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STEIN’S METHOD AND THE RANK DISTRIBUTION OF
RANDOM MATRICES OVER FINITE FIELDS
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With Qq, n the distribution of #» minus the rank of a matrix chosen uni-
formly from the collection of all n x (n + m) matrices over the finite field F,
of size ¢ > 2, and Qg the distributional limit of Q4 , as n — oo, we apply
Stein’s method to prove the total variation bound

3
- < <
ggnm+1 = 194.n = QqliTv = gntmt1’

In addition, we obtain similar sharp results for the rank distributions of sym-
metric, symmetric with zero diagonal, skew symmetric, skew centrosymmet-
ric and Hermitian matrices.

1. Introduction. We study the distribution of the rank for various ensembles
of random matrices over finite fields. To give a flavor of our results, let M, be
chosen uniformly from all n x (n + m) matrices over the finite field F, of size
q > 2. Letting Q4 , = n — rank(My,), it is known (page 38 of [3]) that for all k
inU,={0,...,n},

P(Qq,n =k) = prn

I A= 1/g) [T (1= 1/9")
ge T = 1/gD T~ 1/g7)
Clearly, for any fixed k € Ny, the collection of nonnegative integers,

I nﬁﬂnh4m6

(D

where py , =

2) Jm pen=pr  where p =

For readability and notational agreement with the examples that follow, we sup-
press m in the definition of these distributions. Throughout, we also adopt the
convention that an empty product takes the value 1. One of our main results, The-
orem 1.1, provides sharp upper and lower bounds on the total variation distance
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between Qy ,, the distribution of Q, , in (1) and its limit in (2), denoted Q. Re-
call that the total variation distance between two probability distributions P;, P>
on a finite set S is given by

3 P — P '—1 P P = Pi(A P(A
(3) P — 2||TV-—§Z{ 1(s) — 2(S)|—I}\1é1§{ 1(A) — P2 (A)|.

seS

THEOREM 1.1. Forq>2,n>1andm >0,

1
“4) il = 1Qg.n — QgllTv <

86] qn+m+1 '

The upper bound in Theorem 1.1 appears quite difficult to compute directly by
substituting the expressions for the point probabilities given in (1) and (2) into the
defining expressions for the total variation distance in (3). In particular, even when
m = 0,n =2, the p; , are not monotonic in k. On the other hand, use of Stein’s
method [11, 28] makes for a quite tractable computation. In Sections 4-7, we also
apply our methods to ensembles of random matrices with symmetry constraints,
in particular, to symmetric, symmetric with zero diagonal, skew symmetric, skew
centrosymmetric and Hermitian matrices.

Next, we give five pointers to the large literature on the rank distribution of ran-
dom matrices over finite fields, demonstrating that the subject is of interest. First,
one of the earliest systematic studies of ranks of random matrices from the finite
classical groups is due to Rudvalis and Shinoda [26, 27]. They determine the rank
distribution of random matrices from finite classical groups, and relate distribu-
tions such as Q, of (2) to identities of Euler. Second, ranks of random matrices
from finite classical groups appear in works on the “Cohen-Lenstra heuristics”
of number theory; see [32] for the finite general linear groups and [24] for the
finite symplectic groups. Third, the rank distribution of random matrices over fi-
nite fields is useful in coding theory; see [4] and Chapter 15 of [23]. Fourth, the
distribution of ranks of uniformly chosen random matrices over finite fields has
been used to test random number generators [14], and there is interest in the rate
of convergence to Q. Fifth, there is work on ranks of random matrices over finite
fields where the matrix entries are independent and identically distributed, but not
necessarily uniform. For example, the paper [10] uses a combination of M&bius
inversion, finite Fourier transforms and Poisson summation, to find conditions on
the distribution of matrix entries under which the probability of a matrix being
invertible tends to pg as n — oo. Further results in this direction, including rank
distributions of sparse matrices, can be found in [5, 12, 13, 20]. It would be valu-
able (but challenging) to extend our methods to these settings.

The organization of this paper is as follows. Section 2 provides some general
tools for our application of Stein’s method, and useful bounds on products such
as [];(1 — 1/¢"). The development followed here is along the lines of the “com-
parison of generators” method as in [18] and [19]. Section 3 treats the rank dis-
tribution of uniformly chosen n x (n + m) matrices over a finite field, proving
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Theorem 1.1. Section 4 treats the rank distribution of random symmetric matrices
over a finite field. Section 5 provides results for the rank distribution of a uniformly
chosen symmetric matrix with 0 diagonal; these are called “symplectic” matrices
in Chapter 15 of [23], which uses their rank distribution in the context of error cor-
recting codes. The same formulas for the rank distribution of symmetric matrices
with zero diagonal also apply to the rank distribution of random skew-symmetric
matrices, when ¢ is odd. Section 6 treats the rank distribution of random skew cen-
trosymmetric matrices over finite fields, and Section 7 treats the rank distribution
of random Hermitian matrices over finite fields. The Appendix gives an algebraic
proof, for the special case m = 0 of square matrices, of the crucial fact (proved
probabilistically in Section 3 in general) that if Q) has distribution Q, , of (1),
then E(q2") =2 —1/q¢".

In the interest of notational simplicity, in Sections 4—7, the specific rank distri-
butions of the n x n matrices of interest, and their limits, will apply only locally in
the section or subsection that contains them, and will there be consistently denoted
by Q,.» and Q,, respectively.

2. Preliminaries. We begin with a general result for obtaining characteriza-
tions of discrete integer distributions. We note that a version of Lemma 2.1 can be
obtained by replacing f(x) by f(x)b(x) in Theorem 2.1 of [21], followed by a
reversal of the interval [a, b], with similar remarks applying to the use of Propo-
sition 2.1 and Corollary 2.1 of [18]. However, the following lemma and its short,
simple proof contain the precise conditions used throughout this work and keep
the paper self-contained.

We say a nonempty subset [ of the integers Z is an interval if a, b € [ witha < b
then [a, b] NZ C 1. Let £L(X) denote the distribution of a random variable X.

LEMMA 2.1. Let {ry, k € I} be the distribution of a random variable Y having
support the integer interval 1. Then if a(k) and b(k) are any functions such that

®)) a(k)ri_1 =b(k)ry forallk € Z,
then a random variable X having distribution L(Y) satisfies
(©6) E[a(X + D) f(X + D] = E[b(X) f(X)]

for all functions f :7Z — R for which the expectations in (6) exist.

Conversely, if a(k) and b(k) satisfy (5) and a(k) # O for all k € I then X has
distribution L(Y) whenever X has support 1 and satisfies (6) for all functions
fx)=1(x=k), kel

When Y has support Ny then k € 7 in (5) may be replaced by k € Ny, while if Y
has support U, = {0, 1, ..., n} for some n € Ny, then (5) may be replaced by the
condition that (5) holds for k € U,, and that a(n + 1) =0.
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PROOF. First suppose that (5) holds and that £(X) = £(Y). Then for all k € Z,
E(@X+DI(X+1=k)=ak)P(X=k—1)
=a(k)ry—
=b(k)rk
=bk)P(X =k)
= E(b(X)1(X =k)).

Hence, (6) holds for f(x) = 1(x = k), k € Z. By linearity, (6) holds for all func-
tions with finite support, and hence for all the claimed functions by dominated
convergence.

Conversely, if (6) holds for X with f(x) =1(x = k) for k € I then

a(k)P(X =k — 1) = b(k)P(X = k).

