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ASYMPTOTIC INDEPENDENCE OF MULTIPLE WIENER-ITO
INTEGRALS AND THE RESULTING LIMIT LAWS

By IVvAN NOURDIN1 AND JAN ROSINSKI
Université de Lorraine and University of Tennessee

We characterize the asymptotic independence between blocks consist-
ing of multiple Wiener—Itd integrals. As a consequence of this characteriza-
tion, we derive the celebrated fourth moment theorem of Nualart and Peccati,
its multidimensional extension and other related results on the multivariate
convergence of multiple Wiener—Itd integrals, that involve Gaussian and non
Gaussian limits. We give applications to the study of the asymptotic behav-
ior of functions of short and long-range dependent stationary Gaussian time
series and establish the asymptotic independence for discrete non-Gaussian
chaoses.

1. Introduction. Let B = (B;);cr, be a standard one-dimensional Brownian
motion, ¢ > 1 be an integer and let f be a symmetric element of Lz(Ri). De-
note by /,(f) the g-tuple Wiener-Ito integral of f with respect to B. It is well
known that multiple Wiener—Itd integrals of different orders are uncorrelated but
not necessarily independent. In an important paper [17], Ustiinel and Zakai gave
the following characterization of the independence of multiple Wiener—Itd inte-
grals.

THEOREM 1.1 (Ustiinel-Zakai). Let p,q > 1 be integers and let f € LZ(RfL)
and g € L? (]Ri) be symmetric. Then, random variables 1,( f) and 1,(g) are inde-
pendent if and only if

pr+q—2 /R+ FO, o xpo1,u)
Jr

(1.1)

2
X 8(Xpt1s.ves Xprg—2,u)du| dxy---dxpiy—2=0.

Rosiriski and Samorodnitsky [15] observed that multiple Wiener—It6 integrals
are independent if and only if their squares are uncorrelated,

(1.2) I,(f) 1L I,(s) <= Cov(I,(f)2 1,(3)?)=0.
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This condition can be viewed as a generalization of the usual covariance criterion
for the independence of jointly Gaussian random variables (the case of p =g = 1).

In the seminal paper [11], Nualart and Peccati discovered the following surpris-
ing central limit theorem.

THEOREM 1.2 (Nualart—Peccati). Let F, = I,(f,), where q > 2 is fixed and
fn € L2(R(_1,_) are symmetric. Assume also that E[Fnz] =1 for all n. Then conver-
gence in distribution of (F,) to the standard normal law is equivalent to conver-
gence of the fourth moment. That is, as n — 00,

(1.3) Fa SN0, 1) < E[F}]—3.

Shortly afterwards, Peccati and Tudor [12] established a multidimensional ex-
tension of Theorem 1.2. Since the publication of these two important papers, many
improvements and developments on this theme have been considered. In particu-
lar, Nourdin and Peccati [7] extended Theorem 1.2 to the case when the limit of
F,’s is a centered gamma distributed random variable. We refer the reader to [8]
for further information and details of the above results.

A heuristic argument linking Theorems 1.1 and 1.2 was given by Rosinski ([14],
pages 3—4), while addressing a question of Albert Shiryaev. Namely, let F" and G
be two 1.i.d. centered random variables with fourth moment and unit variance. The
link comes via a simple formula,

LCov((F + G)?, (F — G)*) = E[F*] -3,

criterion (1.2), as well as the celebrated Bernstein theorem that asserts that F
and G are Gaussian if and only if F 4+ G and F — G are independent. A rigorous
argument to carry through this idea is based on a characterization of the asymp-
totic independence of multiple Wiener—Itd integrals, which is much more difficult
to handle than the plain independence, and may also be of an independent inter-
est. The covariance between the squares of multiple Wiener—Ito integrals plays the
pivotal role in this characterization.

At this point we should also mention an extension of (1.2) to the multivariate
setting. Let / be a finite set and (g;);e; be a sequence of nonnegative integers.
Let F; = I;;(f;) be a multiple Wiener—It6 integral of order g;, i € I. Consider a
partition of / into disjoint blocks I, so that / = UZ:I I, and the resulting random
vectors (Fj)ier, k=1,...,d. Then

[(F})icy, k < d} are independent < Cov(F?, sz) =0
(1.4)
Vi, j from different blocks.

The proof of this criterion is similar to the proof of (1.2) in [15].
In this paper, in Theorem 3.4, we establish an asymptotic version of (1.4)
characterizing the asymptotic moment-independence between blocks of multiple
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Wiener—It6 integrals. As a consequence of this result, we deduce the fourth mo-
ment theorem of Nualart and Peccati [11] in Theorem 4.1, its multidimensional
extension due to Peccati and Tudor [12] in Theorem 4.2 and some neat estimates
on the speed of convergence in Theorem 4.3. Furthermore, we obtain new multi-
dimensional extension of a theorem of Nourdin and Peccati [7] in Theorem 4.5,
and give another new result on the bivariate convergence of vectors consisting
of multiple Wiener-Itd integrals in Theorem 4.7. Proposition 5.3 applies Theo-
rem 4.7 to establish the limit process for functions of short and long-range depen-
dent stationary Gaussian time series in the spirit of the celebrated Breuer—Major [2]
and Dobrushin—Major-Taqqu [4, 16] theorems. In Theorem 5.4 we establish the
asymptotic moment-independence for discrete non-Gaussian chaoses using some
techniques of Mossel, O’Donnel and Oleszkiewicz [6].

The paper is organized as follows. In Section 2 we list some basic facts from
Gaussian analysis and prove some lemmas needed in the present work. In particu-
lar, we establish Lemma 2.3, which is a version of the Cauchy—Schwarz inequality
well suited to deal with contractions of functions; see (2.4). It is used in the proof
of the main result, Theorem 3.4. Section 3 is devoted to the main results on the
asymptotic independence. Section 4 gives some immediate consequences and re-
lated applications of the main result. Section 5 provides further applications to
the study of short and long-range dependent stochastic processes and multilinear
random forms in non-Gaussian random variables.

2. Preliminaries. We will give here some basic elements of Gaussian anal-
ysis that are in the foundations of the present work. The reader is referred to the
books [8, 10] for further details and ommited proofs.

Let § be a real separable Hilbert space. For any g > 1 let $®4 be the gth tensor
product of §) and denote by $©¢ the associated gth symmetric tensor product.
We write X = {X (h), h € $H} to indicate an isonormal Gaussian process over §,
defined on some probability space (€2, F, P). This means that X is a centered
Gaussian family, whose covariance is given in terms of the inner product of § by
E[X(h)X(g)] = (h, g). We also assume that F is generated by X.

For every g > 1, let H,; be the gth Wiener chaos of X, that is, the closed
linear subspace of L?(S2, F, P) generated by the random variables of the type
{Hy(X(h)),h € 9, ||hlls = 1}, where H, is the gth Hermite polynomial defined
as

d4

_ x2/2 —x2)2
(2.1) Hy(x)=(—1)e T (e ).

We write by convention Hy = R. For any g > 1, the mapping

(2.2) 1,(h®%) = Hy (X (h))

can be extended to a linear isometry between the symmetric tensor product £©4
equipped with the modified norm /g!| - || s and the gth Wiener chaos H,. For
q =0 we write Ip(c) =c,ceR.
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It is well known (Wiener chaos expansion) that L%(2, F, P) can be decom-
posed into the infinite orthogonal sum of the spaces H,. Therefore, any square
integrable random variable F € L>($2, F, P) admits the following chaotic expan-
sion:

(2.3) F=Y 1,(fp

q=0

where fo = E[F], and the f, € §®9, g > 1, are uniquely determined by F. For
every g > 0 we denote by J,; the orthogonal projection operator on the gth Wiener
chaos. In particular, if F € L*(Q, F, P)isasin (2.3), then JyF = 1,(f,) for every
q>0.

