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The directed polymer model at intermediate disorder regime was intro-
duced by Alberts—Khanin—Quastel [Ann. Probab. 42 (2014) 1212-1256]. It
was proved that at inverse temperature Sn " with y = 1/4 the partition func-
tion, centered appropriately, converges in distribution and the limit is given
in terms of the solution of the stochastic heat equation. This result was ob-
tained under the assumption that the disorder variables posses exponential
moments, but its universality was also conjectured under the assumption of
six moments. We show that this conjecture is valid and we further extend it
by exhibiting classes of different universal limiting behaviors in the case of
less than six moments. We also explain the behavior of the scaling exponent
for the log-partition function under different moment assumptions and values
of y.

1. Introduction.

1.1. The model. We consider the (14 1)-dimensional directed polymer ini.i.d.
random environment with high temperature. In particular, let Q := {wy|v € Z?}
be a collection of i.i.d. random variables indexed by the vertices of Z2. We will
denote their joint law by P and the corresponding expectation by E. Let P, (-)
be the measure corresponding to a nearest-neighbor simple random walk, starting
at the origin at time 0 and run up to time n. We will denote the set of nearest-
neighbor paths by .7 = {((i, 5;))]_¢lso =0, |s; —s;—1]=1,1 <i <n} and by (-)
the expectation w.r.t. P,. The energy of a path s = ((i, 5;));_, € .7}y is defined as
H®(s) := ) ! | wj and the polymer measure P, g, on .7 is given by

dp, B
(D dT’ﬁ"(S) =(Zy74,) IGXP(,B,,H‘“(S)), se A,

where Z? 5 - is the partition function

) g, = (exp(ByH?))=27" > exp(BnH(9)),
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and B, > 0 is the inverse temperature that we will allow to depend on n. In par-
ticular, we will consider dependencies that will make B,, go to zero, as n tends to
infinity, thus considering a high temperature regime. The expectation with respect
to the polymer measure P, g, will be denoted by E, g,.

The directed polymer model was introduced in [16] as a model for the interface
of the two-dimensional Ising model with random interactions. Therein, numerical
evidence was provided indicating interesting super diffusive fluctuation exponents
of the interface. Soon after, a physical link to the fluctuation theory of Stochastic
Burgers equation [13] was provided in [12]. It is now well established that the di-
rected polymer model is linked to the Kardar-Parisi—Zhang (KPZ) equation, since
the logarithm of the partition function Z? ', can be viewed as a discretization of the
Hopf—Cole solution to the KPZ equatlon Therefore, it provides a rigorous path to
verify the predictions made by Kardar—Parisi—Zhang on the fluctuation exponents
of the celebrated KPZ universality class.

In rough terms, the fluctuation exponent x € [0, 1] characterizes the fluctuations
of log Z b in the sense that

log Zy 4 —Elog Z3 g | ~n* ™M forn — oc.

The transversal exponent & € [0, 1] characterizes the fluctuations of the end-point
(n, sp) of a path s € ' chosen from the measure P, g, , that is,

EE, g, |s,| #ns D forn — oo.

So far, work in understanding the fluctuation exponents of the directed polymer
has been constrained to the case where the random variables w have exponential
moments. The prediction, when $,, equals a constant 8, is that x =1/3 and ¢ =
2/3. This has been confirmed, so far, only for the so-called log-gamma polymer,
where exp(—w) has gamma distribution [24]. In fact, in this case, the full scaling
limit of the partition function, constrained to a fixed end point, for example, s,, = 0,
is established to obey the Tracy—Widom GUE law, [8, 10, 22]. More precisely,
if we centre the point-to-point partition function log Z;’ 4, (0) by its free energy
f(B) :=1lim,_, n—! log Z,‘Zﬂn (0) and scale with c(ﬂ)nl/3 [c(B) being a specific
constant], then

log Z}) 4(0) —nf(B) ()
—
c(B)nl/3 n—>09

(3) GUE-
Besides the log-gamma polymer, similar scaling behavior has been established
only for a handful of polymer models. Namely the continuum polymer (which is
directly related to the Hopf—Cole solution of the KPZ equation) [3, 23] and the
O’Connell-Yor semi-discrete polymer [7, 21]. However, the scaling limit is con-
jectured to hold universally, independently of the particular distribution, as long
as it possesses exponential moments. The only nonuniversal constants will be the
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free energy f(8) and the scaling constant c(). In [6], based on a Flory-type argu-
ment, it is claimed that the 1/3,2/3 exponents should be valid as long as disorder
possesses more than five moments. Furthermore, based on numerical evidence, it
is claimed therein, that the same Tracy—Widom limit theorem (3) should be valid.
On the other hand, recent numerical studies [14] have indicated that when disorder
fails to have a fifth moment, then the 1/3,2/3 exponents should be replaced by
exponents which depend on the tails of the disorder. Furthermore, some guesses of
the nature of the limit laws are presented, although a concrete guess is still elusive.

In [1] and [2], the notion of weak universality was introduced. In that work, the
authors considered the case where 8, = fn~!/4, that is, a high temperature regime,
and showed that under the assumption of exponential moments

(d)
() log Z,‘l‘”ﬁn — n)\(ﬂn)njgolog Zﬁﬂ,

where Z V28 is the solution of the stochastic heat equation and A(B,) :=

log E[e#"®]. Moreover, it was conjectured therein that the same limit behavior
should be valid under only the assumption that disorder possesses more than six
moments. Notice that in the case of finite moments A(8,) is not defined and there-
fore a different centering constant would be necessary.

In this article we prove this conjecture. Moreover, motivated by a Flory-type ar-
gument in [6], we show that this conjecture is part of a larger picture. The latter is
described by a phase diagram for the values of the exponents (x, &) depending on
(v, ) where B, ~ fn~",y > 0 and the disorder satisfies P(w > x) = x~*+0(,
as x — oo for some « > 0. Let us also mention that in [1], based on Airy pro-
cess heuristic, it was conjectured that for disorder with exponentially decaying
tails, that is, & = oo, and for y € [0, 1/4] the scaling exponents should interpolate
linearly between the Gaussian and the KPZ exponents like x = (1 —4y)/3,& =
2(1 —y)/3. This conjecture, which also fits inside our picture, was recently proved
in [19] for the stationary version of O’Connell-Yor, semi-discrete polymer in
Brownian environment. Another earlier work, which also fits the picture is [4],
where the authors proved that when @ € (0,2) and y =2/ — 1 onehas xy =& =1
(see also [15] for the corresponding zero-temperature result).

Roughly speaking, the picture we propose (see Figure 1) can be described as
follows: given an exponent & € [1/2, 1] there exists in the («, y) diagram a “level-
curve”

1 1- -2
M, forafs y,

£ = 200 — 1 11—y

] 20 - -2

3 1—y

along which the polymer in heavy tail disorder with “a moments” and at inverse
temperature 8, = Bn~" has transversal fluctuation exponent &. We will present
this in more detail in the next section.
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FI1G. 1.  Phase diagram for fluctuation and transversal exponents.

In this article, we prove the validity of this picture on the & = 1/2 regime. In
other words, we rigorously identify the so called weak disorder regime, where the
polymer behaves diffusively. Moreover, in this regime, we identify the scaling limit
of the partition function and we see that three different scaling limits exist within
three sub-regimes. The three different limit behaviors are related to the Hopf—Cole
solution of KPZ, to Gaussian and to Poissonian, respectively for « > 6, o € (2, 6)
and o € (1/2, 2). These different behaviors are linked to the impact of the “large”
weights, which is greater the smaller o gets. Before presenting the theorems, let us
present our assumptions that will be followed, throughout the article:

(A) The cumulative distribution function F(x) := P(w < x) has regularly vary-
ing right tail. In other words, we assume that

F(x):=1—F(x)=x"%L(x) for all x > 0,

for some o > 0 and some slowly varying function L(x), that is, for any ¢ > 0
it holds that L(tx)/L(x) — 1, as x — co. Moreover, the choice of L(-) is such
that F(x) :=x"“L(x) stays bounded, defining an honest cumulative distribution
function.

(B) When o > 2, we will also assume that
Elw]=0, E[o?]=1.
(C) When o <2, we will also assume that
F(—x) = (c— +o(1))F(x), as x — 00,

for some c_ > 0. In other words, the left tail is dominated by the right tail when
o <2.
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For ¢t > 1, we define
(5) the real number m(¢) := inf{x|F(x) < 1/t}.

Clearly, m(t) = Y Lo(t) as r — oo for some slowly varying function Lg. For
x € R, define x; = max{x, 0} and x_ = max{—x, 0}.
We will prove the following theorem.

THEOREM 1.1 (@ > 6,y > 1/4). Assume that the weights satisfy assump-
tions (A) for some a > 6 and (B).

e Let B, be a sequence of real numbers with B,n'/* — B as n — oo, for some
B € (0,00). Then

4 o
- Bn i\ @
logZ, 4, —nlogE(e Brneo— +X§l—"’a)’+ njgologzﬁﬁ,
i=
where
00 k
©) Zpp=1+ Z(ﬁﬂ)k/A /Rk [[epGi —tizi, xi — xi—) W(dt; dx;),
k=1 k i=1

with W (dt dx) is a white noise on Ry x R (formally, a Gaussian process with
covariance given by E[W (t,x)W (s, y)] =38 — s)6(x — ), Ay ={0=1 <
<t <--- <ty <1} is the k-dimensional simplex, x; € R with xo =0, and p
is the standard Gaussian heat kernel

1
o(t, x) = 2—e—x2/2f, 1€, 1), xR,
Tt

o If Bun'/* — 0 asn — oo, then

! o - 2\ @ _
— - Pneo— Pn ) 1/2
Gl <1oan,,gn nlogE(e +§ - w+)) — N(0,22717),

where N (0, 2t —1/2) is the normal distribution with variance 27 ~'/2.

Let us remark that Z /4, which here is given in terms of a Wiener chaos expan-
sion, is in fact the mild solution to the one dimensional stochastic heat equation,
with flat initial condition

o = %Au +V2BWu,
u(0,)=1.

When o < 6, we observe the following behavior.

THEOREM 1.2 2 <a <6,y > 3/2a). Assume that the weights satisfy as-
sumption (A) for some o € (2,6] and (B). Let B,, be a sequence of real numbers
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such that B,mn3?) — B as n — oo, for some B > 0. For a = 6, we also assume
that B,n'/* — 0. Then

1 0] —Bnow-— ﬂl '33 3
—,8 /A logZ, 5 —nlogE|e +Z ++ 2 w3 1g=3
n .

