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SCALING LIMITS FOR SUB-BALLISTIC BIASED RANDOM
WALKS IN RANDOM CONDUCTANCES

BY ALEXANDER FRIBERGH AND DANIEL KI10US
Université de Montréal and New York University Shanghai

We consider biased random walks in positive random conductances on
the d-dimensional lattice in the zero-speed regime and study their scaling
limits. We obtain a functional law of large numbers for the position of the
walker, properly rescaled. Moreover, we state a functional central limit the-
orem where an atypical process, related to the fractional kinetics, appears in

the limit.
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1. Introduction. Random walks in random environments (RWRE) have been
the subject of intense research for over fifteen years. We refer the reader to [29, 39,
40, 43] and [8] for different surveys of the field.

One aspect that has attracted a lot of attention is the phenomenon of trapping.
Trapping appears in several physical systems and it motivated the Introduction
of an idealized model known as the Bouchaud trap model (BTM). The study of
the BTM led to the discovery of several interesting anomalous limiting processes
including the FIN diffusion (see [23]) and the Fractional Kinetics (FK) process
(see [33]). Moreover, the BTM is a natural setting to witness “aging”, which is the
phenomenon where the time it takes to witness a significant change in the system is
of the order of the “age”of the system. This behavior is common among dynamics
in random media such as dynamics on spin glasses [6] (see [15] for a physical
overview of spin glasses) as well as in the random energy model under Glauber
dynamics (see [7]) or in parabolic Anderson model (see [34]). For an overview of
the BTM, we refer the reader to [4].

Although the BTM was initially used to study random walks which are sym-
metric in the sense that, up to a time-change, behaves like a Brownian motion
(see [3] and [35]) it was subsequently used to study the behaviour of direction-
ally transient RWREs which experience trapping. The initial series of works in
this direction [20, 21] and [22] by Enriquez, Sabot and Zindy were concerned
with the one-dimensional RWRE. The authors managed to obtain the scaling lim-
its in the zero-speed regime (a result already obtained in [28]). Furthermore, they
also proved that this model experiences “aging”. This work also provided a robust
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method for studying directionally transient RWRE with trapping which served as
an inspiration for future works on more complex graphs.

Following the study of one-dimensional RWREs, several works were initiated
to understand trapping for directionally transient RWRESs on trees; see [9, 10, 27]
and [1]. These works confirmed that the picture provided by BTM was relevant
for RWRE in general environment (up to some complication due to lattice effects,
see [9]).

It is a central question to prove that directionally transient RWREs in Z¢ can
also be analyzed via the BTM analogy and to identify the limiting behaviors such
models may have. So far, the methods provided by the BTM have only been used
to identify scaling exponents for biased random walks in positive random con-
ductances [24], a model first studied in [36] and on supercritical percolation clus-
ters [25], which was first studied by [12] and [38].

In this paper, we carry on the study of the zero-speed regime for biased random
walks in positive random conductances in 74 initiated in [24]. Our main result is to
find the limiting scaling processes appearing in those models. One of the scaling
limits we identify is related to the fractional kinetics in Z?. This constitutes the
first scaling limit result that is rigorously proved for anisotropic random walks in
random environments on Z.

1.1. Definition of the model. We introduce P[-] = PF E(Zd), where P, is the
law of a positive random variable ¢, € (0, oo). This measure gives a random envi-
ronment usually denoted w. .

In order to define the random walk, we introduce a bias £ = A of strength A > 0
and direction £ which is in the unit sphere with respect to the Euclidean metric
of R¥. In an environment w, we consider the Markov chain of law P on Z¢ with
X0 =x PP-a.s. and transition probabilities p®(x, y) for x, y € 74 defined by

c®(x,y)
Y Ox,2)]

where x ~ y means that x and y are adjacent in Z¢ and also we set

(1.2) forallx ~yeZd,  “(x,y) =c?([x, y])eOHE,

(1.1 pe(x,y) =

This Markov chain is reversible with invariant measure given by

(1.3) T(x) =) “(x, ).

y~x

The random variable ¢“(x, y) is called the conductance between x and y in the
configuration w. This comes from the links existing between reversible Markov
chains and electrical networks. We refer the reader to [18] and [30] for a further
background on this relation, which we will use extensively. Moreover, for an edge
e =[x, y] € E(Z%), we denote c®(e) = c®(x, y).
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Finally, the annealed law of the biased random walk will be the semi-direct
product P =P[-] x P[-].

In the case where ¢, € (1/K, K) for some K < 00, the walk is uniformly ellip-
tic and this model is the one previously studied in [36]. Later on, this work was
generalized in [24]. Results of both papers can be stated in the following manner.

THEOREM 1.1 ([24, 36]). Ford > 2, we have

X
lim =2 = v, P-a.s.,
n
where:
1. if Exlcy] < 00, then v - E; 0,
2. if Ex[cy] = 00, then v =0.
Moreover, if lim W =—y withy <1 then
InX, ¢
lim T —y, P-a.s.
Inn

From this result, we see that a natural trapping regime occurs when y < 1.
In this paper, we are interested in this sub-ballistic regime. For the rest of the
paper, we will naturally assume that

(1.4) Plc,>t]=L@®t77, for any 7 > 0,

with y € (0, 1) and where L is a slowly-varying function. We choose such a form
for the tail of ¢, in order to, on one hand, be in the sub-ballistic regime [provided
by y € (0, 1)] and, on the other hand, in order to have some regularity, which is
ensured by the slowly varying function. If we do not assume this kind of regularity,
this would not be possible to obtain full asymptotic results but we could prove
some convergence along some subsequences of time. See, for example, [9] where
the authors treat these kinds of difficulties which arise when the distribution of ¢,
is lattice.

1.2. Main results. Our main results are a functional law of large numbers and
a functional central limit theorem for the position of the walker.

For any time T > 0, we denote D4 ([0, T']) the space of cadlag functions from
[0, T] to R?. The following results of convergence hold on the space D?([0, T])
equipped with the uniform topology or the Skorokhod’s J;-topology; see [42] for
details.

THEOREM 1.2. Consider the biased random walk among random conduc-
tances on 74, d > 2, with law given by (1.4). There exist a deterministic unit vector
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vo € S with vy - ¢ > 0 and a constant C > 0 such that, for any T € R, under
the annealed law P,

Xint) ) ) »
n’ /L) — (CS, " (Hvo ,
<”V/L(n) 1€[0,T] (€S )ieto.71

on D4 ([0, TY)) in the uniform topology, where S; L) is the inverse of a stable
subordinator with index y . Moreover, there exists a deterministic d x d matrix Mg
of rank d — 1 such that, for any T € R,

(XanJ — (X |z - v0)vo
/nY /L(n)

on D4([0, T1) in the Ji-topology, where B. is a standard d-dimensional Brownian
motion, independent of S, Lo).

(d)
—> (MgB—1,\)te[0,T]
>te[0,T] Sy

REMARK 1.1. Our main theorem does not give any information on the fluc-
tuation in the direction vg. In the course of this paper, we will obtain a result on
those fluctuations which appears in Theorem 11.2. The drawback of this result is
that the recentering is random, depending on regeneration times, and that, to state
this result, we need to introduce a significant amount of notation. This is why we
choose not to state it here.

Besides, the matrix M; is defined in (11.11) where we prove that it has rank
d — 1. We also point that Py, M is the null matrix, where Py, is the projection
matrix on vy.

Finally, note that we cannot extend the second result to the uniform topology,
due to measurability issues, as explained in Section 11.5.3 of [42].

REMARK 1.2. Previous scaling-limit results were obtained in the isotropic
case, for example, an annealed [17] and quenched CLT was obtained for the sim-
ple random walk on the supercritical percolation cluster ([11, 32] and [37]), the
variable speed random walk in random conductances ([2]) and the random walk
in bounded conductances ([31] and [14]). The only other limiting process that had
appeared was the fractional kinetics in the case of the random walk in unbounded
random conductances in [3].

Our main result is the first scaling limit result for anisotropic random walks
and we believe that this type of result will prove to be universal for random walks
in random environments with directional transience that experience trapping. In
particular, we expect this type of result to appear for the biased random walk on
supercritical percolation cluster. Several steps in our proof will be easily transfer-
able to other models. However, one key step (the description of the environment
seen by the particle around a large trap) is extremely model dependent and will
require substantial work in any other model that will be analyzed in the future.
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REMARK 1.3. We believe that the estimates proved in this paper along with
techniques from [22] should be sufficient to prove aging results in this model.

REMARK 1.4. If we were to consider the variable speed random walk defined
in [3], we believe a similar theorem would hold with n” /L (n) replaced by n and
Sy_ 1 (t) replaced by Cypt, where Cq is some constant.

The process Bg-1, is known as fractional kinetics. This kind of process has
Y

)
already been found to be the scaling limit of symmetric processes with trapping

(see [3-5, 35)).

1.3. Sketch of proof. The proof of the main result is rather long and involved.
For this reason, we start the paper by giving a sketch of proof which highlights the
structure and the main estimates of the paper.

It is known (see [24]) that the walk is slowed down by the presence of small
trapping areas in the environment. The sub-ballisticity condition exhibited in this
paper is equivalent to the fact that the annealed exit time of an edge is infinite.

This leads one to believe that the most efficient trapping mechanism is to have
one edge with large conductance surrounded by regular edges, and indeed this
intuition will turn out to be correct.

After having identified the geometry of efficient traps, we are going to imple-
ment a strategy for the analysis of anisotropic trapping models which was first
developed in the works of Enriquez, Sabot and Zindy [20-22] on Z and later ex-
tended to trees in [9, 10, 27].

Apart from identifying the geometry of efficient traps, one of the most difficult
tasks is to analyze the tail of the time spent in large traps. One particularly difficult
aspect is to describe the environment seen from the particle close to a deep trap.

1.3.1. Regeneration times and independent regeneration blocks. The standard
approach to study directionally transient walks is to use the regeneration times
11, ..., Tn associated to the walk, which is a particular increasing sequence of ran-
dom times (see Section 5). Our main problem is then to study the scaling limit of
a sum of i.i.d. random variables, namely > ,(7;+1 — 7;) where each term corre-
sponds to one regeneration period.

The two key elements to prove are the following:

1. The only regeneration periods that matter are those where edges with large
conductances are met, here large means above a certain specific cut-off f(n). Fur-
thermore, in those blocks, the time spent outside of the largest conductance does
not matter (see Proposition 10.1). This means that 7;, the time spent on the largest
edge of the ith regeneration block, is a good approximation for 7; | — 7; when the
latter time matters.
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2. The time spent during the ith regeneration period on the edge with the largest
conductance ¢}y (conditionally on the event that this conductance is large) can

(l)

asymptotically be written as cm‘(”‘) &) (see Proposition 9.1) where W,

is an inde-
pendent random variable with high enough moments (see Lemma 9. 9) This allows
us to compute the tail of ¢¢% (’) (see Lemma 9.10) and thus, in some sense, the

tail of the time spent on the edge with the largest conductance.

This procedure is summed up as follows:

n—1 n—1
Y (i — )Y T > f(n)) Z WM e > f(n))
i=0 i=0

~ Z (z) max
o0 *(z)’

the last line being a standard estimate on sums of heavy tailed random variables
(see [19)).

Hence, 1, behaves like a sum of i.i.d. random variables whose tails can be com-
puted and as such we can obtain scaling limit results (see Proposition 10.3).

Of the two key elements we need as an input, the first one can be proved using
techniques similar to [24], this is done in Section 6. The second point is the more
difficult estimate, let us now discuss the difficulties arising to obtain that estimate.

1.3.2. Analysis of the time spent in one edge with large conductance. This is
the most important step. The key aspects to understand the time spent in an edge
with large conductance are the following:

e How likely are we to hit this edge?
e After having hit it, how much time does it take to come out of it?
e How likely are we to come back?

Let us start by addressing the second question. In a typical situation, once we
have entered an edge with large conductance, we will perform a lot of back and
forth crossings of that edge. The number of such crossings is roughly geometric
(see Lemma 9.2) and the exit probability of the large edge is almost proportional
to the conductances of the adjacent edges (see Lemma 8.1).

The first and third questions are related to the asymptotic environment seen from
the particle around a large edge at late time. It turns out that the analysis of this
object can be done in a very intuitive manner. Indeed, seen from outside the trap,
located at an edge e say, the environment looks like the usual environment where
e has been collapsed into a vertex x,; see Figure 1. Hence, the environment seen
from the particle should be a weighted average of such environments, to factor in
the likelihood of hitting such a vertex. This reweighting is done rigorously using
regeneration times; see Lemma 8.12.
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Te

FI1G. 1. Collapsing and edge e into a vertex x.

In fine, we will show that the time T spent by the walker on some edge e, when
cx(e) is large, will asymptotically behave like

2 Y=
(L.5) cx(e) x (% ;ei),

where T, is a random variable linked to the conductances surrounding x, (or
e equivalently) in the asymptotic environment, V, is the number of visits to x,
and (ej) is an independent sequence of i.i.d. exponential random variables with
mean 1 (related to the large geometric number of back and forth crossings). The
conductance c,(e) is independent of all these quantities. As we know, the tail of
cx(e) and because the sum in (1.5) behaves nicely, we are able to compute easily
the tail of T (see Lemma 9.10).

1.3.3. Conclusion. We now have the two main ingredients to conclude. First,
using the i.i.d. structure on the trajectory of the walk, we easily obtain limit the-
orems at regeneration times. Second, we are able to analyze the time spent dur-
ing one regeneration period. The conclusion will then follow using a classical
inversion argument and theorems on the limits of stochastic processes (see The-
orem 11.2).

2. Notation. In this section, we define most of the necessary notation.

Let us denote {eq,...,eq} an orthonormal basis of 74 such that el - ‘ >
e Z> ->eq - Z> 0, and define, for any i € {1, ...,d}, e¢j4q := —e;. The set
{£e1, ..., £eq} will be denoted by v. In partlcular we have that e; - (>1 /A /d.
Set f1:= ¢ and complete it into an orthonormal basis (f;)1<;j<g of 74.

We set, for any z € R,

21 HY@={xeZ!:x-€>z} and H (x):={xeZi:x <z}
We also define the shorthand notation

HY:=H"(x-€) and H]:=H (x-0).
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Two vertices x,y € 74 are called neighbours, or adjacent, denoted x ~ y, if
lx — y|l =1, where | - || is the Euclidean distance. Besides, for a vertex y and an
edge e, we write y ~e if y~eT or y~e~ and y ¢ {eT, e }. Two edges e and
¢’ are said to be adjacent or neighbours, denoted e ~ ¢, if they share exactly one
endpoint. We use the notation y € e if y € {e*, e }. If y is a neighbour of e, we
denote ey the unique endpoint of e which is adjacent to y.

For any pair of neighbouring vertices x, y € Z¢, we denote [x, y] the unit non-
oriented edge linking them. For a vertex x € Z¢, we denote ||x || the usual uni-
form norm and, for an edge [x, y] of 74, we denote

112, 1o = Moo V 1Y lloo-

Given a set V of vertices of Z?, we denote by ||V its cardinality, by E(V) :=
{[x, y]s.t. x, y € V}; we also define its vertex-boundary and edge-boundary

V:={x¢V:3IyeV,y~x} and 9V :={lx,yl€E(ZY):xeV,y¢ V]

Given an edge e € E(Z%), we denote by e and e~ its endpoints, in an arbi-
trary order if not precised otherwise. Given a set E of edges in Z¢, we denote
by V(E):={x €Z%:3e € E s.t. x € {et, e™}} its vertices.

For any subset A of vertices or edges of Z¢, we define the width of A to be

2.2) W(A) = glaixd(gleazy e — 1yn€1/?y . ei).

For any L, L’ > 0 and y € Z, define the tilted box:
By(L,L")
:={erd:|(x—y)-Z|§Land|(x—y)-fi|SL/,forallie{2,...,d}},
and its positive boundary
0*By(L,L'):={x€dBy(L,L): |(x—y)- €| > L}.

Besides, we denote B(L, L") = Bo(L, L"). Also, we define the ball in the uniform
norm B (y, 7) center at y and of radius r.

For any graph on which a random walk (X,,), is defined, let A be some subset
of its vertices and define its hitting times,

To:=infln>0:X, €A} and T;:=inf{n>1:X, €A},
and its exit time,
T :=infln>0:X, ¢ A}.

We will use the abuse of notation 7, when A is the singleton {x}. We denote 9,
the time shift by » units of times.
Besides, for any real numbers a and b, we denote

aVvb:=max{a,b} and a Ab:=min{a,b}.



614 A. FRIBERGH AND D. KIOUS

Throughout the paper, the letters ¢ and C denote constants in (0, co) that may
depend on the dimension d, the strength of the bias A and the law P,. Moreover,
their value may change from line to line.

Finally, we will define, later on, several probability measures that we cannot
define properly yet. Nevertheless, let us point out where they are defined and ex-
plain roughly their purpose. First, we will define PX, in Definition 5.1, which is
an annealed measure in a special environment which is key for understanding the
environment such that 0 is conditioned to be a regeneration time. Second, we will
introduce the shorthand notation P, defined in (7.1), which is the law of a regenera-
tion block. Third, we will define a probability measure [P, at (7.3), which provides
the law of a regeneration block conditioned on meeting a large trap.

3. Some previous results: Estimates on the backtracking event. As ex-
plained in the Introduction, this work is the sequel of the work [24] done by the
first author. Hence, we use several results from this paper. Let us state two of them
and very briefly explain their content.

THEOREM 3.1 (Theorem 5.1 of [24]). Foroa > d + 3,

PITyp(L.Le) # Tyt per,1e)] < Ce™ "

LEMMA 3.1 (Lemma 7.3 of [24]). We have for any n,

P[T3-(—p) < 00] < Cexp(—cn).

These two results look alike. The first one states that the walk, started at zero,
will exit a large tilted box through the positive boundary (towards ¢) with large
probability.

The second result states that the probability of ever backtracking at distance n
is exponentially small in 7.

4. Good/bad areas decomposition. Here, we will follow the idea already
used in [24], which consists in partitioning the space into good parts where the
walk is well behaved and bad parts where we have much less control.

Recall that, in the model we consider, we have no uniform ellipticity, but it will
be, at some places, convenient to consider only edges which are typical, in the
sense that their conductances are neither too small nor too large. This will enable
us to obtain several estimates.

For this purpose, we will define some vocabulary. These definitions depend on
some real number K > 1, which we will choose later to be large.

DEFINITION 4.1. Fix a constant K > 1. We say that an edge e € E(Z?) is
K-normal if ¢, (e) € [1/K, K], otherwise the edge e is said to be abnormal.
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Note that we can choose the probability for an edge to be abnormal as small
as we need by taking K large enough: indeed, for any edge ¢ € E(Z%), c.(e) €
(0, +00) almost surely, hence P,[e is abnormal] = Py[c4(e) ¢ [1/K, K]] goesto 0
as K goes to infinity.

DEFINITION 4.2.  Fix a constant K > 1. A vertex x € Z¢ is K -open if, for any
neighbouring site y, the edge [x, y] is K-normal. A vertex that is not K-open is
said to be K -closed.

As before, the probability for a vertex to be K-closed can be made arbitrarily
small be taking K large enough.

REMARK 4.1. 'We may notice that for any open vertex x, using (1.2) and (1.3),
we have
%eZKX'Z E cw([x, y]) S CK€2)LX.Z,
for any vertex y adjacent to x in Z¢, and thus

C 7 7
?62)\.)6 0 S jTa)(x) S CK62)»X E.

DEFINITION 4.3. Fix a constant K > 1. A vertex x € Z¢ is K-good if there
exists an infinite directed K -open path starting at x, that is a path {xg, x1, x2, ...}
with xop = x and such that, for all i > 0O:

(1) we have x2;41 — x2; = ey and x2; 42 — X241 € {e1, ..., eq};
(2) x; is K-open.