Hence, using that a(k) # 0, rry % 0 for k € I and that X has the same support as Y
yields
P(X=k—-1) bk) ri-1
PX=k _atk)  r
Ifl={s,...,t},thenfor j €l

P(X=j) lL[ PX=k—1) r,
P(X=1) k=it P(X=k) I
Summing over j € I yields P(X =1t) =r;, and hence P(X = j) =r;, showing
L(X) = L(Y). One may argue similarly for the remaining cases where I is an
unbounded integer interval.
Lastly, when the support of Y is a subset of Ny then (5) holds trivially for k ¢ Np,
and when Y has support U, = {0, 1, ..., n} then (5) also holds trivially for k >
n+2,andatk=n+1whena(n+1)=0. O

For example, when Y has the Poisson distribution P () with parameter A, then
rx = e *AK/k!, and we obtain
re—1 k
—_ = for all k € Ny.
Tk A
Setting b(k) = k and a(k) = X yields the standard characterization of the Poisson
distribution [2],
EM Y +D]=E[Yf()]

Of particular interest here is the characterization (6) of Lemma 2.1 for limit-
ing distributions Q, with distribution P(Q = k) = p having support Ny. In this
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case, when applying Lemma 2.1 we take a(k) > O for all k¥ € Ny, whence b(0) =0
by (5), and let the values of a(k) and b(k) for k ¢ Ny be arbitrary. For such func-
tions a(k) and b(k), we consider solutions f to recursive “Stein equations” of the
form

@) atk+1)f(k+1) —b(k) f (k) =h(k) — Qgh for k € No,
where Qyh = Eh(Q).
Solving (7) for f(k),k € Nog, when the functions a(k), b(k) satisfy only

b(0) =0 and a(k) > 0 one may take f(0) = 0 arbitrarily, and easily verify that
the remaining values are uniquely determined and given by

£ Tz bO)
[=j+1
® =Y (TEr
j=0 Hl:j—i-l a(l)
In the case where the distribution { px, k € Ng} with support Ny satisfies (5) with pg
replacing rg, the solution (8) simplifies to
k

)[h(j) —Quh]  forkeNy.

1 .

9) fle4+1)= mgh(ﬂ — Quh]p;

(10) _E@ -9l =hl . N.
atk + 1)py

In particular, for 24 (k) =1(k € A) with A C Ng and U, = {0, 1,...,k}, as in
Barbour et al. [2], Lemma 1.1.1, for k € Ny, as Q,hs = P(Q € A), the numerator
of (9) is given by

P(QeANUy)— P(QeA)P(Q e Uy).

Now replacing P(Q € ANUy) and P(Q € A) in the first and second term, respec-
tively, by

P(Qe ANUY[P(Q eUy) + P(Q e Uf)]
and
P(QeANUy)+ P(Q e ANUY),

canceling the resulting common factor demonstrates that the solution f4 satisfies

fatk+1)

P(Qe ANUYP(QeUS)— P(Q e ANUSP(Q € Up)

(11) —
a(k + 1) px
P(Q e ANUK)P(Q € Uf)
- a(k + 1) px
(12) - P(QeU)P(Qely)
a(k + 1) px

with equality when A = Uy. Since fac(k) = — fa(k) the bound (12) holds for
| fa(k + D).
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LEMMA 2.2. Let Q have distribution {py, k € No} with px > 0 for all k € Ny,
and let a(k), b(k) satisfy (5) with py replacing ry, and for A C Ng let fa be the
solution to (7) given by (11). Then

P(O=1)
|fA(1)| =< W.

PROOF. From (11) with k£ = 0, we obtain
P(QeANU)P(Q=1)—-PQeANUHP(Q=0)

1 =
fa(l) 2o
If A >0, then
_|P@=0)P(Q=1)—P(QeA\{0HhP(Q=0)
[fa(D)] =
a(1) po
_P@=D-PQeANO) _PO=D
B a(l) = al)

while if A # 0 then again

P(QeAP(Q=0) _P(Q=1)
a(1)po - a(l) O

|fa(D] =

Lemma 2.3 collects some bounds that will be useful. We first state the simple
inequality

n n
(13) [[d—a)=1=-3a
i=1 i=1
valid for a; € [0, 1],i =1, ..., n, and easily shown by induction.

LEMMA 2.3. Letq > 2. Then

n

[10-1/4") =1 1/q - 1/4%,

i=1
[T0-1/¢)=1-1/9—1/¢* +1/¢° +1/q" —1/q"* — 1/4",

i>1

[T-1/4")=1-1/q-1/4°

i>1
i odd

and
[T-1/4)=1-2/¢.

i>3
i odd
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ForO<m+1 <n,
n

[T (1—1/g")=1-2/¢"".

i=m+1

PROOF. The first claim is Lemma 3.5 of [25], and arguing as there yields the
second claim. Thus,

i iz (1 =1/g"
il:ll (1 —1/q ) > 1_—1/612
i odd

1—1/q—1/q +1/¢° +1/q" —1/¢"* = 1/¢">
1—1/42

>1-1/9-1/4°,
where the last inequality holds since

(1-1/q—1/¢* +1/¢° + 1/q" —1/q"* — 1/q")

—g3—1
—(1=-1/¢*)(1=1/q-1/q") = %,

which is positive for g > 2. The next inequality now follows by applying the one
just shown to obtain

[T0-1/a)z1-
i=3 q°(1=1/q)
i odd
and using that g > 2.
For the final claim, using (13) yields

n

[T 1—1/4) Z 1/q'

i=m+1 i=m+1

m .
> 1/q
i=m+1
1

g —1/q)

Zl_qurl' OJ

REMARK. Since

ﬁ 1—1/¢") = [](1 = 1/4"),

i>1

it is easy to see that the second claim of Lemma 2.3 implies the first.
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3. Uniform matrices over finite fields. In this section, we study the rank
distribution of matrices chosen uniformly from those of dimension n x (n + m)
with entries from the finite field Fy, and take the distributions Q, and Q, , as
in (2) and (1), respectively; throughout this section, we take ¢ > 2. The goal of
this section is to prove Theorem 1.1.

The following lemma is our first application of the characterizations provided
by Lemma 2.1.

LEMMA 3.1. If Q has the Qg distribution then
(14) E[qf(@+D]=E[(g° - 1)(¢®"™ - 1)f(Q)]

for all functions f for which these expectations exist.
If Oy has the Q ,, distribution, then

(15)  E[g(1 =g ) f(Qu + D] = E[(g2" — 1)(g2™ — 1) £(Qn)]

for all functions f for which these expectations exist.

PROOF. From (2), we obtain

_ k _ 1 m+k __ 1
i 4 )4 ) for all k € Ny.
Pk q

An application of Lemma 2.1 with a(k) = ¢ and b(k) = (qk — 1)(qk+m -1
yields (14). Similarly, from (1) we obtain
Picia (@ = D@ —1)
Pk q(1 —g=nFk=1)
An application of Lemma 2.1 with a(k) = q(1 — q‘”+k—1), bk) = (qk —
D(g¥t™ — 1), noting a(n + 1) = 0, yields (15). O

(16) for all k € U,.

Here, we calculate E(g9") using the characterization (15). An algebraic proof
for the case m = 0 of Lemma 3.2 appears in the Appendix. After reading the first
version of this paper, Dennis Stanton has shown us a proof of this special case
using the ¢g-Chu—Vandermonde summation formula.