Let {ex, k > 1} be a complete orthonormal system in §. Given f € $°” and
g €H®, forevery r =0,..., p Aq, the contraction of f and g of order r is the
element of H®P+4=2") defined by

o0

i1y, ir=1

Notice that f ®, g is not necessarily symmetric: we denote its symmetrization
by f®, g € HOPT172") Moreover, f @y g = f ® g equals the tensor product
of f and g while, for p =¢q, f ®; g = (f, g) ge¢. In the particular case where
$ = L%*(A, A, n), where (A, A) is a measurable space and p is a o-finite and
nonatomic measure, one has that $H°9 = L% (A4, A®4, 14®7) is the space of sym-
metric and square integrable functions on A7. Moreover, for every f € 99, I,(f)
coincides with the g-tuple Wiener—It6 integral of f. In this case, (2.4) can be writ-
ten as

(f ®r g)(tl’ ceey tp—i-q—Zr)

:/I;rf(tlv"'7tp—rvsl,"‘9sr)

X g(tp—r—l—la ceslprg—2ry 81,0 sp)du(sy) - -du(sy).
We have
25  If®glP=(f®pr f8®g—rg)  forr=0,....pAq,
where (-) (|| - ||, resp.) stands for inner product (the norm, resp.) in an appropriate

tensor product space $H®5. Also, the following multiplication formula holds: if
f€9H®P and g € H, then

PAq
2.6) 1@ =Y () (2) s 7 Er o)
r=0

where f ®, g denotes the symmetrization of f ®, g.
We conclude these preliminaries with three useful lemmas that will be needed
throughout the sequel.
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LEMMA 2.1.

(1) Multiple Wiener—Ito integral has all moments satisfying the following
hypercontractivity-type inequality:

@7) [E1(DIT = = DPPEILHP), r=2.
(i) If a sequence of distributions of {I,(fu)}n=>1 is tight, then
(2.8) supE{Ip(f,,)|r <00 for everyr > 0.

PROOF. (i) Inequality (2.7) is well known and corresponds, for example,
to [8], Corollary 2.8.14.

(i) Combining (2.7) for r = 4 with Paley’s inequality, we get for every 6 €
0, 1),

) 2 N ZM
@9) PN > 0EI(NI) 2 4 =6 Py

By the assumption, there is an M > 0 such that P(|Ip(fn)|2 >M) <9 P n>1.
By (2.9) with 8 = 2/3 and all n, we have

P(I1,(f)] > M) <977~ < P(IL,(f)| > /D E|L(f)]).
As a consequence, E|1,( fn)l2 < (3/2)M. Applying (2.7) we conclude (2.8). U

> (1—60)2977,

LEMMA 2.2.
(1) Let p,g > 1, f € H°P and g € H®9. Then

PAg

5 12— Pl P\ (4 2
2.10) 1 &sl —m§<r)<r)||f®rgu.

(2) Let g > 1 and fi, f2, f3, fa € H®9. Then

qg—1

2
ComnB i 80 =Y " (1) (i fifiwr fo
r=1

(2.11)
+q2((f1, £3) 2, f2) + (s f2)(f2n 13))

3) Letg>1, f € H9CD gnd g € H®1. We have

(f® fe®g)
(2.12) |
_ 2q!2 q!Z q— g 2
_—(2q)!<f®qf’g®g>+(2q)!2(r> (f @ 8,89 f).

r=1
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PROOF. Without loss of generality, we suppose throughout the proof that $
is equal to L%(A, A, i), where (A, A) is a measurable space, and p is a o-finite
measure without atoms.

(1) Let o be a permutation of {1, ..., p + g} (this fact is written in symbols as
0 €6p4q). It ref0,..., p Aq} denotes the cardinality of {1,..., p}N{o(p +
1),...,0(p + ¢q)}, then it is readily checked that r is also the cardinality of {p +
I,...,p+q}nN{o(),...,0(p)} and that

/;;pﬁ—q f(t], ...,fp)g(tp+1, H'vtp-i-q)

X ftoys s to(p)&8ta(pt1ys - - s lo(prq)) dir(t1) ... du(tpig)

(2.13)
= Ap+q72r(f ®r &) X1y vy Xpig—2r) 2 dpe(x1) -+ diL(Xprg—2r)
=If e sl

Moreover, for any fixed r € {0,..., p A g}, there are p!(’r’)q!(‘rf) permutations

0 € Gpyq such that {1,...,p}N{o(p+1),...,0(p + g)} =r. [Indeed, such
a permutation is completely determined by the choice of: (a) r distinct elements
Y,y of {p+1,...,p+¢q}; (b) p—r distinct elements y,q,...,y, of
{I,..., p}; (c) a bijection between {1, ..., p} and {y1, ..., y,}; (d) a bijection be-
tween{p+1,...,p+qtand{l,..., p+q}\{y1,...,yp}.] Now, observe that the
symmetrization of f ® g is given by

> f(ta(1), s lo)8Uo(pr)s -+ lo(ptg))-
0€B

f@g(l‘l,...,tp_,_q) ( n )‘

Therefore, using (2.13), we can write
If ®gl* = <f®g f®eg)

(p+q)' Z qf(tl»-~-,tp)g(tp+1»---»tp+q)
0e6,y,

X fltot), s ta(p))

X gl (p+1)s -+ s lo(prq) A1) - - - dpu(tptq)

pAg
Z If ® gl* Card{o € & i {1, ..., p}

T+ ‘Dl
Nfop+1),....a(p+q)}=r},

and (2.10) follows.
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(2) We proceed analogously. Indeed, we have

([1i® f2, [3® fa)
=(f1® f2, [3® fa)

1
T 29! ngq /Azq filtr, oo tg) foltg+1, - - o 12g)
X f3(to(lys - - -+ lo(q))
X fa(tog+1)s - lo2q) din(ty) - - - du(t2g)
q
= D (1®r f3, f28r f2)
(@270

x Card{o € Gyy:{o(1),...,0(@}N{l,....q} =7},

from which we deduce (2.11).
(3) We have

(R (t1,....10q)

1
~ 29)! D 8lays s lo(@)8la(g41)s - - -+ T (2g))
q): 0BGy
1 q
= 29)! > > 8Us(tys - s lo(q))8 (o (g+1)s - - - lo(2g))
120 0eByy

{o(),....o(@)}N{1,....q}=r

and
(f®q f)(l‘],...,tzq)=/Aq f(l‘l,...,tq,xl,...,xq)

X F XLy Xqutgrts s t2g) di(rn) -+ dp(xg),

so that
(f®q f8®g)
=(f®q f,2®8)
1 4
=(2—q)!r:0<f®rgvg®r f>

x Card{o € o4 :{o(1),...,0(q@)}N{1,....q}=r}

1 q q 2 5
= (2q)'z<l’> 9" (f ®r 8.8 ®r f)
" r=0
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(2 )!

q!”
_(2 )! (f®qg 8,894 f)+

(f®g.g®f)

1 q—1 q 2
* 2 Z(r) q97*(f ®r 8.8 ®r [).
Tr=1

Since (f ®;8,.8®¢ [)=(f®g. &R f)=(f ®; f, g ® g), the desired conclu-
sion (2.12) follows. [

