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Domino tilings of the two-periodic Aztec diamond feature all of the
three possible types of phases of random tiling models. These phases are
determined by the decay of correlations between dominoes and are generally
known as solid, liquid and gas. The liquid-solid boundary is easy to define
microscopically and is known in many models to be described by the Airy
process in the limit of a large random tiling. The liquid-gas boundary has
no obvious microscopic description. Using the height function, we define a
random measure in the two-periodic Aztec diamond designed to detect the
long range correlations visible at the liquid-gas boundary. We prove that this
random measure converges to the extended Airy point process. This indicates
that, in a sense, the liquid-gas boundary should also be described by the Airy
process.

1. Introduction.

1.1. The two-periodic Aztec diamond and random tilings. An Aztec diamond
graph of size n is a bipartite graph which contains white vertices given by

W={@G, j):imod2=1, jmod2=0,1<i<2n—1,0<j <2n}
and black vertices given by
B={(i,j):imod2=0, jmod2=1,0<i <2n,1<j<2n-—1}.

The edges of the Aztec diamond graph are given by b — w = %e1, £e; for b € B
and w € W, where e; = (1, 1) and e = (—1, 1). The coordinate of a face in the
graph is defined to be the coordinate of its center. For an Aztec diamond graph of
size n = 4m with m € N, define the two-periodic Aztec diamond to be an Aztec
diamond graph with edge weights a for all edges incident to the faces (i, j) with
(i + j)mod4 = 2 and edge weights b for all the edges incident to the faces (i, j)
with (i + j) mod4 = 0; see the left figure in Figure 1. We call the faces (i, j) with
(i + j)mod4 = 2 to be the a-faces. For the purpose of this paper, we set b = 1; this
incurs no loss of generality, since multiplying both a and b by the same constant
does not change the model that we consider.
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FIG. 1. The top figure shows the two-periodic Aztec diamond graph for n = 4 with the edges
weights given by a (or b) if the edge is incident to a face marked a (resp., b). The bottom figure
shows the limit shape when a = 0.5 and b = 1; see 9, 14, 28] for the explicit curve.

A dimer is an edge and a dimer covering is a subset of edges so that each vertex
is incident to exactly one edge. Each dimer covering of the two-periodic Aztec
diamond is picked with probability proportional to the product of its edge weights.
For the two-periodic Aztec diamond, it is immediate that each dimer covering is
picked uniformly at random when a = 1.

An equivalent notion to a dimer covering is a domino tiling, where one replaces
each dimer by a domino. Each dimer is the graph theoretic dual of a domino. Sim-
ulations of domino tilings of large bounded regions exhibit interesting features due
to the emergence of a limit shape. Here, the tiling separates into distinct macro-
scopic regions: solid, where the configurations of dominoes are deterministic; lig-
uid, where the correlation between dominoes have polynomial decay in distance;
and gas where the dominoes have exponential decay of correlations. These phases
are characterised in [29] but first noticed in [30]. Even though their names may
suggest otherwise, these regions are not associated with physical states of matter.
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An alternate convention is to say that the solid region is the frozen region while
the liquid and gas regions are the unfrozen regions. The liquid region is then re-
ferred to as the rough unfrozen region (or simply rough region) and the gas region
is referred to as the smooth unfrozen region.

Considerable research attention has been directed to tiling models, including
domino tilings and lozenge tilings, on bounded regions whose limit shapes contain
both solid and liquid regions, but no gaseous regions. The primary reason behind
this attention lies in the fact that in several cases these models are mathematically
tractable due to direct connections with algebraic combinatorics through the so-
called Schur processes [31]. By exploiting the algebraic structure via the so-called
Schur generating functions, it is possible to find the limit shape, and the local and
global bulk limiting behaviours in several cases; see the recent articles [8, 20, 32].
More computational approaches are also used to find these asymptotic quantities
as well as the limiting edge behaviour. These approaches often use in an essential
way that the dimers, or some associated particles, form a determinantal process
with an explicit correlation kernel. Finding this correlation kernel is not a simple
task in general, but successful techniques have come from applying the Karlin—
McGregor-Lindstrom—Gessel—Viennot matrix and the Eynard—Mehta theorem, or
using vertex operators; see [2] for the former and [4, 5] for a recent exposition of
the latter. The limiting correlation kernels that appear are often the same or related
to those that occur in random matrix theory. Indeed, in [19, 22, 31, 33], the limiting
behaviour of the random curve separating the solid and liquid regions is described
by the Airy process, a universal probability distribution first appearing in [35] in
connection with random growth models.

Domino tilings of the two-periodic Aztec diamond do not belong to the Schur
process class. In fact, the two techniques mentioned above fail (at least for us) for
this model. However, in [10], the authors derive a formula for the correlations of
dominoes for the two-periodic Aztec diamond, that is, they give a formula for the
so-called the inverse Kasteleyn matrix; see below for more details. The formula
given in [10] is particularly long and without any specific algebraic or asymptotic
structure. In [9], the formula is dramatically simplified and written in a good form
for asymptotic analysis. Precise asymptotic expansions of the inverse Kasteleyn
matrix reveal the limit shape as well as the asymptotic entries of the inverse Kaste-
leyn matrix in all three macroscopic regions, and at the solid-liquid and liquid-
gas boundaries. Due to technical considerations, these asymptotic computations
were only performed along the main diagonal of the two-periodic Aztec diamond.
Roughly speaking, the outcome is that the asymptotics of the inverse Kasteleyn
matrix at the liquid-gas boundary is given by a mixture of a dominant “gas part”
and a lower order “Airy part” correction. Unfortunately, these asymptotic results
only describe the statistical behaviour of the dominoes at the liquid-gas boundary,
and do not determine the nature of this boundary. More explicitly, it is highly plau-
sible, as can be seen in simulations (see Figure 2) that there is a family of lattice
paths which separate the liquid and gas regions. The exact microscopic definition



2976 V. BEFFARA, S. CHHITA AND K. JOHANSSON

4¢‘w
o

7

FI1G. 2. Two different drawings of a simulation of a domino tiling of the two-periodic Aztec diamond
of size 200 with a = 0.5 and b = 1. The top figure contains eight different colours, highlighting the
solid and liquid phases. The bottom figure contains eight different gray-scale colours to accentuate
the gas phase. We choose a = 0.5 for aesthetic reasons in relation of the size of the Aztec diamond
and the size of the liquid and gas regions.

of these paths is not clear; see [9] for a discussion and a suggestion. The asymp-
totic computations in [9] do not give us any information about these paths. At the
liquid-solid boundary, the definition of the boundary is obvious; it is the first place
where we see a deviation from the regular brick wall pattern. At the liquid-gas
boundary, however, these paths, if they exist, are in some sense “sitting” in a “gas”
background. The paths represent long-distance correlations and the purpose of this
paper is to extract these correlations from the background “gas noise” and show
that they are described by the Airy point process. This strongly indicates that there
should be a random boundary path at the liquid-gas boundary which, appropriately
rescaled, converges to the Airy process just as at the liquid-solid boundary.

We approach the problem via the so-called height function of the domino tiling,
an idea originally introduced by Thurston [36]. The height function is defined for
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the two-periodic Aztec diamond at the center of each face of the Aztec diamond
graph, characterised by the height differences in the following way: if there is a
dimer covering the edge shared between two faces, the height difference between
the two faces is £3, while if there is no dimer covering the shared edge between
two faces the height difference is =1. We use the convention that as we traverse
from one face to an adjacent face, the height difference will be +3 if there is a
dimer covering the shared edge and the left vertex of the incident edge is black.
Similarly, the height difference is +1 when we cross an empty edge with a white
vertex to the left. We assign the height at the face (0, 0) (outside of the Aztec
diamond graph) to be equal to 0. The height function on the faces bordering the
Aztec diamond graph are deterministic and given by the above rule. Figure 3 shows
a domino tiling of the Aztec diamond with the heights labeled at each face.

The height function has a limit shape that is the solution of a certain varia-
tional problem and this also, in principle, leads to a description of the macroscopic
boundaries between the regions with different phases [11, 28]. For the two-periodic

F1G. 3.  The top figure shows the height function of an Aztec diamond graph of size 4 on the border-
ing faces imposing that the height at face (0, 0) is 0. The bottom figure shows the same graph with a
dimer covering and its corresponding height function.
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Aztec diamond, this gives the algebraic equation for the boundaries seen in Fig-
ure 1. The solid and gas phases correspond to flat pieces, facets, of the limit shape.
The solid phase has a completely flat height function even at the microscopic level,
whereas the height function in the gas phase has small fluctuations. The global
fluctuations of the height function in the liquid, or rough phase, for many tilings
models have been studied revealing the so-called Gaussian-free field in the limit;
see the papers [1, 3, 7, 13, 15-18, 25, 26, 34] for examples with varying techniques
of proof. Hence, the liquid-gas interface can be seen as an example of a boundary
between a rough random crystal surface and a facet with small, random, almost
independent and Poissonnian dislocations.

