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SPATIAL ASYMPTOTICS FOR THE PARABOLIC ANDERSON
MODELS WITH GENERALIZED TIME-SPACE GAUSSIAN NOISE!

BY X1A CHEN
University of Tennessee

Partially motivated by the recent papers of Conus, Joseph and Khosh-
nevisan [Ann. Probab. 41 (2013) 2225-2260] and Conus et al. [Probab. The-
ory Related Fields 156 (2013) 483-533], this work is concerned with the
precise spatial asymptotic behavior for the parabolic Anderson equation

ou _ 1A v
5([,)()_ 2 u(t,x)+ V(e xu(t,x),
u(0,x) =up(x),

where the homogeneous generalized Gaussian noise V (¢, x) is, among other
forms, white or fractional white in time and space. Associated with the Cole—
Hopf solution to the KPZ equation, in particular, the precise asymptotic form

342t

. -2/3 D
lim (log R log max u(t,x) = -, — a.s.
R»oo( eR) g|x|§Ru( %) 4V 3
is obtained for the parabolic Anderson model d;u = %fou + Wu with the
(1 4 1)-white noise W (z, x). In addition, some links between time and space
asymptotics for the parabolic Anderson equation are also pursued.

1. Introduction. This work is devoted to the analysis of the spatial asymp-
totics for the parabolic Anderson model

0 1
a_bft“”‘) = S AUt ) OV (. X)u(t, ),

u(0, x) =up(x),

(1.1

where V (¢, x) is a centered generalized homogeneous Gaussian field with the co-
variance function formally given as

(1.2)  Cov(V(s,x),V(,y)=y(s —t)y(x —y), s,teRY, x,yeRY,

and 6 > 0 is a constant playing a role as coefficient. Some remarkable progress
in this direction has been made in recent papers by Conus, Joseph and Khosh-
nevisan [9] and Conus et al. [10] in the case when the time is white, that is, when

Received January 2014; revised January 2015.
1Supponed in part by the Simons Foundation #244767.
MSC2010 subject classifications. 60J65, 60K37, 60K40, 60G55, 60F10.
Key words and phrases. Generalized Gaussian field, white noise, fractional noise, Brownian mo-
tion, parabolic Anderson model, Feynman—Kac representation.

1535


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/15-AOP1006
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

1536 X. CHEN

10(+) = 8o (-) (Dirac function) and y (x) takes a variety of forms. Here we specifi-
cally mention the case when d = 1, yg(u) = §p(u) and y (x) = dg(x) in which (1.1)
is formally written as

ou _ 182 oV
(1.3) oy (%) = 5 9u(t, ) + W (@, u(r, x),

u(0, x) =uo(x)

with V = W being a space—time white noise, where {W(r, x);r € RT, x € R} is
a time—space Brownian sheet. Under the bounded initial condition [given in (1.8)
below], Conus, Joseph and Khoshnevisan prove (Theorem 1.3, [9]) in this case that

c < liminf(log R)_z/3 log max u(t, x)
R—o00 |x[<R

(1.4)
< limsup(log R)_z/3 log max u(t,x) <C a.s.
R—00 [x|<R
The importance of this result partially lies in the connection (see [15]) between
(1.3) and the Kardar—Parisi—Zhang (KPZ) equation (see [19] and [20] for its back-
ground in the study of interface)

= 1 )+1<8h<t )>2+9W(t )
or Y T a2 Y T g A
(1.5)
(t,x) e RT x R,

through the Hopf—Cole transform
(1.6) u(t, x) =exp{h(t, x)}.

In particular, (1.4) leads to that maxy<g A(z, x) < (log R)?3 (R = o0).

The objectives of this work are set up as follows:

First, we shall install the limits for the asymptotics given in (1.4) and in some
other cases considered in [9] and [10]. Further, we shall identify or compute the
values of these limits.

Second, we shall consider a wider class of Gaussian potentials where V (¢, x)
can be white or colored in time. Our first theorem (Theorem 1.1) considers the
case of a general y((-) matching with a “nice” y (). In this paper, however, we
are mainly interested in the cases listed in Table 1 where V (¢, x) is fractional
(colored)/white in time and space. In the setting labeled (1) x (II), the Gaussian
field V (¢, x) is formally given as

d+1ywH
(1.7) V(t,x)zcm, (t,x1,...,xq) eRT x R?

0t dxy---dxg
and is known as the fractional noise, where W# (¢, x) is a (d + 1)-parameter
fractional Brownian sheet with the Hurst parameter H = (Hy, Hy, ..., Hy). The
settings (1) x (III), (2) x (II) and (2) x (III) are also interpreted by (1.7) with
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TABLE 1
Fractional/white potentials considered in this paper

Time/space Dyx=[xI"* ADyx)= ch{=1 lx; 1PHi=2 () y (x) = 8o(x)
M yo)=[-17% ap >0, 1/2<Hy<1, d=1
(¢g =2 —2Hy) O<a<d, 1/2<H;j<1(<j<d),
Qg+ <2 2Hy+ Y0 Hj>d+1
2) y0() =80() 0O<a<2nd 1)2<Hj<1(=1,...,d) d=1

H = (Hy,1/2), H=(1/2,Hy, ..., H;) and H = (1/2,1/2), respectively. The
case of Riesz potential y (x) = |x|™“ can be interpreted as a fractional noise with
a radially symmetric fractional spatial component and has close ties to some clas-
sical laws in physics, such as Newton’s gravity law and Coulomb’s electrostatics
law.

There are some major differences between regime (1) and regime (2) that lead
to difference in treatment between these two regimes. In regime (1) the solutions
u(t, x) have a Feynman—Kac representation [see (1.9) below] and the solutions in
regime (2) do not. On the other hand, the solutions in regime (1) do not possess
the martingale structure that is related to the mild representation given in (1.33)
below.

Similar to [9] and [10], we assume in (1.1) that ug(-) is deterministic with

(1.8) 0 < inf wug(x) < sup up(x) < oo.
xeRd xeRd

The major development of this paper involves two independent random systems:
one is a d-dimensional Brownian motion B(¢) and the other is a centered gener-
alized homogeneous Gaussian field V (¢, x). Throughout the paper, by E, and P,,
we mean that, respectively, the expectation and probability law with respect to the
Brownian motion with B(0) = x. [E and PP are introduced for the expectation and
probability law with respect to the Gaussian field.

1.1. Results under Feynman—Kac representation. Solving equation (1.1) may
mean different things under different definitions of stochastic integrals. The cases
considered in this subsection yield the Feynman—Kac representation

(1.9) u(t,x):[Ex[exp{G/OtV(t—s,B(s))ds}uo(B(t))}, x € R?

for the solution of equation (1.1). When V (z, x) has sufficiently nice trajectories,
(1.9) is a well-known fact. This is not a trivial matter in our context, as the Gaussian
field V (¢, x) is not even (necessarily) point-wise defined. Mathematically speak-
ing, a generalized centered time—space Gaussian field V can be defined as a ran-
dom linear operator on a Schwartz space S(R* x R?) of rapidly decreasing (at co)
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and infinitely smooth functions ¢(z, x) on RT x R? with lim,_, o+ 8,(n)<p(t, x)=0
foralln =0, 1, ... such that for each ¢ € S(RT x R%), (V, @) is a centered normal
random variable. In the settings considered in this paper, there are (probably gener-
alized) functions () on R and y (-) on R4 such that for any ¢, ¥ € S(R* x R9)

Cov((V,0), (V. ¥))
(1.10)

= yo(s — 1)y (x — Y)e(s, )Y (1, y)dsdrdx dy.
(R+xR9)2
This relation is formally written as in the form given in (1.2). Given a probabil-
ity density h € S(RT x RY), write h,(s, x) = e~ @+Dn(e~1s, e~ 1x). Notice that
Ve(t,x) = (V, he(t — -, x —-)) is a point-wise defined Gaussian field on Rt x R4
and has a sufficient regularity if 4 (¢, x) is smooth enough. The time integral in (1.9)
is defined as the £2-limit

/Ot V(t—s, B(s))ds

(1.11)
def

t
= lim [ Ve(t—s, B(s))ds — L2(Q, APQP,),
e—>0tJo
provided that the right-hand side converges in £2(Q2, A, P ® P,).
Conditioning on the Brownian motion, this integral is a centered Gaussian pro-

cess (in t) with the conditional variance

t pt
(1.12) /(;/0 Yo(r —s)y(B(r) — B(s))drds (t>0).

The exponential integrability required by the construction of Feynman—Kac rep-
resentation in (1.9) can be established by the conditional Gaussian property, given
the exponential integrability of the Hamiltonian in (1.12). An interested reader is
referred to [17] for details.

Under the usual conditions (satisfied by the theorems in this subsection), the
Feynman—Kac representation given in (1.9) is a weak solution (Theorem 4.3, [17])
to (1.1) in the sense that

/ u(t,x)w(x)dx:/ uo(x)go(x)dx—i—l/t/ u(s, x)Ap(x)dxds
R4 R4 2 Jo Jrd

+/0[/Rdu(s,x)V(s,x)<p(x) dxds

for any C* and compactly supported function ¢(x) on R?, where the last term is
a Stratonovich stochastic integral (Definition 4.1, [17]).
One such case is when y(-) satisfies some local integrability and y (-) satisfies

(1.13) /d(1+|A|5)J}(A)dk<oo for some § > 0,
R
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where p represents the Fourier transform (which is non-negative, and exists possi-
bly in the distributional sense).

(1.14) ey :/d y () dx, reRY,
R
By Fourier inversion

r) =y = [ (@ =)0 dr.

Therefore, under (1.13) y(-) is Holder continuous with the exponent § given
in (1.13).

THEOREM 1.1. Assume that y (-) satisfies (1.13) and yo(-) > 0 satisfies

t ot
(1.15) // yo(r —s)drds < oo (t > 0).

0J0
Then for any t > 0 the weak solution in (1.9) obeys the asymptotic law

lim (log R)~!/2 log max u(t, x)
R—00 [x|<R

172
= 9(26[]/(0) '/(;l/ol yo(r —s)dr ds) a.s.

Theorem 1.1 here is comparable to Theorem 2.5 in [10] under a different as-
sumption that appears to be not so comparable to (1.13).

The other cases are those labeled as (1) in Table 1 where the Gaussian potential
is fractional in time. The legitimacy of the Feynman—Kac representation (1.9) is
secured for (1) x (II) by Theorem 4.3, [17], for (1) x (IIl) by Theorem 6.2, [17]
and for (1) x (I) by an obvious modification of the approach used in [17].

Let W12(R?) be the Sobolev space of all functions g on R4 such that g, Vge
L2(R4). Denote

(1.16)

Ay = {g(s,x); g(s,-) € Wh2(RY), /Rd ¢2(s,x)dx = 1

1
Y0 <s < 1 and f /d|ng(s,x)|2dxds<oo},
(1.17)

E(ag,d,y) = sup {/f /]Rdx]Rd rbx—y) 2(s x)g (r,y)dxdydrds

geAy |I’ _S|a0

1 r! 2
-3 Oédwxg(s,x)} dxa’s}.

By Lemma 7.2, [6], £(ag, d, y) is finite under the assumptions in any of the cases
listed in Table 1 with the label (1).
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Consistently with the parameter « in setting (I), we set
d
(1.18) a=2d—-2) Hj
Jj=1

in the setting labeled (II). A common property shared by (I) and (II) is the spatial
scaling

(1.19) y(cx) =c %y (x), xeR? c>0,

which plays a major role in the formulation of the following theorem.

THEOREM 1.2. In settings (1) x (I) and (1) x (II) listed in Table 1, we have
that for any t > 0, the weak solution in (1.9) satisfies

lim (log R)~>/“~* log max u(t, x)
R—o0 [x|<R

(1.20)

_4—a <45(a0, d,y) )<2—a>/<4—a)
-4 2 -«
% 94/(4—a)d2/(4—o¢)t(4—a—2a0)/(4—a) a.s.

Relation (1.19) remains valid for the setting of y(-) = §p(-) and d = 1 with
o = 1. Consistently with (1.17), set

E(ao, 1, 80) = sup {// g5 X)8 . x) (s x)g (r, %) dxdrds

gGAl |r _sla()

1 1 poo 5
—5/0/ |ng(s,x)| dxds}.
—0

THEOREM 1.3. In setting (1) x (IIl), listed in Table 1, we have that for any
t > 0, the weak solution in (1.9) satisfies
lim (log R)~%/3 log max u(t, x)
R—00 Ix|<R
(1.21)

3
= Z04/%(3—20‘0)/33/45(ozo, 1,80)  a.s.

For any ¢ > 0, let S([0, t] x R?) be the sub-class of S(RT x R?) consisting
of ¢ supported on [0, #] such that lim,_,,- E)S(”)tp(s, x)=0forn=0,1,.... By
comparing the covariance functions one can see that

(V.o =) 0 € S(10,11 x RY)} £ ((V, 0); 9 € S(10, 1] x RY)}.
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Therefore,

{Ex exp{@/r V (s, B(s)) ds}; X € Rd}
(1.22) 0

£ {Ex exp{@/ot V(t—s, B(s))ds};x eRd}.

Together, (1.9), Theorems 1.1 and 1.2 (with ug = 1) lead to the following spatial
asymptotics for the models of directed polymers.

COROLLARY 1.4. Under the assumption of Theorem 1.1,

t
lim (log R)~'/?1log max E, exp{@/ V(s,B(s))ds}
R—o0 [x|<R 0

12
= 0(26[;/(0) /(;I/OI yo(r —s)dr ds) a.s.

Under the assumption of Theorem 1.2,

(1.23)

t
lim (log R)~%*~ Jog max E, exp{@/ V (s, B(s)) ds}
R—00 [x|<R 0

_4—a (48(0{0, d, y))(z_“)/(4_“)
4 2 —«
x 94/(47a)d2/(47a)t(47a72oz0)/(47<x)

(1.24)

a.s.

Under the assumption of Theorem 1.3,

t
lim (log R)~%/log max E, exp{@/ V (s, B(s)) ds}
R—o0 [x|<R 0

(1.25)
= 294/%(3—2"‘0)/33/45(050, 1,&)  as.