If a vertex is not K-good, it is said to be K -bad.

REMARK 4.2.  The key property of a good point will be that there exists a
open path (x;);>0 such that, foralli >0, x; - £ <x;11-£, and (x; —xp) - £ > c(d)i.

REMARK 4.3. Note that d > 2 is crucial in the decomposition between good
and bad points. Indeed in dimension-1, there exists only one directed path. This
means that K-good points exists only if the environment is uniformly elliptic,
which is not the context we are considering.

For notational simplicity, we will often call edges and vertices open, closed,
normal, etc., forgetting the dependence in K.

Let us state some results proved in [24]. For any environment w, let us denote
BAD% (x) the connected component of K -bad vertices containing x, in case x is
good then BAD% (x) = &. We will often forget to indicate the dependence in K or
o when it is clear from the context. Also, recall the definition (2.2) of W (.).
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LEMMA 4.1 (Lemma 5.1 of [24]). There exists Ko < oo such that, for any
K > Ko and for any x € 74, we have that the cluster BADg (x) is finite P-a.s. and
P[W(BADk (x)) > n] < Cexp(—&1(K)n),
where £1(K) — 00 as K tends to infinity. In particular, this implies that
P[0 is good] > 0.

For x € Z4, we define BAD} (K, w) = {x} U Uy~x BAD% (y) the union of all
bad areas adjacent to x. Notice that when x € BADg (@), we have BAD} (K, w) =
BAD% (x). Again, we will often drop the dependency on @ or on K in the notation
of BAD} (K, w).

As a direct consequence of Lemma 4.1, we have the following.

LEMMA 4.2 (Lemma 8.2 of [24]). There exists Ky < 0o such that, for any
K > Ko, BAD} (K) is finite P-a.s. and
P[W(BAD; (K)) > n] < Cexp(—§1(K)n),
where £1(K) — 00 as K tends to infinity.
Let us define BADkx = (J,c7¢ BADk (x) which is a union of finite sets. Also
we set GOODg = Z¢ \ BADg. We may notice that
“4.1) for any x € BADg, dBADg (x) c GOODg,

since BADg (x) is a connected component of bad points.
In the sequel, K will always be large enough so that BADg (x) is finite for any
xeZd.

LEMMA 4.3 (Lemma 8.1 of [24]). Fix an environment w. For any x €
GOODg (w), we have

o0
E® [Z 1{X;, = x}:| <C(K) < o0.
i=0

For any set of edges A C E(Z¢) and any V C Z, let us define
(4.2) T4 =) [{ke[LLT)]: [Xio1. Xi] = e}

ecA

’

and notice that T‘f = T‘ij + T‘}L’Ac. Besides, for any ¢ € R U {400}, define
(4.3) E_i=lec E(Z% :cile) <t).

The statement and the proof of the following result are close to those of
Lemma 8.3 in [24]. It will be used to prove that the time spent on edges with a
conductance that is not too large is asymptotically negligible.
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LEMMA 4.4. Fix an environment , for any x € Z¢ which is open, and any
t € Ry U {400} we have that

E¥ Tooonwuier.e) < CRIepBWBAD @) (14 3 @),
eeE(BAD;)ﬂEG

PROOF. The first remark to be made is that since x is open, then, for all y ~ x,
c«([x, y]) € [1/K, K]. Besides, if BAD}, \ {x} = &, the result is obvious, thus we
assume from now on that BAD} \ {x} # @.

Let us introduce the notation BAD$*(K) = BAD} (K) \ {x}.

Now let us consider the finite network obtained by taking BAD}(w) U
dBAD}’ (w) and merging all points of dBAD}*(w) (which contains x) to one point
§ and removing all the ensuing loops. We denote ws the resulting graph which is
finite by Lemma 4.2 and Lemma 4.1, and it is also connected, since the different
connected components BADg (y), x ~ y, are connected through x.

By Lemma A.1 from the Appendix, we have that, for any y € BAD*(K), y ~ x,

2
> e,

E®[TT 1<
R c@(y, x) ‘
ecE(BADS)NE,

where we used that [x, y] is an edge linking y and § in ws.

Besides, using the fact the transition probabilities of the random walk in ws at
any point different from § are the same as that of the walk in w, Markov’s property
yields

EC[T <1 XY posrp+
Y [TGoopwyui). e, ) <1+ > VT ]
yEBADS (K):
y~x
“4.4)
d
<14 9D
TP (x)

Z c®(e).

ecE(BAD$)NE

Now, by (1.2), and using the fact that x is open and x € 9BAD}’, we have that

©(x) = C(K)exp(2x min_y-¢
7 = CK)exp(24 min v-7)

and, for e € E(BAD) N E_,

—

“(e) <c?(e)exp(2A max y-£).

e sc@exp(2 max y-7)

Moreover, recalling definition (2.2) of W(-) and since BAD}® U dBAD?® is con-
nected, we have

-

max y-£— min y-f< W (BADS (w)) 4+ 2 < W(BAD} (w)) + 3.
yEdBADS yedBADY
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Therefore, we conclude from (4.4) that

B[ T300Dw)uix).E, )
< C(K) exp(3AW (BAD: (w))) (1 + > cf(e)>.
ec E(BADY)NE_, 0

5. Regeneration times. A classical tool for analyzing directionally transient
RWREs is to use a regeneration structure; see [41]. We call ladder-point a new
maximum of the random walk in the direction £.

The standard way of constructing regeneration times is to consider successive
ladder points and argue that there is a positive probability of never backtracking
again, that is, there exists a ladder-point X, such that X, - £ > X, - £ for any
k > 1. Such a ladder-point creates a separation between the past and the future of
the random walk leading to interesting independence properties. We call this point
a regeneration time.

There are two major issues in our case. First, we do not have any type of uniform
ellipticity: this has been addressed in [24] by considering open ladder-points, so
we will follow this strategy. Second, for the reversible model that we consider, the
classical construction of regeneration times yields regeneration slabs (and quan-
tities defined on them) that are ergodic but not independent. As we want to get
limit theorems, it will be much more convenient to recover some independence.
For this purpose, we will introduce an alternative construction of the model and
define a slightly different version of regeneration times in order to obtain some
independence properties (see Theorem 5.4). After the completion of the paper, we
were made aware that a similar argument for creating independence of regenera-
tion blocks had already been developed in [26].

5.1. Construction of an enhanced random walk. In this section, we will define
an enhanced walk ()Nf Vo = (X1, Z1)n, which will be such that, first, the marginal
law of (X,,) is the law of the original anisotropic walk that we study and, second,
some extra information is encapsulated in the variables Z, concerning the last step
of walk. We need to construct this enhanced walk in order to be able to define some
regeneration times with nice independence properties.

As the classical anisotropic walk, the process (X, has two levels of random-
ness, one given by the environment, and one corresponding to the evolution of this
enhanced walk in this environment. The definition of the environment is the same
as before, that is a collection of random conductances with law P.

Let us now explicit the law of the process (X,). For this purpose, fix an
environment o and recall from (1.1), (1.2) and (1.3) that, for all x € Z¢ and
jef{l,...,2d},

c*(x,x—i-ej)eei'e _clx,x+ej)
Y calx, x + et T (x)

pPx,x+ej)=

’
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and define

(c*(x x+ej)A K~ hecit
Z Z(ex(x, x +e) vV K)ecir
Moreover, p“(x, y) = p% (x, y) = 0if y is not a neighbour of x in 74,

In the environment w, we define, for any starting state (x,z) € 74 x {0, 1},
the Markov chain (X,,) with law P (v.p) On 74 x {0, 1} and transition probabilities

(1, 21), (32, 22)) for y1, y2 € Z% and z1, z2 € {0, 1} defined by:
1. Xo_(x 2), P

2. p?((y1,21), (yz, 1))—pK(y1 y2)s
3. p?((y1,21), (32, 0) = p?(y1, ¥2) — PR (Y1, y2).

5.1) prx,x+ej):= 4 “(x,x +ej).

REMARK 5.1. If x is open and if y ~ x, then p®((x, z1), (v, 1)) > k, where
k > 0 is a constant depending only on K, £ and d.

As before, we write IF’(X, ;) for the annealed law of the enhanced walk starting at
(x, 7). Now, let us emphasize two facts:

1. the process starting at (x, z) does not depend on z (except Zo),
2. itis easy to see that the marginal laws of the first coordinate of (X,) match
the laws P and IP, of the original biased random walk in random conductances.

REMARK 5.2.  We will often drop the z in subscript and the tilde, simply writ-
ing P and P for Px 2) and IP(X - When the quantity observed does not depend
on z, voluntarily making the confusion with the original walk. For example, it is

clear from the definition that the trajectories (X,),>0 and (Z,),>1, under P(x 2

and IP’(X,Z), do not depend on z.

From now on, when we write X,, = x without specifying the second coordinate,
we mean that X, € {(x,0), (x, 1)}.

5.2. Definition of the regeneration times. In this section, we will define the
regeneration times in a slightly different way than the classical one in order to
obtain independence properties; see Theorem 5.4. In particular, we will use the
enhanced random walk defined in Section 5.1.

Let us now introduce a variation on classical regeneration times where we ask
for the regeneration point to be K-open and for a specific behaviour of the infor-
mation encapsulated in the variables Z,,. One advantage of this construction is that
it will allow us to obtain independence properties.

Let us now define the quantities we need. First, define the random variable

5o M =inf{i > 2:X; is K-open, X < X,-_Q-Zforanyj <i—2
(5.2)
and X; = X;_1 +e1 = X2+ 2e1}.
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Roughly, this corresponds to the time when we have reached a new maximum

towards the direction ¢, with two extra conditions. Let us comment these condi-
tions.

Consider the time when the walker reaches a new maximum x, then the environ-
ment behind him and the environment in front of him have some common edges:
we want the walker to jump twice in the direction e; (following [36]) in order to
have only a bounded number of common edges (namely those incident to x) and
thus reduce correlations. Besides, we want x to be open which will have two main
advantages: this will firstly make it easier to escape to infinity and, second, this
will enable us to define regeneration times verifying independence properties.

We will state some results from [24] in the Appendix about this random variable
where the same variable, exactly, is defined.

We define a random variable D which is essentially the time it takes for the
walk to go back beyond its starting point, with respect to the scalar product with £.
Its definition is more complicated but we will explain the intuition below. In this
particular definition, we will need the enhanced walk of Section 5.1. Define

D::inf{{n>0:xn-ngo-f}uzo
(5.3)

d
UJn>0:X,—1=Xo+e; andZn=0}},
j=1

where

{{1}, if Z1 = 0;
Iy = )
, otherwise.

We will be interested in the event {D = oo}. The classic dﬁeﬁnitionﬁof D is such
that, on { D = oo}, the walker never backtracks, thatis, X, - £ > Xo-£ foralln > 0.
Here, we additionally impose that Z; = 1 and, if the walker is on a neighbour of
Xo attime n — 1, then Z,, = 1. This will again reduce correlations; see Remark 5.4.

REMARK 5.3. Note that D is measurable with respect to o (X, ()?n)nzl).

REMARK 5.4. We will prove that Py’ [ D = oo] does not depend on the values
of the conductances of the edges adjacent to xg, as long as xg is open. In fact,
the whole future of the walk on the event {D = oo} does not depend on these
conductances. See Proposition 5.1.

Also, we introduce the maximum (in the direction Z) of the trajectory before D

5.4 M = sup X, L.

n<D
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We define the configuration dependent stopping times S, k£ > 0 and the levels
My, k >0,

So =0, Myo=Xp-£ and
(5.5 (K)
for k > 0 Sk+1 = M ° 9T7.[+(Mk) + TH+(Mk)’
where

(5.6) My :=sup{X,, -LwithO<m <Ry}  with Ry := D o6, + ;.

These definitions imply that if S;4; < oo, then

(5.7) X5, £—Xs - £>2e -£>

i+1

e

Finally, we define the basic regeneration time

(5.8) t® =8y with N :=inf{k > 1 with §; < 0o and M = oo}.

REMARK 5.5. As rl(K) depends on MK it also depends on the value of the
constant K. However, to lighten notation we will drop the dependence in K, since
this constant will be fixed later at a certain large value.

5.3. Uniformly bounded chance of never backtracking at open points. The
next result is natural. Starting from a good vertex and by following a directed open
path from there, we can bring the random walk far in the direction of the bias with
a positive probability, uniformly in the environment, and after this point it will be
unlikely by Lemma 3.1 to backtrack past your starting point. This means that there
is always a positive escape probability from a good point: we will then be allowed
to study events conditioned on {D = 00}.

LEMMA 5.1. Recall the Definition 4.2 of a K -good vertex. There exists Ko <
oo such that, for any K > K, we have

E[P§[D < 00]|0 is K-good] <1 —c(K).

PROOF. First, by Lemma 4.1, P[0 is good] > 0 as soon as K is large enough,
hence the conditioning is properly defined.

Fix n > 0. On the event that {0 is good}, we denote P (i) a directed path starting
at 0 where all points are open (including 0). By definition, P(0) =0, P(1) =
e, and denote jp € {1,...,d} the integer such that P(2) = ey + ej,. We denote
Lyt pn2y =1nf{i, P(i) € 3% B(n,n?)}. Recall the definition of the enhanced walk

(X, Z,) from Section 5.1. Define the event A = ﬂf: 1 Ai, where

A1 ={(X1,Z1)=(e1. D};
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Ar={(X2,Zy) = (e1 +¢j,, D};
A3 = {Xl = P(l) for 3 < I < L8+B(n,n2)};

A4 = {T’H*(Z) o HTP(L, = OO}

9+ B(n,n2)

Then we have A C {D = 00}, as an immediate consequence of the definitions.
As {0 is good}, then L+ g, ,2) < Cn, and any vertex y on the trajectory P(i) is

open, hence p%(y,y +e;) = (K_leej'e)(zizi1 Ke =1 for any j €{l,...,d},
and where p% is defined in (5.1). Therefore, we have

2d —19Cn
w . ei-l 2 ei-l _n
PO[AmAZmAﬂz[(je?lnn e )(ZKe ) } =",

i=1
for some constant ¢ > 0 that only depends on K, d and £. In particular, we have
E[Py’[D = 00]|0 is good]

>E[Py[A1 N A2 N Az] x P7‘§(L 2))[TH—(2) = 00]|0 is good]

9T B(n.n

> "E[Pp [T3-(2) = 00]|0 is good].

<')+B(n,n2))

Besides, we have
E[P 7(3)(L

<P[0is good] 'E[PR,

2))[TH—(2) < 00]|0 is good]

8+B(n,n

[T~ (2) < 00]]

3+B(n,nz)
<P[0is good]_lE[ max  P?[Ty-(o < oo]]
xe€dt B(n,n?)

c(d)

< Cnc(d)]I”[TH—(_n+2) < 00] < Cn“'““ exp(—cn),

where we use translation invariance, the fact that P[0 is good] > 0 (see Lemma 4.1)
and Lemma 3.1.

We see that the previous quantity is less than 1/2 for n > ng, for some ng de-
pending on K and d. Hence, combining the last two equations,

E[Py’[D = 00]|0 is good] > (1/2)c"™ > 0,
which implies the result. [
5.4. Tails of regeneration times. Here, we state the following theorem on the

tails of regeneration times. We do not give the details of the proof since it is ex-
tremely similar to the proof of Theorem 4.1 in [24].

THEOREM 5.1. Forany M € (0, +00), there exists Ky < oo such that, for any

K > Ky we have rl(K) < 00 P-a.s. and

PolX k) {>nl<C(Mn M.
1
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REMARK 5.6. Let us say some words about the proof of this last result. As
mentioned, it is similar to Theorem 4.1 of [24], the difference being that de defi-
nition of D is slightly more complex in our case because of the process Z,. This
does not however have a significant impact.

The proof of Theorem 4.1 of [24] relies on Lemmas 6.6, 7.1, 7.2 and 7.5 of [24].
The proofs of the first three lemmas can be transferred directly to our context
because they only rely on the fact that if M; < oo then D o 6, + S; < oo, that
P(D < oo) > 0, together with Theorem 3.1 (tagged 5.1 in [24]). The details of
the definition of D is used in the proof of Lemma 7.5 of [24] and some minor
adaptations are needed.

5.5. Fundamental property of regeneration times. We are going to define the
sequence 79 (=0 < 7] < T) <--- < T < --- of successive regeneration times.
Moreover, we state and prove Theorem 5.4 which is the key result about the inde-
pendence of regeneration blocks.

Using a slight abuse of notation by viewing 7 (-, -) as a function of a walk and
an environment, we can define the sequence of successive regeneration times via
the following procedure:

59 wr=u+u(Xg+ — Xo, Zoy). o+ X)), k>0,

meaning that the (k 4 1)th regeneration time is the kth regeneration time after
tlle first one. We will denote by F,, the canonical filtration of the enhanced walk
= (X, Z); see Section 5.1.

We set
Ei={lx,x+e;l,je{l,...,2d}},
(5.10) L=y, z1€ E(Z9),y- € <x-tandz- £ <x- £} U&,,
(5.11) R :={ly,z1€ E(Z9),y - t>x-Lorz-L>x-LJUE,,
Gri=oft, ..., o (er/\m)mzm cx(e) with e € £LXw ).

We will denote 7, the canonical shift on Z¢. For a € [1 /K, K 1%, we set

P? =6,((cx(e ®/ RdP(cx(e)),
e =0a((ce@)ecs)® | 0 BIR((O)
where ® denotes the product of measures. We introduce the associated annealed
measure:
P =P x P.

In words, P{ denotes the annealed measure for the walk started at x but where
the conductances of the edges in &, are fixed and given by a. We will use the
notation P (resp., P%) for IPjj (resp., P).
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DEFINITION 5.1.  We denote PX and PX the annealed law of the walk started
at x and the law of the environment, respectively, when the configuration at x is
fixed such that c,(e) = K for any e € £,. We also use the heavier notation IP”y“’K
when the configuration at x is fixed such that c.(e) = K for any e € &,, and the
walk starts at y.

As a particular case of a result in [24], the following result holds.

THEOREM 5.2 (Theorem 7.3 of [24]). Foroa >d +3

PE(Typr, 1) # To+ pr.Loy) < Ce™ L.

We can also state the following variant of Theorem 5.1, whose proof is also
omitted.

THEOREM 5.3. Forany M € (0, +00), there exists Ky < oo such that, for any
K > Ky we have 11 < oo P-a.s. and

PX[X,, -£>n]<C(Mn™M

REMARK 5.7. To prove this result, one could check that the whole proof
of Theorem 5.1 holds for the measure P(If . Alternatively, one can write a self-
contained argument using Theorem 3.1, Theorem 5.1 and Theorem 5.2.

The fundamental properties of regeneration times are that:

(1) the past and the future of the random walk that has arrived at X, are inde-
pendent;

(2) the law of the future of the random walk has the same law as a random walk
under PX[|D = cc].

Let us first state and prove the following result which is important for the in-
dependence of regeneration blocks: with our non-classical definition of D, the
environment at O is irrelevant for the evolution of the walk, on the event { D = 00}
and when 0 is open.

PROPOSITION 5.1.  Fix a vertex xo € Z% and fix an environment  such that
xo is K- open Define the environment wg such that cy* (g) = c¢®(g) if g ¢ Ex,, and

(@) =K ifg ey

Then, for any bounded and o ((Xy, Z,), n > 0)-measurable function f and for
any zo € {0, 1}, we have

EQy ol f (X, Z)UD =00} = ECX [ f(X., Z)I{D = oo}].
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PROOF. The proof essentially comes from the definition (5.3) of D and the
construction of the enhanced walk X = (X, Z) in Section 5.1. Let us prove the
result by a coupling argument.

