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In proving large deviation estimates, the lower bound for open sets and
upper bound for compact sets are essentially local estimates. On the other
hand, the upper bound for closed sets is global and compactness of space or
an exponential tightness estimate is needed to establish it. In dealing with the
occupation measure L;(A) = %/6 14 (Wg)ds of the d-dimensional Brow-
nian motion, which is not positive recurrent, there is no possibility of ex-
ponential tightness. The space of probability distributions ./\/ll(]Rd ) can be
compactified by replacing the usual topology of weak convergence by the
vague toplogy, where the space is treated as the dual of continuous functions
with compact support. This is essentially the one point compactification of
R4 by adding a point at co that results in the compactification of M (RY)
by allowing some mass to escape to the point at co. If one were to use only
test functions that are continuous and vanish at oo, then the compactification
results in the space of sub-probability distributions M < (RY) by ignoring
the mass at co.

The main drawback of this compactification is that it ignores the underly-
ing translation invariance. More explicitly, we may be interested in the space
of equivalence classes of orbits ./\711 = Ml (R?) under the action of the trans-
lation group R? on My (RY). There are problems for which it is natural to
compactify this space of orbits. We will provide such a compactification,
prove a large deviation principle there and give an application to a relevant
problem.

1. Motivation and introduction.

1.1. Motivation. We start with the Wiener measure P on €2 = C([0, 00); R?)
corresponding to the d-dimensional Brownian motion W = (W,);>¢ starting from
the origin. Our result is motivated by the following set up. Let L; denote the nor-
malized occupation measure of the Brownian motion until time ¢, that is,

1 t
(1) Li=- f dsdy, .
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This is a random element of M| = M (Rd), the space of probability measures
on R?. We are interested in the transformed measure

~ 1
2) P;(A) = ?E{]lA exp{tH(L)}}
t
with A being a measurable set in the path space of the Brownian motion and
3) Hw=[[ V- pu@oua.
R4 x R4

Here, V (-) is a continuous function on R vanishing at infinity and
Z, =E{exp{tH(L:)}}

is the normalizing constant or the partition function. Ford =3 and V (x) = ﬁ, it
is known (see [4]) that,

lim l1ogE{exp{tH(Lz)}}

t—00 t

@)
1
= sp [ [ aeayvee—ywPeonto) - S1vvis)

yeH! (RY)
¥ll2=1
where H'(R?) is the usual Sobolev space of square integrable functions in with
their gradient in L2(RY). Ford =3, V(x) = ﬁ, this variational formula has also
been analyzed by Lieb (see [5]) who proved that there is a maximizer which is
unique except for spatial translations. In other words, if m denotes the set of max-

imizing densities, then

5) mz{uo*cﬁx:xeR3},

where (o is a probability measure with a density wg so that {9 maximizes the
variational problem (4).

Given (4) and (5), we expect that the asymptotic distribution of L; under @, to
be concentrated around m. Indeed, we would like to show that for very ¢ > 0,

(6) lim P {L; ¢ U:(m)} =0,

where U, (m) is a (weak) neighborhood of m. In fact, we can write

E[1z,¢u,m) exp(tH(L,))]
Efexp(tH(L;))]

_ Elexp(tF(L)))]

~ Elexp(tH (L)’

P{L; ¢ Us(m)} =

where

@ Flu— [ Hoo=[[,  ve-yr@os@), itug U,
o

else.
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Let us pretend that we have a strong Donsker—Varadhan large deviation principle
for L; in M (R?) under the weak topology; see (29)—(30) and the following re-
marks for a precise definition. Then, using Varadhan’s lemma [ignoring the lack
of upper semicontinuity of F' coming from the singularity for V(x) =1/|x|] we
could (formally) conclude that P, (L; ¢ U.(m)) decays exponentially fast in 7.

However, the lack of a strong large deviation principle turns out a to be crucial
issue. To circumvent this problem, the space M (R¢) has to be “compactified.”
This can be done by replacing the usual topology of weak convergence by the
“vague toplogy,” where the space is treated as the dual of continuous functions
with compact support. This is essentially the one point compactification of R¢ by
adding a point at oo that results in the compactification of M (R?) by allowing
some mass to escape to the point at co. If one were to use only test functions that
are continuous and vanish at oo, then the compactification results in the space of
sub-probability distributions M < (R?) by ignoring the mass at 0.

Let us also mention that, for (4), in [4], the lack of compactness of the state
space was handled by replacing Brownian motion by Ornstein—Uhlenbeck (O-U)
process on R? whose occupation measure, unlike Brownian motion, satisfies a
strong large deviation principle. Exploiting the positive definiteness of V (x) = ﬁ
the authors show that the total mass E{exp{r H(L;)}} is dominated by the same
expectation with respect to the Ornstein—Uhlenbeck process. This monotonicity
combined with strong large deviations for the O-U process proves (4). However,
no such monotonicity is available to us in the complement of the neighborhood of
m (i.e., for the term E[1/, ¢y, m) exp(t H (L;))]). Another possibility is to replace
R? by a large torus and “fold” L, in the torus and use a similar monotonicity of the
total masses (see [1, 3]). Although these methods work well for deriving asymp-

totic behavior of the partition function, questions on the path measures PP, can not
be handled so well in this manner. In particular, these methods ignore the under-
lying translation invariance of some relevant models from statistical mechanics,
models which depend on shift-invariant functionals of the occupation measures
L;, like the functional H (i) = H (u x 8) for all x € R4, defined in (3). Motivated
by this, we naturally consider the quotient space

Ml(Rd) =M1(Rd)/~

under spatial shifts and are led to a robust theory of compactification of this space.
Let us briefly sketch the main idea here.

1.2. Translation invariant compactfication: The central idea. Note that
M (R?) fails to be compact in the weak topology for several reasons. For in-
stance, if we take a Gaussian with a very large variance, the mass can spread very
thin and totally disintegrate into dust. Also, a mixture like %(,u * 8, + U *6_q,)
splits into two (or more) widely separated pieces as a, — 0o. To compactify this
space we should be allowed to “center” each piece separately as well as to allow
some mass to be “thinly spread and disappear.”
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The intuitive idea, starting with a sequence of probability distributions (), in
R? is to identify a compact region where /1, has its largest accumulation of mass.
This is given by its concentration function defined by

qn(r) = sup pp (Br (x))
xeRd

By choosing subsequences, we can assume that g,(r) — ¢g(r) as n — oo and
q(r) — p1 €[0,1] as r = oo. Then there is a shift A, = u, *x §,, which con-
verges along a subsequence vaguely to a sub-probability measure «; of mass pj.
This means A, can be written as o, + B8, so that o, = o) weakly and we recover
the partial mass p; € [0, 1]. We peel off «,, from A, and repeat the same process
for B, to get convergence along a further subsequence. We go on recursively to get
convergence of one component at a time along further subsequences in the space
of sub-probability measures, modulo spatial shifts. The picture is, w, roughly con-
centrates on widely separated compact pieces of masses {p;}jen while the rest of
the mass 1 — }_; p; leaks out.