We now consider the special case when «g = 0 (equivalently, Hy = 1) in The-
orems 1.2 and 1.3. The Gaussian potential V is time-independent. Corresponding
to (1) x (II), for example,

de
Vix)=c—(x1, ..., xq), x=(x1,...,xq) €RY,
0x1---0xg
where WH (x,...,x4) is a spatial fractional Brownian sheet with the Hurst index

H=(H,...,Hy sgltisfying 1/2 < Hy,...,H; <1.Asfor (1) x (IIl) withag =0
in Table 1, V(x) = W(x), a spatial white noise on R.
Write

Fy= {g e W2 (RY); /Rd g2(r)dx = 1}.
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By Lemma A.5 in the Appendix, when ag =0, £(0, d, y) becomes

sap=spflf  ye-n@wgodsdy

g€Fu
——1 Cg X zdx

In the special case when d =1 and y(-) = 6o(-),

B 0, _l o, }_1
(1.27) 8(1,80)—gs:][__)1{/00g (x)dx 2[00|g (x)|"dx =c

(1.26)

Indeed, the original version (page 291, [11]) of the above identity is

o0 4 1 roo , ) 2
sup{2/ g (x)dx—E/ |g' ()] d_x}:§,
geF —00 —00

Replacing g(x) by ﬁg (2x) on the left-hand side, we have that
00 4 1 ro© , 5
sup {2/ g (x)dx——/ lg'(x)] dx}
—00 2J -

8E€FI

o0 1 o0
:4sup{/_ g4(x)dx—§/_ |g’(x)|2a’x}.

8€F1
So we have (1.27).

COROLLARY 1.5. When y (-) satisfies the assumptions given in Theorem 1.1,

t
lim (log R)~'/?1log max E, exp{@/ V(B(s))ds}
R—o0 [x|<R 0
(1.28)
=10(2dy 0))'*  as.

When y (+) is given in (1) or (II) with0 <o <2 A d,

t
lim (log R)~%*~ Jog max E, exp{@/ V(B(s)) ds}
R—o0 |x|<R 0
(1.29)

a.s.

_4-e (45 . y))(“‘)/ 4 e e
4 2—«
When d =1 and y (x) = 8o(x),

t .
lim (log R)~%/?log max E, exp{@/ W(B(s)) ds}
R—o00 |x|<R 0

= %94/3\7/2 a.s.,

where W(x) (—00 < x < 00) is an 1-dimensional spatial white noise.

(1.30)
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1.2. Results for mild solutions. We now consider the cases labeled by (2) in
Table 1, in which the Gaussian noise V (¢, x) is white in time. The Feynman—Kac
representation (1.9) is no longer available as y (0) = co. Indeed, one can easily
see that the Hamiltonian in (1.12) [given as the conditional variance of the time
integral (1.11) that would be conditionally Gaussian if defined] diverges in this
case. In spite of this, the parabolic Anderson equation (1.1) can be solvable in a
slightly different sense which is briefly described below; we refer to [12, 18] and
[23] for details.

The spatial covariance functions considered here have the representation

ye= [ Kx=»Ko)dy,  xeR.

where K (x) is symmetric and nonnegative; see (2.11) below. Assume that the spa-
tial covariance function y (-) satisfies y (-) > 0 and the Dalang condition

v (A
(1.31) / YA 4 < oo,
Re 1+ |2
where 7 (-) is the Fourier transform of y (-); see (1.14). Notice that y(-) > 0 as y (-)
is nonnegative definite.
Let W(t, x) be a (d + 1)-parameter Brownian sheet, and consider the Gaussian
field

a3 me=[ [ [ eo-vrkma]wasan.  eesE).

where S(R?) is the Schwartz space of the infinitely smooth and rapidly decaying
functions on R?.

By the theory of Walsh (Chapter 2, [23]) and Dalang [12], this field can be
extended into a martingale measure M (¢, A) = M;(14) such that up to the distri-
butional equivalence

(V)= /]R+ Rd(p(s,x)M(ds dx), g € S(RT x RY).

By the Dalang—Walsh theory, (1.31) ensures the existence and uniqueness (with
a.s. equivalence) of the solution to the parabolic Anderson equation in the sense
that

t
(133) ) =prruo)+6 [ [ piosly =0 ) Mds.ay).

where p; is the density function of the d-dimensional Brownian motion B(¢),
and the stochastic integral on the right-hand side is taken in the sense of It6—
Skorokhod. We point out that u(z, x) > 0 in regime (2), labeled as u(¢,x) > 0
in Table 1. Indeed, our claim follows from the following facts: (1) the unique-
ness of solution, which implies that u (¢, x) = 0 if u¢(0) = 0; (2) the monotonicity
in initial condition. In comparison to the zero solution, we conclude the solution
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u(t,x) > 0if ug(x) > 0. The monotonicity in initial condition was established in
[21] and [22] in the setting of (2) x (III). See (1.41) below for its generalization to
whole regime (2).

An alternative but equivalent view is to interpret the product in (1.1) between
V(t,x) and u(z, x) as the Wick product; see [18] for an over view of the Wick
product. When y (-) is bounded and continuous, the solution has a “renormalized”
Feynman—Kac representation,

(134)  u(t,x)=e C12rOR, exp[exp{@ /Ot V(t—s, B(s)) ds}uo(B(t)):|.

We refer to the argument used in the proof of Theorem 7.2, [17] for a proof
of (1.34). This representation is no longer valid whenever y (0) = co. In the cases
labeled (2) in Table 1, however, the solution u (¢, x) can be obtained as the L2-limit
limg_, g+ ug (¢, x) of uy(t, x), represented in (1.34), that appears as the solution
of (1.1), with V (¢, x) being replaced by the Gaussian potential V,(z, x) of the
modified spatial covariance; see, for example, [16] for details.

By comparing (1.9) and (1.34), we observe some obvious differences between
solutions in the Stratonovich sense (1.9) and in the Skorokhod sense (1.34). On
the other hand, the solutions given in (1.9) and (1.34) follow the same limiting
behavior as that stated in Theorem 1.1 for the case () = §o(-) in which (1.16)
becomes

(135)  lim (logR)""?log max u(t,x) = 0(2dty(0))'/*  as.,
R—o00 |x|<R

which is the precise form of the limit law stated in Theorem 2.5, [10].

THEOREM 1.6. In settings (2) x (I) and (2) x (II) listed in Table 1,

lim (log R)~>“~* Jog max u(, x)
— 00 [x|<R
(1.36)

_ 2—a)/(4—a)
4 a(4t5(d, y)) e g4/ (=) 2/ (4—a) a.s.,

4 2—«
where £(d, y) is the variation given in (1.26).

THEOREM 1.7. Whend =1, yo(-) = 6¢(-) and y () = 89(-) [i.e., (2) x (III) in
Table 1],

3 2t
1.37 lim (log R)~>/*1 =93 1= 5.
(1.37) Ri)moo( og R) oglﬂgﬁu(t,x) 49 3 a.s

In the context of Theorem 1.7, the parabolic Anderson equation (1.1) becomes
(1.3), which connects the KPZ equation given in (1.5) through the Hopf—Cole
transform (1.6) in some proper sense.
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COROLLARY 1.8. Under the deterministic initial condition

—o0 < inf ho(x) < sup hg(x) < 00,
xeR xeR

the Hopf—Cole solution h(t, x) to the KPZ equation in (1.5) satisfies

3 | 2t
. —-2/3 __ T n4/33
(1.38) ngnoo(log R) |§1}2)1(eh(t’ xX) = 49 3 a.s.

1.3. Discussion and comment. As expected, the spatial asymptotics given in
the main theorems are mainly determined by the spatial covariance function y (-),
and more specifically, by the scaling rate « of y (-) [see (1.19)] when it comes to
the settings in Table 1. On the other hand, cases (1) and (2) (labeled in Table 1) re-
quire different approaches, as we shall see in Sections 2 and 3. The tail probability
asymptotics (Theorems 5.1-5.5) that support the theorems listed above have their
independent values, so we treat them as a part of major theorems of this paper and
list them in Section 5.

The case of time-independence and the case of white time are two extremes:
the least singular and the most singular, respectively. As we have seen, the former
is associated to oy = 0. Because the Fourier transform of yg = |u| ™% is pp(A) =
c(a) |1~ (x € R?) and §p(1) = 1, the function yy(-) = 8o(-) is naturally
classified as the extension of yo(-) =|-|7% (0 <@g < 1) to g = 1. A big surprise
is that these two extreme settings share the same variation £(d, y) while the cases
with 0 < g < 1 are formulated by the different variation £(ag, d, y). In view of
the moment representation (3.10) below, and knowing that the difference between
two independent Brownian motions is a Brownian motion, one would bet on

sup {f y(x)g%(x)dx — 1/ |Vg(x)|2dx}
geFr, LJRd 2 Jrd
rather than £(d, y), as the variation relevant to Theorem 1.6 and Theorem 1.7. See
Remark 3.8 for the discussion.

A central piece of the approach that allows us to compute the limit values is the
precise high moment asymptotics

logEu(z, 0)™ (m — 00)

given in Section 3. For the cases labeled (1) in Table 1, our treatment starts at
the moment representation (3.1). The problem can be essentially reduced to the
long-term asymptotics for the annealed moment, to which some results and ideas
developed in the recent work [6] apply. Perhaps the hardest part of this paper is
the computation of the high moment, when V (¢, x) is white in time [i.e., (2) in
Table 1]. Unlike the cases labeled (1) in Table 1, the high moment asymptotics
in (2) do not agree with the long-term asymptotics such as log Eu(¢, 0)2 (t — 00)
at the constant level; see Remark 3.8 below for details. Under a proper time scaling,
the problem becomes a combination of high moment and large time with the ratio
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t =< m*/ @~ _The package of methodology includes the Feynman—Kac type large
deviations for time-dependent additive functionals, newly developed in [6], some
ideas along the line of probability in Banach spaces and smooth approximation at
the exponential scale.

Another novelty of the paper comes from the proof of the lower bounds re-
quested by the major theorems listed above, even with the large deviation esti-
mates given in Theorems 5.1-5.5 below. The relevant idea is clear and simple in
principle: when the space points xi, ..., x, are sufficiently spread out, the ran-
dom variables u(t, x1), ..., u(t, x,) are close to being independent. In practice,
carrying this idea out is not easy at all, as indicated by the delicate steps taken in
[9] and [10]. We adopt this idea and the estimate of localization developed in [9]
and [10], and use them in our proof (given in Section 2.2) in the setting of Theo-
rems 1.6 and 1.7. This treatment does not apply to Theorems 1.1, 1.2 and 1.3 due
to its heavy dependence on the martingale structure associated to equation (1.33)
that defines the mild solution. The proof (given in Section 2.1) of the lower bounds
for Theorems 1.1, 1.2 and 1.3 relies on Gaussian property in a substantial way and
appears to be new in methodology.

In comparing their estimates of the high moment to the literature on intermit-
tency, Conus et al. (Remark 9.2, [10]) raise the issue of the link between the time
and spatial asymptotics. In this paper, we pursue this link on two fronts: the first
is the connection between the long term asymptotics for the annealed moments
of u(z,0) and the high moment asymptotics for u (¢, 0). Indeed, the main devel-
opment of our argument in Section 3 is to utilize the link between annealed in-
termittency and high moment asymptotics. We observe a “perfect match” when it
comes to the Feynman—Kac solution given by (1.9) and a small but interesting gap
when V (¢, x) is white in time. We refer the reader to Remark 3.8 below. Our sec-
ond concern is the connection between the quenched spatial asymptotics and the
quenched time asymptotics. In Section 6 we demonstrate our finding in the setting
of time-independence.

We now comment on the relation between the current paper and [9] and [10].
Whenever possible, we adopt the results and ideas in [9] and [10] to our setting.
The list includes the localization (Section 2.2) and estimate for modulus conti-
nuity (Lemma 4.1) in the case when V (¢, x) is white in time. Estimation by the
martingale bound, a substantial idea in [9] and [10], does not apply to the setting
labeled (1) in Table 1. The use of the moment representations (3.1) and (3.10), to-
gether with some newly developed ideas in large deviations for time—space Hamil-
tonians, allow us to obtain a form of high moment asymptotics sharper than those
achieved in [9] and [10]. On the other hand, the dependence on the moment repre-
sentations (3.1) and (3.10) makes our method unsuitable to the nonlinear stochastic
heat equations labeled (SHE) in [9] and [10].

In view of the assumption (1.8) on the initial condition and the Feynman—Kac
representation (1.9), we have

t
uylEy exp{/(; V(t —s, B(s)) ds} <u(t,x) <upk, exp{/o

t

V(t—s, B(s))ds}



PARABOLIC ANDERSON MODELS 1547
in the context of Theorems 1.1, 1.2 and 1.3 where uy = inf, cga uo(x) and up =
Sup, crd uo(x). Or,

(1.39) ugu(t,x) <u(t,x) <uou(t,x) a.s.,

where (¢, x) is the solution of

ou _ 1A v
E(t’x)_i M(t,x)‘i‘ (I,X)M(t,x),
u(0,x)=1.

Relation (1.39) remains in the setting of Theorems 1.6 and 1.7. Indeed, the
monotonicity of the solution of (1.1) in the initial value ug was established by
Mueller [21] in the special setting y (x) = §p(x). This should be true in a more
general setting. More precisely, let i(z, x) be the solution of (1.1) in the sense
of (1.33) with ug(x) being replaced by i1p(x). We claim that

fip(x) <up(x)  (Vx eRY)

(1.40)

(1.41)
= u(t,x) <u(,x) a.s. V(t,x) e Rt x RY.

In fact, this becomes obvious in the case when y (x) is well bounded, in view
of (1.34). For the cases labeled (2) in Table 1, it is well known [16] that u(z, x) can
be obtained as the L2-limit

u(t,x)= lim u.(¢t, x),
e—07F

where u.(t,x) is the solution of (1.1) with the modified Gaussian potential
Ve(t, x) replacing V (¢, x) that justifies the renormalized Feynman—Kac represen-
tation (1.34). Consequently, the monotonicity in ug(x) stated in (1.41) passes to
u(t, x) through the limit.

Let u(¢, x) and u(¢, x) be the solutions of (1.1), corresponding to the initial
conditions ug(x) = ug and ug(x) = up, respectively. By (1.41), u(t, x) <u(t,x) <
u(t, x) a.s. forevery (t,x) e RT x R4, By the linearity of (1.1), u(t, x) = uqyu(t, x)
and u(t, x) = uogu(t, x). This leads to (1.39).

By (1.39), it is sufficient to establish our theorems for (¢, x). Equivalently,
we replace (1.1) by (1.40) in the rest of the paper. This reduction results in the
stationarity of u (¢, x) in x which substantially simplifies our argument.

In the following proof, we often treat Theorems 1.2 and 1.3 together; likewise,
we treat Theorems 1.6 and 1.7 together. In view of (1.27), Theorems 1.3 and 1.7
can be viewed as, respectively, Theorems 1.2 and 1.6 in the special case when
d =1 and o = 1. This agreement will be reinforced throughout our argument in
order to have a more uniform treatment.

