sequence (u,,),>1
is defined with this coupling.

For each value of n, let )»5"), e f,") be the eigenvalues of u,,, ordered counter-

clockwise, starting from 1: they are almost surely pairwise distinct and different
from 1. If 1 <k < n, we denote by H,En) the argument of A,En), taken in the inter-
val (0, 2m): 9,§”) is the kth strictly positive eigenangle of u,. If we consider all
the eigenangles of u,, taken not only in (0, 27r) but in the whole real line, we get
a (2m)-periodic set with n points in each period. If the eigenangles are indexed
increasingly by Z, we obtain a sequence

- < Qinl) < 05") <0< G(n) < 0(”) -

for which 6, = 6" + 27 for all k € Z.
It is also convenlent to extend the sequence of eigenvalues as a n-periodic se-

quence indexed by Z, in such a way that for all k € Z,
AW = exp(i6™).

Note that in the notion of virtual isometry defined here, the vectors of the canon-
ical basis of C" play a particular role. One could attempt to generalize the notion
of virtual isometries by considering sequences of unitary operators on E,, n > 1,
where (E},),>1 is a sequence of complex inner product spaces, E, being of dimen-
sion n. However, this reduces to the particular case E, = C" by a change of basis
and so we have chosen to use the standard basis for simplicity.

Next, for 1 <k <n, let fk(") € C" denote a unit length representative of the

eigenspace for A,({"). Then if we expand 7,11 (e,+1) in the basis of eigenvectors
rnt1(ent1) = Z /L(n)f‘(n) + vpent1

then the eigenvalues of u, | are precisely the zeros of the rational equation

() 2
()2 A |1—Un| _ _
Sl + =1

and the eigenvectors of u, 4| are given by the n + 1 equations

(n)
(n+1) K (n) vy — 1

Gt =y Mgy L

)\(n) )\(n+l) 1— )\’](:H'l) "

j=l1
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for 1 <k <n+ 1; here, Cx € RT is a constant so that fk("H) has unit length. As

above, we will also extend, when needed, the notation fk("), /L;n), in such a way

that the sequences ( fk("))kez and (ME-")) jez are n-periodic.

In [3], it is shown that if (#,),>1 follows this distribution, then for all k, the kth
positive (resp., negative) eigenangle 9,5") (resp. 6", of u,, multiplied by n/27
(i.e., the inverse of the average spacing between eigenangles for any matrix in
U (n)), converges almost surely to a random variable yi (resp., y1—x). The random
set (yx)kez is a determinantal sine-kernel process, and for each k, the convergence
holds with a rate dominated by some negative power of n. In the present paper, we
improve our estimate of this rate, and more importantly, we prove that almost sure
convergence not only holds for the eigenangles of u,,, but also for the components
of the corresponding eigenvectors. More precisely, we show that, for all k£, £ > 1,
the £th component of the eigenvector of u, associated to the kth positive (resp.,
negative) eigenangle converges almost surely to a nonzero limit when n goes to
infinity, if the norm of the eigenvector is taken equal to /n and if the phases are
suitably chosen. Note that taking a norm equal to 4/n is natural in this setting: with
this normalization, the expectation of the squared modulus of each coordinate of a
given eigenvector of u, is equal to 1, so we can expect a convergence to a nontrivial
limit. If the norm of the eigenvectors is taken equal to 1 instead of /i, then the
coordinates converge to zero when n goes to infinity.

The precise statement of our main results are given as follows.

THEOREM 1.1. With the notation above, the following estimate holds almost
surely:
l (n) — o1 k2 —%-‘ré‘
0" =y O((1 + ) 4¥°),
for all n > 1, |k| <n'/* and ¢ > 0, where the implied constant may depend on
(Um)m=1 and &, but not on n and k.

THEOREM 1.2.  Let (uy)y>1 be a virtual isometry, following the Haar mea-

sure. Fork € Z and n > 1, let v,(cn) be a unit eigenvector corresponding to the kth
smallest nonnegative eigenangle of u, for k > 1, and the (1 — k)th largest strictly
negative eigenangle of u, for k <0. Then for all k € 7, there almost surely exist

some complex numbers (1!/,5"))”2 1 of modulus 1, and a sequence (¥ ¢)¢>1, such
that for all £ > 1,

(n), (n)
V(o ed) — e

Almost surely, for all k € Z, the sequence (¥ ¢)¢>1 depends, up to a multiplica-
tive factor of modulus one, only on the virtual rotation (u,),>1. Moreover, if
(Yi)kez is a sequence of i.i.d., uniform variables on U, independent of (tx ¢)¢>1,
then (Yitk o)kez.e>1 is an i.id. family of standard complex Gaussian variables
EllYteel’1=1).
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REMARK 1.3. The vectors v,E") are equal to fk(n), up to a multiplicative factor
of modulus 1. The independent phases 1 introduced in the last part of the theorem
are needed in order to get i.i.d. complex Gaussian variables. This is not the case,
for example, if we normalize (# ¢)¢>1 in such a way that #; 1 € R...

In Section 3, we make the following key observation: the sequence of eigenval-
ues )\,(("), with 1 <k <n and n > 1, is independent of the argument of the coeffi-
cients /L(/-"), with 1 < j <n and n > 1. Therefore, we can consider the sequence of
eigenvalues of the virtual isometry and prove that it converges almost surely, and
then, conditioning on the eigenvalues of every matrix in the virtual isometry, con-
sider the sequence of eigenvectors and show that they also converge in a suitable
sense.

The first part of this plan is carried out in Section 4, where Theorem 1.1 is
proven.

Next, in Section 5 we condition on the eigenangles of the entire sequence of
matrices. We show that for each fixed k there is a renormalization factor D,E") SO

that for each £ > 1 the sequence (D,E") fk("), e¢) is a martingale which converges in
L? and almost surely to a limiting value g (. In Section 6, Theorem 1.2 is deduced
from this convergence.

2. Spectral analysis of the virtual isometries. It is classical that if u, is a
random unitary matrix following the Haar measure on U (n), then the distribution
of the eigenangles of u,, multiplied by n/2m, converges in law to a determinantal
sine-kernel process. In fact, this result can be found in the literature under the form
of the convergence of the correlation functions against a suitably chosen family
of test functions. However, we were not able to find a statement with its proof
on the fact that the convergence takes place in the sense of weak convergence of
point processes, using Laplace functionals. So for completeness, we give such a
statement below and postpone its proof until Appendix B.

PROPOSITION 2.1. Let E, denote the set of eigenvalues taken in (—m, ]
and multiplied by n/2mw of a random unitary matrix of size n following the Haar
measure. Let us also define for y # y',

’ m(y' =)
and

K®(y, y)=1.

Then there exists a point process Eoo such that for all r > 1, and for all Borel
measurable and bounded functions F with compact support from R" to R, we



LIMIT OPERATORS FOR CIRCULAR ENSEMBLES 2423

have

E( > F(xl,...,xn) =/Rr FOty s 3P 0oy ) dy - dyy,

X1 #2r €Eoo

where

PO, yr) = det((K (v y0) 1< <)

Moreover, the point process E, converges to Es in the following sense: for all
Borel measurable bounded functions f with compact support from R to R,

S Fe = Y f,

xekE, xeEx

where the convergence above holds in law.

In [3], it was proven that the eigenangles of a virtual isometry, taken according
to Haar measure and renormalizing the eigenangles by the dimension n, converge
almost surely to a point process with this determinantal distribution. Precisely, we
have the following.

PROPOSITION 2.2. Let (uy)n>1 be a random virtual isometry following the
Haar measure. The eigenvalues of u, are almost surely distinct and different from
1, and then, as explained before, it is possible to order the eigenangles as an in-
creasing sequence indexed by Z.:

<9£n2) <9£"1) <0(§") <O<91(n) <92(n) < .-

Moreover, almost surely, for all m € Z, there exists yy, such that
n

2

when n goes to infinity, € > 0 being some universal constant, and the process
(Ym)mez is a determinantal sine-kernel process.

er(nn) =ym +0(n"°),

REMARK 2.3. In this proposition, the periodic extension of the sequence
(9,5”)) 1<k<n 1s needed to define y,, for nonpositive values of m. We also note that
vm depends only on the behavior of 9,51") for a fixed value of m. Informally, the lim-

iting sine-kernel process (v, )mez depends only on the behavior of the eigenvalues
of u, which are close to 1.

