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This paper studies the nonlinear one-dimensional stochastic heat equa-
tion driven by a Gaussian noise which is white in time and which has the co-
variance of a fractional Brownian motion with Hurst parameter H € (JT, %)
in the space variable. The existence and uniqueness of the solution u are
proved assuming the nonlinear coefficient o («) is differentiable with a Lips-
chitz derivative and o (0) = 0.
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1. Introduction. In this paper, we are interested in the one-dimensional
stochastic partial differential equation

du IC32
9t 29x2

where W is a centered Gaussian process with covariance given by

(1.1 + o)W, t>0,x ek,

1
(1.2)  E[We )W, »]==(x +1y?" —x =y ) s A,

2
Wlth <H<3 . That is, W is a standard Brownian motion in time and a fractional
2
Brownlan motion with Hurst parameter H in the space variable and W= aaz g‘;.

For this stochastic heat equation with a rough noise in space, understood in the
1td sense, our aim is to obtain the existence and uniqueness of the solution for a
differentiable coefficient o with a Lipschitz derivative and satisfying o (0) = 0. We
now detail the main points.

Since the pioneering work by Peszat—Zabczyk [13] and Dalang (see [4]), there
has been a lot of interest in stochastic partial differential equations driven by a
Brownian motion in time with spatial homogeneous covariance. After more than
a decade of investigations, the standard assumptions on W under which existence
and uniqueness hold take the following form:

(1) E[W (s, x)W(z, y)] = A(x — y)8o(s — 1), where A is a positive distribution
of positive type.

(i1) The Fourier transform of the spatial covariance A is a tempered measure i
that satisfies the integrability condition [ ll‘fllgl)z

In case of the covariance (1.2) under consideration, one can easily compute the
measure u, whose explicit expression is u(d§) = cl,H|§|1_2H d&, where c1 g is
a constant depending on H [see expression (2.2) below]. In addition, it is readily
checked that y fulfills the condition [ ﬂ'f;é < oo forall H € (0, 1). However, the
correspondlng covariance A is a distribution which fails to be positive when H <

5, and the covariance of two stochastic integrals with respect to W is expressed in
terms of fractional derivatives. For this reason, the standard methodology used in
the classical references [4, 6, 13] to handle homogeneous spatial covariances does
not apply to our case of interest.

In a recent paper, Balan, Jolis and Quer-Sardanyons [2] proved the existence of
a unique mild solution for equation (1.1) in the case o (#) = au + b, using tech-
niques of Fourier analysis. The method used in [2] cannot be extended to general
nonlinear coefficients. Indeed, the isometry property of stochastic integrals with
respect to W involves the seminorm

< Q.

1

N1 ou(t,x) = (/ E|u(t, x +h) — u(t,x)|2|h|2H_2dh)2,
2 ’ R
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where Ng ,, is defined in (3.2). Then, if # and v are two solutions, /\f%fH 5 (o (u) —
o (v)) cannot be bounded in terms of N- . Ho— v), due to the presence of a dou-

ble increment of the form o (u(s, z+h)) —o (v(s,z+h)) —o (u(s, z2))+o (v(s, 2)).
To overcome this difficulty, we shall use a truncation argument to show the unique-
ness of mild solutions, inspired by the work of Gyongy and Nualart in [11] on the
stochastic Burgers equation on the whole real line driven by a space—-time white
noise. The main ingredient is a uniform estimate of the L? (£2)-norm of a stochas-
tic convolution (see Lemma 4.9). Due to this argument, the uniqueness is obtained
in the space Z;’ [see (4.1) for the definition of the norm in Z; ], which requires an
integrability condition in the space variable.

The existence of a solution is much more involved. The methodology, inspired
by the work of Gyongy in [9] on semilinear stochastic partial differential equations,
consists in taking approximations obtained by regularizing the noise and using a
compactness argument on a suitable space of trajectories, together with the strong
uniqueness result.

Once existence and uniqueness are obtained, we establish the Holder continuity
of the solution u in both space and time variables. We also derive upper bounds
for the moments of the solution using a sharp Burkholder’s inequality, as well as
the matching lower bounds for the second moment by means of a Sobolev em-
bedding argument. Summarizing, we get a complete basic picture of the solution
to equation (1.1) in the case % < H < % The critical parameter H = }‘ is worth-
while noting, since it is also the threshold under which rough differential equations
driven by a fractional Brownian motion are ill-defined.

The paper is organized as follows. Section 2 contains some preliminaries on
stochastic integration with respect to the noise W. Section 3 deals with basic mo-
ment estimates and Holder continuity properties of stochastic convolutions. We
establish the uniqueness of the solution in Section 4. To do this, first we derive
moment estimates for the supremum norm in space and time for the stochastic
convolution. In order to show the existence, we need to introduce several spaces of
functions studied in the Appendix and derive compactness criteria.

2. Preliminaries. In this section, we introduce the noise structure and the cor-
responding stochastic integration.

Our noise W can be seen as a Brownian motion with values in an infinite
dimensional Hilbert space. One might thus think that the stochastic integra-
tion theory with respect to W can be handled by classical theories (see, e.g.,
[3, 4, 7]). However, the spatial covariance function of W, which is formally equal
to H(2H — 1)|x — y|*~2, is not locally integrable when H < 1/2 (in other words,
the Fourier transform of |£|'=2# is not a function), and W thus lies outside the
scope of application of these classical references. Due to this fact, we provide some
details about the construction of a stochastic integral with respect to our noise.

Let us start by introducing our basic notation on Fourier transforms of functions.
The space of Schwartz functions is denoted by S. Its dual, the space of tempered
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distributions, is S’. The Fourier transform of a function u € S is defined with the
normalization

Fu(€) = /Re_igxu(x) dx,

so that the inverse Fourier transform is given by F -1 u)= Qn)~LF u(=§).

Let D((0, oo) x R) denote the space of real-valued infinitely differentiable func-
tions with compact support on (0, co) x R. Taking into account the spectral repre-
sentation of the covariance function of the fractional Brownian motion in the case
H < % proved in [14], Theorem 3.1, we represent our noise W by a zero-mean
Gaussian family {W (¢), ¢ € D((0, 00) x R)} defined on a complete probability
space (€2, F, P), whose covariance structure is given by

2.1 E[W(@W®)]=c1u /R R}"(p(s, EF (s, &)|E|' ! dsde,

+ X
where the Fourier transforms F¢, Fy are understood as Fourier transforms in
space only and

1
2.2) Cl,H= 2—F(2H + 1)sin(wr H).
4

The inner product appearing in (2.1) can be expressed in terms of fractional

derivatives. Let 8 be in (0, 1). The Marchaud fractional derivative D? of order B
with respect to the space variable is defined, for a function ¢ : Ry x R — R, as
follows:

(2.3) DY (s, x) = lim D’ g(s..x).

where

B B (s, x) —p(s,x +y)
DZ ¢(s,x) = r _ﬂ)/; e dy.

We also define the Riemann—Liouville fractional integral of order 8 of a function
¥ :Ry xR — Rby
Py o= [T e nw—otd
“Y(s,x) = —— s,u)(u —x u.
I'(B) Jx
Note again that here the fractional differentiation and integration are only with
respect to space variables. Observe that if ¢ = [ la ¥ for some ¥ € L*>(R4 x R),
then by Theorem 6.1 in [15] we have
DPo=DF (1I"y)=vy

and hence,

/ [Df(p(s,x)]zds dx :f W (s, x)ds dx < 0o.
R+XR ]R+XR
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The previous notions can be related to our noise in the following way: it is
known (cf. [14] for further details) that

24  E[W@W@)] :cz,H/ D2 o5, x)DZ (s, x) ds dx,

R+ xR

where

2:5) 02,H=[F<H+%)}2</Om((1+s)f1—% _SH—%)de%)—l

for any ¢, ¥ € D((0, o0) x R).
Based on the previous observation and relation (2.4), we introduce a new set
of function spaces. Indeed, let §) be the class of functions ¢ : R} x R — R such

1_
that there exists ¢ € L2(R+ x R) satisfying ¢(s, x) = I* Htﬁ(s, x). The relation
between $) and our noise W is given in the following proposition.

PROPOSITION 2.1. The class of functions $) is a Hilbert space equipped with
the inner product

1_ 1_

@6 tps=en [ DT eenD s xdsdx,
R+ xR

and D((0, c0) x R) is dense in §. Moreover if $Ho denotes the class of functions

¢ € L>(R4 x R) such that fIRng | Fo(s, &)121E]'2H de ds < oo, then $ is not

complete and the inclusion o C §) is strict. Also for any ¢, ¥ € Ho,

2.7) (0. V)5 =L /R FoG OF VG Dl de ds.

+ X

We refer to [14] for the proof of this proposition. Note that in [14], the functions
considered there are from R to R, but by scrutinizing the proofs we see that the
results of this paper can be easily extended to our case, that is, for functions from
R+ x R to R. We omit the details.

Let us now identify our space $) with another classical space in harmonic anal-
ysis. Indeed, according to Proposition 1.37 in [1], for any 8 € (0, %) the homo-
geneous Sobolev space H? is defined as the completion of the space of infinitely
differentiable functions with compact support with respect to the norm

1F13, =/ D £ ()P dx
R
(2.8)
=iy /R/]le(x +y) = @[y dxdy,

where C% p= (1/2— /‘})ﬁcz_l1 p and ¢, 1 g is defined by (2.5). As a consequence,
. - ,

our Hilbert space § can be identified with the homogenous Sobolev space of order
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B = % — H of functions with values in L2(R+). Namely, $ = H%_H(LZ(R+)),
and for any f € $) the quantity || f |5 can be represented as

2 2
||f||53=c3%

oo 159 = rs PP asay .

From Proposition 2.1, we see that the Gaussian family W can be extended as an
isonormal Gaussian process W = {W (¢), ¢ € $} indexed by the Hilbert space .

Let us now turn to the stochastic integration with respect to W. Since we are
handling a Brownian motion in time, one can start by integrating elementary pro-
cesses.

DEFINITION 2.2. For any ¢ > 0, let F; be the o-algebra generated by W up
to time 7. An elementary process g is a process given by

n m
g(s. ) =YY" Xi jlia.51() L .01(%),

i=1j=1

where n and m are finite positive integers, —0o < a; <b; < - - <ap, < b, <
00, hj <l and X; ; are F,-measurable random variables for i = 1,...,n. The
integral of such a process with respect to W is defined as

/R+A;g(s’x)w(d&dx)

n m
(2.9 = Z Z Xi jWLab1 ® Lnj 05
i=1j=1

=YY Xij[Wbi 1)) — W(ai, 1) = W(bi, hj) + W(ai, hj)].
i=1j=1

We can now extend the notion of integral with respect to W to a broad class of
adapted processes.

PROPOSITION 2.3. Let Ay be the space of predictable processes g defined
on Ry x R such that almost surely g € $ and E[IlgII%] < 00. Then we have:

(i) The space of elementary processes defined in Definition 2.2 is dense in Ap.

(ii) For g € Ay, the stochastic integral fR+ Jr&(s, x)W(ds, dx) is defined as
the L*(2)-limit of Riemann sums along elementary processes approximating g,
and we have

(2.10) E[(/H&/Rg(s,x)W(ds,dx))z] =E[||g||%].
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PROOF. Let us prove item (i). To this aim, consider g € Ay and set
o(t,x) = D%_Hg(t, x). According to the definition of Ap, we have
E[fR+ Jg lo(s, x)|*>dx ds] < co. Then we will show that g(t, x) can be approx-
imated by elementary processes in L2(2; £)) in three steps.

Step 1. Recall that H2~H denotes the class of functions f such that there exists
h € L*(R) satisfying f = 127" . We show that the process g can be approxi-
mated in L2($2; $) by functions of the form

N
2.11) Ys, x50) =) 1 51 ()1 (x; @),

i=1
where for each i, ¢;(x; w) is an F, -measurable L3($; H 3—H )-valued random
field. To see this, we just set

m2™ k2—m

Y (s, x;0) =Y 1((1<—1)2—m,k2—m1(s)2m/ g(r,x; w)dr,
= (k—1y2-m

1 1
and we easily get that DZ_me(s, X; w) —> Dz_Hg(s, x;w) in L2(2 x Ry x R)
as m tends to infinity. In this way we get the desired approximation.
Step 2. We show that each v, (s, x; w) of the form (2.11) can be approximated in
L3(2: 9) by a linear combination of elements of the form X1, »)(s)h(x). Indeed,
for each ¢; (x), we notice that since

3=H 2
EfR]D_ ¢i(x)|"dx < o0,

1
the random function D2 Hd)i (x; w) can be approximated in L2(Q; L3(R)) by
functions of the form Zj\/:l Xjhj(x), where each X; is an JF,-measurable ran-

dom variable and each /; is an element in L2(R). Thus, it is easily seen that
¢i (x; w) can be approximated by a sequence of functions of the form

N 1y
Z Xj 1_2 hj()C).
j=l1
So we conclude that v, (s, x; @) can be approximated in L2(2; 9) by

m N g
D Va1 () D Xi I hij(x),

i=1 j=1

where for each (i, j), X; ; are F,,-measurable random variables and 4; ; € L*(R).
Step 3. Owing to Theorem 3.3 in [14] we know that

1
Span{Di Hl(hﬁl], h < l}
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1_ .
is dense in Ag :={D?2 " f: f e HP}, in L>(R) norm. This observation and the

results in Step 2 immediately show that v, (s, x; @) can be approximated by ele-
mentary processes in LZ(Q; 9).