LEMMA 3.2. If Q, has the Q, , distribution on U, = {0,1,...,n} given
by (1), then
E(¢%)=1+q" ¢ ",

PROOF. Applying the characterization (15) with the choice f(x) = ¢**, we
obtain

E[q(1 —q "+ 2)q @V = E[(g%" — 1) (g% — 1)g*2"].
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Letting ¢ = Eq*2» yields the recursion
(17) q" 2= (144" =g Nepr + (@ = 1er
Since Q, , is a probability distribution, ¢y = 1, and setting k = —1 in (17) yields
the claim. [J
In the remainder of this section, we consider the Stein equation (7), with
(18) a(ky=g and b(k) = (g~ —1)(g"™ —1)

for the target distribution Q,, and for A C Ny we let f4 denote the solution (9)
when h(k) =1(k € A).
For a function f:Ny— R, let

I£1l = sup | f(K)].
kGNo

LEMMA 3.3. The solution f4 satisfies

sup || fall <

5
ACNy qm+

If m =0, the bound can be improved to

1

1
sup [ fall < — + —-

ACNp q q

PROOF. Aswe may set f4(0) =0, it suffices to consider f4(k+ 1) for k € Np.
By Lemma 2.2, for all A C Ny

!mmsﬂ%ﬁz

_1=po

LS

[\

<
_qm+2’

where we have applied the last part of Lemma 2.3. For m = 0, using the first
inequality of Lemma 2.3 in the last step gives that

11
|faD] < = + .
a* q
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Now consider the case £ > 1. By (12) and (18), we have
P(Q e U P(Q € Uy)
qPk
and by neglecting the term P(Q € Uy) in (19) and applying (2) we obtain
| fatk+1)|
Cc
- P(Q € Uy)
4Pk
_ ghmth-1 172 —1/q") i 1180 = 1/gY)
Mk (1= 1/g") Sy @' T8 (1= 1/g7)
_ qk(m—i-k)—l [e9] 1 i:l+1(1 _ l/ql)
[T (1 =1/g") Lt gt D Tt (1= 1/g7)

(19) |fatk+ D] <

qk(m+k) 1 o0 1
5 2
"TL k1 (L= 1/gD T e (1 = 1/gD) 5 ! D
k(m+k)—1 00 1
q
< .
T =5 (/g =X, e (1/99) ZZ: 1D
_ qk(erk)fl 00 1
=g~ D A=) A~ (gD /(1 — g7 D)) 121 g'tm+h
_ 1 i 1
(= (1/g% (g = D)1 = (1/g™+* (g — 1)) = gHk+1+im
1 © 1

= o
~q(gF = /(@ = D) (gmTF -1/ - 1) ; q"
where for the third inequality we have applied (13).

We claim that
1 1
4 k__)( m+k__> > g2
@ 1)\ _1)%4

As the left-hand side is increasing in k > 1, it suffices to prove the claim for k = 1.
In this case, the claim may be rewritten as

4
G—12"¢ 1@+QWH)

As g > 2, the result is a consequence of the two easily verified inequalities

4gm+1 4
2¢"+? > M and q > 7
q—1 (-1 "g-1

m+2 +

3q
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Hence, for k > 1, using g > 2, we obtain
4 o0

1_ 4 (1 = 1 _ 1 1
qm+3l§q7—qm+3 §+g22+l —qm+2+qm+3’

| fatk+1)| <

where the final inequality used that 2/¢"*3 < 1/¢™*+2, and that 352, # <1/4,
thus completing the proof of the lemma. [

We now present the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. We first compute the lower bound on the total vari-
ation distance by estimating the difference of the two distributions at k = 0. In
particular, by (3), (1) and (2),

1Qg.n — QqliTv

1
> E[pO,n — pol

=l T o I a-ve)]

m+1<i<m-+n i>m—+1

[(1 - l/qm+1) (1= 1/q"+’") — (1 — l/qm'H) (1= 1/qn+m+l)]

=

N —

1 m nrm
:2qn+m+1(1_1/q (=1
1
zrﬁmﬂ(l— Vg)---(1-1/¢")

1
= W(l —1/q - 1/612)

.
- 8qn+m+1

The fourth inequality used Lemma 2.3, and the last that g > 2.
For the upper bound, with 44 (k) = 1(k € A) we obtain

|P(QneA)—P(QeA)
= |E[ha(Qn)] — Qqha]
= |E[qfa(Qn+1) — (g% — 1)(g%™ = 1) fa(Qw)]]
= |E[q 7"t f4(Qn + D]| < || fal Eg 7"
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where we have applied (15) in the third equality. Applying Lemmas 3.3 and 3.2
gives that for m > 1,

- 2 - ]
I FallEq™0 ! < g "+‘(1+q " q,1+m)

- 2(1+1/q) - 3 .
qn+m—|—1 - qn+m+1

For m = 0, applying Lemmas 3.3 and 3.2 gives that
1 1 1
a0 < (55 5 )g i (2- )
- q q"

2+ 3
qn—I—l - qn—H

Now taking the supremum over all A C Ny and applying definition (3) completes
the proof. [J

REMARK. When m = 0, the limit distribution Q) also arises in the study of
the dimension of the fixed space of a random element of GL(7, g). More precisely,
Rudvalis and Shinoda [26] prove that for k fixed, as n — oo the probability that a
random element of GL(n, ¢) has a k dimensional fixed space tends to px. See [15]
for another proof.

4. Symmetric matrices over finite fields. Let S be the set of symmetric
matrices with entries in the finite field IF, (where ¢ is a prime power). Clearly,

S| = q("?). The paper [7] determines the rank distribution of a matrix chosen
uniformly from § when ¢ is odd, and the paper [22] determines this distribution
for ¢ both odd and even, given by (21).

Throughout this section g > 2, and we let Q, be the distribution on Ny with
mass function

_ [Tis1.i0aa(1 — 1/g"

(20) Pk

MMizi@' = 1)
and for n € Ny we let Q, , be the distribution on U, = {0, ..., n} with mass func-
tion
N(n,n—k)
Pkon = —
G
h g% 2h—1 _
21) where N (n, 2h) = l:l_ll @ -1 il:!) (¢"7" — 1) for 2h < n and
h 2i 2h

Nm2h+ 1D =]] P [J(@" " —1)for2n+1=<n.
i—1 @ =D
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THEOREM 4.1. Ifn is even, we have

0.18 2.25
<1940 — QqllTv =

qn-i-l qn-i-l :
If n is odd, we have
0.18

We again begin by using Lemma 2.1 to develop characterizations for the two
distributions of interest. For n € Ng we let 1,, = 1(n is even), the indicator function
that n is even.

LEMMA 4.2.  If Q has the Q distribution then
E[f(Q+D]=E[(¢°% - 1)f(Q)]

for all functions f for which these expectations exist.
If Qp has the Q, , distribution then

(22) E[(1 = 14—0,¢ " 2N f(Qn + D] = E[(¢9 — 1) £ (O]

for all functions f for which these expectations exist.

PROOF. By taking ratios in (20), we obtain
Pk—1 _ qk -1
Dk

Setting a(k) = 1 and b(k) = ¢* — 1 applying Lemma 2.1 yields the first result.
If n and k are of the same parity, then n — k = 2h for some &, and we have

Pi—tn _ Nmn—k+1)  N@m2h+1)
Pk N@mn—k) — N(n,2h)

In this case, we set a(k) =1 and b(k) = qk — 1.
If k and n are of opposite parity, then n — k = 2h + 1 for some /4 and we obtain

Pi-tn _ N@.n—k+1)  N@,2(h+1)

pkn  N@mn—k) = N@2h+1)
2(h+1)
4q —2h—1
= 20+ _ (¢" —1)
—k+1 k
qn k q —1
=—qn_k+1_1(61 —1)=71_q_n+k_l fork e U,.

In this case, we set a(k) = 1 — ¢k~ and b(k) = ¥ — 1.
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Writing a(k) =1 — ln_k+1q_”+"_1 and b(k) = qk — 1 combines both cases.
Noting that a(n + 1) = 0 an application of Lemma 2.1 completes the proof. [

LEMMA 4.3.  If Oy, has distribution Q , then

Eln_anQ" =1.

