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INTRINSIC ULTRACONTRACTIVITY OF NONSYMMETRIC
DIFFUSIONS WITH MEASURE-VALUED DRIFTS AND
POTENTIALS

BY PANKI KIM1 AND RENMING SONG2
Seoul National University and University of lllinois

Recently, in [Preprint (2006)], we extended the concept of intrinsic ultra-
contractivity to nonsymmetric semigroups. In this paper, we study the intrin-
sic ultracontractivity of nonsymmetric diffusions with measure-valued drifts
and measure-valued potentials in bounded domains. Our process Y is a diffu-
sion process whose generator can be formally written as L + - V — v with
Dirichlet boundary conditions, where L is a uniformly elliptic second-order
differential operator and u = (ul, ey ud) is such that each component /ﬂ s
i=1,...,d, is a signed measure belonging to the Kato class K; ; and v
is a (nonnegative) measure belonging to the Kato class K; . We show that
scale-invariant parabolic and elliptic Harnack inequalities are valid for Y.

In this paper, we prove the parabolic boundary Harnack principle and the
intrinsic ultracontractivity for the killed diffusion Y? with measure-valued
drift and potential when D is one of the following types of bounded domains:
twisted Holder domains of order o € (1/3, 1], uniformly Holder domains of
order o € (0, 2) and domains which can be locally represented as the region
above the graph of a function. This extends the results in [J. Funct. Anal. 100
(1991) 181-206] and [Probab. Theory Related Fields 91 (1992) 405-443]. As
a consequence of the intrinsic ultracontractivity, we get that the supremum of
the expected conditional lifetimes of ¥ D s finite.

1. Introduction. In this paper, we study the intrinsic ultracontractivity of a
nonsymmetric diffusion process Y with measure-valued drift and measure-valued
potential in bounded domains D C R¢ for d > 3. The generator of ¥ can be for-
mally written as L + u - V — v with Dirichlet boundary conditions, where L is a
uniformly elliptic second order differential operator and = (u', ..., u4) is such
that each component ', i =1, ...,d, is a signed measure belonging to the Kato
class Ky 1 and v is a (nonnegative) measure belonging to the Kato class Ky 2 (see
below for the definitions of K, ; and K, »). The existence and uniqueness of this
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process Y were proven in Bass and Chen [3]. In [15-17, 19], we have studied prop-
erties of diffusions with measure-valued drifts in bounded domains. Using results
in [15-17, 19], we will prove that, with respect to a certain reference measure, Y
has a dual process which is a continuous Hunt process satisfying the strong Feller
property.

The notion of intrinsic ultracontractivity, introduced in [11] for symmetric semi-
groups, is a very important concept and has been studied extensively. In [18], the
concept of intrinsic ultracontractivity was extended to nonsymmetric semigroups
and it was proven there that the semigroup of the killed diffusion process in a
bounded Lipschitz domain is intrinsically ultracontractive if the coefficients of the
generator of the diffusion process are smooth.

In this paper, using the duality of our processes, we prove that the semigroups
of the killed diffusion Y? and its dual are intrinsically ultracontractive if D is one
of the following types of bounded domains:

(a) atwisted Holder domain of order o € (1/3, 1];

(b) auniformly Holder domain of order « € (0, 2);

(c) a domain which can be locally represented as the region above the graph of
a function.

In fact, we first prove parabolic boundary Harnack principles for Y2 and its dual
process (see Theorem 5.6 and Corollary 5.7). We then show that the parabolic
boundary Harnack principles imply that the semigroups of ¥ ? and its dual are in-
trinsically ultracontractive. The fact that the parabolic boundary Harnack principle
implies the intrinsic ultracontractivity in the symmetric diffusion case was used
and discussed in [2] and [12]. As a consequence of the intrinsic ultracontractivity,
we have that the supremum of the expected conditional lifetimes of Y2 is finite if
D is one of the domains above.

Many results in this paper are stated for both the diffusion process Y and its
dual. In these cases, the proofs for the dual process are usually harder. Once the
proofs for the dual process are completed, it is very easy to see that the results for
the diffusion process Y can be proven through similar and simpler arguments. For
this reason, we only present the proof for the dual process.