The rest of the paper is organized as follows: Section 2 is devoted to the lower
bounds for Theorems 1.1, 1.2, 1.3, 1.6 and 1.7. Section 3 is concerned with the
high moment asymptotics log u (¢, 0)™ as m — oo, which appears to be most crit-
ical to the main development of this work. In Section 4, the modulus continuity
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of u(¢, x) in x is established. With the high moment asymptotics and the modulus
continuity, we are able to compute the exact tail asymptotics for logu(z, 0) and
log maxyep u(t, x) (with bounded D C R?) in Section 5, where the upper bounds
requested by Theorems 1.1, 1.2, 1.3, 1.6 and 1.7 are established as a direct con-
sequence of these tail estimates. In Section 6, we compare the quenched spatial
asymptotics to existing quenched time asymptotics in the case of time-independent
Gaussian potential. Finally, we prove some auxiliary lemmas needed for this paper
in the Appendix.

2. Lower bounds. The proof of the lower bound for a limit law usually ap-
pears to be the most revealing side. In this section we establish the lower bounds
requested by Theorems 1.1, 1.2, 1.3, 1.6 and 1.7.

2.1. The setting of Theorems 1.1, 1.2 and 1.3. Letm = m(R) > 1 be an integer
valued function satisfying

(2 1) >> g ’ in the context OI l 1160 m 1.1,
. m re I I
(log IE)( )/( ), in the context ()[ l heorems l 2 a]ld I . 3

as R — oo. Let {By(f)}x>1 be an i.i.d. sequence of d-dimensional Brownian mo-
tions with Br(0) =0 (k =1, 2, ...). The notation £y is extended to the expectation
with respect to {Bi (¢)}x>1. Write 1 for the exit time of By(s),

7 = inf{s > 0;

Bi(s)| = 1}, k=1,2,....

In view of (1.9), for any x € R4,

u(t,x)" = Eoexp{e Z/t V(t -85, x4+ Bk(s))ds}
k=179

m t
>E 0 Vit — B ds }; mi >t
> o[exp{ ];/0 (t —s,x + Bi(s)) s} }{l;lrrnltk_ }
> Eo[exp{w log RS,u(1)}: &n (1. x) = 2/log RSy (1), mint; = t],
<m
where A > 0 is a constant less than but close to v/2d,

m t
Sm(t,x):Z/ V(t —s,x+ Bi(s))ds,
k=10

m t pt 12
Sm(t)=<%::lf0/0 yo(r—s)y(Bj(r)—Bk(s))drds> )
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Set Nz = NZ N B(0, R), where B(0, R) = {x e R%; |x| < R} and N > 0 is
large but fixed. We have

max u(t, x)"
|x|<R

> max u(t,z)" > #Ng) ™! Z u(t, )™
ZGNR ZENR

> #(NR)—IEO[exp{w log RS, (1) }:

max &y (t, 7) > Ay/log RSy (1), min 7 > r]
zeNR k<m

= #NR)Eo(Z, (R)1{ max £,(1, 2) = 1/log RS, (1 }),
ZENR
where
Zn(R) = exp{)»@ log RS, (t)} l{minkSW, T>1)-

The big power m is set to undo the price #(ANg)~' paid for pushing max, into
the expectation. Indeed,

max u(t, x)
[x|<R

2.2)
> #N) "B (Zn (R) 1 max (1, 2) = 1 log rsy0])} "

Given that #(Ng) < CR? for a universal C > 0, (2.1) implies the bounds

exp{—o(y/Iog R)},

in the context of Theorem 1.1,
exp{—o((log R)z/(4’“))},

in the context of Theorems 1.2 and 1.3,

(23)  #WNg)“Um=

which are negligible in comparison to the asymptotic order we try to establish.
Write

1k = (BoZn(R) ™ Eo(Zn ()1 max £ (1, 2) < 2/log RS, (1)),
We have
24)  Eo(Zn(R)1{ max & (1,2) = 3 /log RSw()}) = (EoZm (R)) (1 = 15).
An important step is to establish

(2.5 lim ny» =0 a.s.
n—oo
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For any ¢ > 0,
Ping > e} <& 'Eng

(2.6) = (B0 Zn(R) ' Eo ® B(Zn(R)1 max &, (1,2) < 4/log RS 0})

= (eEo 2, (R))‘lEo(zm(R)IED{Zne%e En(t,2) < h/log RS, (1)1B}),

where B is the o -algebra generated by the Brownian motions { By (s)}x>1.-

Conditioning on the Brownian motions, {£,,(z, z); z € Ng} is a mean zero, and
identically distributed Gaussian family with the common (conditional) variance
S2 (t). Further, for any z, 7’ € N,

Cov(En(t, 2), Em(t, 2')1B)

n tpt
=2 fo/o v — )y ((z—2') + (Bj(r) — Bi(s))) dr ds.
J.k=1

We now claim that for any 0 < p < 1, one can take N > 0 sufficiently large so that
on the event {ming <, T > t},

y((z —2') + (Bj(r) — Bk(s))) < py(B;j(r) — Bi(s)),

2,7 €Ng,z#7,j,k=1,....m

Regarding this claim, the setting associated to (II), labeled in Table 1, is the
most delicate case among all due to the un-boundedness of y (-) on each coordinate
super plane, so we treat it in detail. Let the independent 1-dimensional Brownian
motions B} ),..., B?(s) be the components of B;(s), and write z = (21, ..., Z4)

2.7)

forz e Ng.Setaj =2 —2H; (j=1,...,d). By assumption we have that ; > 0
(j=1,...,d). Write

J(zZ)={l<i<dyzi=z} 2,7 € Ng.
Fori ¢ J(Z,2),

. ‘ N
((zi —2}) + Bj(r) = By ()| = N =2 >

—2 i
|Bj(r) — B(s)].
Consequently,

y((z=2')+ (Bj(r) — Bi(s)))

d
H )+ Bi(r) — Bi(s)| ™

/

2\« 4 . A
) [T, — Bis)| ™

i=1

A

A

(7=
< 2

minj<j<q
) v (B;(r) — Bi(5))
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for every pair z, 7’ € Ny with z # 7/, where the last step follows from

o = o; > min o;.
i ¢%z/) I=i=d
Thus, our assertion (2.7) holds in setting (II).
The proof of (2.7) in other cases is similar, but easier, due to the fact that
lim|y | 0 ¥ (x) = 0 which is automatic for the type-(I) and type-(III) y(-) and a
consequence of assumption (1.13) and the Fourier inversion

y=n ! [ pie

in the setting of Theorem 1.1, according to Riemann’s lemma.
By (2.7),

(2.8) Cov(&n(t,2), En(t, 2)IB) < pSy, (1).
Recall that A < +/2d. Take u, p > 0 sufficiently small so
1+2p) (A +u)? 2
d+20)@+u) <d and u—>a’+1.
2 4p
Recall (Lemma 4.2, [5]) that for a mean-zero n-dimensional Gaussian vector
(&1, ..., &,) with identically distributed components,

1
p = max|Cov(&, &)|/ Var(§1) < .
i#] 2
and forany A, B > 0,

P{maXSk < A] <(P{& <V1+42p(A+ B)})" + P{U > B/\/2p Var(§1)},

k<n

where U is a standard normal random variable. Applying this inequality condi-
tionally with A = AS,,,(¢)/logR and B = uS,,(t)+/log R and noticing S,% (1) =
Var(&,,(¢t, 0)|B), we have

IP’{erelja\t;I(e En(t, 2) < \y/log RSm(t)IB}

< (P{U < VT+2p(h + u)Jlog R)™® + P{U > (u/v/2p),/log R}

< (1 —exp{~(@ — »log R\ ¥ +exp{~(@ + ) log R}
=exp{—(1+0o())CT'R"} + RTHD < CRUHD

for large R > 0, where v > 0 is independent of R. Bringing this to (2.6) we have
that P{ng > ¢} < Ce1R~W+D for large R. In particular, (2.5) holds by the Borel—
Cantelli lemma.
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By the monotonicity of max|y<gu(?,x) in R and by (2.2), (2.3) and (2.4),
the limit along R = 2" established in (2.5) is sufficient for the lower bounds for
Theorems 1.1, 1.2 and 1.3 if we can show that [recall that m = m(R) — oo as
R — o0]

liminf liminfm~!(log R) ™% logE¢Z, (R)
A—>(m>7 R—o0

172
> 0(2dy(0) ft/I yo(r — s)a'rds)
0J0

in the context of Theorem 1.1 and that

liminf liminfm~'(log R)">“ ¥ logEyZ,, (R)
)L_)(m)f R— o0
- 4—a (48(a0, d, )/))(2_“)/(4_“)
- 4 2—«
x @/ (4= j2/(4—a) (4—a—2a0)/(4—a)

2.9

(2.10)

in the context of Theorems 1.2 and 1.3. By now, the problem of the almost sure
limits has been reduced to pursuing the deterministic limits. Unlike setting (2),
the discussion here does not rely on, but contributes to the development in later
sections.

We now prove (2.9). By the continuity of y(x) at x =0, given ¢ > 0 one can
take 0 < § < 1 sufficiently small so that y (x) > y(0) — ¢ as long as |x| < 26. Set

% (8) = inf{s > 0; | Br(s)| > §}.
By the definition of Z,,(R),

t pt 1/2
Zn(R) > exp{)ﬁm logR((y(O) —¢) / / vo(r —s)dr ds) }
0J0
X PO[?;B 71 (8) > t}.
Therefore, (2.9) follows from the bound given by the following relation:
. m
Poikmglrln”k(a) > t} = (IP’O{I?%X|B(S)| < 8}) )

It remains to prove (2.10). First, by the Brownian scaling

m o 12
EoZ,(R) :Eo[exp[ek 10gR< Z /t 'y (B(r) — Bi(s)) dr ds) };
j=lodo

|r — s|%

min ty >t
k<m
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w02 R (1% y(Bj(r) — Bi(s)) 2
=[Eo| expy Aty Z / / 5[ drds ;

min Ty > g |,
k<m

where
IR = t(47a72a0)/(47a)(10g R)Z/(4foz)

and
T = inf{s > 0; | Bi(s)| = 17/ @=*) (log R) /4=,
Notice the representations
lu| =% = CO/ Jo|~UHe0)/2)y — |~ (H+20)/2 gy and
2.11) R
ye = [ KWK -dy.

where Cy > 0 is a constant independent of u and the function K (x) > 0 is a posi-
tive constant multiple of

d
e T2 [T T2 and - So(x),
i=1
in connection to, respectively, the space covariances y (-) of type-(I), type-(II) and
type-(I1I) (Iabeled in Table 1). This leads to

1/2
ao/z<z / / y(Bj(r) = Bes)) ds)

|r — s|%0

® ® . _ 1/2
( / / V(B_’l(r) Bi(s)) ds)
jk=1 |ZR (r —s)|«o

2
m IR
= Co/ Z/ u— 155|712 K (x — Bj(s))ds | dudx
RxR! | =1 Jo

Let f(u, x) be a bounded, continuous and locally supported function on R x R¢
with || f]l2 = 1. By the Cauchy—Schwarz inequality, the right-hand side of the
above equation is no less than

m t
\/Co/ df(u,x)[g /R|u—t;1s|_(1+a°)/2K(x—Bj(s))ds] dudx
RxR ; 0
j=1

G [ A m)n

172
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where
Fls.x) = / £yl — 5|70+ K (y — x) dudy.
RxR4

Summarizing our computation and by independence we have
IR _/ s m
2.12)  EoZ,(R) > (Eo[exp{ek\/cof f(t_’ B(s)) ds}; 7> tRD .
0 R

According to Proposition 3.1 and (3.18) in [6], for a bounded open domain
D c R4 containing 0, and for a bounded function A (s, x) defined on [0, 1] x R4
that is continuous in x and equicontinuous (over x € R?) in s,

1 I /s
lim - logE /h(—,B )d }; >t:|
him —log O[GXP{ L, M (s))ds¢stp >

1 1 rl
= sup {/fh(s,x)gz(s,x)dxds——//|ng(x)|2dxds},
geAq(p)LJo JD 2JoJp

where tp = inf{s > 0; B(s) ¢ D} and A,4(D) is the subspace of A, consisting of
the functions g(s, x) vanishing for x ¢ D. Applying this to (2.12) we can get

t
(2.13)

1
liminf — logEo Z,, (R)
mtpr

R—o0

1
(2.14) > sup {ex\/c_()/o /Rd f(s,x)g%(s, x)dx ds

ge.Ad
— —1 1 V X dxds
2/() /Rd| xg(s’ )| }

By Fubini’s theorem
1 _
| [, 7es.xg*s v dxas
0 JRd

1
:/ df(u,y)[/ / i |u—s|_(1+°‘°)/2K(y—x)gz(s,x)dxds]dudy.
RxR 0 JIRe

We now take the supremum over f on the right-hand side of (2.14). Notice that
the supremums over g and over f are commutative and that for any dense subset
set S of the unit sphere of £2(R x R?), by the Hahn—Banach theorem,

1/2
sup f(u,x)h(u,x)dx:(/ |h(u,x)}2dxdu> :
feS RxR4 RxR4

he L2(R x RY).
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Therefore, the right-hand side of (2.14) becomes

1
sup {m(co/ [// lu — 5|~ 1+20)/2
geAy RxR4LJ0 JRE

2 1/2
x K(y —x)gz(s,x) dx ds] du dy)

1 ! 2
—— / |Vyg(x)] dxds}
0 JRY

=gs;1£d{ex(/ / /Rded i S|Oylo) 2(r, )82 (s, y)dxdy)l/2

1
- / |ng(x)\2dxds},
0 Jrd

where the equality follows from Fubini’s theorem and the relations in (2.11). By
rescaling the space variable (Lemma 4.1, [6]) this variation is further equal to

G2 N gseu}l)d{(// /Rded — |Oylo) 2(r, x)8% (s, )’)dde>1/2

1 1
_ Efo /Rd|ng(x)|2dxds}

2—a)/(4—
_ (-0t =% a/i-a (25 (@0.d.y ))( @/
4 2—«
where the equality follows from Lemma 7.2, [6].
Summarizing our computation since (2.14),

’

1
liminf — logEo Z,, (R)
R—oo mtp

@.15) (2—a)/(4—a)
— —
> (Oa)* @) 4 -« y—a/(4—a) (25(0!0, d, )/)) '
- 4 2—«

This clearly leads to (2.10).

2.2. The setting of Theorems 1.6 and 1.7. Our approach is based on the
method of localization developed in [9] and [10]. The construction is specifically
designed for the scheme (2) x (I) in [10] and for (2) x (II) in [9]. This method
also works for (2) x (II) with minor modification. In the following we carry out
this approach.

