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The aim of this paper is to show an estimate for the determinant of the
covariance of a two-dimensional vector of multiple stochastic integrals of
the same order in terms of a linear combination of the expectation of the
determinant of its iterated Malliavin matrices. As an application, we show
that the vector is not absolutely continuous if and only if its components are
proportional.

1. Introduction. A basic result in Malliavin calculus says that if the Malli-
avin matrix A = ((DF;, DF})y)1<i,j<a of a d-dimensional random vector F =
(F1, ..., Fy) is nonsingular almost surely, then this vector has an absolutely con-
tinuous law with respect to the Lebesgue measure on R¥. In the special case of
vectors whose components belong to a finite sum of Wiener chaos, Nourdin, Nu-
alart and Poly proved in [1] that the following conditions are equivalent:

(a) The law of F is not absolutely continuous.
(b) EdetA =0.

A natural question is the relation between E det A and the determinant of the co-
variance matrix C of the random vector F. Clearly, if det C = 0, then the compo-
nents of F are linearly dependent and the law of F is not absolutely continuous,
which implies E det A = 0. The converse is not true if d > 3. For instance, the
vector (X % -1, X% — 1, X1X»), where X| and X7 are two independent random
variables in the first chaos, with unit variance, satisfies det A = 0 but detC £ 0.
Note that the components of this vector are multiple integrals in the second Wiener
chaos.

The purpose of this paper is to show the equivalence between E det A = 0 and
det C = 0 in the particular case of a two-dimensional random vector (¥, G) whose
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components are multiple stochastic integrals of the same order . This implies that
the random vector (F, G) has an absolutely continuous law with respect to the
Lebesgue measure on R? if and only if its components are proportional, as in the
Gaussian case. This result was established for n =2 in [1], and for n = 3, 4 in [5].
Our proof in the general case n > 2 is based on the notion of iterated Malliavin
matrix and the computation of the expectation of its determinant.

In connection with this equivalence, we will derive an inequality relating
E det A and det C, which has its own interest. In the case of double stochastic
integrals, that is, if n = 2, it was proved in [1] that

Edet A >4detC.
We extend this inequality proving that

EdetA >c,detC

holds for n = 3, 4 with ¢3 = % and ¢4 = 1,#6. For n > 5, we obtain a more involved

inequality, where in the left-hand side we have a linear combination (with positive
coefficients) of the expectation of the iterated Malliavin matrices of (¥, G) of order
kforl <k< [%] (see Theorem 2 below).

The paper is organized as follows. In Section 2, we present some preliminary
results and notation. Section 3 contains a general decomposition of the determi-
nant of the iterated Malliavin matrix of a two-dimensional random vector into a
sum of squares. In Section 4, we prove our main result which is based on a fur-
ther decomposition of the determinant of the iterated Malliavin matrix of a vector
whose components are multiple stochastic integrals. Finally, the application to the
characterization of absolute continuity is obtained in Section 5.

2. Preliminaries. We briefly describe the tools from the analysis on Wiener
space that we will need in our work. For complete presentations, we refer to
[4] or [2]. Let H be a real and separable Hilbert space and consider an isonor-
mal Gaussian process (W (h),h € H). That is, (W(h),h € H) is a Gaussian
family of centered random variables on a probability space (€2, F, P) such that
EWMh)W(g) = (f, g)n for every h, g € H. Assume that the o-algebra F is gen-
erated by W.

For any integer n > 1 we denote by H, the nth Wiener chaos generated by
W. That is, , is the vector subspace of L2(Q2) generated by the random vari-
ables (H,(W(h)),h € H, ||h||g = 1) where H, is the Hermite polynomial of de-
gree n. We denote by Hj the space of constant random variables. Let H®" and
H®" denote, respectively, the nth tensor product and the nth symmetric tensor
product of H. For any n > 1, the mapping I, (h®") = H, (W (h)) can be extended
to an isometry between the symmetric tensor product H®" endowed with the norm
Vn!|| - || yen and the nth Wiener chaos H,,. For any f € H®", the random variable
I,,(f) is called the multiple Wiener—It6 integral of f with respect to W.
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Consider (e;)j>1 a complete orthonormal system in H and let f € H", g €
H©®™ be two symmetric tensors with n, m > 1. Then