The contents of this paper are organized as follows. In Section 2, we present
some preliminary properties of Y and the existence of the dual process of Y. Sec-
tion 3 contains the proof of parabolic Harnack inequalities for Y and its dual
process. In Section 4, we discuss some properties of ¥ and its dual in twisted
Holder domains, uniformly Holder domains and domains which can be locally rep-
resented as the region above the graph of a function. In the last section, we prove
the parabolic boundary Harnack principles and show that the parabolic bound-
ary Harnack principles imply the intrinsic ultracontractivity of the nonsymmetric
semigroups. Finally, we obtain that the supremum of the expected conditional life-
time is finite.
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In this paper, we always assume that d > 3. Throughout, we use the notation
a A b:=min{a, b} and a Vv b := max{a, b}. The distance between x and 0D, the
boundary of D, is denote by pp(x). We use the convention f(d) = 0. We will also
use the following convention: the values of the constants ry, 7o, 1 will remain the
same throughout, while the values of the constants cy, c2, ... might change from
one appearance to another. The labeling of the constants cy, ca, ... starts anew in
the statement of each result.

In this paper, we use “:=" to denote a definition, this being read as “is defined
to be.”

2. Dual processes for diffusion processes with measure-valued drifts and
potentials. First, we recall the definition of the Kato class K, ; for j =1, 2. For
any function f on R¢ and r > 0, we define

d
Mf(r)_ Sup/ Ifl(y)dy i=1.2.
xeRd JIx—yl<r [x — y|7)

For any signed measure v on R¢, we use v and v~ to denote its positive and
negative parts, and |v| := v 4+ v~ For any signed measure v on R? and any r > 0,
we define

lvi(dy)

Mf(r)_ sup TEE

xeRd Jlx—yl=r [Xx —y

j=12.

DEFINITION 2.1.  Let j =1, 2. We say that a function f on R? belongs to the
Kato class Kq,; if lim, o M } (r) = 0. We say that a signed Radon measure v on

R? belongs to the Kato class Ky ; if lim, o M,{ (r)y=

Throughout this paper, we assume that u = (ul, ..., /Ld) and v are fixed with
each 4! being a signed measure on R belonging to Ky | and v being a (non-
negative) measure on R? belonging to K 5.

We also assume that the operator L is either L or L, where

d

-:% Z 0i(a;jo;) and Lo ::% Z a;jd;9;
Jj=1 ij=1

with A(x) := (a;j(x)) being C and uniformly elliptic. Since A(x) = (a;;(x)) is
C!, without loss of generality, one can assume that the matrix A(x) is symmetric
(see, e.g., Section 6 of [16]).

We will use X to denote the diffusion process in R? whose generator can be
formally written as L + 11 - V. When each p' is given by U’ (x) dx for some func-
tion U', X is a diffusion in RY with generator L + U - V and it is a solution to
the stochastic differential equation d X; =d X? + U (X;) - dt, where XU is a diffu-
sion in R? with generator L. For a precise definition of a (nonsymmetric) diffusion
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X with drift u in Ky,1, we refer to Section 6 in [16] and Section 1 in [19]. The
existence and uniqueness of X were established in [3] (see Remark 6.1 in [3]).

For any open set U, we use Tl)/( to denote the first exit time of U for X, that is,
tf =inf{t > 0: X, ¢ U}. We define XY (0) = X;(0) ift < 7f (w) and XV (w) =9
if t > r{f (w), where 9 is a cemetery state. The process XY is called a killed diffu-
sion with drift ;u in U. XY is a Hunt process with the strong Feller property, that
is, for every f € L°(U), Ex[f(XtU)] is in C(U), the space of continuous func-
tions in U (Proposition 2.1 [19]). Moreover, XY has a jointly continuous density
qY(t, x, y) with respect to the Lebesgue measure (Theorem 2.4 in [16]).

From Section 3 in [17] and Proposition 7.1 in [19], we know that for every
bounded domain U, there exists a positive continuous additive functional AY of
XY with Revuz measure v|y, that is, for any x € U, ¢ > 0 and bounded nonnega-
tive function f on U,

t t
U U _ U
E, /0 F(XV)dAl = /0 fU gV (s.x. y) f (5)v(dy) ds.

Throughout this paper, we assume that V is a bounded smooth domain in R¢ and
consider the transient diffusion process Y such that

E.[f(Y)]=E [exp(—A)) f(X)].

(See II1.3 of [4] for the construction of such a killed process.) We will use ¢ to
denote the lifetime of Y. Note that the process ¥ might have killing inside V, that
is, P, (Y;— € V) might be positive.