We want to understand the behavior of the eigenvectors of u, as n goes to
infinity. Our method will give a formula for the spectrum and eigenvectors of i, 4|
in terms of the spectrum and eigenvectors of u,,.
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We assume throughout that for each n > 1, the n eigenvalues of u,, are distinct;
this holds almost surely for virtual isometries constructed according to the Haar
measure.

We recall that the eigenvalues of u,,,

(n)
)\‘](cn) — ezOk

A(") A(”) AW are ordered in such a

way that , and
0<91(")<---<0,5")<2n.

Moreover, the eigenangles enjoy a property of periodicity: for all k € Z, 9(") =

o + 2.
As all the eigenvalues are distinct, each eigenvalue corresponds to a one-
dimensional eigenspace. We can therefore write f, ("), cees fn(") for the family of

unit length eigenvectors of u,,, which are well defined up to a complex phase: the
notation fk(") is then extended n-periodically to all k € Z.

Let x, = u, (e,) and let r, denote the unique reflection on C" mapping e, to x;,.
Therefore, we have u;, 1 = rp+1 o (uy @ 1). It is natural to decompose x,1 into
the basis given by L(fl(")), el L(fn(")) ent1, where ¢ : C* — C"*1 is the inclusion
which maps (x1, ..., x,) to (x1,..., x,, 0). Identifying f(") and t(fk(”)), we then
have

Xn+1 = Z lL(n) & + Vnent1

for some " (1 <k <n) and v, such that Iu(”)l 1 =1
Again, it can be convenient to consider 1, ™ forall k Z, by a n-periodic extension
of the sequence. The following result gives the spectral decomposition of u,,41 in
function of the decomposition of u, and x,4.

THEOREM 2.4 (Spectral decomposition). On the event that the coefficients
M%”), e, M,ﬁ " are all different from zero and that the n eigenvalues of u, are all
distinct (which holds almost surely under the uniform measure on U), the eigen-

values of u,1 are the unique roots of the rational equation

)“('n) 11 _anz

(n) J —1_7

on the unit circle. Furthermore, they interlace between 1 and the eigenvalues of u,

0< 91(”“) < 91(") < 02("+1) S< 0(") < 6?,5'_1:;1) <27,

and it is possible to choose the unit eigenvectors fk(n) so that they satisfy the rela-
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tion
n (n)
(+I\L (m+1) M ) vy — 1
() e =2 50 _ 5 (D) fim+ | A(n+1)e"+1’
j=1AT A — Mg
where h,(:hq) is real and strictly positive.

PROOF. Let f be an eigenvector of u,| with corresponding eigenvalue z.
Then we have

n
f= Zajfj(n) +benti,
j=1

where a1, ..., a, b are (as yet unknown) complex numbers, not all zero. Our goal
is to write these coefficients in terms of x,4+| and the eigenvalues of u,,.
We have

zf =unt1f
=lpy <Z aj fj(n) + b€n+1)

j=1

n
(n)
=D ajuni1f;" +buniiens
j=1

n
= Z aj)\;n)rn-i-lfj(n) + bxp41.
j=1

We recall that for all 1 € C**1, rn+1(t) is given by

(t, Xn+1 — en+l>
rn+1(0) =1t + (Xn+1 — €n+1)
(€n+1s Xnt1 — €nt1)

so that

" Xt = ent)

(€nt1, Xnt1 — €nt1)

n
zf = Zaj)»y') (f;n) + (Xnt1 — €n+1)> + bxpyi.
j=1

Now we decompose

n
Xn+1= Z M/En)fk(n) + Vnen+1
k=1
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and
(n)
f = Z aj)”(n) (f(n) 1 (Xnt1 — €n+1)> + bxp+1
j=1
S o w1
:Zaj)‘jn fjn (Za A _é )(xn+1 —ept1) +bxpqg.

j=1
Because f]("), ey n(”), en+1 is a basis for C"*!, we deduce the system of n + 1
equations

T
2aj =ajp + u(")za ,\(”) A

for j=1,...,nand

o)
b= b+(un—1)zax<”>v_““ +b(vy — 1).

(=1 n
For z ¢ {A(") k(”) 1}, let us consider the linear transform Q : C*+! — C+!
whose matrix representation in the basis f; (”) , ,,("), ent1 18
0=1I1+w,
where
i
)\Y‘) -z
w =
M,({’)
) — 2
v, — 1
-z
and
(n) o)
o = (xﬁ'”_“l L 1).
v, — 1’ v, — 1

Then, the above system can be written

Qf =0.
Clearly, rank Q € {n,n + 1}. If it has full rank then f = 0, but we assume a priori
that z is an eigenvalue for u, 41 and so has a nontrivial eigenspace. Thus we must
have rank Q = n and

0=0f = f+w(' f).
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The right-hand side can only vanish if f is proportional to w, so f = a¢w for some

complex constant & € C\ {0} and v'w = —1. In particular,
MO o
Z ) + 1— =1-",,
=1 A ¢
as required.
Conversely, if z ¢ {A(ln) e )\,(1"), 1} satisfies this equation, then

Qu=w+wk'w)=w+w(=1)=0
which implies that w is an eigenvector of u, 4 for the eigenvalue z.
Let us now show that the eigenvalues z ¢ {Ag"), ey )Lﬁ,”), 1} of up4q strictly
interlace between 1 and the eigenvalues of u,: since u, 1 has at most n 4 1 eigen-
values, this implies that )»E"), A 1 are not eigenvalues of w1 1.

Define the rational function @ : S! — C U {oo}) by

), ()2
PG oy =1
_ J J n _ _
d(z) =) RO + - (1 —y).

j=1 7

Note that @ vanishes precisely on the eigenvalues of un+ 1 which are different

from )\En), e, A(") 1. Recalling that IM(n)I -+ |M(n)| + |va|2 =1, we can
rearrange the expression of @ to the equlvalent form

(n 21+Z —
— V| —Vv,+V, .
11—z

P(z) = (Z| (n)| (n) —

)
z

Hence, @ takes values only in iR U {oo}, since forall z £z’ € S, (z+2))/(z —Z))

is purely imaginary (the triangle (—z’, z, z’) has a right angle at z). Note that for

Z € {A(”) ). k(”) 1}, a unique term of the sum defining ® is infinite, since by
assumptlon ,ug ), e, ,ufl"), 1 — v, are nonzero and A(”) ,)»},”), 1 are distinct:

®(z) =
Next we con31der t > ®(e') in a short interval (9(") 3, 0;") + 8). Then, for

t= 9/(-") + u in this interval,
)\‘5’1) _*_)\‘ﬁn)elu B 1—|—€i”
() () ; - 1 — eitt
)”j )‘j elu

=2iu"' +0()

while the other terms in ®(e'?) are uniformly bounded as § — 0; likewise for the
interval (—4§, ). In particular, & — ioco as u — 0 from the right and ® — —ioo
as u — 0 from the left. We therefore conclude, as @ is continuous, that on each
interval of the partition

0.6/") U (0. 6,") U--- U (6" 27)
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of the unit circle into n + 1 parts, r = ®(e'’) must assume every value on the
line iR, and in particular must have at least one root. But we know that & has
only n 4 1 roots on the circle so there must be exactly one root in each part of the
partition, which proves the interlacing property.

It remains to check the expression of the eigenvectors ( fk("+1))15k5n+1 given in
the theorem, but this expression is immediately deduced from the expression of the

vector w involved in the operator Q defined above, and the fact that || fk(”+l) |=1.
O

3. A filtration adapted to the virtual isometry. In our proof of convergence
of eigenvalues and eigenvectors, we will use some martingale arguments. That is
why in this section, we introduce a filtration related to our random virtual isometry.

For n > 1, we define the o-algebra A, = o{)\;m) |1<m<n,1 <j<m}andits

limit A =\/° | A,.