In other words, given any sequence [i, of equivalence classes in MR,
which is the quotient space of M (Rd ) under spatial shifts, there is a subsequence
which converges (in a sense which we do not make precise yet) to an element
{ay,az, ...}, a collection of equivalence classes of sub-probabilities «; of masses
0<pj=<1,jeN. 2 ~The space of such collections of equivalence classes is the
compactfication of M, (R?) and in this space we are able to prove a strong large
deviation principle for the distribution of the equivalence classes L; of L;. This,
combined with the shift invariant structure of V (x — y), enables us to prove (6).

Finally, although we were motivated by asymptotic study of path measures of
mean-field type interactions for Brownian motion, it can also be applied to study a
wider class of problems that involve translation invariant functionals of processes
with independent increments.

Let us describe the organization of the rest of the article. In Section 2, we collect
some basic facts about weak and vague convergence, introduce a class of relevant
test functions and characterize notions of total disintegration of measures as well
as measures being widely separated in terms of test integrals with respect to the
corresponding test functions. In Section 3, we introduce a space X and a metric
D giving rise a notion of topology and convergence in this space. Here we also
prove that X is the desired compactfication of the quotient space M (RY). Sec-
tion 4 is devoted to proving a strong large deviation principle for the distribution
of the equivalence class L; in X and in Section 5 we provide the application to the
asymptotics of the path measures ]P’,(Lt €).

2For example, let i, be a sequence which is a mixture of three Gaussians, one with mean 0 and
variance 1, one with mean n and variance 1 and one with mean 0 and variance n, each with equal
weight % Then the limiting object is the collection {&, &1}, where &@; is the equivalence class of a

Gaussian with variance 1 and weight %
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2. Topologies on measures. We denote by M = M, (R¥) the space of prob-
ability distributions on R? and by M/ = M/ ~ the quotient space of M under
the action of R? (as an additive group on M). For any u € My, its orbit is defined
by i = {u*8,:x e RY} e M.

2.1. The weak and the vague topology. We turn to two natural topologies on
M. In the weak topology, a sequence u, in M converges to u, denoted by
®) tim [ f@m@0 = [ feomu@,

R4 Rd

n— oo

for all bounded continuous functions on R¥. On the other hand, in the vague topol-
ogy for the convergence of u, to u, denoted by w,, — u, we only require (8) for
continuous functions with compact support. It continues to hold for continuous
functions that tend to 0 as |x| — oo. Note that the total mass of probability mea-
sures, which is conserved in the weak convergence, is not necessarily conserved
under vague convergence—a salient feature which distinguishes these two topolo-
gies. If we denote by M<; = M < (R?) the space of all sub-probability measures
(non-negative measures with total mass less than or equal to one), then both topolo-
gies carry over to M < with the same requirements.
We collect some standard facts as a lemma which will be relevant for us.

LEMMA 2.1. (i) If y = p in M<y, then n(R?) < liminf,, o0 i1, (RY).

(i) If tin <> o in M <y and pn(R?) — p(RY), then p, = puin M<y.

(iii) While M is a closed subset of the space M < in the weak topology, it is
dense in M < in the vague topology.

(iv) The space M <1 is compact in the vague topology.

We will also need the following elementary lemma.

LEMMA 2.2. If uy = « in M<y, then pu, can be written as jt, = o, + By
where o, = a and B, — 0.

PROOF. We will denote by B(x, r) the ball of radius r > 0 around the point
x € R4, If w, < « then

Jim 1, (BO.1) =a(BO. 1)
for all but at most countably values of r and o (R%) can be recovered as the limit
dy _ 1 .
a(RY) = klingonlggo wn(B(O, r)).
Hence, given any r > 0, there is n, € N such that for n > n, we have,

(B0, )] < a(R?) + %



COMPACTNESS AND LARGE DEVIATIONS 3939

Without loss of generality, we can assume that n, is nondecreasing with r. If we
define

R, =sup{r > 0:n, <nj},

then R, — oo and

1
12 (B0, Ry)) < a(RY) 4+ —.

Ry
If we take o, and B, as the restrictions of w, to B(0, R,) and B(0, R,)¢ respec-
tively, o, <> « and «, (R?) = a(R?). Therefore, by Lemma 2.1 part (ii), o, = .
Furthermore, for any given r > 0, eventually 8,(B(0, r)) = 0 and hence S, < 0.
O

2.2. The space F of test functions. For our desired compactification, we need
to develop a suitable topology on the quotient space M via convergence of test
integrals. For this, we first need to characterize a suitable class of continuous func-
tions (or rather, functionals) on M 1-

We fix a positive integer k > 2. Let F be the space of continuous functions
f: (RY)k — R that are translation invariant, i.e.,

14y, .. x+y)=f(x1, ..., Xk) Yy, x1,...,xx € RY
and vanish at infinity, in the sense,

lim flxt,...,xx) =0.
max;; |x;—xj|—00

In other words, f(xi,...,x;) depends only on the differences {x; — x;}; ;.
A typical example of a function f € F; could be f(x1,x2) = V(x1 — x2) where
V (-) is a continuous function such that V(x) — 0 as |x| — oo. Note that, each
f € Fi can interpreted as a continuous function of £ — 1 variables vanishing at
infinity. Hence, for each k > 2, F} is a separable space under the uniform metric.
Hence, if we denote by

F=U 7%
k>2

then we can choose a countable dense subset for each F; and ordering all of
them as a single countable sequence {f;(x1, ..., Xk, ):r € N} we obtain a count-
able dense subset of F.

For any u € M and f € F, we define the function

A= [ Pl mou@r) - (s,

Note that, because of translation invariance of f, A(f, u) depends only on the
orbit i € M for any fixed f € F. As it will turn out, these are natural continuous
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functions to consider on Ml. Given any sequence (i), in M, because there is
a countable dense set { f;-}, by diagonalization one can choose a subsequence such
that along the subsequence (denoted again by p,), the limit

ACf) = lm A(f, pn),

exists. To compactify the space M we will determine what the set of possible
limits are; see Section 3.

2.3. Total disintegration of a sequence of measures. We say that a sequence
(n) in M« totally disintegrates if for any positive r < 0o,

Jim, sup (B, 1)) =0.

A typical example of a totally disintegrating sequence w,, of measures is a centered
Gaussian with covariance matrix nId.

The following facts determine equivalent criteria for total disintegration of a
sequence of measures and it is useful to collect them.

LEMMA 2.3. Let (uy)n be a sequence in M <. The following facts are equiv-
alent.