A simple example of Y is a diffusion whose infinitesimal generator is a second-
order differential operator L — b - V — ¢, where (by, ..., bg) and ¢ > 0 belong to
the Kato classes Ky, 1 and Ky », respectively. If (b1, ..., bg) is differentiable and
L = L1, then the formal adjoint of the above operator is L1 + b -V — (¢ — Vb).
If one further assumes that ¢ — Vb > 0, then there is a diffusion process with
generator L1 +b -V — (c — Vb). We cannot, and do not make such assumptions in
this paper. Instead, we will introduce a new reference measure and consider a dual
process with respect to this reference measure.

Recall that for any domain D C R, pp(x) is the distance between x and 0 D.
It is shown in [17] that the process Y has a jointly continuous and strictly positive
transition density function r (¢, x, y) with respect to the Lebesgue measure and for
each T > 0, there exist positive constants ¢, 1 < j <4, depending on V' such that
fort <T,

—-d/2 /OV(X))( PV()’)) —calx—y[2/(21)
cit (1 A —\/; 1A —\/; e
2.1) <r(,x,y)

t t
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Moreover, for every smooth subset U of V, the killed process YV has a jointly
continuous and strictly positive transition density function rY (¢, x, y) with respect
to the Lebesgue measure and for each 7" > 0, there exist positive constants c;,
5 < j <8, depending on U such that forr < T,

C5t_d/2(l A ,OU(X)) (1 A 'OU(y)>e—C()|x—y2/(21)

Ji Ji
(2.2) < rU(t, Xx,y)
< C7I_d/2<1 A PUT(;C)) <1 A ’OVT(ty))e—Cslx—ylz/(Zt)‘

(See Theorem 4.4(1) in [17].)

Let Co(V) be the class of bounded continuous functions on V vanishing con-
tinuously near the boundary of V. We will use || - || to denote the L°°-norm in
Co(V). Using the joint continuity of r(¢, x, y) and rY, x, v), and the estimates
above, it is easy to show the following result, so we omit the proof.

PROPOSITION 2.2. Y is a doubly Feller process (a Feller process satis-
fying the strong Feller property), that is, for every g € Co(V), Ex[g(Yy)] =
E[g(Yy);t <) is in Co(V) and ||Ex[g(Y)] — g(X)loc = 0 as t — 0, and for
every f € L®(V), Ex[ f(Y})] is bounded and continuous in V.

In particular, the above proposition implies that for any domain U C V, YV is
Hunt process with the strong Feller property (see, e.g., [7]).

We will use G (x, y) to denote the Green function of Y. For any domain U C V,
we will use Gy (x, y) to denote the Green function of Y'Y Thus,

00 ¢
Efo f(Yt>dt=Ex/0 f(Yt)dr=/VG<x,y>f(y)dy

and
E, fo FYY)di =E, /0 FVyde = /U Gu(x.y)f(y)dy.

where 1y is the first exit time of U for Y, thatis, 7y = inf{r > 0:Y; ¢ U}. We will
use G}é(x, y) to denote the Green function of XV and G(‘), (x, y) the Green function
of the killed Brownian motion in V. Since Y is transient, combining Theorem 6.2
in [15] and the result in Section 3 of [17], we have that there exists a constant
¢ = c¢(V) such that

23) GV (x,y) <G, y) <cGYh(x,y),  VxV\{x=y}
Thus, for every U C V,

(2.4) Gy(x,y)<G(x,y) < for every x,y € D,

lx — yld=2
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for some constant ¢ > 0.
Let

H(x) :=/;/G(y,x)dy and &(dx)=H(x)dx.

It is then easy to check (see the proof of Proposition 2.2 in [19]) that £ is an
excessive measure with respect to Y, that is, for every Borel function f > 0,

/f(X)S(dX)Z/ E([f(Y)]§(dx).
v v

We define a new transition density function with respect to the reference measure
§ by

_ _rixy)
r(t,x,y):= —H(y) .
Then
— Y G _ G(x,y)
Glr.y)= [y dr =T

is the Green function of Y with respect to the reference measure & (dy).
Before we discuss properties of Y any further, we recall some definitions. Recall
that T4 =inf{r > 0:Y; ¢ A}

DEFINITION 2.3. Suppose U is an open subset of V. A nonnegative Borel
function u defined on U is said to be:

