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SUBORDINATION FOR THE SUM OF TWO RANDOM MATRICES

BY V. KARGIN
University of Cambridge

This paper is about the relation of random matrix theory and the subor-
dination phenomenon in complex analysis. We find that the resolvent of the
sum of two random matrices is approximately subordinated to the resolvents
of the original matrices. We estimate the error terms in this relation and in the
subordination relation for the traces of the resolvents. This allows us to prove
a local limit law for eigenvalues and a delocalization result for eigenvectors
of the sum of two random matrices. In addition, we use subordination to de-
termine the limit of the largest eigenvalue for the rank-one deformations of
unitary-invariant random matrices.

1. Introduction.

1.1. Subordination. Much of the modern approach to random matrices is
based on the analysis of how the resolvent of a matrix A, that is, the function
Ga(z) = (A — zI)™!, behaves when A is modified by a random perturbation
(see [23], e.g.). In this paper, we investigate what happens with the resolvent if
an independent rotationally invariant random matrix B is added to A. We find that
the resolvent of the sum A + B is (approximately) subordinated to the resolvent of
the original matrix A.

The concept of subordination comes from the complex analysis. If f(z)
and g(z) are two functions which are analytic in the upper half-plane CT :=
{z:Imz > 0}, then f(z) is subordinated to g(z) if there exists an analytic function
w(z):CT — CT, such that f(z) = g(w(z)) and Imw(z) > Imz forall z € C*. In
this definition, f(z) and g(z) can be vector or operator valued functions.

Voiculescu and Biane [12, 44] have discovered that the subordination holds for
the resolvent of the sum of two free operators in a von Neumann algebra. (See also
[6] and [19] for different proofs of these results.) This subordination result can be
formulated as follows (cf. Theorem 3.1 in [12]). Let A be a von Neumann opera-
tor algebra with the normal faithful trace 7 : .4 — C. If two self-adjoint operators
A, B € A are free in the sense of Voiculescu (see [34]), then the following identity
holds:

(1) T(Ga+B(2)|A) = Ga(wp(2)),

Received March 2013; revised January 2014.

MSC2010 subject classifications. 60B20.

Key words and phrases. Random matrices, subordination, small-rank matrix deformations, delo-
calization, local limit law.

2119


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP929
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

2120 V. KARGIN

where 7(-|A) denotes the conditional expectation on the subalgebra generated by
operator A, and wpg(z) is a function analytic in C* and such that Imwg(z) > Imz.
In other words, T(G 44 p(z)|A) is subordinated to G 4(z).

This subordination result is very useful since it implies results about the smooth-
ness of the spectral distribution of the sum A + B.

Since large independent random matrices are asymptotically free [41, 43], it
is natural to ask whether subordination holds in the context of random matrices.
Some results in this direction have been recently obtained in [18, 33] and [15].
In [18] (which builds on an earlier work in [17]), the authors study the matrix
AN + Wy/ /N, where Ay and Wy are N -by-N Hermitian matrices, Ay is de-
terministic and Wy is Wigner. It is assumed that the eigenvalue distribution of
AN weakly converges to a measure v as N — oo and that the largest r eigenval-
ues of Ay (“spikes”) are fixed and are outside of the support of v. The authors
are interested in the behavior of r largest eigenvalues of Ay + Wy /+/N and this
question leads them to the study of the subordination for the trace of the resolvent
of Ay + Wy/v/N.

In further developments, in [33] and in [15], the setup of [18] is generalized
for perturbations of the block random matrices and sample covariance matrices,
respectively.

We are interested in a somewhat different setup. Let A and B be two N -by-N
diagonal matrices with real entries. Define the random matrices A := VAV* and
B := UBU* where U and V are two N -by-N random independent uniformly
distributed unitary matrices, and define H := A 4+ B. Note that the distribution of
eigenvalues of H is the same as that of A + UBU*, however, it will be convenient
to treat A and B symmetrically. The resolvent of H is defined as Gg(z) := (H —
zI)~! and the Stieltjes transform of H is defined as the normalized trace of the
resolvent:

1
mpy(z) = I Tr(GH(Z)).

The resolvents and the Stieltjes transforms of matrices A and B are defined simi-

larly.

Is it true that Gy (z) is subordinated to G4(z) and Gpg(z) for sufficiently
large N?

First, we need to define a candidate subordination function. Let

Efp(2) Efa(z)

2 wp(z) =7 — and wa(z) =z — s
() B(2) Eng ) A(2) Emp )
where

f8(2):=N"'Tr(BGy(z)) and fa(z):=N"'Tr(AGy(2)).

We claim w4 (z) and wp(z) are “almost” subordination functions.
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THEOREM 1.1. Assume that n :=1Imz € (0,1) and |Rez| < K(A, B) :=
max{||All, || B||}. Then for all N > rfs,

min{Im(wa(z)), Im(wp(2))} =n— NL;ﬂ

with ¢ > 0 that depends only on K (A, B).

In other words, for all sufficiently large N, the excess of the imaginary parts
of functions w4 (z) and wp(z) over Imz is almost nonnegative. The proof of this
theorem is postponed to the next section.

Now we are able to formulate the main result.

[We use the following notation. The average of a random variable X over
U is denoted by Ey(X) := E(X|V) and the average over V is denoted by
Ey (X) :=E(X|U). The unconditional expectation value is denoted by E(X). Sim-
ilar notation will be used for conditional probabilities and variances. For example,
Vary (X) = Ey ((X — Ey X)?). The notation x < y and x = O(y) mean that there
exists a constant C > 0 such that ||x|| < Cy. The constants in these inequalities
may depend on K (A, B) := max{||A||, || B||}. The norm || - || is the usual uniform
norm on matrices.]

THEOREM 1.2. Assume that n:=Imz € (0,1) and |Rez| < K(A,B) =
max{||A|, | B||}. Suppose that N > n~". Then we have:

(i
3) EyGu(2) — Ga(wp() = O(N%ﬁ)’
(i)
Emp(z) —ma(wp(2)) = 0(%),
N<n
(ii1)

Pu{|(Gu(2);; — (Galws(2));;] = 8} < exp(—cs®N>),
forall N > Ny, where Ny can depend on K (A, B) and on §.

Estimates similar to estimates in parts (i) and (iii) hold for the conditional ex-
pectations with respect to V. The expectation in part (ii) is unconditional since
Empy(z) =Eymp(z) = Eympy(z) (by an application of Lemma B.2 in the Ap-
pendix). An estimate similar to the estimate in part (ii) holds for Empg(z) —
mp(wa(z)).

It is easy to check (see Lemma B.1) that if the basis is chosen in such a way that
A is diagonal then the matrix Ey G g (2) is also diagonal. Hence, parts (i) and (iii)
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of the theorem essentially say that if A is diagonal then G g (z) is approximately
diagonal and its diagonal entries satisfy the formula

1

(Ga )i Aii —wp(2)’

Part (ii) says that taking the trace of the resolvent makes the error in the approx-
imate formula even smaller, O (N _217_6) instead of O (N ! n‘é).

It is interesting to compare this result with the results in [18]. Let H = A +
W/N/N where W is the N-by-N Wigner matrix with i.i.d. Gaussian entries of
variance o2. Let my(z) ;= N"'ETr Gy (z). (Note that E has a slightly different
meaning here. It is the expectation taken with respect to the randomness in the

Wigner matrix.) It was proved in [18] that for all z € CT,
) mp (@) =ma(z+0o*mu(2) + O(N72),

with the constant in the O-term that depends on z. In addition, if W is a non-
Gaussian Wigner matrix, then the same formula is proved in [18] with an additional
term on the right of the form L(z)/N.

Formula (4) gives a subordination result with the subordination function wp =
z + 02my(z). Our Theorem 1.2 holds for a more general matrix model and gives
estimates for resolvents as well as for the Stieltjes transforms. These estimates
give the explicit dependence of the error term on z unlike formula (4). These ad-
vantages are crucial for the applications to the local distribution of eigenvalues and
delocalization of eigenvectors.

