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In this paper, we prove optimal local universality for roots of random
polynomials with arbitrary coefficients of polynomial growth. As an applica-
tion, we derive, for the first time, sharp estimates for the number of real roots
of these polynomials, even when the coefficients are not explicit. Our results
also hold for series; in particular, we prove local universality for random hy-
perbolic series.
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1. A motivation: Real roots of random polynomials. Let us start by describ-
ing a natural and famous problem which serves as the motivation of our studies,
the main results of which will be discussed in Section 2.

Finding real roots of a high degree polynomial is among the most basic prob-
lems in mathematics. From the algebraic point of view, it is classical that for most
polynomials of degree at least 5, the roots cannot be computed in radicals, thanks to
the fundamental works of Abel-Ruffini and Galois. There has been a huge amount
of results on the number of real roots and also their locations using information
from the coefficients (for instance, one of the earliest results is Descartes’ classi-
cal theorem concerning sign sequences); however, most results are often sharp for
certain special classes of polynomials, but poor in many others.

It is natural and important to consider the root problem from the statistical point
of view. What can we say about a typical (i.e., random) polynomial? Already in
the seventeenth century, Waring considered random cubic polynomials and con-
cluded that the probability of having three real roots is at most 2/3. This effort was
discussed by Toddhunter in [40], one of the earliest books in probability theory,
which also reported a similar effort made by Sylvester. However, the distribution
of the polynomials was not explicitly defined at the time.

In the last hundred years, random polynomials have attracted the attention of
many generations of mathematicians, with most efforts directed to the following
model:

Py g (x) i= Cpbpx™ + - - + c181x + cokox?,

where &; are i.i.d. copies of a random variables & with zero mean and unit variance,
and ¢; are deterministic coefficients which may depend on both n and i. Different
definitions of ¢; give rise to different classes of random polynomials, which have
different behaviors. When ¢; =1 for all i, the polynomial P, ¢ is often referred to
as the Kac polynomial. Even for this special case, the literature is very rich (see [3,
12] for surveys). In the next few paragraphs, we will discuss few seminal results
which directly motivate our research.

The first modern work on random polynomials was due to Bloch and Polya in
1932 [5], who considered the Kac polynomial with & being Rademacher [namely
P& =1) =P = —1) = 1/2], and showed that with high probability

Nn,é = O(ﬁ),
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where N, ¢ denotes the number of real roots of the Kac polynomial associated with
the random variable £. Their key idea is simple and beautiful. Notice that if we
apply Descartes’ rule of signs for P,, one could only obtain the trivial bound O (n)
for N, ¢ as the typical number of sign changes is around n/2. Bloch and Polya’s
idea is to apply Descartes rule for P, Q, where Q is a deterministic polynomial
which does not have any real positive roots. By choosing Q properly, they reduced
the number of sign changes significantly.

Next came the ground breaking series of papers by Littlewood and Offord [20-
22] in the early 1940s, which, to the surprise of many mathematicians of their time,
showed that N, ¢ is typically polylogarithmic in 7.

THEOREM 1.1 (Littlewood—Offord). For & being Rademacher, Gaussian or
uniform on [—1, 1],

logn

< N, <1 2
loglogn — ng = 1081

with probability 1 — o(1).

Littlewood—Offord’s papers and later works of Offord [20-22] lay the founda-
tion for the theory of random functions, which is an important part of modern
probability and analysis; see, for instance, [28, 33].

During more or less the same time, Kac [18] discovered his famous formula for
the density function p(7) of N, ¢

oo
(L.1) o= [ Ilp.0.y)dy,
—00
where p(t, x, y) is the joint probability density for P, ¢() = x and the derivative
P,’l’g ) =y.
Consequently,
o0 o0
(1.2) ENue= [ dr| Iylp.0.dy.
—0oQ0 —0o0

In the Gaussian case (¢ is Gaussian), the joint distribution of P, £(¢) and P,;’ £ (1)
can be explicitly computed. Using this fact, Kac showed in [18] that

1 [o 1 (n+1)2t2n 2
(1.3) ENy Gauss = p [oo -1 + 22 1) dt = (; + 0(1)) logn.

A more careful evaluation by Wilkins [41] and also Edelman and Kostlan [10]
gives

2
1.4) EN, Gauss = P logn 4+ C +o(1),

where C is an explicit constant. As a matter of fact, Wilkins [41] computed all
terms in the Taylor expansion of the integration in (1.3).
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In his original paper [18], Kac thought that his formula would lead to the same
estimate for EN, ¢ for all other random variables &. It has turned out to be not the
case, as the right-hand side of (1.2) is often hard to compute, especially when &
is discrete (Rademacher for instance). Technically, the joint distribution of P, ¢ (1)
and P,;’ ¢(1) 1s easy to determine in the Gaussian case, thanks to special properties
of the Gaussian distribution, but can pose a great challenge in the general one. Kac
admitted this in a later paper [19], in which he managed to push his method to treat
the case £ being uniform in [—1, 1]. A further extension was made by Stevens [37],
who evaluated Kac’s formula for a large class of & having continuous and smooth
distributions with certain regularity properties (see [37], page 457, for details).

The treatment of EN,, ¢ for discrete random variables & required considerable
effort. More than 10 years after Kac’s paper [18], Erd6s and Offord [11] found a
completely new approach to handle the Rademacher case, proving that with prob-

ability 1 — O(W)
2
(1.5) Npe = — logn 4 o(log*? nloglogn).

The argument of Erdés and Offord is combinatorial and very delicate, even by
today’s standard. Their main idea is to approximate the number of roots by the
number of sign changes in P, £(x1), ..., Py ¢(xx) where x1, ..., xi is a carefully
defined deterministic sequence of points of length k = (% + o(1)) logn. The au-
thors showed that with high probability, almost every interval (x;, x;4+1) contains
exactly one root, and used this fact to prove (1.5).

It took another ten years until Ibragimov and Maslova [14, 15] successfully
extended the method of Erd6s—Offord to treat the Kac polynomials associated with
more general distributions of &.

THEOREM 1.2. For any & with mean zero which belongs to the domain of
attraction of the normal law,

2
(1.6) EN, ¢ = —logn + o(logn).
/4

For related results, see also [16, 17]. Few years later, Maslova [25, 26] showed
that if £ has mean zero and variance one and P(§ = 0) = 0, then the variance of
Ny g is (%(1 — %) +o(1))logn, and N, ¢ satisfies the central limit theorem.

So, after more than three decades of continuous research, a satisfactory answer
for the Kac polynomial (the base case when all ¢; = 1) was obtained. Apparently,
the next question is what happens with more general sets of coefficients?

This general problem is very hard and still far from being settled. Let us recall
that Kac’s formula for the density function (1.2) applies for all random polyno-
mials. However, in practice one can only evaluate this formula in the Gaussian
case and some other very nice continuous distributions. On the other hand, Erd6s—
Offord’s argument seems too delicate and relies heavily on the fact that all ¢; = 1.
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For a long time, no analogue of Theorem 1.2 was available for general sets of
coefficients ¢; with respect to non-Gaussian random variables .

1.1. Description of the new results for coefficients with zero means. In this
paper, we prove universality results for general random polynomials where the co-
efficients ¢; have polynomial growth. These universality results show that, among
other, the expectation of the number of real roots depend only on the mean and
variance of the coefficients & (two moment theorems). Thus, the problem of find-
ing the expectation of real roots reduces to the Gaussian case, which we can handle
using an analytic argument (see the last paragraph of Section 3).

As the reader will see in the next section, our universality results show much
more than just the expectation. They completely describe the local behavior of the
roots (both complex and real). More generally, we can also control the number of
intersection of the graph of the random polynomial with any deterministic curve
of given degree. (The number of real roots is the number of intersections with the
X-axis.)

Thanks to new and powerful tools, our method does not require an explicit ex-
pression for the deterministic coefficients c¢;. As a corollary, we obtain the fol-
lowing extension (and refinement) of Theorem 1.2. To formulate this result (see
Theorem 1.4), we first introduce a definition.

DEFINITION 1.3. We say that i (k) is a generalized polynomial if there exists
a finite sequence 0 < Lo < --- < Ly < oo such that for some «y, ..., oy € R with
ag # 0 it holds that

d
Li(Li+1)-(Lj+k—1
h(k)=Y"a; L+ k'( it ) forevery k=0,1,...,n.
j=0 '

Here, we understand that L --- (L +k — 1)/k! =1 if k = 0. We will say that the
degree of /1 is Ly — 1 in this case. We say that /4 is a real generalized polynomial
if the coefficients «;’s are real.

It is clear that any classical polynomial is also a generalized polynomial with
the same degree: if (k) is a classical polynomial with degree d, then it could be
written as a linear combination of the binomial polynomials L;(L; +1)---(L; +
k—1)/k! with Lj = j+1 for j =0,1,...,d. We also have ay # 0 because
it is a nonzero multiple of the leading coefficient of h; therefore, the degree in
the generalized sense of Definition 1.3 is also d. On the other hand, the class of
generalized polynomials is much richer as the degree of # could be fractional.

Below, recall that our random polynomials have the form P,(z) =Y} ¢ g7
For a subset S C C, denote by Np(S) the number of zeros of P in S.
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THEOREM 1.4. Let Ny be a nonnegative constant. Let &, . .., &, be indepen-
dent (but not necessarily i.i.d.) real-valued random variables with variance 1 and
i > No. Let h be a fixed generalized polynomial with a positive leading coefficient.
Assume that there are positive constants, M, m, C1 such that the real deterministic
coefficients cy, . .., ¢, € R satisfy

mh(k) <ci < Mh(k),  No<k<n,
2 <CiM, 0<k < No.

Then with Ky, :== 1t+vdeg()+1 Vd;g(h)ﬂ we have

m? M?
(L.7) W[Kh logn + O(l)] <ENp,(R) < W[Kh logn + 0(1)].

The implicit constants in O(1) depend on €, Cy, C1, No, h and the ratio M /m. In
particular, if c,% = h(k) for some real (generalized) polynomial h of degree d then

I++d+1
b4

(1.8) ENp, (R) = logn + O(1).

Notice that the zeros of P, is invariant under the scaling of c;’s, this explains
why we only need dependence on the ratio M /m instead of both M and m. In the
proof, we may assume M = 1 without loss of generality. The first few &;, i < Ny
can have arbitrary means.

Theorem 1.4 is a corollary of our main local universality result discussed in the
next section. This result (formulated in term of correlation functions) proves uni-
versality for not only the expectation, but higher moments of the number of roots
(complex or real) in any small region of microscopic scale. We delay the discussion
of universality to the next section and make a few comments on Theorem 1.4.

First, the error term in (1.8) is only O (1), which is best possible, as showed in
(1.4). Even in the well-studied case of Kac polynomials (all ¢; = 1), this gives a
improvement

2
(1.9 EN, = —logn+ 0O(1)
T

upon the estimate % logn +o(logn) from Theorem 1.2 by Ibragimov and Maslova.
We believe that the method used by Erd6s and Offord and also Ibragimov and
Maslova cannot lead to error term better than O (y/logn). (1.9) was also proved by
H. Nguyen and the last two authors in [30] by other means, but the method there
does not go beyond the Kac polynomials; see also [8].

Second, there are many natural families of random polynomials which satisfy
the assumptions in Theorem 1.4. Here are a few examples:
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Derivatives of the Kac polynomial. The roots of the derivatives of a function
have strong analytic and geometric meanings, and thus are of particular interests.
For the dth derivative of the Kac polynomial (any fixed d > 0) our result implies

1 +V2d 4T
T

ENp, (R) = ogn+ 0(1).

Prior to this, for derivatives of the Kac polynomial only weaker estimates [with
error terms o(logl/ 2 n)] are available for the Gaussian case; see the works of Das
[6, 7] for d = 1, 2 and the extension in [35, 36] to the setting when &;’s are weakly
correlated Gaussian random variables. For the first derivative (d = 1), Maslova
[26] considered non-Gaussian polynomials and obtained an asymptotic bound with
worse error term o(logn).

Hyperbolic polynomials. Random hyperbolic polynomials are defined by

. '_\/L(L+1)-"(L+i—1)

il

for a constant L > 0. This class of random polynomials includes the Kac poly-
nomials as a subcase (L = 1) and has became very popular recently due to the
invariance of the zeros of the corresponding infinite series under hyperbolic trans-
formations; see [13] for more discussion. By Theorem 1.4, we have

14+ VL

ENp,(R) = logn + O(1).

Logarithmic expectation. Another immediate corollary of Theorem 1.4 is that
ENp,(R) grows logarithmically if the deterministic coefficients ¢; have polyno-
mial growth:

COROLLARY 1.5. Consider &; as in Theorem 1.4. Assume that there are posi-
tive constants, Co, C| and some constant p > —1/2 such that the real deterministic
coefficients cy, ..., c, € R satisfy

Cok? < |ck| < Cik”, No<k<n,
2 <Cy, 0<k < Np.
Then there are positive constants C», C3 such that
(1.10) Cylogn <ENp, (R) < Czlogn.
Here, Co, C3 depend only on Cy, Cy, p, Ng and €.

To deduce this result from Theorem 1.4, simply let L =2p + 1 and notice that
the binomial coefficient

L(L+1)---(L+k—1)
k!

is about the size of kL~1 = k2 for k large, therefore, the desired conclusion fol-
lows from Theorem 1.4 via comparing |ci| with v/h(k).

h(k) =
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COROLLARY 1.6. Consider &; as in Theorem 1.4. Assume that there are posi-
tive constants, Co, Cy and some constant p > —1/2 such that the real deterministic
coefficients co, ..., c, € R satisfy

lck| = Cok?(1+0(1)),  No<k<n,
c,%fCl, 0<k < Njp.

Then

1 +V2p¥1
(1.11) ENp,(R) = — YT 1ogn + o(logn).
T

The Gaussian setting of Corollary 1.6 in the special case ¢; = k”, p > 0 was
considered by [6, 7]; see also the extension in [35, 36].

To see Corollary 1.6, we need to show that given any § > 0 it holds that

14+.4/2 1 14+.42 1
(1— S)ilogn <ENp,(R) <(1+ 8)ilogn

2 2
for all n sufficiently large. Again by comparing with /A (k) and rescaling all c; if
necessary we may assume that

(148710 3k) < |ex > < (1 +8)0nk)

for k < n sufficiently large [the threshold now depends on p and (polynomially)
on 8]. Applying Theorem 1.4, we obtain the desired conclusion.

The reader can also notice that by Definition 1.3, our generalized polynomials
always have degree greater than —1. This corresponds to the assumption that p >
—1/2 in Corollaries 1.5 and 1.6. This assumption is important for our results. For
example, consider the model when ¢; = i” with p < —1/2 and Var§&; =1 for all
i, then Var P,(£1) =" i 2P converges as n — oo. Intuitively, this says that the
contribution of the first few terms becomes important and one may not expect to
see universality around 41 which is where most of the real roots locate.

Number of crossings. The number of real roots is the number of intersections of
the graph of P(z) (over the real) with the line y = 0. What about an arbitrary line?
(The line y =T is of particular interest, as it corresponds to the important notion
of level sets.) For Kac polynomials, this question was considered (see [12] for a
survey) in the Gaussian case, and it was showed that the number of crossing (in
expectation) is asymptotically (% 4+ o(1)) logn.

Theorem 1.4 allows us to prove a more precise result in much more general
setting, where we can consider the number of intersection with any polynomial
curve of constant degree.

COROLLARY 1.7. Consider &; as in Theorem 1.4. Assume that c,% = h(k) for
some real (generalized) polynomial h of degree d. Let f be a deterministic poly-
nomial of degree | and I" be its graph over the real. Let Np, 1 (R) be the number
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of intersections of the graph of P, (over the real) with I". Then

I++d+1
g

(1.12) ENp, r(R) = logn + O(1),

where the constant in O (1) depends on €, Ny, h and f.

Corollary 1.7 can be derived by applying Theorem 1.4 to the random polynomial
P,—f.

The Gaussian case. The strategy of the proof of Theorem 1.4 is to reduce to the
Gaussian case, using universality results presented in the next section (which are
the main results of this paper). Let us emphasize that even in the Gaussian setting,
Theorem 1.4 (and Theorem 1.8 below) are substantially new and the method of
proof is novel compared to previous works. For more details, see the last paragraph
of Section 3.

1.2. Polynomials with coefficients having nonzero means. To conclude this
section, let us mention that our method could also be used to handle polynomials
with nonzero means. For instance, we have the following analogue of Theorem 1.4.

THEOREM 1.8. Let Ny be a positive constant and h be a deterministic clas-
sical polynomial with real coefficients. Let &, ..., &, be independent real-valued
stant Co > 0. Assume that &; has mean p % 0 and ¢i = h(i) for i > Ng and that
lcil < C fori < No. Let Py(2) =Y_7_yci&iz'. Then

1+ 2deg?) 1
(1.13) ENp, (R) = —- ;g( )1
T

ogn+ O(1).

The implicit constant in O (1) depends on €, Co, C1, No, h and .

The key feature of this result is that the number of real roots reduces by a factor
of 2, compared to Theorem 1.4. To our best knowledge, such a result was avail-
able only for Kac polynomials. Farahmand [12] showed that when £ is Gaussian
with nonzero mean, ENp, (R) = (14 0(1))% logn. Ibragimov and Maslova in [17]
proved the same estimate if £ belongs to the domain of attraction of normal law.
Even for Kac polynomials, our result improves upon these as it achieves the opti-
mal error term O (1). The analogue of Corollary 1.7 holds for this model.

Similar to Theorem 1.4, Theorem 1.8 will be derived from a general universality
result provided in the next section. These results can also be used to treat higher
moments (such as the variance) of the number of real roots. Details will appear
elsewhere.
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1.3. Outline of the paper. In Section 2, we will present our main results re-
garding the local universality of the joint distribution of the zeros of P, ¢ when the
deterministic coefficients c; have polynomial growth. Special cases of these results
will be used to reduce the proof of Theorems 1.4 and 1.8 to the Gaussian setting
(see the discussion near the end of Section 2.4 for details). In Section 2.5, we
will also discuss several extensions regarding universality for the zeros of random
power series. Among others, we achieve local universality of hyperbolic series un-
der very general assumptions. A sketch of our proofs for these results is presented
is Section 3, followed by the detailed proofs in Sections 4, 5, 6, 7. In the rest of
the paper (from Section 8 to the end), we prove the Gaussian case of Theorems 1.4
and 1.8.

It is worth mentioning that our paper is self-contained and is accessible to read-
ers unfamiliar with the paper [38] by Tao and the third author.

2. Correlation functions and universality. Correlation functions are effec-
tive tools to study random point processes. To define correlation functions, let us
first consider the complex case in which the coefficients ¢; and the atom distribu-
tion £ are not required to be real valued. In this case, the point process {{1, ..., {y}
of zeroes of a random polynomial P = P, can be described using the (complex)
k-point correlation functions p® = ,ol(f) : Ck — RT, defined for any fixed natural
number k by requiring that

E Z ©Giyy s Git)

i1,...,ig distinct

2.1
=/Ck¢(Z1,---,Zk)p(k)(m,---,Zk)dm - dzk

for any continuous, compactly supported, test function ¢ : C¥ — C, with the con-
vention that ¢ (oc0) = 0; see, for example, [2, 13]. This definition of ,o(k) is clearly
independent of the choice of ordering ¢, ..., ¢, of the zeroes. Furthermore, the

correlation function pggk) should be viewed as part of the (correlation) measure

pl(f) dz) - -- dzj on C*, and this perspective is useful in more singular settings when
the correlation measure (whose existence is a consequence of the Riesz represen-
tation theorem) does not have a density on CK.

REMARK 2.1. When £ has a continuous complex distribution and when
the coefficients ¢; are nonzero, then the zeroes are almost surely simple. In
this case, if zy, ..., zx are distinct fixed complex numbers, then one can inter-
pret p®(z1,...,z;) as the unique quantity such that the following holds: the
probability that there is a zero in each of the disks B(zj,¢) fori =1,...,k is
ek (p® (z1, ..., zk) + o(1)) in the limit & — 0.
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When the random polynomial P has real coefficients, the zeroes ¢y, ..., ¢, are
symmetric with respect to the real axis, and one expects several of the zeroes to
lie on this axis. Because of this possibility, the situation is more complicated. It is
no longer natural to work with the complex k-point correlation functions ,ogc), as
they are likely to become singular on the real axis. Instead, we divide the complex
plane C into three pieces C=RUC UC_, with C; :={z € C : Im(z) > 0} being
the upper half-plane and C_ := {7z € C : Im(z) < 0} being the lower half-plane. By
the aforementioned symmetry, we may restrict our attention to the zeroes in R and
C+ only. For any natural numbers k, [ > 0, we define the mixed (k,l)-correlation
function p®bD = pg"l) :R¥ x (CL UC_)! - R of a random polynomial P to be
the function defined by the formula

E ) > iR iRy $Ca -0 £C)

i1,...,i; distinct jp,..., j; distinct
k,l
:/Rk/@ (p(x,z)pl(D )(x,z)dzdx (xeRk,ZE(CIJF)
+

for any continuous compactly supported test function ¢ : R x C/ — C (note
that we do not require ¢ to vanish at the boundary of (Cl+), i R TUNS OVer an
arbitrary enumeration of the real zeroes of P,, and {;c, runs over an arbi-
trary enumeration of the zeroes of P, in C. This defines p®!) (in the sense
of distributions, at least) for x1,...,xx € R and zy, ...,z € C,; we then extend
p(k’l)(xl,...,xk,zl, ...,z;) to all other values of x1,...,xy € Rand z1,...,z/ €
C, U C_ by requiring that p*!) is symmetric with respect to conjugation of any
orall of the 71, ..., z; parameters. Again, we permit p*!) to be a measure? instead
of a function when the random polynomial P, has a discrete distribution.