(1) harmonic with respectto Y in U if
2.5) u(x) =Ex[u(Yep)l =Ex[u(Yep); tp < 1, X € B,

for every bounded open set B with B C U;
(2) superharmonic with respect to Y Uif

u(x) = E;u(y)l,  xeB,

for every bounded open set B with B C U;
(3) excessive for YU if

u(x) = B u(Y )1 =Euy);1 <],  t>0,xeU
and
u(x) = limEx[u(YtU)], xeU;
t0
(4) apotential f_or YY if it is excessive for Y'Y and for every sequence {Upy},>1
of open sets with U, C U4y and U, U, = U,
,E&Eﬂmﬂinzq g-ae.xeU.
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A Borel function u defined on U is said to be regular harmonic with respect to Y
in U if u is harmonic with respect to Y in U and (2.5) is true for B =U.

Since Y'Y is a Hunt processes with the strong Feller property, it is easy to check
that u is excessive for YV if and only if f is lower-semicontinuous in U and
superharmonic with respect to Y. (See Theorem 4.5.3 in [10] for the Brownian
motion case; the proof there can adapted easily to the present case.)

Using (2.1)~(2.2) and the joint continuity of (¢, x, y) and Y (¢, x, y), one can
easily check that Gy (x, y) is strictly positive and jointly continuous on (U x U) \
{(x,y):x =y}. Gy(x, y) is infinite if and only if x = y (see the proof of Theorem
2.61in [16]). Thus, by (2.3), we see that H is a strictly positive, bounded continuous
function on V. Moreover, using the estimates for G(‘), (x, y), one can check that
there exists a constant ¢ = ¢(V') such that

(2.6) ¢ lov(x) < H(x) < cpy (x).

(See Lemma 6.4 in [19] and its proof.) Now, using the above properties and (2.4),
we see that Y is a transient diffusion with its Green function G (x, y) with respect
to & satisfying the conditions in [9] and [23] (see (A1)—(A4) in [19]). In fact, one
can follow the arguments in [19] and check that all the results in Sections 2-3
of [19] are true for Y. In particular, using the same arguments in the proofs of
Theorems 2.4-2.5 in [19], it is easy to check that the conditions (i)—(vii) and (70)—
(71) in [20] (also, see the Remark on page 391 in [21]) are satisfied. Thus, with
respect to the reference measure &, Y has a nice dual process. For more detailed
arguments, we refer readers to [19].

THEOREM 2.4. There exists a continuous transient Hunt process Y inV such
that Y is a strong dual of Y with respect to the measure &, that is, the density of
the semigroup {P;};>0 of Y is7(t,x,y) :=7(t, y, x) and thus

/V F)Pg(x)E(dx) = /V g)P f()EWx)  forall f,ge L*(V,8).

We will use E to denote the lifetime of Y. Note that ¥ might also have killing
inside V, that is, Px(?z_ € V) might be positive.

By Theorem 2 and Remark 2 following it in [25], for any domain U C V, YV
and YV are duals of each other with respect to &. For any domain U C V, we
define

U
~U ._r (tayvx)H(y)
r (f»x,Y)-— H(X)

Since H is strictly positive and continuous, by the joint continuity of 7Y (z, x, y)
(see Section 4 of [17] and the references therein), 7V (¢, x, y) is jointly continuous
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on U x U. Thus, ?U(t, x,y) is the transition density of YU with respect to the
Lebesgue measure and

Gu(y,x)H(y)
H(x)

is the Green function for YU with respect to the Lebesgue measure so that for
every nonnegative Borel function f,

E{/debm]zﬁéouU@ﬂm

where Ty 1= =inf{zr > 0: Y, ¢ U}.

We will use {G %> A > 0} to denote the resolvent of ¥ YV with respect to §. Fol-
lowing the argument in Proposition 3.4 in [19], one can check that Y YV has the
strong Feller property. We include the proof here for the reader’s convenience.

(2.7) Gu(x,y) =

PROPOSITION 2.5. Forany U C V, YY has the strong Feller property in
the resolvent sense; that is, for every bounded Borel function f on U and % > 0,
Gij f(x) is a bounded continuous function on U .