2.1) f="Y fiinei ® Qe
jl vvvvv jnZl

and

(2.2) 8= D Sk ® @€k,
ki,....ky>1

where the coefficients are given by f;, ., =(f.e;; ®---®ej,) and g, ..k, =
(g, ek, ® -+ ® ex,). These coefficients are symmetric, that is, they satisfy
fjaa),-..,ja(n) = fj,...j, and Bhx(tyeeorkmy = 8k vk for every permutation o of
the set {1, ..., n} and for every permutation 7 of the set {1, ..., m}.

Note that, throughout the paper, we will usually omit the subindex H®* in the
notation for the norm and the scalar product in H®¥, for any k > 1.

If f € HO", g € HO™ are symmetric tensors given by (2.1) and (2.2), respec-
tively, then the contraction of order r of f and g is given by

f ®r 8= Z Z Z ﬁl ----- irv.jl1"'7jll*l‘gi13---7irvkl ----- -
I1yees =1 j1yees jn—r=lkp,..., k—r=>1
(23) X (ejl Q- ® ejn—r)
® (er, ®---Qey,_,)
foreveryr =0, ..., m An.In particular, f ®yg = f ® g. Note that f ®, g belongs
to H®m+n=2r) for every r =0,...,m A n and it is not in general symmetric.
We will denote by f ®, g the symmetrization of f ®, g. In the particular case

when H = L*(T, B, @) where p is a sigma-finite measure without atoms, (2.3)
becomes

(f&9,..., tm+n—2r)
2.4) =/ dpe(ur) - dp(y) f Qs .ty b1, s tner)
TV

X UL, oy Upytupgls e ey tngn—2r)-
An important role will be played by the following product formula for multiple
Wiener-Ito integrals: if f € H®", g € HO™ are symmetric tensors, then

mAn

2.5) Li(f) () =Y r'Ch.Chlnin—2r(f ®r ).
r=0

We will need some elements of the Malliavin calculus with respect to the isonor-
mal Gaussian process W. Let S be the set of all smooth and cylindrical random
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variables of the form
(2.6) F=¢p(W(h),..., W(hy)),

where n > 1, ¢ : R" — R is an infinitely differentiable function with compact sup-
port,and h; € H fori =1,...,n.If F is given by (2.6), the Malliavin derivative
of F with respect to W is the element of L2(Q2; H) defined as

"y
DF=Y" a—f(W(hl), e W) i
i=1 "1

By iteration, for every k > 2, one can define the kth derivative D® F which is an
element of LQ(Q; H Qk). For k > 1, DK-2 denotes the closure of S with respect to
the norm || - ||p.2, defined by the relation

k
IFI2, = EIFP+ Y E|DYF|e:.

i=1

If F=1,(f), where f € H®" and I,(f) denotes the multiple integral of order n
with respect to W, then

DIL,(f)=n)_ILi-1(f ®1eje;.

j=1

More generally, for any 1 < k < n, the iterated Malliavin derivative of I,,(f) is
given by

n!
D(k)ln(f) = Z It (fji..jp)ejy ® - ey,
(n—k)! . -
Jlsees k=1
where
(27) fj] ..... jk:f®k (ej1®®e]k)

We denote by § the adjoint of the operator D, also called the divergence operator
or Skorohod integral. A random element u € L>(Q2; H) belongs to the domain of
8, denoted Dom é, if and only if it verifies

|E(DF,u)n| < cu\/ E(F?)

for any F € D2, where ¢, is a constant depending only on u. If u € Dom§, then
the random variable & () is defined by the duality relationship

E(Fé(u)) = E(DF,u)m,
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which holds for every F € DV2, If F = I,,(f) is a multiple stochastic integral of
order n, with f € H®", then DF belongs to the domain of § and

(2.8) SDF =nF.