LEMMA 3.1. Forall n > 1, the o-algebra A, is equal, up to completion, to

the o-algebra generated by u the variables | ;L(/-m)| and v, forl <m<n—1and
l<j<m. '

PROOF. By Theorem 2.4, the eigenvalues of u, are almost surely the roots
of the equation

A 1—v,|?
)2 N | V| _
28—+ =, LT
j=1 ki ¢
This equation depends only on | ,uj.n) [, k&n) for j =1,...,n,and v,. By induction,

we deduce that k§"+1) is a measurable function of uj, {|M§-m)|}15j5m,15m§n and
{Vm } 1<m=<n-

Conversely, the above equation with z specialized to )»gnﬂ), Ce A
written in the form

(n+1)

ni1 can be

Rv=w.
Here, w is a column vector of 1s, v is the column vector with entries

2 2
- <|u§’”| e )
vV = PRI 71_])}1
1—-v, 1—-v,

and Risan (n + 1) x (n + 1) matrix with entries

(n)
Aj

Rpj=—-t
' (m (n+1)
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for1 < j <nand

1

Rint1=——F5p
" 1— A(n+1)

If we write R = RS, where S is the diagonal matrix with entries §;; =

(,ug."))ui-n))*l (1 <j=<n)and Sy+1,+1 = v, — 1, then we see that the rows

f(n-H)

of R are the representations of the eigenvectors f) (n+1) in the basis

fl("), . ( ) , €n+1 Up to constants and, therefore, orthogonal We conclude that
ﬁ, and thus R, are invertible, so Rv = w has a unique solution, which can be
written in terms of the eigenvalues )»S-m) for 1 < j<mand m <n+ 1. Thus we
conclude that | ,u;”)| and v, are measurable functions of A&m) for 1 < j <m and
m <n -+ 1 as was to be shown. [

For 1 < j < n, we define the phase ¢( n) by M(”) ¢(") |,u(n)| and the o -algebras

B _Ava{qu.m)ugmgn—l,lg] <m}and B=\2, B,

LEMMA 3.2. The o-algebra B, is equal, up to completion, to the o-algebra
generated by A and the eigenvectors f j(m) forl<j<mandl<m<n.

PROOF. Again by Theorem 2.4, we can write the eigenvectors of u, as func-
tions of p” = ¢ |\ (1 < j <n), vy, A (1< j <m,m € {n,n+1}), and
the eigenvectors of u,. Clearly, | u( )| Vs and A(m) for m € {n,n + 1} are A-

measurable and qb;. " is B,,4+1-measurable.
Conversely, we write

(n), (n)
<(h(n+1))1/2f(n+1) f(n)> ¢; W |
)\’(”) )\’(”H‘l)

k

to find each d)j-") as a function of the other variables. [

4. Convergence of the eigenangles. In order to prove the convergence of
the normalized eigenangles of u, when n goes to infinity, we need the following
lemma.

LEMMA 4.1. Let ¢ > 0. Then, almost surely under the Haar measure on U,
forn>1and 0 <k < nl/4, we have

ngn-H)' (n)|

— —1te
60— gD I+ Okn™57)
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and for n > 1 and —n4 <k <o,

+1 2 41y, (n) 2
A S T e

) _pntD) ) o))
ek _gk ek _Qk

=1+ O((1 + [k[)n~3+%).

REMARK 4.2. The implied constant in the O(-) notation depends on (i, )m>1
and ¢: in particular, it is a random variable. However, for given (u#,,),,>1 and ¢, it
does not depend on k and n.

PROOF. By symmetry of the situation, we can assume k > 0. Moreover, let us
fix ¢ € (0,0.01). We will suppose that the event E := Eg N E; N E> N E3 holds,
where

Eo_{9(1)¢0}ﬂ{Vn>1 v E0 N (Ve > 1,1 <k <n,u” £0},
{Elnoz1,Vn2n0,|vn|§n_7+£},
E>={3nog>1,Yn>np,1 <k <n, |;L()|<n 2+8}

Ey={3no>1,¥n>no k> 1,n~ 3¢ <0 — o™ <n~1*},

It is possible to do this assumption, since by the result proven in Appendix A of the
present paper, the event E occurs almost surely. As we will see now, this a priori
information on the distribution of the eigenvalues of the random virtual isome-
try implies strong quantitative bounds on the change in eigenvalues of successive
unitary matrices.

Recall from Theorem 2.4 that

5 S .
=1—vy.
= )L;n) 0D 0D n

By using the n-periodictiy of A("), uj”), f j(") with respect to j, we can write

" 5 A .
=1—-7
(n) (n+1) (n+1) n»
jeJ k )‘k 1— )‘k

where J is the random set of n consecutive integers, such that QIEHH) - < 91(.") <

9,£n+1) + 7. Iterating the lower bound on the distance between adjacent eigenval-
ues, given by the definition of the event E3, we get, for j € J \ {k — 1, k},
1 L5
6 — 6| 2k — jln~3e,
and then
|)\‘(”) )\(”+1)| > |k_j|n—%—€

’

since |6?](.”) — 0,5"+1)| <m.
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2
Likewise, we have by E3, 1 — )L](C”H) = O(kn~'%¢), and by E, |M§”)| =
O(n~'%2%), which gives, for j € J \ {k — 1, k},

+1 2
k;")(l—?»;i" ))|M§")| < Kk
) _ 5 (n+D) ~k—
A =2y k=l

n*%+4e

Summing for j in J \ {k — 1, k}, which is included in the interval [k — 1 —n, k +n],
gives

) (n+1)y,, () 2
A= )
> d £ L = O(kn"3* logn) = O(kn~375).

(n) (n+1)
jeI\tk—1,k) )“jn -\

"D and bounding

Now, subtracting this equation from the product of (1) by 1
vy = (’)(n_%“) (by the property E1) gives us the resulting equation

+1 2
A A =2y

(n) (n+1)
)‘k—l - )“k

1 2
A (1 =AY )
(n) (n+1)
)‘k - )“k

licy Li1ey

= —1+O(kn=375),
Next, we estimate the first two terms in terms of the eigenangles. We find
= A FD = gD 4 o(( 1))
and
)‘E'n) . A}({n—i—l) _ i(Qj(.n) _ 9,§n+l)))»5-n) n (’)((0](.") _ ngn+1))2)
for j =k — 1, k. Collecting terms and using the trivial bounds give

" g |
o gy (L Ok ) ey
k k

@ (n+1), (n)
n n
Oy leZy

n _ pn+D
Ok—l - ek

2
| (14 O(kn™""*)) t_yey = 1 + O(kn~375).

From Theorem 2.4, the eigenvalues of u, and u, interlace, so for n sufficiently
large the real part of the first term is positive and the real part of the second term
is negative. The real part of the right-hand side tends to 1 as n grows with & fixed,
so the first term has real part bounded below for n sufficiently large. In particular,

1 2
9£n+ )|“1(<n)|
(n) (n+1) ~
9k _9k
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(")l we find

Using the a priori bounds for 9( "1 and |

e — gD < 243,

Hence,

ngn-l-l) 9(”) (9(?!) 9(")) (Q(n) ngn-l-l))

Z”_§_8 _ O(kn—2+38) 2 n—%—e’
since kn_2+38/n_%_8 = O(n!/472+0.03+5/3+0.01y — ,(1). We deduce that the sec-
ond term of (2) is dominated by kn—1/3%4 and then

0("+1)| (”)| s

- —3+5¢
S Ut D =1+ O(kn™37%).
k k

Changing the value of ¢ appropriately gives the desired result. [

This lemma is enough for us to estimate the change in 6,5") as n grows, and
in particular to find a limit for the renormalized angle. We can now complete the
proof of Theorem 1.1.

PROOF OF THEOREM 1.1. The proof proceeds exactly as in [3]. It is sufficient
to prove the result for ¢ equal to the inverse of an integer: hence, it is enough to
show the estimate for fixed €. By symmetry, one can take k > 0. We rearrange the
equation in Lemma 4.1 to find

(n)
O
' = (G =10+ 05,

ngn-f—l)
Because almost surely, | y,(”)| = O~ 11%), we get
(1)
m?2_ % —443e
|/,L | _915”+1)_1+O(kn 3 )

Using the asymptotic log(1 — ) = —6 + O(8?) for § = o(1), we conclude, if ¢ is
small enough,

(n)
1g9m+n

| (n)| + O(kn~ 3—1-33)

iy 2
Define the random variable L(n) logé(”) Z';;} | M,(C" )| ; we have just shown

L,(("H) — L,({”) =0Okn~ 3+38) so for k fixed, L,({”) converges to a limit L,((oo) almost
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surely as n — 0o, with IL(n) (°°)| O(kn=373). Now,

6XpL(n) (n) exp Z |M(J)‘

= n6," exp( logn—l-z +Z(|u(” ))

Recall —logn + Z’};% % =y + O~ ") where y is the Euler—_Mascheroni con-

stant. Next, we define

n—1
(n) () ?
M=% (|M = )
j=1
and observe that each term of the sum is an independent mean-zero random vari-
able. Therefore, for k fixed, (Mk )n>k is a martingale. We claim that M, () §

bounded in L?; in fact,

w2 _ 1Y )
B(|uf - ) =02,
n
so that
() _ pgimy2 M2 _ 1Y 1
B(( - M) = LE(Inf[ - ) =00,
jzn J
where M,EOO) is the claimed limit of M,E") (this limit exists since M,E”) is a sum
of centered and independent random variables with summable variances). To see

this, we observe that |/L(") | is a Beta random variable of parameters 1 and n — 1,
whose variance can be explicitly computed, and is easily checked to be dominated
by n~2. Now, by the triangle inequality and Doob’s maximal inequality, for g
positive integer, k < 29,