(a) There exists a continuous function V (x) > 0 on R4, with limjy| 00 Vi(x) =
0, such that

©) lim / V@ = )t (@) (dy) = 0,
n—oQ RZd
(b)
(10) lim sup w,(B(x,r)) =0.
I’l*)OOxeRd

(¢c) For any continuous function V (x) with limy| o V(x) =0,

(11) lim sup | V(x — y)u,(dy) =0.

n—00
xeRd

(d) For any continuous function V (x) with limjy| o V(x) =0,

(12) Jim [ Ve = yun@omdy) =o.
Let the sequence |, of measures satisfy any of the above. Then for any k > 2
and f € Fi

(13)

li
n—oo

m [ .- SO, x) e (dxy) - -y (dxg) = 0.
de
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PROOF. (a) = (b). Let r > 0 be given. Since V (x) > 0 and continuous, there
exists § > 0 such that V(x) > § on B(0, 2r). Then,

f V(= y) i@t (dy) = 8 / o (@)t ()
R2d [x—y|<2r
> 8 sup {un(B(x. 1))},
xeRd

(b) = (¢). Let ey = supyy > p |V (x)[. Then limp— o0 ey = 0 and

sup [ |V (x — y)|un(dy) < sup M)IV(x — ¥)|pn(dy)

xeR4 xeRd Y B(x,
+ sup |V (x = y)|ua(dy)
reRd J B(x,M)*
<|[IVlloc sup pn[B(x, M)]+ em.
xeR4

Therefore,

limsup sup |V(x — y)|un(dy) <&M,

n—>00 ycRd

for any M. Since ¢ — 0 if we let M — 00, we get the claim.
(c) = (d). Observe that, since u,(R?) <1,

f /R VG (@ (dy) < sup [ V= y)paa(dy).

xeRd
(d) = (a). This is obvious.
For the last part, for k > 2 we define

W(xy, x2) = sup |f(x1,....,x0)l.
X3,y Xk
Note that W € F> and so it is of the form V (x; — xp). Since

[ [ ol o < [ [ W@ @)

_ / /R V&= Y (@) (),

the lemma is proved. [

2.4. Widely separated sequences of measures. We now need a working defi-
nition of two widely separated sequence of measures. We say that two sequences
(an)n and (By), in M <1 are widely separated, if for some strictly positive function
V on R? which is continuous and vanishes at infinity,

(14) Jim [ V(= pan@op, @y =0.
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Note that if a sequence (un), in M< satisfies (9), then, because of (11), it is
widely separated from any arbitrary sequence of measures in M<.

LEMMA 2.4. Let (ay)n and (Bn), be two widely separated sequences in M<j.
Then:

(i) For any continuous function W in R vanishing at infinity
Jim W — y)a (dx) B (dy) = 0.

(i) For every k>2 and f € Fy,

n—oo

k k

lim ‘/f(xl,...,xk)l‘[[an+ﬂn1(dx,~>—/f(xl,...,xw]‘[an(dxi)
i=1 i=1

(15)

k
_/f(xl,-..,xk)l_[ﬁn(dxi)’ =0.
i=1

PROOF. Let W be any continuous function R¢ vanishing at infinity. Since
(an)n and (By), are widely separated, for some strictly positive V which is con-
tinuous and vanishes at infinity,

Jim [ V(x = y)ay (dx) B (dy) =0.
Furthermore, given any ¢ > 0, there is a constant C, > 0 such that
[W(x)| < CeV(x) +e.
Then

1im_) sup / |W(x — y)|an (dx)Bn(dy)

< C.limsup [ V(x — y)a,(dx)B,(dy) + & =¢.

n— o0

This proves the first part (i).
For the second part (ii), if we take k = 2 and expand the product

2
H(an + Bn)(dx;),

i=1

it is seen that all the cross terms are controlled by (14) and are negligible, by
the first part (i), as f(x1, x2) = W(x; — x2) for some continuous W vanishing at
infinity. The general case k > 3 follows easily. [
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3. Compactification of ﬂl: The space X. We turn to the central issue of
M failing to be compact in the weak topology. As mentioned before some typical
reasons for this could be as follows: The location of the mass can shift away to oo
as in @, = @ * 8, with a, — oo, or it can split into two (or more) pieces like
in u, = %[,u * 8, + W * 8_g,], or it can also totally disintegrate into dust like
a Gaussian with a large variance. One imagines, in the limit, an empty, finite or
countable collection / of mass distributions {«;:i € I} that are widely separated
with total mass ) ;c; «; (R%) = p < 1 and the remaining mass 1 — p having totally
disintegrated. Therefore, a natural “compactification” could be a space A" of empty,
finite or countable collections of orbits {&;:i € I} of sub-probability distributions
«; having masses p; with p=>", p; < 1.

3.1. The space X and a metric D. We define

(16) 2?={s:s={o7,-}iez,ai e Mo, Y e (RY) < 1}.
iel

We make some remarks about the above definition.

REMARK 1. First note that, in order to keep notation short, we suppressed
the fact that the index set I above ranges over empty, finite or countably many
collections. Furthermore, we will write any typical element § € X as § = {«;}
with the understanding that either the collection is empty or i ranges over a finite
or countable set.

REMARK 2. Note that any element & € M« in the orbit & has the same total
mass «(R?). Hence, for any element £ = {@;} € X, pi = «; (R?) will denote the
total mass of any candidate ¢; in the orbit ¢&; and ) ; p; = p < 1. If the collection
is empty, then p = 0 vacuously.

REMARK 3. Note that in any element & = {&;} of X, an orbit o; could be
repeated more than once. We call the number of occurrences of an orbit in an
element & its multiplicity.

Recall the class of functions Fj for k > 2 and note that F = (J;-, Fi. We
now introduce a metric on X with the following convergence criterion. We want
a sequence (£,), to converge to £ in the space X under the desired metric, if the
sequence

AFE) = X [ For e mm @) e @)
G €kp
converges to the corresponding expression

AFO =Y [ for el - alx)

aeE
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forevery f € F.Recall that the value of [ f(x1, ..., xx)a(dxy) - - - @ (dxg) depends
only on the orbit & since f is translation invariant. We also remark that if & is
empty then A(f,§) =0forall f € F.

For any &1, & € X', we define

1
DELE) =Y o /fuh.xm ()
r1+wmm%& ' H ’
(17)
—Z/ﬁubwmgﬂmmm
aecé i=1
for a countable sequence of functions { f,(x1, x2, ..., Xk, ) }reny Whichis dense in F.

Here is our first main result.
THEOREM 3.1. D is a metric on X.

PROOF. Note that to prove D is a metric the only nontrivial part that we need
to show is that, two collections &1 and &> are identical if D(§1, &) = 0. For this, it
is enough to show if for every k > 2 and every f in Fi,

(18) ffuh.xwﬂa@m— [ fee.. mﬂimm,

aeé; i=1 aeé

then & = &. We prove this into three steps.
Step 1. First, we show that, if (18) holds, then for every integer r > 1,

-
(19) {/ﬂmw mﬂimwﬂ {/ﬂmw MHTMM)
aeé; aeé
This is certainly true for r = 1. For r = 2, we take a sequence gy of functions of
2k variables defined by
gN(x1, X2, -, X2k)

= F 1, X2 ooy X0) f (k1 Xkt 2, -+, X200 (N 7101 = xe41)),
where 0 < ¢ < 1is equal to 1 inside a ball of radius 1 and is truncated smoothly to
be 0 outside a ball of radius 2. Letting N — oo, for any « € M <1, by the bounded
convergence theorem,

2k k 2
/8N(x1,---,X2k)H06(dxi)—> {/f(xl,m,---,Xk)Ha(dxl‘)} )
i=1 i=1

and we obtain

2
:/f(xl,.. xzc)]_[oz(dxz } = {/f(xl,.. xk)]_[oz(xz } :
aeg

aeé

The general case for any r € N follows from a similar argument.

r
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Step 2. We note that if (19) holds for every r € N, we can identify for each
a € M« the values of

k
20) [ s [Ta,
i=1

for f € Fr and k > 2. It follows that if (18) holds for any two elements &; and
&, then for every f € F, the list of values (20) for & € &; is the same as the list
from &,.