The novelty of this paper is that we use the height function close to the liquid-
gas boundary to introduce a random measure, defined in detail below, which cap-
tures the long distance changes in the height function, but averages out the local
height fluctuations coming from the surrounding gas phase. This random measure
gives a partial explanation of the nature of the liquid-gas boundary.

1.2. Definition of the random measure. Let I4 be the indicator function for
some set A and denote I to be the identity matrix or operator. Let Ai(-) denote the
standard Airy function, and define

- o0
(1.1) A1, 81512, 80) = /0 e MU + M) AI(G + A) dA
and

€102 (-1 +8) | (m—1)3
(1.2) ! B ol

Panlll ) =l 7o =5

the latter is referred to as the Gaussian part of the extended Airy kernel; see [21].
The extended Airy kernel, A(t1, {1; T2, {2), is defined by

(1.3) AT, 813 12, 02) = A1, 81512, 82) — ey (G, 02).

Let By <--- < BL,, L1 > 1, be given fixed real numbers. The extended Airy
kernel gives a determinantal point process on Ly lines {1, ..., Br,} x R. We think
of this process as a random measure ;i on {1, ..., B, } X R in the following way.

Let Ay, ..., Ar,, Ly > 1, be finite, disjoint intervals in R and write

Ly Ly
(1.4) W)=Y Y wpgligxa,®)
p=lg=1
for x € {B1,...,BL,} x R, where w, 4 are given complex numbers. Then
Ly L
E|:6XP<Z Y wpqrai(iBy) x Ap))i|
p=lg=1

v
=det(T+ (" = 1) A) 1244,....4,, 1xR)

for w, 4 € C, defines the random measure 1x;, the extended Airy point process.
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The positions of the particles in the extended Airy point process can be thought
of as the intersections of the lines {B1,...,Br,} x R with a family of random
curves (a line ensemble; see [12]). If we think of these lines as level lines of
some height function, then wa;i({B,} x A) is the height change in A along the
line {B,} x A. We want to define a random measure in a random tiling of the
two-periodic Aztec diamond close to the liquid-gas boundary which captures the
long distance height differences, and which converges to 1 4;. Take L lines in the
Aztec diamond at distances of order m?/3 from each other, and look at the height
differences along these lines in intervals of length O (m!/3) close to the liquid-gas
boundary. In Figure 2, we see something like long random curves, but the height
differences along an interval in the diamond will come not only from these curves
but also from the smaller sized objects which are in a sense due to the gas-like
features in the background. We expect that these smaller sized objects are much
smaller than O (m!/3), and we further expect that the correlations between these
smaller sized objects decay rapidly. We isolate the effects of the long curves by
taking averages of the height differences along copies of the intervals on M par-
allel lines, with M tending to infinity slowly as m tends to infinity. The distances
between the copies are of order (logm)?, which is less than m?/3, but large enough
for the short range correlations to decay. We will now make these ideas precise and
define a random measure on jt,, on {B1, ..., Br,} x R that we will show converges
to WA;-

The following constants come from the asymptotic results for the inverse Kaste-
leyn matrix for the two-periodic Aztec diamond; see [9] and Theorem 6.1 below.
Let

a
c=——=
(1+a?)
which occurs throughout the paper. For this paper, we fix § = —% 1 — 2c¢ and set
(1= 2¢)3 JT=2c (1—2¢)2
c=—"7, AM=——— and )\.2272.
2c(1 4+ 2c¢))3 2¢o 2ccy

The term £ can be thought of as the asymptotic parameter which puts the analysis
at the liquid-gas boundary after rescaling (along the main diagonal in the third
quadrant of the rotated Aztec diamond). The terms A| and A; are scale parameters,
as found in [9].

We will define discrete lines £, (¢, k), g € {1,..., L1}, 1 <k < M, which we
should think of as M copies of the lines {81, ..., Br,} x R embedded in the Aztec
diamond as mentioned above. Recall that e; = (1, 1) and ep = (—1, 1). Set

B (q, k) =2[Byr2(2m)*? + ki (logm)?]
and define

Lin(g, k) =L (q.k)ULL g, k),
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Lm(q,1)
Lin(q,2)

A2 (logm)?

FI1G. 4. The lines L,(q, 1) to Ly, (g, M).

where, for € € {0, 1},

1
Efn(q, k)= {<2t —&+ 5)61 — Bm(q,k)ex; t €[0,4m] N Z}.
The lines L,,(q, k) are discrete lines parallel to the main diagonal with direction

(1, 1); see Figure 4. Write

Cx

Ly
c, = UZLn@q.h
g=1k=1

and
(1.5) Ln=2L00c),
so that £,, is the union of all these discrete lines. For z € £,,,, we write
e()=¢ ifzeLl:.
Each of the points in £; may be covered by a dimer. When computing height
differences, the sign of the height change as we cross a dimer depends on whether

e =0or 1. Later, we will think of these dimers as particles and ¢ will then be called
the parity of the particle. We think of (z) = 0 having even parity while e(z) =1

having odd parity.
We call a subset I C L,,,(q, k) a discrete interval if it has the form
1
(1.6) 1={(3+1)er = pntg.brenin =1 <no).

where t1, tp € 27+ 1. We denote the height of the face F' by A (F) as defined in
Section 1.1. The a-faces adjacent to the discrete interval / in (1.6) are defined to
be the faces

Fi(I) =ner — Bn(q, ke,
F_(I) =tie1 — Bm(q, k)ea,
which are the end faces of a discrete interval; see Figure 5.
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FIG. 5. The two endpoints of I. F_(I) and Fy(I).

The height difference along I is then
Ah(I) =h(F+(I)) — h(F-(1)).
Write
pm=4m(1+8)],  Talq) =[;r12m)'"].

We want to embed the real line intervals A, = [aﬁ,, a;], 1 < p < Ly, in the Aztec
diamond as discrete intervals close to the liquid-gas boundary. For this, and for
the asymptotic analysis later in the paper, it is convenient to use the following
parameterisation of L,,(q, k). Given z € L,,(q, k), there is a t(z) € [—pm/2 +
Tn(q),4m — py, /2 + 1, (g)] N Z such that

1
(1.7) 7= (pm +2(1(z) — tm(q)) — () + E)el — B (g, k)es.

‘We also write, for s € Z,

1
(1.8) 2y (s) = (pm b5 — 2 (q) + E)el ~ Bula.Dex.

so that £, (q, k) = {24,k (5): s € [—pm +2Tm(q) — 1,8m — pp + 27, (q)] N Z}.
Let

(1.9 Apm={seZ: 2t @m)' ] -1 <5 <2[alp2m) ]+ 1),

The embedding of the interval A, as a discrete interval in L,, (g, k) is then given
by

(1.10) Ipgk =1{2q.k(s);s € Apm}.
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We define the random signed measure (,, on {B1, ..., Br,} X R by

1 M

(LI wn({Bg} x Ap) = 722 D Ah(Upgp)  forl<p=Lyl=g=<Li.
k=1

The height changes between a-faces along a line are multiples of 4. Intuitively, the

factor 4 in the above normalisation ensures that we increase the height by 1 for

each connected component of a edges traversing the two boundaries, which in a

sense are the paths describing the transition between the liquid and gas phases.

1.3. Main theorem. We now state the main theorem of this paper. Assume
that M = M (m) — oo as m — o0, but M(771)(logm)2/m1/3 — 0 as m — oo, for
example, we could take M = (logm)? for some y > 0.

THEOREM 1.1. The sequence of measures {jL,} converges to uaj as m tends
to infinity in the sense that that there is an R > 0 so that for all lwp 4| < R, 1 <
p=Ly 1<q=<Ly,

Ly, Ly
mli_)mooE|:exp<Z > wpgrm({Bg} x Ap))}
(1.12) p=ta=l

= E{exp(i Xl: wp,giai({Bq} X Ap))]-

p=lg=1

In the above equation, the expectation on the left-hand side is with respect to
the two-periodic Aztec diamond measure and the right-hand side is with respect to
the extended Airy point process.