PROOF. Setting f(x) =1,_, in (22) yields
E[(1 = 110,42 1u0,1] = E[(¢% — Vu-g,].
Since 1,,_¢,1,-0,—1 =0, we obtain
E[1-g,~11= E[(¢%" — )1.—g,]
and rearranging yields
E[1,-0,4%] = Elly—g,~11+ Elli—g,]1 = 1

as claimed. [

In the remainder of this section, we consider the Stein equation (7) for the target
distribution Q, with

atky=1 and bkk)=q¢"—1

and for A C Ng we let f4 denote the solution (9) when h(k) =1(k € A).
LEMMA 4.4. The solution f4 satisfies

1 1 2
sup|fA(1)|S——i-q—3 and sup |fA(k)|§?,

ACNy q ACNy,k>2
PROOF. By Lemma 2.2, for all A C Ny,
|[faD|<P(Q=1)
1
- L0
i>1,iodd
1 1
5 - + _37
q9 4q

where we applied the third inequality in Lemma 2.3.
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For k£ > 1, using (12) and (20),

C
|fA(k + 1)| < w
k ' 00 1
— l_[(ql _ 1) Z TS
i=1 =i iz (@' =D
> 1
= 1—.
1t Hickp1 (@ = 1)
> 1
_ i —
Nt gUU+D=kE+D2TIE (1= g—7)

1 0 1
_l_[ S —g7), Z qU+D—k(k+1))/2

B 1 ( 1 +§: 1 )
M2 (1= g )\ "t T & glkt?2+41/2

1
Sl—[?ikH(I— )< sz 1(1+1)/2>.

In particular, for all kK > 1 we obtain

k+ 1| < ! 1 3 71
| fatk+1)| < P50 -4 +Zqz(z+1)/2

and the proof is now completed by using the fact that for all g > 2

: (1+§ : ><(1732)(1 142) <2
[172,(1 —g~) g ) = - <2.

The upper bound on the first factor used the second assertion of Lemma 2.3. In-
deed,

i 1=1/g=1/¢*+1/¢° +1/q" —1/q'* — 1/¢"
1— .
ilzzl( q")= /g

The upper bound on the second factor used that

o o0
1 3 6 10 1
1+122q1(1+1)/2 =1+ /27 +1/2°+ 172 +125210+1

=14+1/22 41724129+ 2/2P <1.142. O
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We now present the proof of Theorem 4.1.

PROOF OF THEOREM 4.1. For the lower bound, one computes from the for-
mula for pg , in (21), in the case n = 2m is even, that

N(n,n)
/()
= —-1/9)(1-1/¢%)---(1—1/¢"7").

Thus, the total variation distance between O, , and Q, is at least

Pon = =(1-1/9)(1-1/¢%) - (1-1/q") =
l:l

R,
D))

(1—1/g)(1—1/g%)--- (1= 1/¢g")

= 2qn+l

(1-1/g —1/¢°)

>
- 2q"+1

0.18
> .
- qn—H

The second inequality used Lemma 2.3, and the final inequality that g > 2.
When n =2m + 1 is odd, we obtain similarly that

D)
(004

(1 —1/9)(1=1/g%)---(1—1/q")

= 2qn+2

(1-1/g —1/¢°)

= 2qn+2

0.18
> .
- qn+2
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To prove the upper bound, for any A C Ny we have
|P(Qn € A)— P(Q € A)|
= |E[ha(Qn)] — Qghal
= |E[fa(@n+ 1D — (g% = 1) fa(Qn)]]
= |E[Lui—g,q~ "% fa(Qn + D]
<1,q7"|fa(D|P(Q, =0)
+ |E[Lu-0,q7 "2 fa(Qu + D1L(Q, = 1)]]
<1,g7" | fa(D)| + E[lu=g,q~""2”1(Q, = 1] igg|fA(k>|

<1,g7"|fa(D| + E[1,—g,q~ "] 2ug\fA<k>!
>

=L,g " fa(D)]+q7" iug\fA(k)}

1 1 2
<+ w) ()

and the result easily follows. The last two steps used Lemmas 4.3 and 4.4, respec-
tively. O

5. Symmetric matrices over finite fields with zero diagonal. This section
treats the rank distribution (24), (27) of a random symmetric matrix with zero
diagonal over a finite field F,, when g is a power of 2. Such matrices were termed
“symplectic” in [23], which studied their rank distribution in the context of coding
theory. We remark that by [8] and elementary manipulations, the quantity N (n, 2h)
defined in (24) below is also equal to the number of n x n skew-symmetric matrices
of rank 24 (where now ¢ is odd), so our results also apply in that context. We also
mention that the two limiting distributions studied in this section arise in the work
of the number theorist Swinnerton—Dyer on 2-Selmer groups [30]. We consider
the cases where 7 is even and odd separately.

5.1. Case of n even. Throughout this subsection, let n = 2m, an even, nonneg-
ative integer, and with ¢ > 2, let Q, be the distribution on Ny with mass function

q21<
(23) re= TT =14y s
i>1,io0dd M2 @ -
For n € Ny, let Q, , be the distribution on Uy, = {0, ..., m} with mass function
N(n,n —2k) h o g2i-2 2h—l

(24)  pkn= where N(n,2h) =[]
i

. g" T —1).
:1q21_11_[( )

i=0

/@
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THEOREM 5.1.  We have that

0.18 1.5
W <119Qg.n — QqllTv =< prEsh

We begin the proof of Theorem 5.1 by developing characterizations of the two
distributions of interest.

LEMMA 5.2.  If Q has the Q distribution, then
E[¢*f(Q+D]=E[(¢*°" = 1)(¢*? = 1) f(Q)]

for all functions f for which these expectations exist.
If Oy has the Qg , distribution then

E[(¢* — g 2™ 2Dy £(Q, + 1]
=E[(¢*2 ' = 1)(¢*% - 1) F(Qn)]

for all functions f for which these expectations exist.

(25)

PROOF. By taking ratios in (23), we obtain that for k € Ny

o1 (@ =Dg* -1
Pk q*
Setting a(k) = g% and b(k) = (g%~ — 1)(¢** — 1), applying Lemma 2.1 yields
the first result.
Similarly, the second claim can be shown using Lemma 2.1 and (24) to yield

Pk—1.n _ N(2m, 2(m —k+ 1)) _ (qzk—l _ 1)(q2k _ 1)
pkn  NC@m,2m—k) q2—q2m=h

’

upon setting a(k) = q2 — q_z(’"—k) and b(k) = (qz"_1 — 1)(q2k — 1), noting that
am+1)=0. O

LEMMA 5.3. If Q, has distribution Qg , then

PROOF. For k any integer, letting f (x) = ¢** in (25) yields
E[(q2 - q—Z(m—Qn—l))qk(QnJrl)] — E[(qun_l _ 1)(q2Qn _ l)qun]_

Setting cx = Eq*<», this identity yields

qilck+4 _ (1 + qfl _ q*2m+2+k)ck+2 + (1 _ C]k+2)Ck — O.
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Substituting £ = —2 and using that co = 1 we obtain
q—ICZ _ (1 +q—l _q—Zm) =O,

so that

1 —2m)

c=q(l+q  —¢q —am O

=qg+1—gq

In the remainder of this subsection we consider the Stein equation (7) for the
target distribution Q, with

a(ky=¢*> and bk)=(¢*" = 1)(¢* - 1)
and for A C Ng we let f4 denote the solution (9) when h(k) =1(k € A).

LEMMA 5.4. The function f, satisfies
1.31

1 1
sup ‘fA(l)}S—3+—5 and sup ‘fA(k)|§_7.
AcNy q° q ACN,k>2 q

PROOF. By Lemma 2.2, for all A C Ny,

P 1
fam) < 22z

where the second inequality used Lemma 2.3.
For k > 1, by (12) and (23),

| falk+ 1] < w
q° Pk
CEi@ -1 i q*
B q2k+2 I=k+1 H%lzl(qi -1
1 00 qZ(l—k)

=2 2 ;
9 S icoks1 (@' = D)
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1 i P
q* Nt qzaz k2)1—[21 e (l—q 0
1 00 gk
<
TPy (=g, Z g2 =k

_ 1 1 . io: 1
q2 T2 o (1 — g—) \ g#+1 = q212+4lk—l

1 o0
< .
Al tayamyel —q")( W ZX: g2- 1)

Hence, for all £k > 1 we obtain

1 1 & 1
|fA(k+1)|— l—[ 3(1_ —l)( _32 212—l>

=24

and the proof is now completed using the fact that for all g > 2

1
- < (1.29854)(1.002) < 1.31.
251 —q ( q%Zz 2w l)

The upper bound on the first factor used part 2 of Lemma 2.3. The upper bound on
the second factor used that

1/1 OO1
I+ 32 2121— 23 26 Z

915549

171 2

We now present the proof of Theorem 5.1.

