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We prove an almost sure invariance principle (approximation by d-di-
mensional Brownian motion) for vector-valued Holder observables of large
classes of nonuniformly hyperbolic dynamical systems. These systems in-
clude Axiom A diffeomorphisms and flows as well as systems modeled by
Young towers with moderate tail decay rates.

In particular, the position variable of the planar periodic Lorentz gas with
finite horizon approximates a two-dimensional Brownian motion.

1. Introduction. The scalar almost sure invariance principle (ASIP), or ap-
proximation by one-dimensional Brownian motion, is a strong statistical property
of sequences of random variables introduced by Strassen [40, 41]. It implies nu-
merous other statistical limit laws including the central limit theorem, the func-
tional central limit theorem, and the law of the iterated logarithm. See [22, 37] and
references therein for a survey of consequences of the ASIP.

The scalar ASIP has been shown to hold for large classes of dynamical systems
[13, 16, 17, 20, 23, 24, 29, 30, 34]. Chernov and Dolgopyat [9], Problem 1, asked
for a proof of the ASIP for R?-valued observables, and it is this problem that
is solved in this paper. Our main result applies to a large variety of dynamical
systems, as surveyed in Section 4.

As a secondary matter, we obtain explicit error estimates that depend on the
dimension d and the lack of hyperbolicity. Even for d = 1, this estimate is better
than those in almost all of the above references. The exception is [20] which gives
the best available estimate for scalar ASIPs for a restricted class of systems.

1.1. Statement of the main results. Throughout, we use “big O” and « nota-
tion interchangeably, writing ay = O(by) or ay < by (as N — oo) if there is
a constant C > 1 such that ay < Cby forall N > 1.
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DEFINITION 1.1. A sequence {Sy} of random variables with values in R4
satisfies a d-dimensional almost sure invariance principle (ASIP) if there exists
A > 0 and a probability space supporting a sequence of random variables S, and
a d-dimensional Brownian motion W () such that:

(@) {Sn; N =1} =4{Sy; N > 1}, and
(b) S% =W (N)+ O(N'?>7*)as N — oo almost everywhere.

For brevity, we write Sy = W(N)+ O (N 1/2=%) a.e. The ASIP for a one-parameter
family S7 of R9-valued random variables is defined similarly, and denoted St =
W(T)+ O(T"*) ae.

REMARK 1.2. The ASIP is said to be nondegenerate if the Brownian mo-
tion W (¢) has nonsingular covariance matrix X. For the classes of dynamical sys-
tems considered in this paper, the ASIP is nondegenerate for fypical observables.
More precisely, there is a closed subspace Z of infinite codimension in the space
of all (piecewise) Holder R¢-valued observables such that ¥ is nonsingular when-
ever ¢ ¢ Z. (By considering all one-dimensional projections it suffices to consider
the case d = 1. This is done explicitly in, e.g., [24], Section 4.3.)

AX10M A (Diffeomorphisms and flows). Our results are most easily stated in
the uniformly hyperbolic (Axiom A) context. Let f: M — M be a C! diffeomor-
phism on a manifold M. A compact f-invariant set X C M is uniformly hyperbolic
if there is a continuous D f -invariant splitting E* & E* of the tangent bundle Tx M
and constants C1 > 0, A € (0, 1) such that forall » >0 and x € X,

I(Df")xvll < Cia* vl veE’, I(Df ™ol < Cra* vl veE".

The subset X is a uniformly hyperbolic basic set if in addition (i) it is transitive
(there is a dense orbit { f"x¢ :n > 0} in X) and (ii) it is locally maximal (there exists
a neighborhood U of X such that every f-invariant subset of U is contained in X).
Such a basic set is nontrivial if it is not a periodic orbit. Analogous definitions
hold for flows f;: M — M allowing for the one-dimensional direction along the
flow. (See [39] or [35], Appendix III, for further details on uniformly hyperbolic
diffeomorphisms and flows.)

THEOREM 1.3. Let f: M — M be a diffeomorphism with a (nontrivial) uni-
formly hyperbolic basic set X C M, and suppose that | is an equilibrium measure
corresponding to a Holder potential. Let ¢ : X — R be a mean zero Hélder ob-
servable with partial sums Sy = Zflvzl ¢ o f". Then for any & > 0,

2d +3

Sy =W(N) + O(NP*®) qe., h ==
N (N)+ O( )a.e where B 27

(The improved estimate B = % holds when d =1 [20].)
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An immediate consequence (see, e.g., [16, 31]) is the corresponding result for
Axiom A flows.

COROLLARY 1.4. Let f;: M — M be a smooth flow with a (nontrivial) uni-
formly hyperbolic basic set X C M, and suppose that u is an equilibrium measure
corresponding to a Holder potential. Let ¢ : X — R be a mean zero Hélder ob-
servable with partial sums St = fOT ¢ o frdt. Then for any € > 0,

St =W(T)+O0(TP ) ae.,  where p="——.
(The improved estimate B = }l holds when d =1 [20, 31].)

REMARK 1.5. Denker and Philipp [16] proved Theorem 1.3 and Corollary 1.4
in the case d = 1 (though with a weaker error term).

Nonuniformly hyperbolic systems. Our results apply also to maps f: M —
M that are nonuniformly expanding/hyperbolic in the sense of Young [44, 45].
Roughly speaking, such maps possess a subset A C M and a return time R: A —
7% such that the induced map f®: A — A is uniformly hyperbolic. In particular,
f satisfies conditions (A1)—(A4) in Section 4.2 and possesses an SRB measure m.

THEOREM 1.6. Let f: M — M be a diffeomorphism (possibly with singu-
larities) that is nonuniformly hyperbolic in the sense of Young [44, 45]. Assume
that the return time function R lies in L?, p > 2. Let ¢ : M — RY be a mean zero
Holder observable with partial sums Sy = Zfl\’:l ¢ o f. Then there exists A > 0
such that

SN=WWN)+ 0N ae.
REMARK 1.7. Again, we obtain explicit estimates for the error term in the

form O(NP*¢), where ¢ > 0 is arbitrarily small and g depends on d > 1 and
p > 2 as follows: for d > 1, we have

4pd +6p — 4 |
p—2 2d +3
1 20d + 29
12d + 18; 3 _<p< T2
p=lptBZ i 2d+3-F="6d+9
~ 1+B T 4d +4 20d + 29 A
; ———— <p<4—-——,
p—3 6d +9 2d +3
1
4d + 6; >4 — ,
" P=t" %43
In particular, ﬁ:%ﬁ)r p>4— 2dl+ ..

[ee]|S8]

For d = 1, we have the improved result § = ﬁ + % for2 < p<4and B =
for p > 4.
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Again, there is an immediate extension to nonuniformly hyperbolic flows. Sup-
pose that f:M — M satisfies the assumptions of Theorem 1.6 with R € L?,
p > 2, and that f; is a suspension flow over f with a (uniformly bounded) Holder
roof function. By [31], R?-valued Hélder observables of the suspension flow sat-
isfy an ASIP of the form S7 = W(T) + O (T#*¢) a.e. where 8 is as in Remark 1.7.

Application to Lorentz gases. The planar periodic Lorentz gas was studied by
Sinai [38]. This is a three-dimensional flow with phase space (R2 — Q) xS I
where  C R? is a periodic array of disjoint convex regions with C3 boundaries.
The coordinates are position ¢ € R — Q and velocity v € S'. The flow satisfies
the finite horizon condition if the time between collisions with 92 is uniformly
bounded.