Now we turn to these applications.

1.2. Delocalization. Delocalization of eigenvectors generally refers to the sit-
uation when all individual coordinates of a normalized eigenvector v, in a specific
basis are not greater than N ~</? with a high probability. Because of normaliza-
tion, the eigenvector is forced to be spread over at least N* coordinates and it is
customary to say that the delocalization length of eigenvectors is at least N*.

The question about delocalization of eigenvectors frequently occurs in physics.
For example, a famous open problem is to show that for d > 3 the eigenvectors of
random Schrédinger operators on Z¢ are completely delocalized for small disor-
der. Recently, there was some progress on delocalization of eigenvectors in sim-
pler models, for instance, in the case of random Wigner matrices and in the case
of random band matrices. In the former case, the complete delocalization has been
established recently (see [20] for a review) and the method is similar to the method
that is used in this paper. In the case of band matrices, it is expected that complete
delocalization holds for matrices with the band width W greater than /N. What
was actually shown in this case is that the delocalization length is greater than
wi+d/6 ([21], and an improvement was recently achieved in [22]). The method
is based on quantum diffusion and different from the method that is used in this

paper.
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In our model, we say that the eigenvectors vc(zN) of a sequence of matrices Hy =

Ay + UBNU* are delocalized at length N* in the interval I, if there exists § > 0
such that

P{lv™ (i)* > N~ log N} < exp(—N ),

for all sufficiently large N, alli € {1,..., N} and all vé(,N) such that the correspond-
ing eigenvalues are in the interval /.

Let pa, be the empirical measure of eigenvalues of Ay, that is, wa, =
N~'YN | 6;,, where A are eigenvalues of ji4,. Define 11p, similarly. We are
going to prove that the eigenvalues of Hy are delocalized at a certain scale if @4,
and pup, are close enough to a couple of measures that satisfy a regularity condi-
tions.

As a measure of closeness between probability measures @ and v, we use the
Lévy distance

dr(m,v) =supinf{s > 0: F,(x —s) —s < F,(x) < Fy(x +5) + s},

where F,(¢) and F,(t) are the cumulative distribution functions of u and v. Note

that #¥) — 1 in distribution if and only if dy (u™, ) — 0. (See Theorem II1.1.2
on page 314 and Exercise I11.1.4 on page 316 in [40].)

THEOREM 1.3. Assume that (i) a pair of probability measures (jiq, [Lg)
is smooth in a closed interval I, and (i1) for a sequence of Ay and By,
max{||An|l, |Bn|l} < K for all N. Then there exists s > 0 such that if

) max{dr (A y, Ma)> dL(By, 1p)} <5

for N large enough, then eigenvectors of Hy = Ay + UBnU™* are delocalized at
scale N7 in the interval I.

Note that we do not require the measures w4, and g, to converge to [y
and pg. It is enough that they are sufficiently close to uy and ug for all large N.
The reason for this is that this weaker condition is enough to ensure that the sub-
ordination functions of the pair (14, . # B, ) are separated from zero in the region
n>N —1/7_On the other hand, if tay and pp, do converge to e and g, then
condition (5) is automatically satisfied. This is perhaps the most important case in
applications.

We still need to explain what is meant by the smoothness of a pair (i, g). Let
e and pg be two probability measures with bounded support, and let m (z) :=

[(t —2) "y (dt) and mg(z) == [(t — Z)*l,ulg(dt). The system of equations
m(z) = mg(wp(2)),
(6) m(z) =mg(wy(z)) and

1
77— oy = wu(2) + wp(2)
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has a unique solution (m(z), wy(z), wg(z)) in the class of functions that are ana-
lytic in C* = {z:Imz > 0} and that have the following expansions at infinity:

m@) =-z"+0("?),
we(z) =2+ 0(1) and wp(z) =z+ O(1).

(7

The function m(z), which we denote as m 11aBpp (2)s is the Stieltjes transform of
a probability measure which is called the free convolution of measures o and
g and denoted 1y H pg. The functions wy(z) and wg(z) are the subordination
functions for the free convolution.

By Theorem 3.3 in [5], the limits w;(x) = lim; o Imw;(x + in) exist for j =
o, B, and we make the following definition. A pair of probability measures on the
real line (pq, 1) is said to be smooth at x € R if the following two conditions
hold:

(A) Imw;(x) >0 for j =a, B, and
(B)
1 1

= +
my (@p(x)) — my (0q(x))

®)  ku(x): — (0o (x) + wp(x) — x)* £0.

We say that the pair (g, ng) is smooth in interval I C R if wy(z) and wg(z)
are continuous in a rectangle {z = x +in|x € I,0 < n < &} where ¢ is a positive
constant, and if the pair (uq, 1g) is smooth at every point of 1.

The proof of Theorem 1.3 is based on part (iii) of Theorem 1.2 which imply
that In(G gk (Ao +in) <Im(Ga(wp(Aq +in)))kk + 6. Then the assumption of
smoothness leads (after some work) to the conclusion that the quantity on the
right is bounded for all k and all N >> n~'/7 with high probability. Therefore,
the components of the eigenvector corresponding to A, can be estimated by using
the bound on the resolvent

©) |va (k)] < 7Im Gi(ha +in) < Cy < CN "7 log N.

To get the last inequality, 7 is chosen as N~'/7log N so that Theorem 1.2 is appli-
cable. The details are postponed to Section 3.

Let us add some comments about the assumption of smoothness. Condition (B)
is technical and holds for a generic point x € R. It ensures that the solution of the
system (6) at x is stable with respect to a small perturbation in the system. Con-
dition (A) is essential and closely related to regularity properties of the measure
e H g at x. Here are some cases when it holds:

(1) If e = pp =, and p H p is absolutely continuous with positive density
at x, then (A) is satisfied at the point x. In particular, if @ is an arbitrary measure
that does not have an atom with the mass greater than 1/2, then condition (A) is
satisfied at every point inside the support of © H u.
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(ii) If one of the probability measures has the semicircle distribution with the

density fi.(x) = %,/(4 —x2) 4, the density of us B p is positive at x, and
|m . (x)| # 1, then condition (A) is satisfied. (For a more detailed discussion
of these examples, the reader can see Propositions 1.4 and 1.5 in [29].)

In fact, smoothness is likely to be a typical situation for pairs (y, £g). This is
because the free convolution operation has very strong smoothing properties. Even
if we start with two discrete measures 11, and g, the free convolution e B g is
absolutely continuous provided that the masses of an atom of i, and an atom of
g do not add up to more than 1.

How does one find pairs which are not smooth? A pair of measures (i, f1g) is
not smooth at a point where the density of ©y B g vanishes, in particular at the
boundary of the support of 11, H 1 g. One other example occurs when both i, and
wp have an atom, and the sum of the atoms’ masses is greater than 1. In this case,
the free convolution 1 B 11g also has an atom and, therefore, the pair (g, pg) is
not smooth at the location of this atom.

The result in Theorem 1.3 is certainly not optimal. The true localization length
is probably of order N under assumptions of the theorem, that is, eigenvectors are
likely to be completely delocalized.

1.3. Local limit for eigenvalue distribution. Another consequence of Theo-
rem 1.2 is the convergence of the eigenvalue counting measure on the local scale.

Let N, 7+ (x) be the number of eigenvalues of Hy in the interval /™ =[x —n*, x +
n*]. What can be said about N+ (x)/(2n*N) when N — 00? If n* is fixed, then it
is known [43] and [41] that the limit approaches g B g (1*)/(2n*). Local limit
theorems address the question of what happens if n* is not fixed but approaches 0
when N — oo.