PROOF. By the resolvent equation 66] = @f\] + kag ng, it is enough to show
the strong Feller property for ég . Fix a bounded Borel function f on U and a
sequence {y,},>1 convergingto y in U. Let M := || fH| L (v) < 00. We assume
{yn}n=1 C K for a compact subset K of U. Let A :=infycx H(y). By (2.6), we
know that A is strictly positive. Note that there exists a constant ¢; such that for

every § > 0,
(f LM+/ dixdz)fclfsz-
B(y,8) |x — y[¢~ B(ys,28) |X — ynl®™

Thus, by (2.4), there exists a constant ¢ such that for every § > 0 and y, with
yn € B(y,3) C B(y,28) € K,

/ Gy(x,y)H(x) f(x) dx+[ Gu(x,yn)H(X)f(X)d
B(y.8) H(y) B(y.8) H(yn)

M
5—(/ Gy(x, y)dx—l—/ GU(xayn)dx>
A \JB(y,5) B(yn,2

- oM (/ dx +/ dx ) 1 M8,
= ) 75 —C1C2
A \Jpu.o Ix —yl972 " JB@y,28) lx — yul92) 7 A

Given &, choose § small enough such that 4 FC102M8 2 g, Then

IGY F() = G £l
Gulx,y)  Gu(x,yn)
H(y) H(yn)

£
dx + —.

<M
- 2

U\B(y.8)
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Note that Gy (x, y,)/H (yn) converges to Gy (x, y)/H (y) for every x # y and that
{Gy(x, yn)/H(y,)} are uniformly bounded on x € U \ B(y,§) and y, € B(y, %).
So, the first term on the right-hand side of the inequality above goes to zero as
n — 00, by the bounded convergence theorem. [

Applying the results in [23] and [24], we have the following.

PROPOSITION 2.6.  Suppose D C V. Any function which is harmonic for Y
(resp. Y) in D is continuous. For each hy,x = Gplx,y)is excesszvefor YP and
harmonchor Yin D\ {y}, and x — Gp(x, y) is excessive for Y? and harmonic
for YinD \ {y}. Moreover, for every open subset U of D, we have

E.[Gp(Y/ . »]=Gp(x,y) and

(2.8) ~ _
E.[Gp(Y7 . »)]=Gp(x,y), (x,y) € Dx U,

where Ty = inf{t > 0: Y,D e U} and Ty = inf{¢ > O:ﬁD € U}. In particular,
for every y € D and € > 0, Gp(-, y) is regular harmonic with respect to Y in
D\ B(y,¢) and Gp(-, y) is regular harmonic with respect to YP in D\ B(y, ¢).

By Theorem 3.7 in [16], there exist constants 7| = ri(d,u) > 0 and ¢ =
c(d, n) > 1 depending on p only via the rate at which maxj<;<q M /vIL ; (r) goes

to zero such that for r < r;, w € R, x, y € B(w,r),
(2.9) ¢ G (. ¥) < Gy (1, Y) <G,y (2, Y).

Thus, there exists a positive constant ¢ independent of » < r; such that for every
x,y,z€ B(w,r) and w e RY,

Gé(w,r) (x, y)Gg(w,r)(y’ 2)
G)Bg(w’r)(x7 Z)

(2.10) <c(x —yP ™ 4|y —z1*79.

For any z € B(w,r), let (P%, X B(w r)) be the GB(w r)( z)-transform of (P,

X tB )y that is, for any nonnegative Borel function f,
X B(w, r)

GB(w r) (X )
GB(w,r) (X, 2)

B (X)) =B FxPe )]

Recall that AV is the positive continuous additive functionals of X" with Revuz
measures v|y. Equation (2.10) implies that there exists a positive constant ¢; < 00
such that for every r € (0, r1], w € R? and x, z € B(w,r),

@11 EAY, <

B(w r) -

X X
/ GB(”’”)(X’y)GB(w”)(y’Z)u(dy) “e.
B(w,r)

X
GB(w,r) (X, Z)
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Hence, by Jensen’s inequality, for x, z € B(w, r), we have

Bilexp(-AY )]zexp(-Ei[Aly )z >0,

Combining the identity
GB(w,r)(X, Z) GB(w r)('x Z)E [exp( A B( ))]9 X,Z S B(wv r)7

(Lemma 3.5 (1) of [5]) with (2.9), we arrive at the following result.

PROPOSITION 2.7. There exist positive constants c and r1 :==r1(d, i, v) such
that for all r € (0,7r1] and B(w, r) € V, we have

¢ G *.Y) <G (x.y) cGhey y(x,y),  x,y€Bw,r).

In the remainder of thlS paper, we will always assume D is a bounded domain
with D C V. Let y; := dlst(aV D) and V= {zeV;py(z) > y1}. We fix D, 1%
and y; throughout this paper For any subdomain U C V and any subset A of U,
we define

CapY(A) = sup{n(A) : 71 is a measure supported on A
(2.12)

with /UG?,(x,y)n(dy) < 1}.