For item (ii), it is easy to see that (2.10) holds for processes of the form (2.11).
For a general g € Ay, we obtain the result by a limiting argument. This completes
the proof. [J

With this stochastic integral defined, we are ready to state the definition of the
solution to equation (1.1).

DEFINITION 2.4. Let u = {u(¢,x),0 <t <T,x € R} be a real-valued pre-
dictable stochastic process such that for all # € [0, T] and x € R the process
{Pr—s(x — y)o(u(s, y)1j0,(s),0 <s <t,y € R} is an element of Ay, where
p:(x) is the heat kernel on the real line related to %A. We say that u is a mild
solution of (1.1) if for all € [0, T'] and x € R we have

t
(2.12) u(t,x) = p; * uo(x) +/(; /Rp,_s(x — y)o(u(s,y))W(ds, dy) a.s.,

where the stochastic integral is understood in the sense of Proposition 2.3.

Along the paper, we denote by C a generic constant that may vary from line to
line.

3. Moment estimates and Holder continuity of stochastic convolutions.
This section is devoted to a thorough study of the stochastic convolution related to
our noise W, including moment bounds and Holder continuity estimates.

3.1. Moment bound of the solution. First, we introduce some notation, which
makes some of our formulae easier to read, and which will prevail until the end
of the article. Let (B, || - ||) be a Banach space equipped with the norm || - ||, and
let 8 € (0, 1) be a fixed number. For every function f : R — B, we introduce the
function N, ég f :R — [0, oo] defined by

3.1) NEF(o) = (/RHf(x Fh)— fo)| PR dh)z.

When B = R, we abbreviate the notation N g@ f into Ng f. With this notation, the

norm of the homogeneous Sobolev space HP can be written as 3.8 I s fll L2(R)-
The following technical lemma will be used along the paper.

LEMMA 3.1. Forany B € (0,1),

/R[Nﬁps(x)]zdx < Cyes) 2P,
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PROOF. The kernel py is an element of H?, where this space has been intro-
duced in Section 2. Thus, from (2.7) and (2.8), we can write

A; [Npps () dx = c35lpslGe = e3¢0 1 g /R | Fps©)[7 1612 de

= Cl,ﬂ/ e—xszlg_-'Zﬂ d%’
R
Setting now 1 = («s)'/?& in the integral in £, we get
/[Nﬂps(x)]zdx < Cﬁ(KS)_%_ﬁ,
R
where Cp = Ci g fyre™ I dn. O

The transformation N, ég can also be defined for functions f defined on R; x R
acting on the spatial variable, and in this case, N, é} f Ry xR — [0, o0]. Now
fix p > 2, and suppose that f = {f(¢,x),t > 0,x € R} is a random field such
that E| f (¢, x)|? < oo for all (¢, x). Then we can consider f as an L?(2)-valued
function and we will denote by N, ,pf the transformation introduced in (3.1) for
B = LP(Q), that is,

1
(3.2) Ng.p f(t,x) = <A;{||f(t,x+h)—f(t,x)||i,,(9)|h|_1_2ﬂdh>2.

With the above notation in mind, the following proposition is essential in our
approach.

PROPOSITION 3.2. Let W be the Gaussian noise defined by the covariance
(2.1), and consider a predictable random field f € Ay. Then, for any p > 2 we
have

HfotfRﬂs,y)W(ds,dy)

LP(Q)

. 1
<Vaves ([ [Ny, f P ayas)”

where c3 g is defined by relation (2.8).

PROOF. Applying Burkholder’s inequality, we have

< \ap) [ 1761 g s

1
2
P

t
(3.4) H [ [ renwas.ay

LP(Q) Lh@)

Moreover, using (2.8) we can write

G5 6= H/R2|f<s,y+h> — f [P dhdy.

LR
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We now invoke Minkowski’s inequality, under the form

H/ U(’?)“(df)H HU )] o)1),

for a measure p on the state space S. Together with (3.5), this yields

! 2
[rear )

3, // IFGoy+ W = F )] g o BPA2dhdyds

()

IA

2 2 2H-2
:C&%—H/o fRsz(s,Hh)—f(s,y){|L,,(Q)|h| H=2gh dyds,

from which identity (3.3) is easily deduced. [

From now on, we fix a finite time horizon 7. We introduce the following func-
tion space which plays an important role throughout the paper.

DEFINITION 3.3. Let %’?(B) be the space of all continuous functions f :
[0, T] x R — B such that

1 £ lgs = sup  [f@e,0)]+ sup NFf(tx) < oo,
T t€[0,T],xeR te[0,T],xeR

,XE

where we recall that NV, ﬁB is defined by (3.1).

We equip %’; (B) with the norm || - || defined above. Then %';(B) is a

x}.(B)
normed vector space. Moreover, it can be shown that %’;(B) is a Banach space
(see Proposition A.2 in the Appendix).

When B = LP(R) with p € [1, 00), we use the notation X577 = X (LP(Q)).

A function f in X’;’p can be considered as a stochastic process indexed by (¢, x)
in [0, T] x R such that

sup ”f(t»X)HLp(Q)
t€[0,T],xeR

1

+ f”f([ x+y)— f(, x)”LP(Q)|Y| 2h- ld)’)z < Q.

tel0, T] xe]R(
Next, for 6 > 0, ¢ > 0 and B € (0, 1), we consider the following norm on %/;’p :

1flgsr = sup e[ £t, 0] 0
T.6.e te[0,T],xeR
(3.6)
+& sup e_et/\/ﬂ,pf(t,x),
te[0,T],xeR
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where we recall that Ng ,, is defined by (3.2). In the case ¢ = 1, we simply write
II - ”xﬂ’”' Because T is finite, the norm || - || Bp defined as above is equivalent to
7.0 T.0,¢

the norm || - B.p.
e

REMARK 3.4. (i) In (3.6), B is a parameter for regularity (see Proposi-
tion A.1), 6 is a weight index for the interval [0, T'], which is introduced so that a
certain map becomes a contraction without changing the value of 7' (see Proposi-
tion 3.5 and Remark 3.6) and ¢ is a parameter of dimension which is introduced
so that correct upper bounds for the moments of the solution can be achieved (see
Theorem 4.7).

(i1) The second term in the norm in (3.6) is not invariant by scaling while the
first term is. Indeed, denote f; (¢, x) = f (¢, Ax), then

1

2 —1-28 ;)2
sup( | [ fult, x +h) — fult, )| 7oAl dh
xeR \/R

1

=2F sup(f]R | £@t.x+h) = Ft. )70 lhI 772 dh>2.

xeR
This is the very reason why various orders of (¢ — s) appear in the proof of Propo-
sition 3.5 below. We bypass this technical difficulty by the introduction of an ad-
ditional scaling factor ¢ in (3.6).

(iii) Another way to see the role of ¢ is via dimensional analysis. Suppose that
the amplitude of f has unit L, the spatial variable x has unit S, while the random-
ness w is dimensionless. Then the first term in (3.6) has unit L while the second
term has unit L /S . Hence, in order for the two terms to have the same dimension,
we multiply the second term with a constant & having unit of S#.

The next proposition gives a convenient bound on the stochastic convolution in
term of the spaces %?’p .

PROPOSITION 3.5. Consider a predictable random field f € %é_H’p and de-
fine a process {®(t,x),t >0, x € R} by
(3.7) 0,0 = [ [ prest = 36,50 Wds. ).
Then, for any 6 > 0,¢ > 0, 8 < H and p > 2, the following inequality holds:
10,

(38) < Coﬁllfllx%_H,p

T,0,¢

H_1 _H _1_p B_1 -1 -1 _1 H_p_1 pf_H
x(/c2 2077 4k AT202 a4 kA0 d f ek 27202 2),

where Cy is a constant depending only on H and B.
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REMARK 3.6. According to relation (3.8), the stochastic convolution induces
some stability properties in the spaces S{g ’f whenever % — H < B < H. This im-
poses the restriction H > }‘ already at this stage.

PROOF OF PROPOSITION 3.5. We begin by noting that since f is predictable

1
and belongs to %% H’p, we have that p,_.(x —-) f (-, -) is in A . According to our
definition (3.6), we get | @]l 5., = A1 +&A,, with
T,0,¢

A= sup e_(%}}@(t,x)HL,,(Q) and A= sup e VNp,d(, x).
t€[0,T],xeR t€[0,T],xeR

We now estimate those terms separately. Along the proof C will denote a generic
constant depending only on H and S.
Step 1: Upper bound for A;. The term ® (¢, x) is of the form

t
fo ngz,x(s, NWds,dy)  with g x(s,y) = pr—s(x = y) f (s, y).
Applying inequality (3.3), we thus have

HCD(I’X)HLP(Q)

t 2 2H-2 2
Scx/ﬁ/0'/R2Hgt,x(say+h)_gt,x(sa)’)HLp(Q)|h| dhdyds ) .

A simple decomposition of the increment g; x (s, y + h) — g: x (s, ¥) then yields

t ! t !
HCID(t,x)”Lp(Q)§C\/5[</O J](s)ds> —i—(/o Jz(s)ds) :|,

where

16 = [ [ IpimsCe =3 =) = prosCe = 9P LF 5.3+ W gy 1122 dy

and
526y = [ [ P2 =Dy 1) = 63 b P dy dh.

To estimate Ji (s), we write

Ji(s) < sup||f(s,x)||i,,(9) /R[./\/’%pr,,s(y)]zdy.

xeR
Applying Lemma 3.1 with 8 = % — H, we obtain

Li(s)<C su£||f(s,x)||ip(m[/<(t -]
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Let us now turn to estimate J,(s). Recalling our notation (3.2), we have

525y = [ =Ny, S 60 dy

(3.9) = sup[Ny_yy S0P [ pE = y)dy

xeR 2

< 27kt = )] 72 sup[Ny_y, £ (5. 0]

xeR 2

Hence, putting together our bounds on J; and J,, we get
e " sup| @, O oo
xeR

1

t _ 2
<CJp sup e—as”f(s,x)||L,,(Q)(/ e—ZH(t—s)[K(t_S)]H 1ds)
0<s<T 0
xeR

t,—20(t—s) ERSE
e k(t—s)]"2ds)2
+ C./pe sup e_essupN%fH’pf(s,x)(fO LieC )] ) ,
0<s<T xeR €
xeR

and some elementary computations for the integrals above yield

Ai= sup e ¥ HCD(f»X)HLP(Q)
te[0,T],xeR

SCYPIFI ), (772077 467 Ti075),
X

T,0,¢

Step 2. Upper bound for Aj. According to the definition of A, we have to
bound Ng , ®(z, x), where we recall that

1

2 i 2
(3.10)  Np,p®(t,x) = (fR”‘D(””h)_ D1, x) | 7p (117! Zﬂdh) :
Furthermore, arguing as in Step 1 above, it is easily seen that

|, x+h) =o)L q
t 1/2 t 1/2
SCﬁ[</() Jl(s,h)ds> +(/(; J2(s,h)ds) }

Ji(s,h) = |pr—s(x+h—y—2)— pi—s(x —y—2)
RJR

(3.11)

where

—pr—s(x+h—y)+ prs(x — y)!2
x| fGs,y +Z)|}EP(Q)|Z|2H72dde
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and
J(s.h) = //\pzfs<x+h—y>—ptfs<x—y)\2
RJR

2 —
< | £,y +2) = F(s, 0 pqyl2l? T dydz.
Plugging (3.11) into (3.10), we end up with
Np, p@(t, x)

t t
SCﬁ[f() /RJ{<s,h)|h|—1—2ﬂdhds+/o AJﬁ(s,h)|h|_'_zﬂdhds].

In addition, arguing again as in the proof of Lemma 3.1, we can show that
/ Js. b~ " dh < Clet —)]" " sup|| £(5, 0|7 i)
R xeR
On the other hand, applying Lemma 3.1 leads to
1
f Ty(s, IR 7P dh < Clie(t — )] 72 P sup[Ni_,  f(s, )]
R xeR 2 P

Combining these estimates for J{, J, and resorting to (3.11), similarly as the esti-
mate for e =% || D (¢, x) | Lr (), we obtain

Ap < CVPISN (272726572 467 i720275),
:{T,G,s'

Putting together Step 1 and Step 2, our claim (3.8) is now easily checked. [

We conclude this section by a simple remark which is labeled for further use.
In the particular case = % — H, and using the simplified notation || - ”36 Vg =
T,0,¢
Il - ||3€¥ o the estimate (3.8) can be written as
,u,e

H_ 1 _H -1 -1 1 _3 1
(3.12) [®@lyp, < Cov/Plfllxp, (KZ72072 +¢ w1973 fect—3ga M),

3.2. Holder continuity estimates. A natural question arising from the defini-
tion (3.7) of the process @ is the derivation of Holder type exponents in both time
and space. Some estimates in this direction are provided in the next proposition.