THEOREM 1.4. Assume that (i) max{dp(nay, te),dr(upy, npg)} — 0,
(ii) the pair of probability measures (jiq,pg) is smooth on interval I and
(iii) max{[|An ||, BN I} < K forall N. Let p,my, denote the density of jiq B g,

and let n* = cN~"7log N. Then, for every x € I,
Nr)*(x)
2n*N

— PuoBug (x)
in probability.

The theorem improves the local limit law in [28], where it was found that
it holds for the window size n* ~ (log N)~!'/2. The optimal result is probably
n* ~ N~1%¢ with arbitrarily small positive &, similar to the case of classical Gaus-
sian ensembles and the case of Wigner/sample covariance matrices. The proof of
Theorem 1.4 will be given in Section 4.
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1.4. Largest eigenvalues of finite rank deformations of unitarily-invariant ma-
trices. The largest eigenvalues of finite-rank deformations of Wigner matrices
have been recently received much attention and studied in [15, 17, 18, 24, 30—
33, 36, 38, 39] and [37]. This study is closely connected to the study of spiked
population models in [2—4, 14] and [13].

The idea that the subordination identities are useful in the context of matrix
deformations has first appeared in the work of Capitaine, Donati-Martin, Feral and
Fevrier (see [18] and [15]). We will use this idea to give a different proof for a
result of Benaych-Georges and Nadakuditi in [10]. They considered the largest
eigenvalue of Hy = Ay +Un By U;{,, where Ay is a finite rank Hermitian matrix,
and found a formula for the limits of the largest eigenvalues. (See also [8, 9] and
[11] for further developments.)

Theorem 1.2 allows us to obtain a different proof of Benaych-Georges and
Nadakuditi’s result. While their method is based on analysing the zeros of de-
terminants of certain matrix-valued functions, our method uses the singularities of
the resolvent traces. In particular, we use the description that Theorem 1.2 gives
for the resolvent behavior in the upper half-plane.

We consider the simplest case when matrix Ay has rank one. The ideas of the
proof can be applied similarly in the case when Ay is a finite-rank matrix with the
rank fixed and N approaching infinity.

Let p,(0) be the largest real solution of the equation 6m, (x) + 1 =0, and let
A1(X) denote the largest eigenvalue of Hermitian matrix X.

THEOREM 1.5. Let Hy = Ay + UnBnUj}, where Ay is a rank-one Hermi-
tian matrix with the eigenvalue 6y > 0, and By is a Hermitian matrix with the
empirical eigenvalue distribution jup,. Let A{(By) — L in probability. Assume
that matrices By are uniformly bounded almost surely and that jug, weakly con-
verges to a probability measure . Then

)LgHN) N {PH(QO), ifPM(O(?) > L,
L, otherwise,

where convergence is in probability.

The proof of Theorem 1.5 is based on the subordination-like formula, which we
will prove in Proposition 5.1:

1 mp, ) 1 1
100  Em =m + ——= ( —1)+0(—>,
A0 Emay@=may @+ o \bmp @1 "\ 32
where O, (N ~2) denotes a function f(z) such that N?|f(z)| < C(Imz)~* for
some k > 0 and C > 0. This formula explicitly shows the correction term to the
Stieltjes transform m g, (z) that results from adding matrix Ay. In particular, this
correction term has an additional pole to the right of L if and only if a zero of
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Om g, (z) 41 is located to the right of L. This implies (after some additional work)
that p,(6p) is the only possible limit point for the largest eigenvalue of Hy.

After the preprint of this paper has appeared, the method of subordination func-
tions was used in [7] to generalize the results [10]. The main innovation in [7] is
that the matrix Ay is no longer required to be finite rank. It is only required that it
has sufficiently large fixed eigenvalues (“‘spikes”).

Two standard examples in the deformation theory are Gaussian—Hermitian ma-
trices and Gaussian—Wishart matrices as By. In these examples, Theorem 1.5
gives the results in agreement with available in the literature [3] and [17], with
o (0) =04+ 02%/0 and pw (0) =6 +10/(6 — 1).

Another example, which seems to be new, is provided by random projection
matrices.

EXAMPLE. Consider matrices By = Uy PyU ]’f] where Py is a projection ma-
trix of rank py. If py/N — p > 0 as N — oo, then the empirical eigenvalue
distribution of By converges to the Bernoulli distribution up = pd; + ¢8p, where
g =1 — p. One computes that

p®) =2 + 3 (141107 ~4g0),

and this is the limit of the largest eigenvalue for the matrices Ay + By when
N — o00. This formula for the limit of the largest eigenvalue is valid for all 6y > 0.

In the context of this example, an interesting phenomenon is uncovered by nu-
merical evidence, which is not explained by Theorem 1.5. Namely, adding a rank
one projection Ay with eigenvalue 0 results in a creation of two “new” eigenval-
ues. (See Figure 1 for a numerical example with the size of the matrices fixed at

New eigenvalues after a rank one matrix with eigenvalue 60 is added
35
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F1G. 1. New eigenvalues of the rank one perturbation of the projection matrix model with p = 1/4.
Circles are eigenvalues outside of [0, 1], diamonds are eigenvalues inside [0, 1]. The solid line is
p(0), the dashed line is its conjugate.
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N = 100.) One new eigenvalue is given by p(0), and another one by the other
solution of the equation Om(x) + 1 =0:

=2 1q_ 2 _
pE) =5 +5(1 V(1 +0)2 —4g6).

1.5. Briefoverview. In this paper, we consider the resolvent of the matrix H =
A+ B,where A:=VAV*and B :=UBU*, A and B are two N-by-N Hermitian
diagonal matrices, and U and V are two N-by-N random independent uniformly
distributed unitary matrices.

We have showed that there exist two functions w4 (z) and wp(z) that depend
only on the sets of eigenvalues of A and B and have the following properties:

(i) wa(z) and wp(z) are analytic in C*;
(i) if Imz > N~1/3, then
c
N(Imz)”
Moreover, if 1g = g, then min{Imw (z), Imwp(z)} > Imz forall z e CT;
(i) if Imz >> N~!/7, then

1
EuGa(z) — Galwp (@) = 0<N—n6)

min{Imwy (z), Imwp(z)} > Imz —

and

Emp(z) —ma(wp(2)) = O (NZLW)
and similar estimates hold for Ey G g (z) — Gp(wa(2)) and Empyg (z) —mp(wa(2)).

This can be thought of as a subordination property for the resolvent of the sum
A + B with respect to resolvents of A and B.

We have used the subordination property to show that the localization length of
eigenvectors is greater than N, where « = 1/7. The probable actual localization
length is O(N).

Next, we have showed that a local limit law holds for the empirical eigenvalue
measure (g, with the window length N ~!/7. This result improves over the result
in [28]. However, it is still far from the probable optimal result with the window
length N~1+¢,

Finally, by using our results about subordination we studied the rank-one defor-
mations of unitarily-invariant random matrices, and derived explicit formulas for
the limit of their largest eigenvalues.

The rest of the paper is organized as follows. Section 2 is devoted to the proof of
Theorems 1.1 and 1.2 regarding the subordination. Section 3 is about delocaliza-
tion of eigenvectors (Theorem 1.3). Section 4 proves Theorem 1.4 about the local
law for eigenvalues. Section 5 proves Theorem 1.5 about rank-one deformations
of unitarily-invariant ensembles. And three appendices contain various auxiliar re-
sults.
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2. Approximate subordination. Before we start the proof of Theorems 1.1
and 1.2, note that the definitions imply the following useful identity:

11 wa(z) +wp(x) =z — .
(11) A(2) + wB(2) Enn @
Indeed,
E 7))+ Z
oA(2) 4 w0p(2) =22 — [fa(z) + fB(2)]
Emp (z)
and
fa@+ fe)=N""Tr(A+ B)(A+B—zD7")
=14+zN'Tr((A4+B -z
=1+zmpy(2),
which implies (11).
Now we start proving Theorem 1.1. First, write
(12) EyGr(z) = Ga(wp(2)) + Ra(2).
The error term in subordination formula (12) can be written as follows:
1
(13) R4(2) = ——(A—z)G a(wp(2))Ey Aa,
Emgy
where

Ap:=—(my —Emp)Gy —Ga(fp —EfB)GH.