However, this is not enough. We need to show that if (18) holds for any two
elements &) and &;, then every & € £ occurs in & with the same multiplicity (see
Remark 3 for the definition of multiplicity of an orbit).

Let us denote by S(f, &) the set of values of A(f, i) as i varies over £&. We
have matched for £ = &) and &> the set of values S(f, &) and S(f, &). The next
step is to show that if we pick an orbit i in &, the set of values of A(f, i{1) can
actually be matched with the set of values A(f, [i2) of some [i; € & i.e. a single
choice iy € & can be made to work for all f € |J; F«. In other words, if we define
for each [i1 € & and [ir € &

Cr(fi1, o) ={f € Fr: A(f, 1) = A(f, i)},
then we have for each ji;

Fe=|J Ce(ir. i2).
H2€ér
Each Cy C Fi is a closed subset of a complete metric space and we have a count-
able union. By the Baire category theorem, at least one Cj has an interior. But
if two linear functionals agree on an open set they agree everywhere. Therefore,
there exists uy € & such that

(1) Fi = Cr(fL1, iL2).

The choice of jir may still depend on k. We need to show that (21) holds for some
1o for all k. We note that any function f(x1, x2,...,Xk—1) € Fi—1 is a limit of

g(x1,x2, oy Xk—1, Xk) = f(x1, X2, oo, Xk—1)@(Xk—1 — Xk) € Fi

as the continuous function ¢ with compact support tends boundedly to 1. There-
fore, if A(f, X1) = A(f, i2) on Fy, they agree on Fi_1 as well. In particular if
A(f, 1) = A(f, iia) on Fi for infinitely many values of k, then they agree for
all values of k. We note that by allowing ¢ to tend to 1, if A(f, it1) = A(f, [X2)
on JF7, then ;1 and uy have the same mass. Assuming the mass to be positive,
there can only be a finite number of possibilities for s since the total sum is at
most 1. There is then a u, that works for an infinite number of values of k£ and
consequently for all k. We can then peel off matching pairs and proceed with what
is left. If we are careful to remove at each stage measures with the largest masses
from & and &, we will exhaust both & and &, (it may take a countable number of
steps).
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Step 3. Now we have to recover the orbit of £ € M« (R?) from the value

k
[ re o [
i=1

for f € Fi. We can let f converge boundedly to exp{Y>"*_, /=1(t;, x;)} pro-
vided Z, ; = 0. In other words we can determine for the characteristic functions
{(i)(t)e Wt.a)y of & € X, the value of H _19() forall {#;} with }_;#; =0.

The following calculation will complete the proof. Let ¢ () and () be
two characteristic functions such that l—[f-‘:l o) = ]—[f-‘:1 Y (t;) for all {¢;} with
Y ti = 0. In particular, |¢p(1)[* = ()¢ (—1) = Y ()Y (—1) = [y ()|*. Let G =
{t :1o@®)| = |¥ ()| #£0}. Write ¢ (t) =¥ (t)x(t) on G. G is a symmetric open set
containing 0. For any k and ¢4, ..., tx € G such that Zle t;i =1t € G, we have

k
[Ix@x(o=1.

i=1

Noting that x(t) = x(—71), we find that x(t; + 2+ --- + ;) = ]_[f-‘:l x (t;) pro-
vided, {#;} as well as #; 4 - - - 4+t are all in G which contains a neighborhood of 0.

It is now standard to show that for some a € R, ¥ (1) = e¥ 1@ pear 0 and since

x (kt) = (x (1)) the proof is complete. [J

3.2. Completion under the metric D and the compactification. Henceforth, the
metric D will define the topology on the space X. Recall that the space of orbits
./\/11 is canonically embedded in X.

THEOREM 3.2. The set of orbits M (R?) is dense in X. Furthermore, given
any sequence (,un)n in Ml(Rd) there is a subsequence that converges to a limit
in X. Hence, X is a compactification of ./\/l1(]Rd) It is then also the completion
under the metric D of the totally bounded space Mi(RY).

PROOF. We prove the theorem in two main steps.

Step 1. First, we show that M is dense in X. Given any & = {¢;: iel}e X,
we would like to have a sequence (i,,),, in M1 which converges to £ € X. This can
be done if we take “distant shifts” of u, weighted by corresponding masses p; of
a;. Any remaining mass 1 — ) ; p; can be filled by a Gaussian with a large variance
(leading to “total disintegration” of mass 1 — )", p;). The convex combination of
all these measures will approximate & in X.

Indeed, let £ = {@;:i € I} € X be given. If it is an infinite collection, then for
every ¢ > 0 we can pick a finite sub-collection {1, ..., &, } such that the remaining
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total masses )., ; (R?) add up to at most ¢ > 0. Since for any « € M<; and
f€Fi,

k
[ £ om0 [Ta@n) < 1 lso(@®) < 11f lna(®),
i=1
we infer that

k
@ ¥ [ oo [Tar@n <1l X e (R <el £l
i=1

j>n j>n
Let us denote by p; = « j(Rd) for j = 1,...,n and choose spatial points
ai,...,a, € R4 so that inf;+;la; —a;| — oo. Also, for any M > 0, let Ap be

a Gaussian in R? with mean 0 € R? and covariance matrix MId € R?*4_ Since
the family of measures {7} -0 totally disintegrates, by Lemma 2.3 and (13), for
any k > 2 and f € Fy,

k
23) i [ 76w [Truan =o.
Then for the convex combination
n n
(24) gt M = 3=Zaj*5a,+<1—ZPj>KM,
j=1 j=1

we conclude that, for any k > 2 and f € Fg,

k n k
[ £ [T — 3 [ om0 [Tas@
i=1 j=1 i=1

as inf;+; |a; —aj| — oo and M 1 oo, by (15) and (23) (masses that are far away
from each other do not interact and masses that are too thinly spread do not count).
Therefore, by (22) and the definition of the metric D [recall (17)], the sequence of
orbits (il,), converges to £ in X, _

Step 2. We show that any sequence (ii,), in X has a subsequence that con-
verges to some & € X'. We need to collect some facts.

Let u e M« (RY). The concentration function of u is defined as,
(25) qu(r) = sup u(B(x,r)),

xeR4
for any r > 0. Then lim, -, o0 g, (r) = M(Rd).
If (un)n is a sequence in Mfl(]Rd), and g, (r) is the concentration function
of u,, we can, by choosing a subsequence (which we suppress in the notation) if
needed, assume that for any » > 0,

Tim_gu(r) =q(r),
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exists and also

. dy _

lim ., (RY) = p € [0, 1].