LEMMA 2.3 (Generalized Cauchy—Schwarz inequality). Assume that §) =
L%(A, A, ), where (A, A) is a measurable space equipped with a o -finite mea-
sure |L. For any integer M > 1, put [M] = {1, ..., M}. Also, for every element
z2=(21,...,2m) € AM and every nonempty set ¢ C [M], let 2. denote the element
of A€l (where |c| is the cardinality of c) obtained by deleting from z the entries with
index not contained in c. (E.g., if M =5 and ¢ = {1, 3, 5}, then 7. = (z1, 23, 25).)
Let:

(a) C,q > 2 be integers, and let cy, ..., cqy be nonempty subsets of [C] such

that each element of [C] appears in exactly two of the c;’s (this implies that | J; ¢; =
Cland ¥, |ei| = 2C);

(B) lethy, ..., hy be functions such that h; € L2(ulily .= L2(Alel) Aleil | yleily

foreveryi =1,...,q (in particular, each h; is a function of |c;| variables).
Then
q q
(2.14) ‘/AC [1hi @) @zep)| <[] I L2ty
i=1 i=1

Moreover, if co := cj N ¢y # D for some j # k, then

= ”h ®C() hk”LZ( e ALk|) 1_[ ”h ”Lz(lﬂb ‘)’
i#j.k

(2.15) ’ /. ]_[h(zc,)u (dzcep|<

where
hj ®e hk (e, 0ey) = /A e e )il ().

(Notice that hj Q¢y hk = hj Q\cy| hi when hj and hy are symmetric.)

PROOF. In the case g = 2, (2.14) is just the Cauchy—Schwarz inequality,
and (2.15) is an equality. Assume that (2.14)—(2.15) hold for at most ¢ — 1 func-
tions and proceed by induction. Among the sets ¢y, ..., ¢, at least two, say c;
and ¢, have nonempty intersections. Set ¢y := ¢ Ny, as above. Since ¢y does not
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have common elements with ¢; for all i # j, k, by Fubini’s theorem,

q
[ T @eou@men
(2.16) =

q
= [ i @ hiajne) TT hi@a)n™dziene)-
i#j.k
Observe that every element of [C] \ ¢y belongs to exactly two of the g — 1 sets:
cjAck, ci, i # j, k. Therefore, by the induction assumption, (2.14) implies (2.15),
provided cjAcy # @. When c¢; = ¢, we have hj ®¢, hy = (hj, hy), and (2.15)
follows from (2.14) applied to the product of ¢ — 2 functions in (2.16). This
proves (2.15), which in turn yields (2.14) by the Cauchy—Schwarz inequality. The
proof is complete. [J

3. The main results. The following theorem characterizes moment-
independence of limits of multiple Wiener—Itd integrals.

THEOREM 3.1. Letd > 2, and let qy, ..., qq be positive integers. Consider
vectors

(Fl,nv R ) Fd,n) = (Iql(fl,n)’ "'vlqd(fd,n))v n Z 17

with f; , € HO4i | Assume that for some random vector (U1, ..., Uy),
G.1) Fins o Fa) S (UL, ... U asn— oo

Then U;’s admit moments of all orders and the following three conditions are
equivalent:

(a) Ui, ..., Uy are moment-independent, that is, E[Ulk1 ---Usd] = E[U]k‘] .
EWUS Y forall ki, ... ks €N,

(B) limy .o Cov(F?,, Fj%n) =O0foralli # j;

) limy ool fin ®r finll=0foralli# jandallr =1,...,9; Nq;.

Moreover, if the distribution of each U; is determined by its moments, then (a) is
equivalent to that:

(8) Uy, ..., Uy are independent.

REMARKS 3.2.

(1) Theorem 3.1 raises the question of whether the moment-independence im-
plies the usual independence under weaker conditions than the determinacy of
the marginals. (Recall that a random variable having all moments is said to be
determinate if any other random variable with the same moments has the same
distribution.) The answer is negative in general; see [1], Theorem 5.
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(2) Assume that d = 2 (for simplicity). In this case, (y) becomes || f1., ®:
fanll— Oforallr =1,...,q1 Agp. In view of Theorem 1.1 of Ustiinel and Zakai,
one may expect that (y) could be replaced by a weaker condition (y): || f1., ®1
f 2.n ” — 0.

However, the latter is false. To see it, consider a sequence f, € $®2 such that
law

I full? = % and || f, ®1 full = 0. By Theorem 4.1 below, F, := L(f,) — U ~
N(0, 1). Putting fi,, = fo.n = fu, we observe that () holds, but (o) does not, as

law

(I2(f1.0)s I2(f2.0)) = (U, U).

(3) Taking into account that assumptions () and (§) of Theorem 4.1 are equiv-
alent, it is natural to wonder whether assumption () of Theorem 3.1 is equivalent
to its symmetrized version,

nli)n;o”fi’” ®r finll=0 foralli# jandallr=1,...,q; Ngj.
The answer is negative in general, as is shown by the following counterexample.
Let f1, f>:10, 11> = R be symmetric functions given by

_15 Sate[()? 1/2]7
1) =
fils, ) {1, elsewhere
Then (f1, f2) =0 and

-1, s, te(1/2,1],
1, elsewhere.

and fo(s,t) = {

-1, ifse[0,1/2]and t € (1/2,1],
(f1®1 L), )= [1, ifr€[0,1/2]and s € (1/2, 1],
0, elsewhere,

sothat f1 &1 2 =0and || f1 ®1 f2l = V2.

(4) The condition of moment-independence, («) of Theorem 3.1, can also be
stated in terms of cumulants. Recall that the joint cumulant of random variables
X1, ..., Xy is defined by

m

0 .
k(X1,..., Xm) = (_i)mm 10gE[ez(t1X1+~-~+szm)]

m

|t1=0,...,t,,=0"

provided E|X;--- X;;| < 0co. When all X;’s are equal to X, then «(X, ..., X) =
km(X), the usual mth cumulant of X; see [5]. Then Theorem 3.1(x) is equivalent
to

(') forallintegers 1 < ji <---< jx<d,k>2,andmy,...,m;>1

(3.2) K(Uj],...,Ujl,...,Ujk,...,Ujk)=0.

mi my

Theorem 3.1 was proved in the first version of this paper [9]. Our proof of the
crucial implication (y) = («) involved tedious combinatorial considerations. We
are thankful to an anonymous referee who suggested a shorter and more transpar-
ent line of proof using Malliavin calculus. It significantly reduced the amount of
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combinatorial arguments of the original version but requires some basic facts from
Malliavin calculus. We incorporated the referee’s suggestions and approach into
the proof of a more general Theorem 3.4. Even though Theorem 3.1 becomes a
special case of Theorem 3.4 (see Corollary 3.6), we keep its original statement for
a convenient reference.

DEFINITION 3.3. Foreachn > 1,let F,, = (F; ,)ie be a family of real-valued
random variables indexed by a finite set /. Consider a partition of / into disjoint
blocks I, so that [ = Ule I.. We say that vectors (F; ,)ien, k=1,...,d are
asymptotically moment-independent if each F; , admits moments of all orders and
for any sequence (¢;);<; of nonnegative integers,

(3.3) nli“éoiE[Eﬂﬂ HE[Q ”

The next theorem characterizes the asymptotic moment-independence between
blocks of multiple Wiener—It6 integrals.