1_
We set %1; =Xz H’p, and the norm || - ”3‘31}9 is given by (3.6) with ¢ = 1 and
p=3—H.

PROPOSITION 3.7. Recall that the covariance of the noise W is given by (2.1).
Consider p > 2 and a predictable random field f € XL, where T is a fixed finite
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time horizon. Let 6y be any positive number. We define the random field ® as in
(3.7). Then for every x,h € R, t1, 1, € [0, T] and every y € [0, H] we have

|@([11, 21, x + k) — @([11, 21, ) | 1y

(3.13) v
= CVpe™ I flly, 12 =01l 2 A1

In the above, the constant C depends on T and does not depend on p, and we are
using the notation

CD([tl, t2],x) =d(tr,x) — O(1, x).

In particular, if we let t| = 0, we get the Holder estimate of the space variable. For
the Holder estimate of the time variable, we have

H
(3.14) [@2, %) = @1, 0] ooy = CV/PE I fllxg, 12 =117

PROOF. First, we prove (3.13). Without loss of generality, we assume #; < £,
and denote At =1, — t1. We also set

Vi(f)= sup SuP“f(t’x)”Ll’(Q)’
1€[0,T] xeR

Va(f) = sup supNy_p,  f(2, ),
t€[0,T1xeR 2 7

(3.15)

and V(f) = Vi(f) + Va(f). Observe that according to (3.6), we have V(f) <
exp(@oT)I|f Iy, -

As in the proof of Proposition 3.5, we first write @ ([z1, 2], x + h) — @ ([t1, 12],
x)=A; + Ay, where

131
A :/0 A;[p[n—s,tz—s](x +h—Y) = Pry—s,n—s)(x — y)]f(s, yIW(ds, dy)
and
5]
A> :/; /R[Ptz—s(x +h—y) = pn—s(x —y)]f (s, y)W(ds,dy).

We now treat those two terms separately. To alleviate notation, we will include ,/p
into the constant C below.

Step 1: Upper bound for A;. The computations are carried out analogously to
the proof of Proposition 3.5, and we have

n
IAZ ) < C/(; (A11(s) + A12(s)) ds,
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where A1 and A, are analogous to Ji, J> in the proof of Proposition 3.5, and are
respectively defined by

All(S) = /R/R’p[,l_s’,z_s](x +h— y— z) — p[tl—s,tz—s](x —y— Z)

2
~ Pln _SJZ_S](X +h—y)+ Pl —S,tz—S](x - )’)|
2 _
X ||f(s’y+z)||LP(Q)|Z|2H 2dydz

and

Apa(s) = ]R fR | Plts—s.s1 5 F = ¥) — Dits—s.1ps1 (& — V)P

< | £y +2) = 5.0} pelePH 2 dydz.

Let us now bound Aj;. Invoking Plancherel’s identity with respect to y and the
explicit formula for F p;, we have

A =V [ [ 1p-s-atrt 3 =9 = s =2

2 _
— Pity—s.—s1(B +¥) + Pity—s.-51(0)| 1z12 2 dydz
< cv12<f)f /|e—’2%‘m5|2 _ o eleR 2
RJR
x |e—ié§z _ 1|2|ei$h _ 1‘2|Z|2H_2d§ dz
_tl—s

fcvlz(f)/Rk_rzT_s’(‘g'z_e TK|S|2|2|ei‘§h_1|2|§|1—2Hd$.

Moreover, owing to the inequality

= = —4E1EP 2
(3.16) /t1|e—’22 clg? _ 2~ <EP 2 g5 < u,
0 B Kl&[?

we obtain

tl 1K .
Api(s)ds < CK_IVIZ(f)/ e~ I 2|ef€h 12~ 1-2H gg
R

3.17)"°
< Ck VRN,
where
(3.18) 1;=/|1_e—%quSinz(gh/zm_l_mdg_
R

Our next step is to bound / in two elementary and different ways:
(i) The change of variable h& := & yields

KAt

P= P [ (- eI sin 2 e,
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_ kAt
and we then bound 1 — e~ 212 by 1 to obtain I < C|h|*H.
(ii) On the other hand, the change of variable (k Ar)!/?£ := £ in (3.18) leads to

_ H —EP2N2 -2 hé§ —1-2H
I = (kAY) A;(l e )" sin (72(/<At)1/2>|€| dg,

and we bound the trigonometric function sin® by 1 to obtain I < C(x Ar).
Interpolating the two estimates, we have obtained for 7, with a coefficient § =
57 €10, 1], we see that

2H—
2

(3.19) 1< Clh e AnHA=D) < CeAr) ™= |h)”.

Plugging this identity back into (3.17), we have shown
1 -1 2H—y )
[ Anwds < e wan T mr vie),
0

for all y € [0,2H]. Let us now turn to the estimate for Aj,. Similar to what has
been done for Ajq, we get

5] n
/O Ap(s)ds < CVA(S) /O /R 1Pt —s.0—s100 4 ¥) = Pioy—s.ps1 )P dy ds

t th—s —s .
SCsz(f)/ / e BrRIER =t IER 2 g st 1 g,
R JO
Thanks to (3.16), we thus end up with
51 P
A Alz(s)ds§CK_1V22(f)/R|1—e_ATt|5‘2|2sinz(h§/2)|“§|_2d§.

In addition, the integral on the right-hand side can be estimated as / above, and we
get

1—

/ " AnGs)ds = CVA(DKAD' T IhY’
0

for all " € [0, 1]. Since 1 > 2H, we may choose y’ = y to obtain

2H—y
2

Y V3(f),

for all y € [0,2H]. Hence, the bounds on Aj; and A1, yield

n
/ Ap(s)ds < Ck ' (k Ar)
0

2H—y
IALT ) < CVAHAD T |R)7,

forall y € [0,2H].

Step 2: Upper bound for Ay. The term ||.A; |3 »(g) can be estimated analogously
to Aj;. Indeed, the reader can check that, owing to inequality (3.3) and Plancherel’s
identity, we have

Aoll2 o < CV2 M ol G2 e 2 (1E12H 1) dE d
[l = CVRC) | [ e 5P sinhe/2) (11" + 1)t ds.
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where we recall that V| is defined by (3.15). Taking integration in ds first, we see
that

1420170 @y < Cx ' VE(S) fR (1 — e R sin? (he /2) (18171721 + [8]72) dé.
These two integrals can be estimated as the term / in (3.19), and we get

2H—
1421135y < CVE(F(AD 2 [,

for all y € [0,2H]. Let us remark that the constants in all previous estimates de-
pend only on T, p and «~!. In addition, as functions of ( D, «~1), these constants
have at most polynomial growth. Hence, gathering the estimates for ||.4; II% Q)

and ||A2||%p(9) the proof of our claim (3.13) is complete.
Step 3: Proof of (3.14). Again, we assume that #; < #,, and we proceed as in the
previous steps and the proof of Proposition 3.5. Indeed, we begin by writing

HCD(IZ,X) - (D(tlv-x)”LP(Q) S Bl + B27

where

13
Bl - H/O \/l‘gp[l‘l—s,lz—s](x — y)f(s’ y)W(dS, dy)

LP(Q)
and

By =

15
/2/ Pi—s(x —y) f(s,y)W(ds,dy)
1 R

Lr(Q)

Once again we handle those two terms separately.
For the term Bj, we resort to inequality (3.3) in our usual way. We get

1
B, 5c< /0 /R /H; P sy @ = WG9 = .y + D
1

x |z12H 2 dzdy ds>2

1
2
+ C(./O /R/R|p[tl—s,tz—s](x —-y) - Ply —S,tz—s](x —y— Z)|

1

2
x| £,y + D) 7pgle* 2 dzdy ds) .

With the definition (3.15) in mind, it is now readily checked that
(3.20) By < C(B11Va(f) + B2 Vi(f)).

with
1
41 2 2
BII=</ /|P[r1—s,t2—s](x—Y)| dde)
0 JR
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n
Blz= ([) v/]R\/]R’p[l‘l—s,l‘z—s](-x_y)
1

2 _ 2
_p[llfs,lzfs](x _y_Z)| |Z|2H 2dZdde> .

and

We now appeal to Plancherel’s identity to get
1

1 —s —s 2
anC(fO /R{e*'zz K'flz—e"zk"f'ﬂzdgds) =C(ty— 1))

and
1

n th—s t1—s . 2
812:C</0' /]R/IR|€_2TK|E|2_e_lTK|SI2|2|e_l€Z_1|2|Z|2H_2dZd§dS)

1
t —s —s 2
:C</ ! / }6_122 Klslz _e_”2K|$2|2|§|1_2Hd§ds)2 :C(tz_tl)%
0 JR

Reporting these estimates in (3.20) and observing that H < %, we end up with

Bi < Cla =) 2 [Vi() +Va(N] < Cla =) 2 f g, &7

The patient reader might check that the same kind of upper bound is valid for B>,
and gathering the estimates for By and B; yields inequality (3.14). O

4. Existence and uniqueness of the solution. In this section we will first
establish a result regarding the uniqueness of the solution. Then based on the anal-
ysis of the structure of some new spaces of stochastic processes, as described in the
Appendix, we will show the existence of the solution. Finally, we derive moment
estimates. For the reader’s convenience, in the first subsection we will introduce
the function spaces needed in the sequel. In the second subsection, we summa-
rize the main results of the current section. Details and proofs are provided in the
following subsections.

4.1. Function spaces. In this subsection, we list the functions spaces that will
be used along the paper.

(a) The spaces X%.(B) and X5:7: We recall that X5.(B), introduced in Defini-
tion 3.3, is the space of all continuous functions f from [0, T] x R to a Banach
space B quipped with the norm || - || such that

1 fllpp p = su ft,x)
X7 (B) te[O,T]I,)xe]RH ”

1/2
+  sup (/R|\f(t,x+h)—f(r,x)||2|h|—1—2ﬁdh) < 00.

t€[0,T],xeR
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When B = L?(2) with p € [1, 00), we use the notation %’;’p = .’{’; (LP(Q2)).

(b) The space Z;: We first introduce a norm || - || 2P for a random field v(¢, x)
as follows:
4.1) lvll zp = sup |lv(t, ) + sup NT v(1),
2p = sup lv@ ) Lrxm Sup Nip

where p > 2 and

1

2
4.2) ERIOES (/an(t,-)—u(t,-+h)|\ip(gxk)lh|2”‘2dh) .

Then the space Z; will consist all the random fields v = v(¢, x) such that ||v|| z0
is finite. Observe that according to definition (3.1), we have N7 " pv(t) =
7_ 9’

N%Lf(;:mv(t).

(c) The norm N, BB *©®). We denote by Cuc([0, T'] x R) the space of all real-valued
continuous functions on [0, T'] x R equipped with the topology of uniform conver-
gence over compact sets. Let (B, || - ||) be a Banach space equipped with the norm
II-]l. Let B € (0,1) be a fixed number. For every é € (0, co] and every function
f :R — B, we introduce the function N, /f @) f R — [0, oo] defined by

(4.3) N f) = (/|h|<5 | fx+h) = f0)|1r]~1 2 dh)z.

Notice that for § = oo, the quantity (4.3) coincides with the function N /f +(00) f=
N, ff} f introduced in (3.1). In the same way as for the quantities NV, /_f f, the function
N, ; = f can be defined for functions defined on R x R, acting only on the spatial
variable. In this case, we have N /;3 @ f Ry xR — [0, co]. As our usual practice,
when B = R we omit the dependence of R in N, p]éR *® and simply write . é‘s).

As we will see later in the Appendix of the paper, N, ; ) f plays a role anal-
ogous to the modulus of continuity of f near x. It follows from the triangular
inequality, that \ satisfies

.5 (5 (6
(4.4) VO F0) = NP g0 < NP (f - o))
for all § € (0, o], functions f, g and x in R. Thus, A/ is a seminorm.

REMARK 4.1. Whenever o is an affine function [i.e. o () = au + b for some
constants a, b], the spaces %?’p are sufficient to show existence and uniqueness for

equation (1.1). On the other hand, the case of general Lipschitz function ¢ leads
to the consideration of additional spaces, which we are going to introduce now.
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(d) The spaces X ?: The spaces X ’; are the underlying spaces for our treatment
of the existence result. Since these spaces do not belong to standard classes of
function spaces, we will analyze them in detail in the Appendix. For every /& € R,
let 7, be the translation map in the spatial variable, that is t, f (¢, x) = f (¢, x — h).

DEFINITION 4.2. Let X '; be the space of all real-valued continuous functions
f on [0, T] x R such that:

G (t,x)— N/?)f(t, x) is finite and continuous on [0, T'] x R.
(ii) limy 0 SUP,e(0.7].xe[—R.R] /\/'él)(thf — f)(t,x) =0 for every R > 0.