E(Sup (MIEOO) — Mlgn))Z) S E((MIEOO) _ M]§2‘1))2) —I—]E(sup (Mlgn) . MIEQ‘I))2>

n>24 n>24
<BM - P
=0(279).
Hence,
2 2
E| sup  sup (M, M —M,En)) ]fE[ sup sup (M(OO) M,En)) ]
24 <p<24+1 k<pnl/4 k<2@+D/4 24 <p<29+1

< > IE[ sup (M — M,En))z]

k<2(g+D/4  20<n<2qtl

<26ty — 023/
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and

E[sup sup (M — M,En) ] Y E| sup sup (M, M M,E"))Z]

n>24 k<n1/4 r>q 2r§n§2r+1 k<n1/4
S Z 273r/4 — 0(27341/4).
r=q

By Markov’s inequality, we get

P(sup sup [M — M| >2" 4/3)<224/3E(Sup sup (M — M}En))Z)

n>29 p<pl/4 n>29 p<pl/4
_ O(z—q/IZ)’
which, by the Borel-Cantelli lemma, shows that almost surely for some go > 1, all
g >qo,n>2%and k < nl/4 satisfy |M,§°O) — M,E")| <279/3 Hence,
_1
M = M| = O0(n5)
almost surely. Collecting these estimates and applying them to the equation
exp L(") = n@k exp(y +0m™ + M,E"))
gives us
exp(L + O(kn*%HS)) =6 exp(y + M + O(n*%))
Rearranging,

n6" =exp(LY — M —y)(1+ O(kn_%He)) =: 2wy (1 + O(kn_%He).

Now, by [3], (Vk)kez is a determinantal sine-kernel process, so we have almost
surely the estimate yy = O(1 + |k|), which proves Theorem 1.1. [

5. Weak convergence and renormalization of the eigenvectors. We are

now ready to show that the eigenfunctions fk(") of u, converge in a suitable sense.
We assume that for a given value of ¢, the event E from Section 4 holds, which
happens almost surely. Recall from Theorem 2.4 that we can choose representa-

tives fk(") for the eigenvectors of each u,, in such a way that

(n)
(h(n+1))%f(n+1) _ i K f(n) vp — 1 e
k FOT 4w el T e ntl
Py

where

(")|

Rt - Iz
p —

2 2°
= |)L§n) _ A]En+1)| |1 _ A]in+l)|
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For n = 1, we adopt the convention fl(l) = —e;. We deduce, forn > ¢,

1 Dy—4 " M
(R el = (D)2 U el
j=1 A=A

The invariance by conjugation of the Haar measures implies that each eigenvector

fk("H), multiplied by an independent random phase of modulus 1, is a uniform

vector on the complex sphere S"*!. Hence, the scalar product ( fk("+1), eg) con-

verges to zero in probability. In order to get a limit which is different from zero,
we need to consider a suitable normalization. We introduce the following eigen-
vectors, forn > k:

s =D ",

where D,((") € C is the random variable

DI = PUSINEY STV
n N b
D = H(hk )? ,bL(s)

k

s=k

We claim that for each renormalized eigenvector g,i”) , the scalar product ( g,(("), er)

converges.

THEOREM 5.1. Foreachk > 1 and £ > 1, there exists an increasing sequence
(Hj)j>1 of events in A, with probability tending to 1, such that for all j > 1,
(Lh; (g,En), e¢))n>kve is a martingale with respect to the filtration (B,)n>kve, and
the conditional expectation of 1| (g,i"), e)|?
when n varies.

, given A, is almost surely bounded

REMARK 5.2.  We introduce the events H; in order to avoid to define condi-
tional expectation of variables which are not necessarily integrable or nonnegative.

PROOF. From the equation above,

ME-")

n
(n+1) (n+1) 17 (nH1)\— 1
(6" " ed =D ()2 )0 AW D
j k

j=l1

(£, et)

) L+ n )
A=A W
_ nm”™k k J (n)
3) =Dy ) Zk(m_wﬂ)(fj et)
M j=1%j k
(n) (n+1) ()
. mM — A Kj ()
=(gc"ee) + Dy () 2 A(")_)L("+1)<fj et).
M I<jsn?j k

J#k
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Now, recall from Lemma 3.2 that the sequence of eigenvectors ( fk(")),,zk is
adapted to the filtration of o -algebras (B,),>«. If we decompose

(n) — ¢(n) |M(n)|

then for n fixed, {qﬁ;n)}ls j<n is a family of i.i.d. random phases uniformly dis-
tributed on the unit circle, independent of the o-algebra B,. Indeed, B, is the

o -algebra generated by A and {(p;m)}lfmgn_l’lijim, and then, by Lemma 3.1,
it is the o-algebra generated by u1, (Vm)m>1, (|M§m)|)m21’15j5m, and
(q};-m) J1<m<n—1,1<j<m-. All these variables are independent of ((]5;”))15 j<n» Which
are i.i.d. uniform on the unit circle, since the vectors ((M§m))15 j<m» Vm) are inde-
pendent, uniform on the unit complex sphere of C"+1.

Now, since h( D s real, we have
(n) -1 () (s+1)
o i Db () A
+1
|D,§’”| =k A — At
for 1 <k <n, and we can write
(n) (n+1) ¢(") | (n)|
(n+D) _(n) e M~ M ' ® ()
(8" = 8" el = 27D (n) 2w 2 e
My I 1<j<n ¢ )\
J#k

We would like to compute the conditional expectation of the difference
H; (g,E"H) — g,ﬁ"), er), given the o-algebra B, for suitable events H;. We first

Verlfy the measurability of each quantity on the right; in particular:

(n) _, (n+1) (m)
A=Ay |

(n)
L. [D;7], PR M”“) are .A-measurable.

2. QD(") and ( f (") e¢) are BB,,-measurable.

3. {¢(n)(q§(")) 1}1515,, are i.i.d. and independent of 15,,.
J#k
We also have

() _ gl LY S o
n n n
(&) ced)| <[ D= ) > () _, (41
| | 1<j<n |)" k |
JFk
which gives an A-measurable bound for the scalar product (g,gnH) g,fn), )

which is almost surely finite. Let us denote this bound by X,,, and let us define the
event H; as the intersection of the events {X, < R, ;} forn >k Vv £, R, ; being
increasing in j and chosen in such a way that P[X,, > R, ;] < j_12_”, which
implies that the probability of H; tends to 1 when j goes to infinity.
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By Fubini’s theorem, measurability and the fact that the quantity inside the ex-
pectation is uniformly bounded by R, ;,

() () T Y s S
E[ (gk — 8k s >|B]_]l CD |D | (n)
|Mk |
(n) (n)
I )
x 2 E[ 2 iI)L(n) A(n+1)<f el

1<j<n j

J#k

However, by independence,
(n) (n)
B %5 s | =[5 ] =0,
o o

so (La; (", ee)n=kve is a (By)nzkve-martingale.
To check its conditional boundedness in L2, given A, it is sufficient to show

2 " " 2
E[1n, (g el 1A+ 3 Bl g™ - 8" el 14] < 00

n>kveL

almost surely. In fact, we will prove this inequality without the event H; (here, the
conditional expectations are well defined since the variables are nonnegative). The
first term is smaller than or equal to || g(kve) > = |D<kv£) |2, which is .A-measurable

and almost surely finite. Hence, it is sufficient to bound the sum. Expanding it gives

ZI)"(H) (n+1)|

2
@ Efllgy""" — &, e 14] = [ D[ T,
Iy |
where
(n) (n)
1™ | | @ ()] 700 )
S = - E[o;" ¢ (", ee) fi", ee)| A

In order to show this equality even if some of the variables involved in S are not
integrable, we observe that the equality is true if we multiply all the variables by
the indicator of the .A-measurable event

n (n—|—1) (n) ()
P el ST RN,
+ +h, =
Mk)l 1<igen 11" =4 )||’\§n)_kl(<n !
i,j7#k

for any R > 0. Then we can let R — co. Now
E[66" (1" et /. el Al = E[E[6" ¢ 1B, 1A, o) £ ex) A]
=8 jB[(" . e) ", er)| Al
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where §; ; is the Kronecker delta. Thus

()2
| j |
2
15jn (A0 — a0
J#k
In order to effectively bound this sum, we need a posteriori information from the
convergence of the eigenvalues in Section 4. We define the event Fy to be

Fi:={3n0 > 1,Yn = no, (67, — ") A (6" —6)) = n~ 1%},

(5) 5= E[(£", )" 14].