PROOF OF THEOREM 5.1. From the formula for pg ,, one has that
N(n,n) _
Pon="—a—=(1=1/g)(1 - 1/g%) - (1=1/¢"7").
q

The argument in the proof of Theorem 4.1 now shows that total variation distance
between Q, , and Q, is at least 0.18/g"*!.
For the upper bound, arguing as in the proof of Theorem 4.1 we obtain

|P(Q, € A)— P(Q € A)|
= |E[ha(Qn)] — Quh 4l
= E[¢*f4(Qn + 1) — (%2 = 1)(¢*2" — 1) fa (0]
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=|E[g7" =27V faQn + D]
<|g72" D fA(1)| P(Qn =0)
+|E[g72m=2n D £4(00 4+ D1(Q, = 1]

< g2 D) fa ()| + E[g 22 D1(0, > 1)] iugm(kw

=g 2"V fa] + E[q "¢ supl fao)
=
— q—Z(m—1)|fA(1)| _|_q—2(m—1)(q —+ 1— q—2m+1)ls{ug{fA(k)|

<g 2V f ()] 4+ 72 V(g + 1) sup| /4 (K)]
>

1 1 1
Sqn+2<_3+q_5> +1.31(q7n+3+q7n+2)_7

q q
:q—(n—H) +q—(n+3) _|_ 131q—(}’l+4) + 131q—(l’l+5)
< 1.5¢~ D

as claimed. Note that Lemma 5.3 was used in the fourth equality, and Lemma 5.4
in the second to last inequality. [

5.2. Case of n odd. Throughout this subsection, let n = 2m + 1, a positive,
odd integer, and with ¢ > 2, let Q, be the distribution on Ny with mass function

l_[ _ g2+

(26) pi= 1=1/¢") 57—

i1, i o0dd 5 @' =D

For n € Ny let Q, , be the distribution on {0, ..., m} with mass function
_ N(n,n—1-—2k)

(27) Pk.n =

qG ’
where N (n, 2h) is given in (24).
Our main result is the following theorem.

THEOREM 5.5. We have that

0.37 2.2

qn+2 =< ”Qq,n - Qq”TV = qn+2-

We again begin by developing characterizing equations for the distributions un-
der study.
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LEMMA 5.6. If Q has the Q distribution, then
E[¢*f(Q+D]=E[(¢*°*" = 1)(¢*? - 1) f(Q)]

for all functions f for which these expectations exist.
If Oy, has the Q ,, distribution then

E[(¢*> =g " 2" D) £(0, + 1]
= E[(¢*2! - 1)(¢* - 1) F(Qn)]

for all functions f for which these expectations exist.

(28)

PROOF. By taking ratios in (26), we obtain

Pt _ (@ = Dg* -1
Pk q?
Setting a(k) = g2 and b(k) = (¢**T! — 1)(¢** — 1), Lemma 2.1 yields the first
claim. Similarly, the second can be shown by applying (27) to yield
Pi—in _ N@,2m—k+1) (@' —D(g* -1
Pkn N@2m—k) — g*—qg2mh
and then invoking Lemma 2.1 with a(k) = g% — ¢ 2% and b(k) = (¢*F+' —
D(g* — 1), noting a(m + 1) =0. O

LEMMA 5.7.  If Qy has distribution Qg , then

Eq?% =144~ =g

PROOF. For k any integer, letting f (x) = ¢** in (28) yields
E[(q? = 20 D)g O] = [0~ 1)(g%" ~ 1)g"%7).
Setting ¢ = E[¢¥2r], this identity yields
geera— (14 —q 7" e + (1 - ¢ e =0.
Substituting k = —2 and using that co = 1 we obtain

—2m) — 0,

gea—(1+g9—¢q
so that

=q¢ ' (1+g—¢ ") =1+q " =g\ O

In the remainder of this subsection, we consider the Stein equation (7) for the
target distribution Q, with
a(ky=¢> and bk) = (g —1)(¢* -1)
and for A C Ng we let f4 denote the solution (9) when h(k) =1(k € A).
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LEMMA 5.8. The function f, satisfies

2 1. 14
sup |fa()|<—= and sup | fatk)| < —-
ACNy 9’ ACNp,k>2 q°
PROOF. By Lemma 2.2, for all A C N,
P@=1)
|fa(D)| <
CI
_I=po
g2
(-5 I 0-5))
=—(1—-—— 1_[ 1 - —
2
q q=1 20 i oud q'
1 ( 1
30 103
2
q i>3,io0dd q'
1 /2 2
= 7(—3) =5
q-\q q
where the second inequality used Lemma 2.3.
For k > 1, by (12) and (26),
P(Q eUp)
| fatk+1)| < 27"
q~ Pk
_ l—[2k+1(q 1) i q21+1
q2k+3 et 1—[21+1 )
2(1—k)
q
2 Z 20+
4 et B | AT CLEY
1 i 1
q2 Nt q2(12—k2)+(1—k) 1—[2l+11<+2(1 — g~
1 s 1

< .
T P21 =7 lgl g2 PP =k +(=k)

_ 1 ( 1 N i 1 )
q* H?i2k+2(1 — g~ )\ g#+3 P q212+4lk+l
1 1] X
< / .
T2 (1 - 6]“)( ak+3 q8 12: 212+l>
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Hence, for all kK > 1, we obtain

1 1 & 1
k+1 —({1
’”(+”§fnﬁm—qﬂ(+ 2 )

_ —5—
q - q21 +1

and the proof is now completed by using the fact that for all g > 2,

! 1+ ! % | < (1.137)(1.0005) < 1.14
H?izl(l _q—i) q = q212+l = . . < 1.14.

The inequality []72,(1 — g~)~! < 1.137 is obtained by applying part 2 of
Lemma 2.3. We also used that

=t a 2\210 " £ 218+
1/ 1 2

We now present the proof of Theorem 5.5.

PROOF OF THEOREM 5.5. From the formula (27) for pg ,, we obtain
_ N(n,n—1)
Pon=""0

—_— — — 3.-- —_ n—q
=1 -1/9)(1-1/g")---(1—1/q )q_l-

Thus, now applying (26), the total variation distance between Q, , and Q, is at
least

1
E[PO,H — pol

005 -0-2)
(D05
(1 -1g)(1=1/g%)---(1—1/g")

" 2(g — Dt

1
= sl =) (1= /g
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The second inequality used the fourth claim of Lemma 2.3.
Arguing as for the proof of Theorem 4.1, for any A C Ny we have

|P(Qn € A) — P(Q € A)
=|E[ha(Qn)] — Qgh 4l
=|E[q* fa(Qn + 1) = (*2 " = 1)(¢*%" = 1) fa(Qw)]|
=|E[g 72" 27D fa(Qu + ]|
<q 2" | fa()| P(Qy =0)
+|E[g72" 2D £4(Qn + D1(Qn = 1]
<q 2" V| fa)| + E[q "2 V1(Q, = 1] guA(kﬂ
<q 2" V| fa)] + E[q‘2<m‘Q"‘l>]igg|fA<k>|

=q—2(m—l)‘fA(1)‘ +q—2(m—1)(1 +q—l _ q—n) Zug|fA(k)‘
=

<q 2D a4+ g2 D (1 4 g sup| £4 (k)|

k>2
—n+3 2 —n+3 —n+2 1
<q — 4+ 1.14(q +q7") =
q q
=2¢~ "D 4 1140 4 1,14~ D

< 2.2q—(ﬂ+2)

as claimed, where we have applied Lemmas 5.7 and 5.8 in the second to last equal-
ity, and inequality, respectively. [

6. Skew centrosymmetric matrices over finite fields. An n x n matrix A is
called skew centrosymmetricif A;; = —Aj; and A;; = A, 41— j n+1—i. This section
studies the rank distributions (29) and (30) of a randomly chosen skew centrosym-
metric matrix with entries in [, for g odd.