D Ar(0,277172).

n—oo

To state our result for o € (%, 2), we need to consider a Poisson point pro-
cess P on (w,1,x) €. :=R x [0, 1] x R with intensity measure n(dw dz dx) =
%a|w|_1_°‘ (1y=0+ c—1y<o) dwdr dx. Recall that p is the standard Gaussian heat
kernel p(z, x) = Qmt)~1/? exp(—x2/2t), x € R, t € [0, 1]. We define the random
variables

/ywp(t,x)(P—n)(dwdtdx), ifae(l,2),

/ wp(x, 1)P(dwdtdx)
W(a) Nlw|>1}
+/ wp(t, x)(P —n)(dwdzrdx), ifa=1,
JN{lw| <1}

fu),o(t,x)P(dwdtdx), ifa e (0,1),
S
and for 8 € (0, c0),
W = L[ e P(dwdr dx) + W
i =3 y(e —1—Bw)p(r, x)P(dwdrdx) + W,".

The random variables W(O‘) are well defined, as stated in the following lemma, the
proof of which is given in Appendix:

LEMMA 1.3. Forevery B > 0,a € (1/2,2), the random variables W/g are

nite a.s. Moreover, W(a) has stable distribution with characteristic function given
0 8
by

E” exp(iyWy”)
exp(f eywetx) _ iyw,o(t,x))n(dwdxdt)), ifo € (1,2),

( / (eVPX) _ 1)p(dw dx dr)
sm{|w\>1}

/ ( iywp(t,x) _ 1—iyw,o(t,x))n(dwdxdt)>,
Z0{lw|<1}
ifa=1,
exp(/ (e7WPUX) — 1) (dw dx dt)), ifa € (0, 1),
5%

for y € R, where EP denotes expectation with respect to the Poisson process P.
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One can explicitly evaluate the integrals in the exponent to calculate the char-

acteristic function of W', as presented in the proof of Lemma 1.3. We can now
state the result in the regime « € (1/2, 2).

THEOREM 1.4 (1/2 <a <2,y >3/2a). Assume that the weights satisfy (A)
for some a € (1/2,2) and (C) for some c— > 0. Assume that Elw] = 0 when o > 1.
Let B,, be a sequence of real numbers such that ﬁnm(n3/ 2) converges to € [0, 00),
as n — 0o. Then

N

Bnm (n3/2)

(d)
(l0g Z& 5, — nBEloL )< pyui2y [Lam1) —> 250

n—oo

REMARK 1. In the case of & =2, that is, F(x) = x2L(x) for some slowly
varying function L(-) at infinity, one can prove that for §, “sufficiently small”
there exists a sequence a, such that

_ (d)
(7) an(log Zy 5 — nlogE(e = + B,w.)) — N(0, a?),

for some constant 2 > 0. In particular, define the function H (x) = E[w21{|w|§x}]
for x > 0, which is slowly varying at infinity. Define m(z) := inf{x|x2H(x) <
1/t} for t > 1. Under the assumption that

,Bnn%(n3/2) — B as n — oo for some B € [0, 00),

one can prove that (7) holds with ¢, = /n/(B,m (n3/2)). The proof combines tech-
niques used in the proof of Theorem 1.4 and the method used in the proof of The-
orem 4.17 in Kallenberg [17] regarding the central limit behavior of renormalized
sums of random variables that barely fail to have second moment. Since this is
technical, we prefer to omit the details for simplicity.

For the sake of completeness, we mention the limiting behavior in the region
0<a <2,y <2/a—1,which has been proved in [4] and [15]. Let P be a Poisson
Process on [0, 0c0) x [—1, 1] x [0, 1] with intensity one. Let P = {(w;, xj, #;) : i >
1} be the points in the point process with decreasing values of w;. Let £ be the
set of all real-valued Lipschitz function on [0, 1] with Lipschitz constant one and
vanishing at 0. The entropy of a curve y € £ is —E(y) where

1
E() = [ e(y/o)ax.
and e:[—1, 1] — R is defined as
e(x) = 2((1 +x)log(1 +x) + (1 — x) log(1 — x)).

Define the energy of a curve y € L as

a(y)= Z wi_l/a.

(w;,x;,4)€P:y () =x;
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THEOREM 1.5 ([4, 15]). Assume that the weights satisfy P(w > x) =
x"%L(x) for some o € (0,2) and some slowly varying function L(x). Let B,
be a sequence of real numbers such that %m(nz),Bn — B as n — oo for some
B € (0,00) U{oo}. Then

;logZ“) @) sup (n(y) — lE(y))
m(l’lz),Bn . =00y cr B ‘

1.2. Heuristics. We will now describe the heuristics and the picture (see Fig-
ure 1) that gives the phase diagram for scaling exponents depending on y and «
when F(x) =x"%1M x> 1. We divide the (y, @) € (0, o0)? plane into regions
with different exponents behavior. We define the following regions:

1 3
Ry := (y,a):y>—,y2£}, Ry:={(1/4,):a > 6},

4
5—2)/}

Ry:=1(y,0):O0<y<l1/4,a> 1
—-Y

Ry:={(0,a):a>5},

2 a—5 3
Rs:={(y,a):a> 1/2,max{0,——1, }<V <—},
o

2
Re := (y,a):0<oe<2,y=——1} and
o

2
R7 = (y,a):0<a<2,05y<——1}.
o

The region R> U R3 U R4 U R5 U Rg is divided along families of curves charac-
terized by the same exponent £ (and hence yx ). More precisely, for any fixed value
of &£ €[1/2, 1], the curve in the (y, @) plane determined by

I +oa(l— 5-2
{(O(,y):é:% and o < T;}
®)
-7

should give rise to a polymer measure with transversal-fluctuation-exponent £ and
x = 2& — 1. In the region R; U R7, the KPZ hyper-scaling relation y =2& — 1
fails. Inside the region R| we still have & = 1 but x = }t —y < 2& — 1. Similarly,
in region R7 we have £ =1 and =%—y >2& — 1.

In [1], a heuristic explanation is provided for the exponents y = (1 —4y)/3,
& =2(1 —y)/3 when “a = 00” (in the sense of finite exponential moments) and
y € (0, 1/4) based on Airy process heuristics. However, this heuristic breaks down
when « is finite, since the largest weights may play an important role for the ex-
ponents, as instead of logarithmic growth the largest weights grow polynomially
and can compete with the Brownian fluctuations and entropy terms. To outline our
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approach, let us fix @ > 0, y > 0 and define 8,, = Bn~". Recall that the energy for
the path s is 8, H“(s) and the fluctuation exponent x gives the typical order of

log Z;) 5, — Eflog Z,) 5, | = loglexp(Ba (H” — An.p,)));

as nX o) where

1
An g, = ﬂ—E[log(exp(ﬁnH‘”))],
n
is larger than O by Jensen’s inequality (and in fact, typically, it is much larger
than nl/z). Now, take a real number ¢ € [1/2,1] and a box B, := ([0,n] x
(—n®,n%)) N Z2. Tt is a classic result of order statistics [18] that (here, for sim-
plicity, we ignore slowly varying corrections)

max{wy: v € By.¢} ~ By |V/* ~n1H0)/2,

In fact, if (0¥, j=12,..., | By, )] denotes the order statistics of the set {w,:v €
B¢} in decreasing order and (9, x(f))j:1 ,,,,, |B,.¢| the location inside B, ; where
the jth largest valued is attained, we have that, for any finite &,

=+ (D =1, y=ex Dy D () 40 (D)

=1,... o j=l,...k’
where are w'/) are nontrivial random variables and t/), x/) are independent uni-
form variables in [0, 1]. Hence, the fluctuation of H around any centering will be
at least of the order n{!*¢)/¢_Since the location of the large weights is at scale
n x n® and uniformly distributed in the box B, ., the entropy cost to catch the
large weights will be given by the moderate deviations of the simple random walk
(cf. [11])

n —_—.
2t
If we assume that the fluctuations of the partition function are driven by the strat-
egy, which dictates to catch the large weights in a box B, ; (due to a negligi-
ble contribution of the rest of the disorder to the energy), then the corresponding
energy-entropy competition will lead to
1 ~
nX o ~og Zy g, —EllogZy 4 |

~ BTN _ 28— (0 fa—y 201

9) —log P, (5,41 A n*xV)) ~

(10)

The contribution of such strategy will be negligible unless
20 —1<(+0)/a—y thatis, ¢<(l+a(l—yp))/Qa—1).
Since the largest exponent occurs when equality holds, one expects that the fluctu-
ation exponents will be given by
_ltad—yp) 3 —2ay

_ d y=28—1=2>_%7
§ w1 o ox=2% 2a— 1
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However, when the exponent x = (3 — 2ay)/(2a — 1), provided by this strategy,
becomes smaller than the fluctuation exponent x = (1 — 4y)/3 conjectured for
o« = oo and same y, we will have a situation where the strategy of catching the
large weights is not optimal. In this case, the strategy, which is intrinsic for o« = oo,
will prevail leading to exponents x = (1 —4y)/3 and £ = 2(1 — y)/3 independent
of . This leads to a decomposition of the (¢, y) phase diagram determined by the
values of £ € [1/2, 1] and the set of equations (8). The case § = 1/2, corresponding
to diffusive behavior of the polymer, determines that y = 1/4 for « > 6 (which is
consistent with the [2] conjecture) and y =3 /2« for 1/2 < o <6.

REMARK 2. Let us remark that the restriction o > 1/2 is essential and not
just technical. In particular, we observe that the point (y, @) = (3,1/2) is the in-
tersection point of the lines 2/a — 1 (corresponding to & = 1) and the line 3 /2«
(corresponding to & = 1/2), as well as all other lines corresponding to the inter-
mediate values of & € [1/2, 1]. Therefore, below the line 2/ — 1 (and thus below
o = 1/2) the behavior of the polymer will always correspond to an exponent § = 1.
This can also be seen from equation (10), as the energy contribution strictly domi-
nates the entropy contribution for all values of ¢ and is maximized for ¢ = 1, when
o € (0,1/2). So, in order to see a nontrivial free energy one would have to change
the scaling of log Z; g, in Theorem 1.5 to correspond to an exponent y =2/a —y
and since we are below the line 2/a — 1, we will have that x > 1 =2& — 1, which
means that in this regime the KPZ scaling relation fails.

1.3. Strategy. We will explain the strategy behind the proof of Theorems 1.1,
1.2 and 1.4. We will mainly focus on the case o > 6, as it is more transparent. To
formalize the heuristic, one needs to look first at the contribution from what we call
the bulk of the weights to the partition function. This is determined by the variables
{wy}, which have a value less than a certain cutoff level k,,. We will choose

-1
n

kn=1 _ m@*?(logn)")
n m (n3 / 2) ’

when o > 6,
1
hena e |-, 6|,
when @ (2 ]
for some n € (1/2, «). We then consider the modified environment given by

Wy = Wy, <ky,) for v € Z2.