In the case [ = 0, the correlation functions p*? for k > 1 provide (in principle,
at least) all the essential information about the distribution of the real zeroes. For
instance,

(2.2) ENp(R) = / o0 (x)dx
R
and similarly,
Var Np(R) = [ [ 00,3 = p 0010 dxdy
RJR

(2.3)
1O (x) dx.
+/Rp (x)dx

We refer the reader to [2, 13] for a thorough discussion of correlation functions.

3As in the complex case, we allow the real zeros ¢; R,-...,{; R or the complex zeroes
$j1,Cys -+ §j,C. to have multiplicity; it is only the indices iy, ..., ig, ji, ..., j that are required
to be distinct. In particular, in the discrete case it is possible for p(0,2) (z1, z2) (say) to have nonzero
mass on the diagonal z| = zp or the conjugate diagonal z| =73, if P has a repeated complex eigen-
value with positive probability.
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2.1. Universality. The correlation functions give us a lot of information at
finer scales. Given the story of real roots in the previous section [which corre-
sponds to the special case (2.2)], it is natural to expect that their computation is
extremely hard.

The situation is roughly as follows. We have an explicit formula (Kac—Rice for-
mula) to compute correlation functions. This formula is a generalization of Kac’s
formula in the previous section and involves joint distributions. In principle, one
can evaluate it in the Gaussian case (as Kac did). But technically, for various sets
of coefficients ¢;, this is already a significant challenge.

In [29], Nazarov and Sodin considered the series f(z) = Z?‘;O \/L? £ z/ where

§; are i.1.d. normalized complex Gaussian and used the Kac—Rice formula to prove
repulsion properties of its complex zeros, more specifically they proved that the k-
correlation function is locally comparable to the square modulus of the complex
Vandermonde product:

C ' Tz — 2P < pP @1z < C [T e — 251

i<j i<j
The method of [29] extends to more general settings. In [29], the authors proved
the same type of estimates for the complex k-point correlation function of the so-
called 2k-nondegenerate Gaussian analytic functions, which include (among oth-
ers) P(z) = Z?‘;O Cjé‘jzj with co, ..., cog—1 # O such that 3 ; |Cj|2|Z|2j converges
in the domain where estimates for ,o(k) are needed (see [29] for technical details).
These certainly include random polynomials of finite degrees (at least 2k — 1)
whose first 2k coefficients are nonzero; however, the implicit constants C in the
estimates depend also on f (and k and the domain), and thus could be a very large
function of the degree.

Similar to the Kac formula, a direct evaluation of the Kac—Rice formula is not
feasible when & is a general non-Gaussian random variable. On the other hand, it
has been conjectured that the value of the formula, at least in the asymptotic sense,
should not depend on the fine details of the atom variable &. This is commonly
referred to in the literature as the universality phenomenon.

Bleher and Di proved universality for elliptic polynomials in which the atom
distribution & was real-valued and sufficiently smooth and rapidly decaying (see
[4], Theorem 7.2, for the precise technical conditions and statement). With these
hypotheses, they showed that the pointwise limit of the normalized correlation
function n_k/zp(k’o) (a + % coa+ %) for any fixed &k, a, x1, ..., xx (with a #
0) as n — oo was independent of the choice of £ (with an explicit formula for the
limiting distribution). Their method is based on the Kac—Rice formula.

In a recent paper [38], Tao and the third author introduced a new method to
prove universality, which we will refer to as “universality by sampling” (see Sec-
tion 3). This method makes no distinction between continuous and discrete ran-
dom variables and the authors used it to derive universality for flat, elliptic and
Kac polynomials in certain domains.
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DEFINITION 2.2. Two complex random variables & and &’ are said to match
moments to order m if

ERe(§)* Im(£)” = ERe(&)" Im(&')"

for all natural numbers a, b > 0 witha + b <m.

2.2. Coefficients with polynomial growth. We consider
n
(2.4) Pi(z)=) ci&Z,  zeC,
i=0
random polynomials with the following condition.

CONDITION 1. 1. §;’s are independent (real or complex) random variables
with unit variance and bounded 2 + € moment, namely E|£;|>*€ < 1, for an arbi-
trarily small positive constant €.

2. ¢;’s are deterministic complex numbers with

2.5 i <|c| < i’ forall i > Ny, and |¢;| < 1o forall 0 <i < Np,

where Ny, 11, T2, € are positive constants and p > —1/2.

Notice that we do not require the &; to be identically distributed. They are also
allowed to have different means. However, by Holder’s inequality, our condition
on the uniform boundedness of 2 4+ € moments implies that the means should be

bounded E|&;| < 721 /2T for all i.

An essential point here is that we do not need to know the values of the co-
efficients ¢; precisely, only their growth. We do not know of any result which is
applicable at this level of generality.

In the next two subsections, we state our universality theorems for complex and
mixed correlation functions.

2.3. Complex local universality for polynomials. For a polynomial P = P, of
the form (2.4), let (g“iP )i_, be the zeros of P. We use the convention that if P,
vanishes identically then it has a zero of order n at co, and similarly, if P, has
degree m < n then it has a zero of order n — m at oc.

Let 6 be a small positive number. Define

1

[1—28,1—-34] if — <6§<1,
1(8) = 10n |

[1—-1/n,1+1/n] f0<déd<—,

10n

and

1 1 1
. = |— if— <5<1.
(2.6) J® [1—5’1—25} T on =0~
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Note that

(U o) U )=l 2 S ][]

1
207 <0< Tor <8<

A=
al=

Our goal is to prove universality in the annulus A(0, 1 — %, 1+ é) for some
large constant C and we shall break it into annuli with radii given by /(§) and
J(8). When proving universality on the annulus {z : |z| € 1(§)}, for convenience
of notation we will consider the following rescaled version:

. . Z

2.7 P()=P(2) where 7 = 035"

The term “local universality” can be thought of as universality on balls that contain
®(1) zeros on average. It is more or less proven throughout the paper that for such
z as above, there are an average of ® (1) zeros in the ball B(z, 10736). The rescaled
factor 10738 in (2.7) plays the simple role of making this ball have the unit radius.
The factor 1073 is artificial and can be replaced by any sufficient small constant
that allows the ball to grow under various approximation steps in our proofs while
keeping distance ®(8) away from the unit circle. Observe that by the change of
variables formula, we have

k k — —
P, w) = (10738)% g (1036w, ..., 1078wy,
When working with the annulus {z : |z| € J(§)}, we first consider Q(z) =
Z—P(l) to transform the domain |z| > 1 into |z| < 1, and in particular, J(§) into
1(8). Note that Q =37 & 5,1 iz* where d; _cn ;. For notational convenience,

sometimes we also think about Q as Q =37 & é,z And then, we use the same
rescaling:

Z
10-38°

Q(E) =Q0() where 7 =

Let ,o(k) and ,o;k D be the corresponding correlation functions of P. Note that
they depend on § because the rescaling factor does.
Here, for a function F : C" — C, we think of it as a function from R?>" — C
and denote by |V? F(x)| the Euclidean norm of V¢ F (x):
2) 1/2

0“F
[VOF ()| = ( > i
I<it,.ig<2m O%i1 """ 0Xig

THEOREM 2.3. Let k > 1 be an integer constant. Let P, = Y"_ ;&7 and

P,=37 oci £iz' be two random polynomials satisfying Condition 1. Assume that

(x)

& and é,’ match moments to second order for all No <i <n where Ny is the
constant in Condition 1.
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Let Apl(f) = pg{) - pg) and A,og) = pg) - pg), differences of correlation func-
tions.

Then there exist constants C, C’, ¢ depending only on k and the constants in
Condition 1 such that for every ﬁ <5< % and complex numbers z1, ..., 2y with
|zjl € 1(8) forall 0 < j <k, and for every smooth function G : C* — C supported
on B(0, 1073)% with [V2G (z)| <1 for all 0 < a < 2k + 4 and z € CX, we have

2.8) Mck Gwi,...,w)ApW G+ wi, ..., 5k +wp) dw - -- dwk‘ <C'sc.

1

o1
Furthermore, lfm << rot

2.9) ‘/@k Gwi, ..., w)Apy G +wi, ... Z + wi) dwy -+ dwk‘ <C'sc.

2.4. Real local universality. For real universality, we require the following
additional condition on &;’s and ¢;’s.

CONDITION 2. 1. The random variables &;’s and the coefficients c;’s are real.
2. One of the following holds:

(a) E& =0foralli > Ny,

(b) E& = u forall i > Ny, where p is any constant, and there exists a classical
polynomial B (independent of n) with degree p € N such that ¢; = B (i) for all
i > No4

Notice that when Condition 2(2b) is satisfied, by replacing c¢; by —c¢; if needed,
we can also assume that ¢; =*3(7) > O for all i larger than some constant because
the (fixed) polynomial ‘B(x) keeps the same sign when x is sufficiently large.

THEOREM 2.4. Let k,l > 0 be integer constants with k +1 > 1. Let P, =
Yo ci&zb and P, = Y0 ci&iz' be two random polynomials satisfying Con-
ditions 1 and 2. Assume that & and & match moments to second order for all
No <i < n where Ny is the constant in Condition 1.

Let A,ogc) = ,og() — p(f) and Apg) = ,o(vk) — ,O(VNk), differences of correlation func-
tions. P ¢ ¢

Then there exist constants C, ¢ depending only on k, | and the constants and
the polynomial 3 in Conditions 1 and 2 such that for every ﬁ <5< %, real
numbers x1, ..., Xk, and complex numbers z1, ..., z; such that |x;|, |z;| € 1(5) for

alli=1,...,k, j=1,...,1, and for every smooth function G:RfEx Cl > C

4For instance, P is Kac polynomial or its derivatives.
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supported on [—1073,10731% x B(0, 1073)! such that |V*G(z)| < 1 for all 0 <
a<2(k+1)+4and z € R* x C!, we have

‘/ [ G(ylv---aykvw19'~"wl)
Rk JC!

) v .
X A X1 +y1, .00 X+ Y,
(2.10) Pp Y Y

A4+wi, .. Fw)dyr - dydwy - - - dwy

< Cé§°.

Furthermore, if ﬁ << %, we have the same inequality (2.10) with Q in place
of P.

Now, to derive Theorems 1.4 and 1.8 from Theorem 2.4, it suffices to show that
the number of real roots in the Gaussian case satisfies the claimed bounds and that
the expectation of real roots (in the general case) outside the universality annulus
is bounded. More specifically, we will show the following.

LEMMA 2.5. Under the conditions of Theorem 2.4, for each constant C > 0,
there exists a constant M (C) such that

1 1
ENp R\ A0, 1 ——=,14+—=) ) < M(C),
(Ao e ) <
foreveryn > 1.

Together with Theorem 2.4, Lemma 2.5 gives the following.

COROLLARY 2.6. Under conditions of Theorem 2.4, there exists a constant
C such that for every n > 1, one has

|[ENp,(R) —ENp (R)| < C.

REMARK 2.7. To get an intuition for Lemma 2.5, let i be the smallest index
for which c¢;, # 0. Assume that ¢;, = Q2(1), Elog|&;,| = O(1), and Elog|&,| =
O(1). Under condition (2.5), ip = O(1). Then by Jensen’s inequality for the func-
tion P(z)/z and concavity of the function log, one has the easy bound

1 M

081 &7
ENp(B(.1-1/C)) <ig+E— "0t
log 7=/

=iy + Oc(1) + Oc(Elog M)
< Oc(1) 4+ Oc(logEM)

= 0c(D) + 0c<log2i"<1 - 1/2C>") = 0c(),

i=0
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where M = max|;j<1—1/2¢ |P(Z)/Zi0|. Similarly, ENo(B(0,1 —1/C)) = Oc(1).
And hence, ENp(C\ A(0,1 —=1/C,1+1/C)) = O¢c(1). In other words, for a
large class of polynomials of the form (2.4), one expects to see only a few zeros
outside the annulus of universality.

By Corollary 2.6, to verify Theorem 1.4 and Theorem 1.8 it suffices to consider
the Gaussian case.

THEOREM 2.8. The statement of Theorem 1.4 holds for &; being standard
Gaussian foralli =0, ..., n.

THEOREM 2.9. The statement of Theorem 1.8 holds for &; being Gaussian
with mean w and variance 1 foralli =0, ..., n.

We are going to prove these theorems in Section 8 and Section 11. The evalua-
tion of Kac’s formula under the general setting of Theorem 1.4 is fairly involved,
and as mentioned in the discussion leading to Corollary 1.5, it is somewhat sur-
prising that the growth of the coefficients alone already determines the number of
real roots.

2.5. Local universality for series. Our method could also be used to extend
the previous results to random series. Let us first extend Theorem 2.3.
We consider a random series Ppg of the form

o
2.11) Pps(z) =) ci&z',  z€D,
i=0

where D is the open unit disk in the complex plane, and the ¢;’s and &;’s satisfy
Condition 1.

THEOREM 2.10. Let k > 1 be an integer constant. Let Pps = Z?io ciéizi and
Pps = >0 ci&iz' be two random power series satisfying Condition 1 (with n
being replaced by o0). Assume that & and & match moments to second order for
all i > No where Ny is the constant in Condition 1.

Let Ap® = pg;) - p}f) , the difference of the correlation functions.
S PS
Then there exist constants C, ¢ depending only on k and the constants in Con-
dition 1 such that for every 0 < § < % and complex numbers 71, ..., zr with

|zjl € [1=268,1—4]forall0 < j <k, and for every smooth function G Ck—cC
supported on B(0, 1073)% with |V*G(z)| <1, Y0 <a <2k + 4 and z € Ck, we
have

(2.12) Vk Gwi,...,w)Ap®P G +wi, .., 5+ wp)dwy -+~ dwg| < CS.
C
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Notice that when all &; are (complex) standard Gaussian, the distribution of the
zeroes is invariant with respect to rotation. As a corollary of Theorem 2.10, this
invariance is preserved (in the asymptotic sense) if & matches the moments of
standard Gaussian up to second order.

COROLLARY 2.11. Let k > 1 be an integer constant. Let Pps be the ran-
dom series of the form (2.11) satisfying Condition 1. Assume furthermore that
ERe(§)) = E(Im(;)) = Cov(Re(§;),Im(§;)) = 0 and Var(Re(§;)) =
Var(Im(§;)) = 1/2 for all i > Nj.

Then there exist constants C, ¢ such that for every 0 < § < % and complex num-
berszy,...,zxwith|zj| € [1-28,1—48]forall0 < j <k and0 <0 < 2m, and for
every smooth function G : Ck — C supported on B(0, 1073)* with |V*G(z)| < 1,
V0 < a <2k + 4 and 7 € CK, we have

k v v
‘AkG(wl,...,wk)p;P)s(zl +wi,..., 2k +wr)dwy - dwg

—/CkH(wl,...,wk)
x pg;)s (/1% +wi, ..., eV 5+ w) dw; - dwg
< s,
where H(wy, ..., W) = G(e_ﬁewl, eee, e‘ﬁgwk).

In case that Ppg is hyperbolic and the &; are complex Gaussian, the distribution
of the zeros of Ppg is invariant under hyperbolic transformations of the disk D (see
[13]). A hyperbolic transformation on D is a transformation of the form

az+b
¢(Z) == >
bz+a
where a,b € C and |a|?> — |b|?> = 1. A holomorphic function on D is bijective if
and only if it is a hyperbolic transformation (see, for instance, [34], Theorems 12.4,
12.6).

As another immediate corollary of Theorem 2.10, this invariance is preserved
(in the asymptotic sense) again if &; matches the moments of standard Gaussian up
to order 2 and if the hyperbolic transformation preserves our universality domain.

COROLLARY 2.12. Let k > 1 be an integer constant. Let P be the ran-
dom hyperbolic series of the form (2.11) satisfying Condition 1. Assume further-
more that E(Re(&;)) = E(Im(&;)) = Cov(Re(§;), Im(&;)) = 0 and Var(Re(&;)) =
Var(Im(§;)) = 1/2 for all i > Ny.

Then there exist constants C, ¢ such that the following holds true. Let 0 < 89 <
% and complex numbers z1, ..., zx with |z;| € [1 — 280, 1 — o] forall 0 < j <k
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and 0 <0 < 2m. Let ¢ be a hyperbolic transformation that maps zj to tj with |tj| €
[1—281,1—61]forall j and for some 0 < §; < é Then for every smooth function
G : Ck — C supported on B(0, 10~k with |V4G(z)| <1, V0 <a <2k + 4 and
z € Ck, we have

30

2k
‘ L G(w)(ﬁ) p® (4 1073 50w) duwy -~ du

- /k H(w)(107381) oy (¢ + 107381w) dwy - - dwk‘ < Cmax{8y, 81},
C
where

1
Hwi,...)= G(m((p_l(tl + 10_35111)1) —Zl),...).

Similar to the complex case, real universality also follows from our arguments
for polynomials.

THEOREM 2.13.  Let k,l > 0 be integer constants with k +1 > 1. Let Ppg =
Yo £7' and Pps = pBpadye &:7' be two random power series satisfying Condi-
tions 1 and 2 (with n being replaced by 00). Assume that &; and §,~ match moments
to second order for all i > Ny where Ny is the constant in Conditions 1 and 2.

Let Ap®D = pg;’sl) — p%k’l), the difference of the correlation functions.

Then there exist constant?C , ¢ depending only on k, | and the constants and the
polynomial *3 in Conditions 1 and 2 such that for every 0 < § < %, real numbers
X1, ..., X, and complex numbers z1, ...,z; such that |x;|,|z;| € [1 — 28,1 — §]
foralli=1,...,k, j=1,...,1, and for every smooth function G ‘RfxCl = C
supported on [—1073,10731F x B(0, 10~ such that |V°G(z)| <1, V0 <a <
2(k +1)+4 and z € R* x C!, we have

f G()’l»---,)’k»wl’---,wl)
Rk JC!

x Ap®D () + y1, . F 4 i,
(2.13)

At wr, .., w)dyr - dygdwy - duy
<Cé.
We will prove these results in Section 7.

3. Sketch of the proof and the main technical ideas. To start, we make use
of the “universality by sampling” method from [38], which is based on the Linde-
berg swapping technique. To give the reader a quick introduction on this method,
let us discuss the simplest correlation function o1, which is the density function
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of the complex roots. Consider two polynomials P, ¢ and P, £ and a (nice) test
function G (x). We would like to show

/G(x),o(o ”(x)dx_/ G(x)p<O D(x)dx—i—o(l)

Recall that by definition

AGumgyqu=§)%G@x

meNWmm—ZEa;

where ¢; (¢;) are the roots of P, & (P, )
We are going to prove unlversahty of the right-hand side, namely

Z&am—ZEam+mn

i=1

Our starting point is Green’s formula, which asserts that

1
logG(0) = —EfcloglzlAG(z)dz,

where A is the Laplacian. By change of variables, this implies that for all 7,

1
I%G@0=—E;LMQZ—QMG@ﬁk

which, in turn, yields

AG(z)dz

1 n
lZEgG(Ci) =5 K /Clog iEII(Z — &)

1
=——2U3FK log| P, AG(z)dz.
5 sf@ 0g| Py £(2)|AG(2)dz

[The leading coefficient of P, ¢ does not matter here, as fC AG(z)dz =0.] We
estimate the integration f-log|P, ¢(z)|AG(z)dz by sampling. The intuition is
that if § is the average of (say) N numbers S := W where N is large

integer, then (hopefully) we can estimate S accurately by a much shorter ran-
ai1+"'+aim

dom partial sum S’ = , where the indices iy, ...,t, are chosen ran-
domly from the index set {1,..., N}, with m being a parameter much smaller
than N. Thinking of ay,...,an as terms in the Riemann sum approximation of

Jclog| Py g(2)|AG(z) dz, we want to approximate this integral by

1
Z(HE(ZI)‘f‘"'-f—Hg(Zm))»
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where Hg(z) := Clog| Py, £(z)|AG(z) with C being a normalization constant,
71, ..., Z;m are random sample points, and m is a properly chosen parameter which
tends to infinity slowly with n. (The magnitude of m determines the quality of the
approximation.)

Now assume, for a moment that %(Hg (z1) +-- -+ Hg(zs)) is indeed a good ap-

proximation of [ log|P, ¢(z)|AG(z) dz, and similarly, %(Hg (z))+---+ Hg (zm))
is a good approximation of [-log|Py (2)|AG(z) dz, with overwhelming proba-
bility. In this case, the problem reduces to showing

1 1
B —(Hg(21) + -+ + He (2n)) = Bz —(Hg (1) + - + H (z)) + 0(D).

We can apply the Lindeberg swapping method to prove this estimate. In
fact, we can use this method to show that the joint distribution of m variables
Hg(z1), ..., Hg(z;n) and that of Hg z1),..., Hg (zm) are approximately the same.
This can be done by defining Z := (Hg(z1), . .., He (z/n)) and showing

(3.1) E:F(Z) =E;F(Z)+o(1)

for any nice test function F.