If g =lim, 1 q(r), then always g < p.
If ¢ =0, we have for every r > 0

n

nll)ngo xseuﬂgd Hn (B(x, r)) - nlggo qn(r) =0
and hence by Lemma 2.3, (13) and the definition of the metric D [recall (17)],
n — 0in X.
If g > 0, then taking a suitable translation a, € RY, we can assume that Ap =
Mn * 8q, satisfies, for some r > 0,

(26) M (B(0,1)) > q/2,

for all sufficiently large n. Let us assume, by choosing a subsequence if needed,
An <> a. Then a(Rd) > %. According to Lemma 2.2, we can express A, = o, + B,
where 8, — 0 and o, = «. Lemma 2.4 implies that for V € F,

Jim [ VG yan @0 @) =0.

This property is valid after translating back by é_,, and w, has the same decom-
position in terms of the shifted a,, *6_,, and B, *6_,,. We will denote them again
by a, and B,. We remark that if ¢ = p, then A, = u, x §,, converges weakly
to o and B, can be taken to be 0. To see this, choose r > 0 so that (26) holds.
Furthermore, note that given any ¢ > 0, there are translations b, . such that, for
some rg, (n * 8p,)[B(0,r:)] > p — € for large enough n. The sets B(—ay,r)
and B(—b,,r:) can not be disjoint, because if they were, there combined total
mass would exceed p [recall (26)]. Therefore, |a, — b,| < r + r.. This implies
B(—ay,,r +2r;) D B(—by,, re) and Ay[B(0, r + 2r.)] > p — ¢. This shows that A,
is a tight family of measures and (choosing a subsequence if needed) A, = « for
some o € Mfl(Rd) and B, can be taken as 0. Hence, again by definition of the
metric D [recall (17)], it, — @ in X.

Let us now start with a sequence (i), in M} (R?). We want to prove that the
sequence (i), in X has a subsequence that converges to some & € X'. Hence,
to begin Witll p=1and 0 <g < 1. By the remarks I~rlade above, if ¢ = 0, then
p— 0in X.If ¢ =1, then 0, = u,, and i, — @ in X.

If 0 < g < 1, we can, for some sequence (a;,), C R, represent W, = o, + By-
o, so that:

[}

oy * 84, = .

e Forevery V € F»,

Jim [ VG = ) (dr)B (o) =0.
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e Foreveryr > 0,

. . q
nll)ngoqﬁn(r) Smm{l — E,q}.

The last inequality requires a remark. Since B, <, we have gg,(r) < q,,, (r) for
every r. Mass of % has been removed in the limit from w, by (26). What is left can
in the limit have mass at most 1 — %.

We repeat the procedure with g,. Either the process goes on forever or termi-
nates at some finite stage. If it terminates at a finite stage, we would have the
decomposition

k
(27) =y a’+y,  keN,
j=l1

that will satisfy:
e Forj=1,...,k,
nli)nolooe,gf) xa) = a;.
e Fori £ jand V € 7,
Jim [ Ve - e @onal) @) =0.
e Forevery r >0, g, (r) — 0 and
Jim [V (g = x2)yn (dx1) ya(dx2) = 0.

Clearly [z, converges to & = {&1, ..., 0k} in X.

If the process continues forever, we have for each k € N a decomposition as
above. Inductively, starting from B, 0 = (,, we define according to Lemma 2.2
,Bn,j = 0p, j+1 + ,Hn,j—H so that Up, j = ;. Let pj= limn_>oo ﬁj(Rd) and qj =

limy 00 limy 00 g8, ; (r). Since aj(RY) > 4, and 3 ; o (R?) < 1, it follows that
qgj — 0as j — oo. Fix any F € F. Then, proceeding inductively in j,

J
[ PG x0ma @  n(@) = 3 [ PO o (@) - (dxe)
i=1

[ Ot x0Ba @) By,
Since g; — 0 and the orbits &, ; converge to &; in X, the theorem is proved. [

We end this section with an immediate corollary which will be of use later.
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COROLLARY 3.3. Let (jiy)n be a sequence in X so that n, —&={a}e X.
Then, for any V € F,,

i [ V= @y = 3 [, ve=ya@ne@.
In other words, the functional
H@= ([  Ve-ye@ordn  peMi(®?),
R4 xRd
is continuous on X.

4. Large deviation principles in the compact space X. Recall that we
started with Wiener measure P on 2 = C[[0, 00); Rd] corresponding to the d-
dimensional Brownian motion W starting from the origin with

1t J
L,(A):;/O 14(W(s))ds ACR

denoting its normalized occupation measure until time 7. Note that L; maps
(28) Q — M;(R?)

inducing a probability distribution on M (R¢). Classical large deviation principle
[2] states that the family of these distributions satisfies a “weak” large deviation
principle in the space probability measures on M (R¢) equipped with the weak
topology with a rate function /. More precisely, for every compact subset K C
MR,

1
(29) limsup —logP(L; € K) < — in1f< I(w)
WE

t—oo I

and for every open subset G C M (R%)

1
(30) liminf — loglP(L; € G) > — inf I(u),
t—o0 f neG
where [ is the rate function given by
1 . du
31) =13 IV S = [ HI(R),
00, else.

Here H'(R9) is the usual Sobolev space of square integrable functions with square
integrable derivatives. Note that the function p +— I (w) is translation invariant and
depends only on the orbit fi. Furthermore, this map is convex and homogenous of
degree 1.
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We say that a family of measures satisfies a “strong” large deviation principle,
or simply a large deviation principle (LDP) if the upper bound (29) holds for all
closed sets.

Note that we also have an extension of (28) via

Q— M (RY) - M| (RY) c X

which induces a probability distribution Q; of L; on X. Our second main result
gives a large deviation principle for (Q; on X with the rate function

(32) e =>"1@,
aeé
where
1@ =1(a),

where [ is defined in (31) and « is any arbitrary element of the orbit & (recall that /
is translation invariant). We remark that although 7/ is defined in (31) only on prob-
ability measures M (R?), the definition canonically extends to sub-probability
measures M < (R?). Here is our second main result.

_THEOREM 4.1.  The family of measures {Q;}; on the compact metric space
X equipped with the metric D satisfies a large deviation principle with the rate
function 1(§) defined in (32).

We split the proof into three main steps. First, we prove that the function Iis
lower semicontinuous on X.

LEMMA 4.2 (Lower semicontinuity). If&, — & in X, then
liminf7(6,) > T(6).