The next lemma is a nonsymmetric version of Lemma 2.1 in [2] for small balls.
For any set A, we define AZ:=z+rA={weR:w=z+ra,acA), A, :=A°
and A% := A7.

LEMMA 2.8.  There exists ¢ = c¢(V,d, u,v) > 0 such that for any compact
subset K of B(0,1),r € (0,r1], B(z,r) CV and compact set A C K,, we have for
any x € B(z,r),

P (ylél}; G%(O’l)((x —2)/r, y))CapB(O’r)(A)
<P, (TAz < TB(z,r))
<cr?” (sup GB(O n((x—=2)/r, y))CapB(0 (A)
and
c_lrz_d<y1nf Gho.1)((x—2)/r, y)>CapB<° 7 (A)
< PX(TAz < ?B(z,r))

<cr?” (sup G (x—2)/r, y))CapB(O 7 (A).
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PROOF. For B(z,r) C Vand U C B(z,r), define

CapB(Z r)(U) = sup{n(U) : 71 1s a measure supported on U
(2.13)
Z r

From (2.6), (2.7) and Proposition 2. .7, we see that there is a constant ¢ > 0 such
that for every r < ry and B(z,r) C V we have

(2.14) c—ICap§<z”)(U) < CapB&n(U) < cCaplYi(”)(U), UcCB(zr).

Note that Y5@") and YB@") are Hunt processes with the strong Feller prop-
erty and that they are in the strong duality with respect to £ (Propositions 2.4 and
2.5). Since A* is a compact subset of B(z, r), there exist capacitary measures [z
for A% with respect to Y 8@ and fis: for A% with respect to YB@n guch that
CapZ©" (A7) = = (A7) = La=(A%). (See, e.g., VL4 of [4] and Sections 5.1-5.2
of [10] for details.)

Using Proposition 2.7 and (2.6), we have for every x € B(z, r),

R R _ GB(Z r)(y X)H(y)A
,/AZ GB(z,r)(x’ y)MAZ(dy)__/I;z H(x)

Haz(dy)

Sl R TR
(2.15)

> (yie“,fz Ge (X, y))ﬁAz (A7)

=c| (mf GB(z r)(x y)> CapB(z F)(AZ)
ye

for some constant ¢y > 0. Applying (2.14) to the above equation and using the
scaling property of Brownian motion, we get that for every x € B(z,r),

! | B(z,r B(z,r z
>C71 7 < G ( 1)((x )/r7 y))CapB(O,r)(A).
yEK 0, Z

On the other hand, by (2.8), we have for every x € B(z,r),

| Gaen e »acy)

(2.17) = | Ex[Goen(TEE" . y)] Ras(dy)

(sup GB(z,r)(w, YL (dY)>Px(TAZ <TB(z,r))

weAz



INTRINSIC ULTRACONTRACTIVITY OF NONSYMMETRIC DIFFUSIONS 1915

< Csz (TAZ < ?B(z,r))

for some constant ¢; > 0. In the last inequality above, we have used (2.6) and
(2.13).
Combining (2.15)—(2.17), we have for every x € B(z, r),

P, (Tas < Tpen) = c3r2” (mf Ghon(x —2)/r, y))CapB“’”(A)

for some constant ¢3 > 0. Thus, we have shown the first inequality in (2).
By Corollary 1 to Theorem 2 in [9], the function x — Px(TAz < TB(r)) is a
potential for ¥ YB@") thus there exists a Radon measure 7, on A? such that

P, (Ta: <Tper) = /A7 G By (x, Y)D1(dy), x € B(z,r).

Hence, by (2.6) and (2.13), we have
P, (Ta: < o) <c4( sup Gp(er) (3, x)) Capf©"(A%),  xeB(r)
yekK;

for some constant ¢4 > 0. Now, applying Proposition 2.7 and (2.14) to the right-
hand side above and using the scaling property of Brownian motion, we get the
desired assertion. [

Note that the result in Lemma 2.1 in [2] (with Tjp(,, ) instead of tp(, ) may
not be valid for our processes. This is because our processes might have killing
inside V and so Tjp(,,-) may be different from 7p(; ).

LEMMA 2.9. There exists ¢ > 0 such that for every r <ry; and B(z,r) C v,
(2.18) E.[t8¢n] vV E: [T < cr’.