An application of the Lindeberg method often requires estimates on the deriva-
tives of the function in question, and a decisive advantage here is that the function
H is explicit, and it is not too hard to bound its derivatives. Generalizing the whole
scheme to the general case of p/ requires several additional technical steps, but
the spirit of the method remains the same.

The critical point of this scheme is to show that the random sum indeed approx-
imates the integral. In order to do so, we need to bound from above the second
moment

/C llog| Prs ()| AG(2)Pdz = /D llog| P& (2)| AG(2) | dz,

where D is the support of G; see Lemma 4.8.

Our strategy has two steps. We first define a good event T (which holds with
high probability) in the space generated by the &;. Among others, this event guar-
antees that the number of roots in D is at most n¢, where c is a sufficiently small
positive constant. [ D was actually chosen so that the expectation of the number of
roots in D is O(1).] When 7 holds, we split P = RQ, where R := HGGD(Z — &)
and Q =[], ¢p(z —¢&). Then

/D|10g|Pn,s(Z)|AG(z)|2dz

E2(_/0’10g|Rn’E(Z)‘AG(Z)|2dZ+_/D|10g‘Q”’S(Z)}AG(Z)Fdz),

The first integral on the RHS is easy to bound, as the number of roots in R
is small, and log|R| can be split into sum of few terms. To bound the second
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one, we show that [log|Q, £ (2)|AG(z)| is small for every point in D. Typically,
in order to prove that an event £(z) holds for every point z in some domain D
one makes use of the e-net argument. We put an e-net on D and prove that £(z)
holds for all points in the net, and then use some analytic argument to extend
the net to the whole domain. If the net has size N, then by the union bound, we
need to show that for each z in the net P(£(z) holds) > 1 — o(1/N). The proof
of this usually requires sophisticated anti-concentration inequalities; furthermore,
sometimes the bound itself is not true (which does not contradict the correctness
of the final statement we want to prove). In our situation, we make a novel use of
Harnack’s inequality, which allows us to reduce the statement to one point, instead
of to the whole e-net, which completely avoids the use of union bound argument.
This way, we obtain a sufficiently strong bound on the second moment so that the
sampling procedure goes through. See Section 4.2 for more details.

The trickier part is when 7 does not hold. In this case, it is possible that sam-
pling does not provide a good approximation. We are going to avoid this problem
by directly showing that the contribution coming from the complement 7°¢ of 7
toward the expectations in (3.1) is small, namely E¢ F'(Z)I7< = o(1) (and the same
for the € version).

The main difficulty here is that the logarithm function has a pole at zero. If
| Py (2)] is very close to zero in some region, then the value of log | P, £ (z)| could
be very large. [Another type of danger is that | P, £ ()] is large, but this is easy to
deal with, even by elementary method such as the moment method.] To overcome
this problem, one needs to show that with high probability, | P, ¢(z)| is bounded
away from 0. Technically speaking, we need to show

P(|cnénd" + - + cobo| < €(n))

is sufficiently small, for most value of z and a properly chosen parameter €(n).
These types of estimates are called anti-concentration (or small ball) inequality in
the literature; see [31] for an introduction. This part is the most delicate part of our
proof, and unlike prior works (see, e.g., [38]), our method could treat the general
set of coefficients considered here.

In this paper, we introduce a completely different way to obtain the desired
anti-concentration bound, which makes use of of various a priori estimates for
Py ¢ and a recent powerful result of Nazarov—Nishry—Sodin [27] about the log-
integrability of random Rademacher series. As a matter of fact, Nazarov et al.
result only holds for random Rademacher variables (and may fail for others). We
use a couple of symmetrization arguments to handle the general case. See Section 4
and in particular, Sections 4.1 and 4.4 for details.

By completing the above scheme, we obtain universality results for the complex
roots. The handling of real roots also requires extra care. In order to prove the uni-
versality of the correlation functions among real roots (including the universality
of the density function which yields new results on the expectation discussed in
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the Introduction) we need to show that there is no complex root near the real line,
with high probability. This, at the intuition level at least, would allow us to trans-
late results for complex roots near the real line to results for real roots, as once a
root is sufficiently near the real line it has to be real.

One way to obtain this is via the so-called weak level repulsion property, relying
on explicit estimates of the Kac—Rice formula for Kac polynomials with Gaussian
coefficients. However, it is very difficult, if not impossible, to obtain similar es-
timates for the general polynomials considered in this paper, particularly in the
case when the means of the coefficients are nonzero. We handle this problem by
a novel argument, based on Rouché’s theorem following an ideas from a paper
of Peres and Virag [33] and the monograph by Hough et al. [13]. Apparently, the
repulsion property is interesting on its own right, and there is a chance that the
argument can be applied for other settings.

To illustrate the idea, let us consider a disk B(xg, r) center at a point xg on the
real line. We want to show that if r is sufficiently small, then with high probability
B(xo, r) contains at most one root. This excludes the complex roots as they come
in conjugated pairs. Define g(z) = Py ¢ (x0) + (2 — x0) P,L £ (x0). By Rouché’s theo-
rem, if we can show that (with high probability), | P, £ (z) — g(2)| < |g(z)| forall z
on the boundary of B(xo, r), then P, ¢(z) and g(z) have the same number of roots
inside the disk. Note that g(z) is linear, so it has at most one root. The verification
of | Py ¢(z) — g(z)| < |g(z)| makes use of the Cauchy’s integral formula and an
anti-concentration result. (One can also use an €-net argument here, but the details
are more involved.) See Section 5 for details.

Finally, let us discuss the treatment of polynomials with Gaussian coefficients.
The strategy of the proof of Theorem 1.4 (and other results in the Introduction) is to
reduce to the Gaussian case, using universality results. In fact, the Gaussian setting
of Theorem 1.4 and Theorem 1.8 are already substantially new, and furthermore
our method of proof is novel compared to previous works. For example, the only
case we know where the optimal error term O (1) in our results was obtained is Kac
polynomials, thanks to the very explicit formula (1.3). In our general setting while
some version of (1.3) is available, evaluation of such formula turns out to be fairly
delicate: in many other previous works for the mean-zero coefficients setting [6, 7,
35, 36] (see also [3]), researchers used the method of Logan and Shepp [23, 24], but
this could not lead to the error term O (1), and for coefficients with nonzero means
(see below), the analysis from Farahmand’s and Ibragimov—Maslova’s paper [12,
17] do not lead to the error bound O(1), even for the Kac polynomial. Finally,
none of the above mentioned analysis can be reproduced to yield an asymptotic
result for our general setting, where only the order of magnitude of the coefficients
¢; 18 known.

Now let us discuss briefly the main new ideas in our the treatment of the Gaus-
sian case. Via the Kac—Rice formula, the analysis of the nonzero mean case relies
on several key estimates from the zero mean setting. In the zero mean case, our
new idea is to develop a reformulation of the Edelman—Kostlan formula for the
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density function of the distribution of real zeros [10], so that the density could be
computed using only the variance function Var[ P, Gauss] and its first few deriva-
tives. This enables us to reduce the analysis of the density function to a careful
study of the large n asymptotics of Var[ P, Gauss] and its derivatives. This novel
approach allows us to get the O (1) estimate for the error terms, which can not be
obtained using the Logan—Shepp methods. The analysis of the large n behavior of
Var|[ P, causs] and its derivatives involves fairly technical estimates and occupies
the last few sections of the paper. Unlike the Kac polynomials, in our setting the
distribution of the real zeros is not invariant under the map x +— 1/x, leading to
extra difficulty in the analysis.

4. Proof of complex local universality for polynomials. Throughout the pa-
per, L := %

In this section, we prove Theorem 2.3. In particular, we will prove (2.8). The
same proof works for (2.9) by replacing P by Q, unless otherwise noted. Notice
that we only consider Q when talking about § > ﬁ.

We can assume without loss of generality that £ has Gaussian distribution for
all i.

By standard arguments using the Fourier analysis, using the assumption that the
test function G is sufficiently smooth, one gets that G equals its Fourier series on
its support with the Fourier coefficients growing sufficiently slowly. Therefore, if
the desired statement is proven for each term (which is smoothly truncated on the
support of G) in the Fourier expansion, it extends automatically to G. In other
words, the problem reduces to proving (2.8) for

4.1) G(wi, ..., wy) =G(wy) - Gr(wy),
where for each 1 <i <k, G; : C — C is a smooth function supported in
B(0,1072) and |V4G;| <1 forall 0 <a < 3.
When G is of that form, we have
[, Gt wp® e Eb w duw - duy

4.2) P P_
=E ) G5 —a1) - Gulg — k)

i1,...,0x distinct

Let ro = 1072, By the inclusion-exclusion formula, we then can rewrite the later
expression as

k
(4.3) E[]x?
=1

plus a bounded number of lower order terms which are of the form (4.3) for smaller
values of k, where

(4.4) _QG_ZG
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Hence, by induction on k, it suffices to show that

k koo
E[] X7 -E[]x]

j=l1 Jj=l1

4.5) <CsC.

If P does not vanish on the support of H;, then by the Green formula it follows
from (4.4) that

(4.6) X}D:/ 10g|13(z)|Hj(z)dz:/ log| P(z)|H; (2) dz,
C B(Zj,r)
where H;(z) = —5-AG j(z — % ). Note that supp(H;) C B(Z;, o).
Let KP = log IIB(Z)|H j(z). Let ¢; be a small positive constant to be chosen
later. Let 7 = 7 (§) be the event on which:

(i) P 0.
(ii) Np(B(zj, £5)) < L forall 1 < j <k.
(iii) log|P(z;)| > —5L forall 1 < j <k.
(iv) log|P(z)| < 3L for all z such that |z| € 1(8) + (—5/2,8/2).

And if § > ﬁ, we also require that on the event 7T :

(V) No(B(zj, £5)) < L forall 1 < j <k.
(vi) log|Q(zj)| = —3L¢ forall 1 < j <k.
(vil) log|Q(2)| < %LCI for all z such that |z| € I(8) + (—=8/2,5/2).

The rest of the proof consists of several parts. In Section 4.1, we will show that
the event 7 occurs with high probability. Then in Section 4.2, we will show that
||K 222 1s small on T for all 1 < j < k. This allows us to approximate XID by
a ﬁnlte sum -- Z | log |P(w,)|H (w;) using the Monte Carlo sampling method
After the appr0x1mat10n step, in Section 4.3, we show that the two approximating
expressions for P and P are close using the Lindeberg swapping technique. Next,
in Section 4.4, we show that the tail event 7 does not contribute significantly to
the picture, that is, E(| ]_[l;: 1 X f |17<) is small. This is the key step of our proof.
Finally, we wrap up the proof in Section 4.5.

4.1. The event T occurs with high probability. Let A be a large constant, say
A=k+ 2. And set

2
84 iflOgnf(Sfi,
y(8) = n ¢

n—1/2 ifo0<s <

log’n

n

In this section, we show that P(7) > 1 — Cy (§) for some constant C. To show
that (iii) and (vi) occur with high probability, we will need two Littlewood—Offord-
type anti-concentration bounds. The first bound for &; being Rademacher is known
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as Erd6s’ lemma. We reduce the general case to the Rademacher case and then
include a proof of the Erd6s’ lemma.

LEMMA 4.1. [f the & ’s satisfy Condition 1, there exists a constant D such
that for any integer n > 1, real number a > 0, and complex numbers ay, ..., a,
with |a;| > a for all i, and for any 7z € C, we have

! a D
P( Zai&' —z| < —) < —.
i=1 D Vn
PROOF OF LEMMA 4.1. By translation, we can assume that E&; = 0 for all ;. It
then suffices to show the lemma when the &;’s and g;’s are real. Indeed, assume that

the statement on the real line holds true. In the general case, assume without loss of
generality (wlog) that a = 1. Since |a;| > 1, either |Re(a;)| > max{|Im(a;)|, %}

or |Im(a;)| = max{|Re(a;)|, %}. By the pigeonhole principle, we can assume
wlog that there are at least n/2 indices i such that |Re(a;)| > max{|Im(a;)|, %}.

For such i, set X; = Re(§;) — {Qnelggig Im(§;), ¥; =1Im(§;) + {Qﬂelgai)Re(Si) then

a;€& = Re(a;)(X; + ~/—1Y;), Var(X;) + Var(Y;) = 1 + Ingat) e [1,2], and
E|X;|>t€, E|Y;|>T€ < 22T€E|£|?>T¢ < 22T¢1,. By the pigeonhole principle, we can
then assume wlog that there are at least n/4 indices i such that |Re(a;)| > 1 / V2
and Var(Y;) € [1/2,2]. Now, for such i, Re(a;)Y; = Re(a;)/Var(Y;) «/\W
with |Re(a;)|+/Var(Y;) > E' This allows one to use the result for the reals (af-
ter conditioning on the rest Y;’s) with coefficients Re(a;)+/ Var(Y;) and random

variables

h,y T and obtain a constant D such that for any y € R,

D 2D

This implies that for all z € C, P(| }7_, a;& —z| < %) <<

Thus, we can assume that the &;’s and a;’s are real. We can further assume that
the a;’s have the same sign. Indeed, by the pigeonhole principle again, there are at
least n/2 numbers a; having the same sign, say, positive. By conditioning on the
&;’s with a; negative, we can reduce the problem to the case a; > 0 for all i. Thus,
the assumption becomes a; > 1, Vi.

Since the &;’s satisfy Condition 1, there exist constants D and ¢ > 0 such that
P(D>¢& —& > %) > g, where &/ is an independent copy of &;. Let €, ..., €, be
independent Rademacher random variables which are independent of all previous
random variables. Let

ZRe(a,)Y

i=1

- &i ife; =1,
§=1., .
& ife; =—1.
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Then &, ..., &, are independent random variables having the same distribution
as &1,..., &,. Hence, it suffices to show that for all x € R,

p( > 5%):0(%).

n ~
D aifi—x
i=1
1

Let J be the set of indices j such that &; — ";‘j’. > %. Since P(§; — 5]’. >5) =9,
E|J| = ng. By Chernoff’s bound (see, for instance, [9], Theorem 1.1),

E J n 1
4.7 P<|J| < —"q> §P(|J| < BV ') <o F <20 W <.
2 2 NG

Conditioning on the event that |J| > %, and fixing &’s for all k ¢ J as well as
§j’s, S}’s for all j € J, the only source of randomness left is from €;’s with j € J.
It suffices to show that for all x, P(| 3" a;€; — x| < 555) = O(ﬁ).

Let F be the collection of all subsets {j € J : €; = 1} as €; run over all possible
values such that [} ;c;a i€ —x| < 3%. Observe that F is an anti-chain. Indeed,

suppose that F C F’ be two elements of F which correspond to €; =x; and €; =

x}, respectively, (xj,x} € {£1}). Fore; =x;,

(4.8) doaigi=>Y aiE+ > ajE;,
jeJ JjeF jeJ\F

L /
and for ; =x;,

(4.9) doaigj=> ajgi+ Y. a;E;,
jeJ JjEF’ JEJ\F'
The difference of the expressions in (4.8) and (4.9) is
1
> 4 -8z
jEF\F

which contradicts the assumption that they both lie in an interval of length at most
%. Hence, F is an anti-chain. And so, |F]| < (L|H/|2 J) by Sperner’s theorem [1],

Chapter 12. It follows that of all 2//! choices of the values of € j» there are at most
(LIH/‘ZJ) of them can make | )" ¢, ajé;—x| < 3%. By Stirling’s formula,

r(15 ] 5p) = 5 =0l )=o)

This completes the proof. [

Zajgj—x

jeJ

The next bound is proven in [38], Lemma 9.2. We include a short proof for the
convenience of the reader.
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LEMMA 4.2, Let (&§;)}_, be independent random variables satisfying Condi-
tion 1. There exist positive constants C' and a such that for any complex number
z, any integer m, and any sequence of complex numbers e, ..., e, containing a
lacunary subsequence |e;, | > 2|e;,| > --- > 2"|e; |, we have

> eii—z

i=0

(4.10) P( < |e,-m|> < C'exp(—am).

PROOF OF LEMMA 4.2.  As in the proof of Lemma 4.1, we can assume that
E& = 0. Consider &/, &, D and ¢ as in that proof. Without loss of generality, as-

sume that D > 10. We can choose a subsubsequence (e; i )k’ﬁ:1 of the lacunary se-
quence (¢;;)f_; with i = ©(m) such that |e;; | > D3|e,~j2| > > D3ﬂ’|eijk |. By
conditioning on the random variables & with / not equal any i, we can assume
that the subsubsequence equals the original sequence; in other words, i j, = k for all

k,and m = m = n. Let J be the set of indices j < m such that D zf;“j—fj" > % By

the same argument with Chernoff’s bound as before, we have |J| > %L with prob-
ability at least 1 — exp(—am). Conditioning on the event that | /| > =*, and fixing

£s forall k ¢ J as well as &;° i’s, fg‘/ ’s for all j € J, the only source of randomness

left is from €;’s with j € J. It sufﬁces to show that for all z, P(| > ¢ ejéj zZ| <
lem|) = O(exp(—am)). By triangle inequality, we can show that for any two in-
stances of (€;) jes, the difference of the two sums } ;¢ ; e ;& has magnitude at least

Hew|. And s, P(| Yoy ej€j — 2| < lenl) <271 = O(exp(—am)). O

We are now ready to show that (iii) and (vi) occur with the desired probability.
2
For 6 € [loi =, é], we prove the following.

LEMMA 4.3. For any constants A > 0 and ¢ > 0, there exists a constant C

2
such that for any § € [loi L %], complex number z such that |z| € 1(8), and 1 <
< ™ one has
log 8’
4.11) P(l |P(z)| > 1k8_0)>1 CBA
. 0 —= —C—,
SITI="5 = TR
(4.12) (1 |0(2)| > IAS )>1 C(SA
. 0 —= —C—-.
BIE="3 A
PROOF. Since L = % < —%—, we have Llog2
log”n
there exists some A such that 1 <A < Set [M]

Llog L log 8 «
then C’ exp(—am) < W' We obtain a lacunary sequence |CjOZ]O| > 2|c2joz Jo| >
ce > 2’"|c,-oz"°| where jo = [BL], B is a large enough constant and iy = (m +
) jo.
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Observe that ip < 5 and ciolzli0 > ¢~ 1/2*L° Thus, by applying inequality (4.10)
to this lacunary sequence, we get (4.11).
To prove (4.12), we similarly apply (4.10) to the lacunary sequence

d2j0 2jo
—Z
do

dﬂzjo dﬂzio )
do

>2
do B

>...>2"

log2 n
n

For § € [ﬁ, ], we prove the following.

LEMMA 4.4. For any positive constant c, there exists a constant C such that
2
forall § € [ﬁ, lo‘%l "1, and complex number z such that |z| € 1(8), it holds that

log|P(2)| > —%6_6 with probability at least | — Cn~1/2.
Ifé > ﬁ, the same statement holds for Q in place of P.

PROOF. Tf8 e[t °n] |z] € [1—25,1—8],and No <i <n, then

n

2log’n

n .
|c,~zi} >7n Pl —28)" > rln_|p|<1 — ) > o~ 8logn > 2De_%LL,

n

where D is the constant in Lemma 4.1. o

By Lemma 4.1, we have P(|P(z)| < e_fu) < Cn~'/2. Note that we may
not have |¢;jz'| > 2De_%LC for i < Ny, but by first conditioning on &, ..., &n,,
Lemma 4.1 still gives us the desired result.

The same argument holds for § < ﬁ and for Q in place of P. [

In the following lemma, we show that the events (iv) and (vii) occur with high
probability.

LEMMA 4.5. For any constants A > 1 and ¢ > 0, there exists a constant C
such that for any ﬁ <é< % and A > 1, we have

1 c
logM < E)LL

with probability at least 1 — i—i, where M = max{|P(2)|, |0 )] :1z| <1—48/2}.

Andifﬁngﬁthen
logM < lLC
2
with probability at least 1 —n~'/%, where M = max{|P(z)|: |z| <1+ %},

PROOF. Assume that 1~ <8 < &. Let X = 5% € (1,2) and a; = A LAX".

Let

Q=

Q' ={w:&| <a;,Vi=0,...,n}.
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The probability of the complement of €’ is

P(Q)=P@Eie{0,1,....n}: |&] > a;) 52—3

For every w € ', we have

3% ol P = Zlc’s’ (1__> Za’|c’ <1__)

[p]+1
<C"\ALA (f) <e

ALC
)

D=

A similar bound holds for Q.
When ﬁ <5< ﬁ, we set Q' = {w: |&| <n,V0 <i <n}and argue similarlé

Combining Lemmas 4.3, 4.4 and 4.5, we obtain that the events (ii) and (v) occur
with high probability.

PROPOSITION 4.6 (Nonclustering). For any constants A > 1 and ¢ > 0, there
exists a constant C such that:

2
() For any 8 e [1ogn " é], 1<A< lo’;‘;a, and complex number z such that
|z| € I(8), we have

Np(B(z,8/9)) <A87¢ and Ng(B(z,8/9)) <As~¢

with probability at least 1 — Cix )

(i) For any 6 € [2(1)n, log” "] and complex number z such that |z| € 1(5), one

has

Np(B(z,8/9)) <8¢
with probability at least 1 — Cn~'/2. The same statement holds for Q in place of

2
P when § € [ﬁ, logn 1.

PROOF. By our convention, we only need to work on the event that P and Q
do not vanish identically. In the following, we prove for P. The same argument
works for O equally well.