Given g > 0 set

d

N T
zﬁ(x)zl"[(l—'%'> and Kg(x) =K (x)lg(x),

j=1
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where K(x) is given in (2.11). Let Mg(t, A) be the martingale measure con-
structed through (1.32) with K (x) being replaced by Kg(x). Foreach n > 1, define

U®B M (¢, x) as the nth Picard iteration given in the following integral equation:
U®D =1 and

t
y B.nth) t,x :1+9/f (v —x ) UBm 5. y)Mg(dsd
(" 0 [x—ﬁﬁ,x+,3ﬁ]dpt sO=x) (s, y)Mp(ds dy)

n=1,2,....

In [9] and [10], the process Ug(t, x) = U B:logBl+D (¢ x) is used to proximate
u(t, x), where 8 = B(R) increases in R with a suitable speed. By [10], Lemma 9.8,
for any {x(¥} C R? with [x) — x®| > 28([log B1 + 1)(1 + /1), {Up(t, x®)} is
an i.i.d. sequence. By [10], Lemma 9.7, for every n € (0, 1 A «) there are finite
and positive constants /; =I;(d, o, n) (i =1, 2) such that uniformly for 8 > 0 and
m>2

i m/2
2.16)  EJu(.0) — Up(t.0)" < (/23_’:) expllym /G-

Let 7 be fixed, and set 8 = exp{M (log R)*“~®} where M > 0 is large but
fixed (will be specified later). Let N = B([log 8] + 1)(1 + /1) and Ny = NZ4N
B(0, R — N). By the fact that @ < 2, #(Ng) = CRYT) (R — o00) where the
constant C > 0 does not depend on R.

Given e >0

P{logzrgg;;!u(t, z) — Ug(t, )| > e(log R)2/<4—a>}

< #(NR)P{loglu(z, 0) — Ug(z,0)| > e(log R)* 4=},
By Chebyshev’s inequality and the moment bound given in (2.16),
P{log|u(r,0) — Ug(t, 0)| > e(log R)*/ 4~}

< exp{—¢log RYE|u(r, 0) — Ug(r, 0)| 2R

<exp{—elog R} exp{—%(nM — 11 —o(1))log R}
when R is large. Make M sufficiently large, and we have
(2.17) P{log|u(t,0) — Us(t, 0)| = e(log R)*>/ 4~} < R=(@+2)
for large R. Consequently,
(2.18) ]P’{logzrlelje\l[§|u(t, 2) = Up(t,2)| = e(log )Y 4| < g2

for large R. By the Borel-Cantelli lemma

(2.19)  limsup(log2”)~>“ " log max |u(t,z) — Ugm (t.2)| =0  as.
n— 00 z€NM
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On the other hand

max |Ug(t, z)| < max u(t, z) + max \u(t,z) — Ug(t, 2)|.
ZGNR| ﬂ( )| ZENR ( ) ZGNR| ( ) /3( )|

Consequently,
1 Uplt,
og max |Up (. 2)|

(2.20)
<log2+ max{log;relje\lé u(t,z), logggje\lﬂu(t, z) — Uplt, z)|}.

For any A > 0 satisfying

2—a)/(4—
4—a <4t5 (d, )/)>( D e 21

At e
te<— 2—«

by independence

2/(4—a)
P{logznelﬁf);wﬁ(t,z)] < ix(log R) }

= (1 — P{log|Us(t, 0)| > A(log R)Y/ 4= }¥Nw),
By (2.17)
P{log|Us(z,0)| > A(log R)* “4=%)}
> P{logu(t,0) > (. 4 &)(log R)?/4=*} — R=(+2),
By the large deviation result given in (5.7), Theorem 5.4 below,
P{logu(r,0) > (A + &)(log R)>“~¥} > exp{—(d — 8) log R}

for sufficiently large R. Thus we have established the bound

P[logzlgﬁlUﬂ(t, 2)| < A(log R)z/(4‘“)} <exp{—R"}
for some v > 0. By the Borel-Cantelli lemma,

L ~2/(4-a)
2.21) lllggéf(log 2") * logzrélﬁ/;]Uﬁ(zn)(t, )| =2 a.s.
Combining (2.19), (2.20) and (2.21),
liminf(log2") /4~ t,2)> A .
im nf(log2") L D= as

By the fact that

max u(t,z) < max u(t, x)
Z€NR [x|<R

and by the monotonicity of max|y|<g u(t, x) in R,

liminf(log R) ~%/“~% log max u(r, x) > A a.s.
R—o0 [x|<R
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This leads to the lower bound for (1.36) as A can be made arbitrarily close to the
limit value appearing in the right-hand side of (1.36).

According to the agreement made at the end of Section 1, the lower bound
requested by (1.37) can be viewed as the special case of the lower bound for (1.36)
under the identification « = 1 and d = 1.

3. High moment asymptotics. Associated to the main theorems are the tail
behaviors of logu(t, 0), which are relevant to the high moment asymptotics for
Eu(t,0)™ as m — o0, in light of the Gértner—Ellis theorem. The objective of this
section is to find the exact high moment asymptotics required by our main theo-
rems.

3.1. The setting of Theorems 1.1, 1.2 and 1.3. Recall our extra assumption
ug(x) = 1. We begin with the moment representations (Corollary 4.5 and Re-
mark 4.6, [6])

1 m t pt
(3.1) I[“Flu(t,x)m=IEoexp{§02 Z /0/0 yo(r—s)y(Bj(r)—Bk(s))drds}
k=1

for each integer m > 1, where {By(s)}«>1 1s an i.i.d. sequence of Brownian mo-
tions.

PROPOSITION 3.1. Under the assumption of Theorem 1.1,

1 t rt
(3.2) lim m~2logEu(z,0)" = —92)/(0)// yo(r — s)drds.
m— o0 2 0J0

PROOF. We first notice that y (x) reaches its maximum at x = 0. Indeed, for a
infinitely smooth and rapidly decreasing (at oo) function go(-) > 0 on R™, ¢ > 0
and x € R4,

Cov((V, @ope). (V, pope (- — x)))

= ( /me Y0(r = $)@0(r)o(s) dr a’s)

x /RdXRd Yy —2)ps(¥)pe(z —x)dydz.

Here we recall our notation p,(x) for d-dimensional Brownian density.
On the other hand, by homogeneity

COV((V, (POP8>, <V7 (POPs(' - )C)))
< Var((V, gops))

= </ Yo(r — s)eo(r)eo(s) dr dS> f Yy —2)pe(¥)pe(2)dydz.
Rt xRt R4 x R4
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Consequently
/ Y(y =2 pe(¥)pe(z — x)dydz
R4 x R4

S/]Rded y(y —2)pe(¥)pe(2)dydz.

Letting £ — 0T, by continuity of y () we have y (x) < y(0).

Therefore, the requested upper bound follows from (3.1).

As for the lower bound, we essentially follow the strategy used in the previous
section: by continuity, for any € > 0 there is § > 0 such that y (x) > y(0) — ¢ as
long as |x| <2§. Thus

1 t pt
Eoexp{ij%::l/(;/(; yo(r—s)y(Bj(r)—Bk(s))drds}

1 " t pt )
ZEO[exp{Ej,El/O/O )/o(r—S)V(Bj(r)—Bk(S))drds};km;ngrk(S)Zt]

m2

t pt
> exp| -0 =) [ [ w0 —s)drds Pofmin6) = 1],

where 7 (§) is the time for By(s) to exit from the §-ball. Therefore, the requested
lower bound follows from the facts that € > 0 can be arbitrarily small and that the
probability

. m
Po{kmslgtk(é) = 1} = (P{max| B(s)| < 5])
decays at a speed no faster than exponential rate. [

PROPOSITION 3.2. Under the assumptions of Theorem 1.2

lim m~ 49/~ [og Eu(r, 0)"

m—00

92\ 2/(2—a)
(Y e e ),

(3.3)

Under the assumptions of Theorem 1.3
94
(3.4) lim m™3?1ogEu(z,0)" = —>72%0& (ap, 1, ).
m— 00 4

PROOF. We need only to prove (3.3) as (3.4) can be viewed as a special case
under the identification d = o = 1. Recall that y(u) = |u|~%° in this setting. For
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any 1 < j, k <m, by (2.11)

ft Ty (Bj(r) — Br(s)) drds
0Jo |r — s|%
' (14+a0)/2
— _ - (0] _ .
(3.5) =Co Rde[/(.) lu — s| K(x BJ(s))dsi|

t
X U lu — 5| 71F@0/2 K (x — Bk(s))ds} dudsx.
0
Applying the Cauchy—Schwarz inequality
't y(B;(r)— B
// y (B (r) — Bi(s)) drds

|r — s|%0

[Tr(Bi() = Bi() )1/2( y (Bi(r) — Bi(s)) )1/2
S(/o/(‘) I — 5| /f s drds .

Consequently,

Y (B; (r) Bi(s))
Z // [0 drds

j.k=1

oy B = By V2|
S:,;(/O/O e drds) }

[T v (Bi(r) — Bi(s))
SkaZ:]/O/O i — 5[0 drds.

Write

Xpm(t) = Z / "v(Bi(r) ~ Bi(s)) drds.

k=1 |r - S|0¢0
By independence, for any g > 0
B B "
Eoexp{BXm (1)} < (Eoexp{mﬁ// 4 l(r) |a0(s))d ds})
r—s

fm (tmy (B(r) — B(s)) "
(Eoexp{ /f 5[ dr ds}) ,

where t,, = tm?/(4=¢=220) and the equality follows from the Brownian scaling.
Recall (Theorem 1.1, [6]) that

tm (tn v(B(r) — B
lim ¢~ (4—a=200)/2=0) logEoexp{ / / Mdrds}

m—00 s|%0

=Yg, d, y).
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We conclude that
lim supm ™~ 4=/~ Jog g exp{ X (1))
m— 00
(3.6) - ﬁz/(z_a)t(4—a—2ao)/(2—a)g(a d,y)
< 0,4,y
for any g > 0.

On the other hand, let 7,, = tm*/>~%)_ An obvious modification of the argument
for (2.15) [with (log R)?/>~®) being replaced by 7,,] shows that for any A > 0,

.. ~ag/2 ~ N\1/2
llgglglof -~ log g exp{)\t,‘fl‘)/ X E) Y }

2—a)/(4—
- A4/(4_“)4 _a2—a/(4—a)<28(0‘0’d» V))( )/ 0‘)‘
- 4 2—«
Let A = B¢~*/2, By Brownian scaling, the above limiting bound can be re-
written as
liminfm ~“=0/C=0 1og By exp{ pm /G x, (1)!/2)

m— 00

2—a)/(4—
3.7) > ((4—a—200)/(4—) g4/ (40 A /o) (25(060, d, )/))( /=)
- 4 2—o
(B>0).
By the first half of Lemma A.2 in the Appendix, (3.6) and (3.7),

lim m~ 49/~ 60, exp{BXm (1)} = B2/ (=) 4=a=200)/ Q=) ey d ).

m—0o0

Let 8 = #?/2. Proposition 3.2 follows from (3.1). O

3.2. The setting of Theorems 1.6 and 1.7. The goal here is to establish the
following:

PROPOSITION 3.3. Under the assumptions given in Theorem 1.6,
(4—a)/2—a) 2\ e
: —(4—a —a m __
(3.8) mlgnwm logEu(z,0)" = t( 7 ) Ed,y).

Under the assumptions given in Theorem 1.7,

94
: -3 m__ .~
3.9) mh_)moom logEu(t, 0)" = t24.
In view of (1.27), we need only to prove (3.8), as (3.9) can be viewed as a spe-
cial case under a proper identification. Our starting point is the following moment
representation (see Theorem 5.3 in [16] and Theorem 3.1 in [8]):

t
(3.10) Eu(t,O)m:Eoexp{92 3 /Oy(Bj(s)—Bk(s))ds}.

1<j<k<m
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The approach here is much more delicate due to the absence of the diagonal
terms in the (j, k)-summation in (3.10) and the fact that the missing diagonal terms
blow up. The proof consists of several steps.

Let 1, = tm* @~ and ¢ > 0 be small but fixed. Set

Ye(X) =/Rd p2e(x —y)y(y)dy, xeRY.

Here we recall that p; (x) represents the density function of a d-dimensional Brow-
nian motion B(¢) starting at 0. Let the kernel K (x) be defined in (2.11). Clearly,

G.11) @ = [ KWKy —xdy,  xeR
where
(3.12) Ko@) = /R pex—)K()dy,  xeR

Our first step is to prove the following:

LEMMA 3.4. Forany 8 >0

lim m—@-/C=o
m— 00
. m 2 1/2
(3.13) xlogIEoexp{,B<tm/ / [Z x—B(s):| dxds) }
0 JR4
j=1
=tM:(B),

where

M= gseufd{ﬂ(/olfw[ e Ke(y — x)g%(s, y)dy]zdx ds>1/2

1 rl
_E/O/Rd}vxg(s,x)fdxdy}.

1/2

PROOF. Indeed,

(tm /Ozm/Rd ngl Ke(x - Bj(s))de ds)
—1, (/()I/Rd LX: Ke(x — Bj(tms)):|2dxds)

1 m
ztm/O ‘/];Qdf(s,x)|:jz=:l Kg(x—Bj(tms)):| dxds

Xz:/ ( ,B; (s)>ds

12
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where f (s, x) > 0 is a compactly supported and continuous function on [0, 1] x R¢
with

1
2 _
/O/Rdf (s,x)dxds =1,
]E(S,X):/ f(SaY)Ks(y_x)dy’ xeRdv
R4

and the second step follows from the Cauchy—Schwarz inequality. By indepen-

dence,
. m 2 1/2
Eoexp{ﬂ<tm/0 fRd LX::] Ke(x — Bj(s))} dxds) }

sl ()]

Applying Proposition 3.1, [6] or (2.13) to the right-hand side,

2 1/2
tm m
. —(4— 2—
mh_)moom (4-a)/( Ol)logEoexp{ﬂ<tm/O /}gd{glKg(x—Bj(s))} dxds) }
J=

1 _ 1 1
>t sup {'8/0'/;&(1 f(s,x)gz(s,x)dxds—E/()/Iz&d{vxg(s,xﬂzdxds}

geAy

=rswp o [ [ o] [ Kty =026 vax]avas

geAy
L 2dxd
_5_/0./Rd| «8(s,x)|"dxdst.

Taking supremum over f on the right-hand side leads to the lower bound requested
by (3.13).

The proof of the upper bound is harder. First, we perform the following smooth
truncation: let /: RT™ — [0, 1] be a smooth function satisfying the following prop-
erties: [(u) =1 foru €[0,1],I(u) =0 foru >3 and —1 <!"(u) <0 for all u > 0.
Let M > 0 be a large number, and write

Q(x) = Ke () (M~ 1)x)).