LEMMA 5.3.  Fy is A-measurable and holds with probability one.

PROOF. Fj depends only on the eigenangles (hence eigenvalues) and is there-
fore clearly .A-measurable. By Theorem 1.1 applied to k — 1, k, k + 1, we see that
each of the associated eigenangles satisfies

() -1
nd;" =2my;+0(n"*).
In particular,
— _3
6,5") — 9,5’21 =2 (v — k1) + O(n79).
Since {y;}jez is a sine-kernel point process yx — yx—1 < 1 almost surely and sim-

illar fork +1and k. O

Now we assume that F; holds and estimate the quantities involved in

2
E[|(g,£”+1) — g,E"), eg)| | A]. We will begin by estimating D,i”). By Lemma 4.1,
almost surely,

2
6" =6 =0 V| (1 + O(n=3)),

hence
2
©6) WD 500 = gD % 4 O(n‘§+€)).
Similarly,
vy — 112 a2 B
W—(ek ) T(1+0(n™27F)).
[T — A |

Now, as in the proof of convergence of the eigenangles, let us consider the set J

of indices j such that 9£n+1) - < 9](-") < GIE"H) + 7r. From the event Fj, we see
that for j € J \ {k}, and n large enough,

67 = 6" = 6 —67”] ~ lo” — 6"
2
=717 00" | (14 0(n3))

> n—l—s _ O(n—Z—i—e) Zn—l—s’



LIMIT OPERATORS FOR CIRCULAR ENSEMBLES 2439
and then
(n) (n+1) —1—¢
(7) W — At 2 et

if € is taken small enough. We can get a stronger estimate for |j — k| sufficiently
large. In fact, since E3 holds, we have

5
(8) W =) > | — ki3

These two lower bounds let us estimate

()2
|M | < —1+e Z M{n) _ )\l(cn—kl)r2
j
1<jn (A =2 AGHD2 jed
T j#k

2
Sn_H_S( 2+en3+n3+en 3)

5
z3+e
Snite,

. . . . . 2 .
where we split the sum into the interval with |j — k| <n3 and its complement.
Now we can estimate h,((sH). In fact,

. 2
)\(3) )\’(3+1)|

h(s+l)| 2
Iy
- . 2 . 2
|M(A)| 17;;” |)\(5) ](:+1)| I — )‘l(cH_l)l
() 4 s+ 2
Ay’ — A s _ _1
=14+ b (O(s37) + (67) 2 (1 + O(s72*)).

Mk

Since almost surely,Q(s+1) O/s), site = (’)((O(SH)) -2 _§+8) and then
)L(S) )L(S+1)|2 (9(S+1))72|)\'(5) (5"‘1)'

h(s+1)|T:1+ k s (1+O(S_%+8)).
Ly | g |

Now,
i 1y,2 1y,2 i !
S = =100 =6+ 03 - 67t 0)

\) \ 2 —
=16 =6V (14 0(7)
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Using Lemma 4.1, one obtains

(5) o (s+D) 2 GH+D\—2,906) _ p(s+1) 2
h(s+1>lf\ — A I:1+(9k )0 =0

uOr

(1+0(s~3%%))
Rl

1
=1+ 1O (1 + 0@,
Applying the bound on |/L | given by E» and changing the value of ¢ gives

() (s+1),2
A k 2

h“*”' | =1+ +0(s73%).

M

Thus from the expression

) (s+1) 2
)2 s+1) 1Ag |
‘Dk | = Hh —(s) )
|

s=k
we deduce
n—1
DI =TT+ el + 073+
s=k
n 11
=exp<z )exp<Z|M(s)| ——)epoO 3+8
s=k
As before,
n— 11
expz =k~ nexp[ (1 +O(n_1))],
s= k

where y is the Euler—Mascheroni constant,

exp Z (}u“) )

is equal to exp(M; (n=1) M,Sk)) from Section 4, and the last term converges to a

limit Ny with error O(n_%“).
Thus, we have

n 2 — —_a
o DT =K nexp(y + M — M+ No) (14 Ofn3))
=: Dyn(1 + O(n_%+£)),

where Dy is a nonzero random variable that depends only on k.
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2
We are now ready to estimate [E[| (g,E"H) g,in), ¢)| |A]. In fact we have, using

2
(6), (9), the estimate «9("+1) O(1/n) and the bound on | ;L,(C")l given by Ej,

(n) _ (n+1)
2 2| |
E[llg"*" — g ee)| 1] = | D[ HE—"—

Iu(”)|
<nlu™)’ (0 D)2s
Snotes
and using (7) and (8),
IM(")I ( )
S = e B . y
1<,2;n IX(") (n+1)| E[|{f;". ee)l 1A]
J7k
2
Sn*lJﬁ‘? Z |)\‘§n) (”+1)| [|(fj(n)’e€>} |.A]
1<j=<n
JFk

n 2
5”_1+8 Z n2+sEH(fj( ),ez)\ |.A]

2
jeJ,0<|j—k|<n3

10 2
4ol Z |j_k|_2n?+8E[|(f}”),ee)| |A].

2
Jel.lj=klzn3
Therefore, it is now sufficient to prove that for some ¢ > 0, and almost surely,

Sar( X el 14]

n>k 2
- jeJ,0<|j—k|<n3

X kRl e 14]) < oo
jed lj—kizn3

It is then sufficient to prove that the expectation of the left-hand side is finite. Since
J C [k —n — 1,k + n], one deduces that it is enough to have

S (X R e

>k 2
"= 0<|j—k|<n3

+ 3 1j — kI 2n SHE[|( £, ez)|2]) < o0.

2
jeJ.n3 <|j—k|<n+1
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Now, since f J-(") is, up to a phase of modulus 1, uniform on the sphere of C", one
has
m 2
E[|(£;", el

and then one needs only to check

Sa(C L ate X k) <o

n>k 2 2
- O<|j—k|<n3 jeJ,n3<|j—k|<n+l

1=1/n,

which is easy. [
The result we have proven has the following consequence.

COROLLARY 5.4. Almost surely, for all k € Z and € > 1, the scalar product

( g,i"), ey) converges to a limit g ¢ when n goes to infinity.

PROOF. We can fix k and £. Then, for j > 1, R > 0 we consider the sequence
of variables

(ﬂ‘Hquij(glgn)’ ee))nzkvz’

where Y; denotes the supremum in n of the conditional expectation of 14;| (g,E")

e¢)|? given A. Since Y ; is A-measurable, this sequence is a martingale in the fil-

tration (B;,)n>kve, and this martingale is bounded in L? by construction. Hence, it
(n)
k

’

a.s. converges, and (g, ', e¢) converges with probability at least 1 —IP[H;, Y; < R].
Since we have shown that Y; is a.s. finite, we let R — oo and deduce a conver-
gence with probability at least 1 — IP[H}], and then we let j — oo. U]

For each k € Z, the infinite sequence g := (gk.¢)¢>1 € C*> can be considered
as the weak limit of the eigenvector g,i") of u,, when n goes to infinity. We will

study the behavior of a suitable renormalization of g in the next section.

6. The law of the coefficients of the limiting eigenvector. In the previous
section, we have proven the almost sure convergence of each coordinate of the
eigenvectors of u,, after normalization by a factor D,E"). Using the estimate (9),
we see that almost surely, |D,E") |/+/n tends to a nonzero random limit when n goes
to infinity. It is then more elegant to formulate the result of convergence by taking
eigenvectors of norm exactly 4/n. Moreover, such a normalization provides the dis-
tribution of the limiting coordinates of the eigenvectors, as stated in Theorem 1.2
proven just below.
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PROOF OF THEOREM 1.2. For fixed k € Z, let us first show the existence of

the sequence (#, g)(>1 By symmetry, one can assume k > 1: in this case, for all
n > k, there exists 7" of modulus 1 such that £ = t,f")vlgn) Hence,

D@ 5" e

almost surely converges when n goes to infinity. Now, by the estimate (9),

|D(") |/+/n converges almost surely to a strictly positive constant. One deduces
the existence of (¢ ¢)¢>1, by taking

‘ﬂ(n) — cI>(”) (n)
Let us now check the uniqueness, by supposing that two sequences (#x ¢)¢>1 and
(t,é ¢)e=1 can be constructed from the same virtual rotation (u,),>1. In this case,

/
there exist, for all n > 1, two unit eigenvectors w,((") and w,((") corresponding to the
same eigenvalue, and such that for all £ > 1,

(10) Vfw", ee) — e

and

Since the eigenvalues are almost surely simple, for all n > 1, there exists ™ ey
(n)y (n) (n)

such that wy~ = x; " wy *, which implies
n) (n) /
(11) Vnlw" ee) — 1 .