We first prove (i). By Jensen’s inequality, we have

logM —log|P(2)|

Np(B(z,s)) < = <logM —
log &

where R = %, s = g, M = max)y—z =g | P(w)| < maxjy|<i—s;2 |P(w)].
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Claim (i) follows from Lemmas 4.3 and 4.5. Similarly, (ii) follows from Lem-
mas 4.4 and 4.5. [

From the above proposition, we obtain the following.

PROPOSITION 4.7. For any constants A > 1 and c| > 0, there exists a con-
stant C such that for any ﬁ << é we have

P(T(5)=1—Cy(®).

PROOF. By Hoélder’s inequality,
2/(2 2
1= Val‘(&-) < E|§l|2 < (E|§l|2+6) /( +€)P(|Sl| - 0)6/( +€)

Thus, forall i, P(§; =0) <1 — % for some constant C’. This gives
1 n
P(P=0)= (1 - E) <Cn~ A <Cy ().

The proposition then follows from Lemmas 4.3, 4.4, 4.5, 4.6 and the union bound.
O
4.2. Approximation of integrals by finite sums. Fix § € [ﬁ, é]. In this sec-
tion, we show that on the event 7, the norms || K }3 l2(;) are small forall 1 < j <k.
At the end of the section, this bound allows us to use the Monte Carlo sampling
lemma to approximate X }D with finite (sample) sums, on which we will apply the
Lindeberg swapping argument. The crucial tool in this section is Harnack’s in-
equality which allows us to show that property (iii) in the definition of 7 basically
holds for every z € B(z;, 107°).

Recall that K £ = log |P(2)|H;(z). and
KP > :f log P(2) H~(z)2dz
6] 20 = ., odl @A @)

(4.13) 5/ _ log| P(2)||Pdz

2j,70)
= #/ log?| P(z)| dz.
107682 Jp(z;.10-55)
LEMMA 4.8. On T, one has the bound.:

(4.14) ||10g|P(Z)|||L2(B(zj,10—55)) <r*
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Note that this is a deterministic statement.

PROOE. Fix w € 7. Consider I := [10758, 107!5], we have || > &. There
exists an r € I such that P does not have zeros in the (closed) annulus A(z;, r —

n,r 4+ n) where n = S—IOSHCI. Indeed, assume such an r does not exist, then

7]
_— >
3n
which contradicts the condition (ii) in the definition of 7T .

Now fix that r, we have [ jo-s4) log? |P(z)|dz < I8 log? | P(2)| dz.
Let ¢1,..., &y, be all zeros of P in B(zj,r — ), then m < L and P(z) =

(z—2¢1)--- (2 — &m)g(z) where g is a polynomial having no zeros on the closed
ball B(zj,r +n). We have

NpB(z;.8/10) = — > 5

m
[log| P (2)||| LBz = ;Illog lz — §i|||L2(3(zj,r)) + [log|g ()] L2(B(zj.r))
i=

<m8' =+ log|g ] 12y

where the last inequality is because

/ log? |z — ¢ildz < f log? |z dz < 82721,
B(zj,r) B(0,8)

Thus,
(4.15) [tog| P[] 2(c, .y < L7+ loglg @I 2¢a(c, .-

Next, we will estimate fB(Zj’r) log2 |g(z)|dz. Since log|g(z)| is harmonic in

B(zj,r), it attains its extrema on the boundary. Thus,
(4.16)

1/2
||10g|g(Z)|||L2(B(Zj,,)) = <—/B(Zj,r) 10g2|g(2)|dZ> <4 max )|10g|g(z)||

Z€0B(zj,r

Notice that log |g(z)| is also harmonic on the ball B(z;, r + n).

CLAIM 4.9.  Forevery z in B(zj,r +n), we have
log|g(z)| < L*.

PROOF. Since a harmonic function attains its extrema on the boundary, we can
assume that z € 9B(zj,r +n). Since |z] < |z;[+68/2, |z] € I(8) +(—=8/2,5/2). So,
by condition (iv) in the definition of 7, log| P (z)| < L¢'. Additionally, by noticing
that |z — ¢;j| > 2n forall 1 <i <m, we get

m
log|g(2)| =log|P(z)| — Y loglz — &i| < L' —mlog(2n) < L*
i=1
as desired. [
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Now let u(z) = L*' —log|g(z)|, then u is a nonnegative harmonic function on
the ball B(z;, r +n). By Harnack’s inequality (see [34], Chapter 11) for the subset
B(zj, r) of the above ball, we have that for every z € B(zj,r),

au(zj) <u(z) < éu(Zj),

> &L Hence
160° ’

__n
where o = T

1
a(L*' —log|g(z))]) < L*' —log|g(2)| < E(ch' —log|g(z)])-

And so,
1 1 2¢ c 3¢
(4.17)  |log|g(2)|| < a|10g|g(zj)|| +—L* < 160L 'log|g(z;)|| + 160L".
Thus, we reduce the problem to bounding |log|g(z;)||. From Claim 4.9 and the
condition (iii) in the definition of 7, we have
m
1
L*' >1log|g(z))| =log|P(zj)| = > loglzj — ¢i| = log| P(z))| = —ELCI.
i=1
And so, |log|g(zj)]] < L3¢, which together with (4.17) give
(4.18) |log|g(2)]| < 320L>".
From (4.15), (4.16) and (4.18), we obtain
4ci—1
||10g|P(Z)|||L2(B(zj,r)) =L

Lemma 4.8 is proved. [

From this lemma, we conclude that on the event 7,

(4.19) |K7 112y < 10° - LIog| P 2p(c, 10755 < 10°L*.

Having bounded the 2-norm, we now use the following sampling lemma.

LEMMA 4.10 (Monte Carlo sampling lemma ([39], Lemma 38)). Let (X, 1)
be a probability space, and F : X — C be a square integrable function. Let m > 1,
let x1, ..., xy be drawn independently at random from X with distribution ., and
let S be the empirical average

1
S:=—(F(x1)+ -+ F(xn)).
m

Then S has mean [y F du and variance %fX(F — [x Fdw)?du. In particular,
by Chebyshev’s inequality, we have

(s roler) < o )
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Conditioning on 7 and applying this sampling lemma, we have for large mg > 0
and small yy > 0 to be chosen later,

2 mo 2 7'[}"2 CL4c1
T
(4.20) XP TS K P | <~ 100 L% <
my = Vmoyo moyo

with probability at least 1 — yp, where w;; are chosen independently at random
from B(Zj,ro) with uniform distribution and are independent from all previous
random variables. By exactly the same argument, (4.19) also holds for 0 when
1 <5< l
on =°=70C

4.3. Log comparability. We shall show in Section 4.5 that (4.20) allows
us to reduce the problem to comparing F(log|P(z1)l,...,log|P(z,)|) and
F(log|ﬁ(zl)|, ...,loglﬁ(zm)l) for some smooth function F. This is done by
making use of the beautiful Lindeberg swapping trick. The following result is
from [38]; we include a proof in the Appendix for the reader’s convenience.

THEOREM 4.11 (Comparability of log-magnitude). Let P be the random
polynomial of the form (2.4) satisfying Condition 1(1). And let P = Z,’-’:O c,~§,~z"
be the corresponding polynomial with Gaussian random variables &;. Assume
that & matches moments to second order with & for every i € {0,...,n}\ Iy
for some (deterministic) set Iy (may depend on n) of size at most Ny and that
supl->0E|§,- |2t€ < 1, where No and t are constants in Condition 1(1).

Then there exists a constant Cy such that the following holds true. Let o1 >
Crag > 0 and C > 0 be any constants. Let § € (0,1) and m < §7* and
21, ..., 2m € C be complex numbers such that
lcillzjl'

“21)
JV (@)

< C§“ Vi=0,...,n,j=1,...,m,

.....

Let F : C™ — C be any smooth function such that |V¢F(w)| < C§~%0 for all
0<a<3and w e C™", then

|EF (log|P(z1)|, ..., 1og| P(zm)|) — EF (log| P(z1)], ..., log| P (zm)])| < C5°,

where C is a constant depending only on ag, a1, C and not on §.

Now we show that condition (4.21) holds for P and Q.

LEMMA 4.12. Under the assumptions Theorem 2.3, there exist constants
oy > 0 and C > 0 such that for every § € [ﬁ, %] and for every z such that
|zl € 1(8) +[-8/2,8/2],

T
|cillz] <08 Vo<i<n,

(4.22) N IO
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and if § € [ 13-, &1,
il i
ol

VVarQ(z)

Notice that once (4.22) holds, say, the contribution of a few terms in Var P(z) =
" olci |2|z|2’ is negligible, and hence for any set Iy of size at most Ng, we have

leillzl < C8% as required in (4.21).
\/Zie{o ..... g lcil? 1212 q ( )

(4.23) V0 <i<n.

PROOF. Letaj =min(p + 1/2,1/2) > 0. We prove (4.22) when § € [55-, 1.
The other parts of the statement are similar. Recall that L < 20n. We have from
(2.5)

20 2L

n o2 L0 s\L
Var P(z) = Zcizlzlz’ > ﬁ Z Lz"(l - —)
i=0 i=[L/40]

1 2p+1
(4.24) =t

. 1\2% .
Az < CiZ"(l — ﬁ) < Ci*Pe /L

<Cmax(1,L*)<CL™'VarP(z) VO<i<n,

where the next to last inequality follows from the boundedness of the function
x> x2Pe™* on [0, c0) whenever p > 0 and is trivial when p < 0. [

Combining Theorem 4.11 and Lemma 4.12, we obtain the following.

PROPOSITION 4.13 (Log-comparability). There exist constants ay > 0 and
C > 0 such that for every § € [ﬁ, %], 1<m<8%, |z1l,...,|lzml € I(§) +
[—68/2,68/2], and smooth function F : C"™ — C with |V*F|| <§7%,V0<a <3,

we have

|[EF(log|P(z1)|, ..., log|P(zm)|) — EF (log|P(z1)|, ..., log|P(zm)|)| < C5%,

and if § € [ﬁ, %], we have
IEF (log|Q(z1)], ..., 10g| Q(zm)|) — EF (log| Q(z1)], ..., 1og| O (zm)|)| < C5%.

4.4. On the tail event T¢. 1In this section, we show that if 7 is any event such
that P(7¢) < Cy (§) then the contribution from 7 is negligible. We make use of
the powerful result in [27] to deal with the case when the &;’s are symmetric. The
general case requires some additional tricks in the end.
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LEMMA 4.14. There exists some constant C such that for all § € [ﬁ, é],
one has

k
(4.25) E( I1
j=1

Xj ITC) <cpl2,
and when § € [T é], one has

k
[
j=1

(4.26) E(

x¥ 1Tc> <82,

PROOF. VZVe will consider two cases.
Case 1. log " <8< L. Wehave P(T) < Cy(8) = C84. By Proposition 4.6,

there exists a constant C1 such that forany 1 <A < W

N3(B(Zj,r9)) = Np(B(zj, 10778)) <1871,

with probability atleast 1 — Cy
1 Cl )\A LA .

For each i such that ig > i > 1, where 200—1 <
w € T°¢ such that:

T A 77 Hence, | X f | <8¢ with probability at least

n io .
L@l = 240 et ©; be the set of

() 2i-1s—a < N3 B(Z;, ro) for some 1 < j <k, and
(ii) NpB(j ro) <2169, V1<j <k.
Let Qo ={we T : NgB(Zj,r9) <8 V1 < j <k} and

Qiy={weT": 2io—ls—cr N};B(Ej, ro) for some 1 < j <k}.

Then 7¢ = U"’ L P(Q) < 2(, 85 foralli <ig and |XP| <2i87¢1 on §; for
alli < ip, and |X}D| <non £2;,.
2
Using the assumption that 10ng <éand A >k + 2, we have

M) (7

fvi) <

19)+E(

o )

= j=1
00 A ksA
C164 . . Cinks
= 25604 @07+ G-ma
i=
00 ksA
< C]SA_kcl Z 1 4 Cin®é < C81/22

= AH1 T (n/@2Llog? L))A ~
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Case 2. 5= <68 < 1°g " Then we have P(T¢) < Cy(8) = Cn~"/? and |z,| €
[ — 2log ",l—l—g]forall 1<j<k.

n
Since &;’s satisfy Condition 1(1), there exist positive constants d and g such

that P(|&;| <d) < ¢ < 1. Indeed, if for some d > 0, P(|§;| <d) > 1 — d, then by
Holder’s inequality,
1 <El&17 = EI& P 1g <a + EI& P g 124
< d2 +de/(2+€)(E|§[|2+€)2/(2+E) < d2 —|—d€/(2+6)'f22/(2+6),

4.27)

Thus, one can choose d small enough (depending on 7, and €), and g =1 —d to
have P(|§;/| <d) <qg < 1.

Subcase 2.1. We first consider the case when the random variables §;’s are sym-
metric. In other words, & and —&; have the same distribution.

Let

(4.28) V={weT°:|&|>d forsomei € [N, n]}.

Since |Xf| <n, one has

1

( 1TC\V> <n*P(|&| < d, Vi € [No, n])
(4.29)

<nkg"No < ﬁ <38,

when 7 is sufficiently large. Thus, it suffices to show that
k
[1x7
j=1
By Holder’s inequality, we have
k k
(4.31) E( [TxFh ) ]‘[ k.
Jj=1 Jj=1

And so, we reduce the problem to showing that

(4.30) E(

1V) <C's'/2,

(4.32) ExP[f1,<cs'  vi<j<k

From (4.6) and the change of variables formula, we obtain
P 2 2
[Xjl=CL / 10g\P(z)\Hj(m)

B(z;,10735)
< CLZ/ llog| P (2)]| dz.
B(z;,10755)

dz

(4.33)
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And from Holder’s inequality, we have
. k
E|x? 1y < CLZkf (f ylog}P(z)||dz> dP
V\JB(z;,10758)

< CLZkf (f ylog}P(z)H"dz)
V\JB(z;,10755)

x | B(zj,107°8)|* "' ap,

< CLZ/ / llog| P(2)|[* dz dP,
V JB(z;,10736)

1/p
§CL2</f |log|P(z)||kpdzdP)
V JB(z;,10756)

1/q
x<// 1dzdP> ,
V JB(zj,10758)

where p and ¢ are positive constants to be chosen later so that L >t % = 1. Since
B(z;,10798) C A(0, 1 — 310# J1 4+ )— D, it follows that

4.34 Elx? 1y, < CL.2 1 % 4 gp Upr 1 \V4

. X5 <CL P ‘

( ) } ]‘ V= (fV/D‘Og‘ (Z)H z ) <_ﬁL2)

For each No <i <n, letV; = {w € Q: [§| = d}. By (4.28), V C U/_y, Vi Note
that this bound is very generous because the measure of V; can be very big. Let
li = fvi fD |log |P(Z)||kp dzdP. Then

n

(4.35) /V/D|loglP(z)||kpdzdP§ S =1

i=Ny

Fix No <ip <n. We will upper bound /;,.

Let (€,,)mez be independent Rademacher random variables (independent of all
previous random variables). In [27], Corollary 2.2, Nazarov, Nishry and Sodin
showed the following.

THEOREM 4.15. There exists a constant Ci such that for any g(0) =
> jezajeje —12739 \ith deterministic coefficients aj’s satisfying 3 icz 1a; 2=1,
and any po > 1, one has

1
(4.36) E [ floglg(@)]|" d6 < (C1po)°™.
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As a consequence, for any complex numbers ag, ..., a,, by Minkowski’s in-
equality for L”((2 x [0, 1), P x m)), we have
1 n pPo
E/ log Zajeje*/__n”je do
0 iz0
Po
(4.37) ((C1 po)® + = log Z laj| )

Po
< 2P()(C1p0)6po +

n
log )" laj|?
j=0

Let §k = €x&x. Since & is symmetric, §k has the same distribution as &;. And so,
the random variables &, .. ., &, have the same joint distribution as &, . . ., &,. Thus,

from the definition of /;,, we have

k
n
I; :/ / lo C.A.Zj dZdP
1o |§i0|2d D ng:(:) jS/
142/n
2mjO
=27 / 3log?n /I |>d/ log Zocjfjejrf x/_nJ d@der
n ) j

Conditioning on the event |§;,| > d and fixing the §;’s, from (4.37), we obtain

n kp
&) V1270

ZCJ%_JGJ" €

Jj=0

log deo

kp
< (2C1kp)®kP +

n
log Y |c;&jr7|?

j=0

Undoing the conditioning, we get

1+2/n 6k
Iioszn/ T €P) P+f

1+2/n
= C+C/ 3log2n /
2 Jlgiyl=d

By (2.5), forevery No < j <mnand 1 — <r< 1+%,Wehave
c?rzf < Cn??!. And hence, on the event &yl > d,

210d2<Z|CJrj€_. | <Cn2|,0H-IZE

j=0

kp
2 dP) dr

n
10gZ|ij$jrj‘
j=0

(4.38) o

dPdr.

n
log Y |cjrlt; |

j=0

3log?n 2j
n

1
Cn2lel rel =

1
Cn2lol
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Hence,
. e |2 L i 2Upl+1 N 22
logZ|cer§j| §max{ log<cn2|pr 04 > , 10g<Cn lol+ Z§j> }
j=0 j=0
And so,
n ) ) kp
Eljg, =q|log ) _|c;r/&;]
j=0
n kp
< CEljg, |zallog ) 7| +Clog"” n+ Cllog|r*d?| ks
j=0
kp
=CEl 1oy 3 e 1ong
j=0
kp
+CEL g5 e logZéE
j=0

+ Clogh? n + C|log|r*od?| ]kp
< Clog"” n + Cliogd?[*” + Cliog|r?a?|["*.
Notice that under Condition 1, the coefficients ¢; of P, thanks to their polynomial

growth, only contribute the term log*” n in the above estimate. The same applies

for Q because ﬁ,‘ | 0| < CnlPl,

Plugging in (4.38) gives that for all Ny <ip < n, one has

k 1+2/n 2ip 121k k
(4.39) <C10gpn+C/ sigtn rllogr=0d”|"? dr < Clog"’ n,

and so

kp n
dz<I=)1I

i=Ny

n
> ¢k

j=0

log

(4.40) LiE[No,n]:ISilzd /D
< Cynlogh” n.

We now use a rude bound which will be convenient for the next subcase:

n
4.41 / / ¢j§j!
( ) Jie[No,nl:|&|>d /D 12:%) 15

kp

log dz <1< Cn*?log?n.
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Combining this with (4.34) and (4.35), we obtain
Pk

1/q 1/q
§CL211/”<C ) §CL2n4/3plogkn< : )

1
JnL? JnL?

2,8/3p ok 1\
4.42)

. n
<s1nce ﬁ < 5

logh L _ logk L C

= <
i, J 131 — j1/22
3p L2 6p

<L< 20n)
log”n

5
L2

12
<by choosing p=12,q9 = ﬁ)

This together with (4.31) complete the proof of (4.30).
Subcase 2.2. Now let us consider the case when the &;’s are not symmetric. The
trick is to reduce to the symmetric case. For clarity, we write P:(z) =Y} c&z.
Recall that d and g are constants such that P(|§;| <d) <¢g < 1. Let éé, RN 34

n

be independent copies of &, ..., &, correspondingly. For this subcase, instead of
(4.28), we set

(4.43) V={weT:|&|>d,|&]|>d for somei € [Ny, n]}.
Correspondingly,

(4.44) Vi=lweQ: & >d, |&]|>d}.

Let § = % Then the &’s are symmetric and satisfy Condition 1(1) (with a

different 75). Let d < 1 and g be positive constants such that P(|§;| <d) < g < |
for all i.
In the following, we will show that

(4.45) I; =/ /\10g|P§(z)HkpdzdP§3n1/310g10kpn=: 3Ko
Vi JD

for all No <i <n, where p = 12 and then, one can use the same argument as in
the symmetric case to complete the proof.
Let

) 1
(4.46) Jo= ’Vé(n+l)/(4kp+8) —‘

We will first show that

(4.47) //|10g|P§(z)||kp135dzdP§K0 forall No <i <n,
vV, /D



2448 Y. DO, O. NGUYEN AND V. VU

where By = {(w,z) € Vi x D :|log|Ps(2)|| = jo}. Indeed, by Holder’s inequality,
one has

/V/D|1og|pg(z>;|kp1BE dzdP

" 12 12
5(/ | fogl Peca pdzdP) (/ [ lgsdzdP> .
V; JD Vi JD

To bound the first integral on the right, let €, ..., €, be independent Rade-
macher variables defined on ({#1}"*!, v) where v is the uniform probability mea-
sure on {11! Let (2, ) = (2 x {£1}"*!, P x v), and define the random vari-
ables éi (w1, ) =§&; (a)l)elf(a)z) forall w; € Q and w; € {£1}"H1.

Observe that élf is symmetric and equal to & when €/ = 1. Let s > 1 be any
constant such that 21/5 < W. We have

log| P: (2)||*? dz dP
. D| 3

:2"“/ / / llog| P (2)| |7 dzdPdv

:2n+1fv m/ llog

< 2" Da(Vi x{l}”“)]"”“‘m</v " H/;)}log
i {1}

(by Holder’s inequality)

< p(n1)/s (/ / llog
Vix{y+! Jp

(because a(V; x {1}"*1) <27~ 1)

(4.48)

P (2) | |2kp dzdp by Fubini’s theorem

1/s

Pg(z)||2kps dz dﬁ)

ok 1/s
P:(2)]| psdzd;l)

< 20D/ 10g%P by (4.39) for &;.