Let ¢(t) € R? denote the position at time 7 of a particle starting at position g (0)
pointing in direction v(0). Bunimovich and Sinai [5], see also [6], proved that ¢ (¢)
satisfies a two-dimensional functional central limit theorem (weak invariance prin-
ciple) supporting the view of such flows as a deterministic model for Brownian
motion. We complete this circle of ideas by proving the strong version of this re-
sult.

THEOREM 1.8. Consider a planar periodic Lorentz gas satisfying the finite
horizon condition. Let € > 0. There is a two-dimensional Brownian motion W (t)
with nonsingular covariance matrix such that for almost every initial condition,
q(T)=W(T) + O(T7/13*).

REMARK 1.9. (a) A number of authors [8, 29, 34] have independently es-
tablished scalar ASIPs for one-dimensional projections of g (¢). In hindsight, the
scalar ASIP for the Lorentz gas follows from earlier work of [20], again with
B= %. (We note that the methods of [20] apply in the first place only to the time-
reversal of the dynamical system under study. Their applicability here is due to the
fact that the class of systems is closed under time-reversal.)

(b) The finite horizon condition is crucial. For infinite horizons, Szasz and
Varju [42] prove that g(¢) lies in the nonstandard domain of the normal distrib-
ution. In particular, the central limit theorem fails, hence the ASIP fails.

1.2. Consequences of the vector-valued ASIP. For convenience, we suppose
that the Brownian motion in the ASIP is nondegenerate. Coordinates can be chosen
on R? so that W (t) is a standard d-dimensional Brownian motion with X = I;.
Throughout, the norm on R4 is taken to be the usual Euclidean norm. The fol-
lowing consequences of the ASIP are summarized in [33], page 233. Here, LIL
stands for law of the iterated logarithm and the functional LIL stated below is a
far-reaching generalization, due to Strassen, of the classical LIL.

PROPOSITION 1.10. For the dynamical systems to which the results in this
paper apply, the following consequences hold (after normalization so that ¥ = 1):
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e Functional LIL. Let C = C ([0, 1], R?) be the Banach space of continuous maps
£:10, 11 = R? with the supremum norm. Let K be the (compact) set of f € C
absolutely continuous with f(0) = 0, fol | f/()|?dt < 1. Define f,(i/n) =
Si/«/2nloglogn, i =0, ..., n, and linearly interpolate to obtain f, € C. Then
a.s. the sequence { f,} is relatively compact in C and its set of limit points is
precisely K .

e Upper and lower class refinement of the LIL. Let ¢ : R — R be a positive non-
decreasing function. Then

P(ISy| > N'Y2¢p(N) io) =0 or 1
according to whether [ @ exp(—%qbz(u)) du converges or diverges.

e Upper and lower class refinement of Chung’s LIL. Let ¢ : R — R be a positive
nondecreasing function. Then there is a constant ¢ (depending only on d) such
that

P(max|Sn|<cN1/2¢_1(N) i.o.):O or 1
n<N

2
according to whether | 1°° # exp(—(zﬁ2 (1)) du converges or diverges.
o Central limit theorem and functional central limit theorem.

REMARK 1.11. (a) Berger [3] gives a unified approach to the ASIP for weakly
dependent sequences of random variables with values in a real separable Ba-
nach space, but with error term o(y/Nloglog N). It follows from Berger [3],
Corollary 4.1, part A.5, and Melbourne and Nicol [29] that the Banach space-
valued ASIP formulated in [3], Theorem 3.2, holds for all dynamical systems
considered in this paper. In particular, the R?-valued ASIP holds with error term
o(+/Nloglog N). This error term suffices for the functional LIL, but is inadequate
for the upper and lower class refinements and for the (functional) central limit the-
orem; whereas the error term established in this paper suffices. Indeed this was
the original motivation of Jain, Jogdeo and Stout [25] to improve the error term in
Strassen’s scalar ASIP.

(b) The R¢-valued functional central limit theorem, being a distributional result,
can be proved directly under the more general condition R € L? in Theorem 1.6:
reduce as in this paper to the setting in Section 3 and then apply the method of [20],
Section 3.3.

We end this section by discussing briefly the probabilistic methods used in
this paper. Strassen’s original proof of the scalar ASIP for IIDs and martingales
[40, 41] relies heavily on the Skorokhod embedding theorem for scalar stochas-
tic processes. This method was extended to weakly dependent sequences of ran-
dom variables by a number of authors, using blocking arguments to reduce to the
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martingale case, see [37]. In particular, Philipp and Stout [37], Theorem 7.1, for-
mulated a version of the scalar ASIP which is particularly useful for dynamical
systems [16, 23, 29].

Attempts to extend Strassen’s proof to the R¢-valued situation were only par-
tially successful [26], and the same is true for the completely different quantile
transform method of Csorgd and Révész [14]. Eventually, Berkes and Philipp [4]
introduced a third method which works in any number of dimensions, and the ap-
plicability of this method was extended to weakly dependent sequences by Kuelbs
and Philipp [27].

The remainder of the paper is organized as follows: in Section 2, we combine
the blocking argument in [37] with the results of [4, 27] to prove a vector-valued
ASIP for R¢-valued random variables satisfying certain hypotheses. In Section 3,
we verify these hypotheses for Gibbs—Markov maps and derive Theorem 1.3 as
a consequence. In Section 4, we first prove the ASIP for nonuniformly expanding
maps and then prove Theorems 1.6 and 1.8. We also list numerous other situations
to which our results apply, and we mention some open problems regarding time-
one maps of flows.

2. A vector-valued ASIP for functions of mixing sequences. In this section,
we prove a vector-valued ASIP for R?-valued random variables satisfying certain
hypotheses. This is the vector-valued analogue of [37], Theorem 7.1, though with
hypotheses tailored to the dynamical systems setting. (A result of this type is hinted
at in Kuelbs and Philipp [27], but it is necessary to work through the details to
determine the hypotheses, which were left unstated. In any case, the estimates in
(2.2) and (2.4) are not so natural in the probabilistic setting in [27], and partly
account for our strong error term.)

2.1. Statement of the ASIP. Let &1, &, ... be asequence of real-valued random
variables and let .?'ab =o{&,;; a <n < b}. We assume the strong-mixing hypothesis

(2.1) |P(AB)— P(A)P(B)|<Ct" forall A€  and B € F,.,

where T € (0, 1).

Let p > 2, and let n, be a strictly stationary sequence of F,>°-measurable
R?-valued random variables in L? satisfying En, = 0. We assume the following
(backward) Burkholder-type inequality:

N

>
n={
Define n¢ n = nen = E(ny I?n”%). We require that

(2.3) 11— Nenlp < CT°.

<CN!2,
p

(2.2)

max
1<¢<N
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Let ¥ be a symmetric positive semidefinite d x d covariance matrix. Given
u € R?, define fi(u) = E exp(i(u, Y,<y 1n/~/N)) and g(u) = exp(—1 (u, Su)).
Assume that there exists ¢ > 0 and a, b € (0, %] such that

(2.4) | fn(u) —gu) <CN™ for all |u| < eNP.

THEOREM 2.1. Assume hypotheses (2.1)—(2.4). Set

1 B/2 2d+2 1
:M’ B:max{—+,—,4d+6}
1+ B a

A b

and let € > 0. Then there is a d-dimensional Brownian motion W (t) with covari-

ance matrix X such that 3, -y 1, = W(N) + O(NPte) qee.

. T | _ 1/p+2d+3
In particular, if a = b = 3, then p = -z 5—.