3. Decomposition of the determinant of the iterated Malliavin matrix. In
this section, we obtain a decomposition into a sum of squares for the determinant
of the iterated Malliavin matrix of a 2-dimensional random vector. We recall that
if F, G are two random variables in the space D2, the Malliavin matrix of the
random vector (F, G) is defined as the following 2 x 2 random matrix:

_( IDF|F <DF,DG>H>
(DF,DG)y  |DFI|%

More generally, fix k > 2 and suppose that F, G are two random variables in D*-2,
The kth iterated Malliavin matrix of the vector (F, G) is defined as

2
A ( | DOF || e (DWF, D(k)G)H®k)
<D(k)F, D(k)G>H®k ”D(k)G”fq@k

We set A = A. For every ji, ..., jx > 1, we will write
(k) k
Dj, 'F:<D()F’ej1®"'®ejk)H®k'

The next proposition provides an expression of the determinant of the iterated
Malliavin matrix of a random vector as a sum of squared random variables.

PROPOSITION 1. Suppose that (F,G) is a 2-dimensional random vector
whose components belong to D*? for some k > 1. Let A® be the kth iterated
Malliavin matrix of (F, G). Then

TERTN 7 St SUOUN /it FIROUN S IO )

1
k k) (k)
(3.1) detA® = 5 > (D . FD,

[ yeensliesl]y e lx>1

PROOF. For every k > 1, we have

[DOF o= 3 (D) F)

i1 ir>1
2 k 2
||D(k)G|| H® = Z (Di(l,)...,ikG)
i1 ir>1

and

k k k k
DUEDVG) o= T D, PO 6
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Thus,
k) _ (k) 2 (k) 2
detA® =%~ (D;,) W F) > (D .6
i1yeens ir>1 i,..,0>1
(k) (k)
- ( Z Di] ..... ikFDl ..... lkG)
i1yeens ir>1
1 (k) (k) (k) (k) 2
=5 > (D;” . FDy. ,,G=D " FD;’ ,G)
ioeitol e i1 0

4. The iterated Malliavin matrix of a two-dimensional vector of multi-
ple integrals. Throughout this section, we assume that the components of the
random vector (F, G) are multiple Wiener—Ito integrals. More precisely, we fix
n,m > 1 and we consider the vector

(F,G)=(In(f), In(g)),
where f € H®" and g € H®™. Since for every 1 < k < min(n, m),

n!

(k)
Di] ..... ikF = (n _ k)!ll’l*k(ﬁl,...,ik)
[with f;, ;. defined by (2.7)] and
!
k .
Di(l ,).‘.,ik = mlm—k(gi, ..... i)
formula (3.1) reduces to
2
detA(k):l< ! m! )
2\ (n—k)! (m —k)!

X > [k (fiy i) In—k (811 .1,

iyenitody, k=1

By the product formula for multiple integrals (2.5), we can write

2\(n —k)! (m —k)!

(n—k)AN(m—k)
X Z ( Z r!CZ,kC,;,klm—f—n—Zk—Zr
=1

i1yeensifslls. r=0

X [fll ..... iy (g 8, ..., Ik
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Taking the mathematical expectation, the isometry property of multiple stochastic
integrals implies that

2
EdetA® = 1( n m! )
2\ (n —k)!' (m —k)!
(n—k)A(m—k)
x Y Y (rICh_Ch ) (m A — 2k —2r)!
iyeensdies Iyl >1 r=0
(41) X ”fll ..... ix ®r 8, ..., I
_fl1 ..... I ®rgi1 ..... ik||2
(n—k)A(m—k)
= 3 1
r=0
where
1 - -
4.2) Tr(k) = Eak,r Z ||fi1,...,ik r 811,01 — fll ..... I Qr &iy,....ix ”2,
iyeensdies eyl >1
with
n'm! 2 2%k — 27
Ak r = m-+n— —2r)l.
or ((n—k—r)!(m—k—r)!r!) ( )

We will explicitly compute the terms T,(k) in (4.2). To do this, we will need several
auxiliary lemmas. The first one is an immediate consequence of the definition of
contraction.

LEMMA 1. Let f € H®" g€ HO™. Then for every k,r > 0 such that k +r <
mAmn,

Z fi1 ..... i ®r 81‘1 ..... i :f®r+k 8.