1.4. Heuristic interpretation. The asymptotic formulas at the liquid-gas
boundary for the inverse Kasteleyn matrix, described below, are computed in [9].
These formulas have a primary contribution from the full-plane gas phase inverse
Kasteleyn matrix and a correction term given in terms of the extended Airy ker-
nel. This means that when we consider correlations between dominoes that are
relatively close they are essentially the same as in a pure gas phase. However,
at longer distances the correction term becomes important since correlations in a
pure gas phase decay exponentially. A heuristic description of the behaviour of the
dominoes at the liquid-gas boundary is that the behaviour is primarily a gas phase
but there is a family of random curves which have a much longer interaction scale
than the gas phase objects. Although this is not quite an accurate description of the
boundary, it naturally motivates the random measure u,, defined in (1.11).

In this paper, we do not investigate whether there is a natural geometric curve
that separates the liquid and gas regions. A candidate for such a path, the last tree-
path, is discussed in [9], Section 6, but there are other possible definitions. Such a
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path should converge to the Airy, process. The present work can be thought of as a
crucial step in proving this by providing a specific averaging of the height function
at the liquid-gas boundary which isolates the long-distance correlations. However,
it does not give any direct information about the existence of a natural path that
converges to the Airy, process. We plan to investigate this in a future paper (work
in progress).

1.5. Organisation. The rest of the paper is organised as follows: in Section 2,
we introduce the particle description associated to the height function and the in-
verse Kasteleyn matrix. In Section 3, we state asymptotic formulas and results
needed for the rest of the paper. The proof of Theorem 1.1 is given in Section 4. In
Section 5, we give the proof of lemmas that are used in the proof of Theorem 1.1.
Finally, in Section 6, we give the proof of the results stated in Section 3.

2. Inverse Kasteleyn matrix and the particle process. In this section, we in-
troduce a particle process which will be used to prove (1.12). This particle process
enables the direct use of determinantal point process machinery.

For the two-periodic Aztec diamond, there are two types of white vertices and
two types of black vertices seen from the two possibilities of edge weights around
each white and each black vertex. To distinguish between these types of vertices,
we define for i € {0, 1}

B, = {(xl,xz) €B:x] +xymod4 =2i + l}
and
W; = {(xl,xz) EW:x1 +xomod4d=2i + 1}.

There are four different types of dimers having weight a with (W;, B;) for i, j €
{0, 1} and a further four types of dimers having weight 1 with (W;, B;) for i, j €
{0, 1}.

The Kasteleyn matrix for the two periodic Aztec diamond of size n = 4m with
parameters a and b, denoted by K, p, is given by

a(l—j)+bj ify=x+ey,x €By,
(aj +b(1—)))i if y=x+ep,x €Bj,
Kop(x,y)=13aj+b( —j) ify=x—ey,x €Bj,
(a(1—=j)+bj)i if y=x —ep, x €Bj,
0 if (x, y) is not an edge,
where i = —1 and j € {0, 1}. For the significance of the Kasteleyn matrix for

random tiling models see, for example, [27].
Since the Aztec diamond graph is bipartite, meaning that there is a two-
colouring of the vertices, from [24] the dimers of the two-periodic Aztec diamond
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form a determinantal point process. More explicitly, suppose that E = {e;}/_, isa
collection of distinct edges with e; = (b;, w;), where b; and w; denote black and
white vertices.

THEOREM 2.1 ([23, 24]). The dimers form a determinantal point process on
the edges of the Aztec diamond graph with correlation kernel L meaning that

]P)(ela ceey er) =detL(ela eJ)lSl,/Si’a
where

L(ej,ej) = Ka,b(bi,wi)K;},(Wj, b;).

As mentioned in the Introduction, the derivation for the inverse Kasteleyn ma-
trix, K, ! » for the two-periodic Aztec diamond is given in [10] and a simplification
of this formula which is amenable for asymptotic analysis, is given in [9]. For the
purpose of this paper, we set b = 1.

In order to prove (1.12), we want to write the expectation on the left-hand side
as an expectation of a determinantal point process. For this, it is convenient to
introduce a suitable particle process.

The space of possible particle positions is £, given by (1.5). To a particle z €
L, we associate two vertices x(z) € W and y(z) € B and the edge (y(2), x(z))
between them. For z € £,,, and since each z is incident to an a-face, we let

1
x(z)=z— 5(—1)“%2,

2.1
1 &(2)
Y@ =z+5(=D""e.
This gives the particle to edge mapping
(2.2) Ln3z <«— (y(2),x(z))eBxT.

Using the definitions we see that x(z) € W (;) and y(z) € Bg(;); see Figure 6.

From Theorem 2.1, we know that the dimers, that is, the covered edges, form
a determinantal point process. Hence, the mapping (2.2) induces a determinan-
tal point process on L,,. There is a particle at z € £, if and only if the edge
(y(2), x(2)) is covered by a dimer. The next proposition is an immediate conse-
quence of Theorem 2.1 and the fact that K, 1(y(2), x(z)) = ai for z € L,,,.

PROPOSITION 2.2. The particle process on Ly, defined above is a determi-
nantal point process with correlation kernel K,, given by

Km(z,7) = aiKaj{ (x(z), y(2))

forz,7' € L.
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x(z) € Wy

y(2') € By y(z) € By

O
z(Z') € Wy

FIG. 6. An a-face on a discrete line with ¢(7') =0and e(z) =1, z,7' € L.

Recall the definitions of (1.10) and (1.11). Let {z;} denote the particle process
on L,, as defined above, and let

1 ifzelyqk,

Ipg.k(z) = .
P 0 ifzé¢ gk

be the indicator function for I, 4 x. The change in the height function across the
interval /), ;4 x can be written in terms of the particle process, namely, we have the
equation

Ah(Ipg 1) =4 (=D, 4 (2,

where ) ; is the sum over all particles in the process. From the above equation and
(1.11), we obtain

m({Bg} x Ap) Z Y (=DFET, 4 k().
k 1 i
If we let
M Ly L
Y@= > Y wp (=PI, 4 (2),
k=1 p=1¢g=1
we see that
Ly, Ly

DD wpgnm({Bg) x Ap) me.

p=1g=1
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Since {z;} is a determinantal process on £L,, with correlation kernel K m, We imme-
diately obtain

E[exp(i i wpqkm({Bg) X Ap))}

p=lg=1

=Elew(5; X))
:E[]_[(l + (emV ) — 1))}

i
1 ~
=det(I+ (emV — 1)Ky).
The matrix in the above determinant is indexed by entries of £,,, which is a finite
set. The above formula will be the basis of our asymptotic analysis which will lead

to a proof of (1.12). To perform this asymptotic analysis, we need some asymptotic
formulas which we state in the next section.

(2.3)

3. Asymptotic formulas. This section brings forward some of the key asymp-
totic results for the liquid-gas boundary from [9]. These results are refined specifi-
cally for the particle process introduced in Section 2 and the corresponding scaling
associated to L,,. The origin of these results is made explicit in Section 6.

Let

(3.1) Eur, uz) =2(14+a?) +aur +uy)(ua +uy ),
which is related to the so-called characteristic polynomial for the dimer model
[29]; see [9], (4.11), for an explanation. Write
h(er, &2) =e1(1 —e2) +e2(1 —&1).
We set

1
C=——(1-=+1-=20).
N7

REMARK 1. Note that the quantity C given above is exactly equal to the quan-
tity |G (i)| defined in [9], equation (2.6), that is, |G(i)| = C. We have simplified
the notation since only |G (i)| appears in our computations here and the complete
definition of G along with its choice of branch cut is not necessary.

The full-plane gas phase inverse Kasteleyn matrix is given by

Ki|(x,y)

—h(ex,&y) (ex,€y)

_ h
+al Yuiu,
Xp=y1+l  xp—yp+l1 ’
TR !

Cur,upduy, *  u,

(3.2) __ jlthex, 83)/ du1/ dugae)uz
r r

(2mi)? ui u»
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where x = (x1, x2) € W, and y = (y1, y2) € Bg, with &, &y € {0, 1}, and I'y is the
positively oriented unit circle; see [9], Section 4, for details. For the rest of this
paper, ' denotes a positively oriented circle of radius R around the origin. From
[9], it is natural to write

K, 1(x,y) =Ky j(x.y) —Kp

which defines Ka. The full expression for Kp is complicated; see [9], Theo-
rem 2.3. Its asymptotics is given in Section 6. Since K, 1(x(z), y(z)) = ai, this

leads us to define

Kmo(z,2') = aik 1 (x(2)), y(2)),
33) m0(z, ) N )
K

Con,1(2,2') = aiKa (x(2), y(2))
so that

Kn(z,2)= D (=D’Kus(z,2).

5€{0,1}
For z € L,,(¢q, k), we define
1(2) 1
yi1(2) = o m )1/3,34 =B,

(3.4) v2(2) =€) + Bm(q, k),

¥3(2) = 2((2) — T (q)) + Bm(q, k).