PROOF. Let us first consider the case where, for each n € N, &, consists of
a single orbit i, and the limit & is a finite or countable collection {¢;} arranged
so that their masses {p;} form a non-increasing sequence. Given ¢ > 0, it is then
possible to write [recall (27)]

k
MUn = Zaf(ll) + Bn
i=1

for some k € N such that the following properties hold: Foreachi =1, ..., k, there
are sequences {a\"}, C R such that

i ~
Otr(L) *Sar(zi) = Q; €,

lim inflal) —a{| = oo,
n—00jj
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; _ ) —
Jim [ V= e @)y = o.

limsup [ V(x —y)Ba(dx)B,(dy) < 2e,
n—oo
for all V € F,. In particular, since foreachi =1, ..., k, a,(,’) is weakly convergent
they are a tight sequence and therefore a() is concentrated near —an . We can
find a smooth cut-off function ¢(x) which is 1 in the unit ball, O outside a ball of
radius 2 and smoothly varies in between. In particular, 0 < ¢ < 1. For r, > 0 to be
suitably chosen later, we will have a partition of unity by setting

k k

M) S]] o

=1 i=1
We can assume that I (iu,) < oo for each n € N (since otherwise there is noth-
ing to prove) and hence w,(dx) = f,(x)dx and f, € H'(R?). If g, = «/f, and
% Jra 1Vgn |2 dx < ¢, we need to prove that «q, . .., ax are all absolutely continuous
with densities f!,..., fX and

k
SI(fP) <
i=1
We define, foranyi =1, ..., k,
(@)
£ ) = fn(x){ (x T an )}
,

n

0
= {gn(x)so(xta" )}

and we let r, — o0 in such a way that 2r, < min;%; |a,(li) — a,(,j )|. Then
,,(l)(x)dx:>a,~ fori=1,2,...,kand

(t) 1 @)
1(£) = 2/‘Vgn<x>so<x+ " )+—gn<x)<vw(”"” )‘ dx.
r rn

n

Since r, — 00, ¢ and V¢ are uniformly bounded and the integrals | |g, (x)|?dx
and [|Vg,|*dx are bounded, only the first term in the integral counts. Since the

functions
X+ a,(,l)
@
n i=1,...k

do not overlap and 0 < ¢ < 1, we infer

) 1
)} dx < E/Wgn(x)!zdx

Z > [{vancote (==
:%/W\/%\zdx:ufn)gz.
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This implies that any weak limit o; of fn(i) dx has a density @ and
Yis (D) <. 4 o

Finally, if &, consists of multiple orbits {£\}; with ¥; T(6\”) < ¢, we can
choose subsequences such that, for each i, S,El) has a limit which is a collection
£@ of orbits {&;l)} j- The last step implies, for each i, 3 ; I (&';’)) < @ where
¢9 = liminf,_ oo T (£"). Hence,

— O < 1imi T(£®
1(5)_214 51,1113@21(5,1 ) <.
1 1
This proves the lemma. [J

Next, we derive the large deviation lower bound for QQ; on X. This is easily
done given the translation invariance, convexity and homogeneity of / and the
denseness of the space M (R in X.

LEMMA 4.3 (Lower bound). For any open set G in X,

1 -
33 liminf = 1 > — inf 1(£).
(33) iminf - 0gQ:(G) > Jnf )

PROOF. For (33) it is enough to prove, given & € X with IN(E) < 00,
1 ~
(34) liminf —logQ,(U) > —1(§),
t—00 t

for any neighborhood U > &.
We claim that any £ € X with 1(§) < oo can be approximated by &, € X such
that

(35) limsup 7(&,) < 1(£).

Indeed, recall from step-1 of the proof of Theorem 3.2 that M, is dense in X
and & = {d/j} € X' can be approximated by the sequence (ii,), in M, where, as
constructed in (24),

n n
U = Z“j*‘saj + (1 — ij>)»M EMI(Rd),
j=1 j=1

and Ay is a Gaussian with mean vector 0 and covariance matrix M1Id. Further-
more, since I(-) on M(R?) is translation invariant, homogeneous of degree 1
and convex, it is also sub-additive on M < (RY). Then,

I(un) < Zl(aj*saj)‘F (1 - ZP})I()\M)

j=1 j=1

=> I+ (1 — Zp,-)mM)

j=1 j=1
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<1 +1(m)
~ 1
:I(é)—l—M.

Since we can choose M to depend on n, make it arbitrarily large and take (§,) to
be the single orbit sequence (i), (35) is proved. The desired lower bound (34)
now follows from the large deviation lower bound (30) of the distribution of L; on

Mi@RY. O
Finally, we turn to the large deviation upper bound for Q;.
PROPOSITION 4.4 (Upper bound of Theorem 4.1).  For any closed set F in X,

(36) lim sup ; logQ,(F) < — Sinlfr 1(£).

t—00

Let U/ be the space of functions of the form u = ¢ + v where v is a smooth
nonnegative function with compact support on R¢ and ¢ > 0 is a positive constant.
Let ¢(x) be a smooth function satisfying 0 < ¢(x) <1, ¢(x) = 1 inside the unit

ball and ¢ (x) = 0 outside the ball of radius 2. Forany k > 1, R > 0, uy,...,ur €U
and ay, ...,a; € R? and ¢ > 0 consider the function

k X +a;
(37 gx)=gk. R, c.a1,...,ax) =c+2u,-<x+ai><p( 7 )

i=1
and define F : Q2 — R by setting

1 1 =1/2Ag(W
F(ui,...,ug,c, R, t,w) = sup _/0 WCB

ai,...,ag t
inf,-;ﬁj la; —aj |>4R

(38)

f ML,(dx).
R4

g(x)

infijlaj—aj|>4R
Since the last expression depends only on the image L; of L, in X, we write

—1/2Ag(x)
/I%d

gy

F(uy,...,ux,c,R,Ly) = sup
ap,...,ag
infi£jlaj—aj|>4R

(39)
=F(uy,...,ur,c,R,t,w).

We will need the next three lemmas to prove the upper bound. First, we prove that
F(-) grows only sub-exponentially as t — oo.
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LEMMA 4.5. Foranyk>1,R>0,uy,...,ur €U and c > 0,

1 ~
lim sup — logE{exp{tF(ul, s g e, R L)Y

1—>00
(40) = hmsup—logE{exp{tF(u], < Uk, ¢, Rt w)}}
—00
<0.
PROOF. Ifit were not for the supremum over ay, .. ., a this would be a simple

consequence of Feynman—Kac formula. In fact, we first show that

1 roAg(W
41) 11msup—10g1E{e p{/ —Mds}} =0.
1—00 0o 2g(W(s))
Indeed, by the Feynman—Kac formula, the function
b Ag(Wy)
\Ilt,sz{ Wex{/ s”
(7, x) =Exy8( z)PO 25(Wy)
satisfies the initial value problem
0 1
Oy = L awi = 28D g v,
ot 2 2g(x)
(0, x) = g(x).

However, we clearly see that
W(r, x) =gx)
solves the above heat equation. Furthermore by definition [recall (37)],
g(x) =c.

Hence, we conclude

2() :Ex{g(W,)eXp{/(;t_Ag(Ws)}}

2g(Wy)
o Ag(W,
ZcEx{exp{/ _Ag( s)”
o 2g(Wy)
and therefore,
r Ag(W
(42) Ex{exp{f 8 )” §x)
0 2g(Wy) c
This proves (41). To handle the supremum over (ai, ..., a) inside the expectation

we have to do a “course graining” argument.
First, we note that if the range of the Brownian motion in the time interval [0, 7]
is r¢, once any |a; | exceeds r; + R it will no longer affect the value of g [again recall
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the definition (37)]. We can therefore limit each a; to the ball of radius r; + R. But
Plr; + R>1* < exp[—c1t3] and can be ignored. In other words, we can limit
each g; to the ball of radius 72.