We equip X 55 with the following topology. A sequence { f;;} in X g converges
to f in X’? if for all R > 0, the sequences {f,} and {Nél)(fn — f)} converge

uniformly on [0, T] x [—R, R] to f and O respectively. We define a metric on X ';
as follows:

s If—glln.p
(4.5) dg(f,g) =) 27—,
p 2 L+ 1/ = gllng
where || - ||, 5 is the seminorm
1
Iflnp= sup  |fe.0)|+  sup  N§VF@,x).
t€l0,T],xe[—n,n] t€l0,T],x€[—n,n]

Since functions in X ? are locally bounded, the topology of X ? is not altered if in

the previous definition NV, /;1) f is replaced by WV, é‘s) f for some finite and positive §.
We emphasize that replacing § by oo would create a strictly smaller space. It is

shown in the Appendix, Corollary A.6, that X g is a complete and separable space.

4.2. Main results. The first result is the uniqueness of the solution to (1.1)
assuming it has enough regularity.

THEOREM 4.3. Assume the following conditions hold true:

(1) For p > W6—1’ the initial condition ug is in L? (R) and

(4.6) [ 106y = st + 1) e 122 < oo,

(2) o is differentiable, its derivative is Lipschitz and o (0) = 0.
(3) u and v are two solutions of (1.1) and u, v € Z;.

Then for everyt € [0, T] and x e R, u(t,x) =v(t, x),a.s.
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REMARK 4.4. This is the first occurrence of the hypothesis ¢ (0) = 0, and
one might wonder about the necessity of this assumption. To this respect, let us
mention that if we define ® as in (3.7) for f =1, then ® does not belong to Z; .

The main ingredient of the proof of Theorem 4.3 is a localization argument
based on uniform estimates (in space and time) of stochastic convolutions, which
is provided by Lemma 4.9.

The next theorem is the existence result.

THEOREM 4.5. Assume that for equation (1.1) the following conditions hold.:

(1) For some By > % — H and some p > max(%, W—l/z)’ the initial
condition ug is in LP (R) N L°°(R) and

1
2
4.7 sup Ng, o (x) + (j luo() = uo(- +h)ui,,(R)|h|2H—2 dh) < 00.
xeR R
(2) o is differentiable, the derivative of o is Lipschitz and o (0) = 0.

1
. . . 5—H, .. .
Then there exists a solution u to (1.1) in Z; N f{% P addition, the solution

-
has sample paths in the space X; — a.s.

REMARK 4.6. (i) We can add a drift b(u(¢, x)) in equation (1.1), and if the
function b is Lipschitz continuous with 5(0) = 0, the results we have obtained on
the existence and uniqueness of a solution can be extended to equations with drift.

(i1) If we only assume that the initial condition ug is bounded and

(4.8) sup | |uo(x) — uo(x + h)|*|*H 2 dh < oo,
xeRJ/R

and we only assume that o is Lipschitz, then from the proof of Theorem 4.5 we can

show that we have the weak existence of a solution to equation (1.1). By this we

mean the existence of a couple of predictable random fields (X, W) parameterized

by [0, T'] x R, defined in some filtered probability space (2, F, P, {F;}), such that

W is a centered Gaussian process with covariance (1.2) and X is a mild solution to

1_
(1.1) in the sense of Definition 2.4, belonging to the space X 1P ith trajectories

1_
almost surely in X7 H. The assumption (1) in Theorem 4.5 and the condition that
the derivative of o is Lipschitz and o (0) = 0 are only used to show the uniqueness.

Finally, the techniques we have designed to get existence and uniqueness for
equation (1.1) also allow us to obtain the following moment bound for the solution.
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THEOREM 4.7. Assuming the conditions in Theorem 4.5, then a solution of
(1.1) satisfies following moment bounds:

1
(4.9) Suﬁ”“(l‘v X) ”LP(Q) =< 2””0”80 eXP{QOPFf}
xXe

and

_ 1
sup Nijo—p, pu(t, x) < 2luglleyey Yexp{fop7it},
xeR

where we recall that Nij»—p. p is defined by (3.2), and where for any ¢ > 0 we
have used the notation

1

2

lluolls := sup|uo(x)] +ssup</ |uo(x + h) —uo(X)|2|h|2H_2dh) :
xeR xeR \VR

2
In the formulae above, 6y = (6C0)%K17% llo ”LHip and

-l 1 11 15
g0 = (6Co) Ak ¥ "2 p2T3H |0l ;,™"
where Cy is defined in (3.12). In addition, from Proposition A.1, we see that the
initial condition ug is Holder continuous with order By, then by Proposition 3.7
we have

H,Fo
(4.10) Jue, x) —uls, V] Lpqy < CIt = 51772 + |x — y|F1F0)
foralls,t €[0,T] and x,y e R.

We also have the following matching lower bound in terms of « and ¢ for the
second moment.

PROPOSITION 4.8. Under the conditions of Theorem 4.5, let u be a solution
to equation (1.1). Suppose that ug is a bounded nontrivial function and there is a
positive constant o such that |0 (z)| > ox|z| for all z € R. Then there exist some
universal constants C and L such that

3 2
*ug(x 2z
| pr * uo(x)| exp{Loy 1=

|-
~

(4.11) Elu(t,x)|*>C

).

lluoll Lo

4.3. Proof of the uniqueness. In this subsection, we prove Theorem 4.3. First,
we need the following result.

LEMMA 4.9. Suppose that p > %. Let v be a process in the space Z}’. As
in (3.7), define

t
4.12) <I><r,x)=[0 A‘gpm(x—y)v(s,y)st,dy).
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Then there exists a constant C depending on T, p and H, such that

(4.13) sup  Ni_,P(t,x) <C||v||z§7,

Hze[O,T],xe]R 2 ”L”(Q) -

where recalling our definition (3.1), we have N1/»—g® (1, x) = /\/‘fl%fHCD(t, Xx).

REMARK 4.10. Let us stress the following facts:
(i) In relation (4.13), the operator N1 _ y [defined in (3.2)] acts on the trajec-
2

tories of the random field ®(z, x). As a consequence, N 1 @ (,x) is a random

variable.
(i1) With respect to Proposition 3.5, inequality (4.13) involves a supremum in
the variable x € R before taking L”(£2) norms. We thus get a stronger result with

1_
a different kind of assumptions (namely v € Z;’ instead of v € X7 H’p).

PROOF OF LEMMA 4.9.  We shall apply the factorization method to handle the
stochastic convolution (see, for instance, [7]). Namely, an application of a stochas-
tic version of Fubini’s theorem enables to write

t
/L/U—FWAPFAX—@YUJﬂkdn
0 JR

O x) = sin(mwa)

T
with

Ymm=ﬁiév—w”mﬂ@—wwawwwawx

and where o € (0, 1) is a parameter whose value will be chosen later. The proof
will be done in two steps.

Step 1: Uniform estimate ofN%_Hq)(t, x). In order to estimate N%_HQD(t, x),
we bound the difference ® (¢, x) — ® (¢, x + h) as follows:

|CI)(t,X) —&(t,x +h)|
: t
_ sin(a) 'fo /R(t —* N (pr—r(x —2)

T

— pi—r(x +h —2))Y(r,z)dzdr

1 t
< D = 0 i = i+ ) gy 1Y ey

T

—1

where ¢ satisfies p~! 4 ¢! = 1. So using Minkowski’s integral inequality, we get

f | (1, x) — (1, x + h)[*|h|* 2 dh
R

t
(4.14) < ch</0 = per& =) = pror &+ 7 =) Lo w)
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2
< Y. ) | oy dr> \h*H=2 dh

t 2
([ =0 1Y e (K] Par)

where we have set
2 _
K:(r):= /R”Pt—r(x —2)—prr(x+h—2) ||L‘1(R,dz)|h|2H 2 g1

Now the kernel K; can be bounded by elementary methods: with the change of
variable z — /t —rz and h — \/t — rh, we obtain

K(r)= /Rnpt_r(x —2) = prr(x +h = 2| g an HI* 2 dh

2
3.1 2 2 2
:C(t—r)‘f+a+Hf</ |5 — =5 |qdz>q|h|2H2dh
R

R
_l_1.ph
=C(t—r) 2 »' 7,

where we have used the fact that ¢! = 1 — p~!, and the constant C in the above
equation and below in this proof may depend on «. Going back to (4.14), the
following holds true:

f (1, x) — D, x +h)[* || 2 dh
R

, 2
< C</ « _r)a—1+%(H—%—%)Hy(r’ .)”LP(R) dr)
0

2 2
t qalg_l_1 a( ! P
<c([la=nem D) ([ el ar)

We can now start to tune our parameters. It is easily checked that the first integral
in the right-hand side above is finite (uniformly in 0 < ¢ < 7T') if and only if

(4.15) > L A
. >— 4 - ——.
“Zop a2

With this choice of «, we get

2
2 _ ! b
/R@(t,x)—q>(t,x+h)| |h|*H zdhgc(/o |y (r, -)||§,,(R)dr> ,

and since this bound is uniform in x, this yields

2 T p %
.16) sup  [Ni_, &t 1] 5(7(/0 HY(r,-)||L,,(R)dr> .

te[0,T],xeR 2
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Then, to prove (4.13) it suffices to show that
“.17) E [ Y2 dz=Clull,.
R T
Step 2: Proof of (4.17). Set g, (s, y) = — ) % pr—s(z — y)v(s, y), so that

Y(r.2) = /O /R gr2(s V)W (ds, dy).

Then applying the Burkholder-type inequality (3.3), plus an elementary decompo-
sition of the increments of g, ;, we obtain

E/R\m, 2|7 dz < C[Di(r) + Da(r)],

where

D= [([ =97 ps) = peostr )P

x v,y + 2+ )7 gl 2 dhdy ds) " dz

D2y = [([" [ o=l

2
x [vs,y +2+h) = v,y + 2|7 hPH 2 dhdy ds) dz.

s

and

]

Let us now bound the term D;. Invoking Minkowski’s integral inequality, it is
easily seen that

D) = ([ [0 =9I = prosty P

]

2

x [v(s, -) “iﬁ(QxR) "2 dhdy ds)
Integrating this identity in & and y, we end up with

Di) =€ ( [ =9 uts, ) g )

Similarly, we get the following estimate for D;(r):

S}

2z

r 1
Da(r) < c(/o A;(r — )72 u(s, - + k) — v(s, -)||i,,(ng)|h|2H—2dh ds)

p

_ C</(;r(r | E‘H,pv(s)]zds> "
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Combining the estimates for D1 (r) and D,(r), we obtain

E /R Y (r.0)|" dz < C( fo [0 = )7 (s, ) |7 @)
(4.18)

p

+(r — s)_z"_% [N;_H,pv(s)]z] ds) ’

Let us go back now to the values of our parameters o, p. One can check that
the two singularities in the integrals on the right-hand side above are nondivergent
whenever o < % Combining this condition with the restriction (4.15), we end up
with the relation

3 1 H H
(4.19) —t - ——<a<-—.
2p 4 2 2
Those two conditions can be jointly met if and only if H > % and p > %. This

completes the proof of the lemma. [

REMARK 4.11. Notice that the previous lemma implies that for any pro-
cess v € Z7, the random variable SUP;e0,7] SUPxeRr N%_HQD(I, x) is finite almost

surely, if @ is given by (4.12).
We are ready to prove Theorem 4.3.

PROOF OF THEOREM 4.3. Assume that u solves (1.1) and u € Z;. From the
mild formulation of the solution, we have

t

4200 ult,x) = py ¥ uo(x) + / / Pies(x — )0 (us, ) W(ds, dy).
0 JR

We claim that

4.21) sup sup N1_,u(t, x) < oo, a.s.

re[0,T]xeR 2
This follows from the decomposition (4.20). Indeed, on one hand, (4.6) implies
that, if g(¢, x) = p; * ug(x), then

sup sup Ni_,g(t, x) < oo.
te[0,T]xeR 2

On the other hand, from the properties of o, it follows that if u € ZP then o (1)
also belongs to Zﬁ [notice that to estimate the first term of (4.1) for o (1), we need
to assume o (0) = 0]. Hence, Remark 4.11 entails

sup sup N1_,0(u)(t, x) < oo, a.s.
1e[0,T1xeR 2
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If v is another solution of equation (1.1) belonging also to ZP then (4.21) also
holds for v. In this way, we can define the stopping times

Tk=inf{05t§T: sup /|u(s,x)—u(s,x+h)|2|h|2H_2dhzk
R

0<s<t,xeR

or  sup /|v(s,x)—v(s,x+h)|2|h|2H_2dhzk},
R

0<s<t,xeR

and Ty 1 T, almost surely, as k tends to infinity. Our strategy will be to control the
two following quantities:

L(t,x) =E[ly gy |ut, x) — v(t, x)|2]
and
Iz(t,x)=E[/Rl{t<7k}|u(t,x)—v(t,x)—u(l,x+h)+v(t,x+h)|2|h|2H_2dh]
We also set Z; (1) = sup, g 1 (¢, x) for j =1,2.