The next lemma summarizes the results in Lemmas 3 and 4 in [5] (see also
Lemma 2.2 in [3]).
LEMMA 2. Assume f,h € H®" and g, £ € HO™.
(i) Foreveryr =0,...,(m —1) A (n — 1) we have
(f ®n—r b, g @m—rt)=(f ®rg h® t).
(i1) The following equality holds:

mAn

- - m!n!
@g t®h)=——Y CIC{f & L h®, g).
(f®g ) (m+”)!§) (f g)

We are now ready to calculate the term To(k).
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PROPOSITION 2. Let f € HO", g € HO™. Let To(k) be given by (4.2). Then
forevery 1 <k <min(m,n)

W m!2n!2 (m—k)A(n—k)

I = (m —k)!(n — k)! 2

s=0

CS 1 C I f @ gll® =11 f @5 gl?]-

PROOF. From (4.2), we can write

w0 _ 1 - . 2
T() = Eak,o Z ||f11 ..... iy ®gll ,,,,, I — fl1 ..... Ix ®gi1 ,,,,, iy ”
[yeensdfeslyenny g >1
S 2
43 =ao Y Wa®en. il

Dy dies eyl >1
- (fil,...,ik ®g11,...lk’ gi],...,ik®fl1 ..... 1k>]
By Lemma 2, point (ii) and point (i),
s 2
”fll ..... i ®g11 ,,,,, lk”

= (firris @&l [irris @&l )
(m—k)!(n —k)!
T m+n—2k)!
(m—k)A(1—k)
(4.4) X CokCo il fiti Os 8lolir it i Os 8yl
s=0
(m—k)!(n —k)!
T m+n—2k)!
(m—k)A(1—k)
x X(:) Co—kCrk
=

X (fil,...,ik ®n—k—s fi] ..... ivr 811,..., I Qm—k—s 8, ..., lk>-
Also, Lemma 1 and Lemma 2 point (i) imply

Z (fitsosic On—s fir,iv> 811,y Om—s &ly,...1¢)
4.5)
= (f @ns [, Om—s &) =1 f &5 glI*.
On the other hand, using again Lemma 2 point (ii),
(Firrois @ &lyilis iz @ f11li)
m—Kk)!(n—k)!
~ ntn—2k)!
(m—k)A(n—k)

X Z Crsn—kc;i—k<fi1 ..... i Qs 8iy,....ix» fl1 ..... I Qs 8i,..., lk>-
s=0

(4.6)
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Again, Lemma 1 and Lemma 2 point (i) imply

Z (fl] ..... ir s 8i1,..., ikafh ..... I s 8h,..., lk>

ST Y ST |

= (f @srk & f D51k &) = | f D54k glI*.

Then, substituting (4.4), (4.5), (4.6) and (4.7) into (4.3) yields the desired result.
O

4.7)

It is also possible to compute the terms Tr(k) forevery l <r <(n—k)A(m—k)
but the corresponding expressions are more complicated, involving some kind of
contractions of contractions. In order to obtain this type of formula, we need the
following generalization of point (ii) in Lemma 2.

For f,h € H®" and g,£ € H®" and for r,s > 0 such that » + 5 <m A n we
denote by (f ®;, g) ®s (£ ®, h) the contraction of r coordinates between f and
g and between £ and h, s coordinates between f and ¢ and between g and #,
n —r — s coordinates between f and & and m — r — s coordinates between g
and £. That is,

X <hp1umaprvllw--vls7k1s~~~7kn7r7s>’

where the sum runs over all indices greater or equal than one. Notice that

LEMMA 3. Assume f,h € H®" and g,t € H®™. Then for every r = 0,
o, (m—=1)A(m—1) we have

(f &gl h)_(n—r)!(m—r)!(mr)ﬁ:(nr)cs C (@ 9)®s (£, h)
P8 = o =2 = neremer r8) S EEr

PROOF. We can write

and
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Then Lemma 2 point (ii) gives
(fRrg @ hy="" Y (firiy ®8&irroivs Lty Rhuy, 1)
Iyeensipylpy.ndy
_ (n—=r)l(m —r)!
T (m4n=2r)

(m—r)A(n—r)

s s
2 Z Cn—r Cm—r
s=0

X fiysoiy Qs iyt Byl Os &iiy )

which implies the desired result. [J

Notice that for r =0,
(f®g)®s LRh)=(f ®;s¥, hQyg),

so Lemma 2 point (ii) is a particular case of Lemma 3 when r = 0.