Furthermore, the function % is a uniformly continuous function of
ai,...,ar and given any ¢ > 0, there is a § > 0 such that its oscillation in a box of
size § is at most &. A ball of radius 72 can be covered by (%)d" such boxes. There
is a set K C (RY)* of representatives of such boxes, a set of cardinality at most
(5% satisfying |a; —a;| > 4R forall i # j.

Using the above two remarks, we can now estimate

E{ex { su ‘/IMM”
Pl aby b ewy
lai—aj|=4R Vi#j

t—1/2Ag(W,
<E exp{ sup / Mds}}—l—ecth( sup |Ws| Zt2>
la1|<£2,..., ag|<t2 /O g(Wy) 0<s<t
lai—aj|=4R Vi#]

t—1/2Ag(Ws)

<E exp{et—i— sup f ds” +exp(cat — c11)

(at,...,ap)eK g(Ws)
—1/2Ag(W;
<E exp{st+/ [288( )d ”—}—exp(czt—c1t3)
(ay,..., ak)eK g(W )

12\ —1/2Ag(Wy) )4
= (E) (al,,,s,l,’lglIZ)eK {exp{gt + / (Ws } }

+ exp(cat — c1t3).

Taking logarithm, dividing by ¢, passing to lim;_, o, and invoking (41), we obtain

t—1/2Ag(W,
hmsup—logE{exp{ sup f Mds” <e,
t—00 aj 0 g(Ws)
lai—a;|>4R Vi#j

and ¢ > 0 is arbitrary. (40) is proved. [

LEMMA 4.6. Let (liy), be sequence in X which converges to & ={a;} € X.
ForanykeN,i=1,...,kand u; ¢(x) = ui(x)go(%), where u; € U, we have

k
o~ - —(1/2Au; g)(x)
1 fF(uy,...,ur,c, R, > / : (dx
iminf F () Uk, ¢, R, fin) ; P a; (dx)

43) ~
=AE,R,c,uy, ..., ug).
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PrROOF. If ji, — & = {d}, then for j =1,2, ...,k we can again decompose
Un as [recall 27)] w, = Z’;Zl ay,j + By with o j * 8anﬁj = «; for a suitable
choice of a,, ; that satisfy lim,,, « |a,,; —an, j| = oo fori # j.If n is large enough
|@n,; — an,j| > 4R and the supports of {u; g}; are mutually disjoint. In particular
with the choice of a; = —ay, ;

_1/2Ag(ka R’ ¢, ay, ..., ak?-x) _ Z _(l/ZAui,R)(x - an,i)

gk, R, c,ai, ... a, x) o ctuir(x —ani)

Because «a;,; is gets widely separated from B, as well as a, ; for i # j, itis clear
that

lim
n—00 c+ui r(x —ay,;)

—(1/2Au; g)(x _a"’i),un(dx) :/ _(1/2Aui’R)(X)O{,'(dX),

c+u;r(x)
and the lemma follows. [

LEMMA 4.7. With A defined in (43) and T defined in (32), we have the iden-
tification

1&)= sup AE R, c ul,... up.
R,c>0,keN,

PROOF. Recall the definition of the classical rate function I from (31). For
any o € Mfl(Rd), we can also identify I as

B —1/2Au(x)
I(ax) = 21615/ R e Fipon a(dx).
c>0

Therefore for every k € N,

k
sup  AE e, Roup,..m) =Y 1))
c>0,R>0
Ul,..., U €U

i=1

and

k 00
sup > (@)= 1)) = 1®).

ke j=1 j=1 |:|
Now we come to the proof of the large deviation upper bound for Q; in X.

PROOF OF PROPOSITION 4.4. X being compact, for (36), it is enough to
prove (by the usual machinery of covering a compact space by finitely many balls
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and invoking the union of events bound) that if £ € X and Njs is a ball (as usual, in
the metric D) of radius é around &, then

(44) lim sup lim sup — log Q/(Ng) < —I(§).

§—0 t—00

Let ‘H be the space of maps H : /\/ll(Rd ) — R with the following properties: For
each H there is a corresponding function A gy : X — R such that

(45) liminf H(ji) > A (§)
fie M1 (RY)
,U«—>5€X
and
1
(46) lim Sup — log EY lexp{tH()}} <
11— 00

Then again the properties of the decomposition (27), a routine application of
Tchebycheff’s inequality, (45) and (46) show that, for any H € H,

1
11msup11msup—log(@,[N5 1<—Ané).

§—0 t—00

It is therefore enough to identify / (5) as

47) 1(§) = sup An(§).

HeH
Recall the definition of F from (39). Then, for H, by Lemma 4.5, Lemma 4.6 and
Lemma 4.7, we can take the collection {F (uq, .. Uk, C, R, u)} with k € N, R,
c>0,uy,...,ur €U and p € M;(R?) and set AF = A, with A defined in (43).
This proves (47) and hence Proposition 4.4. [J

5. Application: Localization of path measures with Coulomb interaction.
In this section, we come back to the problem we introduced in Section 1. Again,
we consider the Wiener measure P on © = C¢([0, o0); R?) corresponding to a
three dimensional Brownian motion W = (W;),;>¢ starting at the origin. Consider
the transformed measure

dIP’, { / / dsda}dIP’,
0 |Ws
1 rtrt 1
z,:m[exp{_ i ——
tJo Jo |W€_WO'|

is the normalizing constant or the partition function. As mentioned before (see

(4D,

1 2 1
48) lim —logZ, = sup w V) IIWII2 :
; 2
—0o0 f I/IEHI(R3) R4 Rd -x - }’|

1 ll2=1

where
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and according to the classical result of Lieb (see [5]), this variational problem ad-
mits a maximizer 19 which is radially symmetric and is unique up to translations.
Let dpuo = wg (x) dx define its probability distribution with [ig the corresponding

orbit in M 1(R3). We study the distribution
@t = @tzt_ !
on /\7(1 (R3) of the orbit Zt of the normalized occupation measures L; of the tra-

jectory {Ws : 0 <s <t} under the transformed measure PP,. Here is our next main
result.

THEOREM 5.1 (The tube property under Coulomb interaction).  As probability
measures on M1(R3 ),

tlggo Q= 53,
under the weak topology.
REMARK 4. Note that the topology on M1 (R3) is the same as weak conver-

gence. As we shall see, the compactification X of M, (R?) plays a role only in the
proof of this theorem and not in its statement.