In order to bound I, let us first use elementary properties of Itd’s integral, which
yield

L <7y (u (2, x) — v(2, x))

tATy

ey [ [ prese = oG5, ) = 0 (uls. )W ds. d)
t

= 1{[<Tk}‘/(.) A;Pt—s(x - y)l{S<Tk}[6(M(S’ y)) - U(U(S, y))]W(dS’ dy)

We thus get 11 (¢, x) < C(I11(¢, x) + 112(¢, x)), where
! 2
M =E [ [ o=y = pose =y =1

x Lis<1y|o(u(s, y +h)) — o (v(s,y + ) |h* =2 dh dy ds

and
t
Na) =K [ [ pF =3 lery o (us. ) = o (065.5)

—o(u(s,y + ) +o s,y + ) 1> 2 dhdyds.

Next, we bound the term /71 (z, x) as follows:
t
M@ <CE [ [ pest= = posr—y = h)f’
0 JR?
X Vg <ry|u(s, y +h) — v(s, y + )|} |h*H 2 dh dyds

t
50/ (t — Y517, (s) ds.
0
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where we recall that Z; () = sup, g /1 (¢, x), and the constant C in the above in-
equality and below in this proof may depend on «. Let us now invoke the following
elementary bound on the rectangular increments of o, valid whenever o’ is Lips-
chitz:

lo(@) —o () —o(c)+o(d)|<Cla—b—c+d|+Cla—Db|(la—c|+|b—dl).

With this additional ingredient, and along the same lines as for 711 (¢, x), we get

4 1
Iih(t,x) < Ck‘/o (t— s)_i[Il(s) +Iz(s)] ds.

Finally, gathering our estimates on /1] and /1> we end up with

Zi(t) < Ck /Ot(t — )L (5) + Ta(s)] ds.

The term I5(¢, x) above is dealt with exactly the same way, and we leave to the
reader the task of showing that

t
To(t) < Ck/ (t — )2 H=3[T, (s) + To(s)] ds.

0

As a consequence,
t 3
Tit)+1a(t) < Ck/ (t — s)2H—7[11 (s) + Io(s)] ds,
0

which implies Z;(¢) + Z>(t) = 0 for all ¢ € [0, T']. In particular,

E[1( 7 |u(t, x) — v(t, x)|*] =0,

which implies u (¢, x) = v(t, x) a.s. on {t < Ty} forall k > 1 and ¢ € [0, T']. There-
fore, taking into account that T 1 oo a.s. as k tends to infinity, we conclude that
u(t,x) =v(t, x) as. forall (¢, x) € [0, T] x R. This proves the uniqueness. [

4.4. Proof of the existence. In this subsection, we prove Theorem 4.5. The
methodology, inspired by the work of Gyongy [9] on semilinear stochastic partial
differential equations, consists in proving tightness of a sequence of solutions ob-
tained by regularizing the noise, and then using the uniqueness result. The space
Z’T’, where we proved our uniqueness result, consists of L?(IR)-valued processes,
and it is not clear how to characterize compactness of probability laws on the space
of trajectories of these processes. For this reason, we prove the existence of a so-

1_
lution with paths in the space X7 " introduced in Definition 4.2, equipped with
the metric (4.5).

PROOF OF THEOREM 4.5. As mentioned above, we follow the methodology
developed in [9] and we consider a regularization of the noise in space. Indeed, for
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each ¢ > 0 and ¢ € §), we define

t
We(p) = [0 * ¢1(s, Y)W (ds, dy)
(4.22) /0 /R

=[] [ o000 = wias. ayax.

The noise W, induces an approximation to equation (2.12), namely

t
(4.23) us(t,X)=pt*uo(X)+/O /Rpt—s(x — Vo (ue(s, ) We(ds, dy),

where the integral is understood in the It sense. Applying Lemma 4.12 below, we
see that for each ¢ > 0, equation (4.23) has a unique solution u,. satisfying

sup [|ue | yp.p < 00,
>0 T

for all B < By and % — H < B < H. In particular, because % — H < By — %, we
can choose § such that % —H<pB-— %. In addition, we can show that u. satisfies

Condition (2) in Proposition A.17. With these properties, we can check that the
three conditions in Proposition A.17 are satisfied. Hence, the laws of the processes

1
ug, considered as probability measures on the space X %_H are tight, and hence
weakly relatively compact.

We now base our final considerations on the forthcoming Lemmas 4.13-4.16.
Fix a sequence ¢, converging to zero and set u, = u,,. We shall hinge on
Lemma 4.14 in order to prove that the sequence u, actually converges in prob-
ability. To apply this lemma, we consider now two sequences iy, and u;),
where {m(n),n > 1} and {{(n), n > 1} are strictly increasing sequences of positive
integers. For each n > 1, the triplet (u,,(n), #1(n), W) defines probability measure
on the space

H

1_ 1_
B:=X; = xXj HxCuc([O, T]x R).

Since the family {u., & > 0} is weakly relatively compact, there exists a subse-
quence of the form {(u,(n;), Ui(n;), W), k > 1} which converges in distribution as
k tends to infinity. Thus, by Skorokhod embedding theorem, there is a probabil-
ity space (', 7, P’) and a sequence of random elements z; = (u;n(nk), M;(nk)’ W)
with values on B such that z; has the same distribution as (i, (n;), Ui(ny), W) and
Zx converges almost surely (in the topology of B) to (u/, v/, W’). By Lemma 4.16,
we see that both u” and v’ are solutions to equation (2.12), with W replaced by
W’. Then by Lemma 4.15 and the uniqueness result Theorem 4.3 we thus get that

1
. 5—H .
u'=v"in X7 . We can now apply Lemma 4.14 in order to assert that u, con-
1
. 5—H . .. .
verges to some random field u in X; , in probability. Moreover, taking a sub-

1
. . 5—H
sequence if necessary, we see that u, converges to u in X;  a.s. Hence, thanks
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to another application of Lemma 4.16 we see that u satisfies equation (2.12). This
proves the existence of the solution. [

We now state the lemmas on which the proof of Theorem 4.5 relies.

LEMMA 4.12. Let the initial condition ug and By be as in Theorem 4.5. Then
for each ¢ > 0, equation (4.23) has a unique solution u, such that u, € %?’q for
every B € (0, Bol and q = 2. Furthermore, for all ¢ > 2, B < Bo and % —H<B<
H,

4.24) sup ||ug||x,s,q < 0.
T

e>0

PROOF. Fix ¢ > 2. Since |&|'~2# ¢=¢%” is in L(R), | f;| is bounded. Thus,
using Picard iteration, it is easy to see that (4.23) has a unique random field solu-
tion, and by estimating the gth moment of |u. (¢, x) — u. (¢, x)|, we see that each

1
. >—H,
solution u, belongs to X7 7 We remark that llue | 1y, May not be bounded
x

H,

uniformly in € as seen from this procedure. Using the de]ﬁnition of W, and stochas-
tic Fubini theorem, for any predictable processes g defined on R x R such that
E[l|g]I5] < oo, we have

/ol_/Rg(s’Y)Wf(ds’dy)Z/OZ/R/Rg(S,Y)Pe(y—Z)W(ds,dz)dy

t
=/ fg(s, ) * pe(2)W(ds, dz).
0 JR

Applying Proposition 3.2, we obtain

[ [ omeasan

In addition, from (4.13) and Minkowski inequality, we see that

/R[N%-H,qg(s’ )% pe(0]*dy

2 t
<C / / N ) 2 dyds.
L) 7 J, ]R[ %_H’qg(s ) ps(y)] yas

5fRfRfRHg(s,y+h—z)—g(s,y_Z)”iq(g)pg(z)dz|h|zH_zdhdy

=/R[N%_H’qg(s,y)]2dy.

So, if we proceed as in the proof of Proposition 3.5, and take ¢ = 1 in (3.8), we are
able to get

(425 luellgpa < Cot Cylluell 4,67

T.0
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for any 8 < Bp and B < H. By taking 8 = % — H and 6 large enough such that

H B_H 1
2 2

—_ B_1 _1 B_
Cy0"2+62"4+074402 )55,
noting that |Ju,|| iy is finite, (4.25) implies that sup,_ ||u5||3€%4,_q is at most

T

,60 T,0
2Cp. Plugging this back into (4.25) yields (4.24). [
The next lemma is a version of Gronwall’s lemma, borrowed from [4],
Lemma 15, and the correction [5] to that paper.

LEMMA 4.13. Let g € L' ([0, T];Ry) and consider a sequence of functions
{fu;n =0} with f,, : [0, T] = Ry, such that fy is bounded and for all n > 1

t
(4.26) fu®) <cit e /O gt — $) fu1(s)ds,

for two positive constants cy, c3. Then sup, = fn is bounded. If we assume more-

over that ¢y = 0 in inequality (4.26), we obtain that }_, - fnl/ll7 converges uni-
formly in [0, T], forall 1 < p < oo.

The third lemma is a general result on convergence of random variables bor-
rowed from [9, 10].

LEMMA 4.14. Let E be a Polish space equipped with the Borel o-algebra.
A sequence of E-valued random elements z,, converges in probability if and
only if for every pair of subsequences ziu), Zm(n) there exists a subsequence
Wi = (Zi(ny)s Zm(ny)) converging weakly to a random element w supported on the
diagonal {(x,y) e ExE:x = y}.

The next result asserts that the approximate solution to the stochastic heat equa-
tion is uniformly bounded in the space Z; defined by (4.2).

LEMMA 4.15. The approximate solutions u. satisfy the condition

4.27) sup [|ue || zr < 00.
o Chzr

1
. . s—H . .
Furthermore, if ug — u in X% a.s., as € tends to zero, then u is also in Z#.

PROOF. We will use Picard’s iteration to show that for each &, u, € Z%. Then
we will use Gronwall’s lemma to show that the processes u, are uniformly (in ¢)
bounded in Z}’ . To this end, we first define

ul(t, x) = p; *xup(x),
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and recursively
a0 = posao) + [ [ pres(e = 9o G, ) Wetds, ).
We wish to bound ||u] || 2P uniformly in n. First, recall that
o “z;’ = zes[gPT] Juz (2. ')“LP(QXR) + ZES[‘S’PT]N;_H,I,”ZU)’

where N7 H.p is defined in (4.2). Let us now bound the terms ||u] (¢, )|l Lr @ xR)
2_ )
and N;iH’pu’;(t).

Step 1. We shall bound ||u (¢, -)||Lr@xr) uniformly in n by considering the
differences of Picard’s iterations. Indeed, by Burkholder’s inequality we have

E|u" (1, x) —u"(t, x)|”

=E ' n n—1 W d d P
- Vo /Rp’”(x_y)["(”s(s’y))—a(ue (5, )] We (ds, y)‘

t
scpE\ [ [ piste = 9t = 2o . 30) = 0 @27 65.3)]

s

2

x [o(u(s,2)) — o (" (s,2))] fe(y — 2) dy dzds

Thus, since || fz]lco < C¢ and owing to the fact that o is a Lipschitz function, we
have

1
Elu? @, x) —ul(t, x)|"
L
2

’

t 2
§C5EVO (/Rpt_s(y)lug’(s,wy)—MZ‘I(s,ery)ldy) ds

where C. denotes a generic constant depending on ¢ and p. We now integrate with
respect to the space variable and invoke Minkowski’s inequality. In this way, we
obtain

Eluf ', ) —ul, ')HZP(R)

p
2

p
L2 (R)

<C:E

I/ot (/R Pr—sOuf (s, y +) —uf ™ sy + )] dy>2ds

< C8E</Ol (/R Pr—sO (s, ) =™ (5, | Loy 4 >2ds>

pr

t " n—1 2 2
< ([ ) 7 6 )

p

2
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This relation easily entails

t
Juitt @, ) —ula, ')”iP(QxR) = Cﬁfo (s, ) —uf ™ Gs, ')”ip«sz) ds,

and a direct application of Gronwall’s lemma as stated in Lemma 4.13 yields that
the quantity sup, sup,co 7 lluz (t, )llLr(@xR) is finite for each fixed & > 0. This
implies that sup, (o 7 l[ue (7, ) |Lr@xRr) < 00 for each fixed & > 0.

Step 2. Next, we estimate N ;_ H’pug(t), and observe that we are able to handle

this term directly (namely without invoking Picard’s iterations). We can write
/ E]ug(t, X)) —ug(t, x + h)\pdx
R

5C/R|pt>x<u0(x)—p,*uo(x+h)|pdx

S

t 2 5
+CngE'/O (fR|pt—s(y)—pz—s(y+h)||ug(s,y+X)|dy> ds|” dx

= C/R|Pr % uo(x) — pr x uo(x + h)|” dx

S

2

t 2
+C8</O </R|pz—s(y)—pt—s(y+h)|dy> ||us(s,‘)||ip(ng)ds>

We thus end up with
NT o ug(t)
2

H,p

= /I;”ME(I, ) —ug(t, - +h)”il’(QXR)|h|2H72dh
=€ [ Ipixu0l) = pi xatol+ )| 122

+Ce sup |ue(s, ')”iP(QxR)
s€[0,7T]

4 2
X/ f</|pt—s(y)_pt—s()’+h)|dy> > % dhds,
0 JR\J/R

and the right-hand side in the above inequality is easily seen to be finite. Putting
together the last two steps, we can conclude that for each fixed ¢, u, € Zé’ .