One can easily see that Q(x) is supported on B(0, 3M) = {x € R%; |x| <3M} and
that

/Rd[Kg(x) —0W)]Pdx —0 (M — o).
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By the triangle inequality,

(tm /””/ [Xz: (x = Bj(s)) — Qx — Bj(s)))Tdde)l/z

mt </Rd[Kg(x) - Q(x)]de)l/2

1/2
= tm =)/ 2= ( /R K ()~ Q(x)]zdx> :

This estimate shows that it suffices to establish the upper bound with K, (x) being
replaced by Q(x) for an arbitrarily large M.
Let M > 0 be fixed. For N > 3M, we have

/@[i Q(x — Bj(s)):|2dx

| /\

N, N]d

_ EZZ:d/ [ZQ (22N + x — B; (s)):|2

N o

=m? n,%l(s,x)dx,
[-N,NJ¢
where
On(x)= > 0(2zN+x) and
c7d
(3.14) e

Nm (s, x) = Z OnN(x — Bj(5)).
] 1
Notice in the z-summation that defines Q y(-), there is at most one nonzero term
for any x € R? by the assumption that N > 3M. Consequently, Oy (x) is a contin-
uous periodic extension (with the period 2N) of Q(x).
Further, by integration substitution

tm 1
2 2
(s,x)dxds =t /f (tyms,x)dxds.
/o /[—N,N]d Ml " Jo Ji=n.Ny i {m
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To establish the upper bound requested by (3.13), therefore, all we need is to
show that for any M > 0,

lim sup lim sup m —(4-a)/(2—a)

1 1/2
X logEoexp{ﬂmtm (/(; /Rd n,zn(tms,x) dx ds) } <tM.(B).

We let N > 3M be fixed for a while and concentrate on the m-lim sup. Unfor-
tunately, 7, (¢, (), ) is not exponentially tight when embedded into L£2([0, 1] x
[—N, N1%). In the following we prove that with overwhelming probability, for
any & > 0 there is a C > 0 such that the range of the Ez([O, 1] x [—N, N]d)—
valued random variable 7, (¢, (-), ) is covered by at most exp(Ct,) §-balls in
L£2([0,1] x [=N, N19).

Let v > 0 be a small number, and define [s], = v[v~ls]. By Jensen inequality,

Im
f /[ NN]d T]m(S X) (S]Uv )] dxds

<_Z/ /[ e OV = Bi9) = Ow(x = By ([s1u))T dxds.
By independence,
" 2
Eoexp{ﬂm/o /[_N’N]d[nm(s,x) — N ([sTv, X)] dxds}

< (Eoexp{ﬁ'/(;tm/[_N’N]d[QN(x — B(s)) — On(x — B(Is]y))* dx ds}>m.

Notice that
/(;m/[._N N]d[QN(x - B(S)) - QN()C - B([S]u))]zdx ds

<Z/

k—1)v

—Z/

(k—Dv

/[_NyN]d[QN(x ~ B(s)) — O (x — B((k — Do) dxds

/—N N]d[QN(X) — On(x+ B(s) — B((k — l)v))]zdx ds,

where the summation over k runs from k£ = 1 until k = [v~!s,] + 1, and the
second step follows from the periodicity of the function Qn(-). By increment-
independence of the Brownian motion,

trﬂ
Eoexp{ﬁm/(; /[_N’N]d[nm(s,x) — 77m([s]v,x)]2 dx ds}

< (Boexps [ f vt - QN(x+B<s>)]2dxds}>m([UIMH)-
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By the continuity of Oy (-) one can easily see that

Eo exp{,B/O /[—N,N]d[QN(X) — On(x+ B(s))]zdx ds} =explo(v)}
(v—0M).
Thus we have proved that for any g > 0,

lim lim supm %=/~
v—>0t m—o0

tn"
x logEq exp{ﬂm/o /[_N N]d[nm(s, x) — nm([s]u,x)]zdx ds] =0.

Write

1 52
Q. 8. m)= {/0 /[_N’N]d[nm(tms,x) — D ([t T x) P dx ds < Z}'

By variable substitution and Chebyshev’s inequality, for any L > 0 one can take v
sufficiently small so that

Po(2(v, 8, m)°) < exp|—Lm /=)
for large m. Define

7j(H) = inf{s > 0;

B; (s)‘ > Hm(6—oz)/(2(2—a))} and t.(H)= ]<1'Inl Tj(H),
where H > 0 is a large but fixed constant. By Gaussian tail,
Po{te(H) < tp} < mIP’o[rriatlx|B(s)| > Hm(6_°‘)/(2(2_“))]
S=Im

< mexp| —CH?*m¥0/Q=) 1,

where C > 0 is a universal constant.
By the fact that n,, (#,,s, x) is bounded by a deterministic constant Cp indepen-
dent of m, for sufficiently small v and sufficiently large H > 0,

1 172
Eg exp{ﬂmtm </ f n,zn(tms,x) dx ds) }
0 JR4

1 12
= [Eoexp{ﬁml‘m (/0 /]Rd 77,%1(th, x)dde> }IQ(U,3,}’I’£); T = tmi|

+ exp|{—(L — BCy)m=*)/C2)}
+mexp{—(H>C — BCy)m—*/ =)},

(3.16)

The second and the third terms on the right-hand side are negligible for sufficiently
large L and H.
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We view 7, (s, -) (s > 0) as a process (in s) taking values in L2([—N, N1?%). No-
tice that the function Q(x) is bounded and Lipschitz continuous. These properties
are inherited by Oy (x) as a continuous periodic extension of Q(x). Consequently,
OnN(- — Bj(s)) is bounded and Lipschitz continuous on [-N, N 14 uniformly in
s > 0and j > 1 with a deterministic bound and a deterministic Lipschitz constant.
Hence there is a deterministic and convex compact set C C L2([—N, N19) such
that Oy (- — Bj(s)) e K as. forevery s >0and j =1,2,.... As a convex linear
combination of ON(G—=Bj(s)) (j=1,...,m), ny(s,-) € K as. forany s > 0 and
m=1,2,. Letgl,...,gl eleea(Z 18) net of IC. On the set Q(v, §, m) the
functions of the form

(k—1Dv kv _1
g(s, x) = gi, (x) asse[—,—),k:l,Z,...,[U tm] +1

tm tm

make a §-net (denoted as /\/',;31) of the range of the L£2([0, 1] x [=N, N1%)-valued
random variable 7,,(f,(-), -). Indeed, for any k > 1 there is g;, (x) = g;, (w, x) out
of {g1,..., &} such that

/ Nm X ) — gip (%)
[N, NJ¢

Here the notation g;, (w, x) indicates the randomness of picking g;, .
Consequently,

1
fo /[ . N]dlnm([th]u, x) —g(s, x)[*dx ds

v
tm Z/ N N]d ( . ) _gik(x)

So our assertion follows from the restriction by the set 2 (v, §, m).
.. -1 .
In addition, we can see that #(N,;i) < [ tml+1 Further, by our construction of

2 2
dx < —.
4

(&b

m

2 2
dx < —.
4

geN?,
! 2
/ / |g(s, x)|"dxds
0 J[-N,NJ4
(3.17) <2 [ Jsof
tm 5 SN N1
<2sup |7 (x)|* dx < oo, geN?,
hek J[=N,N1¢

and similarly, forany 0 <u < 1,

u
(3.18) /f |g(s, x)|*dxds < usup h(x)|*dx,  geN?.
0 JI-N,NJ hek J[-N,N1¢

We emphasize the fact that the bounds in (3.17) and (3.18) do not depends on §.
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By the Hahn—-Banach theorem, for each g € J\/,;S1 there is f € £2([0,1] x
[—N, N1%) such that

1
// }f(s,x)]zdxds=l,
0 J[-N,NJ¢

: B 1 ) 1/2
/()/[—N,N]d fs,x)g(s, x)dxds = </0 /[—N,N]d{g(s’xﬂ dxds) .

In view of the uniform bound (3.17) on g € N/ ,i, for any given o > 0 one can take
6 > 0 sufficiently small so that

1
/0 /[—N,N]d J (s, x)h(s,x)dx ds

1 ) 1/2
> (1 —cr)(fo /[_N’N]d}h(s,x)| dx ds)

for every h € B(g,d) and g € j\/,fl. By bound (3.18), we may make u# > O suf-
ficiently small (but independent of f) so that |f(s,x)] <1 for 0 <s <u and
x € [-N, N4, due to the fact that one can change the definition of f(s, x)
on [0, u] x [N, N]¢ without drastically changing the value of the integral on
[0,1] x [-N,N ]d. Finally, we may make each f(s,x) continuous and bounded
on[0,1] x [-N, N4 by (3.17) and the fact that these kinds of functions are dense
in EZ([O, 1] x[—N, N]d). Denote the collection of such f by (./\/',‘f,)*. Our way of
using the Hahn—Banach theorem defines a surjective map from ' ,2 to (N ,;31)*. Con-
sequently, #(NV2)*) <#WN?) = o+l < exp(Ct,,), where the constant C > 0
is independent of m (but dependent on / and v).
On the set 2 (v, 6, m), in particular,

1 ) 172
tms,x)dxds
(/o /[—N,N]d i I ) >

1
5(1—0*)*l max // (s, )0, (tms, x)dx ds.
FeW)*Jo J[-N,N1¢

Therefore,
1 172

Eo[exp{ﬂmtm ( [ s x)dx ds) }19@,5,"@; ro(H) > zm}
0 J[-N,N)¢

t 1
<exp(Ct,) max [Eg|exp ,Bmm// f(s, )0, (tms, x)dx ds ¢;
feEWR)* 1 —o JoJi-~n.N)

. (H) > tm]
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Notice that

1
// f(sax)nm(tms,X)dXdS
0 J[-N,N)@

1 & !
(3.19) :szo [[[ NN]df(s,x)QN(x—Bj(tms))dx]ds
j=1 -
1 &Y (m s
=— —.,Bj(s))d
miy Jg-/() f<tm’ J(S)> >
where

Foo=[  fey0ovne-0dy.

Summarizing our argument since (3.16), we conclude that

1 1/2
limsupm =4/ 00 R exp{ﬂmtm (/ /d 12 (tms, x) dx ds) }
0 JR

m—0o0

(3.20) <tlimsup i log max I[I,()[exp{L /tm f(ti, B(s)) ds};
—o Jo

m—00 Iy feN)* 1 m
T(H) > rm]
Here we recall our notation

T(H) = inf{s > 0; |B(s)| = Hm©~*/G2=oD},

Let f € (M2)*. For large m
Eo[exp{%/g)% f(i, B(s)) ds}; T(H) > tmi|
7 p - }E{exp{%/ltm f(é, B(s)) ds}; T(H) > tm}

ot
exp| 1}

<ex

=

p1(x)Ex [exp{£

x /Otm_l f(s:;l,B(s)>ds};

T(H) > rm} dx,

X
/Z?(O,Hm(6“>/(2(2“>))
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where pj(x) is the density function of B(1) and the second step follows from
Markov’s property. Here and elsewhere, we adopt the notation B(0,r) for the

d-dimensional ball with the center O and the radius r > 0.
By the bound p;(x) < (27r)~4/?, the right-hand side is bounded by a constant

multiple of

/ IE[ { P /t'"_lf<s+1 B( ))d} <H>>t]
ex ; )T =
B(0, Hm(6-0)/2-a) x| XP 1—0Jo tm s s "

=< |B(0, Hm(6_a)/(2(2—ot))) |

tm—1 - 1
X exp{/ sup ( P / f(s + ,x)gz(x) dx
0 geFu l—o Jrd Im

1
_ E/I;{d|Vg(x)|2dx> ds},

where the inequality follows from (A.4) in Lemma A.1 in the Appendix. By vari-
able substitution,

tm—1 ﬂ ~(s+1 2 1 2
/() SuP(l—oA‘gdf< . ,x)g (x)dx—i‘/Rd|Vg(x)| dx)ds

8€Fu

! -
=tn /fl sup (% /Rd f(s,x)gz(x)dx

m 8E€F4
1 2
_ 5/]Rd|vg(x)| dx)ds

! . 1
<o [ swp (T2 [ Fongwax =3 [ Vet ax) as

geFy l—o

1
=tn sup( p /(;/Rd f(s,x)gz(s,x)dxds

geAd 1_0

1 rl
_E/O/Rdwxg(s,xﬂzdxds).

Further,

_/(;I/Rd f(s,x)g%(s,x)dx ds
) '/01/[_1\"]"]‘1 7e X)[/Rd ON(y = 0)g%(s. ) dy] dx

1 2 12
N2
<([ [ il Ly oro=veemnar] ax) "
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Summarizing our estimate,

ﬁ m (s )
fgf\lfﬁvEO[eXp{l—/o f(i’ B(s)) ds}’ T = tm}

< Cm6—0d/CC—a) eXp{Ms,N<1 B )tm}
— 0

Here we introduce the notation

1 ) 2 1/2
Mg = - )
N(B) gseugd{(fo f[_N’N]d[ o OnN(y —x)g"(s y)dy} dX)

1 ! )
_ 5/0 /H;d|ng(s,x)| dxds}.
By (3.20), therefore,

1 1/2
limsupm 49/~ o0 | exp{ﬂmtm (/ /d 2 (tms, X) dx ds) }
0 JR

m— 00

StMa,N<1 _/30).

By Lemma A.3 in the Appendix,

limsung,N< P >§Mg< p )
N—o00 -0 l1—0o

Finally, the requested (3.15) follows from the obvious fact that the right-hand side
of the above inequality tends to M. (B) as o — 0F. [

(3.21)

By (3.11),

tm m 2
A /Rd|:j§ Kf(x_Bj(S))] dx ds

tnl
=mtnr@+2 Y [T (B - B ds.

1<j<k<m

The first term on the right-hand side is deterministic and negligible. Thus
Lemma 3.4 (with 8 replaced by B/+/2) can be restated as

lim =G/
m—o0

tm 1/2
(3.22) x log Eq exp{ﬂ(tm Z /(; Ye(Bj(s) — B(s)) ds) }

1<j<k<m
- tM€<%).