In order to derive formulae (12) and (13), one starts by calculating dG;/dt where
G, = (A+¢e X' Be~X")~1 and X is an Hermitian matrix. Since B has a rotationally
invariant distribution, hence Ey (dG,/dt) = 0, and one can find by using differ-
ent generator matrices X that this implies that Ey(Gyg ® BGy) =Ey(GgB ®
Gp). After taking the trace over the first component of the tensor product,
one gets Ey(myBGp) =Ey(fpGpy). This can be rewritten as Ey(mpyGpy) =
GAEy(mygl — fpGg).Next,one writes Ey(mygGgy) =E(myg)Ey(Gy)+e; and
Eu(fsGr) =E(fp)Ey(Gg) + ez, where e| and ej are error terms. After substi-
tuting these expressions, one can manipulate the previous identity so that Eyy (G g)
is on the left-hand side and everything else is on the right-hand side. The resulting
expression is equivalent to (12) with the error term given by (13). See Appendix A
for a more complete derivation, and [35] or proof of Theorem 7 in [28] for details.
We can also rewrite formula (12) as follows:

EvGhu = GA(CUB(Z))<I + L(A — zI)EUAA).
Empyg
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Hence,

1 —1
EuGr)~' = (1 b (a- zl)EUAA) (A —wp()])
EmH
and

w2 =—EyGy)~ '+ A
(14)

1 —1
+ [(1 oA ZI)EUAA) - 1](A — wp()]).

Let us consider the first two terms in this expression. Later, we are going to show
that the third term is small.
Define

Qp(z, A) = —(Ey Gy () + A.

The matrix function Qp(z, A) has a property which is similar to the subordination
property.

LEMMA 2.1. Let A(2) be an eigenvalue of Qp(z, A). Then ImA(z) > Imz.

PROOF. Letz=x+inandn > 0.Thenevery matrix (H —x —in)~! is normal
and its eigenvalues are on the border of a disc D,, with the center at i /(2n) and the
radius equal to 1/(2n). Hence, by Lemma B.3 in Appendix B, the eigenvalues of
Ey(H—x— in)_1 belong to the disc D,,. It follows that eigenvalues of —[Ey (H —
x—in)~ 117 larein H,) ={w:Imw > n}.

If we take the basis in which A is diagonal, then (Ey G g ) ' =[Ey(H—-x—
in)~'17! is diagonal by Lemma B.1 in Appendix B. Since A is Hermitian, there-
fore its eigenvalues are real. Hence, the imaginary parts of eigenvalues of Q2p(z, A)
coincide with imaginary parts of eigenvalues of —[Ey(H —x —i 17)*1]*1, and we
arrive at the claim of the lemma. [J

Now we are going to estimate the size of the third term in the right-hand side
in (14). First, we estimate the size of Ey A 4. We use concentration inequalities.

LEMMA 2.2. Assume thatn:=Imz € (0,1) and |Rez| < K(A, B). Then
1
EUAA(Z)= 0()74—N)

PROOF. Since||Gg|l < 1/n, hence by using Lemma C.1 in Appendix C, we
obtain

82n4
P{| (s (2) — Emp (2)Gu | = 8/n} < exp[—c”BHZNZ}

2 82774 2
]P){”GA(fB(Z) _EfB(Z))GH” =48/n } = eXp|:—C”B”2N i|



SUBORDINATION FOR THE SUM OF TWO RANDOM MATRICES 2131

Set e =8/n and & = 8/n? in the first and the second inequalities, respectively, and
use the triangle inequality for norms in order to obtain that

ce?N?

1B

P{aa)] =€} < exp[— min{y®, ,78}}

< exp[—ce?n®N?].

Next, note that |[EyAxll <Eyl|Aall by the convexity of norm, and Ey||A4ll can
be estimated by using the equality EX = [;°(1 — Fx()) dt, valid for every posi-
tive random variable X and its cumulative distribution function Fx (¢). In our case,
we obtain

C/

Nn* U

0
EyllAall 5/ exp[—ct?n®N?]dr =
0

Next, Lemma C.2 in Appendix C says that (Empy(z))~' < ¢/n. Hence,
Lemma 2.2 implies that

(15) ”—(A —2)EA»

=N
where ¢ > 0 depends only on K and R.

It is easy to prove that if | X || <& < 1/2, then ||(I + X)~! — I|| < 2¢. In partic-
ular, for all N > 7}_5, we have

c
5N

Next, note that by definition wp(z) =z — E fp(2) /Em g (z). From Lemma C.2,
|(Emp (z))~'| < ¢/n. In addition,

-1
(1+ - a-2884) —1] <
Em

5] = [ (5 )= s (| ) <o

Hence, |wp(z) — z| < ¢/n?. It follows that

1 -1 c
a6 |((1+ g 4-2BA) —1)(4-ws)| < o

LEMMA 2.3. Let Q be a diagonal matrix and R be an arbitrary matrix. Then

for every eigenvalue Y of Q2 + R, there exists an eigenvalue A; of Q2 such that
[Ai —Ail < (IR

(See Theorem 6.3.2 on page 365 in [26].)
Formulae (14) and (16), and Lemmas 2.1 and 2.3 imply that

C
Im (CUB(Z)) Imz — W
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This completes the proof of Theorem 1.1.

PROOF OF THEOREM 1.2. Since N > 1/5’, Theorem 1.1 implies that
Im(wp(z)) = n/2. Hence, ||G a(wp(2))|l < ¢/n. Since

1
RA(2) =G a(wp (Z))M(A —2)EyAa,

we can use (15) in order to obtain

c

1
R <G — (A - 2EyAs|| < —,
IRa@)] = 1Ga(@p(@)] | o4 —9E0AA| = 5

which yields the first point of Theorem 1.2.
In order to estimate the error term in the second part of the theorem, we note
that by definition of R4 it is enough to show that

| 1
ES Tr[(A — 2)Ga(wp(2))Aa] = O (W)

By using the definition of A4, we can write the modulus of the expression on
the left-hand side as follows:

[E(my —Emp) (¢ —Ep) +E(fp —Efp) (¥ —EY)

’

where

1
0= Tr[(A —2)G a(wB(2))GH(2)]

and

1
V= Tr[(A — 2)Ga(05(2))GA(2)GH (2)].

By the Cauchy—Schwarz inequality, we estimate this from above by

7 v/ Var(m ) Var(¢) 4/ Var(fp) Var().

By applying Lemma C.1 from Appendix C and the estimate ||G4(wp)| <
c¢/n in order to bound the variances, we find that for sufficiently large N,
Var(mpy) = O *N~?), Var(g) = O(n~°N~?), Var(fg) = O(n~*N~?) and
Var(yr) = O(n‘SN_z). Hence, the expression in (17) is smaller than c/(n6N2),
provided that z is in the region where wp(z) increases the imaginary part. This
completes the proof of the second part of the theorem.

The third part of Theorem 1.2 immediately follows from the first part and
Lemma C.1 in Appendix C if we take > N~!/7,
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Indeed, if Imz=n> N —UT s N—1/6 then the first part of Theorem 1.2 im-
plies that [(Ey Gy (2))ij — (Ga(wp(2)))ij| < /2 for all sufficiently large N. For
these N, we have

Pu{[(Gn(2);; — (Ga(wp(2));;| = 8}

= PU{’(GH(Z))U - (EUGH(Z)),'J" = 8/2}
C52 4

B2

< exp(— N) < exp(—c8*N3/7). 0

3. Delocalization. The essential part of the proof is to show that w4, and
wp,, are close to wy and wg, respectively. Namely, let

(18) r(z) :=max{|ra(2)|, |re ()|}
and
19) s(A, B) :=max{dr (1A, ta), dL (B, 1p)}.