Step 3: Uniform bounds in ¢. To prove the norms of u, in Z}’ are uniformly
bounded in &, we note that u, satisfies the equation

t
ue (. %) = py % o) + /0 /R [(Pros(x — )0 (1 (5. ) * e ] () W (ds, dy).
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Hence, we have
E‘”S(L x)‘p
< C|pr % up(x)|”

S|

2

t
(428) *CE(fo LI i = e, ) @) e g1 =2 ‘”)

< C|pr xuo(x)|”

]

2

t
T CE(/O /Rpr(plfs(x — -)U(Ltg(s’ )))(5)|2|€_—|1—2H de ds) .
Going back from Fourier to direct coordinates, one can check that
E’ué‘(t’ x)‘[? < C|p[ * u()(_x)‘p + Dl (f) + Dz(t),

with

t
D)= ([ [P = piosty

s

2

< s,y x4 1) [} g P2 dhdyds
and

t
Da(t) = (/O L Ps )P sty x4+ ) = s,y +0) | g

V4
2

x |h|2H—2dhdyds>

These terms are treated exactly as the terms Dy, D; in the proof of Lemma 4.9,
except for the fact that & = 0 in the current situation. We obtain

2
lue (2, ')”LP(QXR)

t
(429) < Clluglp + C fo (t =) e )2 piaem 4

t 1
+C/O (z—s)—z/R”ug(s,.)_ue(s,.+h)||§,,(m)|h|2’f—2dhds.

Similarly, we get (see also the bounds for the terms Z7, Z; in the proof of Theo-
rem 4.3)

[NT_py e OF

2

(4.30) 5c/R”uo(.)_MO(.+h)||ip(R>|h|zH_zdh
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! 2H-3 2
+C/0 (t = )" 72 ue s, ')”LP(QXR)dS

t
+ CA /]R(t - S)H—l Hug(s, ) — Mg(s, -+ l)”iP(QX]RﬂHZH_Zdl ds.
Set

V() = [ue(t. ) Lo ggmy + INT_y ue @]

2

Thus combining the estimates (4.29) and (4.30) yields
W) = Clliologey +C [ o) = o+ ) [}y 11122

+C/01(t—s)2H_%\IJ(s)ds.

Since we have shown that for each fixed &, |lu.|| zp < 00, we can apply the
Gronwall-type Lemma 4.13 to the above inequality to show that

sup [[ug|| z» < 00.
e>0 T

Step 4: u is an element of Z;. Recall once again that we have decom-
posed ||u||2¥ according to relation (4.1). We now bound |[u(t, )| Lr@xr) and

N " pu(t) in this decomposition.
27 B

1
. . l_H
Since u, converges to u in X% a.s., we have u.(t, x) — u(t, x) a.s. for each
(t, x) € R4 x R. Thus, by Fatou’s lemma,

1
. P
)| gy = (E [, lime 0.0 )

1
< h_m(Ef |u8(t,x)|pdx)p <C.
R

e—0

Therefore, we conclude that sup, (o 7 llu(7, -)||Lr@xr) is finite. On the other
hand, for each x and & we have |u.(t,x +h) —u.(t, x)|2 — |lu(t,x+h)—u(t, x)|2
a.s., so by Fatou’s lemma again we obtain

2 —
/h|51||u(t"+h)_”(t’ ‘)”Lp(ssz)lhIZH 2dh
5/ tim e (1, -+ h) = ue(t, )|y 111712 B
|h|518—>0

<lim | 1||u5(t,'+h)—ug(t,-)Hi,,(QXR)|h|2H_2dh.
e— =
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The desired bound on N7 " pu(t) is obtained from the inequality above, by han-
VR

dling the integral on the domains |#| <1 and |k| > 1. In the latter case, we simply
bound ||u(z, -+ h) — u(t, -)||%,,(QXR) by 2||u(t, -)llLr(@xR)- By doing so, we con-
clude that

sup NY_, u(t)= sup ||u(t,-+h)—u(t,-)||ip(QXR)|h|2H_2dh<oo.

tefo,7] 2P tef0,71/R

Together with the previous estimate on |[u(z, ) || Lr (@ xR), We conclude that u € Zﬁ.
O

We now state a convergence result for stochastic integrals, with respect to the
approximating noise W;.

LEMMA 4.16. Let u,(t, x) be a solution to the equation

t
(1, X) = py % ug(x) + /0 fR Pres(x = ¥)0 (s, ) Wa(ds, dy),

where we have set W, = Wy, [recall that W, is defined by (4.22)] for a sequence
{en, n > 1} satisfying lim,—, o0 &, = 0. We assume the following conditions:

1
. . - . 5—H
(i) with probability one, uy, colnverges touin Xy )
(ii) sup, ||un||x¢;.p <oo,with3 —H <B <Handp> 3.

1_
Then the process u belongs to X7 H,2. Furthermore, for any fixed t < T and
x € R, the random variable ®"(t,x) = fot Jr Pi—s(x — y)o (un(s, y)) Wy (ds, dy)
converges a.s. to ®(t,x) = fot Jr Pi—s(x — y)o (u(s, y))W(ds,dy), as n — .

PROOF. We focus on the convergence part and decompose the difference
& (1, x) — (¢, x) into (P (¢, x) — D1 (¢, x)) + ("1 (¢, x) — D" (¢, x)), where

t
@1t = [ [ piesr =)0 (uts. 30) W (ds. ).
Now we note that ® (¢, x) — "1 (¢, x) can be expressed as

t
/O fR Prs (x =)o (uls. y)) W (ds, dy)

t
— [ 1P = 90t 9)) 522, JOIW s, ),
and thus
E|®(t, x) — ®" (1, )|

—CE fo ’ /R 5 P F(prsx — Yo (s, ) @)P1E 2 de ds.
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The latter quantity obviously converges to 0 as &, goes to 0 because of the finite-
ness of

E/ol /RW"’—“X — )0 (u(s, ))@&)[1E1' 7 dg ds,

which can be seen by an application of Fatou’s lemma (as in Step 4 of the proof of
Lemma 4.15).

It remains to show that lim,,_, oo E|®™ ! (¢, x) — ®" (¢, x) |2 = 0. However, similar
to (4.28), we have

! 2 ! 2
E[|®™ (t,x) — ®" (1, x)| ]SEVO prz—s(x—y)fn(s,y)W(ds,dy) ,

where we have set f, = o(u,) — o(u). Furthermore, appealing to Proposi-

1
tion A.14, we see that f, converges to 0 in X %711. We will verify that f, sat-
isfies the conditions (C1)—(C3) of Lemma 4.17 below. Indeed, (C1) is verified
by assumption (i). (C2) is verified by assumption (ii) and the estimate (3.14).
(C3) is readily assumption (ii). Then an application of Lemma 4.17 completes the
proof. [

LEMMA 4.17. Suppose that { f,,,n > 1} is a sequence of stochastic processes

belonging to %?’p with % —H<B<Handp> % Assume that the following
conditions hold.

(C1) With probability one, f, converges uniformly to 0 over compact sets of
[0, T] x R.
(C2) For every R > 0, sup,, sup; ;co.71,1x|<r El/n(t, X) — fu(s, 0)|7 < Clt —
H
s|Pz.

(C3) sup, |l f» ||x;;,p < M, where M is a finite number.
T

Then for every t <T and x € R the random variable Y, (t, x) defined by

t
Va0 = [ [ pieste =) fuls )Wds.dy)
converges to 0 in L*(Q).

PROOF. We first observe that Proposition A.9 asserts that f;,, belongs to
L _H2 . .
X7 . Next, we show that {f,,,n > 1} is relatively compact and converges

1_H2
to 0 in X7 i, . For this purpose, we verify the three conditions (1)—(3) of
Proposition A.13. Condition (2) in Proposition A.13 is evident from (C2). Con-
dition (3) in Proposition A.13 follows from the following inequality, where
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§<1:

fw [£(tx + ) = £, 0 Baggy P2 dy

< (ISlllp1 It x+y)— f(t,x)Hiz(Q)|y|—2ﬂ>/l ~ y[2E2H2 gy
> yl=

In fact, the first factor on the right-hand side of the above inequality is uniformly
bounded in (¢, x) € [0, T] x R because of inequality (A.1) and the fact that f,

is bounded in %’;’2 by condition (C3). Taking into account that 8 > 1/2 — H, the
second factor converges to zero as § tends to zero. To verify condition (1) in Propo-
sition A.13, we fix ¢, x and note that (C1) implies that f, (¢, x) converges almost
surely to 0. On the other hand, E| f,, (¢, x)|” is uniformly bounded, where p > 2.
These two facts imply that { f,, (¢, x)} converges to 0 in L*(Q), thus condition (1)

in Proposition A.13 is verified. Furthermore, condition (C1) ensures that O is the

only possible limit point of { f,,} in %lT/ 27H.2 We conclude that fn converges to 0

in xL/2-H2
T .
Let us now prove that Y, (¢, x) converges to 0 in L*($2). Applying (3.3), we get
E|Y, (1, x)[* < C(J1(t) + J2(1)) with

t
Ji(t) = /0 /Iz&/Rm_s(x —y—2) = pr—s(x = PE L35,y + 2)zP 2 dy dzds
and
t
20 = [ [ [ Ipi-ste = PEI s,y +2) = fuls )PP 2 dydzds.
Now for every fixed ¢ > 0 we choose R > 0 sufficiently large such that
t
/ f [ pe—s N + N1 p—s )] ]dyds <.

0 Jly|>R 2

With this choice of R, we choose n so that

2 _
sup Ef2s.y)+  sup /E|fn<s,y+z>—fn<s,y>| P24y <.
s€[0,T],|y|<R s€[0,T1,ly|l<R /R

By making a shift in y, we end up with

t
J1(l)=f0 fRfR\pz_s(x—y)—pz_s(x—y+z)!2Efnz(s,y)IZIZH_zdydzds

t
< f sup EfZ(s,y) N1_pypi—s(x — P dyds
0 |yl=R ly—x|<R"~ 2

t
+ sup  Ef2(rw) / f [Ni_pypies(x — »)]dyds
rel0,T],weR 0 Jly—x|>R 2

t
<CetCM / / [N pis ()2 dyds.
0 Jyl>R~ 2
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Similarly,
t
J2(t) < Ce +CM / f P2, dyds.
0 J|y|>R
Then E|Y,(z, x)|*> < Ce for n sufficiently large. This implies the result. [

4.5. Proof of the moment bounds. In this subsection, we prove Theorem 4.7
and Proposition 4.8.

PROOF OF THEOREM 4.7. We will apply Proposition 3.5, in particular, the
estimate (3.12) by taking f to be the solution u to equation (1.1), and combine it
with the mild formulation of the solution. For every fixed ¢ > 0, by noticing that
| pr * u0||3€;;9 . < |lug|le, we get the following bound:

leellp
< lluolle
H H 1 1 3
+ CollollLipy/Pllullgr , (272672 telemiomE 4 ectimigiH),
,0,e

H H
2073t

Bl—

. . 1 _ . .
We optimize the formula above by choosing ¢ = k4~ 26 , in order to obtain

H_ 1 _H
luller < liuolle +3Collo lipy/Pllullzr k772677,
,0,e T,0,¢
H .
then choose 6 = 6 so that 3Co||o ||Lipy/PK2 2072 = L that s,

2 1 q_1 Z
0= (6Co)HE pHi —H ||c7||]f'ip and take

L1111 1—5k
g:go;:(6CO)1 ZHKFH 2 p2 4H||o’||Lip2H.

Plugging this choice into the above inequality gives the bound
lullxg, < 2luole

from which our claims are easily deduced by noticing that the constant Cy does
notdependon 7. [

PROOF OF PROPOSITION 4.8. Applying Itd isometry to equation (2.12), we
see that

t
(431) Elu(t,x)[* = }pt*uo<x>}2+c1,HEf0 [pres G =)o (s, D) 1y ds.
Let us recall the well-known Sobolev embedding inequality

-l g
el s zcligl 4. VeeHIH®).
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Hence, together with our assumption on o, it follows that there exists some positive
constant b such that

El|u(, x)| |p;*u0(x)| +b62E/ | pr—s(x = Hu(s, )HLH(R) s.
Since 2H < 1, applying Jensen’s inequality we see that

| pr—s(x = uts, )| e

1 N 2H
= ([ 2l @ = pluts, [ prosr = v dy)
> [ 7= luts )P dy.
It follows that
E|u(t,x)|2 > | pr * uo(x)}2 + bo? ](;t/ p72H (x — y)Elugs, y){zdyds.

Iterating the previous inequality yields
2 2| —
(4.32) Elu(t,x)|" = |pr % uo(0)|” + > (b )" In(t, x).
n=1

In the above, we have adopted the notation

In(t,x)=/ f P2 (= yu) -+ 32 (2 — y0) [ psuo )| d3 d,
T, (t) JR"

where T, (t) = {(s1,...,5,) €[0,¢]": 0 <51 <--- <s, <t}anddy =dy;---dyy,
ds =ds - - -dsy. Note that for every x, z € R and a, b > 0, the following identity
holds:

271/<ab)H_1 39K

_1
[P = np o - dy = G- 2m) 2(a+b P (x — 2.