The next step is to squash ¢ to zero.
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LEMMA 3.5. For any integer n > 1,

Eo[ > [ yeB(s>—Bk(s>)ds}

1<j<k<m

SEO[ >

1<j<k<m

Im

Y (Bj(s) — Bi(s)) ds] )

PROOF. By Fourier transform
[l’l'l
> [ elBie) - Bew)ds
1<j<k<m
= (2m)™
/ exp{— g|r)? y()\)|:/ Z exp{—ii- (Bj(s) — Bk(s))}dsi|d)»
1<j<k<m

where p (1) is the Fourier transform of y (x); see (1.14). Here we shall use the fact
that y (1) > 0 in our setting. Hence

Eo[ >

1<j<k<m

lWl

Ye(Bj(s) — Bk(S))dS]

=(@mn)™ f( gy P41 A exp{—ez w} (111 mz))

=1
<. Boll 3 explibe: (Bi(6) = Bi(o)}don - dy
(O L P 8
Notice that
n
Eo[T > expf—iti-(Bj(s) — Bi(s)} > 0
I=11<j<ksm

The right-hand side is less than or equal to

—nd ~
em [ - dh, (l]:[1 V(M))

X/Otm] EOH Z exp{—iA; - (Bj(s) — Bi(s))}ds1--- dsy

I=11<j<k<m

[Z / B»(s)—Bk(s))dsT.

1<j<k<m [
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By using [4], Lemma 1.2.6, page 13, twice with p =2, Lemma 3.5 and (3.22)
lead to

tm 172
mli_)moom_“_“)/(z_“)logEoexp{ﬂ<tm Z /0 y(Bj(s)—Bk(s))ds) }

I<j<k<m
%)
>tM, (—
& \/i
for every € > 0. Notice that
o ﬂ) (ﬁ) (ﬁ)““”
IiminfM,| — | >M|—|=| — M(1),
mpon(75) = () = (75 W

where

! 2 12
)= swp ([ [ [[ x0o-ne6nd] ax)

geAq

1 rl
-3 OfRd}ng(s,x){zdxdy}

and the second step comes from the fact that M (8) = ,84/ @=®) M (1) resulted from
replacing g (s, x) by B4/@ =g (s, 24~ x) in the variation M (B).
Hence we reach the lower bound
lim infm ~ =)/ C=e)
m— o0

(3.23) x logEg exp{ﬂ(tm 3 /Ot'” Y (Bj(s) — Bi(s)) ds> 1/2}

I<j<k<m

> t(%)4/(4_mM(l).

Write ;. (x) = y (x) — y:(x). To have the correspondent upper bound, we prove
the following:

LEMMA 3.6. Forevery 8 > 0,

tm
lim limsupm~#=*/C=D 100 R, exp{ L Z

=0T m—o0

u&m%mewﬁ

1<j<k<m

=0.
PROOF. By Jensen’s inequality

Eoexp{n% > /Otm ¢e(Bj(s) — Bk(s))ds}

1<j<k<m

tm
ZCXP{SEO > /0 Ce(Bj(S)—Bk(S))dS}Zl,

1<j<k<m
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where the second inequality follows from Lemma 3.5 with n = 1. Thus we only
need to prove the upper bound estimate.

Write
tm 1 m
> e Bi) - Bus)d =32 Z/ (Bj(5) — Bu(s)) ds
1<j<k<m j=1k:k#j
By Hoélder’s inequality
B
EoeXp{m1<,§<m / Ze(Bj(s) — Bk(S))ds}
1/m
<H(Eoexp{ Zf ¢e(Bj(s) — Bk(s))ds}>

kik#j

—Eoexp{ Z/

We now make use of Fourier transform again. Notice that ;A‘g AN =01 -
e‘ewz))?(k) > 0. By Fourier inversion

m tm
k; /0 ¢e(B1(s) — Bi(s)) ds

tm

Ze(Bi(s) — Bk(S))dS}-

~ tm I
=) /Rd Ze(h) [/0 Z exp{—ii - (Bi(s) — Bi(s))} ds} dx.
k=2

For any integer n > 1, by the independence between B (s) and {Ba(s), ..., By (s)},

Mmooty "
EO[Z [ e Bic) - Bk<s>)ds]
k=20

= (@n)™ / dhy--- dm( ¢ (xn)
Ry ,1:[1 ’
n
X/ EoeXp{—iZkl-Bl(Sl)}
(0,2 ]" I=1

X E()(H Z exp{ii; - Bk(sl)}> dsy---dsy

I=1k=2
By the fact that

0<Eoexp{—iz/\,-31(sl)}§1 and EO(HZ expfik; - Bk(sl)})
[

=1
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the right-hand side is less than or equal to

—nd “a
em™ [ i di (,1] m,))

n m

X / Eo (1_[ exp{ik; - Bk(sl)}> dsy---dsy,
[0,2]"

I=1k=2

Eo[ Ce(Bi(s))d }
,;A

Therefore, forany n =1, 2, ..

EO[Z/ ¢ (B1(s) — Bi(s))d } [é/ ¢ (Be(s))d }

By Taylor expansion we conclude that

Eoexp{gé/otm ¢e(Bi(s) — Bk(S))dS}
<Eoexp{ Z/" e (Bi(s) ds} = (Eoexp{gfotm g‘g(B(s))ds})m_l.

Summarizing our argument, we have reduced the problem to the proof of

| b
(3.24) limsup lim t—logEoexp{ﬂ/ CS(B(S))ds} <0
— 0 m O

e—>ot ™
for any 8 > 0.
For the sake of simplicity we consider the case when #,, goes to infinity along
the integer times. Notice that ;‘5 (1) > 0 for all » € RY. Using the same argument
as that used in the proof of Lemma 3.5, one can show that for any x € R,

]Ex[/ol g'g(B(s))ds]n EEO[AI QS(B(S))ds:|n, n=1,2,....

By Taylor expansion

1 1
E, exp{ﬂ/o e (B(s)) ds} <Ey exp{ﬁ /(; Ze(B(s)) a's}, xeR?,
By Markov’s property,

Eo exp{ﬁ/o[m {8(B(s))ds}
~ E [exp{ﬁ | " ;5<B<s>)ds}EB<tm_1>exp{ﬂ | 1 cg(B<s>)ds”

<Eo exp{ﬂ/ot'"l é“s(B(S))dS}Eo exp{ﬁfol gg(B<s>)ds}.
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Continuing this procedure we have

Eoexplp | ¢.(B6)ds | = (Boexp(s [ 1 ;g(B<s>)ds})tm.

Finally, the requested (3.24) follows from the obvious fact that
1
lim Epe f B(s))d }: 1.
lim Eo Xp{ﬁ A ¢e(B(s))ds 0

Write
‘

Zu= % [ a6~ Bu)as

1<j<k<m

and Z;; = max{0, Z,,}. Given § >0 and 8 > 0
Eoexp| Byt Zi: | < explpmtns) + Boexp[(BVim Zn); Zn = 87m’s,]

<exp{fmt, 5} + Eg exp{aﬁZm}.
m

By Lemma 3.6,

lim sup lim supm~#=/C=D 100 |, exp{ﬂ\/ Im Zn—’;} < pis.

g—>0t m—>0o0

Since § > 0 can be arbitrarily small,

(3.25) lim limsupm~“~0/C=®) |og exp{ B zmz,ﬂ —0.
e—>0t m—oo
We now return to the variation M, () introduced at the beginning of this sub-
section. By Jensen’s inequality for any g € Ay,

2

/Rd[/wKe(y—x)gz(s,y)dyrdxEA‘W[/]RdK(y—x)gz(s,y)dy} dx.

Consequently, M (8) < M(B) for any 8 > 0.
In view of (3.22) and (3.25), a standard argument of exponential approximation
via Holder inequality leads to

lim sup m~ ¢~/ Q=)

m—0o0

1

m 1/2
(3.26) xlogEoexp{,B<tm > / y(Bj(s)—Bk(s))ds) }

1<j<k<m

< tM(%) - ;(%)4/(4_“)1\4(1).
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Combining (3.23) and (3.26)

m 12
lim m~ ¢4~/ logEoexp{,B(tm Z / ¥ (Bj(s) — Bi(s)) ds) }

m— 00
I<j<k<m

B \4 =)
Replacing 8 by r~1/28 leads to
—(4-a)/(2—a)

lim m
m—00

x logEq exp{ﬁm(4_“)/(2(2_“))

(3.27)
1

(5 [ e aios))
<j<kzm

V2

In addition, notice that for any € > 0 there is a constant C, > 0 such that y, (x) <
C, for all x € RY. Thus
1 Im

— > Ve(Bj(s) — Bi(s))ds < Cemty, = Cotm@=0/ =),

M Zk<m

M(1).

4/(4—
:t(2—a)/(4—a)( P ) [

Together with Lemma 3.6, this implies that for every 8 > 0

tm
limsupm~“9/C=0 50 R exp{ L Z
m

m— 00

y(Bj(s) — Bk(s))ds} < 00.

1<j<k<m

Using the second half of Lemma A.2 in the Appendix with

_ _ 2 2 —a /AM(1)\ ¢/ C-o)

b = mé-)/C=a) _  Co=t ( )

m = P=7"4 0= 4 e
and

1 Im
Xm=— Y. y(Bj(s) — Bi(s))ds,
1<j<k<m
we obtain
) a0 B Im
mll)moom( a)/( a)logEoexp{Z Z /(; y(Bj(s)—Bk(S))dS}
1<j<k<m

2—a <4M(1)>(4°‘)/(2°‘)
_t —_—
2

B2/
4 \4—« ) ’

B0 = red
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where the last equality follows from Lemma A.4 in the Appendix. By the identity
in the law

1 I'm d t
— > [Tyme-me)dst Y [ r(Bie - B)ds,
m1<'<k< 0 1<j<k< 0
<j<k=m <j<k<m
we have
t
; —(4-a)/2—a) .
mh—>moom @ alogEoexp{,B Z y(B](s)—Bk(s))ds}
1<j<k<m
(3.28)
B 2/2-a)
—ean(§)

Proposition 3.3 follows from representations (3.10) and (3.28) (with g = 62).

REMARK 3.7. Bertini and Cancrini (Theorem 2.6, [1]) claimed a precise for-
mula for Eu(z, 0)™ in the setting of Theorem 1.7. Unfortunately, their result is false
due to incorrectly using the Skorokhod lemma. On the other hand, (3.9) shows that
the relation in Bertini—Cancrini’s formulation is asymptotically sound.

REMARK 3.8. By Theorem 6.1 in [6], under the assumptions of Theorem 1.2,

tl_i)l,&t—(4—a—2cxo)/(2—a) IOg Eu(t, O)m

(3.29)

92\ 2/2—a)
R
for every integer m > 1. Comparing this to (3.3), we find the m-limit and the ¢-limit
are completely consistent. The same can be claimed in the context of Theorem 1.3.
The situation is slightly different when it comes to the cases labeled (2) in Table 1
where V (¢, x) is white in time. Take the setting of Theorem 1.7, for example. Let
m =2 in (3.10),

Eu(t, 0)? = Eq exp{e2 /z 80(B1(s) — Ba(s)) a’s}
(3.30) 0

=E0exp{j—2§/0t SO(B(s))ds} =Eoexp{j—2§|3(t) },

where the last equation follows the well-known identity in law between the Brow-
nian local time and the reflected Brownian motion. Thus
(3.31) lim llog]Eu(t, 0)2 = 6 = 39—4.

t—>0o t 4 32
In comparison to (3.9) [keep in mind that m = 2 in (3.31)], we witness a small but
interesting gene mutation occurring during the course m — oo.
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4. Modulus continuity. The main goal of this section is to measure the degree
of the continuity of u(#, x) in the space variable x by estimating the difference
u(t,x) —u(t,y). In the settings of Theorems 1.6 and 1.7 we use the bound

(Elut, x) — u(t, y)[™)/ ™

t 1/2
<Clx —y| + <8m/ (Eu(s, 0)>") /"I, ds)
0

1/2
< Clx — y| + (Bu(r,0)*™) 1/(2”1)( / T sds)
established by Conus et al. ((9.49), [10]), where
L=[ v -ohGh)dzdz,
R4 x R4

zeR?

hs(z) = |PS(Z —x)— ps(z—

and C > O represents, here and else where in this section, a constant independent of
m and x, y that takes possibly different values when appearing in different places.
By (9.51) in [10],

_ e, (XY
I, <Clt—s) ((t S)l/z/\l)

Thus, for [x — y| < /1,

t lx—y[?
/ I,_Sds§C{/ sTY2ds + |x — | _(“H)/zds}fClx—yL
0 0 lx—y|?

This estimate gives the bound

Elu(t, x) — u(t, y)|"" < C"ml|x — y|"Eu(t, 0)>"
or
4.1 Elu(t, x) —u(t, y)|[" < C™mH'?1x — y|"*Bu(t, 0)".

By the classic theory on chaining method (see, e.g., Lemma 9, [7]), (4.1) leads to:

LEMMA 4.1. In the settings of Theorems 1.6 and 1.7, u(t, x) yields a continu-
ous modification. Moreover, for any 0 < § < 1 and bounded domain D C R? there
is a Cs(D) > 0 such that for mé > 2d,

M(t,X) —M(t, )’) "

x — y|°/2 < Cs(D)(m!)/*Eu(t, 0)™.

“4.2) E sup

xF#y
x,yeD
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We now consider the setting of Theorems 1.1, 1.2 and 1.3 where the solution
u(t, x) yields the Feynman—Kac representation (1.9) [with ug(x) = 1 according to
our agreement]. For any p > 1, write

up(t,x) =Exexp{p6 /Ot V(t—s, B(s))ds}.

LEMMA 4.2. In the setting of Theorems 1.1, 1.2 and 1.3, u(t, x) yields a con-
tinuous modification. Moreover, for any p > 1 such that ¢ = p(p — 1)~ is an
even number and for any bounded domain D C R?, there is a C p(D) >0 and
8 > 0 such that for mé > 2d:

(1) in the setting of Theorem 1.1,

u(t,x) —u(, y) "
(43) E Sl;é W < (m')l/ZCP(D)m{EMp(I,O)m}l/p,
XFY
x,yeD

(2) in the settings of Theorems 1.2 and 1.3,

t,x)—u(t,y)|"
@4 Eswp “(I;)_—y'”fsgzy) <mIC (D)™ {Eu(t,0)"} /7.
Xy
x,yeD

PROOF. The main part of the proof is to establish a bound similar to (4.1). By
the mean-value theorem,

¥ — €| < |& — n|max{ef, e"}.

By the Feynman—Kac representation (1.9) and Hélder’s inequality, for any y € R¢
|u(t,0) —u(t, y)|

exp{& /(;t V(t —s, B(s)) ds} — exp{@/(;t V(t—s,y+ B(s)) ds}

<Eo

SHIE()(‘/O[ V(t—s,B(s))ds — /Ot V(t—s,y+ B(s))ds

X max{exp{@ /Ol V(t—s, B(s)) ds},
exp{9 /Ot V(t—s,y+ B(s)) ds”)

q>1/q

<26 <Eo

t t
_/OV(t—s,B(s))ds—_/(; V(s,y+ B(s))ds

x {up(t,0) +up(t,y)}l/p.
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By Holder’s inequality again,

q)fﬂ}l/q

t t
< (29)"’{E(EO'/O V(t —s, B(s))ds —/(; V(t—s,y+ B(s))ds

X {E(up(t,0) +up(t, y))m}l/p.