PROOF. By Proposition 2.7 and (2.6), the lemma is clear. In fact,

~ GB(Z r)(va)H(y) 0 2
E.[7 =/ . d §cf G z,y)dy <cr
TB.n] - HG) y B Bz.n (& Y)dy <ci

for some constants ¢, c; > 0. [

Using the above lemma and the Markov property, we can easily get the follow-
ing result.
LEMMA 2.10. Supposer <ry, B(z,r) C V and U C D. Then
P.(tv < tB(zr)) > €1 (resp. P, (Tu < TB(z.r)) > C1) Vz
for some c1 > 0 implies
Elwl<cr®  (resp.Eltyl<car®) ¥z

for some ¢ > 0.
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PROOF. Using (2.18) and the Markov property, the lemma can be proven using
an argument similar to the one in the proof of Lemma 3.3 in [2] (with ty and T, )
instead of the hitting times there). We omit the proof. [

3. Parabolic and elliptic Harnack inequalities. In this section, we shall
prove a small-time parabolic Harnack inequality for ¥ and Y. We will get a scale-
invariant version of the elliptic Harnack inequality as a corollary. These Harnack
inequalities will be used later to prove the main results of this paper.

Recall that D is a bounded domain with D C V, Y= ldist(a V, D) and V=
{z € V; py(2) > y1}. In [17], we proved uniform Gaussian estimates for the den-
sity (with respect to the Lebesgue measure) of Y2 when D is a bounded smooth
domain. We recall here part of the result from [17]: there exist positive constants g,
t1, c1 and ¢; such that for every R < ﬁo,t < R?t; and (x,y) € B(z, R) x B(z, R),

rPER e, 2, y)

> c1t_d/2(1 A Lj;”) (1 A W%’?(y))e—cm—yz/(zz)’

whenever B(z, R) C V (see Theorem 4.4(2) in [17]). In the remainder of this pa-
per, tp and #; will always stand for the constants above.

With the density estimates (3.1) available, one can follow the ideas in [13] (see
also [15, 27]) to prove the parabolic Harnack inequality. For this reason, the proofs
of this section will be somewhat sketchy.

3.1

LEMMA 3.1. Foreach 0 <6, u < 1, there exists ¢ = e(d, 5, u, t1) > 0 such
that

&
(3.2) rPOOR ¢ x, ) AFPCOR (1, y) 2
| B(x0, 8R)]

forall x,y € B(xog,8R) CV, R </t and (1 —u)R%t; <t < R21,.
PROOF. Fix0<é,u <1and B(xg,S5R) C V. Let Bgr := B(xg, R) and assume
that R < \/tyand t < R%1,. By (2.6) and (3.1), there exist ¢y and c¢; such that

rBr(t, y, x)H(y)
H(x)

> cltd/2<1 A ””*Tiy)) (1 A ‘”’%Tiy))eczlxyﬁ/(zr)'

If |x —xo| <8R, |y — x| <8R and (1 — u)R?*t; <t < R?t;, then

PBr () PBr (M) _ (1 —8)2
(“ i )(“ i )Z n

?BR(t,x, y) =

(3.3)
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and

colx — y|2 - 20282
2t “(1—-wt
So, the right-hand side of (3.3) is bounded below by
2 2¢0d
C1(R2t1)_d/2(1 —9) o 20287 /(=) _ cyeqr ! (1—9)7 o228 /(1=u)1)
f ' IB(O,8R)]
— 8
" |B(0,8)]
where c3 depends only ond. [J
We define space-time processes Zs := (T, ¥y) and Zs = (Tg, Y, s), where Ty =

To — s. The law of the space-time processes Z; (and Zj) starting from (¢, x) will
be denoted by P; .

DEFINITION 3.2. For any (¢, x) € [0, 00) x V, u > 0 and bounded subdomain
U of V, we say that a nonnegative continuous function g defined on [¢, f +u] x U
is parabolic for Y in [t,t 4+ u] x U if for any [s1, s2] C (¢, + u] and B(y, ) C
B(y,d8) C D, we have

(3.4) g(s,2) = ES,Z[g(ZT(s].szij(y,a)); Zf(sl.szij(y,a) € (0, 00) x V]

for every (s,z) € (s1,s2] x B(y,§), where T(s1,52]x B(y,8)_ = inf{s > 0:Z ¢
(s1,52] X B(y,8)}. The definition of parabolic functions for Y is similar.