PROPOSITION 3.1. Assume that a pair of probability measures (liq, (Lg) is
smooth in a closed interval I. Then for some positive ¥, s and 7, if r(z) <7,
s(A,B)<s,Rezel andImz e (0,7], then

max(|wy (z) — wa(2) wp(z) — wp(2)]) =0(r +3s),

’

where the constant in the O-term may depend on the pair (jiq,g) and on
max{[|All, [ BIl}.

Let us postpone the proof and show how this result implies Theorem 1.3.

PROOF OF THEOREM 1.3. Let N be the size of matrices A and B and assume
that N is sufficiently large so that max{d (na, ie), dr (B, up)} < s <. By def-
inition, r4(z) = Empg(z) — ma(wp(z)), hence the second part of Theorem 1.2
says that if N > n_7, then |ra(2)| = O(N+;76)‘ A similar bound holds for |rg(z)].

Hence, we can take r = O (N+n6) in Proposition 3.1 and conclude that

1
(20) a),g(x—i-in)—a)B(x—i-in):O(ZVTH6 +s>.

Hence, if s is sufficiently small, then Imwp(z) > ¢ > 0 for all z with
Rez e I and cN~2/% <Imz < 7. It follows that [G 4 (wp(z))]xk is bounded, say,
[[Ga(wp(2)]kk| < C. By using the third part of Theorem 1.2, we find that

P{|[GH(2)] | = C + 8} <exp(—cs*N¥7).
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Now let {va}fl\’: | denote an orthonormal basis of eigenvectors of H and let A, be
the corresponding eigenvalues. Let v,(j) denote the jth component of vector v,
in the standard basis. Since

N

Gru(z) = Z |Ua><va|,

Aa — 2

a=1
hence

N 2

: nlva (k)|

mGux +i) = 2. 5= 7 o
a

a=1

Let us set x = A, for a particular value of a, then

k 2
Im Gy O + i) = 22BN
n

and, therefore,

1) |va(K)* < Im Gre(hg +im) < Cp < CN /7 log N O

Before starting the proof of Proposition 3.1, let us exclude m(z) from the free
probability system (6):

1
=0
wo(2) towp(z)—z
1
=0.
wa(2) +wp(z) — 2

mq(wp(2)) +
(22)

mp(wa(2)) +

A similar system can be written in the matrix case for w4 (z) and wp(z):

1
ma(wp(z)) + oD Teor@ 2= —7a(2),

1
mp(wa(z)) + o@D T os@ -z rg(2),
where 74(z) ;= N7 Tr(Ra(2)) = N~ Tr(ERA(2)), r5(z) :== N~ Tr(Rp(2)) =
N~'Tr(ERp(z)). Here, Ra(z) is defined in (12), and Rp(z) := EyGp(z) —
Gp(wa(2)).

The proof of Proposition 3.1 is done by an application of the Kantorovich—
Newton method that allows us to study how the perturbation of the system for w,
and wg affects the solution. The role of Theorem 1.2 in the proof is to ensure that
the size of the perturbation is small.

Let us briefly recall the Newton—Kantorovich method of successive approxima-
tions [27]. The method is quite general and works for perturbabions of maps acting
on Banach spaces. We will use it for the maps defined on pairs of functions w1(z),

(23)
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w2 (z) which are holomorphic in a compact domain 2. However, since the maps
can be considered for every z separately, we will essentially consider them as maps
from C2 to C2 with the norm [|(wy, w2)|| = (Jwi|? + |w2|*) /2.

The general setup is as follows. Let F'(w) = 0 be a nonlinear functional equation
where F is a nonlinear operator that sends elements of a Banach space W to itself.
Let F be twice differentiable, and assume that in a neighborhood of a point wq the
operator F’(w) has an inverse [F’ (w)]~! € L(W) where L(W) denotes the space
of bounded linear operators from W to W. Consider the iterations

Wot1 =y — [F'(wn)] ™ F(wy).

The Kantorovich theorem (i) gives the sufficient conditions for the convergence
of this process to a solution w* of equation F'(w) = 0, (ii) estimates the speed
of convergence, and (iii) estimates the distance of the solution w* from the initial
point wgy. We give the statement of the theorem omitting the claim about the speed
of convergence, which is not important for us.

THEOREM 3.2 (Kantorovich). Suppose that the following conditions hold:

(1) for an initial approximation wy, the operator F'(wg) possesses an inverse

operator T'g = [F’ (wo)]~! whose norm has the following estimate: ||I'g|| < Co,

(i) [[ToF (wo)|l < do,

(iii) the second derivative F"(w) is bounded in the domain determined by in-
equality (24) below, namely, | F"(w)|| < M,

(iv) the constants Cy, 8o, M satisfy the relation ho = CodoM < 1/2.

Then equation F(w) = 0 has a solution w*, which lies in a neighborhood of wy
determined by the inequality

1—4/1—=2hy

(24) lw = woll = ————.
0

and the successive approximations wy, of the Newton method converge to w*.

PROOF OF PROPOSITION 3.1. We want to prove that the solutions of sys-
tems (22) and (23) are close to each other in a certain region of C*.
Write system (23) as F(w) = 0, where

(w1 (w1+w2—z)_1+mA(w2)+rA(Z)>
F'<wz)_)((wl+wz—z)‘1+m3(w1)+r3(z) '

Theorem 3.2 requires estimating three norms, || Toll, |[ToF (wo)| and || F” (w)]|.
We start by estimating the norm || F'(wo) || with wo = (wq(2), wg(z)). We have

ma(wp(2)) — mqg(wp(2)) +ra (z)>
F =
[#(wo H (mB(wa (2) — mp(0u(2) +rp(2)

By assumption, ||(r4(z), rg(z))|l < r. To complete the estimate, we also need a
lemma.
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LEMMA 3.3. Let m(z) and m»(z) denote the Stieltjes transforms of measures
w1 and o, respectively. Let dp (i1, o) = s and z = x + in, where n > 0. Then:

1

(@) |Im1(z2) —ma(2)| < csnp™ ' max{l, n_l} where ¢ > 0 is a numeric constant,

and
(b) | m1(z) — ma(2))| < crsn™
constants.

=" max{1, 77_1} where ¢ > 0 are numeric

This lemma was proved as Lemma 2.2 in [29].

By assumption of smoothness on the closed inteval /, we know that Im wy (x)
and Im wg (x) are uniformly bounded away from zero on /. Moreover, since wq(z)
and wg(z) are continuous in a rectangle R, :={z =x+in|x € I,0 < n < ¢} (again
by assumption of smoothness in the interval /), hence Imwy (z) and Im wg(z) are
uniformly bounded away from zero on this rectangle provided that ¢ is sufficiently
small. We will use this fact repeatedly below.

In particular, together with Lemma 3.3 this implies that

ma(wp(2)) —me(wp(2))
mp (e (2)) — mp(we(z))

on R;.
Hence, || F(wg)|| is bounded by O (r + s) uniformly for every point z € R;.
The next step is to estimate the norm of the inverse derivative. We compute

L —(wi+wy —2)72 —(wi 4+ w2 —2) 72+ m/y(w2)
—(wq +U)2—Z)_2+I’I’I/B(w1) —(wy +wy —2) 2 '

The determinant of this matrix is

[y (w2) +mg (WD) (Wi + w2 = 2)72 = mly (w)mp(wr).
Recall that condition (B) in the assumption of smoothness requires that
1 1

o _ _ 2
(25) ky(x):= o (p () + m;m Y (e (x) + wp(x) — x)” #0.