THEOREM 3.4. Let I be a finite set and (q;)ic1 be a sequence of nonnegative
integers. For each n > 1, let F, = (F; p)ier be a family of multiple Wiener—Ito
integrals, where F; , = 1,(fi ) with f; , € §9% . Assume that for every i € 1,

(3.4) sup E[F?,] < 0.
n

Given a partition of 1 into disjoint blocks I, the following conditions are equiva-
lent:

(a) random vectors (Fjnp)ier,, kK = 1,...,d are asymptotically moment-
independent,

(b) lim,,_, oo Cov(F? in F2 .) =0 foreveryi, j from different blocks;

(©) limy o |l fin ®r f, n” = 0 for every i, j from different blocks and r =

L,....qi Ngj.

PROOF. The implication (a) = (b) is obvious.
To show (b) = (c¢), fix i, j belonging to different blocks. By (2.6) we have

qiNg j
Fi,nFj,n= Z ”!(qu) <q1>lq,+q, 2r(fzn®rf] n)

r=0

which yields

qiNg j N2 N2
ELFL P2 = X 2 (%) (U)ot gy = 200 in B fialP

¥
r=0
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Moreover,
E[F2)E[F?,) = ai'a;!l fin 21 fnl>.

Applying (2.10) to the second equality below, we evaluate Cov(an, Fj% ,) as fol-
lows:

Cov(F2,. F7,) = @i + q) fin ® finll® = qiq;! fin 1 £jnll®

qiNgj N2 N2
(35) + PV @t g =20 B fral?
r=1
qinNgj gi i
=aita)t ¥ (4) (%) 1m0 Sl
r=1
qiNgj N2 N2
+ (I (Y ) @t =20 B fral?
r=1
(3.6) > max | fin® fiall.
r=l1,....qi\q;

This bound yields the desired conclusion.

Now we will prove (¢) = (a). We need to show (3.3) for fixed /;. Writing Filfn as

F; , x --- x F; , and enlarging I and I;’s accordingly, we may and do assume that
—_—
l

all [; = 1. We will prove (3.3) by induction on Q =) ;.7 gi. The formula holds
when Q = 0 or 1. Therefore, take Q > 2 and suppose that (3.3) holds whenever

Yierqi <0—1

Fix i1 € I| and set
Xn= 1_[ Iq,-(fi,n)v Y, = 1_[ Iqj (fj,n)-
iel\{ii} JEINL

Assume that g; > 1, otherwise the inductive step follows immediately. Let & de-
note the divergence operator in the sense of Malliavin calculus, and let D be the
Malliavin derivative; see [10], Chapters 1.2—-1.3. Using the duality relation [10],
Definition 1.3.1(ii), and the product rule for the Malliavin derivative [3], Theo-
rem 3.4, we get

E|:1_[ Fi’n] - E[I(In (fir ) Xn¥a] = E[(S(l‘ﬁl_l(ﬁ"”))X"Yn]
iel
= E[Iy;, -1(fiy.n) ®1 D(X,Y2)]
= E[Yuly, —1(firn) ®1 DXn]+ E[Xulg, —1(fi,.n) ®1 DY, ]
= A, + B,
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First we consider Bj,. Using the product rule for DY, we obtain

Bn: Z E|:Iql»1—l(fi|,n) ®1 DF],n 1_[ Fl’”]

Je\I iel\{i1,j}
=) QjE[Iq,-l—l(ﬁl,n)@l I1(fin) ] Fi,ni|-
JeI\L iel\fi1,j}

By the multiplication formula (2.6) we have

Iqil—l(fh,n) R1 Iqj—l(fj,n)
qiy N\q j

1 1 ~
=X (s_l)!(qs”—l )(C{sj—l )’%ﬁq,-—zs(ﬁu,n@s fin)-
s=1

Since i and j belong to different blocks, condition (c) of the theorem applied
to the above expansion yields that [ i1 (fiy.n) ®1 1g;—1(fj.n) converges to zero

in L2. Combining this with (3.4) and Lemma 2.1, we infer that lim,,_, o, B,, = 0.
Now we consider A,. If Card(/1) =1, then X,, = 1 by convention and so A, =
0. Hence

lim {E[
n—oo
Therefore, we now assume that Card(/;) > 2. Write A,, = E[Z,Y,], where
Zn = q,-l—l(fil,n) &1 DXn

= > il —1(fi) ®1 lg—1(fin) [ Fin
ieh\{i} Jen\{i1,i}
‘]il/\tb' q 1 q 1
— ) _ | ll_ l_
2 426 1>-(s_1)(s_1>

ieli\{i1} s=1

d
I1 F,-,n} — E[Fil,n]]}i[zE[H F,-,n]} = lim B, =0.

iel i€l

x Iqi1+qi—2S(ﬁ1,n és Jin) 1—[ Fj,n-
Jel\{iy.i}

Thus A, is a linear combination of the terms
E|:<Iqil+qi25(fi1,n @s fl,n) 1_[ Fj,n)Yn]’
Jeh\ir,i}

where i1,i € I,11 #1i, 1 <5 < g, A g;. The term under expectation is a product
of multiple integrals of orders summing to _;c; g — 2s. Therefore, the induction
hypothesis applies provided

(3.7) Jim (fiyn ®s fin) ®r fjn =0
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forall j € Iy withk>2andallr =1,...,(q;, +gi —25) Ag;.
Suppose that (3.7) holds. Then by the induction hypothesis,

lim {A, — E[Z,]E[Y,]} =0.

— 00

n

Moreover,

E[Zn] = E[Iqil—l(fil,n) ®1 DXn] = E[Iq,-1 (fi],n)Xn] = E|:1_[ Fi,n:|-
iel
Hence, by the induction hypothesis applied to Y;, and the uniform boundedness of
all moments of F; ,,, we get

d
nli)rgo{E[]_[ Fi,n} -11 E[l_[ Fi,n” = lim {A, — E[Z,]E[Y,]} =0.
k=1

iel iely

It remains to show (3.7). To this aim we will describe the structure of the terms
under limit (3.7). Without loss of generality we may assume that ) = L?(u) :=
L?(A, A, u), where (A, A) is a measurable space and p is a o-finite measure
without atoms. Recall notation of Lemma 2.3. For every integer M > 1, put [M] =
{1,..., M}. Also, for every element z = (z1,...,2y) € AM and every nonempty
set ¢ C [M], we denote by z. the element of Al°l (where |c| is the cardinality of
c¢) obtained by deleting from z the entries with index not contained in c. (E.g., if
M =5 and ¢ ={1, 3, 5}, then z, = (21, 23, 25).)

Observe that (f;, » Qs fi.n) ®r fjnis alinear combination of functions ¥ (zy,),
z € AM obtained as follows. Set M = gi, +qi +qj—s—rand My =gq;, +q; —s,
so that M > My > 2. Choose by, by C [Mp] such that |b1| = g;,, |b2| = g; and
|by N by| = s, and then choose b3 C [M] such that |b3| = gq; and |b3 N (b1 Uby)| =
r. It follows that b1 Uby Ubs = [M] and b1 N by, N b3 = &. Therefore, each element
of [M] belongs exactly to one or two b;’s. Let

J ={j € [M]: j belongs to two sets b; }

and put J1 = [M]\ J. Then (f;, » Ry fi.n) ®r fjnis alinear combination of func-
tions of the form

V@) = [ S @) fin @) 2.

where the summation goes over all choices by, by under the constraint that the sets
by N by and b3 are fixed. This constraint makes Jy unique, |Ji| =g¢;, +¢qi +q; —
2s — 2r.