The behavior of @ is better compared to w, in the sense that it is bounded and has
finite exponential moments. In particular, we have the following result, the proof
of which is given in Appendix.

LEMMA 1.6. I Let F(x) =P(w > x) = x *L(x), a > 2, and any number
0 € (1, o) such that E[wi] < 00 and denote p := |08]. Let also lim,_,», B, = 0.
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Then, for any k, such that k, 8, is bounded away from zero and ﬁ,‘;‘_eeﬁ""" — 0,
as n tends to infinity, we have:

p i
E[eﬂna)+]lu)5kn] -1 Z —nE[a)q_]

!
i=1 1.

14 i )
log E[e/sna)llwskn] _ 1Og (E[E'an] + Z _nE[a):_]> ‘ =0.

1
(i) lim —

n— 00 ﬂn

=0 and

. 1
@ Jim g

I1. Assume that F(x) = P(w > x) = x %L (x), witha € (1/2,2)\ {1}. Addition-
ally, assume that Elw] =0, if o € (1, 2). Then, for any k,, we have:

Q) |E[efr@Tostn] — 1| < const.eP ™ max{F (B, 1), F(k,)} and
(i)  [E[efr@Meltn] — 1| < C(Bu, kn)eP" max{F(B,), F(kn)},

where the constant C (B, k,) converges to zero when Bpk, — 0.

In the above lemma, we excluded the case o = 1 purely for exposition purposes
since we will not need this case, while the bounds are less explicit due to slowly
varying effects.

Lemma 1.6 indicates that if we could replace all “large” w,’s by 0, the new
environment, @, = wy1{y,<k,}, behaves in a more regular way and we can then
try to prove a limit theorem for

bu(log Z2 g — an(kn)),

for appropriate a, (k,), b,. In the case that o > 6, the desired limit theorem for
log Z,f’, B falls into the framework of [2, 9] and a limiting process exists with
by, = 1,k, =n'/* and a, (kn) as in Theorem 1.1. The next step is to prove that
the modified environment gives the dominant contribution in the partition function
in the sense that

by (log Z,Z‘fﬁn — log Z,‘ffﬁn) — 0, as n — 0o,

in probability for an appropriate choice of the cutoff k;,. The strategy to achieve this
is as follows: Since we concentrate on the part of the phase space corresponding
to exponent £ = 1/2, the main contribution to the partition function should come
from paths that stay within B = [0, n] x [—nI+9/2 n(1+8/2] for § > 0, chosen
appropriately small. Call this set of paths 5. Restricting the partition function to
the set of such paths we have

0<logZy s (B) —log Zy 5 (B) < Bu Y vl =k, -

veB
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The expected value of the right-hand side is

E[Z a)v]].a)v>kni| < an|B|]E[w]]—kan]
(11) veB
=< const.,B,,n(3+5)/2k,1_“]E[wi] = 0(n(6—0t)/4+5/2)’

where we made use of the choice k, = O(n'/*) and, for the sake of exposition,
we made the slightly stronger assumption that E[w%] < 0o. The assumption that
o« > 6 and a choice of appropriately small § will show that the partition func-
tions of the original and the truncated variables, when the paths are restricted
to box B is asymptotically zero, in probability. The contributions to the parti-
tion function from paths that exit the box B will be controlled by an energy-
entropy estimate in the spirit of (10). However, to succeed in this control, a multi-
scale argument is needed, which will consider the energy-entropy balance in a
sequence of boxes Bj := [0, n] x [—n+80)/2 n(14+8))/2] for appropriate choice
of increasing positive numbers (§;);>1. The basic principle is that the energy
collected by paths staying inside box B; (but exiting box B;_1) is bounded by
,BnE[Zvij wyley, >k, 1 = O (n'0=®/4+3/2y a5 in (11). However, the entropy cost
to exit the box B;_; (in order to catch the large weights outside of it) is of the
order O (n®i-1), by (9). For a > 6 the entropy will dominate the energy, as long as
d;/2 < &1 and this relation can be iterated, to cover all the scales.

Similar strategy is applied in the case % < a < 6. However, the cutoff has to be

chosen differently &, = m(n3/2(logn)”)/m(n3/2), with n € (1/2, ), leading to a
more subtle multi-scale procedure with a logarithmic number of iterations, instead
of a finite that was sufficient in the o > 6 case.

Let us also give a brief explanation of the origins of the different scaling limits
obtained in the three theorems. As we already mentioned, once the truncation is
achieved, the limit behavior coincides with that of the truncated partition function
Z“) ', In the case o > 2, the necessary centering will correspond to normalizing
the partition function by the log moment generating function

hn(Bn) = log E[e/?],
of the truncated variables @ = wl{,<k,). Denoting by 5(”) ePnix—rn(Bn) _ 1
and performing a binomial expansion, we write

e_”)\n(/gn)zw < i= 1(.3n£)i,.vi _}\n(ﬁn)))

=<]_[ (1+¢%) >=1+ > gt

i=1 1<i<n,xeZ

Z {l(lrfgq{lz X2pn(llv-x1)pl’l(l25-x2)+"'

l§i1 <ir<n
X1,X2€Z
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Thanks to the centering A, (8,) the random variables ;‘i(r;) have mean zero. Com-
puting the variance of the first nontrivial term in the above expansion, we have
that

Var( ) gifr)zc)pn(i,x))z(exnaﬂn)—zxn(ﬁn)_l) S (o))

1<i<n,xeZ 1<i<n,xeZ

Lemma 1.6 shows that when « > 2 then ¢’ (#1)=24:(Ba) _ 1 ~ B2 Using the local
limit theorem that is, v/np, (i, x) ~ 2p(i/n, x//n), (Where we have also taken
into account the periodicity of the simple random walk), we finally see that

Var( Z fi(,')lc)l?”(i’ x)) ~ 2B = (\/Eﬂnnl/4)2_

1<i<n,xeZ

In the case « > 2, the random variables Ei(”)? =B, ! g“i(”)? will have uniformly inte-
grable second moments and we will be in a regime where the multilinear polyno-
mials, below, will have a well defined limit, that is,

e_n}»n (Bn) ZC‘Z)

n,pPn

1/4 .
=1+% Y G (Wnpation)

1<i<n,xeZ

(Bun'/*)?
(32

x Y M e (VapaGin xD) (Vapatia — i, x2 — x1)) + -

1<ij<ir<n
X1,X2€7Z

_|_

V28 nl/4 !
~ 1+ (vV2Bun )/0 /Rp(z,x)W(dzdx)
+ (V2B 14)?

X/ _/ l_[ et —ti—1, xi —xi—)W(df; dx;) +---.
O<ti<ty<l1 R2i=1,2

When ,B,,nl/ 4 B € (0, 00), we will be in the regime covered by Theorem 1.1.
When ,Bnnl/ 4 > 0, which is the case of Theorem 1.2, the terms of order two or
higher will be negligible compared to the first two terms, while the distribution of
the linear term is asymptotically Gaussian, that is,

- 1
(12) e Pl zo %1+(\/§ﬂnnl/4)/ /p(t,x)W(dtdx)+0(/3nnl/4).
sMn 0 R

In the case o < 2, the random variables Ei(';) =B, ! {i(")? fail to have uniformly

integrable second moments (or even a second moment), due to the necessary
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choice of the truncation level k, 3> B! and so we come out of a central limit
theorem regime. The largest weights will now have a dominant role and the choice
of B, =8 mn3/?)~! will create an asymptotically Poissonian field P(dw dx dt)
for the values {(Bywix,X,i): 1 <i <n,|x| = O0(y/n)}. Let us write a multilinear
expansion of the partition function Z; B (without a truncation, although we will
eventually need to make a suitable truncatlon)

we = 14 Y (M —1)pu(ix)

1<i<n,xeZ

+ > Jl Py 1) )ouij —ij—1,X; —xj—1) + -

1<ii<ir<n j=1,2

xl,szZ
~ 14 % 1<i<2n;xez(eﬁ"“’i’x — 1)(v/npu(i,x)) + O0(1/n)
“a 4 —f )o(t, x)P(dw dx d) + O(1/n),

where we put the last approximation in quotations, since a careful centering will
need to be made, in order to guarantee the well definiteness of the Poissonian
integrals. This will also alter the final formulation of the last line.

The limiting partition function will be a weighted summation over the Poisso-
nian field of ef* — 1 weighted by the Gaussian probability p(z, x). This is to be
interpreted that the polymer will search for all the sites with a large weight that
will give energy e — 1 and an entropy n~/2p(z, x) will have to be paid. How-
ever, it will be too costly for the polymer to get simultaneous contribution from
two such sites, as the entropy that will be paid will be of order (1/./n)?{sites visited}
Finally, it is also worth comparing the contribution to the scaling limit from a
Gaussian behavior, driven by the bulk of “small” weights. By (12) this will be of
order Bon'’* = mm3/?)~1nl/* & p@=0/60) « =172 for @ < 2. Therefore, it is
also seen in this way that the Gaussian fluctuations, driven by the bulk of small
weights, is negligible compared to the Poissonian fluctuations, driven by the few
large ones.

1.4. Conjectured behavior in region Rs. Let us close by discussing a conjec-
tured behavior for (o, y) in the region

Rs:={(y,a):a>1/2,max{0,2/a — 1, (&« — 5) /(e — 2)} < ¥ < 3/2a},

and o satisfying (A). The heuristic idea presented in Section 1.2 shows that
weights outside a box of width much larger 4, = né with € = (1 + a(1 — v))/
(2a0 — 1) should not contribute much, whereas the big weights in the box of width
h,, should give the dominant contribution. The temperature is scaled as §, = ﬁn_y,
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with y = 1(1 + &) — x and x =2& — 1 and we are asking for a distributional
limit for

n~*(log Zy 5 — an),

for some centering a,. The energy H®(s) of a path s restricted to a box of width
hy, will be

BnH®(S) :=n* Z nUF8/e g~ pX Zu,-,
vel[0,n]x(—hy,,hy,),ves P
where P = {(x;, t;, u;) : i > 1} is the limiting Poisson point process consisting of
the locations (x;,#;) and sizes u; of the scaled variables n~(116)/%¢, inside the
box of width 4,. Moreover, an entropy cost will have to be paid for the path to
catch the big, scaled weights u;. The size of the cost to go from one point (x;, t;) €
P to another one (x;,t;) € P will be n*|x; — x_,-|2/(2|tl- — t;]) [cf. (9)] which
matches the size of the energy fluctuations. Therefore, one can expect that when
the logarithm of the partition function is scaled by n* and is centered appropriately,
it will converge in distribution to a random variational problem described by the

random variable
5 Ixi —xi—1?
Tp:=  sup (,Bui -
b ACP:|A|<ooiEZA 2|t — i1

We conjecture the following.