Notice that
q ) m

t t
§E®Eo‘/o V(t—s,B(s))ds—/0 V(t—s,y+ B(s))ds

t t
E(EOM; V(t—s,B(s))ds—/(; V(t—s,y+ B(s))ds

qm

By the triangle inequality and by the stationarity of u,(z, x) in x,

(B (1, 0) + 1, (2, )" }/7 < 20+D/0m (B4, (1, 0) /7

Set
S = e B B B B drd V2
(y) = {/0/0 Yoo — )(y (Br) — Bs)) — v (v + B(r) — B(s))) dr s} .
Notice the fact that the difference
/0[ V(t—s,B(s))ds — /0[ V(t—s,y+ B(s))ds

is a Gaussian conditioning on the Brownian motion with conditional variance
25,(y)?. By the (conditional) Gaussian property,

t t gm
E0®E|:/ Vit —s, Bs)ds—/ V(t—s,y—l—Bs)ds:|
0 0

= (gm — DIN(V2)T"Eo S, (y)I™.
So we have

ws Elu(t,0) — u(t, )"
' < 2P /P (S20)M ((gm — 1)1ES, (»)™) /9 (B (1, 0)™) /7.

Let y (1) be the Fourier transform [see (1.14)] of y (x). By Fourier inversion

smi=em [ e[ -]

X [/OI/OI yo(r —s)exp{ir - (B(s) — B(r))}drds] dh.
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In the setting of Theorem 1.1

2 1) 815 "
=Gl [Pl [ [ w0 = s explin- (B6) - B0 drds|

t rt
<y ([, lar) [ [ e —saras,

where 6 > 0 is chosen according to the assumption (1.13). By (4.5), by Stirling’s
formula and by the stationary of u (¢, x) in x, we reach the bound

E|u(t,0) — u(t, y)|™ < C(DY" (m)" 2|y (B, (1, 0)™) "7,

which leads to (4.3) with possibly smaller é and larger C (D).

We now come to the setting of Theorems 1.2 and 1.3. Notice that y (1) is equal
to a positive constant multiple of |A|~(@~%), ]_[:-’!:1 [A;|~(=%) [in the notation of
A= (A1,...,Ag)]and 1 in connection to (1) x (I), (1) x (II) and (1) x (IIT) (labeled
in Table 1), respectively. By the first relation in (2.11) and the representation of
S:(y) given above,

2

‘ t
SH(y) = C/]R Rd[l — e_”"y])?()»)‘/o lu — 5|~ 120/ 2explin . B(s)) ds| dudx
X

2
dudh,

t
<GP [ Fa(k)‘f 1 — 5]~ 0+ 2 exp i B(s)) ds
R xR4 0

where ['s(1) = |A|° 7(1) and § > 0 is a small number. We claim that for sufficiently
small § the process

2 172
du dk) ,

T=>0

T
ZT=(/R Rdra()»)‘/o lu — s|71FT%0)/ 2 explis - B(s)} ds
X

takes finite values almost surely. For the sake of simplicity we show this by con-
trolling EZ% through a “usual” computation without justification, which is easy to
be installed.

By the first relation in (2.11) Z% is a constant multiple of

A@d Fa(k)[/oT/OT Ir — s explix - (B(r) — B(S))}drds] da

whose expectation is equal to

Agd Ls (’\)UOT/OT Ir — s|"Eqgexp{i’ - (B(r) — B(s))} dr ds} dn

T T . r—s|
:/ Fg(l)[/ / |r — s| 0exp{——l)\l }drds]dk
R4 0 Jo 2
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T pT
=/f Ir — 5|42 — 5|7
0 JO
A 1
Iy —— ——Az}dk]d d
x[/Rd 5( |r_s|>exp{ 2|| rds

1 T T
= (/ Fg(k)exp[——|k|2}dk>/ / |7‘—S|_a0_(1/2)(a+8)drds,
R4 2 0 Jo

where the second equality follows from the Fubini theorem and integration substi-
tution, and the third equality follows from the fact that I's(CA) = C —(d=a=8)pe())
for C > 0 and A € R?. It is easy to see that the A-integral on the right-hand side
is finite. We mention the fact that oy + %oe < 1 under our assumptions. Conse-
quently, one can make the time-integral finite by making § > 0 sufficiently small
SO g + %(a+8) <1.

Clearly, Z7 is a continuous and nonnegative process in this case. By the triangle
inequality, for any S, 7 > 0 Zsy7 < Zs + Z/, where

S+T 2 1/2
Zh = (f . Fs(k)‘/ lu — s|_(1+°‘0)/zexp{ik - B(s)}ds| du d)\)
RxR S

T
= ([ ms| [ =sareor
RxR4 0

x exp{ir - (B(T +s)— B(T))}ds

2 172
dudl) .

Consequently, Z7. is independent of {B(s);0 < s < T} and Z/ 4 Z7. By [4],
Theorem 1.3.5, page 21, Z7 is exponential integrable, and the limit

1
L= lim —logE 4
Sm o log oexp{Zr}

exists.
By Brownian scaling, on the other hand,

T (4—a—38—"2ap)/4

ZT == (—> Z[.
t

Applying a suitable variable substitution, we conclude

lim a—4/(0[-|—5+2010) log EO exp{ﬁa(4—0(—(3—20(0)/(()1+5+20(0) Z[}

a—>oo

= L1/ (4—a—3-2a0)

for any 8 > 0. By Gértner—Ellis theorem (Theorem 1.2.4, page 11, [4])

agnéo“%/(awﬁa‘)) logPo{Z; > a}=-C
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for some C > 0. Consequently,
o0
EoZi™ = qm/ @ VPy(Z, > a}da < C" (m1)d@+5+20)/4.
0

m=1,2,....
In view of (4.5), by the stationary of u(z, x) in x, we obtain the bound
Eolu(t, x) — u(t, y)|" < C"x =y (m!) et 200/ Ry, (1, 0y") P,
m=1,2,...
uniformly for all x, y € RY. Notice that 22429 _ | This bound leads to (4.4).
OJ

5. Tail probability and proof of the upper bounds. A central piece of our
approach relies on the precise large deviations for u(z, x). These kinds of results
certainly have their independent values. We list them as part of the major theorems.
Recall our assumption that ug(x) = 1.

THEOREM 5.1.  Under the assumption of Theorem 1.1,

L2
Jim a log P{logu(z, 0) > ra}

5.1
AZ t ot -1
== (v [ [ e —9dras)
. -2
all)ngoa logPilogI&agu(t,x) zka}
(5.2)

)\'2 t ot -1
:—ﬁ(y(O)/(;/(; yo(r—s)dra’s>

forany t > 0, A > 0 and bounded domain D C R?.

THEOREM 5.2.  Under the assumption of Theorem 1.2,
lim a~“~/21ogP{logu(t, 0) > ra}

63y T 2-a)/2 (4-a)/2
_ _i<2_7“> ‘ ( A ) O —ma—2a0)/2
02\ E(ap, d, y) 4—a '
54 ali)rgoa*(“*“)/z logIP’[logl;leagu(t, x) > ka}

__4 (2_70‘)(2_“)/2( - )(4_“)/ PRy
02\ E(ap.d, y) 4—«

forany t > 0, A > 0 and bounded domain D C R4, where E(ag,d, y) is the vari-
ation given in (1.17).
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THEOREM 5.3. Under the assumption of Theorem 1.3,
. -3/2
Jim o™/ “logP{logu(t, 0) = ra}

(5.5)
3/2
__4 ;@) P -2
02\ E(ap, 1,80) \ 3
.32
56 all)rgoa logP{longneagu(t, x) > Aa}

3/2
__4 ;@) 2 G2
62\ E(ao, 1, 30) \ 3

forany t > 0, A > 0 and bounded domain D C R?.

THEOREM 5.4. Under the assumption of Theorem 1.6,
lim q~@9/2 logP{logu(z, 0) > Aa}

(5.7) a— 00
_ 4( 2 _« >(2—ot)/2( A >(4—a)/2
02\, y) 4—q ’
. ali)ngoa*(“*“)/z logIP’{logineagu(t, x) > Aa}

4 2 _« 2—a)/2 A (4—a)/2
‘_?(w(d, y)) (4—a>

forany t >0, A > 0 and bounded domain D C R, where £(d, y) is the variation
given in (1.26).

THEOREM 5.5. When y9(-) =80(-), y(-) =80(:) anda =d =1,

4 /6 1/2 A 3/2
(5.9) ali)rgoa_yzlogP{logu(t,O)zka}:—ﬁ(?) <§) :

. ap 4 /6 1/2 A 3/2
(5.10) ull)ngoa 1ogIP’{1og1gl€aL>)<u(t,x)zka]=—?(;> <§) .

Due to similarity we only prove Theorem 5.2. By Holder’s inequality, for any
b>1,

(But, 0P /! < (Bur, 0)) /7 < (Butz, 0)PH+1) /@D,
Thus the limit in (3.3) (Proposition 3.2) can be extended to noninteger m. So (3.3)
can be re-written as
lim a~“"/21ogEexp{a®~*/?logu(t, 0)}

a—0oQ
2N\ 2/2—
_ gl-w/e—a (2 a a)t(4—06—2010)/(2—01)g(a d
= 3 0.d,7)
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for every 8 > 0.

We now face a problem in using the Gértner—Ellis theorem: the exponential mo-
ment asymptotics is established only for 8 > 0, and the random variable log u(, 0)
takes negative values with positive probability. To resolve this problem, we notice
that P{u(z,0) > 1} > 0 and

Eexp{Ba® "%logu(z, 0)}
= ]E[exp{ﬂa(z_"‘)/2 logu(z,0)}; u(t,0) < 1]
+ Elexp{Ba'*"*"?logu(t,0)}; u(r,0) > 1]
< 1+ E[exp{Ba*"*?logu(t,0)}; u(z,0) > 1].
We have that for any g > 0
liminfa~“%"*/21og E[exp{Ba*~*/*logu(t, 0)}u(z, 0) > 1]

a— o0

92 2/(2_0[)
) 1 4=0=200)/ = e (g0 d ).

. 5(4—a>/<2—a>(7

On the other hand, by the bound
Elexp{Ba®=*"*1logu(r, 0)}|u(t, 0) > 1]
< (P{u(t,0) = 1}) "Eexp{Ba® " logu(t, 0)},
we have that for any 8 > 0
limsupa~“"9/2log E[exp{Ba®~*/?logu(t, 0)}|u(t, 0) > 1]

a— o0

2\ 2/2-a)
< gl—o)/C-a) (3) (4=a=200)/ Q=) £ (50 d ),

Thus
lim a~“"9/210g E[exp{Ba®~*/*logu(t,0)}|u(r,0) > 1]

a— o0

p2\ 2/2-a)
= ple)/= (7> tmem200)/C=0 g (. d, ).

By the Girtner—Ellis theorem for nonnegative random variables (Theorem 1.2.4,
page 11, [4]),
lim a~“~%/21ogP{logu(t, 0) > ralu(t,0) > 1)

a— o0
2y 2/(2-a)
__ Sup{ B — pli—o/C-a) (_) 1 (4=a=200)/C=0) £ (g0 4. y)}
B>0 2

2—a)/2 4—a)/2
:_i<2——a>( @/ ( A >( @/ f—(—a—200)/2
02\ E(ap, d, y) 4 —«
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Therefore, (5.3) follows from the fact that
P{logu(z,0) > ra} =P{u(t,0) > 1} - P{logu(t,0) > ralu(t,0) > 1}.

It remains to prove (5.4). By (5.3) and the stationary of u(z, x) in x, we only
need to prove the upper bound. Without loss of generality, we may assume that
0 € D. Notice that

tv - t,o m
suplu(t, x) — u(t,0)|" < diam(D)™*/? sup L&Z() ,
xeD xeD | x| /

where § > 0 is determined by (4.4) in Lemma 4.2. By (4.4)

lim sup m ~ =)/ = “)logIEsup|u(t x) —u(t,0)"

m— 00

< 1 limsupm~ ¢/~ 150y p(t, 0"
P m—oo
for any p > 1 with ¢ = p(p — 1)~! being an even number. Here we point out
that u (¢, x) is the solution of the parabolic Anderson equation (1.1) satisfying the
assumption given in Theorem 1.2 with 6 being replaced by 6p. By Proposition 3.2,
the lim sup on the right-hand side is equal to

2\ 2/2-a)
((Pi) > * t(4—a—2a0)/(2—a)g(a0’d’ )/)

Since p > 1 can be made arbitrarily close to 1, we conclude that

limsupm ™49/~ oo E sup|u(t x) —u(t,0)"

m— 00

02y 2/(2-0)
=(T) g d ).

Using Chebyshev’s inequality instead of the Gértner—Ellis theorem,

limsupa~“- O’)/zlogIP’[log sup|u(t x) —u(t,0)] zka}

a—>0oQ

6
(5.11) <- sup{,B)L — pl-0/@-a) <_
>0 2

2-0))2 4—a))2
_ _i( 2-« >( “/ ( A )( «/ f—(4—a=2a0)/2
E(ap,d,y) 4—a '

2/(2—a)
) t(4—a—20to)/(2—0’)5(oe(), d, V)}

By the triangle inequality,

supu(t,x) <u(t,0)+ sup|u(t x) —ul(t, 0)|

xeD
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Hence,

log sup u(t, x) < log<u(t, 0) + sup|u(t, x) — u(t, 0)])
xeD xeD

<log2+ max{logu(t, 0), log sup|u(z, x) — u(t, 0)|}.
xeD

For any 0 < A’ < A, therefore,

]P’{log Ecngal))gu(t, x) > ka]

<P{logu(t,0) > 'a} + P{logmagm(z, x) —u(t,0)| > )Ja}
xe
for large a. Thus

limsupa~“"%/2Jog ]P’{log maxu(t, x) > Aa}
a— o0 xeD

< max[lim supa~ (=72 logP{logu(z,0) > A'a},

a— o0

limsupa~4=*)/2 logIP’{logmal))(|u(t, x) —u(t,0)] > A’a}}
xXe

a— o0
2—a)/2 4— 2
< _i<2_—a)( “/ ( A )( “/ t_(4_0‘_20‘0)/2
— 02\&(wo.d,y) 4—a '

where the last step follows from (5.7) and (5.11). Since A" can be arbitrarily close
to A, we have finally established the upper bound requested by (5.4).

Having Theorems 5.1-5.5 installed, we are ready to prove the upper bounds in
Theorems 1.1, 1.2, 1.3, 1.6 and 1.7. Again, due to similarity we only prove the
upper bound requested by Theorem 1.6. That is,

lim sup(log R) =%/ *=*) Jog max u(t, x)
R—00 [x|<R

(5.12)

a.s.