Recall the construction of Section 5.1. Given the environment w, let us define

a new probability P("“, such that the process XV, X?) under P, is such

that the marginal law of x (resp., X .(2)) matches the law of X. under P(‘;O 20)
(resp., P(wK ).

X0,20)
Notice that, from (5.3), we obtain that D > 0 almost surely and, for any integer

N >0,

N
{D>Ny=({Xn-€>Xo-ON{Z1 =1}
n=1
d
N({forall0<n <N st X,_1=Xo+e;:Z,=1}.
j=1
Moreover, we naturally define the quantities D! and D®, respectively, associ-
ated to XV and X®.

Now, let us describe the law of (X", X?) under P(L;O“’Z’;) The important point

of the coupling is that if DV v D® = oo, then the two walks remain coupled for
ever (and in particular DD = DD = 0).
To do this, we can couple the walks in the following manner:

L. if at time n the two walks are still coupled and if the trajectories are still
compatible with DM = D@ = o0, then we let XD make a step according to P®,

2. if this step is again compatible with D) = oo, then X® takes the same
step,

3. otherwise, it means that D) = 4 1 and we impose X ® to move such that
D@ =pn + 1 (and the walks are considered as decoupled).

We do not detail this coupling for the sake of brevity, but one would obtain
POk IDW =oco) N {{3n=0: XV £ XP}U{D® < 0}}] =0.

(x0,z0)
Finally, for any integer n > 0 and any set A = Ag x - -- x A, with Ag, ..., A, in
the o -algebra generated by the subsets of Z¢ x {0, 1}, and on the event {D = oo},
we have that

an,zo)[l{(io’ cees jzn) S A}I{D = oo}]

= EZ [L{(X(",....XV) e A}J1{DD = o0}]

(x0,20)

) SQ2 ~
=ES8 (XD, ..., XP) e Af{D® = o0}]

=EX [H{(Xo, ..., Xp) € AJ{D = o0}],

and we conclude the proof using the monotone class theorem. [l
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REMARK 5.8. The last result implies, for example, that Pé( [D =o0] =
Po[D = o0|0 is open].

Let us now state the fundamental property of regeneration times which provides
an i.i.d. structure on the trajectory of the walk.

THEOREM 5.4. Let us fix K large enough, and k > 1. First, for any k > 1, we
have t,ﬁK) < 00 P-a.s. (or P*-a.s. for any a € [1/K, K1%).
Second, let f, g, hy be bounded functions which are measurable with respect to

o{Xo, Xp:n> 1}, o{cs(e),e € RO \ &0} and Gy, respectively. Then we have

E©.20)[f X+ — X Zggt)8 0 tx, hi] = E0,z) [hk] x E§ [f(X.)g|D = o).

REMARK 5.9. According to Remark 5.3, the event {D = oo} is o {Xy, )?,, :
n > 1}-measurable but not o {X,, : n > 0}-measurable, this is why we need to deal
with the enhanced walk in Theorem 5.4. Note that the function that we consider for
the future of the walk should not depend on Zg in order to have the independence
between the future and the past.

The proof is classic and follows the blueprint of [41], precisely Proposition 1.3
and Theorem 1.4. Since the adaptation are minor we choose not to give the proof.

6. The time spent outside abnormally large edges is negligible. In this sec-
tion, the goal is to prove that the time spent, during one regeneration period, on
edges with a conductance that is not too large is asymptotically negligible. This
result is given by Lemma 6.2. We need first to have estimates on the size of the
regeneration blocks.

Recall that the regeneration times (t;) depend on the constant K; see Re-
mark 5.5. Also, recall that, for any x € 74, T, is the hitting of the vertex x. Fix
some constant & > d + 3 and define

(6.1) x = x® =inf{m e N: {X;,i €[0, 111} € B(m, m*)}.
LEMMA 6.1. For any M € (0, +00), there exists Ko < oo such that, for any
K > Ko,
Po[x &) > k] < Ck™™.

This implies that for any M < 00, there exists Ky < oo such that, for any K >
Ko and for any x € 7¢,
PolT: < 11l < Cllx | M.

The same results hold for IP’(I)( .
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PROOF. We can follow line by line the proof of Lemma 8.7 of [24] except
that max, ¢y /g 1€ P? has to be replaced by Pg (resp., IP’(I){ ) and, instead of using
Theorems 7.2 and 7.3 from [24], we need to use the analog Theorems 5.1 and 3.1
(resp., Theorems 5.3 and 5.2) from this paper. [

When observing the random variables (z;), we want to distinguish the time spent
on abnormally large edges (traps) and the time spent on the other edges which will
be negligible.

For this purpose, recall the definitions (4.3) of E_; and (5.11) of R, and let us
define

6.2) = > kel ul: X1, Xkl =e}
ecES,N{RO\Ey)

9’

as well as

(6.3) =1 — tlzt‘

REMARK 6.1. We are careful about the definition of let in order to make sure
that this quantity does not depend on the conductances outside R” \ £, so that we
can later apply Theorem 5.4. Note that, under ]P’(If [-|D = <], one edge of & is
crossed once and the other edges of {R? \ £}° are not crossed at all. Moreover, as
soonast > K, C E_,.

As for the regeneration times, we can define, for k > 0,
(6.4) =1+ 3 (X4 — X1y, Zey4), 0+ Xq))),

where * stands for < or >.
We now give an upper-bound on the PX[.| D = co]-probability that 7, is large,
when ¢ is large.

LEMMA 6.2. Forany é € (0, 1), there exists Ky < oo such that, for any K >

Ky and for any constant a > 0,
) _,_d=8d-y)
P [t > an|D=00] < C(K,8,a)n "~ 2 .

PROOF. Let us introduce
P

= > |{k € [Tcoop, Tcoop © T1) with [X, Xk4+1]=e}]|.
EeEgngﬁ{'Ro\&)}

Define T; := T(J{OODU{O}’EWs + ?f”s. It is clear that, under ]P’g[-lD = o00], 0 is

8 . .
open and 7;~" < T;. Therefore, to prove the lemma it will be enough to prove that

A=9)1—y)
PEIT, >anl <C(Kn™ v~ 2 .
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In this proof, we will point out the K dependence of constants, since the proof
requires us to be careful with this dependence. On the other hand, we drop the
dependence on § and a since these quantities will be fixed throughout the proof.
Also, we fix n > 3 for convenience and note that the statement is obvious in the
other case.

Fix 6 > 0 and a > 0. Let us work in an environment w which is such that O is
open. We have

0
I; = TG+OODU{O},E<n5 + > HLi<u)) HX;=x)
- x€GOOD(w) i=0

o0
+ > Un <r1}Zl{Xi=X}TG+OOD,E<s ;.
x€dBAD(w) i=l1 -

Recalling the definition (6.1) of yx, for any ¢ > 0, we see that

E¢[Hx <n®|T;] < E(L)U[TC;LOODU{O},EQ,;]

+ > |:1{xeGOOD(w)}ES’[il{XiZX}]

xeBn¢,nce) i=0

o
+1{x e BBAD(w)}E{)"[Z UXi =x}Tdoop.e 00,-:|:|.

i=1
Using Markov’s property and Lemma 4.3, we obtain
Eg[1{x < n*}Tc] < E§[TGoopuoye_,] T CK) > [1{x € GOOD(w)}
x€B(n®,nCe)
+1{x € IBAD@)} EY[TGo0p,£_,]]-
Recall that dBAD(w) C GOOD(w) and notice that, if x is good, then

Té’OOD’ E_s= Té’OODU LE_ s We may now apply Lemma 4.4:

E¢[1{x =n"}T¢]

<C(K) [exp(3)»|8BAD(S)(a))|)(l + Z cfk"(e))

eeE(BADS)ﬂE
+ ) 1{x €GOOD(w)}
xeB(n¢,nCe)

+ Y 1{x € 3BAD(w)} x exp(31.W (BAD: (w)))

xeB(nt,nC¢)

X (1 + Z cf(e))}

ecE(BAD})NE _, s

<Il8
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<CK)n®[1+ max  1{x € IBAD(w) U{0}}| E(BAD; (@)
xeBn¢,n€¢)

x exp(31W (BAD} (w)))
X (1 + max c*(e)>]

ecE(BAD})NE_ s

<C(K)n® max exp(4AW(BADS (w)))

xeB(n¢,n€e)

x (1+ max c«(e)),
( eEF“)(B(ng,nCE)) * )

where we used that | E(BAD} (w))| < CW(BAD}, (w)? <C exp(AW (BAD; ()))
and defined
(6.5) FO(B(n®,n“):=|J E(BAD})NE_,z.
xeB (e ,n€e)
Now, fix some integers / € N* and i € [0 I — 1]. Using the previous mequahty,

on the event {max,¢ po(p(ue nCey) Cx(€) < n® T }ﬂ (E°[1{x <n®}Ty]>n®T } we
have that

—Ce

n[
max  exp(4ArW(BADS (w .
xGB(nS,nCS) p( ( )C( ))) C(K)

Using Lemma 4.2 and the previous remark, we have

8 i+2 i+1
PKIE®[1{y <nflz=" > ndT, max co(e) <nT
0[ [ =n)e] ec F@(B(n¢,ne)) w(€) = ]
© n——Cs
6.6 <P [ max exp(4AW(BADS (w))) > ]
( ) 0 xEB(nS,nCS) p( ( )C( ))) C(K)
= enee C) _ )
- In2 = In

as soon as ¢ > 0 is small enough (depending on 8, / and C but not K) and K is
large enough (depending on §, I and C).

Now, using Lemma 6.1 and since every edge e € F*(B(n°, n€%)) is such that
cx(e) < n®, we have

]P’(I)([Tr > an] S]P)(I)([X > ns] —HP’g[l{X <n®}T; > an]|

C(K)
X <n® T >an,
max cx(e) € [na%,na#)].

ecF@(B(n¢,nc¢))
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By (6.6), this implies

K CK) k[ po .
Py [T; > an] < —i—ZEO [P [1{x <n®}T; > an]
i=0
X 1{ max cx(e) € n 87 n‘s#)}

ecF®(B(n¢,nce))
x E[1{x <n*}T:] <n®7}].

By Markov’s inequality, we obtain
8 i+2

C(K) ! §i gitl
6.7) Py [T; >an] < + max ce(e) e|n’t n°T1)|.
©7 Tl == Z [eer(Bw ey [ )

Now, for any i € [0,/ — 1], using that |E(BAD} (w))| < C|0BAD}, ()¢ <
|W (BADS)|4C and Lemma 4.2, we have
PX max cx(e) e n‘s%,n‘s#
0 I:eer(B(nE’nCE)) *( ) [ ):I
8i+l

< Z P[ max__ cy(e) € [n o7 nT)]

xeB (1 .nCe) eeE(BADg)
<n€e Z Plcx(e) € [n‘s};,n‘s#)]
ecE(B(n€e,nCe)y)
£nf Y P[E(BADY)| = n7]
xeB(né,n€e)
Ce

= C(K) 8’ Lmax(n),

as soon as K is large enough (depending ond, I, C and ¢), and where Ly (n) =
max{L(ny‘S'T), i=0,...,1— 1}, with L the slowly-varying function from the tail
¢4 introduced in (1.4). From (6.7), we then deduce

sd— V)
n 1

IP ( ) n5%+C8 -1
o [Tr =n] < —— + C(K)Lmax(n)

i=0
C 5(1-y)
<P L ) Ly T
n
- C(K) n C(K)Lmax(n)
- n n1—s(1—y)—5%—Ca
C(K)

= I=50=p)°
't 2

as soon as [ is large enough (depending on y and §, but not K), ¢ small enough
(depending on 6, v, I and C), and for n large enough (depending on §, y and L).

n
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We used the fact that, as L is slowly varying, for any ¢ > 0, x"¢L(x) = 0 as
X — +00.

Recall that K depends on &, I, C and &, so the proof is consistent and we can
conclude. [

A simple variation of the previous lemma is the following result.

LEMMA 6.3. Fixe € E(Z4). For any 6 € (0, 1) and m > 3§, there exists Ko <
oo such that, for any K > Ko and for any constant a > 0,

P& [, <n’ > an, cx(e) > n"|D = o0]

()( =)

<C(K,8,a,m)n "~ Pci(e) > n™].
PROOF. The proof of this lemma is very similar to the proof of Lemma 6.2.
Here are the only modifications to be made:

1. In(6.5),as e ¢ E_,s, we can define F“(B(n®, n€)) as

F®(B(n®,n%*)) -:( J E@®BAD})N )\{e}

xeB(ne,n€e)

excluding the edge e will also ensure that events measurable with respect to
F®(B(n¢,nc%)) are independent of those measurable with respect to e.

2. In the bound corresponding to (6.6), we will obtain the same upper-bound
multiplied by P[c.(e) > n"] as soon as ¢ is small enough and K is large enough,
depending on m, by Lemma 4.2 and using that P[c.(e) > n""] > cn™Y"™~¢ for any
e >0by (1.4);

3. Similarly, we can obtain a bound ]P)(I)([X > nf] < C(K)P[cy(e) = n™]/n by
Lemma 6.1;

4. Therefore, instead of (6.7), we obtain

PE[T; > an, ci(e) = n™]

%P[c*(e) >n"]

+
nd

si sitl m
+ Z LGFLU(I;I%’”CS)) ci(e) € [n°T,n°T ), cule) = n ]
C(K
= LP[C*(@ >n"]
n
5 i+2

- Z i [ max cx(e) € [n‘s%,n‘s#)]P[c*(e) >n"],

ec F®(B(n¢,nc¢))

and the conclusion follows easily as in the proof of Lemma 6.2. [
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7. First estimates on the number of large traps in regeneration times. As
explained in Section 1.3, in order to understand the time spent by the walker during
one regeneration period, it is important to understand the time it spends in large
traps it meets. In this section, we start by studying the number of such traps the
walker can meet. In particular, we prove that, with overwhelming probability, the
walker meets at most one edge with large conductance during one regeneration
period; see Proposition 7.1.

First, let us introduce some notation. We will write

(7.1) P[-]:=P[|D = o0].

We call a large trap (resp., medium trap) an edge with a conductance greater than
n (resp., n5), where n and § are some variables we will be using later. Also, we
define

(7.2) LT(K,n) = {there exists e € E(Zd) such that, ¢{'(e) > n and T, < tl(K)},
and define the measure of a regeneration block in which we encounter a large trap.
(7.3) Pu[-1:=P&[|ILT(n), D = oc].
Further, we set
SLT(S, K, n)
(7.4) = {there exists ¢ € E (Z%) such that, ¢®(e) > n, T, < 11,
and there exists ¢’ # e, ¢’ € B(2x,2x%), such that ¢ (¢’) > n°},
and
(7.5) NLT($, K, n) = card{e € E(Zd), c?(e) =n’ and e € B(2x,2x%)},

a random variable which upper-bounds the number of medium traps seen in a
regeneration time.

Let us introduce the event on which the walker meets only one large conduc-
tance during one regeneration period:

OLT(8, K,n) ={3e € E(Zd) :c?(e)>n, T, <t and for any ¢’ # e
(7.6)
with T, < 7 or ¢’ ~ ¢, we have ¢ (¢') < n‘s}.

Moreover, for any e € E (Zd ), we define the event
OLT,.(8, K,n) = {c?(e) > n, T, < 71 and for any ¢’ # e with T,y < 7}
(7.7)

ore’ ~ e, we have ¢ (¢') <n5},

so that OLT(8, K, 1) = U,ep(z4) OLTe (8, K, n).
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REMARK 7.1. Note that if e is hit before 71, then ¢’ € B2y, 2x%) for any
e’ ~ e. Therefore, on SLT(8, K, n) N {T, < 11, cx(e) > n}, we have that c.(¢') <
n® for any ¢’ ~ e.

The goal of this section is to show the following.

PROPOSITION 7.1. Fix 6 € (0, 1). There exists Ko < oo such that, for any
K > Ky, there exists some ¢ > 0 such that we have

E,[NLT(, K,n)1{SLT(@, K,n)}] = o(n™°),
in particular
P,[SLT(8, K, n)] =o(n™%).
This proposition will follow easily from an upper bound on the quantity

E[NLT(S, K, n)1{SLT(S, K, n)}] (see Lemma 7.1) and a lower bound on P[LT(#)]
(see Lemma 7.2). This is the focus of the remainder of this section.

7.1. It is unlikely to see medium traps close to large traps.
LEMMA 7.1. Forany § € (0, 1) and any & > 0O there exists Ko < 0o such that,
forany K > Ky,
E[NLT(S, K,n)1{SLT(8, K,n)}] < Cn®P[c, > n°]P[c, > nl,
in particular
P[SLT(8, K, n)] < Cn®P[cy > n®|P[cs > n].

PROOF. Note that we have
(1.8) NLT(8, K, n) < C(d) x>,

where o > d + 3 is the constant from the definition (6.1) of x. Using this, we see
that for any &’ > 0,

E[NLT(, K, n)1{x >n®}] < C(K)n™?" = o(P[c, > n’]P[c, > n]),

by Lemma 6.1, and choosing K > Kg with Ko < oo large enough (depending on
¢’,d,y and ). Recalling (7.8), we can see that for any ¢’ > 0, there exists Ky < 0o
such that, for any K > K,

E[NLT(S, K,n)1{SLT(S, K, n)}]
< C(d)n2d°‘8/@[SLT(5, K,n), x < ns/] +o(P[cx > n’S]P[c > n])
<C@n* N P[c?(e) = n]P[c?(e)) = n’]
e.e'eB(n® ,n)
+o(P[cx > n’S]P[c > n])
< C(K,d)yn° @ P[c, = n®|P[c, > n],

and the result follows from choosing &’ small enough. O
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7.2. Lower bound on the probability of meeting a large trap in a regeneration
time.

LEMMA 7.2. We have
c(K,d)P[c, > n] <P[LT(n)].

PROOF. First, notice that
P[LT(n)] = P&[3e € E(Z?) such that, ¢®(e) > n and T, < 71| D = o0]

= PKXTthere exists e € E(Z%) with, ¢®(e) > n and

(7.9) T, <11, D =o0]
> C(K)PX [there exists e € E (Zd) with, ¢{(e) > n and
T, <11, D =00].

Let us describe a way to construct the event appearing in the last probability.
We set A to be the set of vertices: 0, ey, e] £ ¢;, 2e] £ ¢;, 2e; £ 2¢;, 3e; + 2¢;,
3e1 L ej,de;,de; L e;, foralli € [2,d], Se;, 6e; and the events

A ={any x € Ais 6ej-open} and B = {6e; is good},

where a vertex is called x-open if it would be open in w after all edges adjacent to
x are turned normal.

Note that A and B are independent and independent of c.([2ey, 3e1]). Also,
recall that, from the definition (5.8), we have that 7; > 3.

We may notice that on A N B, if:

L. (X1, Zy) = (e1, 1), (X2, Z2) = (2ey, 1) (hence 71 > T2e; 3¢] = 2),
2. Téel O@Tzd\{zel.%]}og2 < Ta(A\{O}) o GTZd\ ofas and Z; =1 forany 3 <i <
T6e, such that X; ~ 0,

3. DOGT(Ml = 00,
4. c?([2e1,3e1]) = n.

{(2e1.3ey}

Then we have D = oo and 11 > T[2,,3¢,] and thus there exists e € E (Zd) such

that, ¢¢(e) > n and T, < 1. To provide a lower-bound on P[LT(n)], we aim at

estimating the four different events which will give us a lower bound on P[LT(n)].
On AN B, we see, by Remark 5.1, that we have

(7.10) Pe[(X1, Z1) = (e1, 1), (X2, Z2) = (2e1, D] > &2,
moreoveron AN B

P3, [Toe, 06 < Tycavjoy © O,

Tzd\{2e1,3e1} - d\(2¢1,3¢1}’

(7.11)
Z; =1forany 3 <i < Tg,, such that X; ~0] > K7,
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which follows from strong Markov’s property, Remark 5.1 and the fact that, on
A N B, from any neighbour of 2¢; or 3ej, there exists an open nearest-neighbour
path of length at most 7 in A \ {0} to 6e;.