CONJECTUREAI.7. Foroa € (1/2,2], T is well defined. Moreover, for («, y) €
Rs,a <2, B,=pn"Y, withy =a~'(14+&) — x and x =2¢& — 1 and w satisfy-
ing (A), there exist constants a, such that

d
n~*(log Zy 5, — an) RGN Ty, asn — 0o.

One difficulty to establish this is the identification of the centering a,, which
would cancel the contributions from moderate size disorder weights. Since in re-
gion Rs it holds that £ > 1/2, we are not any more in the weak disorder regime
and one would expect that a,, is not any more identical to a truncated log-moment
generating function.

1.5. Roadmap. We perform the truncation via the above mentioned multi-
scale argument in Section 2. In Section 3, we show that the partition function with
truncated disorder converges to the desired limits when « > 2. Finally, we identify
the scaling limit in the case of ¢ < 2 in Section 5. In the Appendix we provide the
proofs of some auxiliary estimates. Regarding notation, we will be writing const.
for a generic constant that does not depend on specific parameters. We will use
freely the symbols o(-), O(-) and when we want to put emphasis on the parame-
ters, we will add these as subscripts, for example, we will write o, (1), if we want
to emphasize that a quantity converges to zero when »n tends to infinity. We will
often interchange freely between the notation v and (i, x) for points in N x Z.
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2. Comparing the original and truncated partition functions. Recall that
the original environment is given by 2 = {w, : v € 77} and the truncated envi-
ronment by Q = {w, : v € 72} where & = wl{y<k,}. To show that the difference

logZ g, —log Z,‘i g, 1s “small,” we use the multi-scale argument, outlined in the
heuristics. Let us set up the framework introducing some notation.

Given a sequence of integers 0 = hg < h| < hy < --- < hy such that hy_| <
n < hy, for some ¢ > 1, we define the corresponding cylinder blocks as
(13) B; =[0,n] x (=hj,hj) forj=1,2,...,¢,

and the set of paths restricted to B; as
. n .
(14 Bj=|(G )i e A max [si] < h), fori=12,..¢

In other words, B; is the collection of random walk paths contained in the cylinder
B; and the set B; \ B;_ is the set of paths that exit the cylinder B;_; by time n
but not the cylinder B;. Here ¢, {h;,i > 1} will depend on n and the tail behavior
of w. We define By = By = @.

We also need to recall the well known fact, that the probability of the set B;ﬁ

under the simple random walk path measure is bounded by 4exp(—h§ /2n):

LEMMA 2.1 [cf. Feller (1968)]. Under the simple random walk measure Py,
and for any positive integer r we have

Pn(max S; Zr) =2P,(sp >r)—P,(s, =r).

0<i<n

Thus,

Pn(max |s;| > r) <2P,(s, >r) < 4642/2;1.
0<i<n

Let us now define Z,‘;”ﬂn (A) :=27"3 seaexp(B H?(s)) for any A C .7 so
that
¢

L
(15) Zyg =D Zpg Bi\Bj—1) and Zpg =% Z7s (Bj\Bj-1).
=1 =

Forevery j =1,2,...,¢, we define

(16) M;j .= Z (wy — ) = Z Wy Ly >k,

veB; veB;

as the total excess weight in block B ;. Note that for any path s = ((i, 5;))}_, € B;
we have 0 < H?(s) — H?(s) < M and thus

(A7) 22, (Bj\Bj_1) <ePMiz2  (B;\B;j_1)  forallj=12,...,¢
Combining (15), (16) and (17), we have the following lemma.
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LEMMA 2.2. For any real number A > 0, we have
P(log Z, 5 —log Z,‘E)’ﬂn > A)
- K ~
<|Bi|- F(ky) + ]P’(Z exp(BaM )Py, g (BS_ ) > A).
j=2

PROOF. Using decomposition (15) and estimate (17), in the second inequality
below, we have

1 < Z”(ﬁﬁn _ 1 + Z"L;)’ﬂn B Z"Clusﬂn

T Zy Zys,
0, (B =22, B) ¢ A -
<14 b o e Y (P — 1) PG (B \ By
nsﬁn j:2

Zn,,Bn(Bl) i Zﬂ,,Bn(Bl) + Zeﬁ"Mj P:,lbﬁ (B] \B.j_l)'
Zy j=2 |

Using log(1 4 x) < x, this immediately implies that

<1+

0<log Z,ﬁ‘{ﬂ’l —log Z’i)’ﬂn
(18)

Z9, (B) —Z2, (By)
< b b g, (Bji\ Bj-1).

)

¢
+ Z ePrMj . po@
j=2

w
n,Bn

Note that on the event {maxycB, wy < k,} we have Z,‘f’ﬁn (By)) = er),ﬂn (By).

Moreover, we have P(max,ep, wy > k;) < [Bq] - F(k,) and our claim follows.
O

Now, E[wliysk,)] = kn1 ~®L1(k,) with the slowly varying function
o
Li(t):=L@¢) +/ x " *L(tx)dx.
1

For « # 1, it is easy to check that there exist constants ¢ > 1, #p > 1, such that
(19) L(t)<Li(t) <cL(t) for all ¢ > ;.

Clearly, E[M;] = E[Y,ep, @Liw=k,)] = IBjlk, Li(ka) = nhjk,*Li(kn).
Thus, if

Banh jky, = < 15 /n,

then the expected energy accumulated by the path (this corresponds to the left-
hand side of the above inequality) will be dominated by the entropy cost (that
corresponds to the right-hand side of the above inequality). Hence, the contribu-
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tion of the set of paths in B; \ B;_; will be small. The following Proposition 2.3
makes this argument rigorous. Recall the function m : (1, 00) = R from (5), which
satisfies t F(m(t)) = 1.

PROPOSITION 2.3.  Consider a sequence (B,)n>1 such that
sup B, max{n'/* m(n®?)} < co.
n>1
Assume that o > 1/2 and let
-1

L when o > 6,

kn = m(n3/%(logn)") 1
-1
n W, whenae(§,6},
for some n € (1/2, o). Assume, also, that
(20) limlimsupP(Z 5 < eE[Z2 5 ]) =0.

el0 n—oo
Then, for any a > 0
~ P
a w
n‘(logZ; 5 —logZy 5 ) —2.0
PROOF. Recall the definitions of B;,B;,M;,j =1,2,...,¢, from equa-
tions (13), (14) and (16) for a given sequence of heights /n < hy <hy < --- < hy
with hp_1 < n < hy, that will be determined later on. We distinguish between three
cases:

Case 1 (a > 8). First, we consider the case o > 8 and choose k, > n'/*. If we

take £ = 1 with 2; = n, we have by Lemma 2.2, with A =n~¢ and arbitrary a > 0
(notice that in this case the second term in the inequality does not appear) that

P(log Z¢ 5 —1log Z2 5 > n“) < [By| - F(kn) < |B1|F(n'/*)

=nQn+ Dn**L(n'/*) — 0, as n — 0o,
which proves the claim in this case.
Let us now work toward the case o < 8. To prepare, we start by using

Lemma 2.2 with the value A, therein, chosen again to be n~¢. Choosing an ar-
bitrary number ¢ > 0 and making elementary probability estimates, we have

P(log Z, 5, —log Z;E’,ﬁ” >n"%)

Y4
< By F(ky) +P<Zexp(ﬂnMj)P;°,,g,,( 1) > n‘“)
j=2

(21) ) i .
<IBi|- Fkn) + P(Z0 5 < eE[Z2 4 )

‘ ZICZT),B (Bj—l) —1 -
+> IP’(,B,,MJ + log W > log(e¢™'n “))
j=2 [ ”vﬂn]
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Furthermore, we estimate

o) c

z%, (B5_))
Pl B.M; + 1o LY. TRt el S Y sﬂ_ln_“>
(ﬂ j +log B1Z0, ] g( )
(22) <P(22 4 (BS_,) = e (P(BS_ ) )E[Z2, ])

+P(BaM; > log((e€™")*n ™) — log P(B5_))).

Assuming that log((e¢~1)?n~%) — log P(B;_l) > ( (this assumption will be satis-
fied by the choices of the parameters ¢, £, i ;), we use Chebyshev’s inequality in
both terms of (22) and the fact that

E[Z9, ()] =P(AE[Z7,]  forany AC .7,
to estimate (22) as

Z2 5 (B5_))
n, B Jj—1
P M; +log ———
(ﬁn I E(Z,) g,]
BnE[M ]
log((s€—1)2n—a) — logP(BS_))

Bn B |E[wl{ysk,}]
log((e¢—1)2n—a) — log P(B5_)

Bn B | E[wlip>k,)]
log((e€=")2n=0/4) + h5_, /20’

> log(sﬂ_ln_“)>

IA

&
A
(23)

IA

~| ™

+

A

+

€
14
where the last inequality follows by the result that P(B;) <4 exp(—h? /2n), for all
j > 1, by Lemma 2.1. Combining (23) and (21), we have

P(log Z, 5 —log Z,‘f”ﬂn >n"“)

(24) < [Bi|F(ka) + P(Z3 5, < eB[Z0 5 ]) + &

+

£ Bn|Bj |E[wl{ysk,}]
j:

5 log((e€=1)2n=9/4) + hﬁl /2n

We are now ready for the next case.

Case 2 (6 < a < 8). Here the cutoff is k, = 8, '. Note that if 8, <« n~2/* then
as in Case 1, we can take i1 :=n with £ = 1 to get the result and avoid the multi-
scale argument. Thus, w.l.0.g. we can assume that 8, > n~>/*. From the assump-
tion sup,,~.| B max{n1/4, m(n3?)} < oo, we have k,, > const.n!/* and we choose

hj=|n"D2| for j>1,
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with
81 :l(a—6) and
4
5j=25j_1+“_6=21_1(a—6) for j=2,3,...,¢

4 4

and £ = [log, (1 +4/(a — 6))], so that §; > 1, which guarantees s, > n. We notice
that, for all large enough n, we have

(25) log((e€™1)?n =0 /4) + h2_,/2n = h%_, /4n.
Moreover, we have that

IB{|F (k,) < const.|B; |F(n1/4) < const.nh -n_“/4L(n1/4)
20 < const.n(6_“)/8L(n1/4) =o0(1),

since & > 6. Using the choice k, = 8, ! and the assumption that 8,n'/4 is bounded
we also have

BB |E[@1{p>k,}] = ﬁn(Znhj)kli_“Ll(kn) = (2nh;) By L1 (ky)

< const.n TUHSD/2=e/4 L (ky

27 = const.n®i/>H6-0/4 (n/*%)
— const.pli-1H©E=®/8 ), (n1/4)
= const.n_lhﬁfln((’_“)/SLl (n'/4).