Letc; =b;NJ,i =1, 2,3 and notice that either c; Nc3 # @ or c2Nc3 # O since
r > 1. Suppose co = c1 N c3 # &, the other case is identical. Applying Lemma 2.3
with z;, fixed, we get

V@) <[ fivn @icol fin s, /A o [ n ()l dzy).
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Since b1 Ab3 and b3 \ ¢3 make a disjoint partition of Jy, and additional integration
with respect to z, yields

”‘/’”L2(M\/1|) = ||fl1 n ®|CO| f] n”LZ(MIblAb%l)“fz "”Lz(u,'bZ') —-0

as n — 00. This yields (3.7) and completes the proof of Theorem 3.4. [J

REMARK 3.5. Condition (b) of Theorem 3.4 is equivalent to
(b") forevery 1 <k+#1<d

. 2
lim Cov([[(F, indien|”) =
where || - || denotes the Euclidean norms in R! and RI/!, respectively.

PROOF. Indeed, condition (b) of Theorem 3.4 implies (b”), and the converse
follows from

Cov (| (F;,

i n)telz ” Z COV i n’ ) z COV(Flzﬂ’ sz,ﬂ)

iel,jel;

as the squares of multiple Wiener—Itd integrals are nonnegatively correlated;
cf. (3.6). O

The following corollary is useful in deducing the joint convergence in law from
the convergence of marginals. It is stated for random vectors, as is Theorem 3.4,
but it obviously applies in the setting of Theorem 3.1 when all vectors are one-
dimensional.

COROLLARY 3.6. Under notation of Theorem 3.4, let (U;)ic; be a random
vector such that:

(1) (Findier Li“)l (Ui)ier, as n — oo, for each k;

(i1) vectors (U;)icr,, k=1, ...,d are independent;

(ii1) condition (b) or (¢) of Theorem 3.4 holds [equivalently, (B) or (y) of The-
orem 3.1 when all Iy are singletons];

(iv) LU;) is determined by its moments for each i € I.

Then the joint convergence holds
law

(Ftn)lelﬁ(U)tel’ n — Q.

PROOF. By (i) the sequence {(F; ,)icr}n>1 1s tight. Let (V;);er be a random
vector such that

law

(Fl nj )tel - (V)IEI



512 L. NOURDIN AND J. ROSINSKI

as nj — oo along a subsequence. From Lemma 2.1(ii) we infer that condi-

tion (3.4) of Theorem 3.4 is satisfied. It follows that each V; has all moments and
law

(Vdier, = (Up)ier, for each k. By (iv), the laws of vectors (U;)ics and (V;)ier
are determined by their joint moments, respectively; see [13], Theorem 3. Under
assumption (iii), the vectors (F; ,)icr, k =1,...,d are asymptotically moment
independent. Hence, for any sequence (¢;);<; of nonnegative integers,

f(] -] ol - (o]

iel iel iel i€l

= i {165, - 1121 28, )| <o

iel k=1 iely

1
Thus (Vi)ier = (Ui)ier. O
4. Applications.

4.1. The fourth moment theorem of Nualart—Peccati. We can give a short
proof of the difficult and surprising part implication (8) = («) of the fourth mo-
ment theorem of Nualart and Peccati [11], that we restate here for a convenience.

THEOREM 4.1 (Nualart—Peccati). Let (F,) be a sequence of the form F, =
I;(fn), where q > 2 is fixed and f, € H4. Assume moreover that E[Fnz] =
q!|| full> =1 for all n. Then, as n — oo, the following four conditions are equiva-
lent:

law

(@) F, — N(0,1);

(B) E[F,1—3;

V) 1 fn ®r full > Oforallr =1,...,q — 1;
() ||f,1(§~§rf,,||—>0f0rallr=1,...,q—1.

PROOF OF (B) = («). Assume (B). Since the sequence (F},) is bounded in
L?(Q) by the assumption, it is relatively compact in law. Without loss of generality

we may assume that F, lgv Y and need to show that Y ~ N (0, 1). Let G,, be an
independent copy of F, of the form G, = 1,(g,) with f, ®; g, = 0. This can
easily be done by extending the underlying isonormal process to the direct sum
H @ H. We then have

law

(Iq(fn + &n)s Iq(fn - gn)) =Fpn+Gu, Fy—Gp)—> Y +2,Y-2)
as n — oo, where Z stands for an independent copy of Y. Since

L Cov[(Fy + Gu)?, (Fy — Gw)?] = E[F}] -3 0,
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Y+ Z and Y — Z are moment-independent. (If they were independent, the classical
Bernstein theorem would complete the proof.) However, in our case condition ()
in (3.2) says that

kY+2Z,...,Y+2,Y—-Z,....Y-Z72)=0 for all my,my > 1.

mi m3

Taking n > 3 we get
O=«xY+2Z2,....Y+2,Y-2,Y—-2)

n—2
=x,...."V+«(Z,...,Z) =2k,(Y),
——— ———
n n

where we used the multilinearity of « and the fact that Y and Z are i.i.d. Since
kK1(Y)=0,x(Y)=1and x,(Y) =0 forn > 3, we infer that Y ~ N(0,1). O

4.2. Generalizing a result of Peccati and Tudor. Applying our approach, one
can add a further equivalent condition to a result of Peccati and Tudor [12]. As
such, Theorem 4.2 turns out to be the exact multivariate equivalent of Theorem 4.1.

THEOREM 4.2 (Peccati-Tudor). Letd > 2, and let qy, ..., qq be positive in-
tegers. Consider vectors

F, = (Fl,nv cees Fd,n) = (Iql (fl,n), cee qu(fd,n))s n>1,
with f; € 9% Assume that, fori, j=1,...,d,as n — 0o,
4.1) Cov(Fin, Fjn) — oij.

Let N be a centered Gaussian random vector with the covariance matrix ¥ =
(0ij)1<i, j<d- Then the following two conditions are equivalent (n — 00):

(i) Fo N

(i) E[IF.[*1— ELIN[*;

where || - || denotes the Euclidean norm in R.

PROOF. Only (ii) = (i) has to be shown. Assume (ii). As in the proof

of Theorem 4.1, we may assume that F), Lﬂf Y and must show that Y ~
N4(0, 2). Let G, =(G1.4, ..., Gg ) be an independent copy of F;, of the form
(g, (81,n)s -+ 1g,(8a,n)). Observe that

1
5 Cov(IF + Gl |1 = Gul?)

d
= E[1F*] = (E[1F 1)) =2 Y Cov(Fin, Fin)*.
i, j=1
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Using this identity for N and N’ in place of F,, and G,,, where N’ is an independent
copy of N, we get

d
4.2) E[INI*] = ) (0ii0); +207).
i,j=1

Hence
1
5 Cov(IEy + Gull®. 1 Fu = Gall?)

= E[IF.I*] - E[INI*]
d
+ Y [oiiojj + 2075 — Var(F; ») Var(F; ) — 2Cov(Fi . Fjn)*] = 0.
i, j=1

By Remark 3.5, F,, + G, and F, — G, are asymptotically moment-independent.
Since one-dimensional projections of F;, +G, and F,, — G, are also asymptotically
moment-independent, we can proceed by cumulants as above to determine the
normality of Y. [J

The following result associates neat estimates to Theorem 4.2.