Using Markov’s property (at times 2, T7a\(p,, 3¢,3 © 62 and Te ) along
with (7.10) and (7.11), we may see

}P’(If [A, B, there exists e € E(Zd) such that, ¢(e) >n and T, < 71, D = 00|
(7.12)
> cE§ [I{A, B}1{c.([2¢1,3e1]) > n} P, [D = oo]].

Recalling that 1{A}, c«([2e1, 3e1]) and 1{B}P6“;1 [D =oc] are P(I){ -independent,
we have

Ef[1{A, B}1{c,([2e1,3e1]) > n} P& [D = o0]]
> P{ [AIP[c.([2e1, 3e1]) > n]E[1{B} P& [D = ool].
We have P(I)( [A] = ¢ > 0 and by translation invariance
E[1{B} Pg, [D = oc]] = E[1{0 is good} Py’[ D = oc]] > 0,

by Lemma 5.1 and the fact that P[0 is good] > 0 (see Lemma 4.1). This means
that, by (7.12),

P[A, B, there exists e € E(Zd) such that, ¢?(e) >n and T, < 71, D = o0
(7.13)

> cPlcy > n].

This and (7.9) imply the result. [J

8. The environment seen by the particle close to a large edge using a cou-
pling. We know that with high probability a large edge will only be surrounded
by relatively small edges by Proposition 7.1. Because of this fact, the random walk
(once it hits this edge) will typically make a large number of back and forth cross-
ings of this edge. This has several important consequences.

First, the exit probabilities from the edge e are almost proportional to the con-
ductances leaving e (see Lemma 8.1). This indicates that we should be able to
couple, with high probability, the random walk with a random walk Y in an envi-
ronment w, where the large edge e is collapsed into one point, see Figure 1.

We will then argue that for this coupling:

1. There exists a regeneration leg for the random walk in w, which coincides
with high probability with 77. This regeneration time will take into account that
with overwhelming probability the random walker will do a back and forth cross-
ing of ¢ when it reaches it (see Lemma 8.3).

2. The time change induced by the back and forth crossings of e will be de-
scribed in terms of exponential random variables in the limit (see Lemma 9.2).
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The strength of this coupling is that both the modified regeneration time rly “and
the time change, normalized by c(e), will essentially be independent of the value
of c.(e). This will allow us to describe the environment seen from the particle
around a large conductance independently of the precise value of c,(e) as long
as it is large. Hence, this coupling will be useful to describe the behaviour of the
random walk in a regeneration block where it meets a large conductance.

8.1. Approximation of exit probabilities of the large edge. Recall that, for a
vertex y and an edge e, we write y ~ e if y~etT or y~e” and y ¢ {eT,e7}.
Moreover, if y is a neighbour of e we denote e, the unique endpoint of e which is
adjacent to y.

Finally, we denote w, the environment inherited from w but where the edge e is
collapsed into one point denoted x,; see Figure 1. In this environment w,, we have
c?(e') = c¢®(¢') for any ¢’ # e. Therefore, 7%¢(x) = 7 (x) for any x # x, and

Ty =Y. *()=na(e) +n(e”) —2c“(e).
¢'eE@L7):
e ~e

LEMMA 8.1. Fix § € (0, 1), an environment w and an edge e € E(Zd). As-
sume that ¢?(e) > n and c®(€') < n® for any ¢’ ~ e. For any x € {e",e”} and
y ~ e, we have

¥ (y, Xe)

% (Xe)

c®(y, xe)

_ 5—1
(1= C@n™) T (x,)

< P[Xre =yl < (1 +C(d)n’ )

PROOF. For y ~ e™ such that y # e~ we can apply Markov’s property at time
1 and 2 to see that

PEXrex =yl = PRIX1 =yl + P [X1=e_]P” [X1 = e; [P [ X1ex = y],
which yields

c®(et,y) 1
m@(et) 1—Po[X1=e_]PP[X1=et]

Peai [XTeex = y] =

A similar computation will yield that, for z ~ e~ such that z # e™,

c®(e”,z2) P [X1=e-]

PO [X7ex =2] = '
X = = e e T Po (X1 = 1P (X1 = ey ]

Recalling (1.2) and (1.3), we have that

B s _ le) _ m¥(ed) 5—1
L Cam'™ < T < T < 1 Can
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where “+£” can stand for 4+ or — and = is the opposite sign. Then we can see that,
forany y,y ~e,

Cw(y/»eyO
c(y,ey)

C0he) FAX1e =T _ 4 i
c?(y,ey) — PARIX7ex=y] ~

and a similar inequality holds under P” .

Since Yy, PA[X7er = 1 =1 and 3, c?(V ey) = Yo c?(e) =
72(et) + 7% (e”) — 2¢®(e), a simple computation allows us to see that for any
y~e:

(1—-C@n’™

_ 5—1 (v, ey) w _
(1-C@n )Jt“’(e+) (o) —aea(e) = FerlXre =)l
and

c®(y, ey)
a@(et) +m@(e) —2c?(e)’

PA X =y < (14 C(d)n*™")

and a similar inequality holds under P;” .
The last two lines are a restatement of the lemma. [

8.2. Definition of two walks on a modified graph. For e € E(Z%), we denote
(Zg , E (Zg)) the graph obtained by collapsing the edge e into one vertex x.; see
Figure 1. Given an environment o of conductances on Z¢, we denote w, the con-
ductances induced on ZZ by w. Moreover, we denote P¢ the law of the environment
w,e ON Z‘g .

We will define two random walks on Z¢. We will show later that it is possible
to couple those random variables with high probability. The first walk will simply
correspond to the trace on Zﬁ of the random walk X on Z in the environment o,
which still depends on c,(e). The second walk will be a random walk on Zf in the
environment w,, and thus will be independent of c(e).

Provided c,(e) is large, we will be able to couple those random walks with high
probability, which intuitively means that the trace on Zf of the random walk X is
essentially independent of the value of c,(e) when the latter is large.

We define and compare these walks in order to understand the influence of ¢ (e)
on the trajectory when this conductance is large. In particular, we will prove that
when c,(e) is large, even if the walk X spends a lot of time on e, the trace of X
outside e will be essentially independent of c(e).

8.2.1. The random walk in the environment where e is collapsed. First, we
define the random walk obtained from the conductances induced on w, and we
denote the corresponding walk by (Y,),cn. We extend to Zg all the vocabulary
and the definitions introduced in Section 4, where, in particular, we defined an
open point, a good point and the subsets GOOD(w,), BAD(w,) and BAD“¢(x)
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for x € Z4. The only difference is that, for an environment w, on Zﬁf, we always
consider the vertex x, to be closed and consequently bad.

Besides, given an environment w,, we define an enhanced version (Y¢, ZY ‘) of
Y€, with law P“¢, in the exact same way as in Section 5.1, except for the transition
probabilities on x, where, for any y ~ x,:

1' ﬁwe(('xé’v Zl)? (y: 1)) = 09
2. (ke 2 (72 0) = p (. y) = “azad.

Finally, we define P¢ the law of the environment w, on Z¢ and we denote P the
annealed law of (Y€, Z¥°).

8.2.2. The trace of (X,)n=0 outside of e. Now, we are going to introduce
Xz, Z,}fe)neN, an enhanced walk on Z‘Z, as the trace of (X, Z,),>0 outside of e.

For this, introduce the time change (A{),cn defined by A} =k for k < T, and
for larger k we set Ay | =inf{j > Ay, {X;, X1} #e}.

Now set

) (XAZ»ZA;;), ifXAf,—laXA;’l¢3,
(8.1) (X8, ZX) = (Xae, 0), if Xpe_1€e, Xae ¢ e,
(Xe, Zag), otherwise.

In words, X¢ follows the transitions that X,, makes outside of e. ZX* does as
well, except when the walk is jumping out of the edge e.

REMARK 8.1. We may notice that (X} ),cn is not a Markov chain, because
its transition probabilities at x, depends on which vertex it used to enter x,. It is
however a “two-step” Markov chain.

8.3. Coupling (Y?)nen and (X, )nen. The goal of this section is to show that
there exists a version of (Y}, Z}: “Ynen which is, with high probability, equal to
(Xe, Z,f e)neN. This will allow us to say that the behaviour of (X},), N outside of
the edge e is, with high probability, independent of the value of c.(e).

For any set A of vertices or edges of Z¢, we denote TX" (resp., T} the first
time X° (resp., Y¢) hits A.

Recall that X is the trace of X on Z¢ and, as the two walks X and X¢ coincide

until 7, we have T, = Txfe. Thus, later on, when dealing with X¢ and by a slight
abuse, we will use the stopping time 7, without any further specification.

LEMMA 8.2. Fix w, e € E(Z%) and § € (0, 1/3). Assume that c?(e) > n
and ¢ (€) < n® for any e’ ~ e. There exists a coupling P® of (X¢, Z,f(e)k and
(Y¢, Z,fe)k such that

ﬁw[(X]i, Zlife)kng—knz‘s # (Yke’ Zlge)kgTe-knz‘S] = C(d)n3871’
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and TX® = Txie = T,, P®-almost surely. We also define PX , the annealed version
of Pe.

PROOF. Note first that it is plain that the transition probabilities of
(Y¢, Z Yken and (X¢, ZX )ken at any point x € Z¢ are given by those of
(X%, Zy)ren except for x = x,.

At the point x, we have that for any y, y' ~ x,:

PO[(Xi41 Zih) = (. DIXE = xe and X§_y =] =0,

o POl(X{,1. ZE ) = (0. 0)|X{ = xe and X{_; = y'] = P (X7 =),
and

POlY{ =y, D|IY{=x,]=0 and
(8.3) )

PO = 000 =] =

So, under P® we define the process ((X¢, Z,fe), (Y, ZkYE))k with the following
transition probabilities:

1. if X¢ # Y¢, then (X, ZX) and (Y¢, Z¥") move independently according
their respective original laws;

2.0 Xy =Y{ = xe, with x # x,, then (X} k, Z,ﬁl) = (Y, Z,fil) almost
surely and (X7, ;, Z,§+1) = (y, /) with probability PG IX1=(, D

3. if X{ =Y{ =x. and X{_, =y' ~ x,, then:

@) (X{, . Z{¥ ) = (Y. ZY1 ) = (v, 0) with probability
py.y =P [Xren =yIA PIIYE = (3, 0);
) (X{, 1, ZE D, Ve, ZE0 D)) = (01, 0), (2, 0)) with probability

(Pea‘))/ [XTee" =yl — py’,yl)(P,éi[Yke_H = (y27 0)] - py’,yz)
=2y r, Py.y '

With this coupling, the marginal laws of X¢ and Y*° are their original laws.
Moreover, as long as the two walks are coupled, if they are not on x, then they
stay coupled for at least one more step almost surely, and if they are on x, (and if
they were on y’ one time step before), they decouple with probability:

1= > pyy<20d-— 1)ynyn,i>§ P2 (X1 = y] = PE[YEL = (3. 0] -
Y~ Xe ’ ¢

Hence, it is sufficient to show that the transition probabilities at x, are close for
(X¢, ZX) and (Y, Z)°).
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In particular, using (8.2), (8.3) and Lemma 8.1, we see that if we assume that
c?(e’) < n® for any e’ ~ e, then for any y, y’ ~ x,, we have

|Pea\)/ [XTeex = y] - P;i[yke—i-l = ()’» O)jH < C(d)n871.

Until T, we can keep (X}, Z,fe) and (Y{, Z,f ‘) coupled with probability 1.
After that at every point in time, we can keep the walks coupled except with prob-
ability at most C(d)yn®1, it is clear that we can keep (X%, Z,g(e) and (Y}, Z,fe)
coupled for n%® units of time with probability at least 1 — C(d)n*~!. O

8.4. The coupling of regeneration times of the new processes. Let us define
new regeneration times r1Y “in Zg associated to (Y7, Z,f °). This is done in the

same way we defined 7 except that:

1. we define DY as in (5.3), using the convention that x, - Zf et - ll/\ e_ - Z;
2. we define M{jl as in (5.6), using the convention that x, - £ =e; - £ Ve_ - ¢,
3. we replace the definition (5.2) of M by

MY =infli >2: X, is K-open, X;, Xi_1, Xi_2 # X, for j <i —2,
(8.4) R _
Xj-b<Xio-Land X; =X; 1 +e1 =X, 2+ 2e}.

Recall that the times corresponding to MY* are potential times for regeneration.
The definition (8.4) is chosen to into account that x, corresponds to an edge of
high conductance, hence a regeneration is unlikely to occur there because a back
and forth crossing will occur with overwhelming probability.

Also we define rle’ the regeneration time associated to (Xp, Z,f‘e) which is
defined as the greatest number k such that A} < 71, where (A}) is the time-change
introduced in (8.1). Note that if X ¢ e, then A;Xe = 17. Furthermore, as soon

as c4(e) > K, it is guaranteed that X, ¢ e, since, in this case, e™ and e~ are not
open.

LEMMA 8.3. Fix any environment w, an edge e € E(Z%) and § € (0, 1/3).
Assume that ¢?(e) > n > K and c®(¢') < n® for any e’ ~ e. For the coupling
P? of (X}, Z}, ), T ‘Y and ((Y¢, Zkg), lee) from Lemma 8.2, we have, for any
€74,

PO e # (W Te <71 <] < €@ T KOn ¥,
I/’\Zw[D =00, D" <00, T, < rle < nza] <CW, l, Kyn3—1,

and

POl £1) T, < <n®) <@, €, K)nP .
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PROOF. For simplicity, we choose z = 0, which could stand for z = x, if 0 € e.

By Lemma 8.2, we already have a coupling of (X}, Z; ‘) and (Y¢, Z,fe) such
that 7, = Txf f= Tx{ “. We simply have to verify the three equations for that cou-
pling. To do this, we need first to control the events on which the walks decouple.
Second, it could happen that the two walks stay couple forever but rlx ‘£ le °, thus
we also want to control these events.

Let us define some events:

(Al) (X}, Z; ‘) and Yy, Z,fe) decouple before time n?’;

(A2) X X g OF X X belongs to e and there has not been a back and forth
crossing of e; . .

(A3) eis such that (e— — X¢,)-£ <0 and (ex — X;,) - £ > 0 (or switching e
and e_) and there has not been a crossing of e right after 7, < oo;

(A4) e is such that one of its ends is a neighbour of 0, e say, T, < co and
either T,, = oo or ZT8++1 =1 and XTe++1 #0;

(A5) eissuchthate_ i <Oand ey £>0 (or switching e and e_) and there
has not been a crossing of e right after 7, < oo.

Recall that, under the coupling of Lemma 8.2, X¢ and Y can decouple only at
times when they are on x,.

First, on 7, < rlxe <n?® if (X7, Z,i(e) and (Y}, Z,fe) decouple at some finite
time then we are either in the situation (A1) or in (A1) and it means that X goes
back to e after t; and we are in the situation (A3).

Second, on T, < tlxe < n?_if the two walks remain coupled forever, and if
D = oo and DY’ < oo, then we are in the situation (A4) or (AS).

Third, on T, < I'IX © < n?_if the two walks remain coupled forever, and if TIY ‘£
tlx ‘ then we are either in the situation (A2) or (A3).

By Lemma 8.2 and using Markov’s property at time 7,, we have

PY[(A1) U (A2) U (A3) U (A4) U (AS), T, < 7{" <n?] < Cd, Hn® !,

where, recalling (5.1), we used for (A4) that Pe‘i[Zl =1]<Cd, E)K_l/c*(e).
Now, the conclusion follows easily. [

8.5. Tail estimates on the new regeneration times. In this section, we prove
some estimates on the tail of the newly introduced regeneration times.

8.5.1. Regeneration times for Y cannot be very large when a large conduc-
tance is met. We start by proving the following technical lemma.

LEMMA 8.4. Fixec E(Z%) and § € (0, 1/3). We have, forn > K,
P £ 1) T, < o <n?, ci(e) = n, SLT(, K, n)°]

<CW,?, K)n%*lP[c*(e) >n],
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where PK is the coupling of (X{, Z}, F),rl Y and ((Yke,Zke),rlYe) from
Lemma 8.2.

PrROOF. For an environment w, recall that, under ﬁ“’, T, = Txfe = Tx’;e by
Lemma 8.2. On {T, < t" <n®}N{c.(e) > n} NSLT(S, K, n)¢, we know that the
hypothesis of Lemma 8.3 is verified as, by Remark 7.1, there exists no other edge
e’ ~ e such that c?(e’) > n®.

Hence, by applying Lemma 8.3,

EX[1{ci(e) = n} PP[T, < o <n® SLT(, K, n)", 1" # 7]
<E&[1{ci(e) = n,cu(e)) <n’, Ve ~ e} PO[T, < " <n®, " # 1]

<CWd, t, K)n® "Plcy(e) = n]. O
We proceed to prove another intermediate result.

LEMMA 8.5. Fix e € Z¢. For any 8 € (0,1/(y + 3)), there exists Ky < 00
such that, for all K > Ky and any n > 0,

PE[c}" = n®, c(e) = n, SLT(n, K, 8)°, T, < 11| D = 00] < Cn""*Plc, > n],

where PK s the coupling of (X}, Zj, e),rl ‘Y and ((Yke,Zke),rlye) from
Lemma 8.2.

PROOF. First, recall that if n > K then e is closed, X;, ¢ e and {T, < 71} =
{T eXe < rlxe}. Using Lemma 8.4, we have

PE[c)" = n®, ci(e) = n, SLT(n, K, 8)°, T, < 11, 7i <n*|D = o0]
< C(K)PK[}" #£1]", T, < 1} <n®, ci(e) = n, SLT(S, K, n)]
<CWd. €, K)n¥ "P[cq(e) > n].
Second, as ‘EIX ‘ < 11 by the time-change (8.1), Lemma 6.3 yields
P&[cs(e) = n, SLT(n, K, 8)¢, 1} = n?|D = 0]
8.5) <PK[c" > 1% c(e) > n|D = o]

<CWd. €, K,8)n " Pcy(e) = n],

where rf”s, defined in (6.3), is the time spend before t; on the edges with a con-
ductance less than 8. O

We now prove the main result of this section.
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LEMMA 8.6. Fix e € E(Z%) and fix 5 € (0, 1/(y + 3)), there exists Ko < 00
such that for any K > Ky, there exists ¢’ > 0 such that

BE[] = n®, T, <11, cx(e) = n|D = 0] < Cn~* Plc, > n] = o(P[LT(n)]),
and
PE [ = n®, T, < 11, cule) = n|D = 00] < Cn~'Plc, = n] = o(P[LT(n))),

where PK s the coupling of ((X,i,Zke),r1 Y and ((Yke,Zke),'clYe) from
Lemma 8.2.

PROOF. For the first inequality, we just need to use Lemma 8.5 together with
Lemmas 7.1 and 7.2. The second inequality is given by (8.5) together with Lem-
mas 7.1 and 7.2. O

8.5.2. Backtracking probabilities for the random walk Y¢. Recall, from Sec-
tion 8.2, the definition of P¢, the law of the environment w, where the edge
eec E(Z¢ ) is collapsed. Note that, in order to define w,, as the environment outside
e is independent of ¢®(e), it is equivalent to pick w under P[-|e is closed] and then
to collapse the edge e.