Inserting the bounds (25), (26), (27) into (24) we obtain

P(log Z, 4, —log Z,ffﬁ” >n"%)
< const.n(6_”‘)/8L(n1/4) + ]P’(Z,‘;",ﬁn < 8E[Zfi/3n]) + &
+ const.n /8, (n1/4),
and so

limsupP(log Z;’ s — log Z,‘iﬂn >n"%) <limsup P(Z,f”ﬂn < SE[Z,‘f’,ﬂn]) +e.
n—o0 n—oo
Taking ¢ | 0 we have the result for « € (6, 8], by the assumption that in this limit
the first term on the right hand side vanishes.
Case 3 (1/2 <a <6). Now we consider the case when 1/2 < o < 6. We
choose

_ m(n**(logn)")

gy o > const.m(n/(logn)"),
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—2/a

for some 1 € (1/2, ). As before, we can assume that 8, > n , otherwise the

proof is trivial. We now choose h ; = |V/n(logn)?i | for j > 1, with
1 @2 -1

8j:i=— 2n —1 for j=1,2,...,¢,
j 3 + 4 (27 ) or j
and ¢ = £, := [log, (1 + (277—211)0%)]’ so that iy > n. We first notice that this

choice of 4 ; implies, similarly to (25), that

log((e€™1)’n ¢ /4) + h3_, /2n
n(logn)z‘sj*'

> log((e€~")*n/4) + >

(28)
1 ~
=log((e™")*n=/4) + 5(10gn)1+(21 _1)/225-1)

> h3_\/4n,
for every j > 2, since n > 1/2. Moreover, we have
IB1| F (k) < const.|Bi|F(m(n*?(logn)"))
< const.n "2k - (logn) ™" = const.(logn) /412 = o(1),

by the choice 1 € (1/2, «). Using (19) in the first inequality below and the defini-
tion of m(-) in the second equality, we also have

Bn|Bj |E[wl{y>k,}] < const.B, (nhj)k,{_“Ll(kn) < const.nhjﬁnknﬁ(kn)
< const.nhjﬁnknF(m(n3/2(logn)’7))

G0 3/2
= const.nh 'm(n ! (logn)") 1
o m(n3/2) n3/2(logn)"
h? 3/2 0
= const. j=1 (1ogn)5j—25j—1—nw’

n m(n3/2)
where in the last step we used the definition of &, h ;. We will establish this in

Lemma 2.4 after the end of this proof that for any ¢ > 0, which we will choose to
be small, we have for large enough n that

m(n*/%(logn)") _
(31) < (log n)/ ((1=0)e)
and inserting this into (30) we obtain
h?
BB |E[wlipsk,}] < const.’—_l(logn)‘sf =28 1—-n(1-1/((1=9)a))
(32) "
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where the last equality holds if we choose 1/2 < n < « and ¢ appropriately small,
since
R R S N L
L e v A B TG I S
which for o > 1/2 is bounded by
3 2—a(l—9) —QRa+3)1-9)+4
T = <0,
4 2(1 —9) 41 =19)
for ¥ small enough. Inserting (28), (29) and (32) into (24), we obtain

P(log fo,ﬂn —log Z,‘f”ﬂn >n"%) < cons‘[.(logn)l/“_”/2 + P(Z,‘fiﬂn < sE[Z,‘f’,ﬂn])

+ & + const.£ (log n)% ~20-1 =1 =1/(A=0)e))

The choice of £ = [log,(1 + mfﬁ;’%)], as well as of (8;) =1, 1 € (1/2, )
and (small) ¢, implies that
lim sup P(log Z,’f’ﬁn —log Z,“Zﬁn >n"%) <e+lim sup]P’(Z,‘f{ﬁn < sE[Z,‘ffﬁn]),
n—o00 n—00

from which the result follows by taking ¢ |, 0. [J

It only remains to check the validity of (31). This is done in the next lemma
with the help of Karamata’s theorem (see Theorem 1.3.1 in [5]), which states that
any slowly varying function L(-) has the form c(n) exp(/, 1” e(s)/sds), where c(-)
is an asymptotically constant function and &(-) is asymptotically zero.

LEMMA 2.4. For any arbitrarily small ¥ > 0 we have, for all large enough n,
that

m(n3/2(logn)™)

/((1=2)a)
) < (logn)" @,

PROOF. By the definition of m(-), we have that

(m(n”%logn)ﬂ))‘“L(m(n”%logn)'?))_ 1
m(n3/2) L(m(n3?) (logn)"’
which implies by Karamata’s theorem that
m(n*(logn)") _ (logn)n/a<L(m(n3/2(logn)”)))1/°‘
m(n3/2) L(m(n3?))
m(n3/2(logn)")
< const.(logn)™* exp(oz‘1 / e(s)/s ds)
mn3/2)
m(n*?(logn)")\"
t- 1 n/a <—) b
< const.(logn) )

where in the last step we bound e(s) by ot with ¢ arbitrarily small, for all s >
m(n3/?) and all n large enough. [
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3. Proof of Theorem 1.1. We need to establish that the limiting distribution
of the (centered) partition function with truncated disorder converges to the de-
sired quantity. We do this via a multilinear expansion of the partition function and
establish that these series converge. In order to check this, we may apply (a version
of) Theorem 4.5 in [2] or Theorem 3.8 of [9].

THEOREM 3.1. Let (p(i,x))ieNxez be the transition kernel of a one-
dimensional simple random walk, that is, p(i,x) = P(s; = x), fori e N, x € Z.
Let also (CIEZ))iGNs xez that is, be a family of independent random variables, such
that:

e E[g™]=0,
e Var(¢™) =14 o0(1), asn — oo,
e The family ((§(”))2)n21 is uniformly integrable.

Then we have the convergence in distribution and in L*(P) of the multilinear series

n k
k . . )
SR T, — 2

k=1 I<ij<--<ig<n j=1
whenever B,n'/* — B, with Z V28 the Wiener chaos expansion (6).

PROPOSITION 3.2. Assume that the weights satisfy E[lw] =0, E[w?] =1 and
P(w > x) = x"“L(x) for some o > 6 and some slowly varying function L(x).
Let B, be a sequence of real numbers with B,n'/* — B >0 as n — oo and
& = wly<k, Withky = B, if a > 6 and k, = B, 'm(n>?(logn)") /m(n>?) with
1/2<np<a,ifa=6.Then

.
> _ By i\ @

log Z}', nlogE(@ i+ ) Sl ) 3 l0e 2 e

i=1 "

PROOF. Let the truncated log-moment generating function be
An(x) := log E[e*].

We will rewrite Zfﬁ ﬂne_”}‘"(ﬂ") in the form of a multilinear polynomial

e_")””(ﬁ")zg),ﬁn — <exp<2(ﬂnd)l"5i - )\‘n (,Bn))>>
(33) - A
=1+ Y B lpG—imrx —x-0g"

k=11<ii<--<ip<n j=1
X1,..., XK EZ
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where

(34) )= g (PR B) 1) for v e Z2.

n

It is immediate that E[gv(")] = 0 and using Lemma 1.6 that

]E[( 5”))2] — 18*26*2)%(/311)(6)\:1(2/3:1) _ eZ)Ln(/Sn)) =1 + O(IBn),

n

(notice that the condition efrn ,B,‘f_e — 0 is satisfied, since Bpk, < m(n3/? x
(1ogn)’7)/m(n3/2) < (logn)"/(l_ﬁ)"‘ « logn, for n < o and ¥ small). Moreover,
¢ ™ have uniformly integrable second moments as the following computation, for
2 < p < p' <a, shows: Denote |wl|, := (E|w|P)1/P,

”C(n)Hp — ﬂn—lueﬁnd)—kn(ﬁn) _ IHP

S IBn_Ie_)\n(,Bn) Heﬁnd} _ 1”p + ﬂn_l’] _ e_)m(,Bn)‘
S e_)‘-n(ﬂn) ’|&)e,3n5)+ ”p + /3}’[_1’1 _ e_)bn(ﬁn)‘

S e—}‘-n(lgn) . Ha)Hp/ . ||e/3n67)+”pp,/(p/_p) _|_ ﬂn—l}l _ e—)‘-n(lgn)”

where in the third inequality we used the fact that |1 — ¢*| < |x| max{l, ¢*}, for
all x € R. Lemma 1.6 shows that the last term in right-hand side is uniformly
bounded. Since p’ < «, we also have that ||| p < 00 and it remains to check the
boundedness of ||e‘9"‘z’+ | pp'/(p'—p)- This follows immediately in the case a > 6
since the truncation level equals k,, = B, "and so B,&4 < 1. In the case a = 6,
the truncation is k, = B, U3/ 2(logn)”) / m(n3?). Denoting, for conciseness,
q = pp'/(p" — p) we have

|ePr@ 4 = E[e?P%; 0 < B 1] + B[ w0 > 1] < e + etPrkn F ()
< e +exp(gm(n®*(logn)")/m(n*?)) BEL(B, ).

Using Lemma 2.4 and the assumption that 8,n'/* — B > 0, we estimate the above,
for all large enough n, by

e? 4 exp(gq(logn) (1= _ const. logn),

which is uniformly bounded since n < « and ¥ can be chosen arbitrarily small.
Thus, the assumptions of Theorem 3.1 are satisfied and we have that

el 70 D~ Vs

P p— o0

when g,n'/* — B > 0. Finally, by Lemma 1.6 we check that, for n — oo we have

=no(By) =o(l).