Next, we consider the alternative hypothesis:

(2.5) E{(Z nn)(Z 17,,>T}=NE+0(N1/2).

n<nN n<nN

THEOREM 2.2. The statement of Theorem 2.1 goes through with hypothe-
sis (2.4) replaced by hypothesis (2.5) and

4pd +6p —4 <3 1
_1/p+B/2 _ p—2 = P="Toarw
ST 12d + 18: S
: P=""51%3

REMARK 2.3. (a) For d = 1, under the hypotheses of Theorem 2.2, we obtain

the improved error estimate
: ! 2 <4
ST <p=4
_J)2p 4
B= 3

g’ p=4
This is proved using a different method, see Appendix.

(b) It is evident from the proof of Theorems 2.1 and 2.2 that the exponential rates
in (2.1) and (2.3) can be replaced by sufficiently high polynomial rates. Further
relaxing of the assumptions is possible at the cost of obtaining a weaker error
estimate.

2.2. Preliminaries. The following result of [15, 43] is stated as [37], Lem-
ma 7.2.1.
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LEMMA 2.4. Let ¥,4 be o-fields and B > 0 such that |P(AB) — P(A) x
PB)|<Bforall Ac F,Be§.Let p,r,s > 1 satisfy%—l—%—l—%:l.Suppose

that § € L' (F), n € L*(§). Then |E(En) — E&)E()| < 10871l 1nlls-
The next result is due to Dvoretsky [18], see [27], Lemma 2.2.

LEMMA 2.5. Let ¥, G be o-fields. Let & be a complex-valued ¥ -measurable
random variable with |§| < 1. Then E|E(£|$) — E&| <2m SUP4c g peg |P(AB) —
P(A)P(B)|.

The following Gal-Koksma strong law [21] is stated in [37], Theorem Al.

LEMMA 2.6. Let &; be a sequence of random variables with E&; =0, and let
q > 0. Suppose that Elzzf:mrﬁjlz <n? —m1 foralln >m > 1. For any ¢ > 0,

?’1:1 £ < M1/ ge.

2.3. Introduction of the blocks. In this subsection we assume that hypothe-
ses (2.1)—(2.3) are satisfied. Fix Q > 2, a € (0, 1). Define random variables
Y1,21, Y2, 22, - .. consisting of sums of consecutive 1), wWhere the jth blocks
y; and z; consist of [ jQ] and [j“] such terms, respectively, and throughout the
jth blocks £(n) =[5 j*].

In other words, y; = >, ne,, where £ = [%j"] and the sum ranges over

SN+ 1) <n < X727 Q1+ %) 4 [ 21, Similarly for z;.

Let £LL =o{yj;a<j<b)and £L=0{z;;a < j <b}.

LEMMA 2.7. There exists (a modified) T € (0, 1) such that for all k,n > 1,
|P(AB) — P(A)P(B)| < t*"  forall Ae L% and B € £33,

The same is true for all A € f’f and B € f,ﬁn

PROOF. Note that £’1‘ is defined using yy, ..., yx, which are defined using 7y,
with € < [3k*1, n < 521 (1191 + [*]) + [£€]. This involves conditioning on &,
with n < Y52 ([0 @1+ [i9) + [k 91+ [1k*]. Similarly for £93, and we obtain

SR Q141 )+ T+ [k /2]

k o0 o0
L1cHh ’ Licin © $Z$:f‘1([i91+[ia1>+1'

Hence by (2.1), |P(AB) — P(A)P(B)| < v where N = Y\ ([i €] + [i%]) +
[k¥] — [%k“] + 1. For all k£, n > 1, we compute that N > (k + n)“ as required for
the first statement. (Note that the details for the cases n = 1 and n > 2 are slightly
different.) The second statement is proved in the same way. [J
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For N > 1, let ypy, zuy be the pair of blocks that contains n¢(y)n. Write

PMN

YMy T 2My = Z Nejs Z:[%M?{,],
J=Puy-1+1

In particular, Py, —1 < N < Py, and Py, — Pyy—1 = [Mlg] + [M7] ~ Mzg-
The next result is immediate.

PROPOSITION 2.8.  Writing M = My, we have M't9 ~ ngMjQ ~N.In
particular, Pyy — Py ~ N2/(1+Q),

PROPOSITION 2.9.  }",~1 [x — Nenlp < 00.

PROOF. Focusing on the Mth block, and applying (2.3), we obtain
Y Py <n<Py 1M — Neanlp K M2tM/2 which is summable. O

PROPOSITION 2.10. |y;|, < j9/* and |z;|, < j*/*.

PROOF. Write y; = Y * 1¢,, where )~ is a sum of length [j2]. By Proposi-
tion 2.9, (2.2) and stationarity, |y;l, < | > (e — 1)l p+1 X malp K 14 j9/? <
7972, Similarly forz;. O

2.4. Approximation result. In this subsection we continue to assume that hy-
potheses (2.1)—(2.3) are satisfied.

THEOREM 2.11. Let B = (% +30)/(1 + Q). For any & > 0, there exists
a > 0 such that 3, <y n — 2 j<py Vi K NP*e qe.

Begin by writing

Py
Znn_ Z yj:( Z NMn — Z (yj+Zj)>— Z Nn + Z Zj-
n<N J<Mp ”SPMN J<Mny n=N+1 J<Mp

In the next three lemmas, we estimate these three terms (following [37], Lem-
mas 7.3.2, 7.3.3 and 7.3.4). The result follows by combining these estimates.

LEMMA 2.12. ZnEPMN M — X j<my(Vj+2j) Llae.

PROOF. By Proposition 2.9, 3, -, [mx — nen| < 00 a.e. Hence |3, < p, 1n —
ngM(yj +Zj)| = | anpM(Un — Nen)| = Znsoo Mn — nenl K 1ae. O
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LEMMA 2.13. Let = (3 + 3a)/(1 + Q). For any € > 0, ¥y, 2j <
NB*e gee.

PROOF. We work componentwise, so without loss z; is R-valued. By Propo-
sition 2.10, we have |z;|, < j*/? and so 37, Ez? «LYn j¢ «nlte —mlte By
Lemmas 2.4 and 2.7 (with T = t%, wheree =1 —2/p) forall i < j,

|Ezizjl < lzilplzjlp 7" < (47 j2TI%)1/2,
which is summable over (i, j) € N2. We have shown that E(Z’}zm Zj)2 & nlte —

m!'* forall 1 <m <n.By Lemma 2.6, Yiemzj KMV ae. fory > %(1 +a),
and the result follows from Proposition 2.8. [

P
LEMMA 2.14. Let f= (3 +30)/(1+ Q). Forany e > 0, "N, <
NB*e ge.

PROOF. Let Ay =maxp,, | +1<n<Py, |Zf":”N+1 Nn|. By (2.2) and stationar-
ity, [Aplp < (P — Pyu—1)'* <« M9/2 Hence
P(Ay > MY)=P(AY, > MPY) <« M~PV=2/2),
which is summable provided y > % + %Q. By Borel-Cantelli, Ay < MY a.e. and

the result follows from Proposition 2.8. [J

2.5. Proof of Theorem 2.1. Our proof follows the argument of Kuelbs and
Philipp [27] which extends Berkes and Philipp [4]. Let X; = [j¢]~!/2y;. Note

that OC{ is an increasing sequence of o-fields such that X ; is OC{—measurable.
Leta, b € (0, %] be as in hypothesis (2.4).

PROPOSITION 2.15. Let y € (0,0Q). There exists ¢ > 0 such that
E|E(exp(i(u, X)) £] ") — exp(—3u, Tu)| < €'~ + j*=2/2) for all u €
RY satisfying |u| < &j .