Besides, recall that we extended, in Section 8.2.1, the definition of good and
bad vertices to the environment w, keeping the exact same definition except that
the vertex x, is always considered as closed, whatever are the conductances of the
surrounding edges. In words, a vertex x € Zf is w,.-good if there exists an infinite
directed open path starting from x (hence, this path does not go through x,).

Now, notice that for P[-|e is closed]-a.e. environment w, the vertices e™ and e™
are closed. Thus, under P[-|e is closed], this path does not go through e™ or e™.
This means that, for P[-|e is closed]-a.e. environment w, a vertex is good in w if
and only if it is good in w,. In other words,

(8.6) GOOD(w,.) = GOOD(w) P[-|e is closed]-a.s.,

where each vertex x € Z‘g \ {x.} is naturally associated to a unique vertex in Z< \
{eT, e},

Also, under P[-|e is closed], BAD(w,) \ {x.} = BAD(w) \ {eT,e"} ass., x, €
BAD(w,) and e™, e~ € BAD(w). Moreover, for any x # x,, we have BAD“¢ (x) \
{x.} = BAD?(x) \ {eT,e”} and x, € BAD“¢(x,) if and only if eT,e” €
BAD®(e™). Besides, BAD® (x,) \ {x.} = BAD“(e™) \ {e*, e~}. Then we extend
the definition of the width W (-) such that for any x # x,

W (BAD™(x)) = W(BAD®(x)) and W (BAD™(x,)) = W(BAD®(e™")).

The two following results are the analog of Lemma 4.3 and Lemma 3.1 for the
walk Y°.
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LEMMA 8.7. Fix some edge e € E (Z4) and some environment w, on Z‘el. For
any x € GOOD(w,), we have

E“’e|:21 :|<C(K)<oo

PROOF. This proof is identical to the proof of Lemma 8.1 in [24], but as it is
short, we give it again. First, we have that

o0 1 We
E;)e Zl{Yle=X} id (x) )
i=0 Po T =o00]  C%(x <> 00)
where C“¢(x <> 00) is the effective conductance between x and infinity in w,.

Since x € GOOD(w, ), using Remark 4.1, we have
7% (x) < C(K)e™ .

Moreover, using Rayleigh’s monotonicity principle (see [30]) and Remark 4.2, we
obtain that

1 . C(K)e*t
Zz>0 cwe(g) Zt>oe @i =

where (g;)i>0 is the sequence of the edges of an infinite directed open path starting
at x. The result now follows easily. [

C?(x <> 00) > > C(K)e?,

Foranye € E (Z4), we define
d,:=e" AAne L.
Let us define, for any k > 0, the following half-space in ZZ:
H (—k) =[x eZI\ (x,}) :x - £ —d, < —k}.

We also naturally extend the definition of H, (—k) in Z<.

LEMMA 8.8. Fix some edge e € E(Z%). We have, for any k > 0,

P [T;Z ) < oo] < Cexp(—ck).

PROOF. Recall that the law P¢ of w, is given by the law of w under
P[-|e is closed] where e is collapsed into x., and recall the equality (8.6). We then
have, for any constant ¢ > 0, as soon as K is large enough,

PE[W(BAD“’E (xe)) > L} = P[W(BAD‘”(e+)) > le is closed]

8v/d
(8.7)
< C(K)exp(—ck),

k
8/d
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where we used Lemma 4.1.
Now, when Y*¢ is started from x,, we have the following inclusion:

‘ k
Y e
(), <oo}n {W(BAD‘” (x)) < m} C A,
where
. A:={3i eNst. X; € IBAD* (xe), T}~ _ 00 < Tapeey,) © 01}

N {W(BADwe (x)) <

il
8vdl
Besides, recall that dIBAD (x,) C GOOD(w,) and that x, ¢ GOOD(w,) by defi-
nition. We then have

k
P¢ [A] < E¢ | 1{ W(BAD®* (x, —
wlAl= "H ( (x))<8ﬁ}

Ye ye
i>0x€dBADY¢ (x,)

< > ES, |:1{x € GOOD(w,)} > 1{X; = x}
x€Boo (et k/8v/d)\(xe} iz0
Ye Ye
X I{TH;(—k) 0b; < TBAD’*’e(xe) o@i}]
< > ES, |:1{x € GOOD(w,)} Y " 1{X; = x}
xX€Boo (e ,k/8v/d)\(xe} iz0

X P;)e[qug(_k) < Tg/;Dwe(xe)]}
< 3 CUOES [PE[T) Ly < Taapee e
xXEBoo (et k/8Vd)\{x.}

where we used Markov’s property and Lemma 8.7. Moreover, notice that for
P[-|e is closed]-a.e. environment w, w, coincides with w outside x,, and the transi-
tion probabilities of Y¢ outside x, are equal to those of X outside {e~, e™}, hence
for any x # x,,

o [ Y€ e _ X X
wa [T’H;(—k) < TBAD‘”E (xe)] - P;)[TH;(_]() < TBAD"’E (e+)]‘
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Therefore, using Lemma 3.1, we have

PS [A] < Z C(K)Px[T;f;(_k) < TéfADwe(e+)|€ is closed]
XEBoxo(et,k/8+/d)
X
< > CORP Ty < 0]

XEBso (et ,k/8/d)
< C(K)kdIPO[T;f,(_k 12y < 0] < C(K) exp(—ck).

This implies the conclusion, together with (8.7) and (8.8). [J
The next lemma deals with the original walk X and improves Lemma 3.1.

LEMMA 8.9. Fix an edge e € E(Z?). For any n > 0 and any k > 0, we have

max P[

<00, cx(e) > n] < Cexp(—ck)P[ci(e) > n].
zelet,e™)

X
THZ(—k)

PROOF. This proof is similar to the previous one. Fix z € {e™, e™}.

Recall that the sets BAD(x) = BAD% (x) depend on the value of some constant
K. Fix some constant ¢ > 0. There exists a constant Ky < oo such that for any
K > Ko and any n > K, we have

P[BAD(e*) UBAD(e™) > k/8v/d, c4(e) > n]
=P[BAD(e") > k/8Vd|cs(e) > n]P[cy(e) > n]
=P[BAD(e™) > k/8+/d|e is closed]P[cx(e) > n]
< C(K)P[BAD(e't) > k/8v/d]|P[c.(e) = n]
< C(K) exp(—ck)P[c,(e) = n],

where we used Lemma 4.1.
Now, in a way that is very similar to the proof of Lemma 8.8, we obtain

Po[T}- ) <00, ¢x(¢) = n,BAD(e¥) UBAD(e”) < k/8V/d]

< > CUEE[PLIT ) < Tgnpier e = n}].
x€Boo(et,k/8:/d)

Moreover, consider the environment @ which coincides with @ everywhere ex-
pect on e for which we independently resample a conductance c.(e) under
P[-|e is closed]. We then have, as soon as c.(¢) >n > K,

X X orrX X
P)ED[TH;(_]() < TBAD(e+)] = P;)[THE—(_]() < TBAD(e+)]’
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and this last quantity is independent of c,(e). This yields, using Lemma 3.1,

Po[T,5 ;) <00,¢x(¢) = n,BAD(e") UBAD(e”) < k/8v/d]

< Z C(K)EZ[P;’[Tg;(_k) < Téfw(eﬂ“e is closed]
xE€Boo (et ,k/8:/d)
x Plcy(e) > n],

where we used the fact that P’ [qug b < TB)SAD (e+)] depends on the value of ¢, (e)
only through the fact that the edge e is closed. In turn we obtain that

P.[T. < 00, cx(e) >n,BAD(e") UBAD(e ™) < k/S«/E]

X

He (—k)
< C(K)KPo[ T, 12y < 00JP[ex(e) = n]
< C(K)exp(—ck)P[ci(e) > n].

This enables us to conclude. [

8.5.3. Probability of reaching x. before regeneration for the random walk Y°.
We need some control on the probability for the walk Y ¢ to touch x, before the
first regeneration time when this vertex is far away.

LEMMA 8.10. Fix e € E(Z%). For any M € (0, +00), there exists Ko < oo
such that, for any K > K,

PE[TY <ol 1< C(K)llell M.

PROOF. We fix e such that ||e||o > 8 for convenience. We can notice that,
under the coupling P from Lemma 8.2, (Y,7),en and (X}),en are coupled with
probability 1 up to 7, = Txie. This allows us to say that, on {Tx{ ‘< tIY ‘1, we have
either Thg, (0,fleloe/3) < 71> OF TBE, 0, elloo/3) > T1 AN 7] = TL" > T (0,feoe/3) =

Ye

Tge (0, ell/3)- Furthermore, Tge (0,fielloo/3) > T1 implies that Y7, is a potential re-
generation point for ¥¢ up to time 7,)° and since 7| # 7{° we know Y7 is
not a regeneration point, which means that after Teye the walk Y¢ has to back-
track in H™ (Y + e1) - ?) € H(lelloo/2). This means that there exists y €
Boo(0, [lelloo/2) N H{ [corresponding to Y¢ and where Hg is defined in (2.1)]

e e e
such that TyY < 00, Tx): o 9Tyye < oo and T/E

-~ 00,ye < 00. To sum up we
~((y+en-D) - T p

either have:

L. TBe, (0, lellow/3) < T1 OF
2. there exists y € B (0, |le|lco/2) N H(T such that Tyye < oo, Tx{g . 9Tyye -

and TY*

.06 ye09 ye < OQ,
H((y+en-0) ~ Tee Ty
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so we obtain, recalling Definition 5.1 of ]P’(y)’K s
PE [Ty <]
<5 [Tag 0,1ellorn = 71
+ > PYR[TY <00, T | 5 0 6pre < o]

yo e H(y-0)
YEBoo (0, llelloo /2)NMH

Using Markov’s property, we can see that
K[pYe ye
Py [T, <7/ ]

K X
<Py [Tae 0. felloer3) = T1]

(8.9) +Cllell?, max (IP’(y)K[TX<oo]/\P0 K[Tﬁ 5 <o)
yeBoo(O,IIEHOO/Z)ﬂHO -0

K X
=Po [Tae_ (0. ey < T1]

+Cllelld, max (IP’(;K[ < oo AP, [T) (o) < o0]),
Y€Boo (0, lelloo/2)NH

where (v - £) is defined in (2.1).
By Lemma 6.1, we can see that for any M < oo, there exists Ky < oo such that,
for any K > K,

(8.10) Pg[TBgo(o,Heuwﬁ) <] < CK)lelM.
Moreover, notice that for o > d + 3:

1. if [(y —e™) - Zl > ||e||1/°‘/8 then by Lemma 3.1 and Lemma 8.8 we have

POKITX < ool AP, [T) < 0]

H(Z)

<P Y P, [TY
0[ e < oo] + xe[H(

Hfl\

o« <00
2 (— lel 1/ ) ]

< Cexp(—cllellz0/®).

2. Otherwise for y € By (0, |l€]lco/2) N H(')F, as o > 1 and by the triangle in-
equality, we know that ds(y, e) > |e]loo/2. Furthermore, notice that, as |(y —
et) - L] <|le]|'/*/8, we have 0,e™, e~ ¢ By(|le]|'/%/2, le]|/2%). hence

X
7T 1/ ueu)]

]P)O,K[ X
3+ B, (HGH

1/a
y aBy(”eHz ’”2%”)

— X X
_PY[TBB (ncnl/a el a T3+B (lel /. ncu)]
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In this case,

0,K X X
Py [Te <OO]§]Py[TaBy(”e”21/a’”;_,aH)

#TX ]

1/ .
o+ B, (L)l Lel
X
+ > PZ[TH—(e-ZA()) <o),
1
redt Byl lely

.. 1/a
noticing that for z € 8+By(%, ”2%”) we have

2 llef '/

(z—et) l=(y—eh) £+ > 1/4||e]| 1/

This implies, by Lemma 6.1 and Lemma 3.1,

]P;O, K

max y

TX <oo|AP Tye - <00
Y€Boo (0, lelloo/NHG 7. B H=(y-0) D

(8.11) ) »
< Cllellg exp(=Cllell5)-

This last equation with (8.9) and (8.10) implies the lemma. [J

We will also need to control the probability to reach an edge far away, condi-
tionally on the fact that this edge has a large conductance.

LEMMA 8.11. Fix e € E(Z%). For any M < 00, there exists Ky < 00 such
that, for any K > Ky,

PE[T, < 1, c(e) = n] < Cllel|ZMPlc, > n),

where C does not depend on n.

PROOF. Let us denote A(e) the event on which there exists y €
Bso (0, |lelloo/2) such that, considering the trajectory up to time 7, the point y
is compatible with X, = y. This means that there exists a time n < T, such that
X, =y is a new maximum for the trajectory in the direction Zand X n+k (>X n iz
for any 1 <k < T, — n. In particular, if such a vertex y exists then e € ™ (0) and
yeHoe=HTO)NH,, -

First, let us control our event on A(e). Let us write @ the environment co-
inciding with @ where c.(e) has been resampled according to P. Notice that
A®(e) = A®(e) and & has the same law as o.

We have

PX[A(e)", T, < 11, c2(e) > n] < PE[A(e)", c?(e) > n]
PE[A(e)C, ¢ (e) > n]
PG

[A(e)C]P[C* > nlj,
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but now we can notice that on A(e)“ we necessarily have Typ_ (0, |e[/2) < T1

PE[A(e)] < 3 PETy < 1] < Cllel|% llell
y€3Bxo(0,]lelloo/2)

where we used Lemma 6.1 and we chose K large enough.
Combining the last two equations, we have

(8.12) PX[A(e)", T, < 11, c%(e) > n] < Cllel| ZMPley > nl.

Now, we can estimate {A(e), T, < t1}. On that event, we know that there exists
y € Bxo(0, |lellco/2) N Ho,. such that, considering the trajectory up to time 7,, the
point y is compatible with X, =y, but since Ty, < T, < 71, we know that y is not
where the regeneration occurs. This means that TH (y-f) © 0T, < 0.

This means that we obtain

IP’O [A(e), T, <1, ¢ (e) > n]

< Z IP’y’ [Te 0 07, < 00 and
Y€Boo (0, llelloc/2)NHo e
Toi- (yter)D) © OT. <00, ¢4 C(e) > n].

Using Markov’s property, we can see that

PE[Ae), T, < 11, c?(e) > n]

<Cl|le max PUKTTX < 00, c®(e) > n
=cl ”°°yeBoo<o,He||oo/2>< LT “(© zn]
NHo,e

0,K ol X w -
®.13) NE [Zef?f’é Pz Tt ey < 001 €(@) —”])
< C|le|¢ max PU-K1T <o00,c.(e)>n
=cl ”°°yeBoo<0,He||oo/2>< v “(© zn]
NHo,e
X
>
A max P AT (e veriy <00 620 = ”D

where, in the last line, we consider the hitting time of the hyperplane 7™ ((y +e1) -
(Ve - E) in order to lose the dependence to the environment around the origin.

Besides, we can notice that the event {TeX < 00, } is P-independent of ¢ (e).
Now, proceeding as for the estimate (8.11), we obtain, for o > d + 3:

1. if (et — y) - € > ||e|'/%/8 then by Lemma 8.9 we have

max P, [TX <00, cf(e) >n]

z€fet,e™}

< Cexp(—cllel/*)P[cy(e) = n].

H((y+er)-Ever -€)
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2. Otherwise, for y € B(0, |lelloo/2) N Hp.e. we know that deo(y,e) >
llellso/2. Furthermore, notice that, as —2 < (et — y) - £ < ||e||1/°‘/8, we have
0,et, e ¢ By(lle]|/* /2, |le]|/2%). In this case,

IP’OK[ < 00,c¥(e) > n]
=P[c{(e) > n]]P’O K[ < o0]

< Plc(e) z n]Py [Tan(uenl/a/z lellj22) F a+B,<||e||1/a/2,||e||/2a)]

+P[c?(e) > n] Z P.[TX < 0],

H (et +e1)-D)
z€d* By(llell'/% /2, ]lell/2%)

but noticing that for z € 37 B,(|le[|!/%/2, |le]|/2%) we have (z — eT) - ‘>

1
1/4]e]| 3.

These two points imply, by Lemma 6.1 and Lemma 3.1, that

max (gK[ <00, c¢(e) > n]
Y€Bx (0, llelloo/2)
NHo,e

A max IP[

w
>
zefet e} H((y+ep)-Bver b = O Cx (e) > n])

< CP[c?(e) = n]|lel|d exp(—Clle| L)
Using this equation, (8.13) and (8.12) yields the result. [J

8.6. Probability of events conditional on the encounter of a large trap. In this
section, we give one of the key results about the asymptotic environment seen from
the particle. Indeed, Lemma 8.12 provides an explicit formula for the law the walk,
conditioned to meet a large trap, outside the edge with largest conductance.

Let us define ¢ as a random edge of E(Z¢) verifying:

1. ci’(e(”)) >n,
2. foralli < T,, we have ¢?(e’) < n for any ¢’ € E(Z%) such that X; € ¢/,

and in case of multiple possible choices we choose e according to some prede-
termined order on Z<. Under P,, defined in (7.3), this edge is met before 7| and,
because of Proposition 7.1, there is only one possible choice for ¢, with high
probability. Also, note that, on OLT, (8, K, n) defined in (7.7), e™ —=e.

REMARK 8.2. We note that, for a fixed environment w, T,w is a stopping-
time and the random variable ¢ is measurable with respect to (X;) i<T,n -

We write (A, B) € § if:
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1. A={{e} x A°, e € E(Z%)} where each A° belongs to the o-field generated
by the finite nearest-neighbour paths in Zg ,

2. B ={{e} x B, e € E(Z%)} where each B¢ belongs to the o-field generated
by the functions from E, to the positive numbers, where E, is a subset of £ (Zg).

For (A, B) € § and for any trajectory 7°¢ on Zf associated with some environ-
ment w,, we write 7¢ € (A, B), with an abuse of notation, to designate the event
that:

L. (T))n<r € AS,
2. {c¥ (), e’ € E(Z9) with T € €' fori < 1) ore’ ~ e} € B°.

In particular, this applies to X¢, Y and we will also use the notation xe" ¢
(A, B). Recall that e ¢ E(Z%).

We are now going to prove one of the key propositions for understanding the
behaviour of the walk around large traps.

PROPOSITION 8.1. There exists Ky < oo such that, for any K > Ky, there
exists n > 0 and a function g(n) such that for any n € N, any (A, B) € § and any
borelian set F, we have that

PK[c?(e™) e F, X" € (A, B),LT(n), D = o]

—Plcy >n,c € F] Z ]P’([f[Ye €(A,B), T, < ‘L'IYe, DY = oo]| < g(n),
ecE(Z4)

where g(n) = o(n~"P[LT(n)]). In words, the difference on the left-hand side can
be upper-bounded independently of our choice of (A, B) or F.

The series appearing in the lemma cannot be infinite by Lemma 8.10.

PROOF. Fix some § € (0, 1) that will be chosen later. Recalling the nota-
tion (7.2) and (7.4), we have

o)

P& [x
< Y Piles(@=n.T. <7, X € (A, B),
ecE(Z4)

c?(e) >n,c?(e) € F, D = o] +PK[SLT(S, K, n)],

€ (A, B), cx(e™) € F,LT(n), D = o0]

and

Py [x"

> Y P{[es(e)=n,T. <11, X € (A, B),
ecE(Z4)

€ (A, B), ci(e™) € F,LT(n), D = 0]
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cl(e)>n,cl(e)e F,D = oo]

— > Pflcile) =n’, e e B(2x,2x%), SLT(S, K, n)].
ecE(Z4)

Therefore, this yields

‘1@5 [X°" € (A, B), cy(e™) € F,LT(n), D = 0]

— > P{[X°€(A,B). T, <t1,cl(e) >n,cl(e) € F,D =]
ecE(Z4)

< EX[NLT(8, n)1{SLT(, K, n), D = 00}],
and we know by Lemma 7.1 (applied with ¢ = y§/4) and Lemma 7.2 that
E[NLT(, K, n)1{SLT(S, K, n)}1{D = oo}]

< CnV2P[e, > n] =n""4o(P[LT(n)])

[which is a bound that does not depend on (A, B) or F], and thus
Pyx”
8.14) = Z IP’(If[X“’ €(A,B), T, <11,cl(e) >n,c?(e) € F, D =00

ecE(Z4)

+n 774 (P[LT(n)]).