4 pi
nan(Ba) —n 1ogE<e—ﬁnw +3 ﬂ_nw,+>
i=1

i!
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We can now conclude the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Proposition 2.3 states that
% P
a w w
n“(logZy 5 —logZ, 4 ) = 0,
for any a > 0, under the assumption that

(35) lim lim sup IP’(Z;‘:’ﬁ < EE[Z;':)ﬂ ])=0.
S\LO n— 00 sMn sMn
However, Z,‘E 8, /E[Z,‘E” ,Bn] = e*A"(ﬂ")Z,‘E’ g, converges in distribution to Z J2pe

when B,n!/* — B > 0, which is a.s. strictly positive [20] and so the assumption is
readily checked.
When ﬂnn1/4 — 0, we can see from (33) that

) i 1 .
e )\n(ﬂn)ZZ)”Bn =1+ (ﬂn””ﬂm Z (x/ﬁp(l,x))é'l(;) +0([3nn1/4)’

1<i<n,xeZ

where the o(ﬂnnl/ 4) is in an L2(P) sense. Thus, clearly, assumption (35) is satis-
fied. Moreover,

1
. (n) . (d)
374 > Gy Wapin) —> V2 o

1<i<n,x€Z

p(t, x)W(dt dx),
R

X

which is a mean zero Gaussian with variance 27 ~1/2. O
4. Proof of Theorem 1.2.

PROPOSITION 4.1. Assume that the weights satisfy Elw] = 0, Elw?] = 1
and P(w > x) = x~*L(x) for some a € (2,6] and some slowly varying func-
tion L(x). Let B, be a sequence of real numbers such that B,mn>'?) stays
bounded, as n — oo, but ,8nn1/4 converges to zero. Let & = wl,<k,, with k, =
/Sn_lm(n3/2(logn)”)/m(n3/2) andn e (1/2,a). Then

2 i 3
W (log Zyg, —n logE<e_ﬂ"‘“ + ; %wﬂr + %wi]la>3)>

‘D, Ar(0,277172).

n—oo

PROOF. We denote, again, the truncated log-moment generating function

An(x) := log E[¢*?],
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with @ := wly<k, and k, = B, 'm(n¥/2(logn)")/m(n3/?). Write Z2 o e="*n(br)
in the form of a multilinear polynomial as in (33), (34). Denoting by ;‘(n) =
ﬁn 1(eﬂnwl x—*n(Bn) _ ])’ we have

ﬁ;1n—1/4(e—nxn(ﬂn)ziﬁ” —1) _p /4 Z p(, x)g“(")

1<i<n,xeZ

n
=ch,kn_k/4 Z np(l _l] 1, Xj —Xj— 1)§,J xj
k=2

I1<ii<--<ix<n j=l1

(36)

1/4)k—1 1/4

where ¢,k 1= (Bnn — 0 since B,n"/* converges to zero and k > 2. The
estimates in the proof of Proposition 3.2 show that

n

k
St Tt =i —g0e,

k=2 I<ij<--<ig<n j=1

is bounded in L?(P). Therefore the right-hand side of (36) converges to zero in
L?*(P). Moreover,

d
S pa0g™ L N0, 2071,
1<i<n,x€Z
Noticing that (B,n'/4)~! 1og(e—“n<ﬂn>zw ) & (Ban! /)T (e A0 P 20 2 =1,
the result follows once we check the asyrnptotlc behavior of the centering nA,, (8,).
To this end, we invoke, again, Lemma 1.6 and get, for any 6 < «,

L9J
(Ban )™ nAn (Ba) — nlogE( e Z o )

= (ﬂnn1/4)_lno(ﬁﬁ)
0(113/4/33_1) — 0(n(6—69+3a)/(4a)) =o(1),
since & > 2 and 6 can be chosen to be arbitrarily close to o (Notice that in the pre-

vious display we ignored slowly varying corrections, since these are immaterial).
Finally, if « > 4 and hence we choose 6 > 4, then

LGJ
(,Bnnl/4)_lnlogE( —Buo— +Z )

i 3
—loeE e—ﬁna)_+ IB;lwl +/3n 31
g E Thats 3'0)4_ >3
i=1 " ’

= (Bun"*)"'n0O(B)) = O((Ban'"*)’) = 0(1),
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whenever B,n!/* converges to zero. If o < 4, then 6 is chosen strictly less than 4
and the above difference is trivially equal to zero. [

PROOF OF THEOREM 1.2. The proof follows immediately from Proposi-
tions 4.1 and 2.3 once we check that assumption (20) in Proposition 2.3 is sat-
isfied. But this is clear from relation (36), which implies that e~z —

l+0Bun'*H=1+01). O
5. Proof of Theorem 1.4. Note that we already have, by Proposition 2.3, that
1/2 i P
n'/2(log Zy g —logZy,) s ) = 0,

where ® = wl,,<x, withk, = ﬂn_lm(n3/2(log n)")/m(n3/?) for some n € (1/2, ).
So, as in the previous cases, it suffices to determine the limit of the partition func-
tion with truncated disorder, Z; B This will be the main effort in the proof. Below,

we will restrict attention to the case B,m(n>/?) — B > 0. The case g = 0 follows

by plain inspection of the bounds in the proof. This is also reflected in the fact that

d . .
Wéa) n(j)go Wé“), since for 8 tending to zero

1
—/ (P — 1 — Bw)p(r, x)P(dwdt dx) ~ é/ w?p(t, x)P(dw dt dx),
B 2 )y

which tends to zero, since the last integral is P-a.s. finite, thanks to Lemma 1.3,

PROOF OF THEOREM 1.4. As explained, we assume ,8,,m(n3/2) — B> 0.
Performing the usual multilinear expansion we have

e—nkn(ﬂn)szﬁ =14+ Z(eﬂn(bi,x—kn(ﬁn) _ l)p”(i, x) + Ry,

n,Pn
i,x

where the remainder R, equals

00 k .
Rn = Z Z H(eﬂnwzj,xj*)hn(ﬂn) _ I)Pn(lj — ij—lsxj —Xj_l)-

k=21<i1<---<ip<n j=1

We first show that nE[Rﬁ] = o0(1), as n tends to infinity. Using the fact that
ePn@v=2n(Bn) _ 1 are mean zero, we have

oo
nE[R]=nY" Y (MOA2B) )

k=2 1<iy<--<iy<n

(37)
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From the second part of Lemma 1.6, we have that

e)tn (Z,Bn ) _Z)Ln (ﬂn ) _ 1

< const.eP* F(k,) < const.em(”3/2(1°g")n)/’"(”S/z)F(m (n3/2(10g n)"))

(logn)™/ 1= —3/2 (logn)™/ 1= —3/2

< const.e (logn)™" < const.e

El

for all large n and ¥ arbitrarily small, as in Lemma 2.4. Inserting this into (37) we
obtain

o0
nE[R2] <nY" (consteoem” " =3/2)¢
k=2

k
x> T paGy—ijr,xj,x-0)?

1<ij<--<ip<ni=l1

X]yeees kaZ
i /(1=9) k
n/=vje __ _
:nZ(const.e(IOg”) n 3/2) nk
k=2

k
x> TIWapatj = ijor.xjxi-0)’.

1<ij<-<ig<ni=I1

Since the summation runs over k > 2, n < « and

k
W2 Y H(ﬁpn(ij_ij_l,xj—xj_l))z

I<ij<--<ig<ni=l1

converges to a finite Riemann integral, it is easily seen that nIE[R?] converges to
zero, as n tends to infinity.
To proceed further, we write

Zrcﬁﬂn — el’l)»n(ﬂn) <1 + Z (e/SnLZ)i,x_)»n(ﬂn) _ l)pn(l,)C) + Rn>

1<i<n,xeZ

_ e(n—lmwn)(exn(ﬂm Y (P — ra ) p (i x) + ) Rn)

1<i<n,xeZ

=e(n—1)An(ﬁn)(1+ Z (eﬁndn,x — 1) pa(i, x)

1<i<n,x€Z

— (= 1) — 1) + exnwn)Rn)'



4034 P.S. DEY AND N. ZYGOURAS

As it will be checked, the terms inside the parenthesis, besides 1, tend to zero, in
probability, as n tends to infinity and in fact the third and fourth terms are o(n~1/?),
while the second term will be of order O (n~'/2). Hence,

Jnlog Zr?,ﬂn
= V/n(n — Din(Bn)
+ \/710g<1 + Z Pnddv _ pn(v) (I’l — 1)(6)\”(/311) _ 1) + e)hn(lsn)Rn>

= Vi) (e (e — 1) pu(v) — Vn(n — D (P — 1 — 1, (By)

+ /ne* PR, +o(1)
=V} (e P —1) pa(v) = V(= (P =1 =5, (B)) + o (D).

Using the second part of Lemma 1.6, we have the estimate
(=Dt — 1 — (B < constn¥? (1, ()
= const.ns/z(log(] 4 E[eﬂnwllwskn] _ 1))2
< const.n>/? (E[eﬂna’ﬂwskn] _ 1)2
< const.n®/ 2k (F (1))

< const.n* 2k (F (m(n?/?)))?

= const.n_3/zezﬁ"""

which converges to zero as n tends to infinity, since B,k, = m(n3/>(logn)")/
m(n3/?) and n € (1/2,«). Therefore, to identify the distributional limit of
Jnlog Z2 g, it remains to do so for \/n)_, (eﬂ"‘“v — 1) pu(v). For this, we first
notice that the field {(n i, n=12x, m(n3/%)~1 w(ix)):i + xiseven, |x| < K. /n}
converges to a Poisson ﬁeld P on R x (0,1) x (—K , K) with intensity mea-
sure %a|w|_(1+“)(]lw>o + c_1y<o)dwdrdx. To see this, denote for any set
A C (0,1) x R and (without loss of generality) any positive r

Na:=1{(i,x) eNx Z:i +x iseven, (n"'i,n —172 x) € A and
m(nS/z)_la)(,-,x) >r}.

For every single (i, x) € N x Z it holds ]P’(m(n3/2)*1a)(i’x) >r)—0,as n — 00,
while

(38)

E[Nal = %nm(l +o(1)|A|F (rm(n/?))