We thus can compute 1, (¢, x) by integrating y;’s in descending order starting from
vn. This procedure yields

I(t.x) =3 —2H)""7

n H-1
(4.33) x/T([)< — Sn nzm(sj—s, 1))

t—S1

2 -
/pf "2 (x = y0)| psi ()| dyr d5.
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On the other hand, for every fixed R > 0, applying Jensen’s inequality, we see that
2
/ P (e = yD) | psyuo ()| dy

434 =p 27 R Py, (= yD)|psyuo(yn) [ dyy

lx—yil<R
- 2
> p 2 (R)R™ (f Pi—s (X — Y1) ps; * uo(y1) dy1) :
lx—y1l<R
The integral on the right-hand side can be rewritten as

Pr *up(x) — / Di—s; (X — Y1) ps; *uo(y1) dyi.

[x—=y11=R

Since u is bounded, we see that | ps, * uo(y1)| < lluoll Lo, and hence

f Di—s; (X — Y1) ps; ¥ uo(y1) dyi
[x=y1|=R
< lluoll f Pres, (y)dy
[y|>R

1 2
= ||u0||Loon_7/ e dz.
lz|>

R

| 2K(t—s1)

For every fixed ¢ in (0, 1), we now choose R = M +/2«(t — s;) where M is such
that e=(1=2F)M? pr=1 — ¢ Tt follows that

H—1 -1 (- 20—
P2 (RR™ =72 26 (t — s1)) e I-2DM 1

and

M2
/ Pr—s; (X — y1) ps; *uo(y)) dy1| > | pr * uo(x)| — llulloce™™ M1
[x=y1l<R
Together with (4.34), we see that
2
/P? o= yD)| ps o] dyi

2 _ _ Y _
>ce ™™ M (it —s0) " (| pr o) — e M M7 ug|| 1)

for some universal constant ¢. Hence, upon combining the previous estimate and
(4.33), we arrive at

n+l1
1n<r,x>zec"x”’—””/mH(sj—s, DAV S (| p o+ uo ()] — elluoliz)?,
w(t
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where s,+1 =t and ¢ is some universal constant. It is elementary to compute

n+1 n.nH
I'(H)"t

/ | |(sj—sj_1)H—1d§=L.

Ta (1) j=2 F(nH + 1)

Therefore, together with (4.32), we obtain

2
00 7, 1-L \nH
2 2 n (0% K THYL)
Elu(t,x)|” > (| pr % uo(x)| — elluoll ) I;)(cbl“(ﬂ)) TH D)
We now recall the asymptotic

o n

3 = 1 exp(z
oy 'l+an) a

Q=

)+ 0(lz1™h as 7 — 00,

which can be found, for example, in [8], page 208. Together with the previous
estimate, this yields:

Z 1

R
(435 Elu@.0f = Ce(prxuotx) — ellugllz) e,
By choosing ¢ = |§’ﬁ;"(‘)‘|‘|)£2|, we conclude the proof. [J

APPENDIX

In this Appendix we gather the results about the space—time function spaces

and probability measures on X g These function spaces are defined in Sections 3.1
and 4.2.

A.1. Space-time function spaces. Let us start by noting that the notation

N, lf ® f(x), defined in (4.3), gives information of the Holder continuity of the
function f. Indeed, suppose, for instance, that a function f has modulus of con-

tinuity |2|Pw(h) at x, for any |h| < 8. Then [/\//f’(a)f(x)]2 is bounded above by
2 J§ @?(h)h~" dh. Thus, for Nj*® £ (x) to be finite, it is sufficient that w?(h)h~!

is integrable near 0. On the other hand, if V, ; 4 f is bounded over a domain, the
following proposition asserts that f is necessarily Holder continuous.

PROPOSITION A.1. Let I be a nonempty open interval of R and § € (0, oc].
Let f be a function on R such that supxef./\/;’(a)f(x) is finite. Then

Al wp WGV SO o nm

B
xel,lyl<$ adist(x,d1) |yl e

for some finite constant c(B) which depends only on B.
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PROOF. For every x € I and positive R, R < §, we denote fyr =
ﬁfﬁg f(+x)dy. We first estimate || f (x) — fx rll as follows:

”f(x) - fx,R”
1 R
<3g | M@= fa+nldy
(A2) R 1 R 1
1 _ 2 —1-28 5 )2 1428 ;.\ 2
< on ([ s = seen P ay) ([P ay)
R B.0)
LA

Let us now fix x € I and y € R such that |y| < §/3 A dist(x, d1). We also choose
R =|y|. It follows from triangle inequality that

| fx+y) — f@)]
< ”f(x +y)— fx-}-y,R“ + ”fx-i—y,R - fx,R” + ”f(x) - fx,R”-

For the second term, we apply Minkowski’s inequality to get

(A.3)

1 R R
rtsr = ferl < gz [ [ 1FG+y+2 = 76+ w)| dzdw,
and invoking Cauchy—Schwarz’s inequality this yields
||fx+y,R - fx,R”

- 1

~ 4R?
R >
x (f ly + 2z — w|2P+! dz) dw.
—R

Notice that because of the restrictions on the variables, the domain of integration
above satisfies |y +z — w| <3R < 4§ and x + w € I. Hence,

(8
| frsy.k = fr.rll < Cpsup NG @ F(n)RP.
yel

1
2

R R )
/ </ [f@ty+2) = fOctw) |y+z—w|‘2ﬁ—1dz>
—R —R

We can now conclude our proof as follows: the first and third terms on the right-
hand side of (A.3) are estimated in (A.2). Combining these estimates within (A.3)
yields (A.1). O

Now we turn to the results about the function spaces %’; (B) and X b , which are
defined in Definitions 3.3 and 4.2, respectively.

PROPOSITION A.2. %’;(B) is a Banach space.
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PROOF. Let{f,} be a Cauchy sequence in %’;(B). Since the space Cj ([0, T'] x
R; B) of bounded continuous functions from [0, 7] x R to B is complete, there
exists a bounded continuous function f : [0, T] x R — B such that

lim  sup | fu(t,x)— f(z,x)| =0.

=00 4€[0,T],xeR

For any ¢ > 0, there exists ng > 0 such that

sup N (fu — fin) (1, %) <&

xeR
for all m, n > ng. It follows from Fatou’s lemma that

NE (fo = )t 0) < Tminf NF (fy = fu) (6, x) <&
forevery t € [0, T], x € R and n > ng. This implies that
im sup NG (fu— f)(t,x)=0

=00, T xeR

which means f; converges to f in .’{g (B). O
PROPOSITION A.3. X’; is a complete metric space.

PROOF. Let {f,} be a Cauchy sequence in X ? Since the space Cyc([0, T'] x
R) is complete, there exists a continuous function f : [0, 7] x R — R such that
for all compact intervals /,

lim sup |fn(t,x) — f(t,x)| =0.

=00 [0,T],xel

Let us fix a compact interval / = [—N, N], and ¢ > 0. There exists ng > 0 such
that

sup  N§(fo — fu)t.x) <e

te[0,T],xel

for all m, n > ng. It follows from Fatou’s lemma that
NP (fa = £, < liminf NGV (fu = fu) (1, %) <e,

foreveryt € [0, T], x € I and n > ng. This implies that Ngl)(fn — f) converges to
0 uniformly on [0, 7] x 1. In addition, from (4.4), it follows that V, él) Jfn converges
to N, él) f uniformly on [0, T'] x I, thus the continuity of N él) fn implies that of
1
NS | o
It remains to check that f satisfies the condition (ii) of Definition 4.2. For every
&> 0and |h| <1, choose n sufficiently large so that

sup /\/’él)(fn—f)(t,x)<8.

te[0,T],xe[N—1,N+1]
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Applying Minkowski’s inequality, for every (¢, x) € [0, T] x [-N, N], we have
NP @ f = ).
<N @ f = o fu) (6,0 + N @ fo = ) (820 + NG (o = £ 3)
<2 + NV fu = f) (1, %).

Since f, belongs to X’;, limy, 0 SUP, (0. 7].x e[ N. N] Nél)(fhfn — f),x)=0
which implies f belongs to X4, [

The next results give some characterizations of the space X g

LEMMA A.4. Let f:[0,T] x R — R be a continuous function such that

t—> N, él) f(t,x) is continuous for every fixed x. Suppose in addition that, for
every R > 0,

b
. 2 _ _
lim  sup /|f&x+y%<ﬂhﬂ|hlm]dy=0
840 4€[0,T],xe[—R,R] Y =5

Then Nél)f is continuous and f belongs to X’;.

PrROOF. Fix R, ¢ > 0, and choose § such that

)
2 _ _
sup /|me+y%aﬂnw|WImldy<&
tel0,T],xe[-R—1,R+1] -4

Then for every t € [0, T],x € [—R, R] and |h| <1,
NG f = P o)

<2e+ sup 2o f @) = f@OP [ Iy dy.
1€[0,T],xe[—R—1,R+1] ly|>8

Since f is continuous, limy—0SUpP;c(0.7].xe[—r—1,R+1] 1 Th S (t, X) — f(£,x)] = 0.

Together with the previous estimate, this yields limj,—.0 SUp;¢jo, 71, xe[—R. R] N, él) X

(tnf — f)(t, x) =0 which on one hand, together with (4.4) implies the continuity

of \V, él) f- On the other hand, it obviously implies f € X g i

PROPOSITION A.5. Let ¢ € C®°(R) be supported in [—1,1], such that
Jro(x)dx =1and 0 < ¢ < 1. Set ¢,(x) =n¢(nx). Then:

) Iffe Xﬂ, then f x ¢, — fin X’; as n — 00, where x denotes the convo-
lution with respect to the space variable.

(2) C%1([0, T1 x R), that is, the space of functions which are continuous in
time and continuously differentiable in space, is dense in X ’;
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(3) Suppose that f is a continuous function on [0, T] x R such that t +—
N él) f(t, x) is finite and continuous in time for every fixed x € R. Then f belongs

to X? if and only if for every R > 0

8
(A.4) lim sup / ft.x+y) — f@. ) Iy dy=o0.
840 re[0,T),xe[—R,R] /=8

PROOF. We denote f,, = f * ¢,. To show (1), we observe that
fn(tax+y)_fn(t,x)_f(t»x+Y)+f(t»x)

=fR[fhf(t,x+y)—fhf(t,X)—f(t,X+y)+f(t,X)]¢n(h)dh

and hence, for every x € [—R, R], applying Jensen’s inequality, we get

1
/_1|fn(f»x+Y)_fn(l,x)—f(l,x—|—y)—|—f(t,x)’2|y|—2f5—1dy

1
< /é/_lirhfa,x V) = T f (1 x) — f(t x4 y)

+ @0y g () dh dy
< sup sup [Nél)(rhf — ), z)]z.

"~ rel0,T].ze[—~R—1,R+1] lh|<i

By assumption f belongs to X’;. Therefore, owing to condition (ii) in Defini-
tion 4.2, this integral converges to 0 when n — oo. This proves item (1).

To show (2), we first prove that X g contains C%1([0, T] x R). Indeed, if gis
a function in C%'([0, T'] x R), by dominated convergence theorem, it is easy to

show that él) g(t, x) is finite and continuous in time for every fixed x. Moreover,
for every R > 0, we have

)
2 _ _
sup / gt x +y) — gt 0) 21y 2 dy
te[0,T],xe[—R,R] /-0
(A.5)
2 _
< sup 9,8 (7, )| IyI'=2F dy.
xe[—R,R],t€[0,T] ly|<é

Since lims—¢ [}y <s ly|'=2# dy =0, Lemma A.4 implies that g belongs to X?. We
have thus proved that C Olecx ’;’i Together with item (1), this yields item (2).

The sufficiency of (3) is in fact the content of Lemma A.4. We focus on the
necessity of (A.4). Assume that f belongs to X g Fix R > 0, ¢ > 0 and choose g
in C%! so that

1
sup ./\/'é)(f—g)(t,x)<8.
t€[0.T].xe[~R,R]
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Then for every 6 > 0 we have

)
2 _ _
sup / f(tox +y) — f( 0y dy
1€[0,T],|x|<R /-8

b
<2242 sup /!g(z,x+y>—g(t,x>|2|y|—2ﬂ‘1dy.
1€[0,T],|x|<R /-8

Since g is C%!, the last term converges to 0 when 8 | 0 [see relation (A.5)]. Due
to the fact that ¢ can be chosen arbitrarily small, this implies that f satisfies the
condition (A.4). O

COROLLARY A.6. X g is a Polish (complete and separable) space.

PROOF. Completeness comes from Proposition A.3. For separability, we in-
voke Proposition A.5(2) and the fact that the functions in C 0.1(10, T] x R) can be
approximated by polynomials with rational coefficients, using a truncation argu-
ment. [J

REMARK A.7. The space which satisfies only condition (i) in Definition 4.2
would be too big and fails to be separable. Analogous situations occur frequently
in analysis. In the study of Morrey spaces, this fact was first observed by Zorko
in [16]. The continuity of spatial translations with respect to a norm is sometimes
called Zorko condition.