€ (A, B),c?(e"™) € F,LT(n), D = 0]

Fix M < oo, by Lemma 6.1 and Lemma 8.10, there exists Ko < oo such that,

for any K > Kj,
PEIT, <l <Cllelli” and PE[T, <] <Clel,

and hence

‘ Z IP’(’)([Xee(A,B),Te<rl,cf(e)2n,cf(e)eF,D:oo]
ecE(Z4)

®.15) — > Py e, B),TY <1]",c?%e)=n,ce) e F, D" = 0]
ecE(Z4)

<2 > Cllell 2"
ecE(Z%)e¢ B,y (0.n'/M)

+ > [Pf[X°e(A,B)T. <,

ecE(Z%),
e€B,q(0,n'/M)

c?(e)>n,cl(e) € F,D=0o0]
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—PX[Y¢e (A B). T <1]", ) > n.c?(e) e F. DV = ]|

§Cn_1

+ > |Pf[X°€(A.B).T. <,

ecE(Z%),
e€B,q(0.n'/M)

c(e)>n,cf(e) € F, D =0o0]
(8.16) —P§[Y°e (A, B). T <1, c%e) =n,c(e) e F, D' = 0]].
Choose 6 € (0, 1/(y + 3)) and recall that
Plci(e) > n,3e' ~e:cu(ef) > n’s] < Cn_‘sy/zP[c*(e) > n].

Thus, as y € (0, 1), we can choose § > 0 and ¢ > 0, independently of (A, B) or
F, such that, using the coupling and the results in Lemma 8.3 and Lemma 8.6, we
have

IPX([X¢ e (A, B), T, <11,c?(e) > n,c?e) € F, D =00]
—PE[Y° e (A, B), T <", c¥(e) = n.c¥(e) e F, D' = ]|
< Cn *P[LT(n)].

Choosing M large enough (depending & and d), using the last inequality, (8.14)
and (8.16), we obtain

PE[x*" € (A, B), cu(e™) = n,c?(e™) € F,LT(n), D = 00]
= Y PX[Y?e(AB).T) <t]". %) =n.c%e) e F, D' = 0]
ecE(Z4)
+n"%o(P[LT(n)]).

Now, we can use the fact that the trajectory of Y¢ and the environment outside e
are independent of c{ (e), and thus

Y PX[vee(A B). T <t]".c¥(e) 2 n,ce) e F, DY = 0]
ecE(Z9)
:P[C*Zn,C*EF] Z P(I){[YeE(A,B),TXY: <‘[1Y8,Dyezoo],
ecE(Z4)
and so finally

PK[x¢"” € (A, B), ca(e™) = n.c?(e™) € F.LT(n), D = 0o

=Ple,>n,c,€F1 Y. PE[Y°e(A,B), T} <", D" =]
ecE(Z4)

+n"%o(P[LT(n)]).
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This implies the result. [J
The previous proposition implies the following statement.

LEMMA 8.12. Take (A, B) € §. There exists Ky < 0o such that, for any K >
Ko, we have, as n goes to infinity,

PE[x*" € (A, B)[LT(n), D = 0]

R Yecrzh PEIYC € (A, B), TY <1!", DY = 0]

ZEEE(Z‘]) IP)([)([TX)ZE < lee, DYe = OO]

PROOF. The result follows easily once, we have proved that
Z IP’(I)([TX);e < rlye, DY = oo] > c.
ecE(Z4)

For ey = [2e1, 3e1], we can prove a lower bound
K[Y% Y YO0 _
Py [Txe() <t ,D'" =o0]>c,
by noticing that the event {T,} ;0 <1/, DY = 0o} occurs if:

1. 0, e, 2e11, 3e; and 4e; are gooq;
2.(vy", ZV% = (e1, 1), (¥,°, Z}") = (x¢y, 1) and Y3° = dey;
3. DY'o 03 = o0,

and then we can do a computation very similar to the proof of Lemma 7.2 and use
the fact that

E§ [1{4e; is good} P [DY™ = o0]]
= E§ [1{4e; is good} P;2 [D = oc]] > 0. O
9. Approximation of the time spent in a large trap. The goal of this section
is to find an asymptotic approximation of the time spent in a trap when the edge
associated to this trap has a large conductance. More specifically, we want to show
that the time is roughly the conductance of the large edge times an independent
random variable W.
9.1. Number of return to a large trap. We define the random variable
VY =card{i > 0,Yf =x.,i <t} }.
Besides, let us define

9.1) Vyi=card{i <71, X; ¢ e™ and X4 € e(”)}.



656 A. FRIBERGH AND D. KIOUS

Note that, chosen under the measure P[-|[LT(n)], V,, > 1, we can see that the
previous random variable verifies

(9.2) V, =card{i >0, X; ¢ ¢™ and X, 1 € e™}.
Finally, let us define, for any e € E(Z%),
9.3) T (xp) 1= €y,

A direct application of the Lemma 8.12 implies the following.

LEMMA 9.1. There exists Ky < oo such that, for any K > Ky, there exists a
couple of random variables (Voo, T°°) such that under P,, we have

d
(Vi T2 (xy00)) D (Voo T).

Denoting P the probability associated to (Vo, T°), the distribution of this cou-
ple of variables is given by

ZeeE Z4 ]I() [(VYe, T (x,)) €, T, < ‘L’l)e’ DY — o]
(Z4)
ZBGE(Zd)]IO [jxee < zl e’ D ¢ - OO]

P¥[(Voo, @) €] =

PrROOF. Fix some sets A C N and B C R which are measurable and define
A={{e} x A% ec E(Z%)),  B=|{e} x B, ec E(Z%))},

where A a the set of trajectories on Zg such that V*¢ € A, and B¢ is the event
{T?" (x,m) € B}. Note that (A, B) € §. Therefore, we have by Lemma 8.12:

]P”[Vn S A, ﬁwe(n) (xe(n)) € B]

()

=P,[X" € (A, B)]
. Yecr@n PEIYC € (A, B), TY <1!*, DY = 0]
D ecE(Zd) IP’(If[Tx{e < lee, DY¢ = 0]

_ ZeeE(ZdﬂP’{){[fo €A, T%(x.)€B, T, < TIY“", DY = o0]
ZeeE(Zd)IP)(If[Tx{e < ‘EIYe, DY’ = 0]

’

and notice that the right-hand side is a probability distribution corresponding to
our limiting random variables. [J

9.2. Time in excursions in the large edge e. Let us define the exit time of an
edgeec E (Z4) once it has been hit T3 =T+ o~y © QT{e e with the convention
that 7,* = 0 if T{,+ ,—) = 00. Moreover, we define, for any i > 1, Tf"’i as the time
spent in e during the ith excursion, again with the convention that Teex’i =0 if
there are not i excursions to e, thatis, V,, <1i.
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LEMMA 9.2. Fix 8 > 0. Take ¢ € E(Z%) such that c®(e)>nand c?(e') < n®
for all € ~ e. Then, there exists a coupling of (e;) and (Teex’i) where (e;) are
i.i.d. exponential random variables with mean 1 such that, for any i > 1 such that
Vu =i, P®-almost surely,

c”(e)
7% (Xe)

where (e;) is independent of c®(e), m“¢ (x.) and (X},),.

2¢; < T < (1+ C(dyn®)—L c(e) 2e; + 1,

1—Cd)n’!
(1= c@n™) 7 (%)

PROOF. Step 1: Probability distribution estimates. We do the proof for 7, =
Tf"’l, and the result will follow by induction. Let us apply Markov’s property at
time 7,, the time when the edge e is hit. For any k € N, we have, almost surely,

Tex (Cw(e))Z
Py H e J > k] - P[Geom(l - —_) >k]
Te 2 a®(et)m®(e™)

e
-f [m(i’f‘”@“”‘”é”) ] k]’
(c®(e))
where e is an exponential random variable e with mean 1, which does not depend
on the environment. These last equalities show in particular that | 7% /2| does not
depend on X7,. Using that ¢®(e) > n and c®(¢’) < n® for any ¢’ ~ e, a straightfor-
ward computation yields

Plo-c@n ) S ex k] < rg, [| 75 | 4]

9.4) TP (Xe)

_1y ¢“(e)
< P|(1+C(d)n’! —e>k].
[+ cam ) S5
We give an explicit construction of the coupling in order to emphasize the depen-
dencies. First, note that, for any k e Nand any y ~e, y ¢ ¢,

T Tex T
e e R | R AL B B

= Py I~ =k|Py, [Xrex =]
= P | 5 | =k P DX =0,

where the last equality can be checked with a straightforward computation. This
means that, conditioned on T, |7, /2] and Xrex are independent.

Step 2: The coupling. Let us now explain how we couple the exponential vari-
ables with the time spent in the edge e.

Assume that X hits e for the ith time. Then pick an exponential random variable
e; independently of anything else. First, we define e; _ := (1 —C(d)n®~1) =% o) g

e (X )

and e; . 1= (14 C(d)n’~ 1) ¢’(©) ¢, where C(d) is the same constant as in (9.4).

e (x,)
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Let us denote G_, G4+ and F the respective cumulative distribution functions of
e;._, ¢ + (conditioned on the environment) and the quenched cumulative distribu-
tion function of [7;*/2] (recall that this does not depend on the starting point).
Note that, given the environment, G4 and G_ are continuous.

Now, given e;, we will introduce the coupling for the time spent on the edge by
setting

2
Once we notice that G_(-) = G(- x (1 + C(d)n®*~ 1/ — C(d)n®~")) and
thate; + =e¢; _(1 + C(d)n‘s_l)/(l — C(d)n®™1), it is easy to prove that, by con-
struction, €; — < | T /2] < e; 4, which implies the inequality of the statement.
The independence of e; and X Texi comes from the independence of LT:X*[ /2] and

LT:X’ZJ = F(G_(e;._)).

X pexi. Indeed, we use e; only to determine the value of LT:"J /2] and this is inde-
pendent of X exi. [

9.3. The time spent in the largest edge described using a random variable
W,. We know that under IP,,, defined in (7.3), the random variable T = card{i <
71, X; € ™} measuring the time spent in ¢ can be written

Vi
o)
T=3 T,
i=1

where Te((l;l)) is the time spent during the ith excursion in e,

REMARK 9.1. The random variables Te((l;l)) are distributed as 7 ;) chosen under

n

P? for some x € e™ _ The law of the Te((l;q)) typically depends on V,, and may not
be the same for all i, as it depends on which vertex the walker enters and exits
the edge e". Nevertheless, in the previous proof, we showed that the random

variables LTe((l% /2] are independent of V,,.

As we stated in Section 1.3, we aim to prove that the time spent in the trap,
when this trap is large, is the product of the conductance ¢ (e™), with a random
variable which is almost independent. For this reason, we introduce

T
and we will now prove that this random variable admits a limit under P,, and that
as n gets large W, and ¢ (e™) are asymptotically independent.
Recall the definitions (7.6) and (7.7) of OLT(8, K, n) and OLT, (8, K, n). Using
Lemma 7.1 and that LT(n) N SLT(S, K, n)¢ C OLT(S, K, n) by Remark 7.1, it is
easy to conclude that there exists ¢ > 0 such that

(9.6) P,[OLT(S, K,n)’] =o(n™?).
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We have OLT($, K, n) = U,cgzd) OLT. (8, K, n), and on OLT, (3, K,n) we
have e =e.

Let us first prove a uniform estimate on the moments of W,, which will be useful
to prove limiting results.

LEMMA 9.3. Fix § > 0and ¢ € [0,1 — y). There exists Ky < oo such that,
for any K > Ky, there exists a constant C(K) such that, for any n > K, we have

E,[W)T*1{OLT(, K,n)}] < C(K),

E{(_L)Hgl{OLT((S, K,n)}} <C(K).

nwg(n) ('xe(”) )

PROOF. Recall that under IP,,, defined in (7.3), O is open and thus O ¢ ™ Fix
some ¢ € [0,1 —y).

Step 1: Relating W,, and V,,. First, we want to show that W,1{OLT (6, K, n)}
has, under P,,, a moment y + ¢ which is uniform in n.

Conditionally on the fact that ¢ is hit for the ith time, the random variables
T((n)) are distributed as T ~w under P for some random x € e™ (see Remark 9.1).
Fix some edge e € E(Zd). We can use Lemma 9.2 to see that on OLT,. (6, K, n)
for all i

9.7) T < (14 C(d)n‘s_l)nc:—((e))%,- +1,
e xe

where e; are i.i.d. exponential random variables of mean 1 that are independent of

(X", €™, 7% (x ) and c,(e™). Thus, under P,,, we have

,1{OLT(5, K, n))

1{0LT(8 K. nﬂz(zel D{OLT(, K, m)},

§—1
= (1 +Cd)n ) @, (n) (X ) i=1

so taking the expectation with respect to the randomness of the exponentials, we
see that

Vi

Eexp[Wal{OLT(S, K, n)}] < C ————
exp[ n { ( I’l)}] 7T Ve (xe(n))

1{OLT(é, K, n)}.
Step 2: Relating V, to the number of visits of e and e~. On the event
OLT.(8, K, n), we have
Vo=card{i > 1: X; €eand X;;1 ¢ e},
thus

E§[Va1{OLT, (8, K, n), D = oo}]
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o0
= E(C)O[Z(I{TOJr > Xi=e (1 -1{Xiyy =e})
i=1

9.8) + T > i, Xi =eT}(1 — Y Xip :e—}))]

X:y'\'e*,y;aéeJr c(ly, ey])
m(e™)
ZyNle,y;ée* C([y7 ey])
m(et) ’

= E§[No(e™)]

+ E§[No(e™)]

where we used Markov’s property and where No(et) := Y2 l{TOJr > i,
X i = ei}.

Step 3: The number of visits to et (resp., e~) are related to the size of the
surrounding bad area and w®(e™) [resp., m°™8(¢7)]. We now want to estimate
the expectations appearing in previous equation. For this purpose, note that, as
n> K, e" and e~ are bad vertices so that BAD(e™) = BAD(e™) and, for any
y € Z% and stopping-time T, define N(y, T) =[{0 <n < T : X, = y}|. We have
that

No(e") <1{0 e BAD(e ")} N (e™, TGLOODU{O})
9.9)

o0
+ > Y UXi=x}N(eF, Tgoop) 0 b,
x€dBAD(e™) i=0

and a similar inequality holds for Ng(e™).

Now, as in the proof of Lemma 4.4, we can consider the finite graph ws, obtained
by merging all the points of dBAD(e™) [or {0} UdBAD(e™) if 0 € BAD(e™)] into
one point §.

In the case 0 € BAD(e™) and by merging {0} U 9BAD(e™) into 8, as 0 is open,
we have by Lemma A.1 and Remark 4.1, for any y € BAD(e™), y ~ 0,

EY[N(e™, Taoopun)]

o EeD)
= EPINET TN = CK) s

-

< Cexp(ZA‘ max 74— min z -Z’)e_(ﬁ”_)'zn“’(fr),
2e{0}JUBAD(e ) 2€{0}UIBAD(et)
where we used the fact that the number of visits to e™ is upper bounded by the
number of times incident edges have been crossed.
Using that

max  z-f— min_ z-£< W(BAD(e")),
2€{0)UIBAD(e*) 2€{0}UIBAD(e*)
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we obtain
EY[N(et, Taoopui)] < C exp(22.W (BAD(e™)))e ™€+ ) tne (e™).
This yields

E(C)U[N(eJrv TC—}’_OODU{O})] =1+ C(K) Z E;)[N(eJr’ TC—}’—OODU{O})]

~0
9.10) ’ -
< Cexp(2AW (BAD(e™)))e @ T ) Er (™),

where we used that 0 is open and, as we are on OLT, (8, K, n), e~ +¢ )l () >
C(K). A similar inequality holds for e™.

In the same way, by merging only dBAD(e™) into §, we have, for any x €
dBAD(e™), we have

©.11)  E°[N(et, Tdoop)] < CexpAW (BAD(e™)))e ¢ ) x (e),

and a similar inequality holds for e™.
Using Lemma 4.3, (9.8) and (9.9), we have

E¢[V,1{OLT.(8, K, n), D = 00}]
9.12)
< C(K)exp(2AW (BAD(e™))) 7 (x,).

Step 4: The size of bad areas is too small to have a significant effect. Fix some
constant M > 4d+4d/(1—y —e). Now, fork € {0, ..., |_||e||§”oj },by Lemma 8.11,
there exists K¢ such that, for any K > K,

PX Vi V+81 OLT,(8,K,n), D k
= >
() HOUTG . D= o) 2

<PX[T. <11, ci(e) = n] < C(K) el 2 Pcs(e) = n].

Another more delicate upper bound can be obtained, for an integer k > || e]| g”oj ,
Markov’s inequality and (9.12) yield

(9.13)

P{f[( Vn )HSI{OLTe((S, K,n),D =00} > k]
T (Xe) n

V, y+e
<Ef [Pf[(#) 1{OLT, (8, K,n), D = oo} > k}l{c*(e) > n}]
TY (X,
_ C&)
— kl/(y+e)
_ CK)
— kl/(y+e)
_ CK)
— kl/(r+e)
_ CK®)
= klV/(y+e)

E& [exp(2AW (BAD(e™)))1{cs(e) > n}]

9.14)

E& [exp(2AW (BAD(e™)))|cx(e) > n]P[cs(e) > n]
E& [exp(22W (BAD(e™)))|e is closed|P[c.(e) > n]

Plci(e) > n],
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where we used Lemma 4.1 with K large enough (depending on A and d).
Step 5: Conclusion. Summing over k > 0, we obtain, by (9.13) and (9.14),

K Vi, y+e
EX [(ﬁwe(m) 1{OLT,.(8, K,n), D = oo}]

< C(K) el 2 Ples(e) = n] + C(K) [lel| 177 M/ +OP[c, (e) = n)
< C(K)|lell 5 "Plex(e) = n].

Finally, as card{e € E(Z%) : |le]loo = k} < ck?~!, we have

+e
E& [(L)y 1{OLT(, K, n), D = oo}}

T (X o)

= > ]Eg[( Y )y+81{OLTe(8,K,n),D=oo}]

ecEZd) T (Xe)
< C(K)P[cx(e) = n]
< C(K)P§[LT(n), D = 0],

using Lemma 7.2 in the last line. This implies the result. []

9.4. Limit in law of the random variables W,. The random variables W, in-
troduced at (9.5) to understand the time spent in large trap have a limit in law.

LEMMA 9.4. Define

1
Woo = %Zzei,
T

where €; are some i.i.d. exponential random variables with mean 1, independent
of Voo and T (defined in Lemma 9.1).
Then, for the random variables W,, chosen under Py, we have

d
W, Q) Woo as n goes to infinity.