The proof involves the standard large deviation route. The function ﬁ is un-
bounded and needs to be truncated to fit within the standard large deviation theory.
We write

(49) 1o Ve(x) + Ye(x)
| x|

with V,(x) = (€2 + |x|*)~1/2. The difference is given by

1 Ver+Ixl? —Ix|

1
Ye(x) = — — =

K S22+ k2 xle? + |x

g2 1 1

el 4 /2 + x| |62+ [x 2 ¥
:81(p<£>’
&

1 1

'x' 1+ [ (x] + /1 + 2]

We need the following lemma to control the difference.

with

¢(x) =
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LEMMA 5.2. Forany A > 0,

1
(50) hmsuphmsup;logE[exp f/ Ye(Wg — Wa)dsdo*} 0.

e—0 t—00

PROOF. One can bound ¢ (x) which behaves like | near 0 and like |3 near

oo by ‘X'Lm In particular,

C
Ye(x) < Ix |\3//;

Then by time ordering and Jensen’s inequality,

exp{ //Y(W W)dsdo*}
_exp{ /{/Y(W W)da}ds}

1
< ?/ exp{ZA/ Y. (Wy — Wg)do}ds

1
<7 fyonlervi [ Wd o
(D) t—s
/dsexp{2Ckf/ A Ig/2d }

If we can show that, for & > 0 small enough,

(51) sup E(X){exp{2Ckff

} <o <09,
xeR3

Wo |3/2

then it follows, by successive conditioning and the Markov property,

(52) {exp{zcxf/ W Wzd } <o,

This will prove (50).
It remains to check (51). For this, we appeal to Portenko’s lemma (see [6]),
which states that, if for a Markov process {P™)} and for a function 1% >0,

sup E(x){/ V(Ws)ds} <n<l
0

xeRd

then

=0 < 0.

sup E(x){exp{/o] V(Ws)ds}} <

_n
xeRd l—n
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Hence, to prove (51), we need to verify that
I d
0
xeR3 0 |W0 | /

o [l [ el 05
= Su o} (9,4 — <0
e 2 Jo %7 S 9P o3z P 20

One can see that

(53)

sup | dy ! ! xp{—(y_x)z}
TR |y|3/2 2 o)3/2 20

is attained at x = 0 because we can rewrite the integral by Parseval’s identity as

C/R36Xp{_0|§|2 —i—i(x,é)}'sl%/zdé,

where ¢ > 0 is a constant. When x = 0 the integral reduces to fol o 3/*do which
is finite. 0J

We continue with the proof of the Theorem 5.1. First, we prove a large deviation
estimate for Q.

THEOREM 5.3. For any closed set F C X

hmsup—logQ, 1< — inf J(&),
t—00 §eF

and for any open set GC X

1 ~ ~

liminf —1 Gl > —inf J(§),
iminf - 0g Q:[G] = Jnf &)

where, for & = {a} eX,

J&)=p Z{f e @) - 1@-)}

J

and p is given by
P200Y2 <y> I .
su dxdy — = Vi
geﬁj{fn@/& — =320 w13}

and o j(dx) = 7 (x) dx with 3 [s 7 (x) dx < 1.
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PROOF. We fix a closed set F C X. Then, by definition,
Q(F)=Pi(L, e F)

_ E%exp{(1/0) o Jo(1/IWo — W;l) do ds}1r)
EQ{exp{(1/1) Jo fo (1/IWq — Ws]) do ds})

where Q; is the distribution of L ¢ in ./\711 (R?). We first handle the numerator. The
denominator will be taken care of similarly. Recall the decomposition (49). Then
with % + é = 1 and Holder’s inequality, the numerator becomes

/FexpE /OI/O’{vguws C W)+ V(W — ng)}dods]d(@,

5[/Fexp{;/otfotpvgﬂws—Wﬂ)dads}d@t}l/p
x[/Fexp{ //qY (|Ws — Wy |)d0ds}d@,]1/q.

Taking logarithm, dividing by ¢, passing to limsup,_, ., and followed by ¢ — 0,
li 11 f [I/t/t ! dd}d@
imsup — lo exp| — ————dods
AP T8 LR P o Jo Wy =W '

1
<limsup — limsup — logf exp[ /f pVe(IWy — Wy |)dads:|d@t

e—~0 P t—o0

(54)

1
+limsup—limsup;log/ exp[?// qY8(|Ws—WU|)dadsi| dQ;.
F 0J0

e—~>0 {4 t—o0

By Lemma 5.2, the second term is 0. For the first term, since for every ¢ > 0,
Ve € F2, by Corollary 3.3, Proposition 4.4 and Varadhan’s lemma,

1 1 t t
limsup;log/Fexp[;'/(;/o pVe(IWs — W(r|)d(7dsi| dQ;

1—>00

1
< sup[Z [ [ et —ywdowioiaxdy - 3 > Ivu12).

EeF

where & = (&} and aj(dx) = wZ(x)dx with 3 fps Y7 (x)dx < 1.
Since Vi (x) < Tl | and Vi (x) — | as e — 0, forany p > 1,

5_’0§€F

1
i sup| Y- [ 3pvg<x—yw?(x)w?(y)dxdy——anjuz]
YR

—;gg[ L) v (y)dxdy——anJu]
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We can now let p — 1 and obtain
i i o[ [ . e
imsup — lo exp| — —dods
l—>oopt gF pt 0Jo |Wy— Ws| '

1 p P 1 12
<sup[Z/R3/R3 TR I ]

EeF

(55)

The lower bound

i s | W 1 dd}d@
1m Ssup — 10 exXp| — —————do ds
taoop g P 0|W'_WO-| !

(56)
2 oo L]

for open sets G C X follows immediately from Lemma 4.3. This derives the
asymptotic behavior of the numerator in (54). For the denominator, we invoke (55)
for F = X and (56) for G = X to deduce

li)r(r)lo;log/ exp|: //0 |W W|d0ds]d(@t

57) sup[ L) (y)dxdy——anjn}

EeXx

=p.
We apply (55), (56) and (57) to (54). The theorem is proved. [

We need a lemma here to complete the proof of Theorem 5.1.

LEMMA 5.4. The supremum in (57) is attained only when & consists of a
single orbit [i with uw(dx) = ¥*(x)dx for a unique radially symmetric W and
Jre v (x)?dx =1.

PROOF. If we rescale with v (x) being replaced by o2v (o x), the expression

8 1 B 1
7 /R3/R3 I — y] Y ex)yoy)drdy —o® IVt/f(crx)I dx

becomes

: L 2y 1 2
o A-@A@ R0 dedy 50 [1vv o ax

while the mass 0 3 ¥%(ox) dx becomes o [3 ¥2(x) dx. Therefore if we define

_ L 1 2
pm= s | [ [ wreproraray = [ [yl ]

Jg3 h2(x)dx=m
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then p(m) = Cm3.In particular, p(m|+m3) > p(m1)+ p(m3) proving that supre-
mum in (57) is attained at a single orbit & = {ji} of total mass w(R>) = 1. Accord-
ing to Lieb’s theorem (see [5]), the function i that maximizes

Lo 2 1 2 ]
|:/]R3f]R3 |x_y|10 ()¢~ (y)dxdy 2/R3Wxﬁ(x)| dx

subject to [ps ¥2(x)dx = 1 is unique up to translation. [J
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