‘We also introduce the relation

1—a
Va2 +1+a—1
| V241 -a)
Jep,60 = _m+a—1 if (e1,82) =(1,0)
V2a(l —a) D
(1 —-a)a
Let z,7" € £, and write x(2') = (x1(z), x2(z")) and y(z) = (y1(z), y2(z)). Moti-

vated by the asymptotic results from [9] (compare [9], Theorem 2.7), we define for
§=0,1,

if (81, 82) = (O’ 0)9

if (e1,62) = (0, 1),

if (81, 82) = (1, 1).

ICm,(S(Z, Z/) = ;iyl(@—x](z/)—leyl @)=y1(2)

(3.5) A1€0aige(z'),e(2)
x CEEHAE =@+ n@-N@R, (2 )
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and

(3.6) Kn(z.2)= Y (=D°Kns(z 7).

8€{0,1}

Km.s(z, 7)) is the object that will have nice scaling limits and that we can con-
trol as m — oo; see Proposition 3.1 below. If z € £,,(¢, k) and 7' € L,,,(¢', k'), a
computation using (1.7), (2.1) and (3.4) gives

24+ x1(2) = x2(2) + y2(2) — y1(2) _
2

(3.7) (7)) = ya(2) +2 —2¢(2)

and
y1(2) —x1(2) = 1 = y3(2) — y3(2) +2¢(2).

Applying these formulas in (3.5) and using the fact that Ajcp = %«/1 —2c, we
obtain

ai , , ,
(3.8) Kins(2,2) = SV T = 2006 60 TH= D@

x CVz(Z)*Vz(Z/)i)G(Z/)*V3(Z)/Cm 5(1, Z/).

From this, we see that

ai ’ ’
(3.9) Kp(z,2) = ?/ 1= 2¢9e().6(:)CE 2 (=D O (2, 7))

is also a correlation kernel for the particle process on L,,. See Section 6 for specific
signposting of where these formulas come from.

The next proposition contains the asymptotic formulas and estimates that we
will need in the proof of our main theorem. The proof will be given in Section 6.

PROPOSITION 3.1. Let z € L,(q,k), z € Lin(q', k') and write t =1(z), t' =
t(z'). Consider Ky, s(z, 7') defined by (3.5). The asymptotic formulas and estimates
below are uniform as m — oo for |t], |t'| < C(2m)1/3,f0r any fixed C > 0 and
1<k<M.

1. Foranygq,q’,
1

(3.10) Km.1(z,7) = WA(BC]/,

¢
A (2m)t/3°

By )(1 +o(D),

t
A1(2m)l/3
where A is given in (1.1).

2. Ifq #4q’, then
1

(3 11) IC (Z Z/) _ 7(]5 ( [/ t
) m,0(Z,2°) = M 2m)1/3 By-By M 2m)3 a0 2m)l/3

where ¢ > 0 is a constant adn ¢5q,,,3q is given in (1.2).

)(1 +o(1))
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3. Assume that ¢ = q' and k > k'. Then there are constants cy, ¢, C > 0, so that

(a)
1 1
1 (logm) /4w (k — k')

X eXp(_4(k - ) (Ai 1;gtm>2)(1 Fo()

if 1t —t] < ca((k — k') (logm)?) /12,
(b)

Kmo(z,7') =

_ 2
B o)
(logm)vk — k' (k—k")\X\ilogm

if c2((k — k') (logm)»)/12 < |t' —t] < ha(k — k') (logm)?,
(c) and

|/Cm oz, z/)| < Ce—cl(k—k/)(logm)z
if It = 1] = Aa(k — kK') (logm)>.
4. Assume that g = q' and k < k'. Then there are constants c1, C > 0 so that
ch O(Z, Z/)| < Ce—cl(k/—k)(logm)z'
5. Assume that ¢ = q' and k = k'. Then there are constants ¢y, C > 0 so that
|/Cm’0(Z, Z/)| < Ce_cl‘t/_”.
4. Proof of Theorem 1.1. In this section we give the proof of Theorem 1.1
relying on Proposition 3.1 and Lemmas 4.1 and 4.6 whose proofs are deferred to
later in the paper. To prove Theorem 1.1, we analyze the right-hand side of (2.3)

via its cumulant or trace expansion. Since K,,, given by (3.9), is also a correlation
kernel for the particle process, we have

det(I+ (e3V — 1)Kp) = det(I+ (¥ — 1)Kp).

For |w, 4| < R with R sufficiently small, we have the expansion
logdet(I + (eﬁw — D)Em),,

1 (— 1)r+1

4.1 _ Z Z

S g T ),

O+t =s
el yyyyy Zrzl

For a simple proof of this expansion see, for example, page 450 in [6]. Since L,,
is finite we have a finite-dimensional operator, and the expansion is convergent if



2990 V. BEFFARA, S. CHHITA AND K. JOHANSSON

R is small enough. Note that, a priori, R could depend on m. It is a consequence
of the proof below that we are able to choose R independent of m.
Since all the discrete intervals I, , x have disjoint support,

M L, L

(4.2) Y@ =) Y wh (—D¥DI, 44 (2),

k=1 p=1¢g=1

for all / > 1. In what follows, we use the notation j € S” to denote the sum over all

J1,--., jr € S for some set S and we assume the notation to be cyclic with respect
to r, thatis j-+1 = ji. Also, we use the notation [N] = {1, ..., N}. Thus, we have
from (4.2)

tr(wele e weer)
IO DD DD DI | LT PCa b

Z€(Lm)" ke[MY PE[L2) Ge[L] i=1
X Ly i ki (Zi)Km (i Zit1)

=Y Y Y X I cn

€€{0,1} ke[M]r PEL2]" g€lL1]" i=1

(4.3)

,
&i
x Y 1 gk @OEm i zig )

ze(Lpy)"i=1
Here, Hf, .k is the indicator function on £, for the set
I;,q,k ={zel, g1 e) =¢}

for & € {0, 1}. Write Ky = Y 5¢10.1)(—1)°K.s, similar to (3.6), and plug it into
(4.3) to get

tr(Y 1Ky - Y Ky)
= Z l_[( DR Z Z Z prq( DX

(4.4) 3e{0,1) i=1 ke[M]r PEIL2Y GE[L1Y i
r

3 T gk @By @i zin)-
ze(Ly) i=1

In order to carry out the asymptotic analysis, we will split this trace into four parts.
Let

Dy ={0,1}" x [M]" x [L2]" x [L1]".
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Define
Dyo=1{0.k,D,9) € D;;8; =0, ki = kit1, pi = pi+1
and g = qi41,1 <i <r},
Dy1=1{0,k,p,9) € Dy; 8 =0,q;i =qit1 for 1 <i <r
and p; # pi41 for some i},
Do ={(5,k,D,q) € Dr; 8 =0,q; = qi+1, pi = piy1 for 1 <i <r
and k; # ki1 for some i }
and
Dy3=1{,k,p,q) € D;; 8 =1 or q; # qi+1 for some i}.
Then we have D, = D, oU D, 1 U D,.» U D, 3. Introduce
.
Ti(m,r,)= Y. ]_[( phe 3 Jwh (=D
“s) ze{0,1)" GEp.DeD,;i=!

-
Xy T1I ks @B i zien),
Ze(Lp) i=1
for 0 < j < 3. Then, by (4.1) and (4.4) we have
logdet(T + (ew —DKy) = Z Uj(m),

where we define

o0 s 1 7
>’+ Tj(m, r, 0)
(4.6) Ujm =Y i > i >
s=1 r=I1 bi+tl=s Lrrerfre
Ogelr>1

Our goal is now to show that U (m) tends to zero as m tends infinity for j =0, 1,2
and then to compute the limit of Uz(m), which will give us what we want. The
proof of Up(m) tends to zero as m tends to infinity is rather involved and requires
a separate argument. We formulate it as a lemma but postpone the proof until
Section 5.

LEMMA 4.1. There is an R > 0 such that limy,_, oo Uy(m) = 0 uniformly for
lwpql < R.