THEOREM 4.3. Consider a vector

F=(F1,....,Fp) = Iy, (f1),.... I, (f2))

with f; € §°%, and let ¥ = (0ij)1<i,j<a be the covariance matrix of F, o;j =
E[F;Fj]. Let N be the associated Gaussian random vector, N ~ N;(0, X).

(1) Assume that ¥ is invertible. Then, for any Lipschitz function h: R? — R we
have

[E[h(F)] = E[h(V)]| < VANZIL2NE oplhllLipy ENFI* — EINIE,

where || - |lop denotes the operator norm of a matrix and | h|Lp =

h(x)—h(y)
SUP,.yer TN l'

(2) For any C*-function h:R? — R we have

|E[h(F)] — E[R(N)]| < 3|1 | o/ ENFII* = EINI4,

8%h
where ||h"||oo = MaX|<;, j<d SUP,crd |W(X)|-
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PROOF. The proof is divided into three steps.
Step 1. Recall that for a Lipschitz function h ‘RY > R, [8], Theorem 6.1.1,
yields

|E[h(F)] — E[R(N)]]

1 2
< VAR o Ml | S £{(oy - -or.0F)) |

i,j=1 qj
while for a C2-function with bounded Hessian, [8], Theorem 6.1.2, gives

[E[R(F)] = E[h(N)]]

1 d 1 2
<30l | 32 Bf (o - —t0R.DE) |
2 qj

i,j=1

Step 2. We claim that forany i, j =1, ...,d,

1 2
E{(O’ij — —<DFi, DFj)) }
4dj
2 2 2
< Cov(F; ,FJ-) — 20j;.

Indeed, by [8], identity (6.2.4), and the fact that 0;; = 0 if g; # ¢, we have

E{(a,-j . qu(DF,-, DFj)>2}

quq/ —IN\2 /g —1\2 _
i Y- 2 (420 (Y2)) @t - 2058 51,

r

1fqz‘ #q;,

qi—1
2y -2 (") ea-mss s

r=1
if%'—‘]j,
qiNgj 2 2
() (V) @ra - 2008 AP i,
< r=1
I K 4
2 (%) o205 1R it =g,
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On the other hand, from (3.5) we have
Cov(F7, F7) — 205-

qiNgj ) )
atart X () ()i s

r=1
qiNgj

. 2 . 2 ~ .
(I () @ -2 E AP i,
r=1

gi—1

N2
a X (4) s s
r=1

r

gi—1 A\4
+> r!z(q,) (2q; =201 £ & £, ai=q;.
r=1

The claim follows immediately.
Step 3. Applying (4.2) we get

d

Combining Steps 1-3 gives the desired conclusion. [

4.3. A multivariate version of the convergence toward x*. Here we will prove
a multivariate extension of a result of Nourdin and Peccati [7]. Such an extension
was an open problem as far as we know.

In what follows, G (v) will denote a random variable with the centered x? dis-

tribution having v > 0 degrees of freedom. When v is an integer, then G(v) law

}):1 (Nl-2 — 1), where Ny, ..., N, are i.i.d. standard normal random variables. In
general, G(v) is a centered gamma random variable with a shape parameter v/2
and scale parameter 2. Nourdin and Peccati [7] established the following theorem.

THEOREM 4.4 (Nourdin—Peccati). Fix v > 0, and let G(v) be as above. Let
q > 2 be an even integer, and let F, = I,(f,) be such that lim,_, E[Fnz] =
E[G(v)?] =2v. Set cqg= 4[(q/2)!]3[q!]_2. Then the following four assertions are
equivalent, as n — o0:

law

(@) F, — G(v);
(B) E[FY — 12E[F}] — E[G(v)*] — 12E[G(v)?] = 12v? — 48v;
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) I fn ®q/2 S —Cqg X Jull = 0,and || f & full = O foreveryr=1,...,q—
1 such thatr # q/2;

) ||fn<§>q/2fn—cq X full = 0, and ||fn®rfn|| — Oforeveryr=1,...,q—
1 such thatr # q /2.

The following is our multivariate extension of this theorem.

THEOREM 4.5. Letd >2,let vy, ..., v, be positive reals and let q1, ..., qq >
2 be even integers. Consider vectors

F, = (Fl,n» ceey Fd,n) = (Iql (fl,l’l)v cee qu(fd,n))» n>1,
with fi, € $H%4 | such that lim,_, s E[Fi%n] =2v; foreveryi=1,...,d. Assume
that:
(i) E[F{,]1—12E[F},] — 12v? — 48v; for every i;
(1) lim,_s COV(FI%H, sz’n) = 0 whenever q; = q; for some i # j,
(iii) lim,_ oo E[an Fj ] =0 whenever q; =2g;.

Then
law
(Fl,n, R Fd,n) - (G(Ul)v cee G(Vd)),
where G(v1),...,G(vg) are independent random variables having centered X2
distributions with vy, ..., vq degrees of freedom, respectively.

PROOF. Using the well-known Carleman condition, it is easy to check that the
law of G (v) is determined by its moments. By Corollary 3.6 it is enough to show
that condition (y) of Theorem 3.1 holds.

Fix 1 <i# j<daswellas 1 <r <g; Aqj. Switching i and j if necessary,
assume that g; < ¢;. From Theorem 4.4(y) we get that f; , ®, fr,,» — 0 for each
1 <k<dandevery 1 <r <g; — 1, except when r = g /2. Using the identity

(4.3) 1 fin ®r finl* = fin ®gir fins fiin @q;—r fim)

[see (2.5)] together with the Cauchy—Schwarz inequality, we infer that condition
(y) of Theorem 3.1 holds for all values of r, i and j, except for the cases: r =
qgi =qj,r=¢qi/2=qj/2 and r = q; = g /2. Assumption (i) together with (3.6)
show that f; , ® fj, — 0 for all 1 <r < ¢g; = q;. Thus it remains to verify
condition (y) of Theorem 3.1 when r = g; = ¢ /2. Lemma 2.2 [identity (2.12)
therein] yields

(fj,n éqi fj,n, fzn é fzn)
_ 2g;?

= C]" (f]n ®qi fj,n, fzn ® fzn)
it

q.y2 qi—1
il

T (q;')2<fj,n ®s fins fin ®s frun):

C FA—
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Using (4.3) and Theorem 4.4 and reasoning as above, it is straightforward to show

that the sum Zg’;ll (qs")z(fjﬁ Qs fins fin Qs fjn) tends to zero as n — 0o. On
the other hand, the condition on the g;th contraction in Theorem 4.4(6) yields that
Jin®q; fin —cq; fjn — 0asn— oco. Moreover, we have

~ 1 )
(Fin> fin® fin) = ﬁE[Fj,nFi,n],
i

which tends to zero by assumption (ii). All these facts together imply that
(fin®q; fins fin® fin) = 0asn— oo. Using (4.3) for r = ¢; we get f; » ®q;
fjn — 0, showing that condition (y) of Theorem 3.1 holds true in the last remain-
ing case. The proof of the theorem is complete. [

EXAMPLE 4.6. Consider F,, = (Fyn, F2,,) = (14, (f1,n), 14,(f2,n)), Where
2 < g1 < g3 are even integers. Suppose that
E[F},]— 1.  E[F,]-6E[F},]> -3 and
E[F;,]—>2.  E[F},]-6E[F;,]>0 asn— .
When g1 = g2 or g2 = 2¢g; we require additionally,
Cov(F{,.F3,) >0  (q1=q).  E[Fl,Fan]—>0  (g2=2q1).
Then Theorem 4.5 (the case v| =2, v, = 4) gives

law

F,— (Vi—=-1, Vb, +V;-2),

where V1, V3, V3 are i.i.d. standard exponential random variables.
4.4. Bivariate convergence.