PROOF.  Let fi(u) = Eexp(i(u, X<y 1a/v/N)), g(u) = exp(—3 (u, Tu)),
and write

Efexp(i(u, X)L — gu)
= (E{exp(i (u, X;DIL] ™"} = Eexp(ifu, X))

+ (Eexp(i<u,[jQr”2yj>) —Eexp<i<u,[jQr1/2 > n>))

n<[j?]

+ (fijo)() — gw))
=1+1+1.
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Using Lemmas 2.5 and 2.7, E|I| < t/°. Also, III is estimated by (2.4) so it
remains to estimate /I. Write y; = Y ¥ n¢,, where )_* has length [j 1. By station-
arity and Proposition 2.9,

11| = E(exp(z‘<u, [jQ]_l/ZZ*Wn» - exp<i<u, UQ]—‘/ZZ*nn»)’

exp(z’<u, [jQ]_l/ZZ*(UEn - Tln)>) -1
<u, 2T Y2y (e — nn)>

IA

1

IA

1

IA

gjy[jQ]—1/2 < ]')/—Q/2

> e — 1)

n>1

1

as required. [l

PROPOSITION 2.16. Let G be the distribution function of N(0, X). Then
Glu:|u|> T) <e DT

PROOF. This is a straightforward calculation; see, e.g., [4], page 43. [

Let A; = C'(j~9Q 4 jr=02/2), T; =¢j”, where y € (0,bQ) is chosen below.
By Propositions 2.15 and 2.16, we have

E|E{exp(i(u, Xj>)|£{_1} —gW)| <A for all [u| < T},
Glu:lu| > 1T;} <8,

where §; = ¢~D'7*"  These are the hypotheses of [4], Theorem 1. Defining

1/2

-1 d
Otj=16de logTj+4Aj Tj +8j

as in [4], we have
aj < jVlogj 4 jAr—aQ/2 4 j@d+1/29y=0/4
%andl<y<%.Wetakey
slightly larger than 1 (which can be done provided Q > %) and Q slightly larger
than (2d +2)/a and 4d + 6 so that a; < j~(179).
Applying [4], Theorem 1, we conclude that (passing to a richer probability

space) there is a sequence of i.i.d. random variables Y; with distribution N (0, ¥)
such that

which is summable provided 1 < y <

X —Y;| < j 0o a.e.
|X J J
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Let W(z) be a Brownian motion with covariance ¥ and define Y]’.‘ = jQ]_l/ 2 x

(W(hj) — W(hj1)), where hj = ¥-)_ [n9] ~ j'*C. Then {¥;} =4 {¥}} and
without loss (after passing to a richer probability space), Y; = Y/”-‘. We have

Do vi= 2 UOAX = Y A =Y+ Y W) = W)

j=M j=M J<M Jj<M
= Y A = Y) 4+ Wha).
J=M
Now

SUAVAX -y« Y %« Y U« MO
i=M j=M i=M

« NQ/Q1+0).

If hyy > N, then hyy — N < Py — Py_1 < M2, whereas if hy; < N then
N —hy < Py —hy =3 ;-u[j*]l < M'*® Since Q0 > 1 + «, we obtain
hy — N < N+ "and so W(hy) = W(N) + O(NQ/CU+O)+8)  Combin-
ing these estimates with Theorem 2.11 we obtain

Yo=Y = Y. yj+ Y. yi=WEN)+ ON/PTeD/ () e)
n<N n<N j<M j<M

Taking Q slightly larger than B = max{z‘ia—“, %, 4d + 6} yields the required result.

2.6. Proof of Theorem 2.2. Starting with n,, n =1,2,..., we write n¢, =
E (nnl.?'n”“) and construct blocks Y;, Zi, Y2, Z, ... as before, but note that the
blocks Y, Z; have nothing to do with the blocks y;, z;. In fact, we define ¥; to
be blocks of fixed length [N¢] and Z; to be blocks of fixed length [N 3], where
0 <8 < ¢ < 1 are specified later. Also, let £ = [N?]/2 and let M = [N/(N€ +
NS)] — Nl—C + O(NI_ZC—HS).

By analogy with Propositions 2.9 and 2.10, we have

2.6) Y lmn—mealp<oo, Y, KNE|Zj], < N2

n>1

Given u € R?, define ouz =(XZu,u).

PROPOSITION 2.17.  Let b € (0, min{$, (3 — 1)(1 — ¢)}]. There exists ¢ > 0

p
such that
2 2 p
Y /NN —02)2 —o2/2[ lul | |ul
.DWE(e ) e <e Nes T Ne2 T NG
j<

forall |u| <eNP.
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PROOF. By (2.5), [(u, <y tn)l2 = N'/?0,, + O(Ju]). We can write ¥; =
> *ne, where Y_* is a sum of length [N¢]. By (2.6) and stationarity,

o= 3 )

= N2, + O(lu)).

[, Yj)l2 = + O(lu)) = + O(Jul)

2

Hence
E((u,Y;)?) = N2+ O(N?|u|?).
Next, write E(ei(“’Yf/‘/N>) =1 —r, where
r=%E(u,Y)))/N + O(E((u, Y;)?)/NP/?)
=102 /N + O(|ul*/N'"/?) + O(|ul? /NPUI=/2)
and r? = 0(|u|4/N2(1_C)). Here, we have used (2.6) and the fact that r is small
since |u| < eN179/2 Hence
log E(e/ iV = —r 4 0(r?)
=162 /N + O(lul?/N""/?) + O(ju|P /NP2
and

Z log E (e ”YJ/*/_)

j=M
= =30, + O(ul*/N) + O(ul/N/*) + O(ju|? /NP/~D01=0),
The last three terms on the right-hand side are small by the constraints on u, so
exponentiation yields the result. [
PROPOSITION 2.18. Forall u € R4,

|E(ei(u,zn51v fln/«/ﬁ>) _E(ei<“’2j§M Y_i/\/ﬁ))| & |u|(1/N1/2—C/2_|_1/N0—1/2—5/2).

PROOF. Write
P
Z Nn = Z Nn + Z Nn,s
n<N n<M([NC]+[N?])

where Y°* has length smaller than N¢ 4+ N® and so |Y*n.l1 < [Yn4i1l1 +
|Zn+111 < N¢/2 4+ N2 < N¢/2 by (2.6). Further,

> nen= Y. Yj+Zj).

n<M(IN¢]+[N®]) J<M
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By (2.6), |Z;| < N%?% and so | Y-y Zjl1 < N'7¢t%/2 Combining all of this
with (2.6),

<< NE/2 g N1e+d/2

D= DY

n<N J<M

and the result follows from the estimate |e")C —eV|<|x—y|. O

PROPOSITION 2.19. Forall u € R?,

E<H6i<u,yj/dﬁ)) HE qu,/f) <<1N8

J=<M J=M
for a (modified) T € (0, 1).

PROOF. For each j, we have that Y; is measurable with respect to

NG s § 8 . .
F INTHU=DINTIHING2E - hereas Yjy1 is measurable with respect to

}}()[ONC]+j[N5]+1‘ It follows from (2.1) and Lemma 2.4 (with p =1, r =5 = 00)
that 5 |E(51—[jsq+lei<u,an/x/ﬁ>) — E(,<, WY INNY B (oY1 INN)y | <
107 INI=IN®/214 T £ N°/2 Tnductively, we obtain

E(l_[ ei(u,Y,»/Jﬁ)) 1_[ E MY/\/—)

J=M =M

< M.L,N‘S/Z < Nl—crNS/z

as required. [

COROLLARY 2.20. Let b € (0, mln{4, (— — —)(1 ¢)}]. There exists € > 0
such that
2 2 P
i !Zn< n/ﬁ) u/2 — 2/2 |M| |I/t| |I/t|
|E(e'-2n=n Tl ) —e %l L e {NC—5 T N2 T NG

1 1
+ |”|{ N1/2—c/2 + Nc—1/2—8/2}
forall lu| < eN®.