Recall (3.9) and define

4.7) P, 0) = ]"[ G T e 1) Hteig gi,514, CETEHIT2,
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Then we have

Tjm,r,0)= Y P@EO Y  [[whi, D"

£e{0,1}" (.k,p,q)eD,,; i=1
r
x0TI gk @Ko s i zig1),
Ze(Lp) i=1
for j=1,2,3.
Recall (1.7), (1.8), (1.9) and (1.10). Define

1
2g k(1) = (pm +2(t — tn(q)) — & + E)el — Bm(q. ke
and

(4.8) Apm={t € Z: [l 11 2m)'P] <t < [af 11 (2m)'P]},

[

where we recall the notation A, = [«),,

oe;] forall 1 < p < L,. Then we can write
& & .
Iy ok =120t € Ap o}
Hence, we can also write

r
Sr(gs gs E’ ﬁ7 q) = Z HH;l'i,ql',ki (ZL)ICm,S, (Zl7 Zl+1)
ze(Ly) i=1

,
(4.9) = > [Ty @K s, (20 4, 1) 20 4 i)

tezri=1
r .
= /]Rr drt l_[ ]IAP,‘,WI ([ll])lcl(,:l?g’g’ﬁ’q(tl k) tl+1)v
i=1
where

Ko s 1) = Koma (24, (00 257, (D)

With this notation, we see that

.
4.10) Tjom.r.0)= > P@E0O Y. J[wh, D%S(.5.kP.9
£e{0,1}" .k, p,9eD, ;=1

for j=1,2,3.

LEMMA 4.2.  There is an R > 0 such that, for j = 1,2, lim;, o U;j(m) =0
uniformly in lwp 4| < R.
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PROOF. Consider j = 1 so that (8, k, D,q) € Dy1. There is an i =i; such
that p;, # pi,+1 by the definition of D, ;. We have §; = 0 for all i. Hence, by
statements (3) to (5) in Proposition 3.1, we have

(i1) - —c1(logm)*
|Km,§,3f,§(t” s tzH—l)’ <Ce

since |tj, 41 — t;,| > C m!/3—note that the real estimate in the above inequality is

actually less than or equal to Ce=<""" but we do not need this here. All the other
K@ factors in the integrand in (4.9) can be estimated using statements (3) to (5) in
Proposition 3.1; to make this argument very precise, we can use the same type of
change of variables (4.11) below, we omit the details. From this, we see that

1S,(8,8,k, P, )| < C'm* e (logm)*
Consequently, by (4.10), since | P (g, £)| < C”,

ITj(m. r, ©)] < C"M" RS m?/3¢=c10ogm)?,
We can use this estimate in (4.6) to see that

(CM)rm2/3e—cl (logm)?
el 0,)

o0 Rs N 1
Uiml=) 3527 2
s=1 r=1" L1+-+L,=s
O1elr>1

o
< Cm2/3e—cl(10gm)2 Z(CR)S < Cm2/3e—c1(10gm)2

s=1

provided that R is small enough. Here, we used the fact that

1 1\
— < — =e.
. Z 61!---&!_(26!)
|+l =s (=0
Liyenny £,>1

We next consider j = 2 so that (8, k, P, q) € D, ». We cannot have k; > k; 41 for
all i since it violates the cyclic condition. Hence, when estimating the K in the
integrand in (4.9), we have to use statement (4) in Proposition 3.1 at least once.
We now proceed in exactly the same way as above to prove that Up(m) — 0 as
m— oo. [J

It remains to consider Us (m). This means that we need to control S, (¢, 3, k,
D, E_) in the case when (8,k,p,q) € D, 3. There are two sub-cases, for a given
(8,k,P,q) € Dy3:

1. if §; =1 for some i, we define i1, by §; =---=68;,-1=0,68;, =1,
2. if §; =0 for all i, we define iy by g1 =--- =¢qi, # qi;+1-
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Such i1’s always exist by the definition of D, 3. Define d;, 1 <i <r, by

r2m)'? if gi # qiy1 or & =1,
di = (logm)r1,/|kit1 — kil if 6; =0,q; =qiv1, ki #kiy1,
1 if8; =0,q9; =qi+1, ki =ki11.

We now introduce new coordinates in (4.9) by

T :til/dily
T = (liv1 — 1;)/d; ifi > 1,

4.11) {

recalling that the indices are cyclic. The inverse transformation is
i
ti=1(7T) = Z dj‘L’j
j=i

fori; <i < iy + r. After this change of variables, we obtain
r
S, (5.5.k.9) = fR T 1‘[l Lo, (D] i) 52 (1), 1141().
1=
The next lemma gives a bound on ;.

LEMMA 4.3. There is a constant C > 0 such that
’Sr(§$ ga E’ ﬁv q)’ S Cr
forall (£,8,k,q) € Dy3 and % € {0, 1}".

PROOF. If §; = 1, then statement (1) in Proposition 3.1 gives

£ (T) ti+1(T) )‘

@ (Tt (T 1 .
|dl]C kq(tl (f)’ tl+1(f))| = C‘A</3Qi’ M(zm)l/yﬁqiﬂ’ Al(Zm)1/3

m,e,0,k,

Similarly, if §; =0, g; # g;+1, then

’

1 (7) ti+1(T) )
A @2m)37 i (2m)l/3

by (2) in Proposition 3.1. Furthermore, we obtain the following estimates for §; =0
and g; = qi+1:

o If ki > kiy1 and |7;| < c2((kj — kiz1)(logm)?)'/2, then

KD 6011 ) = g,

. L
|di’C’(12agjﬁ(ti (), tip1(D))| < Ce 7,

where ¢} > 0, which follows from statement (3)(a) in Proposition 3.1.
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o Ifk; <kipr,ork; >kiy1and |ti| > ca(lki — kit1 |(logm)2)1/2, then
@) = = —c1 ki —ki11|(logm)?
i C,y) 5 7.2 (1 (D1 11 ()| < Cemerllizhimllioem”,

which follows from statements (3)(a), (3)(b) and (4) in Proposition 3.1.
e If k; = ki1, then

|dilcf:;?ag’zﬁ(li (@), tir1(D)| < Ce 111,

which follows from statement (5) in Proposition 3.1.
If we use these estimates and the fact that |z;| < C m'/3 forall 1 <i <r, we get
the bound on §,. O

We can now prove that we have a uniform control of the series defining U3 (m).

LEMMA 4.4. The series (4.6) defining Uz(m) is uniformly convergent for
|lwp 4| < R if R is sufficiently small.
PROOF. It follows from (4.6), (4.10) and the bound in Lemma 4.3 that
IP & 0

CEES S0 3D SD o s D SR o

Li+-+L,=s2€{0,1}" (6,k,p,q)eDy3
O1enly>1

< iR_S i(CM)r <00
o MS 1
s=1 r=

if lwp 4| < R, and R is sufficiently small. [

Let
Y= (. k. 7.9 € Dy ki #k; forall i # j)
and write
(4.12) Q@) =P, (1,...,1)
with the vector (1, ..., 1) having length s. Define
(— 1)s+1
Ut (m) = Z > 26
s=1 5e{0, 1)

(4.13)

x oy ]‘[(—1)5iw,,[.,ql.ss(§,3,%,ﬁ,g).

8.k, p,q)eD;} 4 i=1
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LEMMA 4.5. There is a constant C > 0 so that for |wp 4| < R, with R suffi-
ciently small,

C
U3 (m) — U3 (m)| < I

PROOF. The same argument as in the proof of the previous lemma shows that

2 2 g

l1+-+L,=s€€{0,1}"
Liyenny l,>1

1 s 1( l)r-H

iz

P(s E)

X RS SZ 1chr C

=29 2

If r =5, and k; = k; for some i, j, then the number of elements in Dy 3 is less than

CM*~! and we use the same estimates as used in the proof of the previous lemma.
O

r

Since M tends to infinity (slowly) as m tends to infinity, we only have to con-
sider U5 (m).

Given (3, k, P,q) € Ds 3, welet 1 < jj <--- < j, <s be the indices i where
8i=1,0r 6 =0 and ¢; ;éqH_]. Letly=j1—jr+s, a=jo—j1, ..., &y =
Jr— jr—1. Weseethat ; >1and £ +---+ €, =s. Also, j,=j1+s5s — €1 <5,
which implies that j; < ¢;. Hence, given £1, ..., ¢, with €1 +---+ £, =5, ¢; > 1
forall 1 <i <r,and j; with 1 < j; < ¥, we can uniquely reconstruct ji, ..., j.