PROPOSITION 3. Let (F,G) = (I,(f), I,(g)) with f € H°" and g € H™.
Then, foreveryr =1,...,(n —k) A (m — k)

(n—k—r)AN(m—k—r)

Tr(k) = IBkJ’ Z Cft—k—r Cii—k—r
s=0

(4.8) x ((f ®r &) s (g ®r f)
—(f®rg) ®s+k (g ®r f)),
where

n?m!?

Prr = o T T m — k= )

PROOF. From (4.2), we can write
T =ar, > i ®r gl

[yeensiies eyl >1
4.9) _ _
- <f11 ..... i ®r811 ..... lk,fll,...,lk ®rgi1,...,ik>]-

Applying Lemma 3 yields
1 oot ®r 811t 1

= (fll ,,,,, i ®r 81,0l fl’l ..... i ®r811 ,,,,, lk>
—k—r)!m—k—r)!
@10 =" rlim )
(m+n—2k—2r)!
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(n—k—r)A(m—k—r)

s s
x Z n—k—r~m—k—r

s=0
X (fl] ..... i ® 8l,..., lk) ®S (gll ,,,,, I s fi] ..... ik)-

Notice that

Z (fl] ..... iy ®r 8, ..., lk) ®S (gll,.,.,lk &y fil ..... ik)

[T N ST /|

4.11)

Analogously, we get

<fi1 ..... i ®r 81y, fll ..... I ®r 8i,..., ik>
_ mn—k—r)im—k—r)!
 (m+n—2k—2r)!

(4.12)
(n—k—r)AN(m—k—r)
X Z Cfl—k—rc;;—k—r
s=0
X (fil,...,ik &y gll,...,lk) ®s (8:‘1 ..... i ®r fl1 ..... lk)a
and
Z (fll ..... ir Qr &iy,..., lk) @s (gil,...,ik r fll ..... lk)
(4 13) Iyeensdpeyl] ey lg>1

= (f r g) ®s+k (g ®r f)

Substituting (4.10), (4.11), (4.12) and (4.13) into (4.9) we obtain the desired for-
mula. O

In the particular case n = m, expression (4.8) can be written as

n—k—r
(4.14) T® =% 1®

rs
s=0

where

® (n)* (€, )
TS (n =k —r)trh2 ke

X ((f®r g)®s (g®r f)_(f®r g)®s+k(g Qr f))

For r =n — k, expression (4.14) can be simplified as follows.
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COROLLARY 1. Let (F,G) = (I,(f), I,(g)) with f, g € H®". Then for k =
1,....,n—1

14
T,f’?k_(”—),z[nf@n 812 = (f @nt 88 Bu_i f)]-

PROOF. When r =n — k, there is only one term in the sum (4.14), obtained
for s = 0. It is easy to see that

(f @k 8 ®0(g®n—ik [)=(f®LBur (8®f)=Ilf ®nr gl

and

(f @n—k &) Ok (§ Rn—ic [)={f Qn-k & & ®n—r f)- 0

From (4.1) and Proposition 2, we obtain the following expression for the deter-
minant of the kth iterated Malliavin matrix.

THEOREM 1. Let f € H®" g e HO™. Then for every 1 <k <m An,
EdetA®

a2 A
= — > CoiCis
m—Rn—k! =

x [I1f @5 &l = 1 f ®s 171+ R ks
where Ry, .k = Z(m BIAm=k) T(k) and Tr(k) is given by (4.8). Note that Ry, , x > 0
foreveryn,m > 1 andfor every k=1, ..., n A m [this follows from (4.2)].

In the case of multiple integrals of the same order (i.e., m = n), we have the
following result.

COROLLARY 2. If f, g € H®", the determinant of the kth iterated Malliavin
matrix (1 <k <n)of (F,G) = (I,(f), I,(g)) can be written as

EdetA® = " —k)'2 Z 2(1f ®s 811> = I f @sk 8II7) + Ruomk.