1 2 1

PROOF OF THEOREM 2.2. If p > 3 - 2d+3° we take ¢ = 3 and b = 124+18"
Then b satisfies the constraints b < % and b < (l — l)(1 —¢) so that Corollary 2.20
applies. It follows that |E (¢! -Xn=n M/ vN) ) — e % /2| = O(NP/Ne—1/278/2) =
O(N™“ "+ ), where a’ = % and 8’ =4 /2 is arbitrarily small. Hence hypothe-
sis (2.4) holds with b = 575

1 2pd+3p—2d—4

pr§3—m, we take CZW and b—m

Corollary 2.20 applies and we obtain |E (¢! Xn=n ""/*/m) —e° /2| = 0(1l/

for all a < 6 d +9 Now apply Theorem 2.1.
Again
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NU/2=1/p =0y = O(N~?), where a = %(p —2)(d + 1). Hence hypothesis (2.4)
holds with these choices of a and b and the result follows from Theorem 2.1. [

3. ASIP for Gibbs—-Markov maps. In this section we prove the ASIP for
weighted Lipschitz R¢-valued observables of Gibbs—Markov maps [1]. Roughly
speaking, these are uniformly expanding maps with countably many inverse
branches and good distortion properties. We derive Theorem 1.3 as a consequence.

3.1. Gibbs—Markov maps. Let (A, m) be a Lebesgue space with a countable
measurable partition . Without loss, we suppose that all partition elements a € «
have m(a) > 0. Recall that a measure-preserving transformation F: A — A is a
Markov map if Fa is a union of elements of « and F|, is injective for all a € «.
Define o’ to be the coarsest partition of A such that Fa is a union of atoms in o’
for all a € o. (So o' is a coarser partition than «.) If ag, ..., a,_| € a, we define
the n-cylinder [ag, ...,a,—1] = ﬂ:.‘:_ol F~ia;. It is assumed that F and o separate
points in A (if x, y € A and x # y, then for n large enough there exist distinct
n-cylinders that contain x and y).

Let 0 < B < 1. We define a metric dg on A by dg(x,y) = BSEY) where s(x, y)
is the greatest integer n > 0 such that x, y lie in the same n-cylinder. Define g =
JF~l = d(l‘%F) and set gx = ggo F---go Fk 1,

A Markov map F is topologically mixing if for all a, b € « there exists N > 1
such that F"a Nb # & for all n > N. A Markov map F is Gibbs—Markov if:

(i) Big images property. There exists ¢ > 0 such that m(Fa) > c forall a € a.
(ii) Distortion. log g|, is Lipschitz with respect to dg for all a € &'.

Let 0/6_1 denote the partition of A into length k cylinders a = [ag, ..., ax—1]-
The following result of [2] is stated explicitly in [29], Lemma 2.4(b).

LEMMA 3.1. Let F be a topologically mixing Gibbs—Markov map. Then
|m(an F~-(N+bp)y —m(a)m(b)| < Cer(a)m(b)l/zfor alla € oeg_l and all mea-
surable b.

3.2. Weighted Lipschitz observables. Let p € [1,00). We fix a sequence of
weights R(a) > 0 satisfying |R|, = (X 4cq m(@)R(a)P)V/P < 0o. Given &: A —
R continuous, define |®|g to be the Lipschitz constant of ¢ with respect to the met-
ric dg. Let || ®]loo = SUp ey [Plaloo/R(a), | Pllg = sup,cq |Plalg/R(a). Let B
consist of the space of weighted Lipschitz functions with || ®|| = || ®]|o + | PlIg <
oo. Note in particular that R € 8 and ||R|| = 1. We have the embeddings Lip C
B C LP C L', where Lip is the space of (globally) Lipschitz functions.

LEMMA 3.2. Let & € B with [, & =0. Then |® — E(@lag_l)lp < |®llg x
|R|,B* for all k > 1.
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PROOF (cf. [29], Lemma 2.4(a)). Note that E(® |a]5 _1) is constant on partition
k—1

elements a € o~ with value mla) [, ®dm, and that |1, — ﬁfa Ddm|s <

|®1,]pdiamg(a) < | PllgR(@)B*. Hence, |® — E(®lag HIb < (I1Dllgp5)P x
Y pcakt R@Pmi@) = (1®gB*R| ). O

3.3. A maximal inequality. Given a measure-preserving transformation F':
A — A of a probability space (A, m), the transfer (Perron—Frobenius) operator
L:L'— L'isdefinedby [, LdOVdm = [, dW o Fdmforall ® € L', ¥ € L™.
This restricts to an operator on L”, 1 < p < 0.

LEMMA 3.3. Let ® € LP(A), 2 < p < o0, with L® = 0. Then
|maxo<e<n—1| gy @ o F"||, <CN'/2

PROOF. Note that L = E(-|F~'.M), where M is the underlying o -algebra.
By hypothesis the sequence {® o F";n > 0} is a reverse martingale difference
sequence. Passing to the natural extension we obtain an L” martingale difference
sequence {wy;n € Z} such that ® o F" = w_,. By Burkholder’s inequality [7]
(which follows from [7], (1.4) and (3.3), and is stated explicitly in [36], (1)), we
have |max;<x<p | Zlflzo wyllp < CN/2, Setting £ = N — k and using stationarity,

N 0
> doF” > ®oF"
14

—N+¢
proving the result. [

k

max
0<t<N-1

=4 max
0<{<N-1

= max
1<k<N

9

Wy
0

3.4. Quasicompactness and the central limit theorem. Let F:A — A be
a topologically mixing Gibbs—Markov map with transfer operator L:L! — L. Tt
is well known [1, 29] that L restricts to a bounded operator on weighted Lipschitz
observables ® € 8 and L(B) C Lip. Moreover L:8 — B is quasicompact:
L1 =1 and the spectral radius of L restricted to By = {® € B: [, Pdm = 0}
is strictly less than 1.

We define B¢ to the be the space of RY weighted Lipschitz observables, so
® = (Py,...,Py) € B if and only if ®; € B fori =1,...,d. Similarly, we
define !Bg . We suppress the superscript for spaces such as L? and Lip relying on
the context.

PROPOSITION 3.4. Suppose that & € O‘B’g. Then there exists W € i)’g and
x € L suchthat ® =V + y o F — x and LYV = 0.

PROOF (cf. [29], proof of Corollary 2.3(c)). Define x =372, L’ ®. This con-

verges in :Bg since the spectral radius of L is less than 1. Since L(8¢) C Lip, we
have y € L. By construction, LV =0. [
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Suppose that p > 2. Let ® € 5361 C L? and assume that L® = 0. Let Sy =
> n<n ®o F" and form the d x d matrix Sy SI{,. We define the covariance matrix
=1 [aSvShdm = [, 2T dm.

LEMMA 3.5. Suppose that p >3.Leta=(p—3)/2for p <3 <4anda= %
for p = 4. There exists ¢ > 0 such that

f exp(i (u, SN)N~'/?)dm — exp(— 1 (u, Zu)) = O(N ™)
A
uniformly for u € R? satisfying |u| < eN'/2.