Write J = {ji,..., j-} and J' =[s]\ J. Then, using (4.9), we have

SESEPD= [ dF HHA,, HE@OD 1K 57 6@, 111@)
iel
X g d; KZ?E,E,E@(I" (), ti41(7)).
l

Note that [#;(T)] € A, ;» means that
[, 212m)'P] < ti(1) < [orh, A1 (2m)' 7],

Dropping the integer parts gives a negligible error and this is equivalent to
t (r)/)»1(2m)1/3 € Ap,, where A), = [al a;,i]. By statement (3) in Proposi-
tion 3.1, for i € J' and |7;| < c2(logm)'/®,

)

1 5
\/Ee 4 (1+0(1))]Iki>/<i+1

ik 5o (D). 1i41(D) =
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as m — 00. Write

(4.14) Bo(B.&:B'.E)=dpp(5.8)
and

(4.15) Bi(B.&; B &)= A(B.& B E).
Then, for i € J and |t;(T)|, |t;+1(T)] < Cm'/3

AL 5 5 0P 100 ) = B (B 0 st By o s ) (1 0(D)

as m — 00. Note that

(%) ol

mh_)moo —)»1 2m)173 = mh_)moo Z —Al(Zm)1/3 j= ]Z,:l Tj
jeJ

forij <i<i|+s.
It follows from the above asymptotic formulas and the estimates in Proposi-
tion 3.1 that

mleoo Ss(€,8,k,p,q)

_/rndr]H]IAp< lz rj)

jeJ i=1 j=i1,jeJ

i i+1
ansf(ﬂqi, TS )
icl j=i1,jel j=i1,jed

(4.16) 2
X Hﬂki>kz+1\/_/ drie” *

ieJ

~ [Tt [, Tan T, (2 )

ieJ' jeJ i=1 j=i1,jeJ

i i+1
<TUos(fur 2 i 3 1)
ieJ j=itjeJ Jj=itjed

Note that a nonzero right-hand side in (4.16) requires p; = pj, for jo <i < jut1
since otherwise

{1t ( % o)

Jj=i1,jeJ
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By the definition of j,, we have that g; = g, for ju <i < ju+1. Note that the limit
in (4.16) does not depend on . We have, for fixed 8, ¢, which determine J and J',
that

mhﬁmoo— Z ]_[ L > ki) = IREYAE
ke[Mm]siet’ g
Thus, after an analogous change of variables to (4.11), we get

N
lim — > [[(=D%wp, 45,8,k 7,9)

(6.k,p.geD} 5 i=1

4.17) =Y > Ell_ > > X l_[( DRIV

! PElL2) gelL1] 5ef0, 1} i=1

,
x /R dTE T Lay, () By, By 13 By 4.
i=1

where the ¢ factor comes from the £; possible choices of j; as discussed above.
By symmetry, we see that we can replace

3 G (=D’
il =s £yl 4,!
01,0 ly>1
on the right-hand side of (4.17) by

! (G4 L)1 (1) 5
> = = 2.

T o tt=s £y, r €1+~~+€r=s£1!"'£r!
L1yens £>1 ly,...,0,>1
Thus, we find that
1 o
lim —— Z 1_[( 1)5 wpl qi (8 8 k P Q)

(6.k.p.q)eD;} yi=1

I SL=UM SRR n
o [f"'te’:lsEl!mer!?e[b]r LT
1seees r=

r
x fR dE Ly, Ay, 153 By fi4).
i=1

since A = —Bgy + By from (1.3), (4.14) and (4.15). In order to get the limit of
U3 (m) in (4.13), we need the following lemma, which we will prove in Section 5.
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LEMMA 4.6. We have that

>, 0@ =(-1)"

ee{0,1}s

Thus, using the estimate in Lemma 4.3, we see that, provided |w 4| < R with
R sufficiently small, we can take the limit in (4. 13) and get

(— l)rl
Jim U3(m)—ZZ Z XA Z Z 1_[ Wi i

s=1r=1 Ot tl=s i 4! pelLy) gelL,) i=1
Opyelp>1

’
X - d't l_[ ]IApi (ti)A(,Bq,' > lis ,BC[H_I P ti—i—l)
i=l1

v
= logdet(I + (6 - 1))L2({,31,...,,3L1}XR)’

where V(x) = Zp | L_l Wp, q]I{gq}XA (x) as defined in (1.4) for x € {81, ...,
By} x R. This Completes the proof of the theorem.

5. Proofs of Lemmas 4.1 and 4.6. In this section, we will give the proof of
Lemma 4.1 followed by the proof of Lemma 4.6. These were both stated without
proof in Section 4.

Before giving the proof of Lemma 4.1, we recall notation and give some pre-
liminaries. As in Section 4, we assume that the notation is cyclic, that is, z, 41 = 21
in all products of size r. Note that since K,, o is related to Ky 0 = aiKl_’i by a
conjugation [see (3.3), (3.8) and (3.9)], we have

(5.1) [1&m0Gi.zis1) =[] aiK] | (x@ig1). ().

i=1 i=1
Let t =1(z), t' =1(7), e = ¢(z) and &' = ('), where z,7' € L,,(q, k). From
(3.2), we see that

_ jlth(er.e2) du1 duy
K} (). @) = - [ e

Cri)?
Sué_h(sss ) + al*é‘ulug(eva )

up Jrp u2

a
X

@)=y @+ xE)—yp@+1 "
Clur,upu, ° U,
Now, we have x3(z") — y2(z) =2t —t) — 1 +2e and x1(Z') — y1(z) =2(t' — 1) +
1 —2¢’ by (1.7) and (2.1). Define

h(e,e)
ai du
ga,e/(t) = . /

Iy

(2mi)? u

(5.2)

lh h
duza u —1+e+e’ uy (68)+a1 e ei-i-s (e.€")

X

r, Uz Cuy, up)(uiuz)'+
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It follows that

aiK || (x(2). y@) = Geor (¢ — 1)

and consequently
r r
(5.3) 1_[ Km,0(2i, Zit+1) = 1_[ Gervein tiv1 — 1)
i=1 i=1
if z; € L,,(q, k), e = e(z;) and t; = 1(z;) for 1 <i <r. By making the change of
variables u| = u, u» = w/u in (5.2), we obtain

ail&) fee (@) dow

271 Jry o w

(5-4) ge,e’(t) =

where

1 du asM—2(1—5)(1—8’)0)1—8—}1(8,8/) +a1—8u285’wh(£,8’)—8

(5.5) fs,s/(w) = —

2miJr, u c(u, w/u)

We have the following lemma.

LEMMA 5.1. Let f; o/ (w) be defined in (5.5). Then we have the relations
Jo,0(@) = fi,1(w)

and
afo.0(@) — a*(foo(@)* + fo1(@) fio@)) =0.
PROOF. From (3.1), we have

c(Wu,w/u) = %(u2 +(14+2a+1/a)o+ a)z)u + w?)

= %(u —ri())(u — r(w)).

The term in the parenthesis on the right-hand side of the first line of the above
equation is a quadratic in # and the second line gives the factorisation into two
roots, 71 (w) and r2(w). We have that r| (w)r2(w) = @? and so for w € T, we choose
[r1(w)| < 1 and |rp(w)| > 1.

Making the change of variables u > /u for f, ./(w), defined in (5.5), gives

f - 1 du aswl—a—h(s,s’)u—(l—s)(l—s’) +a1—8u88/wh(6,8’)—8
@D=s= — -
e 27i Jr, u E(u, w/Ju)
1 as—1a)Z—h(s,s’)—su—(1—5)(1—5’) +a—8u8£’wl+h(s,£’)—8
— du

~ 271 Jr, ( —r1(@)(u — ra(w))
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In the above integrand for (g, ¢’) # (0, 0), then (1 — &)(1 — &’) = 0 which means
that there is only residue at u = r1(z). This is easily computed and gives

aa—le—h(e,s/)—a +a~tr (a))sa/wl-i-h(s,s/)—a

ri(w) —r2(w)
For (e, &") = (0, 0), there are residues at u = ri(w) and u = 0 which give
a lo*ri(w) '+ o alw?
ri(w) —ra(w) ri(@)r(w)
ri@r (@)@ 'o’ri(@) " + o) +a” ' (1 () — )
B r1(@)r2(0) (11 (@) = r2())

a_lrl(a)) +w

) —n)’
where we have used 1 (w)r2(w) = w?. We have arrived at

fs,e’(w)

(56) — (aé‘—]rl (w)(l—s)(l—8’)602—2(1—8)(1—8,)—]’1(8,8,)—8

+ a_sa)l”’(g’g,)_grl (a))“/)/(rl (w) — r2(w)).

Using the above equation, the first equation in Lemma 5.1 immediately follows.
For the second in equation in Lemma 5.1, using (5.6) we have

afo.o(w) — a*(fo.0@)? + fo1(@) fi.0())

_ a_lrl(a)) +w

=a
ri(w) — ra(w)

a2

(@) —r2()?
2a%2w? + arj(@)w + ary(w)w + aw® + aw + r1 (©)r(w) + w?
- (r1(@) = r2())?