THEOREM 4.7. Let p1,..., Pr,q1,---,qs be positive integers. Assume further
that min p; > maxq;. Consider

(Fl,}’h L) Fr,n’ Gl,n, e GS,}’l)
= (Ipl(fl,l’l)s e Ipr(fr,n), Iql (&1,n)s---s Iqx(gs,n))a n>1,

with fin € 9P and g; , € H9% . Suppose that as n — oo

law law

(44) Fn:(Fl,na--wFr,n)_)N and Gn:(Gl,nv---yG‘v,n)_) Vv,

where N ~ N,(0, X), the marginals of V are determined by their moments and
N,V are independent. If E[F; ,G ;] — 0 (Which trivially holds when p; # q)
foralli, j, then

law

(4.5) (Fu, Gn) = (N, V)

Jjointly, as n — o0.
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PROOF. We will show that condition (¢) of Theorem 3.4 holds. By (2.8) we
may and do assume that E[an] =1 forall i and n. By Theorem 4.1(y), || fi.n ®r
finll = Oforallr =1,..., p; — 1. Observe that

Il fin ®r gj,n”2 = (fin Qp;—r Jins 8j.n ®qj—r gj,n)
so that || fi » ®; gjull = 0 for 1 <r < p; Ag; = qj, except possibly when r =
pi = q. But in this latter case,

pi!”fi,n r gj,n” = pi!“fi,n, gj,n>| = |E[Fi,nGj,n]| —0

by the assumption. Corollary 3.6 completes the proof. [J
Theorem 4.7 admits the following immediate corollary.

COROLLARY 4.8. Let p > q be positive integers. Consider two stochastic
processes Fy = (Ip(fi.n))ter and G, = (14(g1,n))ter, Where f;, € HOP and
gr.n € 994. Suppose that as n — oo,

.d.d. d.d.
an—> X and an—> Y,

where X is centered and Gaussian, the marginals of Y are determined by their
moments and X, Y are independent. If E[I,(f:n)1;(8s,n)] — O (which trivially
holds when p # q) forall s,t € T, then

d.d.
(Fu. G 5" (X, 1)

Jjointly, as n — oo.
5. Further applications.

5.1. Partial sums associated with Hermite polynomials. Consider a centered
stationary Gaussian sequence {Gy}x>1 with unit variance. For any k£ > 0, denote
by

r(k) = E[G1G14«]
the covariance between G| and Giyr. We extend r to Z_ by symmetry, that is,
r(k) = r(—k). For any integer g > 1, we write

Lnt]
Sqn®) =) Hy(Gy),  1=0,
k=1
to indicate the partial sums associated with the subordinated sequence
{H;(Gy)}i=1- Here, H; denotes the gth Hermite polynomial given by (2.1).
The following result is a summary of the main finding in Breuer and Major [2].
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THEOREM 5.1.  If Y 1z |r(k)|? < o0, then as n — oo,
Sq.n fdd.
\/ﬁ — a4B,

where B is a standard Brownian motion and ay = [q') .y r (k)¢ 1V/2.

Assume further that the covariance function r has the form
r(k) =k PLk), k>1,

with D > 0 and L : (0, co) — (0, oo) a function which is slowly varying at infinity
and bounded away from O and infinity on every compact subset of [0, oo0). The
following result is due to Taqqu [16].

THEOREM 5.2. IfO0< D < %, then as n — o0,

SZ,n

fdd.
—"— bpRi_p,
=D L) pRi-p

where bp =[(1 — D)(1 —2D)1"'2, and Ry is a Rosenblatt process of parameter
H =1 — D, defined as

Ru(t)=culh(fu,")), t>0,
with

H/2—1
_l’_

t
fH(t,x,y)=/O (s—x)f/z_l(s—y) ds, t>0,x,yeR,

cy > 0 an explicit constant such that E[RH(l)Z] =1, and the double Wiener—Ito
integral I is with respect to a two-sided Brownian motion B.

Let ¢ > 3 be an integer. The following result is a consequence of Corollary 4.8
and Theorems 5.1 and 5.2. It gives the asymptotic behavior (after proper renor-
malization of each coordinate) of the pair (S, ., S2,,) when D € (é, %) U (%, 00).
Since what follows is just meant to be an illustration, we will not consider the re-
maining case, that is, when D € (0, 5); it is an interesting problem, but to answer
it would be out of the scope of the present paper.

PROPOSITION 5.3.  Let g > 3 be an integer, and let the constants a, and bp
be given by Theorems 5.1 and 5.2, respectively.

(1) If D € (},00), then

Sq.n Szn) fdd.
: 9 . % B 9 B 9
(ﬁ n (ag By, a2 B)

where (B, By) is a standard Brownian motion in R2.
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() If D& (3. 7). then
Sy S, fdd.
(%m) L 4y B.bpR_p).

where B is a Brownian motion independent of the Rosenblatt process Ri_p of
parameter 1 — D.

PROOF. Let us first introduce a specific realization of the sequence {Gy}r>1
that will allow one to use the results of this paper. The space

2
‘H :=span{G1, G2, .. .}L )
being a real separable Hilbert space, is isometrically isomorphic to either RV (for
some finite N > 1) or L2(R+). Let us assume that H =~ LZ(R+), the case where
H ~ RN being easier to handle. Let ®:H — L*(R,) be an isometry. Set ¢; =
®(Gy) for each k > 1. We have

5.1 rtk—10)=E[G,G|]= fooek(x)el(x)dx, k,l>1.
0

If B = (B;);cr, denotes a standard Brownian motion, we deduce that

law eo
{Gilk=1 = {/ ek(l)de} ;
0 k>1
these two sequences being indeed centered, Gaussian and having the same co-
variance structure. Using (2.2) we deduce that S, , has the same distribution as
1,3 k=1 e,?q) (with I the g-tuple Wiener—Ito integral associated to B).

Hence, to reach the conclusion of point 1 it suffices to combine Corollary 4.8
with Theorem 5.1. For point 2, just use Corollary 4.8 and Theorem 5.2, together
with the fact that the distribution of R (¢) is determined by its moments (as is the
case for any double Wiener—Itd integral). [

5.2. Moment-independence for discrete homogeneous chaos. To develop the
next application we will need the following basic ingredients:

(i) Asequence X = (X1, X2, ...)ofi.i.d. random variables, with mean 0, variance
1 and all moments finite.
(i1) Two positive integers g1, g2 as well as two sequences ay , : N%* — R, n > 1 of

real-valued functions satisfying for all iy, ... i, > land k=1, 2:

(a) (symmetry) ag (i1, ...,ig) = Ak n(ic1),---,lo(g)) for every permuta-
tion o;

(b) (vanishing on diagonals) ax (i1, ..., i) = 0 whenever i, = iy for some
r#£s;

o0

(¢) (unit-variance) gg! Zil ..... i =1 akn(it, ..., iqk)2 =1.
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Consider
oo

(52) QeaX) = > aknlit,.. ig)Xiy - Xi,, nzlLk=12.
i1,..., iqk—l

This series converges in L3(Q), E[Qkn(X)] =0 and E[Qk,n(X)z] = 1. We have
the following result.