= %n3/2(1 +o(D)|Alr*m(n*?) " L(rm(n?))
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- %n3/2(1 +o()|Alr~*F(m(n®?)) = (1 + o(1))|A|r ™

1 © o dw

where the factor 1/2 comes from the parity condition “i 4 x is even” and we also
used the defining property of slowly varying functions, that is, L(ry)/L(y) — 1,
for every r € R and y — oco. Hence, it follows that N4 is a Poisson random
variable. To complete the check that the field (n_li,n_l/zx,m(n3/2)_1w(,-,x))
converges to a Poisson field, it suffices to check that for any two disjoint
sets Ay X (a1,by) and Ay x (az, b2), where Ay, A, C (0,1) x R and w.Lo.g.
(a1, b1), (a2, b2) C R4, the random variables

Navarb = 25 L ineme) o ea x@boy =12
(i,x):i+x is even

are asymptotically distributed as independent Poisson variables. This is clear in the
case that Ay, Ay are disjoint, by the independence of the random variables w; )
and the above computation on N4. So, let us assume that A} = A> = A and the
intervals (ay, by), (a2, by) are disjoint and compute

]E[eMNA,al,bl +)¥2NA,a2,h2]
_ E[eM L pemm3/2)a; ,hl)}"')‘2]1{wem(n3/2>(a2,b2)}] 1/202|A|(1+0(1)
=(1+ (" - 1)Pwe m(n3/2)(a1, b1))

(¢ — DP(w € m(n¥?)(ay, by))) 2 1A+,

and an easy computation shows that the latter converges to

1 b o dw 1 by o dw
exp((e}‘1 — 1)§/Adtdxfa W+(ek2 — l)ifAdtdx/a W),
1 2

from which the result follows. i
We now proceed to identify the limit distribution of /n Zv(eﬂ"“’" — D p,(v).
We distinguish three cases

Case 1 (1/2 <a < 1). Denote by x(v) the x coordinate of v = (i, x) € {0,
1,...,n} x Z and write

V> (€ — 1) py(v)
=vn Y (€ —1)pav)

lx(u)|<K/n

+Vn Y (@ = 1) pa(v).

lx()[>K/n
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Lemma 5.1 below will show that the second term converges in probability to zero,
as K ' oo, uniformly in n. We, therefore, concentrate on the first term. To this,
consider a partition &5 of R x [0, 1] x R into disjoint rectangles of diameter § > 0.
For any w € &5 denote by (wy, tr, X5 ) its centre and write the first term as

iy (P —1)pav)

X (v)| <K 1

— Z Z (eﬂncbi,x —1)

TEPs 1<i<n,|x|<K/n

X

i
X npn (”;’ Vn ﬁ)1<wi,x/<m<n3/2)),i/n,x/ﬁ>en
= Y (L+os(D) (e’ —1)2p(tx, xx)

T EePy

X Z ]1(wi,.x/(m(n3/2)),i/n,x/«/ﬁ)€ﬂ’
1<i<n,|x|<K./n
i+x is even

where we used the fact that B,m(n/?) — B and the local limit theorem for the
convergence /np,(-) — 2p(-). The notation os(1) is used to denote errors that
are negligible as § N\ O due to the continuity of the functions involved in the ex-
pression. Moreover,

> Ly o /mn3/2)),i fmx fymyen — PO,
1<i<n,|x|<K/n
i+x is even

as n tends to infinity, where the Poisson measure P () has intensity n(dw dt dx) =
Ta|w| ™1 (L= + c-Ly<o) dwdr dx.

Therefore, the above expression converges in the limit n — oo followed by the
limit § \{ 0 to

2 (P — 1) p(t, x)P(dw dr dx).
Rx(0,1)x(—=K,K)

Taking the limit K ' oo and thanks to Lemma 1.3, we obtain the limit

2 (P — 1)p(t, x)P(dw dr dx)
Rx(0,1)xR
=2 (P — 1 — Bw)p(z, x)P(dw dr dx)
Rx(0,1)xR
+28 wp(t, x)P(dwdr dx).

Rx(0,1)xR
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Case 2 (1 <a < 2). Denoting by @

E . __ — /)
Wy = wvﬂlwulsem(n3/2) - CL)v]llwu|58m(n3/2)’
for & small and n large, we decompose

VY (P — 1) pu(v)
=vn > (eP® —1) pu(v)

[x ()| <K/, |wy|=em(n3/?)

+VnBE[@]] Y. pa(v)
lx(v)|<K/n

30 (P B[] puv)
lx()|<K /n

+vn Y (P —1)pa(v)
lx(v)|>K/n

+nE[eP P —1— @] Y palv).
lx(v)|<K/n

(39)

Moreover, a simple computation, using the fact that « has mean zero, shows
that

n3/2ﬁnE[d)i] = —n3/2/3nE[a)vll|wv‘zsm(na/z)]

— _,Baf |w|_a(]1w>0_c—]lw<0)dw
|lw|>e

n—oo

1
= _ﬁa[| |w|1+a(]lw>0+c— w<0) dw.
w|>e

Notice that the integral is well defined since o > 1. In combination with the local
limit theorem, we see that

\/E,BnE[CT)s] Z Pn(V)

K )|<K /i
1
"jo)o_ﬁa/wpg |w|1+°‘ (Ly>0 4+ c-T1y<o)dw
x/ o(t, x)drdx
0,D)x(—K,K)
=26 [ wpt,xm(du drdx),
AS,K

where A, g :=[—¢,€]° x (0,1) x (—K, K). This fact together with the Poisson
convergence [as in Case 1, cf. (38)] implies that the first line of (39) converges, as
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n tends to infinity, to

2 (P = 1)p(t, x)P(dwdr dx) — 25/ wp (¢, x)n(dw dr dx)
Ae,K As,K

=2 (eP¥ — 1 — Bw)p(z, x)P(dw dr dx)

As,K

+2,B/A wo (1, x)(P(dw dr dx) — n(dwdr dx)).

Notice that in the last step we centered appropriately, in order to be able to take
the limit ¢ \, 0 in a legitimate, L2(P), way. This is done using the Poisson L2
isometry (cf. [17], Theorem 10.15), since for any arbitrary M > 0 we have

2
EP (/ wp (¢, x)(P(dwdt dx) — n(dw dt dx)))
{e<|w|<M}x(0,1)x(—K,K)

= pr(t,x)zn(dwdtdx),
{e<|w|<M}x(0,1)x(—=K,K)
which is uniformly bounded as ¢ tends to zero, thanks to the fact that o < 2. Sim-
ilarly, using an L' estimate, we have

EP/ 1P — 1 — Bw|p(t, x)P(dw dt dx)
{e<|w|<M}x(0,1)x(—K,K)

< const./ wzp(t,x)n(dw dr dx),
{e<|w|<M}x(0,1)x(—K,K)

which is, again, uniformly bounded as ¢ tends to zero, for ¢ < 2. Lemma 5.1 below

will allow us to take the limit K ' oo and finally get convergence to

2 (P — 1 — Bw)p(z, x)P(dw dr dx)
Rx(0,1)xR

+28 wp (1, x)(P(dw dt dx) — n(dw dt dx)).
Rx(0,1)xR
To conclude, we need to check that the rest of the terms in (39) are negligible
when n tends to infinity and ¢ N\ 0, K 7 oo. For the first term in the third line,
this follows from Lemma 5.1, below. For the term in the second line, this follows
by an L?(P) estimate, using the second part of Lemma 1.6 with k,, = em (n3?) =
ef;, '. Regarding the last term, it suffices to show that n3/282E[(®°)?] converges
to zero, since n—>/2 2| <K N /npn(v) converges to a finite Riemann integral

and E[|efn® — 1 — Bl < const.,B,%E[(cT)i)z]. To this end we have,

8m(n3/2) 0
n32B2E[(a8)] = n’/* B2 (/ x2dF(x) + xzdF(x)>.
0

—em(n3/2)
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Thanks to assumption (C) it suffices to estimate the first term and we have

8m(n3/2)
n3/2ﬁ3/ x2dF(x)
0

3/2

=P (e Fem ) +2 [ L )

m(n3/2)

&
< 2n3/2ﬁ3/ X7 L () dx
0

< const.n3/2,3,%(8m (”3/2))2_aL(5
< const.sz_“n3/2(ﬂnm(”3/2))2F(

= const.£>~% (B,m(n/?))*.

(%))
()

m
m

Since ﬁnm(n3/ 2) — B and @ < 2, the last is easily seen to converge to 0, as € N\ 0,
uniformly for all large 7.

Case 3 (o =1). Even though we work with the assumption that @ = 1, we will
still use the general symbol « in the computations below. We make a similar de-
composition as in (39), with ¢ = 1, and denote &, = c?),lj =wolyy, 1<mn3/2)-

VY (P — 1) pp(v) — n*? B Eldy]
=n 3 (€™ — 1) pu(v)

[x()<K A/, |wy|=mn3/?)

+ n3/2ﬁ,,E[c:)v](n—1 Yo ) - 1)

x(W)I<K/n
40) -

+ \/ﬁ Z (eﬁ”wv —1- ,Bna)v)pn(v)
Ix()|<K+/n

+Vn Y (P = 1))
lx(v)|>K/n

+ \/E,Bn Z (C?)v - E[va])pn(v)-

lx(v)|<K/n

As n tends to infinity and then K 7 oo the second term converges to zero, thanks
to the term inside the parenthesis. Similarly, so does the fourth term thanks to
Lemma 5.1. On the other hand, similarly to previous cases, the sum of the first and
third term converge, for n — co and K /' 00, to

2/ (P —1)p(z, x)P(dw dr dx)
{lw|>1}x(0,1) xR

+2/ (P — 1 — Bw)p(t, x)P(dw dt dx)
{lw]<1}x(0,1)xR
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:2/ (P — 1 — Bw)p(r, x)P(dwdr dx)
Rx(0,1)xR

+2 Bwp(t, x)P(dwdr dx).
{lw]>1}x(0,1)xR

These integrals are again well defined thanks to Lemma 1.3. Finally, the last term
in (40) converges, via the Poisson L2(P) isometry, to

2 wp (1, x)(P(dw dz dx) — n(dw dz dx)),
{(lw]<1}x(0,1) xR

in the limit n — oo followed by K ' oco. This concludes the proof. [J
It remains to check the following lemma.

LEMMA 5.1. For every ¢ > 0, the following estimate holds true:

lim sup]P’(ﬁ Z (6’3”‘:’” —1)pn(v) > 8) =0.

K—o0
" Ix(v)|>K /i

PROOF. Denote
B ==[0.n]x ((j — DK, jKn],  j=1,....[K~'Vn].