By comparing (10) and (11), one deduces that tlé,/f = Xktk ¢, Where x; € U denotes
the limit of any converging subsequence of ( X,E") In>1-

Moreover, let us choose the random vectors (w,((n)) kez.n>1 and the random vari-
ables (# ¢)kez.¢>1 as measurable functions of (u#,),>1, in such a way that (10)
is satisfied almost surely. Let (¥¢)xez be i.i.d. random variables, independent of
(un)n>1. For all n > 1, the invariance by conjugation of the Haar measure on
U (n) implies that the family of eigenvectors (wkw,((n))lfkfn of u,, forms a Haar-
distributed unitary matrix in U (n). One deduces that if L is a finite set of strictly
positive integers, and if K is a finite set of integers, then

ﬁ((wkw;{"), eé))keK,eeL

converges in law to a family of i.i.d. standard complex Gaussian variables. Since
this family of variables also converges almost surely, one deduces that the limiting
variables (Yktk ¢)kek ¢cr areii.d. standard complex and Gaussian. Since the finite
sets K and L can be taken arbitrarily, we are done. [J

From Theorem 1.2, one deduces immediately the following.
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COROLLARY 6.1. The limiting coordinates gk ¢ introduced in Corollary 5.4
are almost surely different from zero.

PROOF. We know that for a suitable normalization of # ¢,
T )15 M) ()
8kt —nlggo|Dk |<<[)k T ,ez),

: (n) £(n)
te= lim /n(@" £, e,
and by (9),
VDi = lim [D{|/v/n.
n—00
Combining these limits gives

(12) 8kt =+ Dkt ¢,

which is almost surely nonzero, since # ¢ is a standard complex Gaussian variable
up to multiplication by an independent uniform random variable on the unit circle.
O

The eigenspaces of u,,, generated by the vectors fk("), can also be considered as
elements of the projective space P"~!(C). Moreover, one can define the infinite-
dimensional projective space P°°(C), as the space of nonzero infinite sequences of
complex numbers, quotiented by scalar multiplication. The convergence of renor-
malized eigenvectors proven above can be viewed as a convergence of the corre-
sponding points on the projective spaces.

There exists a uniform measure on all these projective spaces, obtained by tak-
ing the equivalence class of a sequence of i.i.d. standard complex Gaussian vari-
ables. For n > 1 finite, the uniform measure on P (C) can also be obtained from
a uniform point on the sphere in C"*!. For m < n € N U {oo}, there exists a nat-
ural projection I1, , from P"(C) to P"(C), obtained by taking only the m + 1
first coordinates of the sequences, and this projection is well defined when these
coordinates are not all vanishing: in particular, almost surely under the uniform
measure on P"(C). Note that the image of this measure by Il ;, is the uniform
measure on P (C). Moreover, we can define the notion of weak convergence on
the projective spaces as follows. Let (x,),>1 be a sequence such that x, € P"(C)
for all n > 1 and let xo, € P°°(C). We say that (x,),>1 weakly converges to xo if
and only if the following holds: for all m > 1 such that the m + 1 first coordinates
of xo are not all vanishing, the projection I, ,, (x,) € P"(C) is well defined for n
large enough and tends to I (xo0) When n goes to infinity. From Theorem 1.2,
we can easily deduce the following.

THEOREM 6.2. Let (un)n>1 be avirtual rotation, following the Haar measure.

ForkeZ and n > 1, let x,ﬁ") € P"~1(C) be the eigenspace corresponding to the
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kth smallest nonnegative eigenangle of u, for k > 1, and the (1 — k)th largest
strictly negative eigenangle of u, for k < 0 (this eigenspace is almost surely one-
dimensional). Then there almost surely exists some random points (x,EOO))kEz in

P (C) such that for all k € Z, x,ﬁ”) weakly converges to xlgoo) when n goes to

infinity. The points (x,ioo))kez are represented by the sequences (ty ¢)e¢=1, k € Z
given above: they are independent and uniform on P> (C).

APPENDIX A: A PRIORI ESTIMATES FOR UNITARY MATRICES

Let us fix ¢ > 0. The goal of this section is the proof that the event E := Eg N
E1 N E> N E3 holds almost surely under the Haar measure on the space of virtual
isometries, for

Eo=1{6" £0)N{¥n> 1,0, £0}N{Va>1,1<k <n,u\” #0},

1
Ing > 1,VYn > no, |va| <n =21},

E =]
Ey={3no>1,Yn>no, 1 <k <n, |u{"| <n~ 2%},
Ey=]

5
Ig>1,Vn>np,k>1,n"3°¢< 9,51)1 — 9,§n) < ere}.

REMARK A.1. In [3], an analogous event was defined: in the present paper,
we choose the exponents more carefully to sharpen our results.

We begin by showing that for any fixed basis of C", the coefficients of a uniform
random vector on the unit sphere are almost surely O(n_%%) for any ¢ > 0.

LEMMA A.2. Suppose vy, ...,v, € C" is an orthonormal basis and x € C",
x|l = 1 is chosen uniformly from the unit sphere. Then if we write x = x1v; +
-+« 4+ X, Vy,, we have bound

P(|x;|* > 8) = O(exp(—dn/2)),
forall§ >0and j=1,...,n.
REMARK A.3. We will prove this statement for deterministic vectors vy, ...,

v, € C". However, by conditioning, one deduces that the result remains true if the
vectors vy, ..., v, are random, as soon as they are independent of x.

PROOF. The random variable |x; |2 is Beta distributed with parameters 1 and
n — 1, and then the probability that it is larger than § is

1
(n— 1)f (1—x)"2dx=(1-8)"" <0
SAL
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which shows the result for all n > 2. For n = 1, the probability is 0 for § > 1 and
1 for § € (0, 1), and then smaller than 2¢~%/2. O

From this estimate, we deduce the following bound on the coordinates of the
eigenvectors fk(").

LEMMA A.4. Let e > 0. Then, almost surely, we have
2
sup ](f;”),eg)] =O(n~'%)
1<jt<n
and
E (n) 2./4 =0 —1+e
sup  E[|(f;", ec)| 1A] =O(n™""),
1<j,<n

where the implied constant may depend on & and (Up)m>1.

PROOF. Consider the vector f j(”) for each fixed j and n. By the invariance by
conjugation of the Haar measure on U (n), this eigenvector is, up to multiplication
by a complex number of modulus 1, a uniform vector on the unit sphere of C”.

More precisely, if & € C is uniform on the unit circle, and independent of f j(") ,

then & f j(") is uniform on the unit sphere. One deduces that for all n, j, ¢,

B((f", el > n~1*%) = Ofexp(—n* 2)).

Using the Borel-Cantelli lemma gives the first result. Moreover,

o0
E[WJ@’ ee)*"] :/0 IPU(f;n), el = 8°/4)ds
S / et gy
0

%zl 4/e —4/e
=/0 e~ 2 4 n¥e) = O (7).

We deduce

4_

P(E[|( " ec)**14] = n*~F) < n? EIE[|( " e0)¥“1.A]

4
B

B e =007,

=n

By the Borel-Cantelli lemma, for all but finitely many n > 1,1 < j, £ <n,

n 8/¢ 4
E[|<fj( )ed)| 1Al <0t :
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By the Holder inequality applied to the conditional expectation, for e sufficiently
small,

E[I(f;", eoP1A] < LI £/, e LAY <ntHe. R
Another consequence of Lemma A.2 is the following.
PROPOSITION A.5. The events Eq, E1, E; all hold almost surely.