PROOF. We follow a standard argument establishing the central limit theorem
with error term for systems with quasicompact transfer operator (see [35], Theo-
rem 4.13, and references therein). Let S¢~! denote the unit sphere in R?. Given
u € R?, write u = tv where t > 0 and v € S9~!. Define the twisted transfer oper-
ator L, : 8B — B by L,V = L(e!™® ). Recall that 1 is an isolated eigenvalue
for L. For u small, the spectral radius of L, is exp P(u) where P is continuous
and P(0) =0.

Now [, exp(i{u, SN)N~Y2ydm = [, (L, n-12)" 1dm, and since the leading
eigenvalue of L, is isolated, there exists y € (0, 1) such that

/ exp(i (u, SNYN™V2) dm — exp(NP(uN""?) <« ",
A

uniformly for |u| < eN!/ 2. Hence it remains to estimate exp(NPuN~Y 2)) —
exp(— {u, Tu)).

We claim that P is p — 1 times differentiable. Suppose for the moment that the
claim is correct. If p > 4, then it follows from the argument in [35], page 66, that

P(u) = —%(u, Tu) — i P3(0)t> + Ps(v, 1)1,

where P3(v) € R, P4(v,t) € C are bounded, and hence there exists & > 0 such
that [35], page 67,

exp(N PN ~2)) — exp(—L (u, Tu)) (1 — i ()P N~12) = o(N71/2),

uniformly for |u| < eNY2. [In fact, we obtain O(N~!) for p > 5 and
ON~P=3/2) ford < p <5.]
Still assuming the claim, for p > 3,

P(u)=—%(u, Zu) + E(, 01",
where E (v, t) € C is bounded, and hence
exp(NPuN~"?)) —exp(—1(u, Su)) = O(N~P=I/2),

uniformly for |u| < eN/2,
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We verify the claim by showing that u > P, is CP~!. Write p > 1 + k 4+ «
where k € N and « € [0, 1). We show that u — L,, is ¥, when viewed as a map
from (—§, &) to bounded linear transformations on Lip.

For ease of notation, we consider the case d = 1. Recall that L, ¥ = L(e/*®) ).
Here, ® € 8B is weighted Lipschitz with respect to the weight R € L?, and ¥ € Lip
is globally Lipschitz. It is easily verified that e/*®W € 8 and [|e/“®W| g < (1 +
[Pl 8) IV |Lip. Moreover, L : 8 — Lip is a bounded operator with norm C say, so
ILuWllLip = C(1+ [ Pllg) IW]ILip-

The fact that L: 8 — Lip is bounded uses only that R € L!. Hence a similar
argument shows that W — L, (®?~ W) is bounded (since ¢/“® &P~ W is weighted
Lipschitz with respect to R”). It follows that we can form the Taylor expansion

LtV = Ly (e"®W)
=L,V +ihL, (V) — (h%/2)) Ly (P*W) + - -
+ (A1) /KL, (@K W) + o(hb),

establishing C¥ differentiability. Similarly, the kth derivative L, (®*.) is C%, com-
pleting the verification of the claim. [J

3.5. Statement and proof of ASIP for Gibbs—Markov maps.

THEOREM 3.6. Suppose that F: A — A is a topologically mixing Gibbs—
Markov map. Define the Banach space 8% corresponding to weights R € LP
where p > 2. Suppose that ®: A — RY is a mean zero observable in B¢ with
partial sums Sy = Y._, ® o F". Then the conclusion of Theorem 1.6 is valid with
error term O(NP1¢) as in Remark 1.7.

PROOF. We give the proof for d > 2. The improved estimate for d = 1 follows
from Theorem A.S.

By Proposition 3.4, Sy = Z,Ilv:l Yo F*"4+ O(1) ae., where LW = 0. Hence
without loss we may suppose from the outset that L® = 0.

Define n, = ® o F" and &, = a,,. Then n,, = ®(&,,&,+1, . ..). The assumptions
on @ imply that 7, lies in L? and En, = 0. Hypotheses (2.1)—(2.3) follow from
Lemmas 3.1, 3.3 and 3.2, respectively.

If p > 3, then hypothesis (2.4) holds with b = % and a given by Lemma 3.2.
Applying Theorem 2.1, we compute that B =4d + 6 for p > 4 — ﬁ and B =
% for3<p<4- ﬁ. In particular, we obtain the required value of 8 for

20d+29

P = "6q+v9 -
Hypothesis (2.5) is satisfied for general p > 2, indeed E(3_, <y m)?=NZ +
0(1). (See, e.g., [29] when d = 1 and [20] for general d.) Applying Theorem 2.2

yields the required value of § for 2 < p < 222139. (]
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PROOF OF THEOREM 1.3. This reduces by standard techniques to a two-sided
and then one-sided subshift of finite type. The latter is a special case of a Gibbs—
Markov map with finite alphabet, hence R € L*. Theorem 1.3 follows from The-
orem 3.6 with p =oc0. U

4. Applications to nonuniformly hyperbolic systems. In this section, we
prove the vector-valued ASIP for large classes of nonuniformly hyperbolic sys-
tems. In Section 4.1, we consider nonuniformly expanding systems. In Section 4.2,
we consider nonuniformly hyperbolic systems, proving Theorems 1.6 and 1.8.
Some open problems are described in Section 4.3.

4.1. Nonuniformly expanding systems. Let (M, d) be a locally compact sepa-
rable bounded metric space with Borel probability measure 1 and let f: M — M
be a nonsingular transformation for which 7 is ergodic. Let A C M be a measur-
able subset with n(A) > 0. We suppose that there is an at most countable mea-
surable partition {A ;} with n(A ;) > 0, and that there exist integers R; > 1, and
constants A > 1; C > 0 and y € (0, 1) such that for all j,

(1) fRi: : A j — A is a (measure-theoretic) bijection.
2) d(fRJx fRfy) >Ad(x,y) forall x,y € Aj.
3) d(f*x, fXy) < Cd(fRix, fRiy) forall x, y € Aj, k<R,

d(lao(f N7
4 gj= N T — satisfies |log g;(x) —logg;(y)| < Cd(x,y)? for almost

all x,y € A.
(5) 2 Rjn(Aj) < oo.

A dynamical system f satisfying (1)—(5) is called nonuniformly expanding.

Define the return time function R : A — 7 by R| A; = R; and the induced map
F:A — A by Fy = fRO)(y). It is well known that there is a unique invariant
probability measure m on M that is equivalent to 7.

THEOREM 4.1. Let f:M — M be a nonuniformly expanding map satisfy-
ing (1)-(5) above. Assume moreover that R € LP(A), p > 2 Let p: M — RY pe
a mean zero Holder observable with partial sums Sy = Z _1$ o f". Then the
conclusion of Theorem 1.6 is valid.

PROOF. This is identical to the proof of [29], Theorem 2.9, so we just sketch
the main steps. The induced map F: A — A is a topologically mixing Gibbs—
Markov map with respect to the partition @ = {A;}. The induced observable

®: A — R? given by ®(y) = R(y) l(,ZS(ny) is weighted Lipschitz and satis-
fies the ASIP by Theorem 3.6.

If F: A — A were the first return map, then the result would follow imme-
diately from [31], Theorem 4.2 (see also [29], Theorem B.1). The general re-
sult is proved by passing to a Young tower [45] which is a Markov extension of
f:M — M for which F is the first return map. [
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REMARK 4.2. (a) The regularity assumption on ¢ in Theorem 4.1 can be re-
placed by the more general assumption that the induced observable ® is weighted
Lipschitz (with respect to the metric defined on the Gibbs—Markov system A).

(b) A similar result holds for nonuniformly expanding semiflows ([29], Corol-
lary 2.12).