EXAMPLE 1. Suppose m =n =3 and k = 2. Then

EdetA® =GB f ®0gll> — I f ®28l> + 11 f ®1gl> — I f @3 gll*] + R332
Suppose m =n =4 and k = 2. Then

@t

EdetA® =
212

[If®ogl*—IIf ®2gl*+4( f ®1gl> = I f @3 8l1*)]+ Ra a2
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Our next objective is to relate the expectation of the iterated Malliavin matrix
E det A with the covariance matrix of the vector (F, G) in the case n = m. We
recall that

detC =n[II f1%llgl* - (f, £)%]-

Notice that, for k = n, the iterated Malliavin matrix A® is deterministic and
A™ = n!C. Therefore, det A = n!2det C = n*[|| f1I%lIglI* — (£, g)?].

THEOREM 2. Forany f,g € HO", if F = I,(f) and G = I,(g), we have

[(n—1)/2] I’l(l’l _ 2S)

> EdetA® + (n — )?Edet AV > n?det C.
S
s=2

PROOF. From Corollary 2, taking into account that R, , 1 > 0, we can write

n—1

EdetAD > [nn1? Y (C5_ ) (If @ 81> = 1f ®s41 8117)
s=0
n—1 9 )
= n?detC + [nn!1? Y ((C5_1)° — (CSH)I F @ gl
s=1

Notice that (C3_ )% — (C3=1)? = —[(C"~$)? — (C"~!7*)?]. Therefore, we con-
clude that

[(n—1)/2] 5 5
Edet AV > n?detC +[nn!* Y ((C5_)" = (C32))7)
s=1
(4.15) x (If ®s &l* = II f @n—s glI?)
[(n=1)/2]
=n?detC+ > yus(If ®sgl* = I f ®u—s gll*).

s=1

n!? 2
Vn,s = ((7> n(n —2s).

n—s)ls!

where

Remark that y, s > 0 if s < [”—51]. We can write, using Lemma 2 point (i) and
Corollary 1,

If ®sgll> = 11f @ns > =11f ®s glI* — (f @5 8.8 D5 f)

(4.16) — (Il f ®n—s &I* = (f ®ns & & Bn—s f))
— )12 _ )12
S P O Ul L YN )
n!4 n'4
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Substituting (4.16) into (4.15) yields

[(n—=1)/2]
1) - .2 n(n —2s)
EdetA"’ >n”detC — E W

s=1

EdetA®,

which implies the desired result. [

REMARK 1. In the particular case n = 2, we obtain EdetAD > 4detC,
which was proved in [1]. For n = 3, we get EdetA® > %detC, and for n =4,
EdetAD > %6 detC. Only if n > 5 we need the expectation of the iterated Malli-
avin matrix to control the determinant of the covariance matrix.

5. The density of a pair of multiple integrals. In this section, we show that
a random vector of dimension 2 whose components are multiple integrals in the
same Wiener chaos either admits a density with respect to the Lebesque measure,
or its components are proportional. We also show that a necessary and sufficient
condition for such a vector not to have a density is that at least one of its iterated
Malliavin matrices vanishes almost surely. In the sequel, we fix a vector (F, G) =
(In(f), In(g)) with f, g € HO",

In the following result, we show that, if the determinant of an iterated Malliavin
matrix of a pair of multiple integrals vanishes, then the determinant of any other
iterated Malliavin matrix will vanish.

PROPOSITION 4. Let 1 <k,l <n withk #1. Then E det A®) =0 if and only
if Edet AV =0.