We then have, for all large enough #n, the estimate

P(ﬁ S (PP = 1)pu(v) > 8)

lx(v)|>K/n
< ]P’(ﬁ Z (eﬁ,,cbv _ I)lev<,3n_1pn(v) > 8/2)
X (@)|>K /i -
LA ) ,
+ Z P(ﬁ Z (eﬁ""’” - l)ﬂwu>ﬂ;1pn(v) > 82_/_2).
J=2 ue]?.;‘\Bj.(_1

The first term can be made arbitrarily small, uniformly in #, for K large, since we
can use Lemma 1.6 to obtain the L!(P) estimate

VAE Y0 (P -1, _ipa(v) <const.F(B,Y) D0 Vipa(v)
()= K/ OB NG

< const.n—>/? Z Vnpp(v)
lx()|>K/n

1
< const./ / p(t,x)dxdr.
0 Jix|>K
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Let us now estimate the second term, which we decompose according to whether
there is a large number of sites v € BK \ BX__ such that w, exceeds the value B, !
or not. In this way, we arrive at the bound

j—r

[K='n
2.2
S P X i, =K
j=2 ver\Bj{I
rK A i ,
I i
ueBK\B
2.2
Z 1wv>/3n_1 < K“j )
veBF\BY |

<K?F(B;") Y [BF\BY

Jj=2
+ Z (Kz i2/n max ( Pneov o (v)) > 82_j_2>
122 UGB \B
<const.K ™! Zj_z
j=2
+ ZIP’(szzexp@n max  w, — const.(Kj)z) > 82_j_2),
j=2 veBf\B |

where we used the fact that F(8;, 1)|BK \BK | =KF(B; Hn*? = 0(1), by the
choice of B, and that \/n nMax, gk \gk p,,(v) converges to the maximum of the
J J—

heat kernel inside the box (0, 1) x (K(j — 1), Kj]. A manipulation of the terms
inside the last probability, choosing K large enough, leads further to the estimate

const. K ! Z j*2 + ZP(ﬂn max w, > const.(Kj)2)

=2 Jjz2 veBJ\B_,
1 ) K K |p(n—1 2
< const.K Z] +Z|B]’ \Bj—1|F(:Bn (Kj)7)
j=2 jz2
<const. K'Y j7% 4 const. K'Y i
j=2 Jj=2

Notice the crucial fact that, since o > 1/2, the last sum is finite and therefore we
can let K be arbitrarily large to show that it is negligible and finally obtain the
desired estimate. [
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APPENDIX: AUXILIARY ESTIMATES

PROOF OF LEMMA 1.6. 1. Assuming (i), we can easily establish (ii). Indeed,
we have

10gE[eﬂnw1w§kn] :log( [ ﬂ,,w]lw<k” _ ])

(1-+ B (et — 1), ] + B[4 — 1)1,,20])
(1 + E[efr®= — 1] + E[efr@+Losin — 1])

(E

tog(E[ef] + B[ ozt — 1),

1+E
1+E

log

log

and the result will follow by estimate (i), which we will now establish. Define the
function

p
op(x)=e" =) x'/il, xeR.

For any k > 0, we have

Efeherien] - 3 Mgl

Y
i—0 b

' [(:0[7(,3116‘)4—)IL +<k] ??E[W+1w+>k]

IB;'lki—G

i!

™= 'IM“

[|(pp(,8na)+)‘1w+<k] + E[wi]lw+>k]-

1

The assumption E[wi] < oo implies that E[wﬂlw>k] — 0 as k — oo. Thus,

> b

i=1

,Blkl 9

E[of] 1o, ~k] = o(max{(B.)' 7. (B.k)P 7} - B).  ask— oo

=o(1)BY,

since B,k is assumed to stay bounded away form zero and 6 € (1, «). We now
choose arbitrary constant a > 0, such that af, ! < k. It follows that

By "Ellep(Bro)|L,,, < opt] =E[|(Bro) P 0p(Bro)[1,, _p105]=o0(D),

as B, — 0, thanks to dominated convergence and the facts that 6 € [p, p +
1), limx_>0x_9<pp(x) =0 and |x‘9(pp(x)| < ¢p(1), for 0 <x < 1. We, now, need
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to upper bound
0< E[@p(ﬁnw-ﬁ—) : ]lu/gn—l <w§k]

k
= [ Bup 1B F ) dx — (0p (B P 6) — @) F (a)
k _ _
<P [ P+ gp@Flap;)
apy
k _
< BpePrk /,3‘ x “L(x)dx + (pp(a)F(aﬁn_l)

KB ]
_ ,Bfl‘eﬂ”k/ X L(xB ) dx + gp (@) F(ap])

ar (amty ok [P dx (B~
< const. 82 L(B;")eP —ms Top@F(aB ),
a

where the last inequality is valid for arbitrarily chosen é > 0, such that « — § >
1 thanks to Karamata’s representation, which provides the estimate L(xf, Y
LB, 1y < const.x?, for all large n and x > a. Since 6 < «, we obtain the esti-
mate of order 0(,89) whenever kB, has the asymptotic behavior prescribed by the
assumptions, that is, efrn By~ ¥ 0.

II. We will only prove the second inequality, since it is more detailed, while the
proof of the first is the same. We need to distinguish cases:

Case A (o € (1/2,1)). In this case, we have

ky
E[efr@tieishn] — 1 = E[(eP — 1) Ljy|<k, ] = f (P —1)dF (x)
—ky,

_/ ePrx _ dF(x)+/ P —1)dF (x).

Integrating by parts in both integrals, we obtain

— (e — 1) F (kn) + B /kﬂ P F (x) dx
0

0
(P )F k) =By [ PP,

Using assumption (C), this is bounded in absolute value by

kn _ 0
(Bukn)eP1 F (k) + B / ¥ F(x) dx + By / PV F (x) dox.
0 —kn

The first term clearly satisfies the desired bound. Regarding the second term, we
have

kn _ kn ky
,Bn/ ePr* F(x)dx = ﬁn/ ePri x4 L(x) dx < Bpelrkn / x"“L(x)dx
0 0 0

< const. B, ePr k1= (k) = const.(B, k)P F (k).
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Similarly, using assumption (C) we see that the last term is bounded by
const.(Bykn) F (k,) and this completes the estimate, in this case.

Case B (a € (1,2)). The computation is similar. However, in this case we need
to perform a centering and for this we use the assumption E[w] = 0 (in the second
line below)

ky
E[efretoisin] — 1 =E[(eP” —1)Ljuj<k,] = f (P = 1) dF (x)
—ky,

:‘/-kn(eﬂnx_l_lg x)dF(X)_,B / xdF(X)
—ky " "

|x|>kp

kn
:/0 (eﬂ"x —1—Bux)dF(x)

0
[, 1= aF@ < [ raF.

x|>ky,

We will only show how to estimate the integrals over the positive real axis, as the
ones over the negative is similar thanks to assumption (C). Integration by parts
gives

o0

B fk TR dF () = Bukn F (k) + B [ L0 v < const. (Bukn) Fk).

n

Similarly, we have

kn
fo (ePr¥ — 1 — Bux)dF (x)

o )
41) = —(ePrkn — 1 — Bky) F (ky) +,8n/0 (ePr* — 1) F (x) dx

kn _
< (Bukn)eP™ F (k) + By fo (P — 1) F(x)dx.

Choose, now, § = min{8,k,/2, 1} and estimate the second term above by

kn _
ﬂ,,/o (P — 1)F(x) dx
kn
— ﬁnx _ —o
,ano (e 1)x™“L(x)dx

-1
=B, /055n (eﬁnx —1)x"*L(x)dx + B, /::1 (e,B,,x — D)x~L(x)dx

n

LY kn
< const.ﬂ,ffo x 17O L(x) dx 4 B (ePrkn — 1)/5,3—1 x"L(x)dx

< const.(B2(88, 1)U L(8B, ) + BuleP ' — 1)(88, ) TUL(8B;)).
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When B, k, stays bounded away from zero, then § is chosen to be equal to 1
and this bound reads as const.efrkn F B, 1) and when Bnk, tends to zero then
8 = Buky/2 and the last bound writes as O ((Byk,)>~%)ePr*n F (k-1). Inserting this
into (41) we obtain the desired estimate, since o < 2. [

PROOF OF LEMMA 1.3. We only need to check that the random variables
Wéa) are well-defined, that is, achieve a.s. finite values. Once this is established,

the fact that W(ga) has stable distribution with the prescribed characteristic function
is standard. To this end, we define the sets

A = |(w, x,1): |w| > 1+ x%/4pt},
oy = {(w,x,1): 1 <|w| < 1+x>/4pt} and
¥z

{(w,x,1):0<|w| <1}.

It is easy to check that

n(A) :f 20w Y dw dr dx
o)

:2[_2/01(1+x2/4ﬁz)‘“dxdt

oo rl
_ 2 —o
_8/0 /0 Vi(1+x*/8)"*dxdf < o0,

for @ > 1/2. This means that a.s. there will only be finite number of points of P
that take values in 7] and therefore

/ eﬁw,o(t,x)P(dw drdx) < oo and / lw|p(t, x)P(dwdrdx) < oo a.s.
e e
Similarly, for every o > 1/2, we have

/ eﬂw,o(t,x)P(dwdtdx)<oo and / |lw|p(t, x)P(dwdtdx) < oo a.s.
b 2

since e p(t, x) < e (2mt)™1/? and w > 1 on 2. Finally, checking the finiteness
of the integrals over .73, we have: first, using the Poisson-L? isometry we have

EP(/% wp (. ) (P — n)(dw dtdx)>2

= f w?p(r, x)*n(dw dt dx)
e

1 _1 d
:O_{/ wzp(t,x)z( w>0+¢-Tuwo) wdxdt < 00,
2 P |w|1+°’
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for o € [1, 2), while for the same values of @ € [1, 2) we have

EP/ \eﬂw — 1= Bwl|p(r, x)P(dwdt dx)
7]

_ /M 1P — 1 — Bw|p(z, x)n(dw dr dx)
3

1 +c_1 dw
< const. wz,o(t, x)( w>0 w<0) dx dt < oo.
A |w|1+°‘

Finally,
EPf lw|p(t, x)P(dw dx dr)
o3

:/ w|p(t, x)n(dw dx dr)
A

dx dr < o0,

_g/ lwlp(t x)(]lw>0+cfﬂw<0)dw
2 |w|1+°‘

for @ < 1. The claim now follows by putting the above estimates together.
To evaluate the integrals explicitly, let us define

/(e"y"w(”)—1—iywp(r,x))n(dwdxdt), ifa e (1,2),
B

//n{ | 1}(eiywp(t,X) = n(dwdxdn
S w|>

Va(y) = +/ (e"yw:o(t’x) — 1 —iywp(t, x))n(dwdx dr),
70{wl<1)
ifa=1,
f (0P _ 1) (dw dx dr), if o € (0, 1).

Itis easy to see that V4 (—y) = ¥4 (¥). Assuming, w.l.o.g. that y > 0 and restricting
to the case @ € (0, 1), we have

; d
vfa(y):ya'v/R(lw>0+CL]lw<0)(€lw— i //2,0(1 x)o‘dxdt

|w|1+°‘

Using the result that fooo(eiw — )“ dw — (1 — a)e /2 for ¢ € (0, 1) and

I+a

folfR %,0(17 x)%dxdt = % we finally have

Vo (y) =—|y|*-

Q2m)1=9/2 cos(am/2)T (1 — a)
B —a)Ja

x ((1 Fe)—isgn(y)(1 —c_)tan ?)

One can also explicitly evaluate 1 (y) for a € [1, 2) in a similar fashion. [
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