Naturally, Theorem 4.1 includes uniformly expanding and piecewise expand-
ing maps where the partition is finite (with p = 00). Further examples of nonuni-
formly expanding maps to which Theorem 4.1 applies include Alves—Viana maps,
Liverani—Saussol—Vaienti (Pomeau—Manneville maps), multimodal maps, and cir-
cle maps with a neutral fixed point; see [29], Section 4.

4.2. Nonuniformly hyperbolic systems. As was the case in [29], the results
in this paper apply to dynamical systems that are nonuniformly hyperbolic in the
sense of Young [44] with return time function R € L?, p > 2.

Let f: M — M be a diffeomorphism (possibly with singularities) defined on a
Riemannian manifold (M, d). We assume from the start that f preserves a “nice”
probability measure m (one of the conclusions in Young [44] is that m is an SRB
measure).

Fix a subset A C M and a family of subsets of M called “stable disks” {W*}
that are disjoint and cover A. The stable disk containing x is labeled W*(x).

(A1) There is a partition {A ;} of A and integers R; > 1 such that f Ri(Ws(x)) C
WS(fRJ'x) forall x € A;.

Define the return time function R : A — Z* by R| A; = R; and the induced map
F:A — A by F(x) = fR®(x). Form the discrete suspension map f: A— A,
where f(x,€) = (x,€+1) for £ < R(x) — 1 and f(x, R(x) — 1) = (Fx,0). De-
fine a separation time s : A x A — N by defining s(x, x’) to be the greatest integer
n > 0 such that F¥x, F¥x’ lie in the same partition element of A for k=0, ...,n.
[If x, x" do not lie in the same partition element, then we take s(x, x") = 0.] For
general points p = (x, £), p’' = (x', £) € A, define s(p, q) = s(x, x’) if £ =¢" and
s(p, q) =0 otherwise. This defines a separation time s: A x A — N. The projec-
tionw: A — M, w(x,£) = ftx, satisfies 7 f = fn.

(A2) There is a distinguished “unstable leaf” W* C A such that each stable disk
intersects W* in precisely one point, and there exist constants C > 1, o €
(0, 1) such that:

1) d(f"x, f"y) <Coa" forall y € W¥(x), all n > 0, and
(i) d(f"x, f'y) < Ca*™Y forall x,y € W* and all 0 <n < R.

Let A = A/ ~ where x ~ x" if x € W¥(x') and define the partition {/_\J-}
of A. We obtain a well-defined return time function R:A — ZT and induced
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map F:A — A.Let f:A — A denote the quotient of f:A — A where (x, £)
is identified with (x/,¢) if £ = ¢ and x’ € W5(x). Let 7 : A — A denote the
natural projection. The separation time on A drops down to a separation time
on A.

(A3) The map F: A — A and partition {1_\‘,-} separate points in A. [It follows that
dy(p, q) =09 defines a metric on A for each 6 € (0, 1).] B
(A4) There exist invariant probability measures m on A and m on A such that:

(i) m:A—> Mand7:A— A are measure-preserving; and
(i) f:A — A is nonuniformly expanding in the sense of Section 4.1

with induced map F: A — A.[Conditions (2) and (3) are automatic.]

PROOF OF THEOREM 1.6. This reduces, as in th_e p_roof o_f [29], Theorem 3.4,
to the ASIP for the nonuniformly expanding map f: A — A and hence follows
from Theorem 4.1. [J

REMARK 4.3. Again, the regularity assumption on ¢ can be relaxed, and the
result extends to nonuniformly hyperbolic flows.

Large classes of billiard maps and Lorentz flows, surveyed in [10] satisfy the
vector-valued ASIP. These include dispersing billiards (with finite or infinite hori-
zons) and the corresponding Lorentz flows (assuming finite horizons).

PROOF OF THEOREM 1.8. By periodicity, we can consider the quotient flow
on the compact manifold M = (T? — Q) x S'. The Poincaré map f:X — X on
the compact cross-section X = 9Q x (5*, 7) is called the billiard map or collision
map. Young [45] showed that f is nonuniformly hyperbolic in the sense of Young
with R € LP? for all p > 2. By Theorem 1.6, the vector-valued ASIP holds for f
with p = oo. The collision time is uniformly bounded and piecewise Holder, so it
follows from [31] that the vector-valued ASIP holds for the Lorentz flow on M.
Now take as an R?-valued observable the velocity coordinate v: M — S!. This is
piecewise Holder, and the lifted position in R? is given by ¢(T) = fOT vo fidt.
Finally, nonsingularity of the covariance matrix was proved in [5]. [

Chernov and Zhang [11] consider three classes of billiards with slow mixing
rates. The first and third classes are not covered by our results since it is shown
only that R € L?>~¢. The second class of Bunimovich-type billiards treated in [11]
satisfies R € L37¢. The vector-valued ASIP for such billiards (and the correspond-
ing flows) is hence a consequence of Theorem 1.6 with error 8 = 1626211;.1 .

As in [29], Theorem 1.6 also applies to Lozi maps and certain piecewise hy-
perbolic maps, Hénon-like maps and partially hyperbolic diffeomorphisms with

mostly contracting direction.
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A further important class of dynamical systems is singular hyperbolic flows [32].
Theorem 1.6 does not apply directly to such systems, but it establishes the vector-
valued ASIP (with p = oo) when combined with the techniques in Holland and
Melbourne [24].

4.3. Open problems. Given a (non)uniformly hyperbolic flow f;, the time-one
map f is only partially hyperbolic. For such maps the Gibbs—Markov/suspension
formalism breaks down so the results in [29] and in this paper do not apply. By dif-
ferent methods, Melbourne and Torok [30] proved that the scalar ASIP is typically
valid for the time-one map of an Axiom A flow. They used rapid mixing proper-
ties to reduce to a reverse martingale difference sequence. Following [13, 20], this
leads to the ASIP in reverse time and hence forward time (since the class of such
flows is closed under time reversal). Similarly, the scalar ASIP for the time-one
map of the planar periodic Lorentz gas with finite horizons is typically valid (since
the flow is typically rapid mixing [28] and the class of flows is closed under time
reversal).

PROBLEM 1. Prove that the vector-valued ASIP holds (at least typically) for
time-one maps of Axiom A flows and/or planar periodic Lorentz gas with finite
horizons.

Generally speaking, the hypotheses for a nonuniformly hyperbolic system are
not time-symmetric so [13, 20, 30] fails.

PROBLEM 2. Obtain results on the scalar ASIP for time-one maps of nonuni-
formly hyperbolic flows and/or singular hyperbolic flows.

REMARK 4.4. (a) The Banach space-valued ASIP of [3] applies to Problem 1,
with the caveats mentioned in Remark 1.11(a). In particular, the d-dimensional
functional LIL is typically valid. These results do not apply to Problem 2.

(b) The (vector-valued) functional central limit theorem is typically valid in
Problems 1 and 2 (combining the arguments in [20], Section 3.3, and [30]).

APPENDIX: SCALAR ASIP WITH ERROR TERM

In this appendix, we prove a scalar ASIP using martingale approximation and
the method of Strassen [41]. This is precisely the result [37], Theorem 7.1, used
in [29], but our purpose here is to obtain a better error term under assumptions
appropriate for dynamical systems. This improves Theorem 2.1 whend = 1.

We assume hypotheses (2.1)—(2.3) and (2.5) (with d = 1) normalizing so that
¥ = 1. Define {y;} as in Section 2.3. In particular, Theorem 2.11 is unchanged.
Fix Q > 1, a > 0. Eventually, « > 0 is chosen arbitrarily small.
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Law of large numbers for yf.
LEMMA A.1. Lety =5Q0/(1+ Q). Then Y ;_y, Ey; =N+ O(N'/>¥7).