PROPOSITION A.8. The inclusion X7’3~ C X7 holds continuously for B > o.

PROOF. Suppose f belongs to X g Fix n > 1. By Proposition A.1, we see that

3
sup [ ftx+y) — f.ol<C sup NS f0lylf
te[0,T],|x|<n tel[0,T],|x|<n+1

for every |y| < 1. Hence, forevery t < T, |x| <n and o < 8 we have

2 Do — 3
[ et n = feoliy > ldy=c s NG,
lyl=1 t€l0,T],|x|<n+1

which is a finite quantity. The continuity of (z,x) > fly\ < fx +y) —
£, x)|?|y|~2*~1 dy follows at once from dominated convergence theorem. [

We state an analogous result for %’;’p without proof.

PROPOSITION A.9. The inclusion .’{’;’p C f{aTt’q holds continuously for B > o
and p>gq.
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A.2. Compactness criteria. In the current subsection, we derive compactness
criteria for X 7’% and %‘; (B). We first recall some well-known definitions and facts.
An g-cover of a metric space is a cover of the space consisting of sets of diameter
at most €. A metric space is called fotally bounded if it admits a finite e-cover
for every ¢ > 0. It is well known that a metric space is compact if and only if it
is complete and totally bounded. The following lemma is the key ingredient for
many compactness results.

LEMMA A.10. Let X be a metric space. Assume that, for every ¢ > 0, there
exists a 8 > 0, a metric space W, and a mapping ® : X — W such that ®(X) is
totally bounded, and for all x,y € X with d(®(x), ®(y)) < 8, we have d(x, y) <
e. Then X is totally bounded.

The proof of this lemma is elementary; we refer readers to Lemma 1 in [12] for
details. The following result provides sufficient conditions for relative compact-
ness in X ?

PROPOSITION A.11. A set§ in Xg is relatively compact if:

[A1] SUP feg | £(0,0)| is finite.
[A2] For every fixed x e R, {f(-,x) : f € §} is equicontinuous in time.
[A3] Forevery R > 0,

lim sup sup

dy =0.
840 reFre[0,T1xe[—R,R]

/5 |f(t,x+y)— f(t, %)
-5 |y|1+26

PROOF. Suppose that § satisfies the three conditions. We first observe that
condition [A3] together with (A.1) implies the following equicontinuity property.
For every R > 0 and ¢ > 0, there exists 1 > 0 such that

sup |f(t,x)— ft, )| <e
t€[0,T]

whenever f € § and x, y € [—R, R] satisfy |x — y| < . Together with [A2], this
implies equicontinuity for § in (¢, x) € [0, T].x [—R, R]. Indeed, take N to be a
sufficiently large integer, and set x; = —R + ﬁR, j=0,1,...,2N. According to
[A2], {f (-, x;) : f € §} is equicontinuous in time, uniformly for j =0,1,...,2N.
By writing
‘f(t’x) - f(s,x)|
= |f(t9-x) - f(t’xi)| + |f(t9-xi) - f(s’-xi)| + |f(s’-xi) - f(s,x)

where x; is chosen in such a way that |x — x;| < n, this shows the uniformity in x.

9
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Fix now R > 0 and ¢ > 0. From [A3], we can choose a positive number 6| =
81(¢), such that 51 < 1 and

2 sup sup dy < &2

festel0,T],xe[-R,R]

f‘” |f(t,x+y)— f(t,x)

-8 |y 428

We now choose 8, < ¢ satisfying

dy )
2(352)2/ T <2
ly|>8, |y 2P

By the equicontinuity, we can also choose a positive number n = n(¢g), n < 1, such
that
(A.7) | £, x) = fs, 0] <62,

whenever f € § and (¢, x),(s,y) € [0,T] x [-R — 2, R + 2] satisfy |t — s| +
|x — y| <n. Since [0, T] x [-R — 2, R 4 2] is compact, we can find a finite set
of points {(t;,x;): 1 <a,i <n}in [0,T] x [-R — 2, R + 2] such that for every
(t,x) €[0,T]x [-R—1, R+ 1], there is some (14, x;) so that |t — 7, + |x — x| <
nand [x; —1,x; +1]C[-R -2, R+2].

Define ¢ : § — R? by
O(f)=(f(tayxi): 1 <a,i <n).

Condition [A1] and equicontinuity imply that the image ®(§) is bounded, and thus

totally bounded in R Furthermore, consider f, g € § with [P (f) — P(2)|lco <
8>. Resorting to the fact that for any (¢, x) € [0,T] x [-R — 1, R + 1] there are
some a, j so that [t — 7] + |x — x| < n, we can write

|f(t,X) _g(t’x)|
<|f@,x) = flta, x))| +|f(ta, xj) — g(tas x;)| + |g(ta, x;) — g(t, %)
<36,

where we bounded the first and third term on the right-hand side thanks to (A.7),
and the second one according to the fact that | ®(f) — ®(g)|lco < 2. We end up
with

sup |f(t,x) — g(t,x)| <38, <3e.
tel0,T],xe[—R—1,R+1]

In addition, for every (¢, x) € [0, T] x [—R, R] we have
[Np(f — ). )]

> dy
<2 sup ht,x +y)—h(t,x)|"——=
helf.s) |y|sal| | |y|1+2f
d
+2 sup |f(r.2) —g(r. )] Y 2¢2.

—_ <<
1428 —
rel0,T],z26[— R—1,R+1] lyl=6; |y[1+28
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Therefore, by the definition of the metric on X 5{ [see (4.5)] and Lemma A.10, the
set § is totally bounded in X ? O

A useful consequence of the previous proposition is the following corollary.

COROLLARY A.12. Suppose o > B. Let § be a subset of X such that § is
equicontinuous in time for every fixed x, suprcx|f(0,0)] < oo and

SUP fex SUPs [0, 7], x| <R Nogl)f(t, x) < oo for every positive R. Then § is relatively

compact in X ?

PROOF. It suffices to check that § satisfies condition [A3]. Applying (A.1),
for 6 small enough, the assumption on § implies

sup  sup | f(r,x+y)— f(t,x)| < Clyl%,
feFtel0,T],|x|<R
for all |y| < §. Hence,

2 — —
sup  sup / |ft,x+y)— £, 0 1y"#F dy
feFte[0,T],|x|<R /Iy|<8

<c [ Pehlay,
lyl<é
which clearly implies [A3] since o > . [

The following result provides sufficient conditions for relative compactness in

%’;(B). Its proof is completely analogous to that of Proposition A.11 and is omit-
ted for the sake of conciseness.

PROPOSITION A.13. Suppose that a set § in %’;(B) satisfies the following
propetrties:

(1) For everyt € [0,T] and x € R, §(t,x) :={f(t,x): f € §} is relatively
compact in the Banach space B.

(2) For every fixed x e R, {f (-, x) : f € §} is equicontinuous in time.

(3) Forevery R > 0, we have

S f — f(t, 0?2
Jim sup sup / If@tx+y) = fE 0l dy = 0.

810 regre[0,T],xe[—R,R] /=8 |y|1+28

Then § is relatively compact in %’;(B).

In order to handle the nonlinearity in equation (1.1), the following composition
rule is crucial.
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PROPOSITION A.14 (Left composition). Let o be a Lipschitz function on
R and let f be a function in X?. Suppose that for every fixed x, the map
t— Nél)o(f) (t, x) is continuous. Then o (f) belongs to XY’%. Furthermore, if f,

is a sequence converging to [ in X 4 , then for every positive R and for any § > 0
we have

lim  sup NS (0(fu) — o (f))(t,x)=0.

n7>004€[0,T], |x|<R

PROOF. We first show that o (f) belongs to X’;. For any 6 > 0, we have

/| oty — o (f0) Py dy < lloIF, [NV F a0 T
yI=

which together with the criterion (3) in Proposition A.5 implies that o ( f) belongs
to X ?

For the second assertion, for every positive R and any ¢ > 0, we can choose
80 > 0 and ng > 0, so that, for any n > ny,

(A.8) sup NP (o (f) — o (), x) <e.

1€[0,T],1x|<R

Indeed, it is easily seen that
N (0 (fa) = o (H) . x) < NSVo (f)(t.x) + NP o (£)(2, %)
< llo lipWE™ fu(, x) + NG £ (2. x))
<o lLipW5 (fu = £ x) + 2N f (1, x)),

and the last term is readily bounded by ¢ if §¢ is chosen small enough. Now with
(A.8) in hand we obtain, for any § > 0,

sup NP (o (fu) — o ()t x)
tel0,T],Ix|<R
1

2
<Ce+Clolliy  sup |fn<r,x>—f<r,x>|(/ |y|—2ﬂ‘1dy) .
t€[0,T],|x|<R+1 [y]>6o

We conclude the proof by taking the limit as » tends to infinity. [J

The next lemma gives a criterion for a process in %‘;’p to have its paths almost
surely lie in the space X ’; for a certain value of B.

LEMMA A.15. Let f be a stochastic process in f{oTl’p with pa > 1. Assume

that for any R > 0

(A.9) sup sup | £(t,x) = f(5,%)| .y < Crlt —sI",
s,t€[0,T]|x|<R
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where A > p~. Then f has a version f such that with probability one, f belongs

to ngoreveryﬁ <o — %.

PROOF. Since f belongs to X%.”, inequality (A.1) implies

I f(t,x+y)— fE& ) e
sup  sup
1€[0,T] x,yeR |y«

<C sw LI 45) = £ 0y dy.
€[0,T],xeR /R

Then by the Kolmogorov continuity criterion, f has a version f such that with
probability one, f satisfies

sup | ftx+y)— fs. 0| <c(ylf +1t —s¥)
s,t€[0,T],|x|<R

for every R and |y| < 1, where B’ and A’ are fixed and suchthat 8 < 8’ <a —1/p
and A < A’ < A — 1/p. This implies that a.s. /\/’él)f(t, x) is finite and a.s. f(z, x)
satisfies condition (A.4). The continuity of N, él) f follows from the dominated

convergence theorem. These facts imply that f belongs to X ’; almost surely. [J

A.3. Probability measures on X ’; This subsection is devoted to study tight-

ness of probability measures defined on X 7"[{ These properties are needed in Sec-
tion 4 to show the existence of solution to equation (1.1). We have the following
result toward this aim.

THEOREM A.16. Let {P,,n > 1} be a sequence of probability measures on
X ’; This sequence is tight if the following three conditions hold.:

(1) For each positive n, there exist a and ng such that for all n > no:
(A.10) P,(f e Xl :|f0.0)]>a)<n.
(2) Forevery x € R, and every positive € and n, there exist § satisfying 0 < § <

1, and ng such that for all n > ny

(A.11) Pn(feX’;: sup |f(t,x)—f(s,x)|zs)§n.

$,t<T,|t—s|<§

(3) For every R > 0, for each positive € and n, there exist § € (0, 1) and ng
such that for all n > ng

k)
P, (f exf: sw [ rextn - a0l ayz e)
1€[0,T1,|x|<R /-8
(A.12)

<17,



4614 Y. HU ET AL.

PROOF. Without loss of generality we assume ng = 1. For a given n > 0, we
choose a so that P,,(B€) < n for all n > 1, where

B={fexb:|£0,0)<al.

According to condition (3), for any integer k, N, we also choose and fix &; y such
that P, (A% ) <n27*~V forall n > 1, where

B SN 2, 1=2p—1 1
Mv={fexis s [ |rexty - pa Py < S
1€[0,T],|x|<N J =8k n k
Then for each X € [N, NN (S"T'NZ, where 7Z is the set of integers (note that the
number of such x has order %), we choose 8,/“ ~ (X) according to condition (2)

such that P, (Bf y (¥)) < 8, yn2* ", where

1
Bv@={rexi: s |ren- o0l 5)

t,5,<T,|t—s|<8; y(X)

Consider now Bx y =().

xe[—N,N]ﬂ%%Z By n(x). It is easy to see that

. N i i
Pu(Biy)= 2. Pu(B{y(®)=Cy—ndin2 N =N
N
Fe[-N,NIn%X 7,

We thus set A = (" y(Ax,ny N Br,n) N B. Then according to Proposition A.11 we

see that the closure of A is compact in X p ,and P, (A) > 1 — Cn. This shows the
tightness of P,,. [J

The following proposition states that under some moment conditions, a se-
quence of processes {u,} can be regarded as a tight sequence of probability mea-

sures on the space X 7’%

PROPOSITION A.17. Assume that a, ) € (0,1) and p > 1 satisfy pa > 1,
pr>1land B <o — 1/p. Let {u,,n > 1} be a sequence of stochastic processes
such that:

(1) lims—, o limsup, P(Ju, (0, 0)| > §) =0,

(2) for every R > 0, sup,sup ,cio.77.|x|<r lUun(t;X) — un(s, X)llLr@) <
Crlt —s|*,

(3) sup, ||un||3€oTz,p is finite.
From Lemma A.15, the law of u,, can be considered as a probability measure on

X’;. In addition, as probability measures on X’;, the sequence {u,,n > 1} is tight.

PROOF. This proposition can be easily proved using the same ideas as in the
proof of Lemma A.15 and Theorem A.16. We omit the details. [J
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