PROOF. We apply Lemma A.2 to the decomposition
n
Xnr = D1+ vnenr,
j=1

which gives

2
B(ul”[* > 0= %) = Ofexp(—n*/2))
S0, in particular,
2
> X P >0 = 0.
n>11<k<n
Therefore, by the Borel-Cantelli lemma, almost surely only a finite number of

2
the events {|,u,(€n)| > n~1*#} hold simultaneously. A similar argument controls the
coefficients v,,. [J

Before we can control E3, we require some estimates on the eigenvalues of a

Haar unitary random matrix. Recall that if u, is distributed according to the Haar

measure, then one can define, for 1 < p <n, the p-point correlation function ,0[(,")

of the eigenangles, as follows: for any bounded, measurable function ¢ from R?
to R,

E[ 3 ¢(9§;’),...,9}Z))}

I<ji##jp=<n
= W (s i)t . ty)dE -+ dty.
10,277 Pp (1 p)¢( 1 p) 1 p
Moreover, if the kernel K is defined by
in(nt/2
K@) = sm(.n /2)
27 sin(t/2)
then the p-point correlation function can be given by
PO, s 1) = det(K (17 — 1)) 5 ;.-

Let us first show that the gaps between eigenvalues cannot be asymptotically
much larger than average.
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LEMMA A.6. Let I C|0,2m) be Lebesgue measurable. Then

IC
P(all of the eigenvalues of uy, are in I) < exp(— |2 |n).
T

PROOF. We recall the Andreiev—Heine identity, which says that
P(all of the eigenvalues of u, are in /) = det M r

where M! is an n x n matrix with entries
dt
= [ expl — b &

for j, k between 1 and n. Note that the matrix (exp(i(j — k)t))?y k—1 1 hermitian
and positive, M! is also; likewise M!°. Moreover, by computing the entries of
M+ m! c, one checks that this sum is the identity matrix: hence, M I pm! ‘ have
the same eigenvectors and, if we denote by (7;)1< <, the eigenvalues of M I* then
(1 — 7j)1<j<n are the eigenvalues of M I The eigenvalues of each matrix must lie
in the interval [0, 1], as otherwise one of the eigenvalues of the other matrix would
be negative. Now,

n

n
c [1€]
detM! = 1—7)< — ) = —TrMI) = ( )
e ||( 7)) exp( jE:11J> exp(—TrM" ) =exp 5

j=1

as was to be shown. [

Note that the previous lemma applies to all measurable subsets, although we
will only need to apply it to intervals.
Next, we control the gaps between eigenvalues from below.

LEMMA A.7. Supposety,...,t, €I lieinaninterval of length |I| =6 < 1/n.
Then we have the estimate
Pt ... ty) =0, (82P 20 P72),

PROOF. We have
pI(t1, ... 1p) = det(K (t; — )y
The Taylor series for the sine function shows that for |¢| < 1/n,
n 1
Kt)=—(1—=n>-1)*+0 4t4>.
0= (1= 5502 = 12+ Or*r)

Thus, we have
P

= d
(2m)P

p

1
PPt tp) et(l —~ ﬁ(nz — 1)t —t))* + O(n*(t; — t,~)4))

i,j=1
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Let A denote the p x p matrix in the last display, let 1 denote the column vector
of all ones and let w; denote the column vector whose ith entry is

1
ij = ﬁ(l’l2 — 1)(2‘,’ — l‘j)2 +O(n4(ti — l‘j)4).

Then by multilinearity and the inclusion-exclusion principle,

(wj)i=1-A

detA= > (=D"Idet(vi -+ vp) where v; = wj, J€o,

o Cip] 1, otherwise.

Clearly, each term is zero if more than one of the columns is equal to 1, so we get

p
detA=(=1)P"1Y detM; + (—1)? det M,
j=1
where M is the matrix with columns wy, ..., w, and M; is M with the jth column

replaced with 1. Then in the expansion of each determinant we can bound each
term by O p((n282)” ~1), and the conclusion follows. [

PROPOSITION A.8. The event E3 holds almost surely.

PROOF. Fix n > 1. The probability that two adjacent eigenvalues of u,, differ
by at least 2§ is bounded above by the probability that one of the parts of the
partition

0,8)U(8,28)U---U (|28 8, |28~ +1]8)
contains no eigenvalue. This, by Lemma A.6, is bounded by
|28 4+ 1| exp(—én/27).

Now we let § = n~!7¢/2 and apply the Borel-Cantelli lemma to show that at most
a finite number of the u,, have gaps larger than n=11¢,

Next, we see by Lemma A.7 that the probability that two adjacent eigenvalues
of u, differ by at most § < 1/n is bounded by

ff ,Oén)(tl ,h) dtydty = (’)(n483)
|t1—t2| <8

which, when we specialize § = n~37¢, is O(n~!~¢); summing over n and applying
the Borel-Cantelli lemma shows that these events occur at must a finite number of
times as well. [
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APPENDIX B: PROOF OF PROPOSITION 2.1

For all » > 1, the r-point correlation function of the point process E, given in
Proposition 2.1 is uniformly bounded by 1 and converges pointwise to the correla-
tion function of the determinantal sine-kernel process. The convergence is a clas-
sical consequence of the determinantal structure of the eigenvalues of the CUE:
see Mehta [10], Section 11.1, for example. The uniform bound is due to the fact
that the determinant involved in the correlation functions of the CUE can be writ-
ten as a Gram determinant, necessarily smaller than or equal to the product of its
diagonal entries: for all 81, 6, € [0, 27 ],

sin(n(6; — 61)/2 -l ol
(n(62 —01)/2) _<Zelt91(p(n1)/2)vp’ ZeIGQ(pf(nfl)/Z)vp ’

sin((2 —601)/2) — \ = =0

where (v))o<p<n—1 are orthonormal vectors in a complex Hilbert space.
Proposition 2.1 is then a consequence of the following result.

PROPOSITION B.1. Let E, denote a point process such that for all r > 1, its
r-point correlation function is well defined, bounded by 1, and converges pointwise
to a function ,or(oo) from R” to R. Then there exists a point process E~, whose r-

point correlation function is ,or(oo) forall r > 1, and the point process E,, converges
to E in the following sense: for all Borel measurable bounded functions f with
compact support from R to R,

D@ = Y f),

xek, xe€E

where the convergence above holds in law.

PROOF. We first note the following identity: for any integer p > 1,

p X
(Z f('x)) = Z Z Gf,p,m(xla---axrp,m)»
xeE, m:lxlyéxqu-qéxrpw ek,

where u, depends only on p, rp , and m < up, and Gy,, ,, being a measurable,
bounded function with compact support from R"7 to R, and depending only on
f, p and m. For instance,

3
(Z f(x)) = Y Fa)’+3 Y (Fen) fe)
xeE, x1€E, xX1#x2€E,

+ ) fOeDf() f(x3),

X1F£x2#X3€Ey
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with
uz =3, r3 =1, 3o =2, r33 =73,
3

Gr31(x1)=(f(xD),

2

G f3,2(x1,x2) =3(f(x1))" f(x2),
G f33(x1,x2,x3) = f(x1) f(x2) f(x3).

We can hence write

(% 7o)

xek,

14
-3 f GO Y )P O V)

where p; ™) denotes the r -point correlation function of E,, provided that the above
expression converges absolutely, which we now check. Since G, », is measur-
able, bounded with compact support, we can find A, ,, > 0 such that

{Gf,]?,m(yla st yrp,m)| = Afl]hm]llml ----- |yrp,m ‘SAf,p,m
for yi, ..., Yrpm € R. Moreover, we have
o 1y V)| <1

by assumption. Consequently, the expression we are dealing with can be bounded
from above by

Up

Up
Zf Afpm = Z(zAf,p,m)rp’mH’
Af,p,m’Af,p,m]rp’m m=1

which is finite. Moreover, our upper bound is independent of n. Now, we also have
by assumption:

'O'g;l)m(yh '--’yrp,m)

(00)
n— 00 rﬂ m

(yl’ "'7yl’p$m)’
and we can apply the dominated convergence theorem to obtain, for all p > 0,

)
B{(X)] =2 ME)
where

XP =3 fw,

xeE,

MY = anwm G fpm s os Yry )OS V1 s Yy ) Ayt -+ dyr,

T'p.m
m=1
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if p>1,and M}og) = 1. We also note that

X1 < Bl <[ (Shrel)' ]

where N is a Poisson point process defined on R with intensity 1 (the last inequal-
ity follows from the fact that the correlation functions of E,, are smaller or equal
than 1, and hence smaller or equal than the correlation functions of N).