A bound for the second integral on the right of (4.48) can also be derived from the
above bound.

f/lBEdzdP i / f|log]P5(z)\] pdzdP<C 10g2k1’n
0 i

Plugging into (4.48) gives

(n+1)/s
log?*? n

//|108(Ps(2)|{p135dzdP<C -
(4.49) P

< Clongpn < Ko,
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where the next to last inequality follows directly from the way we set s and jg.
This proves (4.47).

Now assume to the contrary that (4.45) failed, that is, I; > 3Kq for some i.
Thanks to (4.47), one then has

(4.50) /vl/D|10g|P§(Z)||kp1\10g\Ps(Z)||<j0dZdP>2K0'

ForeachzeDand 1 < j < jo,set u(j) =PViN(j —1 < |log|Pe ()| < j)).
Since

Jo
Ko< 1=y [ e dp
=1

Jo

> 1
<ijpm<pm{a) pe(j) = kp+2}> Z_:_Z

j=1
and Z — < 2, there exists a number j < jy such that
Ko
(4.51) 1 >m(D) = m(Dy) > o TR
logmkpn

where Dy ={z € D : ug(j) > kpﬂ} Since jkP+2 > , we have j >

log’ n. Now, by Markov’s mequahty and Condition 1, for any z € D,

2
. E|P(2)|? 1 (& .
P(log| P@)| = j = 1) < =575 < 57 ;)|c,~||z|’(1*:|si|2)”2

2p+2 1 1
el

Thus, p, =PV N (—j <log|P: ()| < —j+ 1)) > zjklw for every z € Dy.
On the set Dy,

PlweV;: (z)| < —j+ 1and 3i’ € [No,n]:|&/| >d)
>PweV,;: —j+1)=P(|&/| <d,Vi')
>pl—g""!

From the definition (4.46) of jo, we have

1
(4.52) gt <

1 2
= o — e =%
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gt > % pzz. Therefore, on Dy we have

= [, 3724 = 5 (gt
Do 2 - 2 16J2kp+4 ’
where i = {w: 3i’ € [Ny, n]: |&/| = d}.

Note that when —j < logng(z)I log|Pe/(z)| < —j + 1, we have |Pz(2)| <

V2e It 5o log| Pz (2)| < —%. This implies

and thus, pZ —q

P x m(

@] =<-j+1)

_/ |10g|P§(Z)||6kp+12
UuJo

1/j 6kp+12 Ko 3 Kg o 10g30kp n
5 (5) (16 j2kp+4) 20kp125 — H0kp+25

Now since &;’s are symmetric and satisfy Condition 1(1), (4.40) holds for &
with d in place of d and 6kp + 12 in place of kp and gives

(4.54) / / llog| P2 (2)|[*7*12 < Cnlog®P+ 12,
uJp

(4.53)

Now as p = 12, the bounds (4.53) and (4.54) provide a contradiction which then
completes the proof of Lemma 4.14. [

4.5. Finishing. Finally, we will complete the proof of Theorem 2.3.

Let ¢ be a smooth function on Ck such that ©o(Z1y..-,2k) = 21-*-Zk ON
B(0,5 1)k, = 0 outside of B(0,28 )X, |@o(z1,...,z0)| < |z1]---|zx| for all
(z1,...,2k) € Ck and [Vépo(w)| < C8~ ker for all 0 < a < 3. For example,
©0(Z1, ..., 2k) = l_[ _12i9( ‘_C]) for some smooth function ¢ such that ¢ is a
smooth function such that supp(qS) c[-2,2,0<¢p<l,and¢p=1o0n[-1,1].

Since X}D <48 “lon 7T, wehave

k
E: ]‘[Xf—%(xf’,...,x,f’)
j=1

k

]‘[ P —oo(XF, .. xF)

17

iy

where by Eg, we mean the expectation with respect to the random variables

&, ..., &n.

170) <C's22 by (4.25),
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From Proposition 4.7 and (4.20), we deduce that on the product space generated
by the random variables &, ..., &, and the random points w j,i» the bound (4.20)
holds with probability at least 1 — yg — Cy (8). Thus,

P P TG A o p TG A o p
Es"l]) (pO(Xl ,...,Xk)—(p() m—OZKl (wl’j),...,m—OZKk (u)k’l')
i=l1 i=1

L4C]
(st 570 ko))
A/ M0Yo ( )

where E¢ j is the expectation on the product space. The first term bounds the
contribution of the good event when (4.20) holds, and follows from the bound on
the first derivative of ¢p. The second term bounds the contribution of the bad event
when (4.20) fails and follows from the bound on the infinity norm of ¢yg.

Note that y (8) < 1081/2 for all 5 < § < £.

Let ¢ be any constant such that 0 < ¢ < min{%, 2(3,fj_11), 2(%4_1)} where « is

the constant in Proposition 4.13. Let ¢c; = ¢, mg = |8~ CkH1De | and yy = §*+De,
then the above error term is C8¢, and so

k P 7”(% - P 7”’(% < P
Xt — —Y Ki(wii)y..s—=Y K; (Wi
[1x] <ﬂo<mO; 1 (W) mOZ i ( k,1)>

j=1 i=1

E: < C5°.

Now, applying Proposition 4.13 by first conditioning on the points w;;, we
obtain

Trd & p e & p
Ee oo =2 Y K W10, ... —2 Y K (i)
mo ;- mo ;5

2 mo - 2 mg

r, . T, 5
—Eg,wwo(m—(?zlff)(m,i),--., m—(())ZKlf(wk,i)>

i=1 i=l

< Cé°.

This completes the proof of Theorem 2.3.

5. Proof of real local universality. In this section, we will prove Theo-
rem 2.4. As before, we can assume without loss of generality that £ has Gaussian
distribution for all ;.

Let ro =102 /2. Below, we prove (2.10); the same proof works for Q in place
of P unless otherwise noted. As before, we reduce the problem to showing (2.10)
for functions G of the form

GOy ooy Vi Wiy - w) = F1(y1) - Fr(y) Gi(wy) -+ - Gy (wy),

where F; : R — C and G : C — C are smooth functions supported on [—r(, (]
and B(0, rp), respectively, such that

|VYF;(x)], V”Gj(Z)|51
foralll <i<k,1<j<l,xeR,zeC,and0<a <3.
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Then, by the inclusion-exclusion argument and the symmetry of zeros of P
about the x-axis, we can further reduce the problem to showing that

oo () (e ) o) (1)

< Cs°,

where X; g =2, sep Fi @) —®)and XI ;o = =Y ec, GG =)
Since the proof of Theorem 2.3 [and in partlcular (4.5)] hardly changes if we

replace 1(6) by 1(5) + (—10~ 68, 10795), we conclude that there exists a positive
constant ¢ for which

m m
P P
(5.2) ‘E<| |1XUVJ]_’H]_> —E(I |1X1bj,Hj)
J= J=

where 1 <m <k +1, lw;| € I(8) + (=10745,10745), H; : C — C is a smooth
function supported in B(0,2r¢) and |[V/H;| <1, VO < a < 3, and Xﬁ}j’H/ =

< Cs°,

1 Hj ({ P j)- For the rest of the proof, we will write, for example, X p;

when it can be either X'D L OF Xs -

We shall reduce (5. 1) to (5 2) by ﬁrst showing that the number of complex zeros
near the real axis is small with high probability. This is the key lemma for this
proof. We make use of a more classical tool, the Rouché’s theorem, together with
some elegant arguments in [13] and [33].

LEMMA 5.1.  Let ¢ be as in (5.2). Let ¢ = min{ 55, 5577 2525} and y =

8¢2. There exists a constant C such that for all ﬁ << é one has
P(NsB(¥, y)>2) <Cy*?,

for all x € R with |x| € I(8) + (—10748,10746).
When § > 1(1) , the same statement holds for Q in place of P.

The power 3/2 in the lemma is not critical; we only need something strictly
greater than 1.

PROOF. We will prove the Lemma for P. The same arguments also work for
O unless otherwise noted. The strategy is using Theorem 2.3 to reduce to Gaus-
sian case. Let H be a nonnegative smooth function supported on B(0, 2y), which
equals 1 on B(0, y) and is at most 1 everywhere else, and |[V¢H| < Cy~¢ for
all 0 < a < 8. In particular, one can take H(z) = ¢(§) where ¢ is any smooth
function supported in B(0, 2) and equals 1 on B(0, 1).
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By Theorem 2.3, we have
P(NsB(X,y) >2)

<E) H(-%HE —%)
i#]

<EY H(—-HHE; — %) +Csy*
i#]

<EY H(G —)H; — ) age; + Bkk — D1j_s-c; + Cy*/?
oy

<EY H@G - DHE — Dljag e+ 2Pk > 2) + Cy32,
i#]

where k = NﬁB(%, 2y)=NpB(x, 2.1073y8) =: NpB(x,n),and c3 = c2/10. By
Proposition 4.6, k < §~“ with probability at least 1 — Cy (8).
Using the result from Section 4.4, we have

n . 2
EY H(i—YHE; —O)lsgey < E((Z H(; — i)) 1k>a—c3)

i#j i=1

< C81/22,-8 < )32,

Thus, it remains to show that P(k > 2) = P(NpB(x, 1) > 2) < C§°%3y3/2. Hav-
ing reduced the task to the Gaussian case, we will adapt the proofs of similar results
in [13] and [32] to show it.

Consider g(z) = P(x) + P'(x)(z — x) and put v, = (ciz')_y. Let p(z) =
P (z) — g(z). Notice that for this Gaussian case, P(P(x) =0)=0 when n is suffi-
ciently large. Since g is linear, it has at most one zero in B(x, 1), and hence, when
k>?2, P has more zeros than g in that ball. If |g(z)| > |p(2)| for all z € 0 B(x, n),
then by Rouché’s theorem, P and g have the same number of zeros. Thus, for all
t > 0, we have

P(kz2)§P( min lg()] < . P)])-
Let Ay = {o : mingeyp(x,p) 1€(2)| < Max;eypx,n |p(2)]}. We will show that
P(Al) < C5263)/3/2.
We have p() = (5[)?:O(vz — Uy — U,(X)(Z —x)) and

1 .
(53) (v, — vy =V (X)(z—x)),| < sup 5|c,-||z—x|2i<i—1>|x+0z|’—2.

0<6<1
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If 6 > W’
Condition 1,

then for all z€ 0B(x,n) and 8 € [0, 1], |[x +0z| <1 — 8. and so by

Var(p(z)) = |UZ — Vy — U/(x)(z —x)|2
< ant 4 2( S)Zi_4 < C 12140
5 < .

Similarly, if ﬁ <6< W’ then for all z € dB(x,n) and 6 € [0, 1], |[x +0z| <
1+ % and so

4742 3>2i_4
Var(p(2)) Zn ( "

2n
< CZ'?4 4+2p< 3) < C L2+

Thus, in any case,
(5.4) Var(p(z)) < CL*PH1—4e,

[When proving the Lemma for Q, there are two cases: if p > 0 then observe
from Condition 1 that |j—é| < C = Ci" for all i, and so, by the same argument as
above, for the function p(z) = Q(z) — Q(x) —(z—x) Q’(x), one has Var(p(z)) <
CL@O+1-4e2 — ¢ 1-4¢2 which is similar to the case p = 0 for P. Now, if —5 <
p < 0 we similarly have

\2p
4 4 5 4 4 =07 1—4c
Var[p()]<Cn* Y ife +Cn* Y i e & S
0<i<n/2 n/2<i<n
which again is similar to the case p =0 for P. We note that in all computation it
is very important that 2p + 1 > 0 to ensure that the harmonic sum >~/ j 20 s
dominated by M?>+1 ]
We use the above estimate to prove that for every ¢ > 0,

(5.5) P( eg%a}x |p(z) —Ep(2)| > t) < Ce—tz/(CL2p+1—4c2)'

Indeed, let p(z) = p(z) — Ep(2), then for every z € dB(x, 1), by Cauchy’s
integral formula,

ot [ et
B lz—x —2neV—10| "2m

<W/2” PG +2meY=10)| b
JVar(p(x + 2nev/=16)) 27
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Hence, by Markov’s inequality,

P<zeg}9%c(,n)|p(2) | = t)

§E<exp</2ﬂ |;5(x +2n€\/_—10)| ﬁ>2>e_l2/(102CL2p+14p2).
0 10\/Var(13(x + 2neV-19y) 27

Applying Jensen’s inequality for convex functions x — x? and x — e* and
Fubini’s theorem gives

ey
0 10y/Var(p(x + 25eY=16)) 2T

<& < |p(x + 2ne¥~19)|2 >d9
< ex Py
0 100Var(p(x + 2nev=10)) ) 27

B Vet N p@) .

Let z =x 4 2ne then the real part and imaginary part of Vo)

X, ++/—1Y; are normally distributed with mean 0 and variance at most 1. Hence,
by Cauchy—Schwarz inequality,

-2 — 2 —2y2 —2y2 —2y2 —2y2
Ee!0 X AV=IVP g 107°X2 107272 _ g 2.107°X2 | 12107272 _ o

This completes the proof of (5.5). Now set
(5.6) t = LP+1/2—202+C3’

then (5.5) becomes

1 4o .
(5.7) P< max |p(z) —Ep(z)| > —t) < Co1P/@CLYHIT) _ §2c3),3/2
z€dB(x,n) 2

(To prove Lemma 5.1 for Q, we set r = L1/272c2+¢3 )
Let A> = {® : max;epp(x.n) |P(2) —Ep()| = 31}
Now, since g is a linear with real coefficients [ P (x) and P’(x)], one has

. _ .
zean}al(ﬁ?,m'g(m min|g(x £ n)|

And so,

P<ze§r§i&1,n)’g@| <1) <P(gtx+m| < 1) +P(lgx — )| <1).

Since g(x £ n) is normally distributed,
P(lg(x£m)|=<t) =P(Jg(x £n) —Eglx £n)| =1)
(5.8) - t _ t
T Var@x £n)  or £l




2456 Y. DO, O. NGUYEN AND V. VU

Using Condition 1, we have

n
(5.9) n|vl] < CUW < CyLPT32 =L+ 2-e,
i=0

L/20 1
(5.10) [ve| > = Z i20x2 > _L,o+1/2’
i=L/40 C

which together give |v, — nv}| > %Lp“/z.

[To prove Lemma 5.1 for Q observe that |5—é| > é for all i < %, and hence

for all z < L/20; therefore, by the same argument as above, for the vector field
v, = (doz )l _g» one has |vy| > %Ll/z, which is again similar to the case p = 0 for
P; now for n|v’,| we similarly have

v, |<an2, — iy

<Cn Z i2x2i 4 p2-2pxn/2 Z (n— l')2p
i<n/2 i>n/2

< CnyJL3+nd3x/2 <CnL’? =CL'*

which is similar to the case p =0 for P.]
And so, by (5.6), the bound (5.8) becomes

P(lgtx £m)|<t) <P(lglx£n) —Eglx £n)| <1)

(5.11)
< CL—262+C3 < CL—3/26‘2—2C3 — C52C3)/3/2.
Hence,
5.12 P <t) < C§*3932,
(5.12) <ze(?§l<2 )}g(z)l )

Let A3 = {w : minzeyp(x,n |g(2)| <1}, and Ay = A1\ (A2 U A3)
If Condition 2(2a) holds, that is, E&; = 0 for all Ng <i < n, then by (5.3),

No
. t
[Ep@)] <n® 3 IB&lleili*(1+3/m)" < Cn* < 5
i=0
for every z € d B(x, n). This together with (5.7) give

23,,3/2
P, lrol=r) 25

And so P(A1) < P(A3) + P(max;cppi.n |P(2)] > 1) < 8%3y3/2 as desired.
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[Similarly, for Q, one has |[Ep(z)| < n? ZfV:OO |E§,~|%(n — X1 - ) <
Cn?n?=Pe 2L < Cp?L2~—P = CL™P22 < % for every z € dB(x, n) because
p>—1/2.]

Now, if Condition 2(2b) holds, and x < 0, that is, x is in —1(§) + (—10_48,
10~48). Recall that o > 0 under Condition 2(2b). Then for every z € d B(x, n),

n n n
Z cizi — Z c,-xi —(z—x) Z ic,-)c’._1

i=Ny i=Ny i=Ny

[Ep(2)| < Cn* + |ul

Y B@iG -2

i=0

< Cn2 + an max
7/€dB(x,n)

’

in which we used the fact that the contributions of the sums from i =0 to i =
No — 1 are just O(nZ) as showed in the case of Condition 2(2a). Observe that

PEiGE@—1) = Z?:g eji(i—1)---(i — j+1) for some constants e}, and for each

0<j=<p+2
1 —Zn+tINGD
_‘< 11—z )

n
i1/ in—j+1 j nj —n/L
< CnJIZ |n J < CLJEE n/

Slii =1y (i — j+ D

i=0

<CL/ <cLPt?,

where in the first inequality, we used the bounds |1 — /| > |1 — x| — |[x —Z/| > 1.
This shows that [Ep(z)| < CLP™22|pu| < % From this, the same proof as for
Condition 2(2a) applies.
[Similarly, for Q, one has

n .
c’13(’/l_l). . 7nH—2
Ep(z)| < Cn’L*> 4+ Cn*> max i — 17"
[Ep@)| 7 7 z/eaB<x,n>§) PB(n)

. t
=0(’L})=0(L72) < 5

in which, again, we used the fact that the contribution of the sums from i =n — Ny
toi=nis O(nsz) as showed in the case of Condition 2(2a).]

Now, if Condition 2(2b) holds, and x > 0, that is, x is in 7(8) + (—107%8,
10748). Without loss of generality, assume that ;> 0 and ¢; > 0 for all i suffi-
ciently large, say i > Ny (by replacing c¢; by —c; and &; by —§; if needed).

We have

(5.13) P(A)) <P(Ay) + P(A3) + P(Ag) < C8°3y3/2 L P(Ay).

If |[Ep(2)] < % for every z € dB(x, n), then as in the above case we also have
P(A)) < 8% y3/ 2. Otherwise, assume that there exists zo € B(x,8) such that



2458 Y. DO, O. NGUYEN AND V. VU

|Ep(z0)| > % Without loss of generality, we choose zg that maximizes |Ep(zo)|

in that (closed) ball. Let m(z) = EP(z) =_7_y¢i E&;z'. Then

2
lz0 = xI" max |m"(2)|

[Ep(zo)| = m(z0) —m(x) —m'(0)(zo —0)| < =———— max

1=n

<o) +un* Y ciili —Dx+n)'2
i=0

[For P the o(r) is Cn?, and for Q the o(¢) is Cn*L?.]
Observe by a similar bound as in (5.3) that

n

. (e¢)

S il = D(x+020) Y < CLAT f e dx <1.
i=nA2(4+p)LlogL 2(4+p)log L
Hence,

¢ i=nA2(44+p)Llog L .
B < |[Ep(z0)| < o(t) + n? Z cii(x +n) 2
i=0
i=nA2(4+p)Llog L .
<2n? Z cii’(x + )2
i=0
Now,
i=nA2(4+p)LlogL .
m(x) > pu Z cix' —o(t)
i=0
1 i=nA2(4+p)Llog L .
> =L log? L S il —o()
(5.14) i=0
1 LZCZ i=nA2(4+p)Llog L
> — 2 Z i+ )2 — o)
- 2 i n
Clog° L =
2¢) LZcz 1 Lp+]/2+c3
== E 20)| = = ft—m——
Clog2L| P@o) Clog?’L C log’L
Similarly,
i=nA2(4+p)Llog L .
nm'(x) <C +n Z ciixi!
i=0

log L m(x)
<C+CnL(logL)ym(x)<C I

2m(x)§ >
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Thus,

(5.15) Eg(x £n) =m(x) £ nm'(x) > @

By this and (5.9) and its analog for v, show that

Eg(x £ 1)
+1/2
(5.16) Varg(x£n) < CLP7 /" < =75

On the event A4, we know that min |g(x £ n)| < max;eyp(x,y |p(z)]. Choose
any z in the closed ball cl(B(x, n)) that maximizes |p|. Then min|g(x £ )| <
|p(2)|. Since A4 N Az =4, |p(2)| < |[Ep(z0)| +1/2 < 2|Ep(z0)|. Then, by (5.14)
and (5.15),

log? L 1
(5.17) min|g(x £n)| < |p@)| < C—— g m1n|Eg(x +n)| <= rmnEg(x + ).
Finally, by (5.16), we have
1
P(Jetr )| < 3Egtr £ 1))

- P(Ig(x £ —EgxEnl ~ Eglr£mn) )
Bl Var(g(x+n) = 24/Var(g(x £n))

c3/2
) < §%1,302

=p(INO.D|=
This proves (5.17), and thus, P(A4) < C8%%y3/2 Sois A;. O

Now, for every 1 < i < k, consider the strip S; = [X; — ro,X; + ro] X
[—y/4,y/4]. We can cover S by 0()/_1) balls of the form B(x,y) where
X € [X; — ro, X; +ro]. Using Lemma 5.1, we obtain

P(there is at least 1 (or equivalently 2) root in S; \ R)

(5.18) _ -1 3/2 1/2
=O0(y )=0(y").