By continuity of wy (2), wg(z) and (wy(z) + wp(z) — 2)"Zin the rectangle R, we
have

my,, (p(2) +m), (wa(2))
(04 (2) + wp(z) — 2)?

everywhere in R,, provided that ¢ is chosen sufficiently small.
By using Lemma 3.3, we conclude that the determinant

(26)

—my, (g (Z))m;w (wa(2))| = ¢ >0,

[y (W) 4+ m'g (w1) ] (w1 + wa — 2) ™2 — m/y (wa)m’g (w1)| > ¢ > 0,

where w; = wy(2), w2 = wg(2) and z € R,.
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It follows (with some additional help from Lemma 3.3), that the entries of the
matrix [F']~! are bounded at (wg, wg) if Im z is sufficiently small [so that Im(w +
wy — z) is bounded away from zero]. By compactness of R, and continuity of
entries of the matrix [F’]~!, this shows that the operator norm of [ F’ 17! is bounded
at (wy, wg) uniformly for z € R;.

By a similar argument, an application of Lemma 3.3 shows that the operator
norm of F” is bounded for all (w;, wy) in a fixed neighborhood of (w,, wg), and
the bound is uniform on R,. For example, we can compute

92F 1
(dwp)?
and this is uniformly bounded in a certain neighborhood of w| = wy(z2), wr =
wp(z) if z € R, and ¢ is sufficiently small. The crucial fact here is that the imag-
inary parts of wy(z) and wg(z) are uniformly bounded away from zero for all
zZ € R,.

This shows that conditions (i) and (iii) of the Kantorovich theorem are sat-
isfied with some Cqy and M. Since ||[['gF (x0)|| < Coll F (x0)||, we define §¢ :=
Coll F (x0)|| and note that o = O (r + s). By appropriate choice of 7 and 5, one can
make sure that hg = CpdgMg < 1/2 and, therefore, that conditions (ii) and (iv) are
satisfied. Moreover, one can make sure that A is arbitrarily small, and therefore
that the neighborhood in the conclusion of the Kantorovich theorem has the form
[x —xoll <380 = O(r +s).

It follows by the Newton—Kantorovich theorem that there exists a solution of
the equation F(w) = 0 which satisfies the inequalities

[w1(2) —wa(2)| = O(r +5) and  |wa(z) —wp(2)| = O +3).

The functions w4 (z) and wp(z) defined by (2) satisfy equation F(w) = 0, and one
can show that for every fixed z they approach w (z) and wg(z) as N — oo. Hence,
for sufficiently small 7 and s the solution of F(w) = 0 found by the Newton—
Kantorovich method coincide with the pair (w4 (z), wp(z)) and we can conclude
that

=2(w; 4+ wy — 2) > +m'y (wy),

[04(2) —we()|= 0@ +5) and |wp(2) —wp()| = O +3).
This completes the proof of Proposition 3.1 and Theorem 1.3. [

4. Local law for eigenvalues. Letn™ = Mnand I, =[x —n*+in, x+n*+
in]. Recall that

s(A, B) :=max{dy (1A, ta), dr (B, 1g)}.

PROPOSITION 4.1. Assume that a pair of probability measures (liq, [Lg) is
smooth in a closed interval I. Assume that s(A, B) <'s where s is a positive con-
stant. Let n = N~Y7log N. Then for some positive ¢ and c1, and for every & > 0,

27 }P’i sup [mp(z) — My, Bg (2)| >¢e+ces(A, B)] < exp(—ci(log N)2)

z€lx
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for all sufficiently large N.
PROOF. Proposition 4.1 is proved by combining Lemmas 4.2 and 4.3 below.

LEMMA 4.2.  Assume that a pair of probability measures (jiq, [Lg) is smooth
in a closed interval 1. Let r and s be as defined in (18) and (19), respectively. Then
for all sufficiently small r, s and n,

|EmH(x +in) — My B (x + ir])| < O(r+s).

Indeed, since Empy = (ws +wp —z)~ ! and My, Bug = (wq +wg —2)~ L there-
fore,

Wy +wg —wa —wp
(wa +wp —2) (g +wp —2)

Emyg — My, Bup =

The denominator is bounded away from zero for small n by Proposition 3.1
[Imwy (x) and Imwg(x) are bounded away from O by the assumption of Propo-
sition 3.1, and wx and wp are close to w, and wg, respectively, by its conclusion].
The numerator can be estimated by Proposition 3.1 as O (r + s).

In [28], the following result was proved (as Corollary 6).

LEMMA 4.3. For some positive ¢ and c1 which can depend on M, and for all
5 >0,

082 4
IP’{ sup |mH(z)—EmH(z)|>8}§exp(— nzNZ),
ZE€L ”B”

provided that N > ¢1(v/=1og(13))/ (n*$).

Let us take 8§ = clog N/(Nn?) in Lemma 4.3. Then N > ¢ (v/—10g(n8))/(n%8)
provided that n > N~ 'log N. In particular, if n = N~'/7log N, then Lemma 4.3
implies that

IP’{ sup [mp(z) —Empy(z)| > } < exp(—c(log N)z).

1
zE€Lx N5/7 IOgN

In addition, the second part of Theorem 1.2 and the definition of » imply that if
n>> N~17 then for every ¢ > 0 and all sufficiently large N, we have |r(z)| < ¢.
Hence, Lemma 4.2 implies that if n > N ~U7 then

}EmH(Z) — My, Bug (Z)| <e+cs(A,B)

for all sufficiently large N. Together, these statements imply the claim of Proposi-
tion4.1. 0
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PROOF OF THEOREM 1.4. The proof is similar to the proof of Corollary 4.2
in [23]. Let n = ¢N~!/7 and ¢ is sufficiently large, and let * = M. Let

1 )C+77* n
R(A) = / 7261)6
x—yr (X =22 +n?

1 X —A X —A
= —<arctan( + M) — arctan< — M>)
V4 n n

Then R = 1;+ + T + T + T3, where 1+ is the indicator function of the interval
=[x — n*, x + n*] and functions Ty, T; and T3 satisfy the following properties:

[T <c/vVM, supp(T1) C It =[x — 2n*, x 4+ 2n*],
T2 <1, supp(T2) C J1 U Ja,

where J; and J; are intervals of length +/ Mn with midpoints at x — n* and x + n*,
respectively, and

Cnn*

T3] < , supp(73) € I.
'“—wx—m2+mﬂ2 pp(73) € I}
Note that
Ny« (x)
2;’]* N =3 (M @)

1
@) =5 f (T\ + T + T3y (d0).

The last integral can be estimated as follows:

c N N +N; Cn
(dx)stn*}er 2]77*N 2+F,0n*(x),

where N7 denote the number of eigenvalues of Hy in interval I, and

*
/ (x — A)Z + (%)
Hence, by using the inequality N, (x) < C Nnp,(x), one obtains

1
Py (x) := —ImmHN(x +in*) 5 Hy (dA).

|T1 + T2+ 13| my (d2)
(28)
\/—(:0277 “(0) + 0 /37, (8 = 0") + 037, (6 +07) + py, ().

By the second path of Theorem 1.2, Em g, (x +in*) — may (wp(x +in*)) =
O(Nz#né) = 0(1). In addition, the assumption of smoothness and formula (20) im-

ply that m 4, (wp(x +in*)) is bounded for every x in the interval /. Hence, the
integral in (28) is bounded by O (M ~1/?),
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The main term can be written as

1 1 .
pye /1* ;Immﬂagguﬁ (x+in)dx

1 1 . )
+ 3 g I G 00 = s+ )

The first part converges to PoBpg (X) because the assumption that (iq, pg) is
smooth at x implies that 1y B ug has an analytic density in a neighborhood of x.
For the second term, we can use the estimate in Proposition 4.1. The assumption
that s(Ax, By) = max{d.(Lay, Ha), dL(LBy, 1pg)} — O implies that this term
converges to 0 in probability as N — co. [J

5. Subordination and spikes. The proof of Theorem 1.5 is based on the fol-
lowing result.

PROPOSITION 5.1. Let H= A + UBU* where A is a rank-one N-by-N
Hermitian matrix with the nonzero eigenvalue 6, and B is an N-by-N Hermitian
matrix with the empirical eigenvalue distribution (. Then the expected Stieltjes
transform of H satisfies the following equation for every z € C*:

1 mly(2)

1 1
(29) EmH(Z):mB(Z)+ng(z)(emg(zH—l —1>+0n<m>,

Here On(N_z) denotes a function f(z) such that N2|f(z)| < C(Imz)~* for
some k > 0 and C > 0.