THEOREM 5.4. As n — oo, assume that the contribution of each X; to
Qi.n(X) is uniformly negligible, that is,

o0
(5.3) sup Y agaiviz, ... ig)? =0, k=12,
Dyeensiqy =
and that, foranyr =1,...,q1 A\ q2,
o o0
Z ( Z al,n(lls---vlr’il,---,iql—r)
i ,...,iql+q2_2,~=1 I1,....[r=1

i
5.4 )

X a2,n(lla ool iq17r+1» cee iq1+q22r)) — 0.
Then Q1 ,(X) and Q2 ,(X) are asymptotically moment-independent.

PROOF. Fix M, N > 1. We want to prove that, as n — 0o,

(5.5  E[Q1.X)M 02, X)N] - E[Q1,,X)M]E[Q2,,(X)N] - 0.

The proof is divided into three steps.
Step 1. In this step we show that

(5.6) E[Q1..X)M 02, X)N] - E[Q14( G 02,(G)N] >0  asn— .

Following the approach of Mossel, O’Donnel and Oleszkiewicz [6], we will
use the Lindeberg replacement trick. Let G = (G, G3,...) be a sequence of
iid. N(0,1) random variables independent of X. For a positive integer s, set
W = (Gy,..., G, Xs+1, X542, ...), and put WO = X Fix s > 1 and write for
k=1,2andn>1,

T S R
i vmigy
LS, lgy 78
Vk,n,s = Z akyn(l.l, ceey iqk)Wi(ls) . Ws(s) L W[E]sk)
i]hees iqk
Jjrij=s
o0
= qk Z ak,n (s, 12, "iqk)Wi(ZS)' iE]sk)’



ASYMPTOTIC INDEPENDENCE AND LIMIT LAWS 523

where Ws(s) means that the term Ws(s) is dropped (observe that this notation bears
no ambiguity: indeed, since ay ,, vanishes on diagonals, each string iy, ..., iy, con-
tributing to the definition of Vi , s contains the symbol s exactly once). For each s
and k, note that Uy , s and V; , s are independent of the variables X and Gy, and
that

Qk,n(w(s_l)) = Uk,n,s + X Vk,n,s and Qk,n (W(S)) = Uk,n,s + Gy Vk,n,s-

By the binomial formula, using the independence of X from Uy ,, s and Vi , 5, wWe
have

E[Q1,(WEs=)M g, (W=D
- Z Z ( ) ( ) [Uan SZUZ n,s o Vli,n,s VZJ;n,s]E[Xé—Fj]-

i=0;=0

Similarly,

E[Q1a(W®)" 02, (WW)"]
=ﬁi( () Bt i, i, EG)

Therefore
E[Ql,n (W(S_l))MQZ,n(W(S_I))N] — E[Ql,n(w(s))MQZ,n (W(s))N]
M N i it "y
B Z ( i ) ( J ) E[UlM” SUZH s Vl n Sv2n s](E[Xs+]] - E[GS+J])‘

i+j>3
Now, observe that Propositions 3.11, 3.12 and 3.16 of [6] imply that both

(U1 .n.5)n.s>1 and (Uz, ;.5)n.s>1 are uniformly bounded in all L?(€2) spaces. It also
implies that, forany p >3, k=1,2and n,s > 1,

1 1/2
E[Vinsl?1"? < CoE[VE, ]2,
where C,, depends only on p. Hence, for 0 <i <M,0<j<N,i+ j>3, we
have

i N—i . i 12 i
(5'7) |E[U1A,/[n,vl U2,n,‘g Vll,n,s V2j,n,s]| = CE[Vlz,n,s]l/ E[VZZ,n,s]J/ ’

where C does not depend on n,s > 1. Since E[X;] = E[G;] =0 and E[Xl?] =
E[Giz] =1, we get

o0

E[sz,n,s] = qkqk! Z ak,n (S, 02, ""if{k)z'

i2vniqy =1
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When i > 3, then (5.7) is bounded from above by

00 22
C(Sup Z al,n(i, iz""’iql)2> Z al,n(s’iZ,”'viql)zs

12l =1

where C does not depend on n, s > 1, and we get a similar bound when j > 3. If
i=2,then j >1 (i + j > 3), so (5.7) is bounded from above by

00 ir? 00
.. .\2 . . N2
C(Sup E aZ,n(l,lz,---,lqz) ) Z al,}’l(s7 l27---7lq1) ’
i

. =1

and we have a similar bound when j = 2. Taking into account assumption (5.3)
we infer that the upper-bound for (5.7) is of the form

2 00
Cenz Z ak,n(sv 127""lqk) ’
k=1is,....iq, =1

where lim,_, ~, &, = 0 and C is independent of n, s. We conclude that

|E[Q1., (WD) 0y, (WED)N] — E[01 (W)Y 0, , (W)Y
2 00
§C8nz Z ak,n(s,iz,...,iqk)z,

k=1is,....ig,=1

where C does not depend on n, s. Since, for fixed k, n, Qk’n(W(s)) — Qi (G)
in L?(2) as s — oo, by Propositions 3.11, 3.12 and 3.16 of [6], the convergence
holds in all L?(£2). Hence

|E[Q1.,X)Y 02, (X)N] — E[Q1,,(G) 02.,(G)"]]
sZlE[Ql,n(W“‘“)MQz,n<W“‘”)N]—E[Q1 (WM 0y, (W)Y,

<CenZ Z agn(it,in, ... ig)* =C((1) " + (@2) 7 )en

This proves (5.6).
Step 2. We show that n — 00,

E[Ql,n(X)M] - E[QL”(G)M] — 0 and
E[Q2.,X)N] = E[02..(G)N] =0

The proof is similar to Step 1 (and easier). Thus, we omit it.

(5.8)
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Step 3. Without loss of generality we may and do assume that Gy = By — Bx—1,
where B is a standard Brownian motion. For k =1, 2 and n > 1, due to the multi-
plication formula (2.6), Ok, (G) is a multiple Wiener—It0 integral of order gx with
respect to B,

Qk,n(G)=qu< > ak,n(il,---,iqk)l[il—1,i1]x---x[iqk—1,iqk]>-

In this setting, condition (5.4) coincides with condition (y) of Theorem 3.1 [or (¢)
of Theorem 3.4]. Therefore,

(5.9  E[Qin( &)Y 02,(G)"] - E[Q1.(G)M]E[Q2.,(G)] > 0.
Combining (5.6), (5.8) and (5.9) we get the desired conclusion (5.5). U

REMARK 5.5. The conclusion of Theorem 5.4 may fail if either (5.3) or (5.4)
are not satisfied. It follows from Step 3 above that the theorem fails when (5.4)
does not hold and X is Gaussian. Theorem 5.4 also fails when (5.3) is not satisfied,
(5.4) holds and X is a Rademacher sequence, as we can see from the following
counterexample. Consider g1 = g» =2, and set

ain(, j) = 1Ly O 1) + Loy Oy () + 1y (D) 1i3y () + Lz 1y ().

azn (i, j) = (L)1 () + Ly (D121 () — 13 () Lay () — Ly ()13 ().
Then Q1,,(X) = 1 X1 (X2+4 X3) and Q,(X) = 1 X4(X> — X3), where X; are i.i.d.
with P(X; = 1) = P(X; = —1) = 1/2. It is straightforward to check that (5.4)
holds and obviously (5.3) is not satisfied. Since Q1 ,(X) 02.,(X) =0, we get

0=E[Q1,,(X)?02,,(X)?] # E[01,,(X)*] E[ 02,,(X)?],

implying in particular that Q1 ,(X) and Q> ,(X) are (asymptotically) moment-
dependent.
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