Consider 1:" (z) = F; (Re(z))gb(“m(Z)) where ¢ is a bump function on R that
is supported on[—1,1] and is 1 at O Then F; is a smooth function supported on
S; — x; and |F | <1, and |Vv“F |=0(y % for0<a<3.

SetX; ;= ’]’.ZlFi({f — %) and

A

D-xt Fi XV A- XX,',F,‘,R: Z Fi(gip_)\éi)'
i ¢r

Observe that | Dy, | < NI;B()E,-, 2rp), and from (5.18), Dy, r, = 0 with proba-
bility at least 1 — O (y!/?).
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Let ¢9 be a bump function supported on B(0, 4rg) that equals 1 on B(0, 2rg)
and |A%pg| < C forall 0 <a < 3, then

max{|X; 4l Xy £ Rl Dx, £l Z¢o —E) = Xy g

Let ¢4 =

4(,{21)2. By Proposition 4.6, Nz B(%;,2ro) = NpB(x;, 2r010738) <
87 with probability at least 1 — Cy(8). And from Section 4.4, we have
E(|th ¢0| l]‘N];B()?i,ZrO)>5_C4) = C81/22‘

Hence,

E|X; » —X;, el
k+l k+l
= E(|D)?,-,Fi Ay B 2r)<s-4) + E(Dx, 1 17 Iy (g 2r0)>5-4)
k+1) ,1/2 +I k+1)?
< C5 4 EDY 2 L E(1X5, 0T Uy B3 2y 6-s) < €D

Moreover, by another application of Proposition 4.6 and Section 4.4, we obtain

k+1 k+1

+
= E(I1X 9/ 1y, 5B ary<s—s) T E(1Xx, a0l 1n; B(io.dr)>5-c4)
< c5— kD | 051/22 < cg—calkHD).

Similarly, for each 1 < j <1, let éj(z) = G;(zx)n(Im(z + Z;)/y) where 7 is
a bump function on R supported on [1/2,00) and equal 1 on [1,00). And let
A 5 . 2
Xy 6, =Xin G j&F —Z;). Then EX; & — Xz, 6, /M < €5%4%+D" and
maX{E|X |k+l ElXZj G, (C+|k+l} < C§—calk+D)

By telescopmg the difference and applying Holder’s inequality, we obtain

k k !
E (H X}Ei,Fi,R>(H X6, <C+) ( XxF)(“ ij,(;,-)
i=1 i=1 Jj=1

Combining this with (5.2) with H;’s being F;/O(y =) and G /O (y ), re-
spectively, we get the desired result.

< C8%“.

6. Proof of Lemma 2.5 and Corollary 2.6. PROOF OF LEMMA 2.5. If suf-
fices to show that
1

(6.1) Ean<[—1 + &

and ENg, ([—1+ % 1-— é]) < M(C), for some constant M (C).

1—%D5wa
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Again, the proof for the second inequality is the same as the first. We follow the
approach in [15]. By (4.27), there exist constants d and ¢ such that P(|§;| <d) <
g < 1foralli.

For k > Ny, let By = {w: [§n,| = d, ..., &k—1] = d, |&]| > d}. Then P(By) <
k—No

q
By mean value theorem and Jensen’s inequality, we have
M
1 1 1 1 log w1
N —1+—,1——}§k+N [—1+—,1——}§k—|——,
P[ ¢ c P c’ o c log X
where R=1 — 2C’ r=1-— é, and M = sup,|_g |P®)(z)]. On By, we have
" leil
11 log /=l
Np|—1+—,1——=|<k d :
P[ * c C} =fr 10g§

where cjx = j(j —1)---(j —k+ )R/7¥/k!. And so,

1 n+1 g/ n+1
ENp|—14+ —,1 — — kP(B
p[ + 3 C} Z (B + -2

I3 P(By)

r k=Ny

rg/ log Xn:CjkMP;:ﬂ dP
B \jm el

10grk No

Thus, to show (6.1), it suffices to show that

n+1

(6.2) Z / log(Ry)dP < C',
for some C’ = C'(C), where Ry = (p + 1 + k)—P~! ZJ —k CjkToT |Lk| |.§J| Then

n . /7. —

o i\leil iy C'k="
ER, <C’ 1+ k)y—°-1 SRk 2%
e=Clo+1+h) ;{(k) ek = (1 = R)k+p+l

Let By = {w € By : ¢/ ER; < Ry < ¢/T'ERy}. Then P(By;) < ¢! by Markov’s
inequality. Let ig = | —logg*], then

f log Ry dP < P(By) log(¢ERy) + Z / log Ry dP

i=ig
< C'qFk+2+4 p —klogg — plogk).

This proves (6.2) and completes the proof. [
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PROOF OF COROLLARY 2.6. Let C be the constant in Theorem 2.4 with
k=1. As a consequence of the above lemma, we only need to concentrate on
the domain RN A0, 1 — &, 1+ £).

Let ¢ be the constant in Theorem 2.4, and let « = ¢/7. We will prove that for
every ﬁ << % and real number xg € R such that |xg| € 1(5), we have

IENp(xo — 10778, x + 10778) — ENp(xo — 10778, x9 + 10775)

6.3
63 e

and when ﬁ <5< %,
I[ENp(xo — 10778, xo + 10778) — ENp(xo — 10778, x9 + 10775)
= 0(8?).
From (6.3), we can conclude that [ENp(£1(8)) — ENp(£1(8))| = 0(8%/?)

. m m—1 m
for all ﬁ <5< é Letting 6 = ﬁ,l.%”,...,zzm where 2— < L < 2 apnd

. . ' . ! 20n C — 20n
applying triangle inequality, we obtain

2m+1 1 2m+1 1
‘ENp<i(l— ,1+—>>—EN;;<j:(l— ,1+_)>‘=0(1>.
n n n n

(6.4)

This together with the analogue for Q give the desired result. (By definition of Q,
we have ENgla,b]=ENp[1/b,1/a]lif 0 <a<b<ococor—-oco<a<b=<0)
As for the proof of (6.3), let ﬁ <§< % and let xo be a real number with
|x| € 1(3).
Let G be a smooth function supported on [—10~% — §% 10~* 4- §%] such that
0<G<1,G=1o0n[-107%107%], and | V'G|| < C5§~% for all 0 <a < 6. We
have

ENp[xo— 10778, x0 + 10775]
=EN;[#— 104 %+ 10 <E ¥ G(¢ — %)
;iﬁeR
<E Z G(g“-P —Xo) + Csc0 by Theorem 2.4

]

{iﬁ eR

n
=<E Z 1[—5“—10*4,8%—10*4] (Cip - fo) + C8¢ 6

i=1
<ENp[xo— 10778, x0 + 10778] + Zp + C8%,

where Zp = E} 7, 1i[10*75,10*75+10*38a+1](§iﬁ — x0). We will show later that
Ip=0(""?).
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Thus,
107 -7 e 10—T7 7 /2
ENP[X() 10776, x0 + 10 5]§ENP[XO 107768, x0 + 10 5]+C3 .

By similar arguments with the function G being replaced by one supported on
[—107*,107] such that 0 < G < 1 and G =1 on [—107* + 8%, 10~ — 5], we
have

ENp[xo—10778,x0 4+ 10778] = ENp[xo — 10778, x0 + 10778] — C5%/>.

This gives (6.3) for P. Hence, to finish, we only need to prove the stated bound
onZp and Zj. Let [a, b] = xo £[10775, 10775 4+ 10735 *1]. By a Kac—Rice-type
formula (see, for instance, [12], Theorem 2.5), one has

bim'|P+mlR —1(my
6.5  ENpla,b]< /,/ d+/ Tp e P,

for any a < b, where m(t) = EP(1), P = Var(P) Yr_yc?t¥, Q= Var(P') =
y 0012121‘2’ 2 R = Cov(ﬁ, 13’) = )i 0C 2i12i-1 and S = PQ — R? =
oG —)2¢2 ¢ %t2i+2j—2.
First, we will bound the second integral. By similar bounds as in (5.4) and
(5.10), we have for every ¢ € [a, b],

P> éa—%—l, R<Cs 2 2<cs™p.

Additionally, by the same argument as in the proof of Theorem 2.4 [more pre-
cisely Lemma 5.1 near the estimate (5.14)], one can show that under Condition
2(2), for every t € [a, b], |m'(t)| < C§~P~1 + C5~'log §|m(1)|. Thus,

/ 1 m 1, m
I 1P+ miR |7;3+/2|m|7€e_§(ﬁ>2 <Cs'2 4+ C57og %%e_i(ﬁ)z <8 'log é
where in the last inequality, we used the boundedness of the function x — xe
on R. Since the length of the interval [a, b] is C §%*1 the second integral in (6.5)
is of order O (8%/? as desired.

Hence, it remains to bound the first integral in (6.5). By symmetry, we may as-
sume that a > 0. We first reduce to the hyperbolic polynomials for which that
integral is easier to handle. Consider the corresponding hyperbolic polynomi-

als with coefficients chyper =,/ w A routine estimation shows that

ézp <c hyp < Ci” for some constant C. And thus by condition (2.5), C/

lci| < C/ l-yper for all Ny < i, and so when |¢| > 2, one has S(¢) < C/Shyper(t) and

hyper
P() = &PWPr(e). Thus, /5 < ¢ [ S

—x2)2

hyper
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If % <t<l]1- 7(100p+}100) log", one has

Phyper ( l‘) —

L ot Qo)

(1 —12)20+1 i

i=n+1

and the last term is bounded from above by » "2 Wﬂi A; where

(2p+i+1)"'(2p+i+”)t2n
G+1)---(i+n)

- (i+r%+ 1)---(l:+n+ |—2/0-|)t2n — o(n 1000100y
@+D---G+1[201)

Thus, Phyper — W(l + o(n~1000=100)) Similarly,

A=

2
o- <(2p +1D(2p +2)t 2p+1 >[ o(n=1000=100]

(1 _ t2)(2p+3) (1 _ t2)2p+2 ’
(2p+ Dt —100p—100
=t ol T

therefore,

Sheer - V2p+1 —12p-12
('phyper)Z 1 —¢2 ( ( ))

Plugging into (6.5) with [a, b] = xo£[10778, 107784 10738%+1] gives the desired
bound for § > (200p + 200)n ! logn.

Next, if 1 + 2 > ¢ > | — 00500 logn

£< O(n)
P27 |1 —1

, we will prove that

(6.6)

This together with (6.5) will give the desired bound for § < W
To prove (6.6), observe that S <43 ;- <, (j — 1)2c2c2t2’+21 Set M= |
We have

(6.7) > (- )chr2’+2f‘<|1 t|7>2<>
0<i<j<nA(i+~nM)

And so, we only need to work on the summands corresponding to 0 <i <i +
vnM < ] < n In particular, we can assume that M <n.If 1 —2/n <t <142/n,

then = t| >5 2 and so, (6.6) follows by a similar argument to (6.7). Thus, we can

further assume that t < 1 — Z'
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For each ~/nM < j <n, we have from (2.5)
Li—vnM]

2 2i+2j _ 2 2 2 2i
Z (j l)cct ]_0<ch ]Zt>

(6.8) i=0

_ 2p+2 2 2j
=0(n ¢l \/—JMt ).
We will now show that
. O(n) .
2p+2 2 2j — 2[] VnM ]|
69 UMt =77, POG; ! ’

which is equivalent to n***! = O(H)P@)(1 — M)_ZV”M for some constant
C3. This is true because the right-hand side is at least (Zf‘i [M/2] ciz(l —

i)z")ez*/”/—M > M2 H VM 5 2041 note that we assumed that M =
NI

From (6.7), (6.8) and (6.9), we obtain (6.6).

The proof for (6.4) follows nearly the same lines with

n
I5=E) 1110751075+ 10-350+1 (¢2 — x0)
i=1
and as in the proof of Lemma 5.1, the estimates for Q will be similar to the case
p =0 for P. In particular, the handling of the corresponding second integral of
(6.5) is similar (exploiting ingredients from the proof of Lemma 5.1), and for the
first integral we may upper bound it by that of Kac polynomials by comparing c;

with the hyperbolic coefficients and using Lemma 10.6. This completes the proof.
O

7. Proof of complex local universality for series. PROOF OF THEOREMS
2.10 AND 2.13. First, let us make some observations about the series Ppg under
Condition 1:

1. Pps converges uniformly in every compact set in D a.e.

Indeed, let 2, = {w: |&(w)| <n+i",Vi >0}.Then Q; C Qp--- C Ry ---,and
Q=2 Q. On each ©,, Pps converges uniformly on compact sets in D.

Moreover, Pps does not extend analytically to any domain larger than the unit
disk (see, for instance, [13], Lemma 2.3.3).

2. By the Lebesgue’s dominated convergence theorem, Var(Pps(z)) =

2o leal?lzI?".
3 Forevery0 <§ <1 — —,zeA(O,l—Z(S,l—(S],kZ 1, one has

E[Npys (B(z.8/10))]" < cc.

This follows from Proposition 4.6 by setting A = 2" withn =1, 2, 3, ... and shows
that the integrals in the statements of Theorems 2.10 and 2.13 are well defined.
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Now the proofs of Theorems 2.10 and 2.13 for any 0 < § < = follow exaotly

the same lines as the proofs of Theorems 2.3 and 2.4 for the case lo g T <8< C
with the n in the latter proofs being replaced by co. [J

PROOF OF COROLLARY 2.11. The corollary follows from Theorem 2.3 with
the two sequences of random variables (§,) and (Sne*/__lne). U

PROOF OF COROLLARY 2.12. Observe that by the change of variables for-
mula, with respect to the rescaling formula 2.7, one has

1) PP, w) = (1078)% R (1076w, ..., 105wy,

Let Pps be the hyperbolic power series with &’s being i.i.d. standard complex
Gaussian. By Theorem 2.10, we have

‘/k G(w)(10_3<3())2k,<),([f;)S (z + 10738ow) dwy - - - dwy
(7.2)
~ [, G@10750)* o (¢ + 10 50w) duy - du| = €'

As proven in Proposition 2.3.4 in [13], the zero set of ﬁps is invariant in distri-
bution under the transformations ¢. Thus,

3o 2k (k) 3
[, G (10756 5 e+ 1050 duwr -+
(7.3)
— 2k (k —
= [, H@)(1078)0p) (4 10781w) dw, -+ du.

Thus, it remains to show that

'/ H(w)(10736) ) (¢ +107381w) dwy - - dwy
(7.4)

2k (k) (

—/ Hw)(107381)% 0% (t + 10738 w) dwy - - - dwy| < C'86.

Recall that the hyperbolic area is defined by Area(B) := [g (ld—n\11(|12))2
Borel set B C D. By the change of variables formula, one can prove that if ¢ is a
hyperbolic transformation then ¢ preserves the hyperbolic area, that is, Area(B) =
Area(¢(B)). Moreover, ¢ maps circles in D into circles in D (see, for instance,
[34], Section 14.3).

Now, since ¢ maps z; to ¢; with |z;| € [1 —28p, 1 —=8p] and ¢; € [1 —2681, 1 —61],
one has

(1.5) d(D(zj.80/5)) C D(t}, 105, /s)

for every
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for every s > 25. Indeed, assume that 7; € ¢(D(zj,80/s)) = D(t,r). Then
Area(D(z;, 80/s)) = Area(D(z, r)). We have

dm(z) 78} 1 .
@) (1 =121H)? 7 5% (8o —do/5)* ~ (s — D

The radius r cannot be larger than 1/3 because otherwise, there exits some #’
between ¢ and 7; such that |t' — ;| =81 /2. And so D(¢', 81/2) C D(z, r), but then

Area(D(zj, 80/s)) = /D

2

, gh 1 T
(7.6) Area(D(t', 81/2)) > e TR > T

> ¢(D(z, 80/9))

which is impossible So, r < 1/3, and hence, for every z € D(t r), |zl = |tj| =2r >
1—-281—2r >z —281>0. Therefore Area(D(¢,r)) > W

with (7.5), we conclude that r < =&. Hence, D(t,7) C D(¢;, .= 85 £) C D(zy, l051)
proving (7.5).

From this and the assumption that G is supported in B(0, 10~%)X, one can de-
duce that H is supported in B(0, 10~3)¥. The inequality (7.4) will then follow from
Theorem 2.3 if we can show that [V¢H (z)| < C forall0 <a <2k+4andz e C*k,
which in turn follows from the bounds:

Comparing this

]
71.7) (6™ ()| < C,,(S—S Vn >0,¥z e D(t;, 10758)),
1
where C,, is a constant depending on 7.
Hence, it remains to show (7.7). Since qb_](tj) = zj, there exists some 6 €

[0, 277) such that ¢! (z) = ¢_., (V"¢ (2)) for all z € D where ¢, =
for instance, [34], Sections 12.4, 12.5). Since eV=19 does not change the magni-

tudes of the derivatives, we can assume without loss of generality that & = 0. Now,
by direct computation, we have

1 =7 % (see,

2ygm—1
mi(1 = |t; 7"

ol @) = | ==
Cné C
<= mz0.vieD( 107%,).
1 1

For z € D(1;, 107%3)), set w = ¢y, (2) = 7= € D(0, 107). And

m!(1 — |z,|2)"" !

(1— )m+1

(7.9) | (w)| = <Cwdo  Ym=>0,VYweD(0,1079).

Combining (7.8) and (7.9), we obtain (7.7) and complete the proof. [
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8. Proof of Theorem 2.8, part I: Reduction to the case M =m =1. We be-
gin the proof of Theorem 2.8 in this section. In this section, & ’s are i.i.d. normal-
ized Gaussian and (ck)x>0 is a sequence of deterministic real numbers satisfying
the following assumptions. For some Np > 0 and 0 <m < M < oo, it holds that

mvh(k) <|ck| < My/h(k), No <k <n, max ¢ <C{M.
0<k<Ny

Below, we let N,(I) be the number of real zeros of P, (1) = }_, ckéktk that
are inside / for any I C R. For brevity, we will sometimes write N,(a,b) =
Nn((a, b)), Nyla, bl = Ny(la, b)), etc.

Our main goal of this section is to reduce the theorem to the simpler case M =
m=1.

By Edelman—Kostlan [10], the density function for the distribution of the real
zeros for P,(x) is p,(t) = %H ¥, ()|l where ,, () is the unit vector in the direction

of v, (t) := (cg, c1t, ..., c,t"). It was shown in [10] that
v, () 1\ vn () - v} ()2
®-1 @ = on TGIE

From (8.1), it follows that p,, is an even function of 7.
By elementary computation, for any n > 0 and any sequence (xi) and (yg), we
have

n n n 2
(Z xl%) (Z y;%) - (Z Xkyk> =) (kym — Xm¥e)*
k=0 k=0 k=0 k.

It follows that
1o O P oa O = [v, (1) - v ()T

2
Pn (t) =
n? v () [I*
B 1 Z()Sk,mfn (m _ k)ZC%Cit2m+2k72
) 2
7.[2 (ZZ=0 thZk)Z

Thus, for |¢| comparable to 1 we have p(¢) = O (n), therefore, EN,, (1 — %, 1+
) = 0(1) for any absolute constant ¢ > 0. Furthermore, by scaling invariant one
sees that

COROLLARY 8.1. Suppose that for 0 <m < M < 00 we have m|by| < |ar| <

M |by| for every k =0, ...,n. Let N, and N, respectively count the real zeros of
random polynomials associated with ay, . . .,a, and by, ..., b,. Then
m2 - 2
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Thanks to Corollary 8.1, it suffices to prove Theorem 2.8 for m = M = 1. We
will free the symbols m and M so that they could be used for unrelated purposes
later.

We now describe the high-level overview of the rest of the proof of Theorem 2.8.
Thanks to Lemma 2.5, it remains to count the number of real zeros near the critical
points x = —1 and x = 1. By symmetry, it suffices to consider a small neighbor-
hood of 1, which we will discuss in the next two section: Section 9 will discuss
estimates for the density function near 1 and Section 10 will use these results to
estimate the average number of real zeros near 1.

9. Proof of Theorem 2.8, part II: Estimates for the density function near
+1. In this section, we prove some estimates for p, near £1.

Below, for x > 0 let f,(x) =Y g<x<n c x", clearly Var[P,(t)] = f,,(tz) SO our
notational convention is to think of x as t2.

Our general framework for the analysis in this section will be under the heuris-
tics that f,(x) converges fairly rapidly to some foo(x) as n — o0o. This conver-
gence essentially leads to the convergence of p, to some limit ps.. The local aver-
age number of real zeros of P, is essentially decided by the local behavior of ps
and the rate of the convergence f, — fx. For instance, if P,(t) =Y} _, ck.fktk
where &; are i.i.d. normalized Gaussian and c; are independent of n then the nat-
ural choice for fo, would be foo (x) = D72, c,%xk , and the convergence f, — fxo
holds for x inside the radius of convergence of f. On the other hand, our ap-
proach is applicable even if c; depend on n, and does not require the polynomially
growing assumptions on c.

To motivate the definition of p,, we let g, (x) = log f,,(x), and note the follow-
ing.