PROOF OF PROPOSITION 5.1. Note that
@ 1 . 1 ( 1 4 1>
maz)=—+— - ).
A z N\O—z <z
From Theorem 1.2, we know that the following system holds for Em g (z), @4(2),
wp(2):

1 1 1 1 _2
Hma(z) = wB(z)+N<9—wB(z)+w3(z)>+0”(N )

(30)  Emp(z) =mp(wa(z)) + 0,(N7?) and

2=wa(2) +wp(2) + Emn@)

This system can be considered as a perturbation of the system

_ 1
myg(z) + 5 =0,

(€29 mpy(z) —mp(@a(z)) =0 and

wA(2) +wp(2) + =2Z.

mpy(z)
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The solution of the unperturbed system is mpg(z) = mp(z), wa(z) = z and
wp(z) = —1/mp(z). We compute the derivative of the unperturbed system (31)
with respect to (m g, w4, wp) at the solution and find

1
1 0 =0
J = 1 —m% (EA(Z)) 0
— ! 1 1
m (2)
(32)
1 0 —m%(z)
_ 1 —m'y(2) 0
b 1 1
M (2)

From (30), the perturbation of the system is

(ot o romo)

0 —wp(z) wp(2)

Note that

i( 1 4 1 >_mB(z)< 1 _1>
N\0—wp(z) @p(x)) N \Omp(z)+1 '

Hence, the linearized system is

_ mB(Z)< 1 ) Y
—1)+0,(N
Al N \Omp(z)+1 T OuNT)
Tl )= 0,(N"?) |
Awp

0

where Amy, Aws and Awp denote the first-order changes in the solution caused
by perturbation. By using this linearization and the formula (32) for the deriva-
tive J, we can easily compute the linear approximation for the solution of the
perturbed system. In particular,

B (2) = mp(2) + "2 ! —1>+0 1)
M (2) =mp(z ng(z)<9m3(z)+1 ”(W '

The contribution of the higher order terms is O, (N 2. O

PROOF OF THEOREM 1.5. Proof of this theorem is similar to the proof of
Theorem 2.1 in [17] and for this reason we will be concise. Let us start with the
case when p,(6p) > L. Then the first step is to show that for large N there are
no eigenvalues of Hy in S; := (L + ¢, p;.(60) — €) U (p,. (o) + €, 00). In order
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to do this, we note that for all sufficiently large N, the first correction term in
formula (29),

/

Ly(@) mBN( 1 1)
Z = - )
N mpy \Omp, + 1

is the Stieltjes transform of a distribution A g, with a compact support which must
be outside of S,. Verification of this fact can be done as in the proof of Proposi-
tion 4.5 in [17].

Next, one can use the Stieltjes inversion formula, which holds for distributions
by the results of Tillmann in [42]. Applying it to formula (29), one finds that for
every ¢ € C°(R),

E[N " Tr(p(Hy))]

1 1 . .
= [ eduny + 5 Any @)~ — lim 1m [ o) f G+ i d,
T n—>07t R

N

where f(x) denotes the error term in (29), f(x) = O,(N ~2). The last term is
O(N~2) (see Section 6 in [25] or the Appendix in [16]) and, therefore, we find
that

1
B[N Trlp(Hw)] = [ @diusy + 5 Ay (@) + O(N ).

In particular, if the support of ¢ is in S, then the first and the second terms are
zero and E[N ! Tr(p(Hy))] = O(N =2). If in addition @ is nonnegative, then by
the Markov inequality

. 17 EINT'Tr(e(HN)] _ ( 1 )
IP’[N Tr(ga(HN))>2N:|< SN =0 v )

By using a sequence of functions ¢ that approximate the indicator function of Sg,
it follows that

P[there is an eigenvalue of Hy in S¢] < %

The next step is to show that for sufficiently large N, there is exactly one eigen-
value to the right of p, (6p) — ¢. This can be done similarly to the corresponding
result (Theorem 4.5) in [17]. Namely, note that p, (@) is an increasing function for
6 > 6p — ¢. [This follows from the fact that m, (x) is a decreasing function for
x > L.] Hence, we can find an interval [«, 8] in (g — ¢, 8g) that will map to an
interval [a, b] in (L, p,(80)), with a := p,(a) and b := p, (B). The claim is that
if A{(Hy) and Ax(Hy) are the largest and the second largest eigenvalues of Hy,
then

P[A2(Hy) < a and A1 (Hy) > b] — 1

as N — oo.



SUBORDINATION FOR THE SUM OF TWO RANDOM MATRICES 2143

From interlacing inequalities for matrices, we immediately obtain that
M (Hpy) < a for sufficiently large N. In order to prove that A;(Hy) > b, we con-
sider matrix cAy + By. By using Weyl’s inequalities and the uniform bound on
norms of By we obtain that the largest eigenvalue A1(cAy + By) > c6 — § for
some positive §. On the other hand p, (cB) ~ ¢p for large c. We conclude that

A (CAN + By) > pu(cB)

for a sufficiently large ¢. In addition, Weyl’s inequalities imply that A;(c1Ay +
Bn) — Mi(c2AN + By) <|c1 — c2160. Hence, if ¢ changes slowly, then the first
eigenvalue of cAy + By changes slowly. By what we proved above, there are no
eigenvalues of cAy + By in the interval (L + ¢, p,(c6p) — &) with large proba-
bility. Since p,, (cfp) is an increasing function of ¢ for ¢ > 1, hence the length of
this interval is always > p, (6p) — L — 2¢ > ¢’ > 0. By changing c¢ along a finite
sequence ¢ =c¢| > ¢y > --- > ¢; = 1 with |¢; — ¢;j+1| < &'/6p, we can ensure that
A(ciAy + By) > pu(c;B) for all i with large probability. Hence, as N grows,
the probability that A1 (Hy) > o, (B) > p..(0) — € approaches 1. Together with the
fact that with high probability the interval (L + ¢, pu(0) — &) U (p,(0) + €, 00)
contains no eigenvalues, this implies that A converges in probability to p, (6) as
N — 0.

Next, consider the case when p, (6p) < L. Then we conclude (by the argument
at the start of the proof) that for every fixed € > 0 there are no eigenvalues of Hy in
Se := (L + ¢, 0o) with high probability for large N. On the other hand, by Weyl’s
inequalities A1 (Hy) > A1(By). Since A1(By) — L in probability, we conclude
that A1 (Hy) — L in probability. [

APPENDIX A: A DERIVATION OF FORMULA (13)
Let G(z2) =Gy(z)=(A+ B — z)_l, where B=UBU* and U is a uniformly

distributed unitary matrix. Let B; = ¢/X' Be™'X" where X is Hermitian and let
G,=(A+ B, —z)~"!. Then Ey (dG,/dt) = 0 for every Hermitian matrix X. Let
us for clarity omit the subscript U in the expectations below and treat A as fixed.
Itis easy to compute that 9G /0 Byy = —G,x Gy, and that d B, /dt = i[ X, B]. By
using the chain rule, we calculate dG;/dt and infer that
E((GH)ua (BGH)bv) = IE((GH B)ua (GH)bv)‘
Setting ¥ = a and summing over all a gives the identity
EmupBGy) =E(fpGn).
It follows that
EmuGu) =EmupGa —muGaBGh)

=EmuGa—GafpGn),
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where we used the identity G g (z) = G 4(z) — G 4(2) BG g(2) in the first line.
This can be written in the following equivalent form:
EmyEGH = Emp)Ga — (Efp)GAEGH
—E[(myg —Emp)Gu]— GAE[(fs —Ef8)GH]
=Emp)Ga — (Efp)GAEGH + EAqy,
where
Ap=—(mpuy —Emp)Gy — Ga(f —Efp)GH.