PROOF. Consider (e;); a sequence of exponential random variables with
mean 1. If, for some e € E(Z4), ¢®(e) > n and c¢®(¢’) < n® for all ¢’ ~ e, then

using Lemma 9.2 there exists a coupling of (e;); and (LTe(i) /21); such that, for
all i, we have

c®(e)

TP (Xe)

c®(e)

TP (Xe)

(1—C(dn®™h 2¢; < TV < (14 C(d)n®™) 2e; + 1,

and where e; are independent of each othgr and independent of (X¢), e, w®¢(x,)
and c,(e). Note that, on the other hand, Te(’) depends on these quantities and on e;.
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Using that OLT(6, K, n) = UeeE(Zd) OLT.(8, K, n), we have, on OLT (S, K, n),

1-Cdn®™ ) ———
( (d) )ﬁwe(n) (X,m) =
(9.15)

Vi

> (2ei +C@n®Y),

i=1

<W,<(1+ C(d)na_l)m
en

e .
where V,, and 7 (x,m ) are defined in (9.1) and (9.3).

o)
Now recall that by Lemma 9.1, under P, (V,,, 7 (x,m)) converges in law
to (Voo, %) and that the exponential random variables are independent of V,, and

e . . . . .-
7®  (x,m). Using Markov’s inequality and Lemma 9.3 with ¢ < §, it is easy to
prove that, under P,

Vv,
-1 Wg’xem)l{OLT(S, K, n)} -0 in probability,

and recalling the definition of W,, at (9.5)

v,
1 n
§—1 . o
n’" ' —— ) 2¢1/0LT, K,n)}—0 in probability.
T (%00 i§=:1 i 1{OLT( } p y
Thus, we have the convergence in law, under PP,,, of W,1{OLT (6, K, n)} to W
and, as P,[OLT (8, K, n)“] = o(1), the result follows. [

9.5. Asymptotic independence of the conductance and W,,. On the probability
space P>, we define the random variables (Vo, 7*°) and independently of this
couple a variable ¢ which has the P-law of the largest conductance met during
the first regeneration period, that is,

'™ = max{c{ (e), with e € E(Zd), T. <1},

where P[-] = PX[-|D = oo] is defined in (7.1).

REMARK 9.2.  Note that, on OLT(8, K, n), we have ¢ = ¢ (). More-
over, it is plain to see that that {c]'** > n} = LT (n), hence P[c]** > n] = P[LT(n)].

Define the constant
1

.16 =—
9.16) Cy PEID = ool

Y B[ <. DY = o0] € (0, +00).
ecE(Z4)

We obtain the probability of encountering at least one trap in a regeneration
period as a direct consequence of Proposition 8.1.
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LEMMA 9.5. There exists Ky < 0o such that, for any K > Ko, there exists
n > 0 such that

P[LT(n)] x (CiPles = n]) " € (1 —n"", 14n7").

Note that the constant C; depends on K, and so does P.
It is also important to know that it is unlikely to encounter more than two large
traps when you know you are encountering one in the regeneration time.

LEMMA 9.6. Fix § > 0. There exists Ko < 0o such that, for any K > Ky,
there exists n > 0 such that
P[LT(n)]

= e[l,14+n"").
P[OLT(S, K, n)]

PROOF. Obviously, we have that for any 6 > 0 and K < 0o, we have
P[OLT(38, K,n)] <P[LT(n)]
<P[LT(n) NOLT(S, K,n)‘] +P[OLT(S, K, n)],

and the conclusion follows by (9.6). [

Using Proposition 8.1 and (9.6), a simple computation yields the following
statement.

LEMMA 9.7. There exists n > 0 such that, for any borelian set F,

PX [ € F, M > n|D = 00]
_ Plci € F, cy > n]

Plc, > n]

which implies, by Remark 9.2,

P[LT(n)] +n~"o(P[LT(n)]),

Plc. € F,cy > n]
Plc, > n]

PX [N € F|cM™ > p, D = 00] =

+o(n™").

The following result is a simple consequence of Lemma 9.7, Proposition 8.1
and Lemma 9.1.

LEMMA 9.8. There exists Ky < 0o such that, for any K > K, there exists
n > 0 such that for any n € N, we have

/{nngHP’OO[VOO €A, T € B, ™ € F|c™ >n]

—Pa[c2(e™) € F, Vyy € A, 7% (x,00) € B]|

=o(n™"),
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where the maximum is taken over all borelians. It implies that

max| PP WoocM* 1M > n} € A, Wooc™ 1{c™ > n} € B]

A,B
_ F[cgﬁ’(e(”))

=n""0(P[LT(n)]).

\%
Z,’Ll 2e;
7T Ve (xg(”))

2V,

1{LT(n)} € 4, c?(e(”))m

1{LT(n)) € B”

PROOF. The proof comes easily once we have noticed that
P*[Voo € A, T € B, (™ € F|cI'™ > n]
=P [ € F|cM™ > 5, D = 00]P®[Voo € A, T € B],

and that PX [LT(n)|D = co] = PX[¢™™ > n|D = oo]. Besides, = 3.1 2e; has
the same law as W4, and zﬁLo%O has the same law as Woo. O

REMARK 9.3. The previous proposition states that the total variation dis-
tance between the law of (c"™*, Vo, ™) chosen under P*°[-|c]"™ > n] and
(c*‘“(e(”)), Vi, T%™ (x,m)) chosen under P, is o(n~"). This allows us to pro-
duce a coupling such that those two triplets of random variables do not co-
incide with probability at most o(n~"). In the same way, we can couple the
4-uplets ('™, Voo, T, (e;)) chosen under P*°[-|c'®* > n] and (ci’(e(”)), Vi,
2™ (x,m), (¢';)) chosen under P, such that they do not coincide with proba-
bility at most o(n~"), and where (e;) and (€’;) are two i.i.d. sequences of mean 1
exponential variables which are independent of the three other quantities involved
in their respective 4-uplets.

The following result will be used to prove the main theorem and gives an esti-
mate of the distance between ¢’ (e™)W, and PP Weo.

PROPOSITION 9.1. Fix § € (0, 1). There exist n > 0 and a constant C'(d)
such that, for any n > K, there exists a coupling P> of (c?(e™), W,,
2V, /TT™ (x,m))) under P and (P Woo, Woo) under P> such that we have

P™[|c?(e™) W, 1{OLT(8, K, n)} — ™ Woo 1{c™ > n}|
> C/(d)nB—lc?aX(Woo + Woo)l{cfax > n}]
<n""o(P[LT(n)]).

PROOF. Recall that, by (9.6), there exists ¢ > 0 such that P,[OLT(S, K,
N)1=o0(n"%). On OLT(S, K, N), c2(e™) = ¢, and recalling (9.15) we can
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see that there exist exponential random variables €’;, independent of 7 “¢™ (x )
and V,;, such that

_ 5— 1
(1—-C(d)n o (x my ZZel

(9.17)
Va

Y (€ + C@dn® ).

< Wn = (1 + C(d)na_l)m
e’ =]

Now, by Lemma 9.8 we know that we can find
(Woocmaxl{ max > n} Woocmaxl{ max > n})

which is coupled with high probability with

> 2e 2V,
(f i (e VT oG Gy {LT(”)}>

Thus, we have built an adequate coupling and the conclusion follows easily. [

9.6. Tail estimate of the random variable Woocy™. The goal of this section
is to compute the tail of W,. For this purpose, we need to give a moment on
this variable. To bound the error terms from Proposition 9.1, we will also need to
compute the tail the following random variable:

~ V.
Woo = 2_;.0.
T oo

LEMMA 9.9. Forany e €[0,1—y), we have
EX[WLH] <oco  and EOO[W(;’O”] < 00.
PROOF. Since P,[OLT(3, K,n)] — 1 by Proposition 7.1, we can use by
Lemma 9.4 Skorokhod’s representation theorem to obtain, under a measure P,

version of (W,1{OLT(3, K, n)}),en and W4, such that W,1{OLT(S, K, n)} con-
verges P-almost surely to W,. We can then use Fatou’s lemma to see that

E[WZ] = E[liminf(W,1{OLT(, K, m)})" ]

<liminf E[(W,1{OLT(s, K,n)})"] < C(K),

n—oo

where we used Lemma 9.3. A similar result now holds easily for Weo. O

Finally, we are able to estimate de tail of Woocl®*.
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LEMMA 9.10. We have
PP [Wooch™ > t] ~ CIE®[WL]L(t)t ™7,
and

PO [Weoc™ > t] ~ CIE®[WL]L(t)t ™7,

PROOF. Using Lemma 9.5 and Remark 9.2, we see that

Pe[ef™ > t] =P[cf™ >t] ~CiL(t)t ™.

*

Hence, by using Breiman’s theorem [which is proved, e.g., in [16], see Corol-
lary 3.6(iii)], we obtain

Pe[el™ W > 1] ~ CLL()1 VEX[WL],

since IEOO[W%’O+8]~< oo fore € [0, 1 — y), by Lemma 9.9.
The proof for W, is the same. [

10. Limit theorems. We now have all the necessary results to conclude the
main results.

Recall that we assumed that P[c.(e) > t] = L(¢)t~" for some y € (0,1) and
where L is a slowly varying function. Note that

n—1
=11+ ) (Tit1 — T,

i=1
where, using Remark 6.1 and Theorem 5.4, the quantities (t;+1 — 7;), { > 1, under
Py, are all independent, independent of t; and distributed as 7| under ]P’(I)< [|D =
oQ].

Let us define the generalized inverse of the tail of c¢,, composed with # — 1/¢,

that is

(10.1) Inv(z) ;= inf{x : Pe, > x] <771}
Using that Inv(-) is nondecreasing and that " L(¢) — +oo for any r > 0, one can

easily prove that

(10.2)

— 0, for any r > 0.

10.1. Identifying the terms that do not contribute. We are interested in the
scaling limit of t,,/Inv(n) under Py. Recall that the quantities 7,41 — 7; fori > 1
are distributed like 7; under ]P’g [-|D = oo], are independent of each other and
independent of 7.
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As 71 < oo PP-a.s. and ]P’(I)([-ID = oo]-a.s., it is equivalent to look for the scaling
limit of
n (l)

iX: 31

— Inv(n)’

where the tl(l)’s are i.i.d. copies of t; under IP’(I)( [-|D = oo]. We will keep all previ-
ous notation adding naturally a superscript or subscript () to notify that the quan-
tity is related to the ith copy of the first regeneration block under IP(’)( [[|D = o0].
We will still denote IP’(’f [-|D = o0o] their common probability measure.

We are thus interested in the time spent during one regeneration period under
IP{)( [-|D = oo]. As explained before, the time spent by the walker during one re-
generation period is not negligible only if he meets an edge with large conductance
and, in this case, he spends essentially all of his time on this edge.

First, we prove the following result.

LEMMA 10.1. Forany § > 0, there exists Ko < 0o such that, for any K > Ky,

]EO[ D= o0] < o0.

PROOF. Recalling the definitions (6.2), (6.3) and (9.5), note that, for any & >
0, under PX[|D = o],
1e 1—¢ 1_8
t=12" 7 1OLT(1/2, K.n'7 )} + o 7 1{OLT(1/2, K.n 7))

—E

+ T l{LT(n 7 )} + Tl {LT(n 7 ) NOLT(1/2, K.n'7 )¢}

(e 7 ) 1{OLT(1/2. K.n 7))

J/

(103) =W

l1—¢

+ o 7 1OLT(1/2. K.n 7))
175

4o T LT 7)) + o 1{LT(n 7 ) NOLT(1/2, K. n' 7 )°).
Now, for any k € N, we can use Lemma 6.2 and Lemma 9.5 and prove that
PX[t) 7" > k|D = 0]
1
1
<P&[c 7 kD = 00] + PE[LT(k7-5?)|D = 00]

2

b
<ck " p ok T,

which is summable. This implies the result. [
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Now let us prove that the time is overwhelmingly spent on large edges. The
quantity 1/2 in the following result as to be seen as some number strictly less than
1. We choose this specific value only to avoid useless notation.

PROPOSITION 10.1. Forany ¢ € (0, 1/6), there exists Ko < oo such that, for
any K > Ky, we have

T, — W(’R , *(e(l”)T))l{OLT(’)(Z K.on'v )}

Inv(n)

PROOF. Using that 7] < oo P-a.s. and IP’(I)([-lD = oco]-a.s., and using (10.2)
and (10.3), it is enough to prove that, for some r > 0,

1 1 ‘ ‘ . 1—¢
104) 7Y (o —wh), @ (eg‘) v Ni{oLr®(1/2,K,n' 7 )}] — 0,
i=1 nv
in probability.
For notational simplicity, let us write

1Ze . 1—¢
fin=1 = W(’l)g (el " {oLT (172, K, n'7 )}

for the ith term of the sum in (10.4). Note that by Lemma 10.1, the f;,’s, 1 <
i <n, are i.i.d., have a moment y — § for any § > O and their tails can be upper
bounded using (10.3).

The rest of the proof is made of three main steps. Before detailing them, let us
define constants that will be useful:

2+ 1-—
105  M:=4"L  g=(-ym  m=i L
m 3+y

and note that each of these constants depends only on y and ¢.

Moreover, the following inequality will be used several times. For any a € R,

Eé([card{l <j=n, fin Za}|D:OO]

(10.6) — E{;[ 3 A fjnz a}‘D — oo]
1<j=n

<nP§[fi, > a|D = o0).

Step 1: Controlling terms with small or medium conductances. Using
Lemma 10.1 and Markov’s inequality, we have, for any i € {0, ..., M},

P [ f10 = n'/ M| D = 0] < C(K, Myn~0—1/M)G/(My)
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Using (10.6) and Markov’s inequality, we obtain for 0 <i < M:
omp 24y il

K . i/(My) n v My My
Py |card{l < j <n, fjn>n V}ET‘D:oo

<C(K, M)nn_(y_ﬁ)ﬁyn—l_%—zﬂj_;ur%
< C(K. Myn 7~ G—DU=i0=7
For any 0 <i < M, we define the event:
B(n,i, M,n)

. . 1- i
= {card{l <j=n,fine (n’/(M”),n(’H)/(MV)]} > ﬁnynb’%_ﬂﬂ}
Together with the fact thati < M (1 —n;/(1 — y)) is equivalent to n;/y — (1/y —
1)(1 —i/M) <0, this yields that, for any fixed M,
(10.7) P§ [B(n.i, M, n1)|D = o00] <C(K, M)n~ "™ =o(1),
foranyi < [M(1 — l'i—ly)J =: i max-
Step 2: Ruling out terms with large conductances. Let us define the event

1=y

B'(n,m)={card{l <j <n, fj,>=n"7 }>1}.
Recalling (10.6) and using (10.3), we see that

1-np

PX[B'(n,m2)|D =o0] <nP§[fin>n 7 |D=o0]

—&

+ P& [LT(n'T) NOLT(1/2, K, n$)“|D = oo])

a—=E)1-y)
Lo 7 T=m’t 7 e l—e_q_
§Cn(2n v [—y 5 ]+I’l2+ > (1 8))’

where we used Lemma 6.2 twice and Lemma 7.1. Finally, using (10.5) and the fact
that 7o < ¢ < 1/6, we have
(10.8) PX[B'(n,m)ID=00] <Cnxn™ "™ <Cn™™ =o(1).

Step 3: Conclusion. Recall that ipax = | M (1 —n3) ]| so that (ipax + 1)/(My) >
(1 —n2)/y. Now, define the event

imax
B(n,M)=B'(n,m) U ] B(n,i, M, ).
j=0
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Using (10.7) and (10.8), we have
P& [B(n, M)|D = o0] = o(1).
This implies that
_l,m Z
n Y TEYBM, M)} Y fin— 0
j=1

in probability.
On the other hand, on B(n, M)¢, we can give an upper bound:

Imax Ty 24y

Zf]nfz _Sn%+_:n

This implies that

.
4 .

<
<
X |=

_1lym z
n T Bm, M)} fin—>0
j=1
in probability. This completes the proof. [J
10.2. Scaling limits of the asymptotic environment. In this section, we state the
following results about the scaling limits of i.i.d. copies of the variable ¢ W.

In Section 10.3, we will then prove that 7, has the same limit.

PROPOSITION 10.2. Under P*°, we have

n max W(l) d n max W(l) o~
—* @ 2) oSy and —* @ Q> CooSy,
Inv(n) Inv(n)

where S, has a completely asymmetric stable law of index o and where the con-
stants are defined by

(10.9)  Coo:=(CIEX[WLD" and Co:=(CIEX[WL])"?,
with Cy being the constant defined in (9.16).
PROOF. Let us explain it for the first case, the second being similar. We have

to deal with a sum of i.i.d. random variables whose tails are heavy and are, by
Lemma 9.10, such that

PPy Woo > 1] ~ CL L(t)t 7.

This is equivalent to say that there exists a slowly-varying function L such that,
for any ¢ > 0,

P[NP Wy, > 1] = L(1)t .
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Let us denote Inv(-) the generalized inverse function of this tail, composed with
t— 1/t,asin (10.1). Using classical results about sums of i.i.d. heavy-tailed ran-
dom variables (see Theorem 3.7.2, p. 161 of [19]), we have that

=1 %) Ws' )

Inv(n) v

Now, using the properties of slowly-varying functions and using the monotonic-
ity of Inv and Inv, one can easily show that, for any § > 0, (1 — §)Csolnv(n) <
Inv(n) < (1 4 §)Csolnv(n), as soon as n is large enough, hence

Inv(n) .
Inv(n)

Finally, as we deal with sums of non-negative random variables, S, is necessarily
completely asymmetric (i.e., supported by the nonnegative real numbers). [

o0

The last proposition obviously implies the following lemma.

LEMMA 10.2. Under P*, we have, for any § > 0,

cmax (i) ) cmax 1 (0) )
‘S—l 10! 50 and n”? —l 10! —> 0.
Inv(n) Inv(n)

The following result shows that only terms associated to large conductances
contribute to the limits stated in Proposition 10.2.

LEMMA 10.3. Forany ¢ € (0,1/6), we have

e W 20 ) - L e
Inv(n) ’
and
(@) 1 (0)
e Wt =0T S e g
Inv(n)

PrOOF. Using (10.2), we can conclude if we prove that, for some r > 0,

e
(10.10) +rZC:12(11X)W(1)1 ?2(1;() <n7 }Q)O,
and

1 l—e
+’Zcf§;‘)w<l>1 femax <} Do,
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The proof is very close to the proof of Proposition 10.1. Let us do the proof of the
first equation, the second being similar. As in (10.5), let us define the following
constants which depend only on y and ¢:

2+y 1—vy
(10.11) M :=4 , n:={—-yn, mi=_———¢.

n 6(1+y)

Let us also define the following shorthand notation for the ith term of the sum
in (10.10):

&

, 1
fini= c???)Wéé)l{cf’%f) <n7v },
so that the f; ,’s, 1 <i <mn, are i.i.d. and, using Lemma 9.10, we have

Eoo[(fl,n)y_%] < E*[(c?X W("))yfﬁ] <C(y,M) < oo.

#,(i) Y 00
Step 1: Controlling terms with small or medium conductances. For any 0 <i <
M, we define the event
B(n,i,M,ny)
. . - i
- {Card{l < =n, fim e (/D) DO ﬁny““yy—ml},
Proceeding as in the Step 1 of the proof of Proposition 10.1, we obtain that, for
any fixed M,
(10.12) PP[B(n,i, M,n)] < C(M)n~"M = o(1),

foranyi < [M(1 — 1’1—%/)] = imax.
Step 2: Ruling out terms with large conductances. Denote, for 1y > 0,

B'(n,m) = {card{1 < j <n, fj, >n1"/r} > 1].

Recalling (10.6), the fact that, by Lemma 9.10, ¢} ®* W, has a slowly-varying
tail such that P®[cM™*W,, > ¢] < t~¥17"2 asymptotically, and using Breiman’s
theorem [see [16], see Corollary 3.6(iii)], we have

P®[B'(n, n2)] < nPX[M™ W > (=07 cmax 5]
0]
<nP[MXW_1{Weo >n 7 ) =n17m/7]

8—7]2

7]

< Cnn_(l_"2)ZIP’°°[WOO >n
< Cn2ny—(—mn) < Cn—S/Q’
where we used that n, < ¢/6. We have thus proved that

(10.13) P*®[B'(n, n2)] = o(1).
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Step 3: Conclusion. We conclude in the exact same manner as the step 3 in the
proof of Proposition 10.1 that

n
1—¢
A Zc:‘?’j‘)W(”l Y <nv}—0
in probability. [

10.3. Coupling and conclusion. We finally are able to state and prove the scal-
ing limit of 7,,.

PROPOSITION 10.3. We have

Tn (d)
—> Cxo Sy,
Inv(n) oory

where S, has a completely asymmetric stable law of index o, and where Co is the
constant defined in (10.9).