Now for every A € R, each term of the series

(irP n
X%)IITE[(X;))‘D]
p=

is uniformly dominated in absolute value and independently of n, by the corre-
sponding term in the series

ng. [(xgvyf( )!) ] E[exp(mxg\]!f(x)])]

If we choose Ay > 0 in such a way that | f| < A ¢ and such that the support of f
is contained in [-A ¢, A ¢], we have

E[exp(|x| > |f<x>|)} <Elexp(|A|A s Card(N N [=Ay, Af]))]

XeN

_ E[e\)\lAszAf]

You f standing for a Poisson random variable with parameter 2A ¢. The latter is
finite and we can thus apply the dominated convergence theorem to obtain

.y (1) (i)L)P (00)
E etAXf N Aideally v o] ’
[ ],,_wo pzzo p! fip

the last series in display being absolutely convergent and bounded from above by

NP ()
‘I_Z Mf,p =

AP (o) |AP )
M i, = 5 P g

p=0 P! b1 P! o1 Pzl
—I;W. [(gvif(xﬂ)p]
:E[eprM Xj:vif(x)!ﬂ —~

- E[emmfymf] 1 eZAf(eIMAf—l) 1
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Consider now a finite number f, f2, ..., f; of measurable and bounded functions
with compact support, let A > 0 be such that | f;| < AL[_4 A for jell,....q},

and take A, A1, ..., A, € R. It follows from the definition of x@ ¥ that
Z (n) (n)
. n) _ n
Z )”f ij - Xg ’
j=1

where
q
g:=> Ajfj
j=1
which implies that

iry? ,A,X;’) (iMP
Ele” ™= ],:go 2) p! Mgy
p=

Now since g is bounded by A Z(J].:l |A ;| and since the support of g is included in
[—A, A], we have

GV (0)
‘1 B Z Mg,p

|
p>0 p:

MAQ+Xd_ 1D
< 2AUHT e =t

-b_q,

If vy, ..., v, are real numbers not all equal to zero, we set
q
A= il Ay=vi/A

which implies Zq':1 |Ajl=1, and

xm
i viX
[ = fj]n?ooQ(flv-"’fqvvlv"-avq)v
where
2(AA_
|Q(fir oo fyovis vy — 1 <D
For fixed fi,..., fy, the quantity Q(fi,..., f4.V1,...,Vq) hence tends to 1 when
(v1,...,vq) tends to zero. It follows from Lévy’s convergence theorem that the
vector (X ('l’), .. (")) converges in law, when n goes to infinity, to a random

variable with Values 1n R? and with characteristic function given by

W1y ees ) = QUf1 - ovy fgs VIs ooy V).
Consequently, we have shown that there exists a family of random variables

(X ;Oo)) feA indexed by the set A of bounded and measurable functions with com-
pact support from R to R, satisfying

(n) (c0)
(X”)fGAHOO(X;’O)feA,
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in the sense of finite dimensional distributions. Now for x > 0, define

M) vy — vy (00) _ y(00)
X"(x) = X]]-[O,x]’ X (x)= X]]-[O,x]’
and for x < 0,
Wy ) (©00) (i y(00)
X (x)= Xﬂ(x,O)’ X)) = X]l(x,O)'

Note that for y > x, X" (y) — X" (x) represents the number of points of E, in
the interval (x, y]. Moreover, we saw that (X ™) (x)) xeQ converges in law (in the
sense of finite dimensional distributions) to (X (x)) xeQ- It follows from Sko-
rokhod’s representation theorem that there exist random variables (Y ™ (x)) xeQ
and (Y (x)) xeQ, With respectively the same distributions as (X ™) (x)) xeQ and
(X () (x))xe@, such that almost surely, Y ™) (x) converges to Y () (x) for all
x € Q. By construction, (Y ™ (x)) xeQ 18 almost surely integer valued and increas-
ing as a function of x: the same thing holds for (Y () (x)) xeQ- Moreover, by taking
the limits from the right, we can extend (Y ™ (x)) xeQ et (Y (29 (%)) xeQ to cadlag
functions defined on R. It is clear that (¥ ™ (x)),cr has then the same law as
(X™(x)),eRr, because (X (x)),er is also cadlag, with the same law when re-
stricted to Q. We can thus conclude that like for (X™ (x))yer, (Y™ (X))xer is
also the distribution function of some o -finite measure M,,, with the same law as
the sum of the Dirac measures taken at the points of E,. Almost surely, for x € Q,
(Y™ (x)) converges to (Y (%) (x)): hence this convergence also holds at all conti-
nuity points of (¥ (x)). Consequently, M, converges weakly, in the sense of
convergence in law on compact subsets, to a limiting random measure M ., with
distribution function ¥ °®. On can thus write

M, = Z Stlin)’ Mo = Z Stlioc)’
keZ keZ

where {tlgn), k € 7} is a set of points with the same distribution as E,,. The weak
convergence of M, to M, implies that for » > 0, F continuous with compact
support from R” to R,
(n) (n) (00) (00)
Z F(tkl,...,tkr)ﬁoo Z F(tkl ,...,tkr ).

n—

kit K1k hy

Indeed the left-hand side can be written as

Uy

Z HF,r,m(yla B ysr,m)dMn(yl) ce dMn(ysr,m)»

m—1 RSr.m

where u, depends only on r, s, on r and on m and Hf ,,, depends on F,r, m,
and the right-hand side can be written in similar way with M,, replaced with M.
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For instance,

> R, ...

ki#ky#k3

= fR F(y1, Y2, ¥3) dMy(y1) d M (32) d My (v3)
- /RZ[F()’I ,y2.32) + F(yv2, y1, y2) + F(y1, y2, y2) | d M, (31) d My (2)

If we assume that F is positive, it follows from Fatou’s lemma that

B Y R )]

ki koo hr

s (n) (n)
< l}lrggcl)fE[ Z F(tk1 NN P )]
K1yt

=1iminf/RrF(yl,...,yr)pr(”)(yl,...,yr)dyl--- dy,

n—oo

Reproducing the same computations as in the beginning of our proof yields, for f
continuous and positive with compact support, and p a positive integer:

N = [ (X)) ] <
keZ

The bounds that we previously obtained for M fpo ), and which obviously apply to
N ip ) as well, allow us to deduce that for all A € R,

E[exp(ik > f(tlgoo)))} => (ik)pN}?).

|
keZ p=0 P

Moreover, an application of the dominated convergence theorem yields

[exp(szf (OO) )} = hm E[exp(szf (") )]

keZ keZ

x| NP (o)
- Jim 5 )= 5 O )

p=0

We can hence conclude that the coefficients of both series in A are equal, that is,
M}oz) Nj(f;) . Going back to the expression of the expansion of the moment of
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order p that we gave earlier in the proof, we see that the equality can hold only if

IE[ Z F(t,g”), ..,;;f“’))]

ki by

:[l;r F()’l,-’)’r)pr(oo)(yl"yr)d)’ldyr’

for all F, r such that r =rp yy, F = Gf,pm, with 1 <m < u,. Indeed the left-
hand side is always smaller or equal than the right-hand side, and if one of the
inequalities were a strict inequality, we would obtain by summing up all terms that

N}O;) }OZ). The only term for which r, ,, = p gives
{3 ]
kiko#kp
=/Rp Fi, . yp)p Gt yp)dyr - dyp,
where

Fi, oo, yp) =) - f(p).

This then extends to all functions F which are measurable, positive and continuous
with compact support: indeed there always exists an f which is continuous with
compact support on R such that F < G, with

GO yp) =D fyp)

Since we have inequalities for both functions ' and G — F and an equality for
their sum G, we in fact have an equality everywhere.

We see that with a monotone class argument the previous equality then extends
to functions F which are measurable, bounded and with compact support. This
shows the existence of a point process E, with the same correlation functions
as those given in the statement of the proposition, provided we do not exclude a
priori point processes with multiple points. More precisely, we take for E the set
of points t( ) of the support of the measure M, taken with their multiplicities.
Going back to our earlier computations, we see that for functions f which are
measurable, bounded with compact support from R to R, and taking into account
multiplicities, we have

(2 ) |-
and

E[exp(z’k > f(x)>:| =2 (i;—?pMj(‘?Io’)‘

xe€E p=>0
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Consequently,

E[¢*X'] — E|:exp<ik 3 f(x)>:|,

n—00
xeE

which corresponds to the convergence in law stated in the proposition.

It only remains to show that E., does not have multiple points. Indeed, if Eo,
is the set of points (t,EOO))keZ, taken with multiplicities, then for any measurable
bounded function F with compact support from R? in R,

E( > F(réi”),té;’"))) =/Rz F(y1, 7205 (1, y2) dyr dys.
k1#ks

Taking F(y1, y2) = 1y,=y, above yields
E[Card{(k1, k2) € 2%, k1 # ko, 1> =127}] =0,

which shows that E., does almost surely not have multiple points. [J
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