This expression can be further rewritten (after we multiply it by A — z and rear-
range terms) as

E
IEmH<A — (z— /5 ))EGH =Emy + (A —2)EA4.
Emgyg

Let 7 :=z —Efg/Empy. Then
EmgEGy = GA(Z/)EmH + (A — Z)GA(Z/)EAA.

Divide the resulting expression by Em g . Then we obtain

EGH(2) = Ga(?) ((A—2)Ga(Z)EAx)

+ Empg
=Ga(Z) + Ra.
APPENDIX B: SOME HELPFUL LEMMAS ABOUT
EXPECTED RESOLVENT

The following result is from [7].

LEMMA B.1. Suppose that U is a uniformly distributed random unitary ma-
trix. Then E[(A + UBU*)™'] belongs to the algebra generated by the matrix A.
In particular, if A is diagonal, then E[(A + U BU*)~ '] is diagonal.

PROOF. If V is an arbitrary unitary matrix that commutes with A, then
VE[(A+ UBU*)~'|V*=E[(VAV* + VUB(VU)*) ']
—E[(A+UBU*)™'].

Hence, E[(A + UBU*)~!] commutes with V. Since von Neumann algebras are
generated by their unitaries, we conclude that E[(A + UBU*)~!] belongs to the
bicommutant of A. By the basic theorem about von Neumann algebras, this bi-
commutant coincides with the algebra generated by A. [

Similarly, one can prove the following result.
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LEMMA B.2. Suppose that U is a uniformly distributed random unitary ma-
trix. Then

E[UBU*] = (% Tr(B))IN.

LEMMAB.3. LetAj, j=1,...,m,beafamily of normal (finite-dimensional)
operators. Suppose that the eigenvalues of all A; are contained in a closed disc
D cC,andlet H=}_pjA; beaconvex combination of A ;. Then all eigenvalues
of H are contained in D.

PROOF. By subtracting a multiple of the identity operator from all A ;, we can
reduce the problem to the case when disc D has its center at 0. Assume that this
is indeed the case. Let R be the radius of D. Since the operators are normal, their
norms are equal to the maximum of the absolute values of eigenvalues. Hence,
lAjll < R. Hence, |H|| <> pjllAjll < R. It follows that all eigenvalues of H
have absolute value < R. [

APPENDIX C: ESTIMATES OF THE RESOLVENT ENTRIES, THE
STIELTJES TRANSFORM AND RELATED QUANTITIES

In this section, we assume that G(z) = (A +UBU* —z)~!, where A and B are

N-by-N Hermitian matrices and U is a random Haar-distributed unitary matrix.

LEMMA C.1. Let z = E + in where n > 0. Then, for a numeric ¢ > 0 and
every § > 0:

@)
682ﬂ4
P{|G,‘j(z) —EGU(Z){ > 8} < exp(—WN> and
IB|*
cn*N’
(ii) Let h:= N~'Tr(FG), where F does not depend on U. Then

(33)
Var(G,-j (Z)) <

P{|h(z) — Eh(z)| > 8} < < st N2> d
7) — | >68 <expl —————= an
PUIFI21B12

IF|1%| B||?
cn*N2

(34)
Var(h(z)) <

REMARK. By applying the second part of the lemma to h = I, A — z and
(A —2)~!, we can compute probabilities of deviations and variances for m(z) :=
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N7'TrG(2), fp(z) :=N"'Tr(BG(z)) =1 — N~ Tr((A — 2)G(z)) and h4(z) =
N~ITr((A — 271G (2)), respectively. In particular,
8°n

2.4
P{|m(z) —Em(z)| > 8} < exp(—T'BHZN2>

(35)

P{|f8(z) —Efp(z)| > 8} <ex [—%Nﬂ and
? ? =P A =28

IA —z|I?BII>
cn*N2

2.6

5
P{|ha(z) — Bha(x)| > 8} < exp[—iBKZ N2] and

IB?
cndN2’

(36)
Var(fg(z)) <

(37)
Var(ha(z)) <

PROOF OF LEMMA C.1. (i) In a small neighborhood of identity matrix, all
unitary matrices can be written as U = /X where X is Hermitian. Then Gy can
be thought of as a function of X and we can compute its derivative as follows [let
B denote UBU*, B(X) =e'XBe X and Gy (z, X) = (A+ B(X) — )" ']:

G
dxGu(e. )| = |3 291 dexy<X>‘

X,y Xy

9G -
= 1@y Bl

X,y Bx)’

G ~
— Z[ 1@ B}Xxy
X,y any

where we used the fact that dx B(X)|x—o = [X, E] = XB — BX.
We compute

9

0G;;
—L =—Gi,Gy;.
0By,
Therefore,
0Gij 1
= = 1Gxil21G ;1> =/ I1GeilI?|GejlI> < IG” < .,
Hany 2 ; SR ’ ’ n?

where | M |2 := Tr(M*M) is the Frobenius norm of matrix M.
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If | X ]2 = 1, then it follows that

0Gi;j(z)
‘dXGij(Z, X)‘ < H[ angyZ ’Bi|

2

<2H8Gij(z)
0B

= o

B

2

_21B]

=7
In the second line, we used the fact that ||AB|> < ||A|l2]|B]||. (See Exercise 20 on
page 313 in Section 5.6 of [26].)

Next, we note that the Ricci’s curvature of SU(N) is (N/2)I with re-
spect to the metric induced by || - |2 norm on X. By Gromov’s theorem, if
g:(SU(N), |lds|l2) — R is an L-Lipschitz function and if Eg = 0, then P{|g| >
8} < exp(—cNSz/Lz) for every § > 0 and some numeric ¢ > 0. For details of the
argument, the reader can consult Section 4.4.2 in [1], especially Theorem 4.4.7.
We apply this theorem to a complex-valued function but the proof is the same
except for some minor changes.

For variance, we note that for every positive random variable X, it is true that
EX = fooo(l — Fx())dt, where Fx(t) is cumulative distribution function of X.
We can apply this to the random variables (Im(G;; — EG; j))2 and (Re(G;; —

B>
cn*N-°

EG; j))z, and find that the expectation of both expression is smaller than

Hence,
_ . _ |IBI?
Var(G,'j(z)) = E((G,’j — EGij)(Gij — EGU’)) =< CT}TN
with a possibly different constant.

(i) The proof is similar and boils down to showing that if h(z, X) :=

N='Tr(FGy(z, X)) and if | X |2 = 1, then

1 -
ldxha(z, X)| = ‘N XXy:([GFGa B1) ) Xxy

2
< —IIGFGJ||B
_ﬁll sl

<2||F||||B||
T 2N O

LEMMA C.2. Assume that max{||A|, |B|l} < K, Imz=n > 0 and |z| < R.
We have (Emy(z))~' < ¢’ /n, where ¢’ depends only on K and R.

PROOF. We have

ImE[% TrGp(x + in)] = E[% Tr[((H — xIn)* + n21N)_1]]



2148

Sinc

V. KARGIN

e all eigenvalues of (H — xIn)? + 77211\/ are < (K + R)? + R?), hence all

eigenvalues of ((H — xIN)? + 17211\;)*1 are >((K + R)? + R?»)~! and, therefore,

E[% Tr[(H — xIN)2 + nle]_l} >cn,

which implies the claim of the lemma. [J
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