— 2-a)/(4—a)
- 4—a <4f5(d, V)) e 4/ (4—a) 2/(4—a)
- 4 2 -«

To this end, we set Nz = Z? N B(0, R) and write 0=[-1, 174, Notice that

max u(t,x) < max max u(t,Xx).
|x|<R z€NR xez+0Q

For any A > 0 satisfying
2—a)/(4—
4—q (4t5 , )/)>( D e 21—
4 2—« ’
by stationarity of u(¢, x) in x

P[log max u(t, x) > A(log R)Z/(4_°‘)]
[x|<R

A >

=< #(/\/'R)P{logaréaéiu(t, x) > A(log R)z/(4,a)}.
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By (5.8) in Theorem 5.4 there is a § > 0 such that
P{log 1;116215 u(t, x) > r(log R)z/(4_°‘)} <exp{—(d + §)log R}
as R is sufficiently large. Consequently,
]P’{log l&r@)}(eu(t, x) > A(log R)z/(4_“)} <CR™®

with the constant C > 0 independent of R. With this bound

o0
ZPilog max u(t, x) > A(log 2”)2/(4_a)] < 00.
|x|<2"

n=1

By the Borel-Cantelli lemma

lim sup(log 2”)72/(470[) log max u(t,x) <A a.s.

n— 00 [x|=<2n
The lim sup can be extended from the sequence 2" to R due to the monotonicity of
the quantity logmax < u(f, x) in R. Finally, (5.12) follows from the fact that A
can be arbitrarily close to the limit value appearing on the right-hand side of (5.12).

6. Link to the long-term asymptotics: The case of time independence.
A classic quenched law (Theorem 5.1, [2]) by Carmona and Molchanov stated
that for a homogeneous and time-independent Gaussian potential V (x) whose co-
variance function y (x) satisfies the conditions comparable to the ones assumed in
Theorem 1.1,

. 1 !
6.1) tg%twlogEoexp{Q/() V(B(s))ds}:e,/Zdy(O) a.s.

In his recent work, Chen [5] considers the case of the time independent Gaussian
field V (x) with the covariance function y () in the forms given in Table 1. More
specifically, under the assumption 0 < o < 2 A d, and for the y () of types (I) and
(II) (Iabeled in Table 1) (Corollary 1.2 and Theorem 1.3, [5]),

t
lim 1~ (logr) =%/~ logEoexp{G f V(B(s))ds}
(6 2) t—00 0

_ )/ (4-0)
_4-a <4E(d,y)) VED o gt g

4 2—«
When d =1 and y(-) = §p(-) (Theorem 1.4, [5]),
342

t
(6.3) tlirglot_l(logt)_z/3 logEoexp{Ofo V(B(s)) ds} =13 a.s.
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We mention that the right-hand side of (6.2) was initially given in terms of the best
constant k (y, d) of the Soblev-type inequality

/Rd LVEENL@ PO dxdy CIFITIVAS  f e WR(RY)
X
and can be switched into the current form, thanks to the identity
Ed y) = 2_—aaa/(2—a)K(y d)Z/(2—a)
) 2 )

which can be derived in the same way as (7.3) in [6].

The striking resemblance of the pairs (1.28) versus (6.1), (1.29) versus (6.2)
and (1.30) versus (6.3) suggests a possible link between the time asymptotics and
the spatial asymptotics. In this section we explore this problem by providing an
alternative treatment to the long-term asymptotics. For similarity, we only con-
sider (6.2).

For the sake of simplicity we assume that ¢ goes oo along the integer points.
Given R > 0, define t(R) = inf{s > 0; |B(s)| > R}. For any function R(¢) 1 oo
(t - 00), by Markov’s property

Eo[exp{e /Ot V(B(s))ds}; T(R(1)) > t}
5( max Exexp{efol V(B(s))ds})t.

|X|<R()

6.4)

Applying (1.29) we have

limsup ! (log R(t))_z/(4_a) log g |:exp{9 /Ot V(B(s)) ds}; T(R(1)) > t:|

(65) t—00 ) B
_4-a (45 (d, )/)>(2 WO e e
- 4 2—«a
Further, let R (t) = t(log )1 (k=0,1,2,...).
t
Eoexp{G/ V(B(s)) ds}
0

= Eo[exp{H /Ot V(B(s)) ds}; T(Ro(1)) > t}

1 iEo[exp{Q /Ol V(B(s))ds}; T(Ri—1(1) <t < f(Rk(ﬂ)}

k=1

< Eo[exp{efot V(B(s))ds}; T(Ro(1)) > t}

+,§(E0[6Xp{29 /Ot V(B(s))ds}; (R0 > t]>1/2

X (Po{‘[(Rk_l(l‘)) < l‘})]/z.
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By Gaussian tail

Rk—1(1)?

]P’(){‘L’(Rk_l(t)) <t}§exp{—C ;

} = exp{—Cr(logr)*},
k=1,2,....

Together with (6.5), this shows that the infinite series on the right-hand side of the
decomposition is negligible. Applying (6.5) to the first term [with R(¢) = Ro(?)]
on the right-hand side of the decomposition leads to the upper bound requested
by (6.2).

Relation (6.4) is reversible with some nonsubstantial but technically involved
modification, so (1.29) also applies to the lower bound for (6.2). We skip this part
of the argument.

REMARK 6.1. An asymptotic bound similar to (6.5) can be extended to the
setting of time-dependence with some obvious modification. However, it is un-
likely to be sharp in the settings given in Table 1 (with g > 0, of course). Com-
pared with the case of time independence, much less is known about the quenched
long-term asymptotics in the setting of time-dependence.

APPENDIX

A.1. Feynman-Kac bounds. For any open domain D € R?, define F,;(D) as
the class of the functions g supported in D such that ||g]lo =1 and |Vg]|2 < o0.
Write

(A1) tp =inf{s > 0; B(s) ¢ D}.

For a function f defined on D, set

1
a2 = sw [ rodmdn - [ [vewax)

geFa(D)

LEMMA A.l1. Let t > 0, and let the function f(s,x) be continuous and
bounded on [0, t] x cl(D). Then for any t > 0,

LEx[exp{/()tf(t -, B(s))ds}; 79 zt} dx

< |D|exp{/0lxD(f<s, s},

/DIEX [exp{/ot f(s, B(s)) ds}; p > ti| dx

< IDIGXP{/OZ?»D(f(S, -))ds}-

(A.3)

(A4)
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PROOF. By the Feynman—Kac formula (e.g., Theorem 2.3, page 133, [14] with
g(s, x) =0), the function

S
u(s,x):Ex[exp{/ f(s—u,B(u))du};tDZS}, xeD
0
solves the initial-boundary problem

dsu(s, x) = FAu(s, x) + f(s,x)u(s,x),  (s,x) € (0,11 D,
u(s,x)=0, x€oD,
u(0,x)=1, x €D.

Hence

%/Dul(s,x) dx = 2/;)u(s7x)asu(5,)€)dx
1
- 2{/1) (s, x)u?(s, x)dx — 5 A|qu(s,x)|2dx}

<2Ap(f(s, ))/ u’(s, x)dx.
D
Notice that the function
U(s) :/ uz(s,x) dx
D
has the initial value U (0) = | D|. Thus by Gronwall’s inequality
t
/ u?(t, x)dx < |D| exp{2f Ap(f (s, -))ds}.
D 0

Therefore, (A.3) follows from the Cauchy—Schwarz inequality:

1/2
/u(l,x)dx§\/|D|{/ uz(t,x)dx} .
D D

Replacing f (s, x) by fi(s,x) = f(t —s,x) in (A.3) leads to (A.4). [

A.2. A lemma on the large deviations. Let {X,,} be a sequence of nonnega-
tive random variables and b,, be a sequence of positive numbers such that b,, — oo
as m — oo.

LEMMA A.2. Assume that there is p > 1 and Co > 0 such that for any B > 0,

1
(A.5) limsupb—logEexp{,BXm} < CoB?,

m— 00 m

B\ @/ (p+D
)

o] 12912y P+1 1/(p+1
(A.6) lgglgofalogfﬁlexp{ﬂbm/ X, = —,— wCo) /vt ><—
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Then we have
1
(A7) lim — logEexp{B8X,,} = CoB? VB > 0.
m—oo p,,
The same claim holds if we weaken the first assumption (A.5) to
1
(A.8) limsupb—logEexp{,BXm} <00 VB >0

m— 00 m

and strengthen the second assumption (A.6) into

1 1
. /2x1/2
lim ™ logEexp{Bb,/"X,!"}
(A.9)

_Pr +1 (pco)l/(PH)(é
p

@p)/(p+1)
2)

Vg > 0.

PROOF. Due to similarity, we only prove the first claim. By (A.5) and by a
standard way of using Chebyshev’s inequality, for any A > 0,

1
lim sup b—logIP{Xm > Abp} < —sup{rB — CoB"}

m—o00 by B>0

— =L oy 1= Dsp =D
p

and for any g8 > 0,

lim sup b_ log Eexp{pbl/?Xx}/?} < co.

m— 00

By Varadhan’s integral lemma (Lemma 4.3.6, [13]),

1
lim sup b log Eexp{pbL/?x /2

m— 00 m

<sup{ g2 _ P =L oo ==y p /0 1>}
A>0 p
p—l— ptD) /3 @p)/(p+1)
—(pCo) :
p 2

Together with (A.6) and the Girtner—Ellis theorem (Theorem 1.2.4, page 11, [4]),
we have

i 1
mlimm E logP{X,, > Ab;,,}

| @p)/(p+D)
=_Sup{ BE — &( c )1/<p+1><§> }

B>0

_ _%(Cop)—l/w—n,\pﬂp—l).
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Finally, by Varadhan’s integral lemma (Lemma 4.3.6, [13])
1 -1
lim —logEexp{8X,} = sup{,BA — p_(cop)l/(pl)kp/(pl)}
m=>00 by, A>0 P

= CopP. O

A.3. Variations. Recall that for any ¢ > 0 and 8 > 0,

weh= {ﬁ(/o%gd[ o K (y —x)g>(s. y) ddex ds>1/2

gEAd
- —1 1 V S, X zdxd
2 /1) ‘/Rd| )Cg( ’ )| Y[

Mo (B =0 {'B(./()I/[_N,N]d[ oy ONO x)g*(s. y)dyrdx>1/2

geAq

! 1/ V,g(s,x)|*dxd }
3 )y Jea <808, x xdsyt,
where K. (x) and Qy (x) are defined in (3.12) and (3.14), respectively.

LEMMA A.3. In the settings marked (2) in Table 1, for any € > 0 and 8 > 0,
limsup M, n(B) < M:(B).

N—o00

PROOF. Notice that for any 0 <s <1,

f On(y —)g3(s, y)dy = f 00y — (s, ) dy.
R4 R4

where

go)= [ g2(2kN+x), xeR‘
keZd

Here we recall

0(x) = Ke(x)[(M™|x]),

where [: RT — [0, 1] is a smooth function satisfying the following properties:
l(u)=1forue[0,1],I(u) =0foru>3and —1 <!’(u) <0 for all u > 0. By the
fact that Q(-) is supported on [—3M, 3MVe,

- 1 o ]2 )1/2

1 rl 5
_E/OAQJVXg(s,xﬂ dxds},
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where N = N 4+ 3M. We omit the rest of the proof as it follows from the construc-
tive argument used in [3], Lemma A.1, with some minor modification. [J

We also use the following notation:
1 2 1/2
M(B) = sup {ﬂ(/ f [ K(y —X)gZ(s,y)dy} dde>
0 JRI LJRA

gGAd
——1 1 ngS X dXdV
2/(;/Rd{ (’ )| }’

£(d,y) = sup {/ y(x — g2 x)g*(y)dxdy
geFy R4 xR4

1 IVe(x)|[*d }
- = X Xt.
2 Jrd §
LEMMA A.4. Under the assumptions of Theorems 1.6 and 1.7,

4—a 2—
£l ) = 2T g/ (M) T/
’ 2

4—o

PROOF. By (2.11), M (1) can be rewritten as

1 12
M =sup{([[ yt= g8 drdy)

geAy
1 r!
- / ]ng(s,x)\zdxdy )
2 Jo Jrd
Define

1
£'d,y) = sup {/o/w RdJ/(x—y)gz(s,x)gz(s,y)dxdyds
X

gG.Ad
- —1 ! V S, X dxds
2./() /Rd| xg( ’ )’ }

Replacing yo(s) = |s| 7% by yo(s) = o(s) in (7.4), [6], we have

2_ AM (1) @—)/Q2—a)
gy =" “2a/<2—a><—( )) .

4 -«
Therefore, it remains to show that

E'd,y)=Ed, ).
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Indeed, taking g(s,-) = g(-) € Fy leads to £'(d,y) > £(d, y). On the other
hand, by the relation Ay = {g(-, -); g(s,:) € F4 VO <5 < 1},

1

gan = sl ya—neenge.dsdy
8€AJ X

-3 Rd}vxg(s,x){zdx dy} ds

—£Wd,y). O

In connection to the variation £ (g, d, y) given in (1.17), write

1 p1
£0.d,y) = sup{/f/ y(x — »)g2(s, x)g>(r, y) dx dydr ds
0 J0 JRI xR4

geAa’
1 1 2
2/(} /Rd| xg(s7 )| }

LEMMA A.5. Under the assumptions of Corollary 1.5, £0,d,y) =£(d, y).

PROOF. The direction of > is obvious. We now consider opposite direction.

Let g € Ay, and write
| 12
F) = (/ g2(s,x)ds> .
0

1,1
// / y(x — y)g> (s, x)g>(r, y)dx dydrds
0Jo Jrixrd

Then g € F; and

- /n.gd Ré y(x =g () dxdy

and
Vi) = (/01 g%s»c)ds)_l/zfol 8(s, ¥)Vog(s, %) ds.
Hence
Vi) < ( [ | g2<s,x>azs)_1/2 | e, 0] - [Vig s, )] ds
< (follvxg<s,x)|2ds)l/2-
Thus

1
Ad|V§(x)|2dx 5/0/12&[1|ng(s,x)|2dxds.



PARABOLIC ANDERSON MODELS 1597

Summarizing our estimate,

1,1
/ / / y(x —y)gz(s,x)gz(r, v)dxdydrds
0 J0 JRIxR4

1! )
_E/éﬁl;dwxg(s,xﬂ dxds
- . 1 .
<[, ra-nPOFEWdrdy -5 [ Ve dx £y,
R4 x R4 2 JRrd

Taking supremum over g € A, on the left-hand side completes the proof. [
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