LEMMA 9.1. For every n, it holds that

©.1 ool =~ (53() + P2
PROOF. Let v,(¢) denote the vector (co, c1t, ..., c,t"). Clearly,
[P = 32 e = £ule?).
O<k<n
v (0) vn(r)—Oij kg —j—t(||vn<t>||2)=tf,;(t2),

i = ¥ B2 = L2 (k@) = 1167 +20)

0ken 4t dt
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The desired claim now follows from the Edelman—Kostlan formula (8.1):
2 ||v;<t>||)2_(vnm-v,;(r))Z
o= (] TR
_ [ e I fat®) = L (D)2
fu(?) [fu(tD)]?
= £,(1°) + 1%, (%). O

Let0 < 8 < a < oo such that for x € (a2, 2) the limit fao (x) := limy,— o0 f5 (X)
exists and is continuously twice differentiable on this interval. Let goo(x) =
log foo(x) and define

1
(9.2) Poo(t) = ;\/ 860 (t?) + 1284, (12).

Motivated by Lemma 9.1, under some mild assumptions one expects that p,(¢)
converges to pso(t) for B < |t| < «. The precise estimates will be discussed below.

Note that the current analysis is only directly applicable to count the number of
real zeros inside (—a, a) near :I:a For R\ (—a, @), we will pass to the recipro-
cal polynomial P,(t) = —t”P ( ) and apply the argument to P,,, which is also a
Gaussian random polynomlal

9.1. Convergence of py,.

THEOREM 9.2. Let u,(x) := f”(&)) Assume that I, C (8, a) is an interval

(whose endpoints may depend on n) such that u, (%) > ¢ for |t| € I, for some
fixed constant cy > 0. Then uniformly over {|t| € I,} it holds that

pu(0) = poo(t) + O ([uy ()2 + Jur, (1) + [y ()] 2).
PROOF. Let D, (x) =log f,(x) —log foo(x). Using Lemma 9.1, we have

o0 (1) = poo(D)] < |0 (1)? = poo(?'* < |DL(2)|"? + a| D! (1%)|'2.

On the other hand, let x = 72 where ¢ € I,,, then u, (x) > co > 0, therefore,

D,(x) = Z"z; = 0l (x))
" _ MZ(X) u;(x) 2 _ / 2 /"
D=0~ <un(x)) = 0Dy ()" iy )

and the desired estimate immediately follows. [

We remark that the assumption u,, (t2)>co>0 uniformly over |¢| € I, in The-
orem 9.2 is fairly mild, since one has u,(x) — 1 as n — oo.
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9.2. Blowup nature of poo. It follows from Theorem 9.2 that the leading
asymptotics of p, on [, is determined by two factors: the size of u, = f,;/foo (and
its first two derivatives), and the possible blowup of o, which typically could hap-
pen near the endpoint of 7,,. By (9.2) depends on the blowup nature of f,, there.
For the polynomially growing setting of Theorem 2.8 (and with the normalization
M = m = 1), one expects that fo, blows up polynomially near the endpoints of
its convergence interval. This will lead to a simple pole for ps,, as proved in the
following lemma.

LEMMA 9.3. Let 0 < B <a < o0 and y > 0. Assume that log fso(x) +
y log |x — &?| has two uniformly bounded derivatives for x € (8%, a?). Then the
following holds uniformly over |t| € (8, a):

_
Poo(t) = T o).

PROOF. Recall that g, = log f. For |t| € (B, @), by the given assumption
we have

14

14
géo(tz):—m—i‘o(l), gno(t?) =

Using (9.2), we obtain

1 1 y 2y
() + 260 0%) = 25 (— 7L + s ) + 0D

Poo()? =

1 ya?
- 72 (l‘2 _ 062)2

Since po > 0, the desired conclusion follows immediately. [

+0().

10. Proof of Theorem 2.8, part III: Counting real zeros near £1. Recall
that h(k) = Z?:o a;L;j(Lj+1)---(L;+k—1)/k!with nonzero coefficients, and
for some fixed Ng > 0 the following hold:

e forevery Ng < k <n it holds that |cx| = v/ h(k).

e for some C fixed we have maxo<x<n, Ick| < C1.

Without loss of generality, assume that oz = 1.

To count the real zeros near 1 of P,(¢) = Zfzo ckéktk, we separate the treat-
ment of the inside and outside into two results, Lemmas 10.1 and 10.2 below. In
the following two results, the implicit constants may depend on Ny, Cy and h.

LEMMA 10.1. For some B € (0, 1) that depends only on h, Ny, Cy, it holds
that

EN,({B<ltl<1}) = —‘deg:”“mgn + 0(1).
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LEMMA 10.2. It holds that
logn

EN([-2.~1]U[1.2]) = —= + O(1).

REMARK. Itis clear that Theorem 2.8 follows from Lemma 2.5, Lemma 10.1,
Lemma 10.2. Therefore this section completes the proof of Theorem 2.8.

For convenience of notation, in the rest of the section let
No—1
(10.1) gx)= > [ci — h()]x*.

k=0

It follows that f;, (x) = g(x) + >}, h(k)x*. Furthermore, g(x) and its derivatives
are uniformly bounded on any compact subset of R with bounds depending on C
and Ny and 4. This fact will be used implicitly below.

For any L € R, we also let

n
for@) =Y berx*, b, =L (La+k—1)/k.
k=0

10.1. Proof of Lemma 10.1. Clearly, f,(x) = foo(x) for |x| < 1, and

foo(x) = g(x) + 302 o h(k)xk.
Using the binomial expansion of (1 — x)~, we obtain

d
foo®) =g+ Y am(1 —x)~Fn

m=0

for every x e [—1,1). Since g >0 and Ly > --- > Lo > 0, it follows that
log foo(x) + Lglog(l — x)

is bounded uniformly over x € [ﬁz, 1) for some B € (0, 1) depending only on Ny,
C1 and h. We furthermore choose 8 € (0, 1) to be sufficiently close to 1 such
that |(L)/ foo (x)] ~ (1 — x)~E¢=J5 uniformly over x € [82, 1) where j =0, 1,2.
Now, for ¢cg = min(Lg, min;(L; — L;_1)) > 0, it is clear that the jth derivative of
log foo(x) + Lglog(1 — x) =log[(1 — x)Ld foo(x)] is bounded above by O((1 —
x)C0—J). Using (9.2) and argue as in the proof of Lemma 9.3, it follows that

Vi
7(l—1?)
uniformly over |¢| € [B, 1). Now recall that Ly = deg(h) + 1. By the symmetry of
the real zeros distribution, we have

poo(t) = +o((1-2)7

1—<
(10.2) EN, ({8 <] 51})=2/ﬂ " pa()dt + O (D),

SWe say that f & g if there exist constants ¢, C such that cf < g < Cf.
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where ¢ > 0 is any fixed constant. We will use the above estimate for oo to show
the following.

LEMMA 10.3. For some fixed c sufficiently large, it holds uniformly over |t| €
(B,1— ) that

B /deg(h) + 1 QO
Pn(t)—m+0(1)+0((1—|t|) )
([n(l )] LD 4 [n(1 — 2)]Ld|t|2")
1—|t| '

We first show that this lemma implies the desired estimate for Lemma 10.1.
Indeed, notice that for every « > 0 we have % ~k*~! and D g k& “Ix
n“, therefore, we obtain the following uniform estimates (over 0 < x < 1):

(a—i—k—l) . C

"<C
Z - (1 —x)*’
Combining this with Lemma 10.3, we obtain the uniform estimate:
Jdeg(h) +1 D 1
pa(t) = LB L o((1— e 1)+0(42>
2 (1 —1t) n(l —|t])

overt €[B,1— %] where ¢ > 0 is any fixed large constant. Together with (10.2),
we obtain

EN, (B <t < 1)) = 7“&{(:’)“ logn + O(1),

as stated in Lemma 10.1.
We now prove Lemma 10.3. The proof of this lemma relies on the following
estimates for f},.

LEMMA 10.4. For each j =0, 1,2, it holds uniformly over x € [8%, 1) that
0((1 +[n(1 —X)]L‘ZH_I)X”“)

(1 —x)LatJ

d\J
(a) (fu(®) = foo(x)) =
and it holds uniformly over x € [—1, 0] that f,,(x) = O((1 + x)~(La=Dy,
We first prove Lemma 10.3 using Lemma 10.4. Let u, = f,(x)/foo(x). By

Lemma 10.4, uniformly over x € (,32, 1) and j =0, 1, 2 it holds that

d

(a)j(un(x) 1) =0(1 =) (14 [n(1 —x)]=H ),
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In particular, for ¢ large and ,32 <x=<1- % we have u,(x) =1+ O(x"/?) =
1+ O(e_c/ 2), and thus, u,(x) € [%, %]. Therefore, Theorem 9.2 is applicable, and
we obtain the desired estimate of Lemma 10.3.

PROOF OF LEMMA 10.4. Consider x € [,82, 1). It suffices to show that for
every L > 0 and each 0 < j < 2 the following holds uniformly:

103 (L) (r + s oy (LHRAZOP DA

dx (1 —x)L+J

Similarly, for x € [—1, 0] it suffices to show that for any L > 0,

(10.4) for@) =0(1+x)").

Observe that
d 1 1
dx( (1— )L +fn,L(x)>:L(—m+fn_1,L+l(x))

therefore, in (10.3) we may assume that j = 0.
Now for 0 < x < 1 we have

(L+k—1) i
(1—x)L+Z
X Lo (L+k—1
(10.5) = > (k! ) ok

:xn-i-li L..'(L+k+n)xk.
- (+1+k!
Now we will use the standard asymptotic estimate for generalized binomial coef-
ficients
L(L+1)- '];'(L +k—1) ~ Ol

as k — oo where C depends on L. It follows that

L(L-Jrl)---(LJrkJrn)<CL(L+1)---(L+k—1)<n+k+1>L--1
(n+1+k)! - k! k
L(L+1)---(L+k—1) (n+ L1
<c . (1+ 2 )
CL(L+1)~-(L+k—1)
k!

+(n+ D!
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(in the last estimate we use the asymptotic for generalized binomial coefficients
again). Using (10.5) and the binomial expansion, it follows that

1 LA (L+k—1)
-+ x
(1—x)L k; k!
xn+1[(l—x)_L—i-(n—l-l)L_](l—x)_l]

<C((14[n(1 —0)]* A —x)~Ex"+)

giving (10.3).
For x € [—1, 0], we will use the following recursive formulas.
LEMMA 10.5. For any x # 1, it holds that

for-1(x) L---(L+n—1)x""!
1—x n! 1—x

fn,L(x) =

PROOF. We have
L(L+1 L(L+1)---(L -1
(+)x2+---+(+) (LAn=1 ,

far(x)=14Lx+

2 n!
L---(L+n—1
xfn,L(X)=x—{—Lx2+...+ ( —:_” )xn'H,
n
LIL+1)---(L+n—=2)(L -1
A=) for () =1+ (L—Dx 4.y ZEFD <n‘ w-n,
L---(L+n-—1) el
a n! o
L---(L+n—1)
= fo.L-1(x) — ' Xl
n!
and the desired claim follows. [J
P n+1
For x € [—1, 0] it is clear that ZEH1=D X — o (pL=1 x|y = 0((l+x)L )

Thus, without loss of generality we may assume that 0 < L < 1. For this L, for
x € [—1,0] it is clear that f, ; is an alternating sum whose terms have decreasing
modulus, and could be easily bounded by O(1) uniformly over x € [—1,0]. O

10.2. Proof of Lemma 10.2. Thanks to the symmetry of the distribution of the
real zeros, we have

1—¢
(10.6) EN,({1<1]<2)) = 2E1\7,,(%, 1) — 2% " () dt + O(1),
2
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where N, and j, are respectively the number of real zeros and the density of the
real zeros distribution for the normalized reciprocal polynomial

n
~ C *k
Pt =Y =gt
k=0 ©n

We note that [¢,| = +/h(n) so ¢, # 0 for n sufficiently large, so P, is well defined.
Let f,,(x) denote the corresponding variance function

s el x" f(1/x)
fn(X):kg(:) C’%kxkz C,% .

As we will see, for any 0 < x < 1 the sequence f,(x) converges to foo (x):= 1%

x°

which suggests that p, (¢) is asymptotically ﬁ fort e [%, 1). In fact, we will
show the following.

LEMMA 10.6. Suppose that ¢ > 0 is a sufficiently large fixed constant. Then
uniformly over t € [ 1 — =1, it holds that

ﬁn(t):;(l—l-O(nLdI_Ld))+0(1)+0( ! + ! )

27 (1 —1) n(l—02  /n(1—1)>3

From the following computation, Lemma 10.6 and (10.6) imply the desired es-
timate for Lemma 10.2:

-3 1

1
2

-3 1 1
o dt
+ </1 n(l—1)2 + nl/2(1 —1)3/2 )

2

__logn

+0@).

To prove Lemma 10.6, we reduce the problem to the hyperbolic setting. As we
will see, f,, (x) converges to foo (x) = +— for every x € [0, 1) sufficiently close
to 1, say x € [1/2, 1). Our proof will make use of the density comparison results
developed in the previous section, Theorem 9.2 and Lemma 9.3, relying on various
estimates for fn (x)/ foo (x) and its first two derivatives. It is clear that modulo the
contribution of g [deﬁned in (10.1)] which will be shown to be very small, fn (x) 1s
a linear combination of fn L; where the linear coefficient for fn L8 14+0((1m™°)
and the linear coefficients of other terms are O (n~¢) where c = Ly — L;_;. Thus,
it suffices to consider the setting when f,, = g + f, 1,, which we assume below.

We first establish some basic estimates for f; 1.
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LEMMA 10.7. Let L e R\ {0, —1, =2, ...}. Then uniformly over 0 < x < 1 it
holds that

(10.7) o= 1 [1 * O(ﬁ)]

the implicit constant depends only on L. Furthermore, if L > 1 then uniformly over
x € [—1,0] it holds that f, 1 (x) = O(1).

PROOF. For every x we have

" L---(L+n—k—1Dn! k

f"’L(x)sz:%)L (Ltn-Da—h!
B (n—k—l—l)""’l k
(10.8) Z < (L+n—k)---(L+n— 1)x
n xk

- L—1y"

oo I+ kg - A+ 55D
Now itis clear thatif x € [—1, 0] and L > 1 then (10.8) is an alternating sum where
the terms have decreasing modulus, thus is clearly bounded above by O(1).

Now we consider L e R\ {0, —1,...,}and x € [ O 1) Notice that for 0 < k <
n/2 (and n large) itholdsthat 0 < 1 — Zan_ll 1+ = k+1 <1+ 2|L U Tt follows

that (14 .=~ +1) -(1+ LT_I) ~ 1, therefore, by a telescoping argument we obtain

(14 Ll) +O(n>

(the implicit constant depends on L). Consequently, the sum of the first n/2 terms
of f, 1 satisfies

1

k

3 * D xk+lo(zkxk)

0<i=ny2 1+ 32 k+1) (1 + 0<k<n/2 o N=o

T l—x n(l—x)2)"

For the other terms, we use the classical estimate

Cokl! < LIL+1)---(L+k— 1)' < CokL-!

k!
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for some Cp, C2 > 0 depending only on L (this estimate requires L ¢ {0, —1,
—2,...}). It follows that

>

LIL+1)--(L+n—k—1)/(n—k)! ,
L(L+1)---(L+n—1)/n!

n/2<k<n
< Cnl—an/Z Z (n _ k)L—l
n/2<k<n
1
<C 1-L n/2 L <C i
<Cn "x"n" < ni(l—x)z

This completes the proof of the lemma. [

Now recall the definition of g in (10.1), we obtain

~ 1 ~
(10.9) JSa(x) = xng(—) + fn,Ly(X)
bu.1, X
and we have the crude estimate [which holds uniformly over x = O (1))
1
n 1—Lg(,n n—~No - =
bn,de g(l/x)|<Cn' "™ (x" 4+ x )SCnLdH(l—x)Z

therefore, using Lemma 10.7, we obtain the following corollary.

COROLLARY 10.8. Uniformly, over 0 < x < 1, it holds that

fl(x)z%[wo(ﬁ)].

Thus, using L, > 0, for every fixed x € [0, 1) we have lim,,_, 5 fn(x) = ﬁ =

foo(x) as claimed earlier. Furthermore, from Corollary 10.8, it follows that for any
fixed ¢ > 0, if x € [0, 1 — ] then

i) = 0(1>
0o (X) ¢
for therefore by choosing ¢ > 0 sufficiently large we could ensure that i1, (x) > 1/2
for every x € [0, 1 — -] and every n sufficiently large. Thus, by Theorem 9.2 and
Lemma 9.3, we obtain the following estimate, uniformly over ¢ € [%, 1-— %]:

5 — 1 ~r o 2\(1/2 ~7 (.2 ~r7 0. 2\11/2
() =y + O+ O () + i () + [ () F).

Thus, to complete the proof of Lemma 10.6, it remains to show the following
estimates uniformly over x € [4—1‘, 1-— fl]:

N 1
(10.10) u,(x) = 0<7n(1 —x)z)’
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~// 1

Recall from (10.9) that

- 1 _
falx) = 5 xng(;) + fu,L,(X).

n,Lq

Using the definition (10.1) for g and using Lz > 0, it follows that the first term

g1(x) = bn,]Ld x”g(%) satisfies

d _ 2~ Lyony 1 _ 1 =
ﬁgl(x)—O(n Ix )_O<HL"+1(1—x)3)_0(n(l—x)2f00(x)>’

d\? . 1 1
(3) o= 007 = 0 i) = 0 (s = 0,

uniformly over x € [1/2, 1).
Therefore, it suffices to show (10.10) and (10.11) for f, = f, r,. We will use
the following analogue of Lemma 10.5.

LEMMA 10.9. For L ¢ {0, -1, =2, ...}, it holds that

1 X L

fap @)= 1—xL+n fnL 1(x).

PROOF. This follows from Lemma 10.5 using the definition of f. Alterna-
tively, we could directly compute

. 2 bk, —bn—k+1.L 1
A=) forry =143 Dokl Zbnciett e 1

k=1 bn,L bn,L

k=1 bn,L B bn,L
—1_ L—-1 Zn:bn—k+l,L—1xk_ L—1 1 xn+1
L+n—-17= bsr- L+n—1b, 1
L —
=1- L+n xfnL 1(x)

giving the desired claim. [J

Using Lemma 10.7 and Lemma 10.9, it follows that if L ¢ {1,0, —1, ...} then

10.12 3 _ Lol - 0 :
(10.12) L e A G g A (m)
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On the other hand, if L =1 then this estimate holds trivially via explicit com-
putatlon from fnl =( — x”‘H)/(l — x). Thus, (10.12) holds for any L ¢
{0, —1,-2,...}.

Now, using (10.12) and Lemma 10.9 again, we obtain the following corollary.

COROLLARY 10.10. Forx €[1/2,1—c/nl,if L ¢ {0, —1, =2, ...}, then

- 1 —1 x 1
fn’L(x):1—x_L+n—1(1—x)2+0<n2(1—x)3>
1 (L—1) x
T1—x (Ltn—1D(1—x)2
(L—1)(L—-2) x2 +0( 1 )
(L+n—D(L+n-2)(1—x)3 n3(1 —x)*

[Again, the case L = 1 of the second estimate in Corollary 10.10 does not follow
from (10.12) and Lemma 10.9 and one checks this case separately using explicit
computation. ]

Now we show the desired estimate (10.10) for i,. As remarked earlier, it suf-
fices to assume f,, = f 1 for some L > 1. We have

y ) d - 8
ity () = (fa, . ()1 =x)) =1 — ) fn L () = fa,L (),

oo ) )
dxfn,Lx =i nx""" faL 2) Jo.L 2

It is clear that f, , (x) =L ZZ;(I) % k= Lf,_1.141(x), therefore,

d - n. o~ ~
(10.13) d—fn,L(X) = —[fu, . (¥) = fu—1,041(0)].
X X
Recall that L; > 0. Thus, by Corollary 10.10, we have
- n(l —Xx) -
it (x) = ——[fo.£,&) = fac1.Lg01(0)] = fu.L,(6)

zn(lx_X)[(lix _LdLj-;il(l —xx)2>
(s )]

—x Lg+n—-1{-x)
(=)o)
~o(s5 =)

uniform over x € [1/2, 1 — ¢/n], thus proving (10.10).
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For (10.11), we use (10.13) to obtain

N n(l — d -
i (x) = d—x[ D (F L) — fn_l,m(x))] S far®

1— -1 -
u[ (Fort ) = Fact.241 () = —=(Foet. 141 ()
X X

~ n
FEDFaiat)] + (<5 =2 k) = oo (0]
Using Corollary 10.10 again, we have

X
Ltn-Da-22 "

—2(L—-1) x2
T DL tn—2 =)

1
o\ —— ).
* (n3(1—x)4>
Therefore,

~ )_n(l—x)|: 1 ]
) = L an = D —x)?

+n(1—x)[ZLd(n—l)—2(Ld—l)n X :|
(Lg+n—1)(Lg+n—-2)(1—x)3

| n—+nx 0 1
LTy s g <n<1—x)3)

Cal-x[ 1 o !
i [n(1_x>2+ (nz(l—xﬂ)}

n n(l —x)[2Ldn—2(Ld— Dn x < 1 )]

n? (1 —=1x)3 n2(1 —x)3
| n—+nx 0 1 0 1
D a—or T (n(l—x>2)+ (n(l—x>3)

. 1 4 2n _ n+nx n < 1 >
T x(1=x) n(1=x)?2 x(1-—x)2 n(l —x)3

B (n(l—X)3)

thus proving (10.11). This completes the proof of Lemma 10.2.