Suppose that n is even. Waterhouse [33] shows that the total number of skew

. . 2 .
centrosymmetric matrices is ¢ /2" that all such matrices have even rank, and that
the proportion of n x n skew centrosymmetric matrices of rank n — 2k is equal to

_ N(n,n—2k)

Pk.n = W,

(29)

n/2—h—1 n/2 _ h—1

_ el L & IRV R
where N (n,2h) = 1_[ ni—h ; H(q q )
j=0 4 —4 iz
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We claim that pi , in (29) is exactly equal to the probability that a uniformly
chosen n/2 x n/2 random matrix with entries from [, has rank n/2 — k. Indeed,
pulling out factors of g, one can write (29) as

1 k—1 —q j—n/2 n/2 .

k2 H( l—q] —k ) 1_[ (l_q J).

Comparing this expression with (1) for the case m = 0 with n replaced by n/2
shows that it is sufficient to prove that

’ﬁ(l—qf‘"/2> 15 —a7)
jooh =@/ ) AR - gy
This identity holds since both
k—1 _ n/2—k _
[Ta-¢"72) [T (1=q7)
j=0 j=1
and
k—1 o oap .
[Ta=¢"% [T (1=q7)
j=0 j=k+1

are equal to ]_[:i 21(1 — 1/4"). Hence, the following corollary is immediate from
Theorem 1.1.

COROLLARY 6.1.  For g > 2, let Qg be the distribution (2) on Ny, specialized
to m = 0. For n even in Ny, let Qg , be the distribution on {0, ..., n/2} with mass
function (29). Then

Now suppose that n is odd. Waterhouse [33] shows that the total number of

. L 2 .

skew centrosymmetric matrices is g~ D*/4+#=1D/2 "that all such matrices have
even rank and that the number of n x n skew centrosymmetric matrices of rank 24
is equal to

—1)/2—h _ i h—1
(n—=1)/ q(n 1)/2+1_q,

2 i
No2h = [l = 7 [ =4).
j=0 4 47 i=o

Hence,

Nn,n—2k—1)

G0 P = g (=D /A+n=1)/2

keUgp- 1)/2—{ (n—l)/2}
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is the proportion of skew centrosymmetric matrices of rank n — 2k — 1. The main
result in this section is Theorem 6.2, which provides bounds on the total variation
distance between Q, ,, the distribution given in (30), and Q,, given by

B [Ti>1(1—1/g")
T PR = 1 /g T (= 1/g0)2

31) Pi k € No.

THEOREM 6.2. Forn > 1 odd, and q > 2, we have that
W <9y — QqllTv < W

We begin with the following characterization lemma.

LEMMA 6.3. If Q has the Q, distribution, then

Elgf(Q+D]=E[(q? - 1)(q%" = 1) £(0)]

for all functions f for which these expectations exist.
If Op has the Q j, distribution, then

(32  E[(g—q@ T2 £ (0, + D] = E[(g% — 1)(¢2 ! = 1) £(Qn)]

for all functions f for which these expectations exist.

PROOF. For the first assertion, one calculates that

_ k_l k+1_1
Pk-1 _ (q ) (g )’ k e No.
Pk q

Taking a(k) = ¢ and b(k) = (qk — 1)(qurl — 1) in Lemma 2.1, the first assertion
follows.
For the second assertion, one calculates that

Pk—in _ N(n,n— 2k +1) B (qk _ 1)(qk+1 -
pkn  N@mon—2k—1  g—gk-0-D2 "

ke U(nfl)/z.

Taking a(k) = g — ¢g*= @Y/ and b(k) = (¢* — 1)(¢**' — 1), noting that a((n —
1)/2 4+ 1) =0, the second assertion follows by Lemma 2.1. [

Lemma 6.4 calculates the expected value of g <.

LEMMA 6.4. If Q, has distribution Qg ,, then

1 1
Elg®] =1+~ Gomp
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PROOF. Letcy =E [qu”], and set f(x) = qu in (32). Elementary manipu-
lations yield the recurrence

gerr2 = (g +1—g" =002y 4+ (¢ = Doy

The result now follows by setting k = —1 and using that co = 1. [J

In the remainder of this section, we consider the Stein equation (7) for the target
distribution Q, with

aky=q and bk)=(q"—1)(g"" =1)
and for A C Ny we let f4 denote the solution (9) when h(k) =1(k € A).

LEMMA 6.5. The function f4 satisfies

2
sup |fak)| < =
ACNyp q
PROOF. By Lemma 2.2 and (31),
P(O=1)
|fa(D)| <= ————=
q
_1-p
q
1 —[Tis2(1 — 1/")
q
- 1—(1=Yi=21/9)
q
. 1
q>(1—1/q)
<2/q°,

where we have applied (13) in the second inequality, and used that g > 2.
For k > 1, by (12),

P(Q eUy)
4Dk
24 k-
:qk +k 1(1 _ l/qk+1)

|fatk+1)| <

ad 1

k
—1
<MH0=1) > i L e

I=k+19




1302 J. FULMAN AND L. GOLDSTEIN

_ g i 1
e aPH A= 1/gM A =1/ D [T o (1= 1/g7)?

0
I 4k—1 1
=q > o ~
I=k+1 ql + Hj:k+1(1 - 1/51])2

qk2+k71 o0 1
= 1=1/g/)2 Z 1241
Hj:k+1( —1/q7) I=k+14
kK2 +k—1 00 1

q
< -
IO ED D 1/q7)? l:%:rl g+

2
ke +k—1 00 1

_ q
~ (1= (1/(g"(g — 1))? 1221 g D>t

ad 1

12414-2k1

where (13) was applied in the fourth inequality. [
We now present the proof of Theorem 6.2.
PROOF OF THEOREM 6.2. From the formula (30) for po ,, one computes that

N(n,n—1)
Pon = g =D /A+=D/2 (1=1/¢*)(1 = 1/¢%)--- (1 = 1/¢"*DP2).

Thus, using (31), the total variation distance between Q, , and Qy is at least
1 1
StPon = pol = S[(1 - 1/¢>)(1 = 1/g%) - (1 = 1/q"+D/2]

L= 1a)) 1 = 1/g%) (1= 1/g )]

1
= W(l 1) (1 = 1/¢%)--- (1 — 1/g® D12,
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By part 1 of Lemma 2.3,
(1= 1/g%) (1 =1/g%) - (1 — 1/gtD/2)
=1/~ 1/g%) - (1 —1/g™+D/2)

(1—-1/q9)
_ _ 2
J1-1l/g-1/q
1—-1/q
>1/2.
It follows that the total variation distance between Qq,n and Qq is at least

1/(4q 312,
For the upper bound, arguing as in Theorem 1.1,

|[P(Qn € A)—P(Q€A)|
= E[ha(Qn)] = Qghal
= |E[qfa(Qn+ 1 — (¢ = 1)(¢% " = 1) fa(Qw)]|
=|E[¢@ =02 1400 + D]
< Il fall E[g@1=0=D2],
By Lemmas 6.4 and 6.5, this quantity is at most

—(—1)/2
PEM. (I+1/g9) = g2 O

7. Hermitian matrices over finite fields. Let g be odd. Suppose that 6 €
qu,02 € IF,, but 6 ¢ IF,. Then any a € qu can be written o« = a + b6 with
a, b € ;. By the conjugate of o, we mean @ = a — bf. If A = (a;;) is a square ma-

trix, o;; € [F 2, let A*=A"= (&ij)/, where the prime denotes transpose. Then A is
said to be Hermitian if and only if A* = A.