B wQa’w + a(ri () + ) + 0* + 1) + 2w) B
o (r1(@) = r2(w))? N

where we have used r| (w)r (w) = ?* and ri(w)+rn@ =—0+4+2(a+1/a)w+
w?) as required. [

(@ 'ri(@) + 0 + (@ 'o+0?)(1+a o))

0,

The next lemma expresses the exponential decay of correlation in a pure gas
phase.
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LEMMA 5.2. There are constants C, c; > 0 so that
{gs,s/(t” = Ceicllll
forallt € Z and g, &' € {0, 1}.
PROOF. We see from the proof of the previous lemma that f ./(w) is an ana-
lytic function in the neighborhood of the unit circle. Let # > 0 and take r > 1, but

close to 1 so that f; o/(w) is analytic in {w : 1 < |w| < r}. We see from (5.4) and
Cauchy’s theorem that

a
|ge,s/(t)} = 2—

fs,s’(w)d_w‘ < C
w |~ rt

Ift <0, we take r < 1 instead. [J
We are now ready to prove Lemma 4.1.
PROOF OF LEMMA 4.1. Let (8,k, D, q) € Drosothat; =0, p; = p, i =q,

ki=k,1<i<r.Thus,

M Ly Ly

To(m,r, £) = Z H( 1)tei Z Z Z ng_..,_,_gr

k=1 p=1g=1

< 30 10w GoaiKy (x @i, y (@)

ze(Ly) i=1

by (4.5) and (5.1). Recalling the definition of A, ,, in (4.8) and using (5.3), we
have that

Z l_[H?,q,k(zi)“in,ll(x(Zi+1),y(Zi))

Ze(Ly) i=1
.
=Y T34y ) Gerei1 i1 — 1)
tezri=1

With the above equations and (4.6), we obtain

L, Ly /oo w? s (_1)r+1 1
vom =M Y 3 (X ey CU5 v
p=1g=1 \s=1 r=1 i+ tLlr=s I "
(57) O1yeilr>1

x Z 1‘[( 1)“121‘[1[/4”(:1)%, eipt (lix1 — )>.

teZr i=1
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The result of the lemma now follows from (5.7) and the next claim, since we get
the estimate

C
U —.
|Uo(m)| < I

CLAIM 1. There is a constant C and an R > 0 so that

> Z“V“ D

I
tytty=s C1
l1,..,0,>1

> Y TTED T4, m (1)Gey ey (ti1 — 1)

ee{0,1} rezr i=1
C

M2
for\w|<Rand 1< p <L,.

(5.8)

A

PROOF OF CLAIM 1. From (5.4), we see that

(5.9) Geo (1) = ai" ™) f, (1)

for t € Z where f; ¢ (1) 1s the tth Fourier coefficient of f; /. Thus, we have

T4, m @ Ger iy i1 — 1)

teZri=1

r r
= [Tai" 0 3" T LA, (ti) fererr (tie1 — 1),

i=1 teZri=1

Using properties of convolutions of Fourier coefficients, we have

Z 1_[ fs, €,+1(tl+1 )

=3 ferier - For 1.6ty — 1) Foy o (01 — 1)

t,€Z

=3 feries - For1.6) ) Foyo (1)

ty€Z

= (feres~ Jor1.6)(0)

: / 91T foorr @)
= — —_— . o, w
27_[1 1"1 © e Ei&i+1
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for r > 2. Thus, for r > 2 we have

[Apml
271 Jr, o

r
Z HHAp,m (ti)fsi,e,~+1(ti+l - ti) -

teZr i=1

H fsl gixl (w)

r

(5.10) =2 ]IApm(ll)(H Lap. () — ) [1 e (i — 1)
v/ -1
=2 ]IApm(ll)(Z Tng (1) )) [ ceelini=
tezr

by Lemma 5.2 and equation (5.9).
Introduce new coordinates s1 =1, 5; =t — ti_1, 2 <i <r. The inverse is

J
tj ZZS,‘
i=1

so we get a bijection from Z" to Z". We see that the right-hand side in (5.10) is
less than or equal to

r r
Cr Z ]:[Ap.m (Sl) (Z I[A([‘),m (sl + tet + s])) l_[ Ce_cl Z;:Q Isil_cl ‘52+“.+Sr|

seZ’ j=2 i=1

.
_ 5L yor .
=C"y > > Lapm(sDLag , (s14-0)e 2lol=2 X lsil

j=20,51€Z s53,...,8 s €L

§2++8j=0
p
r ~%o] ~ G (Isalt+lsr D
COF Y Uiy o140 Bl T it
j=20,51€Z 82,00y Sp EL
_a
<C" Y Ia,,(s0)lag, (s1+0)e 2ol < ¢

0,51€ZL

Thus, we find

’ ~ |Apml [ do - r
GAD (Y [0y @) feiiny Cip1 —1) =2 | — [ ferer (@) = C".

feuri=1 i o

Write

w' 1 i f
Bi=Y an 2 DT, (e L 0)

s=1 “e1€{0,1) 1 €7

w A dow
YLy el f —ai"®r ) gy (@)
- 271 Jr, o

T e1€{0,1}



AIRY POINT PROCESS AT THE LIQUID-GAS BOUNDARY 3005

and
> (— 1)’+1
D I 3 TRAID DD
s=2 r=2 eé;k:::-zzr;ls teeedr! ze{0, 1} rezr

.
g (i giv1) £
x [T(=D% 14, (t)ai" D fo ot — 1),

so that the left-hand side of (5.8) is |X| + X>|. Now, using (5.11), we see that

o W (=D 1 |Ap.ml
To-Y — > Yoy Leml [ E2
et Ms = r Tt =s )0, (01} 271 Jr; o

,
% 1_[(—l)zieiaih(ei’8i+1)fgi,gi+1 (@)

i=1

00 s S r X ps s
|w C R°C C
Z |Z ) = =92
£q1---¢,! MS M
s=2 r= 2 L1+l =s s=2
1,0 lp>1

if R is sufficiently small. Thus,
|21 + 2o
Z z I R
£1! (01} 2riJr,

Ol =
(5.12) by 4215

( 1)r+1

% l_[( 1)5 Szalh(Sz 8'+l)fg, €z+1(w)

i=1

Let F,, = (Fy(e1, £2))0<¢;,6,<1 be the two-by-two matrix with elements F,,(¢1,
&) = ai e £, . (w) for 0 < &1, < 1, and let (1) = (—1)°!. Then the ex-
pression between the absolute value signs in the right-hand side of (5.12) can be
written as

|Apm| (= 1)r+1
i Jr, o Z MS Z
(5.13) , ,
X Z Wtr(n IFw"'T]er).
L+ +Ll=s r
Oy, 8>1

Here, we view F,, as an operator with kernel F,, and on functions {0, 1} — C, that
is, the trace is for a product of two 2 x 2 matrices. The expression in the integrand
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above is a cumulant expansion of logdet(I+ (e% " —1)F,). This means that (5.13)
equals

[Apml dw w
—_— — log det(I M —1)F,
271 Jr, w % e( —|—(e ) w)

provided that R is small enough. The above determinant can be written explicitly
and is given by

det((l <1)) +(((eﬂy—1)afo,o<w> (eM — 1)aifo,1(w)>>

0 e ¥ —1aifiow) (e7% — Dafii(o)

= (14 (¥ = afoo(@)(1+ (7 — D)afi ()
+ (e — 1)(e™ 3 — 1)a® fo.1 (@) fi.0(@)

=1+ (el — Dafoo(@) + (e — 1)afi,1()
+a*(2— el —e W) fo o) f1,1(®)
+a*(2— el —e W) fo 1 (@) f1,0(@)

=1+ (el —1)afo (@) + (e — 1)afoo(w)
+a*(2— e — e ) fy o(w)?
+a*(2—eM —e M) fo 1 (@) f1,0()

=1+ (el — 1)afoo(@) + (e~ — 1)afoo(w)
+a(2—el —e7H) fo (),

where the third equality follows from the first relation in Lemma 5.1 and the fourth
equality follows from the second relation in Lemma 5.1. We conclude that

det(I 4 (e3" —1)F,) =1

and so we have shown that |X| + Xp| < C/M 2. This proves the claim. [
The proof of the claim concludes the proof of Lemma 4.1. [
We now give the proof of Lemma 4.6.

PROOF OF LEMMA 4.6. We have that from (4.7) and (4.12)

- > ai L
Q(E) = P(g, 1) = 1_[ 5\/ 1 — 2Cg81,8i+168’+81+] 2.
i=1
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From this, we see that the left-hand side of (4.6) is the trace of the sth power of a
two-by-two matrix where the (¢; 4+ 1, &2 + 1)th entry is

i\/1 —2C g6
a 2 C2—81—82

for €1, &2 € {0, 1}. These entries are simplified using the expressions of g, , and
C given above. Thus, the two-by-two matrix has the explicit form

1 ( 1 ai
—(1+ )
2 Var+1 12\/c12 +11

ai
S — N + JE—
2va? +1 2 2Va’>+1

which has eigenvalues 0 and —1, as required. [J

6. Proof of Proposition 3.1. In this section, we give the proof of Proposi-
tion 3.1. In order to give this proof, we rely on various results from [9] which are
recalled below.