PROOF. Assume first that k = 1 and / = 2. Suppose that E det AV = 0 and
let us prove that E det A® = 0. Since det AV = 0 a.s., from (3.1) we obtain

5.1 D;iFD;G=D;FD;G a.s.
forany i, j > 1 (recall that D; F = DF @ e;). That is,
(5.2) DFD;G=DGD;F a.s.,

for any i > 1. Let us apply the divergence operator § (the adjoint of D) to both
members of equation (5.2). From (2.8), we obtain §DF =nF and DG = nG.
Using Proposition 1.3.3 in [4], we get

nFDl-G—(DF, DDiG>H =I’lGD,'F—(DG,DD,'F)H a.s.,
which can be written as [using the notation (2.7)]

Li(H)a1(8) = (0 = 1) Y L2 (8i) n—1(f7)

j=1

=L@ h-1(f) = (=1 Y Lhia(fipla-1(g))  as.

j=1
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By the product formula (2.5), the above relation becomes
n—1
D1 (f &80 + Y (KICKCE_| — (n — Dk — DIC* 2] Ch))
k=1
X Ly 12k (f ®k gi)
n—1
=Da1(8® fi) + Y (KICKCE_| — (n — D(k — DICAZ|CA75)
k=1
X Da—1-2k(8®x i) as.
By identifying the terms in each Wiener chaos, we obtain
f@rgi=g®kfi

for any i > 1 and for any k =0, ...,n — 1. A further application of the product
formula for multiple stochastic integrals yields

FDG=GDF a.s.
We differentiate the above relation in the Malliavin sense and we have
FD{Y’G+D;FD;G=GD{YF + D;GD;F  as.
for every i, j > 1. By (5.1),
FDPG=GD®F as.

and this clearly implies that det A® =0 a.s.
Suppose now that E det A®) = 0. Then A® =0 a.s. and from (3.1) we get

@) Y N 2

D;i’FDy G =Dy FD;;”G a.s.
for any i, j, p, g > 1. This implies
(5.3) DD;FD\)G=DD;GD)F  as.
for any i, p,q > 1 Applying the divergence operator § to equation (5.3) yields

2 2
(n—)D;FD$)G —(DD;F, DD)G),
2 2

=(n—1)D;GD})F —(DD;G. DD F),,

a.s. This equality can be written as

Lt () In—2(8pg) — (0 —2) Y Ii—3(8pg) In—2(fi})

j=1

=I1y(gi) In—1(fpqg) — (n —2) Z Ty —3(fni) In—2(8pg) a.s.
=1
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By the product formula for multiple stochastic integrals, we get for every j, p,
qg=1,
n—2
D=3 (fi ® gpg) + Y [KICE_,CF_| — (n —2)(k — DICkZ)C )]
k=1
X In—3-2k(fi ®k &pq)
n—2
= D38 ® fpg) + Y [KICE_,CE_| — (n —2)(k — DICt=)C 1]
k=1
X Dn—3-2k(8i Qk fpg)  as.

Identifying the coefficients of each Wiener chaos, we obtain
fi ®kgpq =&i ®kqu
for any i, p,q > 1 and for any k =0, ..., n — 2. This implies

(5.4) fz®k 8q = 8i R Jq

forany i,g > 1 and for any k =0, ...,n — 1. Applying again the product formula
for multiple stochastic integrals, relation (5.4) leads to

DiFD,G=D;GD,F  as.,

for any i, g > 1, which implies det A =0 as. By iterating the above argument,
we easily find that det A®) = 0 a.s. is equivalent to det AY) =0 a.s., for every
1<k, <nwithk#l O

COROLLARY 3. The vector (F,G) = (I,(f), I,(g)) does not admit a density
if and only if there exists k € {1, ..., n} such that E det A®) = 0.

PROOF. It is a consequence of Proposition 4 and Theorem 3.1 in [1]. U

THEOREM 3. Let f, g € H®" be symmetric tensors. Then the random vector
(F,G) =U,(f), 1,(g)) does not admit a density if and only if detC = 0, where
C denotes the covariance matrix of (F, G). In other words, the vector (F, G) does
not admit a density if and only if its components are proportional.

PROOF. If detC =0, the random variables F' and G are proportional and the
law of (F, G) is not absolutely continuous with respect to the Lebesgue measure.
Suppose that the law of the random vector (F, G) is not absolutely continuous
with respect to the Lebesque measure. Then, from the results of [1], we know that
EdetAM =0. By Proposition 4, E det A¥ =0 fork =1, ...,n. Then Theorem 2
implies det C = 0 (notice also that det C = 0 because C = n!A™). O
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