By [9], for g odd the total number of n x n Hermitian matrices over F, is q”z,
and the total number of such matrices with rank r is

~ T q2n—2(r—i) -1

N(n,r)= q(2) l_[

i=1 qi - (_l)l
Hence, the proportion of such matrices with rank n — k is given by
N(n,n—k)
(33) Pk,n=T, keU,={0,...,n}.

In this section we compute total variation bounds between the distribution (33),
denoted Qy , and the distribution

G M | |
Pk = - —,
Gaa LT /ah g TR (1= 1/g%)
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which we denote here by Q.

REMARK. The distribution (34) also arises as a limiting law in the study of
the dimension of the fixed space of a random element of the finite unitary group
U(n, q). More precisely, the paper [26] proves that for k fixed, the chance that
a uniformly chosen random element of U (n, g) has a k dimensional fixed space
tends to pg as n — oo. See [15] for another proof.

The main theorem of this section is the following result.

THEOREM 7.1. Foralln>1and g > 2, we have

0.07 2.3
W = ||Qq,n - Qq”TV = qn-i-l'

The following lemma characterizes the two distributions of interest in this sec-
tion.

LEMMA 7.2. If Q has the Q, distribution, then
E[gf(Q+ D] =E[(g°° - 1)f(Q)]

for all functions f for which these expectations exist.
If Op has the Q ,, distribution, then
(35) E[(q _ (_1)H—Qrqun—n+1)f(Q” _|_ 1)] — E[(ngn _ 1)f(Qn)]

for all functions f for which these expectations exist.

PROOF. For the first assertion, one calculates from (34) that

-1 g -1

Pk q
Taking a(k) = g and b(k) = q2k — 1 in Lemma 2.1, the first assertion follows.
For the second assertion, one calculates that
Pk—in _Nm,n—k+1) g* -1
P Nmn—k) — g—(=Drk+lgh=n
Taking a(k) = g — (—1)"*+1gk=" and b(k) = ¢** — 1 in Lemma 2.1, and noting
a(n + 1) =0, the second assertion follows. [

for all k € Ny.

Next, we handle the moment E[q Qn]. Unlike all our other moment computa-
tions where we obtain equality, here we derive an upper bound.

LEMMA 7.3. If Q, has the Q , distribution, then
E(q%)<2+q7".
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PROOF. Setting f(x) =¢* in (35) implies that
E[q*Qn _ (_1)"*an*”] — E[an _ q*Qn].
Thus,
E[q9]=E[2g %" — (=1)""%ng™"] <2 447" O

In the remainder of this section, we consider the Stein equation (7) for the target
distribution Q, with
aky=q and b(k)=q¢** -1
and for A C Ny we let f4 denote the solution (9) when h(k) = 1(k € A). Our next
task is to provide a bound on fy4. In the following, we will apply the identity
1

(36) [Ta=1/¢") [T +1/4") =] RESYoY

i odd i even i odd
which holds since
~ TL(=1/9") 1
[T0-Vd) ===l
[;(1—=1/g%) 1+1/q")

i odd

LEMMA 7.4. The function f4 satisfies
1. 8

1.1
sup |fa(D)| <= and sup | fatk)| < —f  forallqg>2.
ACNy q ACNy,k>2

PROOF. By Lemma 2.2,
P(O=1) 1-py

| fa(D)] <
q

By (34), (36) and the third claim of Lemma 2.3,

po=[](=1/q") ] 1 +1/q")

i odd i even
>(1-1/g—1/¢*)(1+1/¢%)
>1-1/g—1/q°.

Thus, 1 — po < 1/q+1/¢°> <1.1/¢, and hence | f4(1)| < 1.1/, for all g > 2.
For k > 1, by (12),

P(O>k+1)

|faltk+ D] <
4Pk

> 1

(37) k2 1 1_[ 1/q2! Z

1 4" Tl (1= 1/g%)
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o
k-1 1
I= k+1‘1 1_[] k1 (1 =1/q%7)

=q
k2—1 o

q
< _ _
= e (1= 1/g%) ,:Z E

k+19

Since k > 1, using (13) we have that
1 1 1

00 = 00 = 00 ':dfl
M52 (1= 1/g%) 7 152,01 = 1/g%) = 1 = 352,72
(38) !
where d; = 7 N
1 —(1/(g* —q?))
Thus, from (37),
o0
2_
[fatk+ D] <dg-g" 71 Y —
I1=k+194

. . k2_1 1
%4 Z:q(k+l+l)2

o0
S
q(k+1) =4

(39)

12

_d il
q2k+2 = q12

d,s Sl |
< q—4q where s, =Z7,
q 1=0 4

using k > 1 in the final inequality. Now using that d, and s, are decreasing for
q > 2, and that

21 1 &1

Yo SlHo ) om =1.625

=4 2z
we obtain the second claim of the lemma. [

Now we present the proof of the main result of this section, Theorem 7.1.

PROOF OF THEOREM 7.1. We first compute a lower bound for the case where
n is odd. From (33), we have

pon=00—=1/9)(1=1/g)---(1—=1/q")
x (L+1/¢%)(1+1/g%) - (1 +1/¢" 7).
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By (34) and (36),
po= (1= 1g)(1 = 1/g%) -+ (1= 1/g""?)
< (1+1/g*)(1+1/g% - (1+1/¢")
= (1+1/¢"")(1 = 1/¢"*?) pon.

Thus,
po—pon = (1=1/9)(1=1/g)---(1—1/q")
< (1+1/g*)(1+1/g% - (1+1/g"")
x [(1+1/¢") (1 = 1/¢"*?) 1]
>(1=1g)(1—1/g) - (1= 1/q")
(40)

< [(1+1/¢" (1= 1/¢"%) = 1]

1-1/q —1/¢°
2(1—l/q)(l—1/q3)...(1_1/qn)[( Z]Z—H /q)]

> (1= 1/g—1/°)*/g"*"
>0.14/¢"+1,

where the fourth inequality used the third claim of Lemma 2.3. Thus, the total
variation distance between Q, , and Q, is at least %[ Po— Po.n] = O.O7/q”+1.
Now we compute a lower bound for n even. From (33),

pon=0—-1/g)(1=1/g%)---(1=1/¢""")
x (1+1/g%)(1+ 1/g%) - (1+ 1/4")
and by (34) and (36),
po< (1 —1/9)(1=1/g%)- (1= 1/¢"*")
< (1+1/g*)(1+1/g% - (1+1/¢"?)
= pon(1=1/¢") (1 +1/¢"*?).
Thus,
pon—po= (1 =1/9)(1=1/g%)---(1=1/¢""")
x (1+1/¢*)(1+1/g%) - (1+1/¢")
x [1=(1=1/g")(1+1/¢"*?)]
>(1=1/g)(1—1/g%)---(1=1/g""")
(41) x [1= (1= 1/g" ) (1+1/¢" )]



1308 J. FULMAN AND L. GOLDSTEIN

1—-1 .
> UV -1y

1
"7
_U=-1g)(1—1/q—1/¢°)
- qn+1

>0.18/¢",

where the fourth inequality used the third claim of Lemma 2.3. Thus, the total
variation distance between Q, , and Q, is at least %[ Po.n — Pol > 0.09/q”+1.
For the upper bound, arguing as in the proof of Theorem 4.1,

|P(Qn € A)— P(Q € A)
=|E[ha(Qn)] — Qqha|
= |E[qfa(Qn + 1) — (¢*%" = 1) fa(Qn)]|
= |E[(=1)"" g7+ H £4(0, + D]
<q " fa()|P(Qn =0)
+ E[q "2 f4(Qu + D[1(Qn = D]
<q "D +q " E[g?] sup £ (k)|