Let ay, oy, By, By € R, ky, ky € Z and fy, fy € Z*. Set

x = (pm +2[ax k1 2m) ' P])ey

— (2[Ber2(@m)*3 + kyra(logm)?])er + fr,
y = (om + 2[ayr12m)?))e;

= (@Byr2@m)* + kyhatlogm)*l)es + fy.

From [9], Theorem 2.7, and its proof, we have the following.

6.1)

THEOREM 6.1 ([9]). Assume that x € W, and y € Bg are given by (6.1) with
ex, €y € {0, 1}. Furthermore, assume that |ox|, |ay|, |Bxl, |Byl, | fxl. | fyl < C for
some constant C > 0 and that |k|, |ky| < M. Then, as m — o0

Ka(x,y) = iy‘_xl“CMCogsx,eye"‘yﬁy_“"ﬂ*_%(5;_‘3.3)

(6.2) Lo
x (2m) 73 (A(Bx. ax + BY: By, aty + By) + 0(1)).

Also, as m — o0,

_ o —2—x1+x2+y1—» _ _2/83_a3
K j(x, ) =15 HC T gy, o e PP S

(6.3) ]
x (2m) 73 (bp, p, (@x + Bis @y + B7) + o).

REMARK 2. The difference between the above version of the theorem and
the statement given in [9], Theorem 2.7, is that there is a positional change of
the vertices x and y by at most |k, A2 (log m)?| and lkyAa(log m)?| and the reverse
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time orientation, which simply consists of the change B, — — By and By — —B,.
By comparing the statement of [9], Theorem 2.7, and Theorem 6.1, the positional
change affects the exponent of C and the error term, where we remind the reader
that |G (i)| in [9] is equal to C in this paper.

More explicitly, this positional change only alters the Taylor series computation
of the ratio Hy, 1 x,(w1)/Hy, y,+1(w2) using the local change of variables [9],
equation (3.22), where H,, x,(w) is defined in [9] and x = (x1, x2) and y = (y1, y2)
are as defined in (6.1). Catering for this alteration immediately gives Theorem 6.1.

As given in [9], (4.20), define

_ 1 /‘ du duy 1
k’l_(27ri)2 ryouy Jryoua Euy, u)ukub

Then (see [9], equation (4.22)), for x e W, y € Be,s

(6.4) Kij(x,y) = =i o) @ By ) a0 By 1),
where
x—y2—1 x2—y2+1
klzf‘kh(é‘x’é‘y% ky = ) — h(ex, ey),
(6.5)
yi—x1—1 yi—x1+1
1=, lp="——-——.
2 2

From [9], Lemma 4.6 and Lemma 4.7, we get the following asymptotic formulas
and estimates.

LEMMA 6.2 ([9]). Let Ay, By, m > 1 be given and set b, = max(|A,, 1, |Bml),
and let ay, = Ay, if by, = | B, and let ayy = By, if by, = | A |-

12
1. Assume that b, — 00 as m — o0 and |a,,| < bz,,/ for large m. Then there
exists a constant dy > 0 so that
EBytAm.Bu—An

V=2 aj _
(©0 _ (Dt R (14 06 ) + 0t ))

2(1 +a?)(1 — 2¢)1/4 /27 chy,

as m — oo.
2. Assume that by, > 0, m > 1. There exist constants C, d;, d> > 0 so that
C b (=i | gy
(6.7) |EByy+ Ay, Bu—An | < —WC " (e 4 emR0m)
m

forallm > 1.
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Motivated by (6.4) and (6.6), we define

ki — 1 ki + 1
Am’,’= ! ! and Bm,i= l—; d

for i € {1, 2}. It follows from (6.5) that
~ x1@) +x0@E) = (1) +320))

2Am; = — (=1)'h(e(2), e(2)),
6.8) 2
2By = x2(2') —x1(2) ; 01G) = »@) (=D (1 = h(e(2), ().

If we have z € L,,(q,k), 7 € Ly(q' k), t =1(2),t' =1(), e =¢(z) and &' =
£(z'), then using (1.7) and (2.1)

2Ami =2(t' — tw(q))) — 2(t — T (@) +2(e — ') — (=1)' (e, &),
2Bni=PBu(q. k) — Bulq' . K)+e+& =1+ (=)' (1 —h(e,&)).

We are now ready for the proof of Proposition 3.1.

(6.9)

PROOF OF PROPOSITION 3.1.  To prove part (1) in the statement of the propo-
sition, we apply Theorem 6.1. By comparing (1.7) and (6.1), y = y(z), we see
that

t—1tn(q)

“=hamns M =

if ze€ L,,(q, k), t =t(z), where we have disregarded integer parts. Thus, we have

t 1
W'Bq - 5,33 =71(2)
by (3.4). Using (3.3), (3.5) and (6.10), we see that part (1) in the statement of the
proposition follows from (6.2). Similarly, part (2) in the statement of the proposi-
tion follows from (6.3).

We now consider part (3) in the statement of the proposition, that is, g = ¢/,
k > k’. From (6.9) and the definition of B,,(g, k), we see that

2
(6.10) oy By + gﬂﬁ =

1 A
By = (k — K')a2(logm)* + S(e+e + (D1 = h(er,e2)
so By, ; > 0 if m is sufficiently large. Also,
Api=t —t+e—¢,

since £, (') = ty(q). Assume now that |t' — t| < c2((k — k’)(logm)?)7/12. Then
bm,i = |Bm,i| and
7/12

|am,i| = |Am,i| < bm,i s
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for large m if ¢ < 1. By (6.6),
£ 3 (—1ki clm.i
Sl T+ a?) (1 = 20) V4 2w chy

T A B 1/6
x (e % i (14 0(b,, ) + 0(e7bni)).

Note that

VI=2c A, )»%«/1—26( t
2¢c  Bpn;  2ch(k—k)\rilogm  Ajlogm

f+mn

and that

t'—t 5
A1(2m)1/37e
since |t' — t| < Cm'/3. We can now use (3.3), (3.8), (6.4) and proceed as in the

proof of [9], Proposition 3.4, and this will give part (3)(a) in the proposition.
We turn now to part (3)(b) in the proposition. Consider (3.8) and note that

6.11) |m&ﬁ—m@n=‘ <c

P =1@+2-26 _ o301 =0@)n@=y1(@+2) _ o=2Bpi+1- (=D (1=h(.e)

by (3.7) and (6.8). We can now use (6.7) to get
2

gy Smii
|Ek,',l,‘| < CZb"l'i(e & by i +e_d2bm,i).

C
VvV bm,i
If (c2((k — k) (logm)?) /"2 < |t' —t| < Aa(k —k')(logm)?, then by, ; = By, ;. The
estimate (6.11) holds and combining these facts, we obtain the bound in (3)(b) in
the statement of the proposition.

If |t' — t] > Ay (k — k') (logm)?, then

b,i =|Am,il =|t' —t| + O(1),
am.i = Bm.i = (k — K')az(logm)* + O(1).
It follows, since |b,;,2 — by, 1] and |ay, 2 — ap, 1| are bounded, that

—a

2
m,1

(6.12) Kom.0(z, )| < CCHma=BnD) o1 Tt

If Ao (k — k') (logm)? < |t' —t| < 2x(k—k')(logm)?, we canuse C < 1 and by, | —
By.1 >0, to get

|ICm O(Z, Z/)| < efcl(k*k/)(logm)z'
If |t/ — t] > 2o (k — k') (logm)?, we use C < 1 to get

Km.o(z, 2)| < €C2Om1=Bu1) < 0c2k~K)22llogm)® < 0 p=c1(k—k)(logm)?



AIRY POINT PROCESS AT THE LIQUID-GAS BOUNDARY 3011

with an appropriate c; > 0. In either case, we have shown (3)(c) in the statement
of the proposition.

Consider now the case (4) in the statement of the proposition. In this case,
B, <0 and we see that the factor

(613) Cz(bmJ_Bm,i)

in (6.12) will give us the decay we need in order to prove the bound in statement
(4) of the proposition.

Finally, we consider statement (5) in the proposition, that is, ¢ = ¢’ and k = k.
Then we have

Bui=e+& —1+(=1)'(1—h(e¢))

and

Api=t —t+e—¢.
Thus, if |t — ¢| is sufficiently large, then b, ; = |A,, ;| and a, ; = By, ;. Since
|Bm,l| S 2’

2bm.i — Bm.i) =2(|t' —t| —2)

and again the factor in (6.13) gives the desired bound. [
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