PROOF. By Lemma 10.1, Proposition 10.2 and Lemma 10.3, we only need to
prove that, under some coupling,

i WL e te v HUOLTO (L K n'7))
n

Inv(n)
(10.14)
e WO =0T }‘ o
Inv(n) ’
in probability.

By Proposition 9.1, there exists 1 > 0 such that, for any ¢, there exists a coupling
P such that

1oe 1 1= 1=
Pn’oo[cf(e(" ’ ))Wnl{OLT(E,K,nIV )} P Wol{cf™ = n 7}

> C'(dn” T e (Woo + Woo L™ =0 7 }]

1—¢

<n™ "7 o(B[LT(n'7)]).

— 1—¢
By choosing ¢ small enough compared to 1 and using that P[LT(n v )] <
Cn~1%2¢  this implies

(10.15) PRI, ] < Cn” %,
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where we define the event

U, := {Elie{l,..., }:

. 1 1—¢
( . ) =
(e )W,E’)I{OLT(E,K,n v )}

1-¢

— WO =)

l—¢ . ~
> Cl(dyn~ 7 (W + WO = n 52 }}
Let us denote G, the left-hand side of (10.14), we have that

1—¢
AN AL

1—¢
G < G l{Un} +C'(d)n~ 7
InV(n)

. cmax (l)l cmax > y
L Cl Si R War llely = n 7 )
Inv(n)

and the quantities on the right-hand side go to O in probability by (10.15) and
Lemma 10.2.

’

11. Process convergence. We here give functional statements of scaling limit
results. The strategy is quite classical and consists of two main ingredients. First,
we prove the joint-convergence of the trajectory (or its deviation) and the clock
process, see Lemma 11.2. Second, we use an inversion argument to conclude the
main results; see Theorem 11.2.

In order to prove Lemma 11.2, we first need to prove that the position of the
walker depends mostly on regeneration blocks without large traps.

For this purpose, we denote OLT; the event OLT, defined in (7.6), associated
with the ith regeneration block. Besides, as before, we write (OLT); a sequence
of i.i.d. events distributed as OLT under IP’(If [-|D = o0].

LEMMA 11.1. Fixe € (0,1/12). There exists Ky < 0o, such that for any K >
Ko, for any t > 0, we have
Ltn]—1

’Xf\jnj - Z (th+l - fz

lim Py |:

n—oo

1—¢
1{(OLT;4(1/2, K, (zn)T))C}H 2n1/4:|
=0.

PROOEF. First, we see that

[ Ltn]—1

Tim) Z(Xm Xf,-)l{(OLT,-H(l/z,K,(m)'f))C}H zn1/4i|
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e nl/4
< IP’O[HXTII{OLT(I/Z, K, ()7 )} = T}

len] -1 nl/4
> X o (12, K. )’ >}H ZT‘D:"O}’
i=1 00

+]P’6<[

. . 1—¢
where the variables X(’g) 1{OLT®W(1/2, K, (tn) 7 )} are i.i.d. copies of the variable
3l

1—¢
X 1{OLT(1/2, K, (tn) 7 )} under IP)(I)([-|D = 00].
Using Theorem 5.1, we have

l—e 1/4
P0[||X,11{0LT(1/2, K. ()7 )} = ”T] 0.
In order to take care of the second term, notice that, on the one hand,
. l—¢
PK[Card{1 <i < [tn] — 1,0LT®(1/2, K, (tn) 7 )} > n’ |D 0]

1

<n 3+ EK[Card{1 <i < |tn] — 1,0LTO(1/2, K, (tn) 7 )}| D = 0]

I/\

ltn]—1
SEO[ > 1{oLr(1/2, K, (m) a ‘D oo:|
i=1

<n 3t s mPK[OLT(1/2, K, (tn) 7 T)ID = o00] < Cn=it3E = o(1),

where we used Lemma 9.5 and Lemma 9.6 in the last line.
On the other hand, we can see that

< K H > € —
<Py [151'1;13);]—1XT1() >n°/2|D oo]

<tnP§[X,, >n®/2|D =o0] =o(1),
where we used Theorem 5.3, with K large enough compared to 8 (which is fixed).
1—¢
Since on {|| X! (’(?)1{0LT<’>(1/2 K, (tn) 7 oo > "5}, we have ei-
ther:
. 1—¢
1. Card{l <i < [tn] —1,0LTO(1/2, K, (tn) ¥ )} zn%_g,
2. ormaxacqi,...mj-1), Ljea X0 Zn'/2,
|A|<n4™*

the result follows. [
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Define
X'L' X‘[ — vnt TL [J
Y, (t) = ﬁ’ Z. (1) = L and S (1) = n ’
I’l() n Vl() l’ll/2 n() InV(n)
where we also define the d-dimensional vector
(11.1) v=EK[X|D = o0].

To obtain our limiting result, it will be enough to prove the joint convergence of

(Ya (), Su)oeyer  and  (Za(0), Su(D)) gy <1

Using the basic properties of slowly varying functions and the monotonicity of
Inv(-), one can prove that, for any constant ¢ > 0,

Inv(|cn])
Inv(n)

1
—>CV.

By Proposition 10.3, the law of large numbers and the central limit theorem, we
thus have, for any fixed ¢ > 0,

112) S0 L Vreys,, v S Z.0) L VEB,

where S, has a completely asymmetric stable law of index o, B. is a standard
d-dimensional Brownian motion and /¥ is some nonsingular d x d matrix such
that ¥ := \/ft\/f is the covariance matrix of X, under ]P’g [-|D = oc]. The in-
vertibility of /X can be proved using an argument similar to [38], right after
display (3.40).

In the following results of process convergence, we use the uniform topology,
denoted U, and two classical Skorokhod’s topologies J; and Mi; see [42] for
details on these topologies.

Recall that D (resp., DY) is the space of R-valued (resp., R?-valued) cadlag
functions.

LEMMA 11.2.  Fix some T > 0. The joint distribution of (Y,,(t), Sy (t))o<i<T
converges to the distribution of (vt, CooSy (t))o<i<T In D x D inthe U x M;-
topology, where S, () is a stable subordinator of index y .

Moreover, the joint distribution of (Z,(t), Sy (t))o<i<T converges to the distri-
bution of («/th, CooSy (1))o<i<T In D% x D inthe J; x M -topology, where B.
is a standard Brownian motion independent of S, (-).

PROOF. By Theorem 11.6.6 of [42], we only have to prove the finite-
dimensional convergence and the tightness of the sequences. Let us proceed in
three steps.

Step 1: Joint convergence for one fixed time t > 0. If t = 0, the result is im-
mediate, we then assume ¢ > 0. First, as Y, (¢) converges to a constant, the joint
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convergence in distribution of (Y, (¢), S, (¢)) comes at once as soon as S, (¢) con-
verges.

Second, for (Z,(¢), S, (t)), notice that, by Lemma 11.1 and Proposition 10.1,
we only need to consider the joint limit of

. . 1—¢
M X O1OLTO (172, K, (tn) 7 )¢} — vin
Jn ’

s O1oLr® (172, K, <m>175>})
Inv(n) ’

Ju(t) = (

where the variables (Xg’l), ‘rl(l)) are i.i.d. copies of (X, 71) under IP’(I)([-lD = o0],
and where ¢ € (0, 1/12) is a fixed constant.

The two sums occurring in the previous display are not independent but we
will show that this couple has the same limit as a couple of independent random
variables.

Let us define, in some probability space Py, two independent sequences of

1.1.d. random variables (Hnl’l.)l- and (an’ ;)i, respectively, distributed as X, under
1—¢

P{f[-l@ = 00, OLT(1/2, K, (tn) 7 )] and 7; under P§[-|D = oo, OLT(1/2, K,

(tn) 7 )]. In the space probability, we independently define a binomial random

l—¢
variable B, of parameters |nt| and p, := ]P’é( [OLT(1/2, K, (tn) v )|D = o0].
We claim that

—B, B,

) ZiLitlj Hnl,i —vtn 37, an,i

(11.3) Ju(t) = , .
N Inv(n)

In order to prove that, let us define the random vector

1, == (1{oLT(1/2, K, (m)lr;g)})

whose coordinates are i.i.d. Bernoulli random variables with parameter p,, and
thus |I,,| is a binomial random variable with parameters |nt] and p,. For any
0 <k < |nt] and any ix C {i1,...,ix} with 1 <ij <--- < iy < |nt], we denote
1, ; the [nr]|-dimensional vector with its ith component being 1 if i € ir and 0
otherwise.

For any measurable set A, we have

PX[J,(1) € A|D = 0]

[nt]
=Y > PBflh=1,;|D=0c]

k=0 fi={i1,....i},
1<ij<-<iy<|nt]

1<i<|nt]’

_ @ _ @
XIP)K|:<Zie{1,‘..,LntJ}\ikXTI — vin Zieik T
0

, AD=oo,I,=1 -
N Inv(n) )E ’ o0 In n’lk:|
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Lnt ]

=>. 2 m0-p)

k=0 " p={i.....ix}.
1<ij<--<ip<|nt]

nt]—k £71 k 2
X]P)H|:<Ziil Hn,i_vtn Zi=1 n,i) eA:|

Jn © Inv(n)
—k

R ~ SR v Y B2,
= ZPH Bn —_ ka ’ e A

2 Jn Inv(n)

*Bn Bn
_P [(Z,'Litlj H,;—vin ;" an,i> ]
_ Py , €A,
Jn Inv(n)

which proves the claim. Besides, note that the marginal laws converge.
Moreover, it is clear that the following couple of random variables is indepen-
dent:

[nt] 1 By 2
(11.4) (Ziil H,;—vin 3.7 Hn,i)

Jn * Inv(n)

So, if we prove that the distance between this couple and the right-hand side of
(11.3) goes to 0 in probability, we will be allowed to conclude. Recalling that the

l1—¢
H, ’s have the law of X, under P [-|D = oo, OLT(1/2, K, (tn) 7 )], we have,
(400> 171
! Hn i

for n large enough,
2z
>¢g| < IP’H|:H == s 81|
Lo ] Vn 00

+Py[By > palnt] +n*]
<Cn "By |nt|py/n~* < Cn7% = o(1),

[nz] 1
P [H Y iz(nt)—By+1 Hyi
H

Jn

recalling that ¢ € (0, 1/12) is a constant and ¢ € [0, T] where T is also a fixed
constant.

Hence, the marginal laws of (11.4) converge in distribution respectively to
NG B, and /Y CxSy, and, as the coordinates are independent, the couple con-
verges jointly to a couple of independent random variables. This finally implies
that

(Zn (1), Sp (D) B (VEB, 117 CosS,).

where B; and S, are independent.
Step 2: Finite-dimensional convergence. Fix a positive integer k and k 4- 1 times
to=0<t <--- <t <T. Consider the vectors:

(11.5) (Yn(ti) = Yu(ti-1), Su(ti) — S"(ti_l))lfiftk
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and

(11.6) (Zn(ti) — Zn(ti-1), Sn(t;) — S”(ti_l))lfiftk'

As soon as n is large enough, the variables (Y, (t;) — Y, (ti—1), Sp () — Su(ti—1)),
1 <i < ty, are independent and have the same limit as (Y, (#; — ti—1), Su(ti, ti—1)),
1 <i < t;. The same holds for (11.6) and this implies the finite-dimensional con-
vergence using basic properties on the increments of a stable subordinator.

Step 3: Tightness. First, the process (Y, (t)):c[0,7] converges almost surely and
uniformly to a constant. Besides, by Donsker’s theorem, the process (Z,,(¢))s¢[0,1]
converges to a Brownian motion on D? in the J;-topology, which implies the
tightness of the sequence by Prohorov’s theorem.

Second, we will need a criterion for tightness of probability measures on D,
the space of R-valued cadlag functions. To this end, we define several moduli of
continuity,

wy @) =sup_inf |f (1)~ (ef () + (1 =) ()]
(11.7) n<t<n<T,n-n<é

ve(t,8) =supf{|f(t1) — f(2)|:t1,0€ [0, TIU (t — 8,1+ 8)}.

The following result is a restatement of Theorem 12.12.3 of [42].

THEOREM 11.1 (Theorem 12.12.3 of [42]). The sequence of probability mea-
sures { P,} on D is tight in the My-topology if:

(i) For each positive ¢ there exist ¢ such that

(11.8) Plf: sup [f0)]>c|<e,  n=1.
t€l0,T]
(i1) For each € > 0 and n > 0, there exist a §, 0 < § < T, and an integer ny
such that

(11.9) Polfrwr@) =n]<e, n>n,
and

(11.10) Py[f:vf(0,8)>n]<e and Py[f:ve(T,8)>n]<e, n>no.

Let us check that S,(-) satisfies the two conditions of this theorem. For con-
dition (i), as S, (-) is a.s. nondecreasing, we just have to check the tightness of
S, (T) which is easily obtained by the finite-dimensional convergence. For con-
dition (ii), note first that w s(8) is equal to 0 when f is nondecreasing. We then
have to check the conditions (11.10). Using again the fact that S,(-) is nonde-
creasing, we just need that, for any ¢ > 0 and n > 0, there exists § > 0 such that
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Pol[S,(8) > n] < e and Py[S,,(T) — S, (T — 8) > n] < ¢. This is easily obtained
using the finite-dimensional convergence.

Finally, by Theorem 11.6.7 of [42], the tightness of Y, (-) and S,(-) implies
that (Y}, S,) and (Z,,, S,) are tight on the product space D% x D inthe U x M;-
topology and J; x M|-topology, respectively. This completes the proof. [

Let us now introduce the inverse map on D, the subset of D of functions x that
are unbounded above and such that x(0) > 0. For x € D,,, the inverse map of x is
defined as

xNe) =infls > 0: x(s) > 1}, vt > 0.

Besides, we define the subset D, 4 of nondecreasing functions of D,. We also
define the subset D} of functions x € D, such that x~1(0) = 0. We denote Dy
the subset of nondecreasing functions of D and Cy4 the set of increasing (strictly)
continuous functions.

We denote S, I'(:) the inverse map of Sy (¢). Also, recall the definition of the
matrix +/% introduced in (11.2) and define vg := v/||v|| where v is the vector
defined in (11.1). Finally, denote I the d x d identity matrix, P,, the projection
matrix on vg, that is the matrix such that, for any x € 74, Pyyx = (x - vo)vp, and let

(11.11) My i=C*(lg — Py)VE.

Since /T is invertible [see (11.2)] and that (I; — Py,) has rank d — 1, it is clear
M, has rank d — 1. Also, note that Py, M is the null matrix.

THEOREM 11.2. We have

Xt —y o1
(11.12) (m>0§rsT - (Ucooysy (t))te[O,T]’

Yoo—1 t
(XWJ AT SnV/L(n)(Inv(n;’l/L(n))))
0<t<T

/n? /L(n)

(11.13) o
— (C \/fBS;l(z))te[O,T]’
and
Xint) — (X -vo)vo)
11.14 > (MyBo ,
( ) ( v/n? [L(n) 0<t<T (Ma Syl(f))te[oﬂ

on D% in the uniform topology for (11.12) and in the J-topology for (11.13) and
(11.14). The process B. is a standard Brownian motion and S; L) is the inverse
of a stable subordinator with index y , independent of B.

REMARK 11.1. In (11.14), if we recenter with the projection on any other
unit vector than vg, then this quantity will diverge to infinity.
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PROOF. Here, we will use two results from [42]. First, Theorem 13.2.1 of
[42] states that if (x,, y,) = (x, y) in D4 x Dy with (x, y) € Cc? x Cy, then x, o
yn — x oy in the uniform topology, hence in the Skorokhod’s topologies. Second,
Corollary 13.6.4 of [42] states that the inverse map from (Dy 14, My) to (C, U) is
continuous.

Note that (tn/Inv(n” /L(n))):c[o,1] converges uniformly to (¢);c[o,7]. Note also
that S; (. is a.s. continuous and strictly increasing (see Lemma III.17 in [13]).
Using these results and Lemma 11.2, we have that

(S”V/L(")(Inv(nV/L(n))>)ze[0 n (€S Ohetory
(YnV/L(")<S"y/L(”)(Inv(nNL(n)))))ze[o o CS Oheto.ry

nt

-1 I —y2
(ZW/L(H)(S”V/L(”)(Inv(nV/L(n)))>)te[0,T] ~ (6 BS;I(I)E)IG[O’T]’

in the uniform topology (and thus J;) for the two first limits, and in the J;-topology
for the last one.
Now, we will be able to conclude if we prove that X, is uniformly close to

T _ .
L2505 S0 11,y /10 L))

It is elementary to verify that t is the smallest t; such

L2523 1y /I L))

n

that ; > tn. It means that X; , — X|ut) 18 less than the size
LZay S 1 gy P/ I0V@Y /L))

of a regeneration block, plus one.
Besides, we have that

M, := max | X
" ,e[(),T]H T\_L”(—};)S;VI/L(”)(tn/Inv(nV/L(n))J

= Ck:l,.r.IjELlli(Tj—l—l{ | X5 (6) = Xoy | o}

— Xnt) [ oo

where it should be noticed that X, > 1 almost surely. Using Lemma 6.1, we have
that

po| M > 5] < et xn~?=o(l)
Ol ra =2 = - )
This concludes the proof of (11.12) and (11.13).
For (11.14), notice that we just have to apply the linear combination (/g — Py,)
to (11.13), as (I — Py,)v = 0. All linear combinations are continuous in the Ji-

topology at continuous functions; see Section 3.3 of [42]. This completes the proof.
|
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APPENDIX

LEMMA A.1. Let (G, (c(e))ecE) be a finite network with set of vertices V and
set of edges E and consider a random walk X on this network. Fix some subset of
edges Eo C E and fix 6 € V. We have, forany y e V,y ~ 4,

Y clo),

eckEy

+
Ey[Ts g, ] < c(eys)

with eys being any edge linking y and §, and where T;"EO is defined in (4.2).

+
PROOF. Let us denote, for x,y € V, Q(SG(x,z) = EXG[ZZ.TiOI{X,~ = z}] the
standard Green function Killed at §. For x ~ z, we introduce

S)‘}Z =Card{i < T, X; =x and X;+1 = z}.

It is possible to prove (see proof of Propositions 2.1 and 2.2. of [30]) that, for
y#3,

EY[S;}z] = c(x, 2)vy-s5(x),

where vy, s(x) is the potential (or voltage) at x when a unit current flows from y
to § that verifies vy, 5(8) = 0. Furthermore, as the voltage function is harmonic on
V \ {6, y}, using the maximum principle (see Section 2.1 of [30]), we have

Uy 5(x) < vy5(y) = RE(y < 8),

where RC (y <> 8) is the effective resistance between y and § and where we used
Proposition 2.1 together with display (2.5) from [30].

By Rayleigh’s monotonicity principle, we see that, when y ~ §, for any edge e
linking y and 8, we have RC(y <> 8) < 1 /c(eys). Using the previous equations,
this leads to the upper-bound:

c(x,2) 2
E\[T 1= Y E[S:]l< Y =
YL*6,E y — —
’ x,z€V: . x,z€V: C(eyé) C(eya)
[x,z]€Ey [x,z]€Ep

Z cle).

eckEy |:|
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