(42)

1.1 1.8
Sq_"H? +q—n+1(2+q—n)q_4

<q D11 43.6g7% +1.8¢73)
< 2.3/qn+1
for n > 1. The third inequality used Lemmas 7.3 and 7.4. [
REMARK 7.5. The distribution py , of (33) holds for g > 3. Over this range,
the bounds of Theorem 7.1 may be slightly improved by applying (38) and (39)
to replace 1.8 in Lemma 7.4 by 1.4, and then using this value in (42). One may

similarly improve the lower bound by replacing 0.14 by 0.38 in (40), and 0.18
by 0.41 in (41), resulting in

0.19 L5
g+ <1Qgn — QqliTv = =) for all g > 3.

APPENDIX

The main purpose of this appendix is to give an algebraic proof of Lemma 3.2 in
the special case that m = 0. The proof assumes familiarity with rational canonical
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forms of matrices (i.e., the theory of Jordan forms over finite fields), and with
cycle index generating functions. Background on these topics can be found in [16]
or [29], or in the survey [17].

PROOF OF LEMMA 3.2 WHEN m = 0. The sought equation is
n
(43) > d pn=2-1/q".

From the expression for py , in (1) specialized to the case m = 0, it is clear that if
one multiplies (43) by ¢’ (1 — 1/q)--- (1 — 1/q™) where ¢ is sufficiently large as
a function of n, then both sides become polynomials in g. Since polynomials in g
agreeing for infinitely many values of g are equal, it is enough to prove the result
for infinitely many values of ¢, so we demonstrate it for ¢ a prime power.

Let Mat(n, g) be the collection of all n x n matrices with entries in F, and
M € Mat(n, g). Then n minus the rank of M is equal to [(A;(M)), the number of
parts in the partition corresponding to the degree one polynomial z in the rational
canonical form of M.

1
(44) E(qQ”) =— Z ql()‘z(M))’

q M eMat(n,q)

where Mat(n, ) denotes the set of n x n matrices over the finite field .
From the cycle index for Mat(n, g) (Lemma 1 of [29]), it follows that

(A (M))
+Z|GL(n ol 2

n>1 M eMat(n,q)
(45)

B [ ql(x)uw} M deg(9)

T caL:(W) ] 5 coLe()

Here, X ranges over all partitions of all natural numbers, and /()) is the number of
parts of A. The quantity cgL ¢ (A) is a certain function of A, ¢ which depends on the
polynomial ¢ only through its degree. The product is over all monic, irreducible
polynomials ¢ over [, other than ¢ = z.

From the cycle index for GL(n, ¢) (Lemma 1 of [29]), it follows that

1 Z u" Z 1_[ Z M deg(@)
(46) —=1+ — =
I—u =1 |GL(, )] aGGL(n’q) pie 7 CGLY()
Summarizing, it follows from (45) and (46) that

1 q
LA (M)) _
@D 1+Z|GL(nq>| 2 e

n>1 MeMat(n.q) 5 CGLz (M)

100,12
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The next step is to compute

1A, Al 1(/\) [A]
qgu Z

—~ ccL:(A) 57 cGLz—1(A)

This equality holds because cgr,4(A) depends on the polynomial ¢ only through
its degree. From the cycle index of GL(n, g), it follows that

! 10 1(@)
+Z|GL(nq)| 2 a

n>1 aeGL(n,q)
PUGHEY |4 deg(@)

A CGL,Z—I()\‘) ¢§£Zaz_l A CGL,¢(A‘)

(@ Puy f (gL, —1(1))) |4 deg(@)
T o100 L S core(h)

_ 1 3@ M) /eLz-1(1))
L—u 5@ /(cor,.—1 (M)

s —u/gh) — q"Pul
a l—u ~ cGLz—1(0)

The third equality used (46) and the final equality is from Lemma 6 of [29] and
page 19 of [1].
Next, we can use group theory to find an alternate expression for

[(A—1(@))
+Z|GL(nq)| 2 a '

n>1 aeGL(n,q)

Indeed, by the theory of rational canonical forms, g!*<~1(®)) is the number of fixed
points of « in its action on the underlying n dimensional vector space V. By Burn-
side’s lemma (page 95 of [31]), the average number of fixed points of a finite group
acting on a finite set is the number of orbits of the action on the set. For GL(n, gq)
acting on V, there are two such orbits, consisting of the zero vector and the set of
nonzero vectors. Thus,

14+u
1 + Z Z ql(}‘-zfl(a)) =1 + Zzun — .
n>1 |GL(” q)l aeGL(n,q) n>1 l—u
Comparing the final equations of the previous two paragraphs gives that

g' @yl . I+u

48 = .
(%) o) Thmr( —u/g)
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It follows from (47) and (48) that

u’ 100y _ 11
AP Iy IR SR At el U

n>1 MeMat(n,q) L—u g 1—u/q

1

Thus, by (44), E(g2") is M multiplied by the coefficient of u” in
qn

14+u 1
[Ty

L—u 5 —u/qt’

From page 19 of [1], the coefficient of " in

1 1_[ 1

1—ui211—u/q"

is equal to [(1 — 1/¢)(1 —1/g%)---(1 —1/¢™]~". Thus,
3 |GL(n,q)|[ 1 N 1 }
T ¢” LUl -1/g") T A=1/q)--(1—1/g" 1)
1
=2-—,
q
where the last equality used that | GL(n, ¢)| = q”2(1 —1/q¢)---(1—-1/¢"). O

E(q°")

We close this section with two remarks about the distribution 9, , in (1) (for
general m) from the Introduction.

e From [3], there is a natural Markov chain on {0, 1, ..., n} which has Q, , as its
stationary distribution. This chain has transition probabilities

qnfifl(qnfi _ 1)

(" — D(g"tm —1)’
q@"—q")(g"™ —q")
(g" — D(g"*t™ —1)
MG, i)=1—M(@G,i—1)—M@G,i+1).

M@G,i+1)=

M(,i—1)=

E}

This Markov chain describes how the rank of a matrix evolves by adding a
uniformly chosen rank one matrix at each step.

e The following known lemma gives a formula for the chance that a random k x n
matrix with entries from [, has rank r. For its statement, we let

[”} _¢" - D(g" ' = 1) (g" M — 1)
m |, @"— D@ T —1)--(qg—1)

be the g-binomial coefficient.
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LEMMA A.1 ([31], page 338). The chance that a random k x n matrix with
entries from ¥, has rank r is equal to

R R )
41=0

qkn

Following a suggestion of Dennis Stanton, we indicate how Lemma A.1 can be
used to derive the product formula for pi , in the Introduction. By replacing k by
n,n by n +m, and r by n — k in (49), we get that the probability that a random
n x (n + m) matrix has rank n — k is equal to

n(nl+m)[n+m} Z( 1=k 1[ } g
q q

91=0
_ n(}11+m)[n+m] Z( 1)[ } n(n—k—0)+(})
q q1=0
1 nke 1 9
el 7] B L
qn(m-i-k) n—=k it qn—H ) q

Plugging into the g-binomial theorem (page 78 of [6])
,
(1 +x9)(1+x¢%) - (1+x4") =Y [ﬂ 402
=0 q

with r =n —k and x = —1/¢"*! gives that the probability that a random n x (n +
m) matrix over [, has rank n — k is equal to

1 n+m k+1
W[ﬂ_kL(l—l/q”)---(l—l/q )-
It follows from elementary manipulations that this is equal to

LT A = /gD e (0 = 1/ghD
g TS = 1/ T (1 = 1/47)

Acknowledgements. The authors thank Dennis Stanton and the referees for
helpful comments.
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