PROOF (cf. [37], Lemma 7.3.5). By hypothesis (2.5), E(Y,<y n1)* = a¥,
where a3, = N(1 + O(N~1/2)). Write

Py Py
Znn: Znn_ Z NMn = Z(nn_nﬁn)'i‘ZYj'{'ZZj_ Z Nn-

n<N n<Py n=N+1 n<Py J<M J<M n=N+1
Then
2ovi| —av=| 2 i — |2 m
J=M 2 j<M 2 n<N 2
Py
<UDz 2 u—ned| +| D M
j=M 2 n<Py 2 n=N+1 2

By Proposition 2.9, || 3, <x(1n — nen)ll2 < 1. By the proof of Lemma 2.13,

I ZJ'SMZ,‘H% <« M2 and so | ngMZsz < N(%+‘)‘)/(1+Q). By stationarity
P

and (2.5), || anNH 77n||% = ZnSPM—N Un||% & Py — N « N/(U+Q) Hence

I j<myjlla=an + O(NY) and E(¥ -y yj)* = N + O(N'/217). Also, as in
the proof of Lemma 2.13, 3, ; Eyiy; < 1. [

COROLLARY A.2. Let f=(3+350)/(1+ Q). Then ¥j_p, Ey? =N +
O(N?h).

LEMMA A3. Let =G -L2+10)/(1+ Q) for2<p<4fandp=(5+
%Q)/(l + Q) for p > 4]. Then for any ¢ > 0, 3"y, yjz. — Eyjz. &K N?P+¢ gee.

PROOF. The value of ¢ below may change from line to line. Define
{yi—Ey,Z-, |y7 — Ey3| < jlTete,
0, otherwise.

Note that P(w; # y; — Ey5) = P(ly; — Eyj| > j'C) <2y;)13/j'7 07 «

w; =

=1+ which is summable, so by Borel-Cantelli w j fails to coincide with yjz. —
E yjz. only finitely often. Hence it suffices to estimate }_ ;) w;. We do this by
estimating } iy w; and )y Ew; where w; = w; — Ew;.
. L - ~p/2, 1 ~2—p/2
Agzam 22,-# Ewi; < 1. Also, Ew? < [%7)11%7 "l < Iyl x
lwjlss”? < jR=1, where R =3 — £ + 20 + ¢. Hence E(Y"_, w)* <
n® —mR By Lemma 2.6, 3",y 0; < MR/Z < NR/CA+O) for any & > 0.
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Let A={|y; — Ey;| > j!*C*¢}. Then
Ew; = —E{(3? — EyD 14} < 1y} = EV2llpp2lllall pyp—2)
< ”yj”i”lA”p/(p—Z) < jQ—(1+e)(p—2)/p — jS—l’

where S = % — &+ 0. Hence } -y Ew; <K MS. Thus, it suffices that 28 =
max{3R/(1+ Q),S/(1+ Q)}=3R/(1+ Q). O

Martingale approximation.

LEMMA A.4. Set L= £{ =0{y1,...,yj}. There is a martingale difference
sequence {Y;, L} such that y; =Y; +u; — uji1, where |ujlly < 7/ for all
2<q<p.

PROOF (cf. [37], Lemma 7.4.1). Define u; = > 72 E(yj4klLj—1). We es-
timate [|E(yj1xldL;—1)llg, Which we write for convenience as ||E(y|<L)|l;. Note
that

E|E(y|L)|Y = E{E(y|L)E(y|L)|E(y|£)]97?)
= E{E{yE(y|-L)|E(y]|L)|7?|L}}
= E{yEGILIEGIL7).

Write % + % = 1. Then % + % < 1, so by Lemma 2.4,

EIEILI < Iyl I E]L) I g0
Note that || E(y|£)4™"ls = (E|E(y|£)|9)!~!/4, and so dividing both sides by this
yields [|E(y|L)lly < y]l,£Y 0%, Since Y52, FU+H" « j/°, the estimate for
llully follows (increasing 7 slightly).
At the same time, it follows immediately that Y72 |E(yj+k|L;)|1 < oo, which
guarantees (see, e.g., [37], Lemma 2.1) that Y¥; is a martingale difference se-
quence. [

COROLLARY A.5. Yy (vj — Y)) K lae. and ¥,y (v — ¥}) <
N2 ge.

PROOF. We have ngM(yj — Y;) = u1 — upm41, and hence certainly
12i<mj — Y| < Xjsilujl. By Lemma A4, > iolujli < oo so that
> j=1luj| < oo ae. proving the first statement.

Set vj = uj — ujy1. Then sz - yjz = v? — 2yjv;. Now E} 72, sz_ =

i Evjz. NSO 72/ < 0o by Lemma A.4. Hence Yi<m vf <54 vjz- <
oo a.e. Finally, ngM yjv; < (stM y?)l/z(ngM U?)l/z < (ngM yJ2_)1/2 <
N2 by Lemmas A.1 and A.3. O
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LEMMA A.6. Let Xy be a martingale difference sequence and m € (1,2].
Suppose that by < by < --- — o0o. If 3y, by " E|Xi|" < 00, then Yy, Xi =
o(by) a.e.

PROOF. For m = 2, this is explicit in [19], page 238. For m € (1, 2) it follows
from a standard martingale result (Chow [12]), combined with Kronecker’s lemma;
this is implicit in the proof of [37], Lemma 7.4.4. [

LEMMA A.7. Let B = (% + %Q)/(l + Q) for 2 <p<4fand B = (}—1 +
%Q)/(l + Q) for p > 4). Then for any ¢ > 0, ngMN(E(Yj'Z|°Cj—1) - sz) <
N?P+e ge.

PROOF. Define R; = E(Yj2|£j_1) — sz. Suppose that y > 2/p + Q and
choose g < p sothaty >2/q + Q. Then
(jV)_q/2E|RJ-|‘1/2 < j—Vq/2E|Yj|q & jTr=9a/2
hence Z<j?il(j3’)_’1/2E|R‘,-|‘1/2 < 00. Note that % € (1,2] and R; is a martingale
difference sequence, so it follows from Lemma A.6 that }_; -y, R; < M” and the
result follows from Proposition 2.8. [J

We now apply Strassen’s martingale version of the Skorokhod embedding [41].
There exist nonnegative random variables T such that the sequences {3 ;- Y,
M > 1} and (W< Tj), M > 1} are equal in distribution.

PROPOSITION A.8. For B as in Corollary A.2, Lemmas A.3 and A.7 and any
£>0,% <y, Tj — N K N*¥ qe.

PROOF. Let Ay =o{W(@):0<1t <> ;- Tj}, so Ly C Axy. Each T is
A j-measurable, E(Tj|A;-1) = E(Y}|£;-1) ae.,and ET/ < E|Y;|*". In partic-
ular, the argument in Lemma A.7 implies that
(A.1) Y (Tj— E(TjlAj-1) < NP ae.

J=M
Now write
D Ti=N=) (T; = E(Tj|Aj-0)) + D _(EXF|Lj—D) = Y]) + ) Y] = N.

The result follows from (A.1), Corollaries A.2 and A.5 and Lemmas A.3
and A.7. O

THEOREM A.5. Let 8= ﬁ + %f0r2<p§4and,3: %forp > 4. For any
e>0, ZnSN = W(N) + O(NﬂJrg) a.e.

PROOF. By Theorem 2.11 and Corollary A.5, it suffices to prove that
YiemYj = WN) + ONPT%). Equivalently, W(X ;< Tj) = W(N) +
O (NP12¢), Hence the result follows from Proposition A.8. [J
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