Far(X) = fac1,041(x) =

X

11. Proof of Theorem 2.9. In this section, we count the average number of
real zeros for P,(t) = Z?:o cj&jt! where for j > No two conditions hold: ¢; =
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B(j) for some fixed classical polynomial 33 of degree p when j > Ny and is
bounded when j < Ny, and &; are independent Gaussian with mean u # 0 and
variance 1. Without loss of generality, we may assume that the leading coefficient
of Pis 1, thatis, c; = jF +---.

Thanks to Lemma 2.5, the average number of real zeros outside [—1 — by, —1 +
b1] and [1 — by, 1 + b1] (for any fixed by > 0) is bounded.

We will show that on average there are a bounded number of real zeros in [1 —
b1, 1+ b1] and 22 Jogn 4+ O(1) real zeros in [—1 — by, —1 +b1]

As in the proof of Corollary 2.6,letm(t) =EP(t), P =Var[P,] = 0C; 242J
Q = Var[ P, ()] = Yi_gc; j**/ 72, and R = Cov[P,, P,] = J:()]CIIZJ 1, and
S=PQ R

We will use the following generalization of the Kac—Rice formula in [12],
Corollary 2.1, which gives

ENyla, bl = Ii(a,b) + Ix(a, ),

b S1/2 m2Q + m*P —2mm'R
Ii(a,b) :=/ ﬁexp(— >3 )dt,

b 2im'P — mR| m? |m'P —mR|
I b) = I ————— - 2 Mg
20a.6) /a P32 ex( 2P>erf< J2PS ) b

erf(x) = /Ox e dt.

We note that in I; the first factor S!/2 /(wP) is exactly the density of the real
roots for P, in the mean zero case, namely p, in the notation of Lemma 9.1, and
there is an extra exponential factor in /1. Our plan is, essentially, to show that
near 1 the exponential decay of the extra factor in /; will cancel out the pole
singularity of p, and near —1 the extra factor in /; is essentially 1. This would
lead to I1(a,b) = O(1) if a, b are close to 1 and I (a, b) = fab on(®)dt + O(1) if
a, b, are close to —1, thus allowing us to reduce the proof to the mean zero case.
For I, we will show that I>(a, b) = O(1) for both cases.

We now separate the neighborhood into four intervals: [1 — by, 1], [—1, —1 +
b1l, [1,1 4+ b1], and [—1 — by, —1], where b; > O is a sufficiently small fixed
constant.

The interval [1 — by, 1]. We will show that this interval contributes O (1) to
EN,. Using (10.3), for 1 —b; <t < 1 we have

m(t) =u Z cjtj

Jj=0

!
=Y ule; =BG + W( +O([1 +n(l—0)]°"))

J<No a
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up!

= O+ G

(1+ O([1 +n(1 —n] ")
N wup! n/2
_0(1)+7(1_t)p+1(1+0(r )

here we have used the fact that nts" = O((1 — s)~L), applied to s = Y2, Simi-
larly,

m' (1) = M:gcjﬂ(j + Dt/ = 0(1) + %(1 +0(t"?),
P=0()+ g (14 0()
Q=0+ s (14 0(7)
R=01)+ %(l + 0(t")).

Note that by choosing ¢ > 0 sufficiently large we could ensure that "/ < 1 for
|t| < 1—+, and by choosing by > 0 sufficiently small we could ensure that 1_1—t2 >
1fort e[l —by,1). It follows that

1 P?
> '
(1 _ t)4p+5 - P(l _ [)3

for some positive constants C;), C, depending only on p and p. Now, by
Lemma 10.3, we have

m*Q +m"*P —2mm'R > C,

512 I
P A PP
Consequently, uniformly over ¢ € [1 — by, 1], we have

m2Q+m/277—2mm/R>C,, 1
28 R

therefore,
1

c 1 1 C
L(1=b,1—=)=0 - - p)dt):Ol
1< : n) (ﬁ—bll—teXp( 1—1¢ M

1
11(1—5,1)5/ pa(t)di = O(1).
n 1-¢

n

Now for I, we similarly have, forz € [1 — by, 1 — %],

m? 1 R 1 P32
"o, — PomR|=0(——— V=0 —
2p 2Ce— WP -mR| <(1—t)3p+3) ((1-:)3/2>’
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therefore,

c 1= 1 1
bl1-p.1-%)=0 0 exp(—C,——)dt) = 0.
2( ! n> (fl_bl (1—r)3/26Xp( pl—z) ) M

On the other hand, the integrand of /, is bounded above by O (n) for ¢ € [1 — %, 1],
for any fixed ¢ > 0. To see this, first note that for some absolute constant ng the
coefficients c; are of the same sign and |c;| > j# for j > ng. It follows that the
main contribution to m and m’ comes from the tail j > n¢. For instance,

Z le‘j

no<j<n

m®)] = 0(1) +

9

Z‘Wj

no<j<n

1 1
. +1
=z Z.ﬂzaﬂ > 1,

no<j<n

and for m" we could argue similarly. Since c¢; are of the same sign for j > ny, it
follows immediately that |m’(¢)| = O (n|m(t)|), and consequently

|m'P| m? |m| m?
32 exp 25 =n0 731/zexp ~2p = 0(n),

X

using the boundedness of xe™ ?. We also have

o)~ 0(%) = ot
p32 P\ Top ) T ¥\ p )T

It follows that I>(1 — % H)=0(),s0 L(1—5b1,1)=0().

The interval [—1,—1 + b1]. We will show that this interval contributes
(v2p + 1logn)/(2m)+ O(1) to EN,,. The analysis of this interval is fairly similar
to the analysis of [1 — by, 1]; the main difference is that m(¢) and m'(r) are less
singular near — 1, in fact they are bounded by O ((1+1)~") and O ((1 +1)~+D),
respectively [by using (10.4) for L = 1,2, ..., p and expanding the polynomial
defining c¢; into the linear basis of binomial polynomials]. It follows that

1 732
2 2y I _ —
m-Q+m'“P 2mm7€—0<(1+t)4p+3)—0(1 t>—0((l+t)8)
therefore, for ¢ > O sufficiently large and b; > 0 sufficiently small

C —1+by —1+4+by
11<—1+;,—1+b1):f1 ‘ pn(t)dt—{—O(/] p,,(t)(1+t)dt)
—_ +£

n

V2 1
:7,04- logn + O(1),
T

C _1+n
11<—1,—1+—) 5/ pu(t)dt = O(1).
n —1



ROOTS OF RANDOM POLYNOMIALS 2485

For I, similarly we only need to show that I5(—1 + %, —1+b1) = 0O(1). This
follows from

im'P —mR| ((1 + t)<2p+2>> B
P3/2 (1 +t)—3,0+%

The interval [1, 1+ b;]. We will show that this interval contrlbutes Oo(l)to EN
To analyze this interval, consider the reciprocal polyn0m1a1 P,(t) = Z" cj&jt- ]

where ¢; = ¢,_j/c,. For convenience, let oy, 11, 12, 73 Q R S m, and m’ be
the corresponding quantities, and similarly it suffices to show that L(1—bi,1—
s L(—by, 1 — =)= O(1) where ¢ > 0 is a fixed large constant.

Let f,,(t) = P(t) SO fn (%) = Var[P (1)] as 1n the proof of Theorem 2.8. Recall
from the proof of Lemma 9.1 that O = >0 c 20272 = f1(t%) + 2 f/(¢?), and

R=Y]_0 G =1f,).
Recall that i1, (x) = f,(x)(1 —x). From Corollary 10.8, (10.10) and (10.11), for
xe[l—>by,1— f—l] with ¢ > 0O sufficiently large we have

o= ol )

O+ 2)=0((1+177).

P = ﬁn(x1>+fn(x>
— X
I AE)) 1
T 1l—x + O(n(l —x)3)
1 0 1
“a-o " <n<1—x>3)’
o) +2f0x) 2 1
n (0= 1—x T (1—x)3 +O(n(1—x)4)'

It follows that for t € [1 — by, 1 — ], we have
~ 1 1
=——>+0(—%5)
P® 1—t2Jr <n(1—t2)2>
o(r) = 2 +0( ! >+0( ! >
(1 —=12)3 n(l —r2)* (1—122)

~ t 1
RO=Gpp * O(nu - r2>3)

and using Lemma 10.6 and the Edelman—Kostlan formula we have

~ ~ 1
S— ~n 2 27)2 — < 7)2)
Pn (@) T P(2) 1=
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On the other hand, for ¢t € [1 — by, 1], using Corollary 10.8 we have

m(t) :Mjé)gjtj = %[1 + O(n(ll_ t))]

Let dj = c¢; j which is a polynomial of j (for j > Ny) of degree p + 1. Then for

. S de s . .
j=n—Nowehaved; = =7 =¢&; — 1¢;. We obtain
n n n
- -l L j—1 5 -1
m/(t)zuZCj]tJ =nu2cj~t] —n,uZdjtJ .
J=0 Jj=0 J=0

To evaluate Z’;ZO d jtj ~land Z?:O c jtj ~1, we use Corollary 10.10 together with
an expansion of the polynomials defining c; and d; into the linear basis of binomial
polynomials w with L =1,2,... (as in the proof of Corollary 10.8). It
follows that

n
(6 =y el
j=0

n n
=nu Zéjtf_l —nu Zdjtj_l
j=0 j=0

:nu[%(l + OG)) - pin (l_tt)z + 0(112(11— t)2>]
—nu[%(l + 0(%)) - pﬁin T O(Wl—ﬂzﬂ

=(1f‘t)2+o(ll_t>.

Note that by choosing b1 small and ¢ large we know that 1 —¢ < 1 and ﬁ < 1.
Thus,

G zPa-n7

>c7 1§ —1)7!

and the rest of the proof is similar to the prior treatment for (the case p = 0 of)
EN,[1 — by, 1]. In particular, to show that 7'(t) = O (n|m(t)]) for t € [1 — £, 1]
[in the treatment of (1 — > 1)] we similarly observe that the main contributions
to || and |m’| come from 0 < j <n — no, and for these indices we have ¢; > 0.
The interval [—1 — by, —1]. We will show that this interval contributes
(logn)/(2m) + O(1) to EN,. As before, we also consider the reciprocal poly-
nomial P, and count the number of real roots in [—1, —1 4 b1] for this polyno-
mial. The analysis is similar to the treatment for the interval [1, 1 4 b1]; the only

20 + 2P — 2R > C !
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modification is in the estimate for m and 7’ near —1, and unlike the last interval
here these two terms are bounded above by O (1) (via applications of Lemma 10.7
together with an expansion of the polynomial defining c; into the linear basis of bi-
nomial polynomials). The rest of the proof is entirely similar to the prior treatment
for (the case p =0 of) EN,,[—1, —1 + by].

APPENDIX

In this section, we provide the proof of Theorem 4.11. For the proof of Theo-
rem 2.10, we need an analog of this theorem when P is a power series of the form
(2.11). A proof for series in fact runs along the same line with the following proof
for polynomials, except some minor modifications that we shall notify the reader.

We first prove the following lemma.

LEMMA A.1. Let P be the random polynomial of the form (2.4) where the §;
are independent random variables with variance 1 and sup;, E|§; |>t€ < 1, for
some constant T>. And let P = Y20 £7' be the corresponding polynomial with
Gaussian random variables &;. Assume that & matches moments to second order
with &; for every i € {0, ...,n}\ Iy for some subset Iy (may depend on n) of size
bounded by some constant No and that sup; ., El§ |2t < 1.

Then there exists a constant Co such that the following holds true. Let oy >
Crag > 0 and C > 0 be any constants. Let § € (0,1) and m < §~* and
Z1, ..., 2m € C be complex numbers such that

i
(A.1) —— < C§" Vi=0,...,n,j=1,...,m,

where V(z;) = ¥i—q0....ap\o ICi |2|zj|2i. Let H : C" — C be any smooth function
such that |V'H| <5~ forall 0 < a < 3, then

‘EH( P(z1) P(zm) )_EH( P(z1) P(zm) )‘
V@) VYV @) VVGEDT VY Em)

where C is a constant depending only on g, a1, C, Ng, T3 and not on §.

Cs%,

IA

PROOF. Our proof works for any subset Iy of size bounded by Ny, but for
notation convenience, we assume that Ip =1{0,..., No — 1}. We use the Linde-
berg swapping argument. Let P;, = Z;O:_Ol c,-é,-zi +>0 o Ci &z'. Then Py = P and
P41 = P.Put

P, (z1) Piy(zm) Piy+1(z1) Piy+1(zm) ‘
I, = \EH 0 0 —EH 070— .
0 ’ («/v_(m «/_V(zm)> ( JV ) YV zm) )
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Then®
I,‘EH(Ixm) P&m>>_EH<<ﬁ&o ﬁ@m))
V@D VYV @) V@D VY @)
n
=< Z Iio-
i0=0

Fix ip > Np and let ¥; = Zf‘):_ol 35(7 +3r it \7’:'_ for j from 1 to n. Then
PoG) vy L Ciofigd) o PgnG) CigEip?

V) Y; + NG NG i+ Gk Fix & when i < ig and &;

when i > ig and the Y;’s are fixed. Put
G=Gj,(wi,...,wp):=HX1+wy,....,Yn +wy).

Then ||[VYGlloo < C57* for all 0 < a < 3. Then we need to estimate d;,, which is
defined by the following expression:

‘E i (Czoglozl CigipZ )_E - (Clogtozl 6105’0&")‘
Sofo "\ VDT VV )/ S0 \YVEDTTT YV ()

o
Let a;;, = % and a;, = Q7 laiipl /2, Taylor expanding G around
O, ...,0) gives

(A.2) G(ar.iiys - - - » am.igEiy) = G(0) + G +erry,
where
G dG (ay,ip&igt, - - -, am,ig&iyt)
1 =
dt +0
" 3G(0) " 3G(0)
= - 7 & _oo® 4 L
; 9 Re(w;) Re(aiiy&iy) + ; 3 Im(w;) m(a; iy &iy)

SFor power series, to have / < Z?.?:O I;,, we need to show that

Poy(z1) Po(zm) P(z1) P(zm)
Hl ——, ..., —EH| ——, ...,
(«/V(Zl) «/V(Zm)> <x/V(Zl) x/V(Zm)>

-2 (o (o dhvemn) = (U e )

that is, EH ( 5%) ..... jf;/%))) S EH( J’% ..... j%) as n — oo. This follows from the

fact that P, (z;) — P(z,) a.e., the continuity and boundedness of H, and the dominated convergence
theorem.
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and

1d>G(avigbighs - - amioEiy!)
dr?

lerr;| < sup

'€[0,1] t=t'
1 %G
= Sup (=< Z —h(ai,ioSio)k(aj,iosio)
rel0.1112 ) peretmyjelt....my Ok ;)
~ mn ~ " 2
< C8™ &> Y laiiyllaj.iol < C3_a°|§i0|z<z |ai,i0|>
ij=1 i=1

m
~o— 2 2 ~o—2 2 2
870 )&, m(2|ai,,-0| >=ca “0lgi*ay .

i=1

Similarly,

(A.3) G(awivips - - - » am,igiyp) = G(0) + G + %Gz + err,
where G, = d2G(al’ioéiodt;z"-ﬂm'iogioo lr=0 and

(A4) lerra| < 873018, a3

Also, we have [erry| = [err — $Ga| < C872%0|&;, ai <8~ 0‘0|5 |%a;. . Interpola-
tion gives

|err2| <C8——(¥0|é;- |2+€ 2+€.

The expression (A.4) also holds for £ in place of £. Subtracting and taking
expectations and using the matching moments give

~ o S0 2+ 2 g2 ~o—dag 2+
diy = |Eerry| < C873%0a;(E|&,[*T€ + EI§;, 1) < Cs73%a .

Taking expectation with respect to the random variables §i where i < ig and §;

where i > ig gives I;;, < CcS_i“‘Oaer6 for all iy > Ny.
For 0 <ip < Ny, 1nstead of (A. 2) and (A.3), we use mean value theorem to get
the rough bound

m
G(al,iosiov ceey am,iogio) = G(O) + O(m||VG”OO|§:l0| Z |ai,i0|)’

i=1

. . ~o—2
which by the same arguments as above gives /;, < C6~ 2%g;,. Thus,

I <Cs 3% Z a2t 4 Ca3% Z aj-
i0=0 io=0
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. 2 _ xm 21z
Note that since a;; = > /L [ci "5 (Z y» We obtain
2 e Pz ¥
l l
Sah=me 3y WL o) = o)
V(zi)
io=0 i=1ip=0
. leiglzil® _ ~eqy 2 ~2 201 (25201 —a
Moreover, since VL) <C$é s i < mC<5-% < C~§ . Hence,
n ~
I < C8 0{0+€(Ol1 ) Z aiZO +C50(1—30(0
io=0
< Gsreotelr—F) g0 4 Fgm—doo < Gy, 0

Now we proceed to the proof of Theorem 4.11.

PROOF. Consider
_ 1 1
F(wi,...,wy) = F(un + Elog\V(zl)L...,wm + Elog\V(zm)\).

Then we still have ||V F oo < C87% for all 0 < o < 3, and we want to show that

([P (P ~ a0
‘EF(logm,...) —EF(logm,..)‘ <Cé§

(the ... stop at z,,, this will be our convention when writing long expressions). Let

Ql={(w1,...,wm)eRm'4 rlnln w; < M}

i=1,...,

92=[(w1,---,wm)€Rm', min w; > M—l]

i=l1,...,

where M is to be defined. Then 1 U Q, =R"”™ C C™, and since we only look at

F(log |P(z1)l log |P(Zm)|>
V@) TV /)

we can restrict F to R” € C™ and think about F as a function from R” — C. We
can further assume that F : R” — R by considering the real and imaginary parts
of F separately.

Now there exists a smooth function i : R” — R such that v is supported in 2
and ¢ = 1 on the complement of 21 and ||V/Y |00 < m€2 forall0 <a <3 and C,
is some constant. Indeed, there exists a function p : R — R such that p is supported
in[—M —1,00), p=1o0on[—M,00),0=<p <1, and p has bounded derivatives
of all orders. This function p can be constructed by convolution of the indicator of
[-M — 1/2, o0) with a mollifier. Now let ¥ (xy, ..., x) = p(x1) - - - p(x;). Then
clearly i satisfies the required conditions.
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Nowputop=1—y, F| = F - ¢ and F; :_F.x/f. Then F_: Fi + F>, and both
F1, F> are smooth functions with supp F| C €21, supp F> C 2. We have

IVFil = IVF.¢ + FVel < IVEIIl + I F Vel < Cs~.

And similarly for higher derivatives and for F», we then get ||V F;| < C5—Cao
fori=1,2and0<a <3.

We now show that the contribution from F7 is negligible. We show this by first
showing that there exists a smooth function H; : R” — R such that

|Fi(loglwil.....loglwal)| < Hi(wy, ..., wn),  |V4H | <Cs %,

supp H; C {(w1,...,wm) eR™: rlninmlwi| §e_M].

Indeed, let F| = C8%¢ then |Fy| < F and ||V F;| < C§€2% since || F oo <
C§~ %, Then let

Since ﬁl is constant on 25, H; is smooth. We have || H;| < C5~ and for all
a>1,V*Hy =0on (log|wil,...,log|wy|) € Int(23) UInt(£2]). In the remaining
domain (log|wi], ..., log|lw,|) € Q22 N 21, we have

‘3]‘1] :‘3F1 1 _ ‘ < Fg—Caoo 1

dw dwy |wi|l— 3w1 lwi| — lwi |’

where our constant C, can, as always, change from one line to another. Since
log|wi| = —M — 4, |wy| = e~™~*. Thus, |3H1| < C6C2%0¢M | Similarly for
higher derivatives, we get that IVeH, || < C8~ C2“063M . Choose M = log(83%)
then || VY H; || < C8~¢2% for all 0 < a < 3. Applying Lemma A.1 to a1 and Co«y,

E‘Fl(log l;%,)‘ §EH1<1;%,...>

P -
<EH, <M .. ) + C§C20,

V' Vi(z1)
Since H; =0if (log|wq], ..., log|wy,|) ¢ 21, one has
EH}( |P(z1)] |ﬁ<zm>|>
VV(ZI)’ ’ V'V (zm)

- B(r
C8_“0P<Elie{1,...,m}: Pl 5e—M:53“0>

IA

< C8%ms300 < Cs%,
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Thus, E|F; (log 1PGIL - ,log MH < Cs%, Finally, we will show that

NAZED e V'V (zm)
|P(z1)] ) ( |P(z1)] )‘ ~
EF|(log———,... ) —EF|log ——, ... || < C§%.
' 2(°g¢vgo 2% v

Define H; : R" — R by Hz(wi, ..., wy) = Fa(log|wil,...,log|wz|). Since
supp F» C Q», it follows that supp(H>) is contained inside
{(w, ..., wy) :logw;| > =M —4Vi} = {(w1,..., wy) : |w;| = C8>% Vi}.

Thus, H, is well defined and smooth on R™. By a similar argument to the part
about Hy, |V¢H,| < C8§~€2% for all 0 < a < 3. We can increase C» to have
C > 1. Applying Lemma A.1 to o and Crxg gives

‘EF2<log %,) —EFg(log %,)'

:Fm(EEﬂ_”Jfﬁﬂ)_Ew(ﬁ@m'”Iﬁmﬂﬂ
V@DV V) NAZC VAT S

< C8C2*0 < 5.

This completes the proof. [J
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