LEMMA 3.3.  Suppose that U is a subdomain of V. ForeachT > 0andy € U,
(l’ x)—=r¥@,x, y) and (t, x) — 7V, x, y) are parabolic in (0, T]x U forY and
Y, respectively.

PROOF. See the proof of Lemma 4.5 in [6]. [

COROLLARY 3.4. Suppose that U is a subdomain of V. For each T > 0 and
y € U, and any nonnegative bounded function f on U, the functions

g(t,x) = E,Lf(YV)] = f PVt x, ) f () dy
U
and

21, %) =E,[f(FU)] = fU 7%, y) f () dy

are parabolic in (0, T] x U for Y and Y, respectively.
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PROOF. The continuity of g follows from the continuity of 7V . Equation (3.4)
follows from Lemma 3.3 and Fubini’s theorem. [J

For s >0, R > 0 and B(x, R) C V, we define the oscillation of a function g on
(s —11R?,5) x B(x, R) by
Osc(g; s, x, R)

= sup{|g(s1, x1) — g(s2,x2)| : 51,52 € (s — 11 R%, 5), x1, %2 € B(x, R)}.

LEMMA 3.5. Forany0<$§ <1, tvhere exists 0 < p < 1 such that for all R €
0, 10], s € [11R%, 00), B(xo, R) C V and function g which is parabolic for Y
(resp. Y)in (s — f1R2, 5] x B(xq, R) and continuous in [s — 11 R2, 5] x B(xo, R),

Osc(g; s, x0, SR) < pOsc(g; s, xo, R).

PrROOF. Fixs=>0,0 < R < ﬁo and B(xg, R) C ‘v/, and consider a function
g which is parabolic for Y in (s — 11R2, 5] x B(xg, R) and continuous in [s —
11 R?, 5] x B(xo, R). Without loss of generality, we may assume that

min g, x)=0 and max gt,x)=1.

(t,x)€[s—11 R2,s1x B(xo,R) (t,x)€[s—11 R%,s]x B(x,R)

Since Y is a Hunt process, it is easy to see that Z% is a Hunt process for any
bounded open subset €2 of [0, 00) X V. So, g and 1 — g are excessive with respect
to the process obtained by killing Z upon exiting from (s — #; R%, s) x B(xo, R).
First, we assume that § satisfies

1 B ,OR
/ g(s——(62+1>t1R2,y)dsz.
B(x0,8R) 2 2

By Lemma 3.1, we have that for (7, x) € (s — 8211 R?, 5) x B(xq,8R),
8(t,x) = B x[8(Zi41 524 1yn R2—5) ¢

-~

Zt+1/2(52+1)t1R2—S € (f] R2 — S, S) X B(X(), 5R)]

1
> / qAB(xo,R) <t 4 _(32 + 1)t1R2 -5, X, y)
B(xp,0R) 2

_l 2 2
xgls 2(8 + Dt R,y )dy

_ & B8R _e
T |Bxo,8R) 2 2]
Therefore, Osc(g; s, x0,6R) <1 —¢.

If
_ 1B, 8R)|

1
/ g(s——(82+1)t1R2,y)dy_7,
B(x0,8R) 2 2
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then we consider 1 — g and use the same argument as above. [
The above lemma implies the Holder continuity of parabolic functions.

THEOREM 3.6. For any 0 < § < 1, there exist ¢ >0 and B € (0,1) such
that for all R € (0, \fo] s € [t R?, oo) B(xg, R) C V and function g which
is parabolic for Y (resp. Y) in [s — 11 R?,s] x B(xo, R) and continuous in
[s — 11 R2, s] x B(xo, R), we have

Is1 — 20 + |x1 —X2|>’3

8051.31) = 8052.52)| = om0 :

for any (s1, x1), (52, x2) € [s — 182 R?, 51 x B(xq, 8R).
PROOF. See Theorem 5.3 1in[13]. O

Using Lemmas 3.1 and 3.5, the proof of the next theorem is almost identical to
that of Theorem 5.4 in [13]. Therefore, we omit the proof.

THEOREM 3.7. ForanyO <a < fB <1and0 < § < 1, there exists ¢ > 0 such
that for all R € (0, Vty], s € [t R2,00), B(xp, R) C 1% positive function GD(x, y)
is oo if and only if X =y € D, and that for function g which is parabolic for Y
(resp. ?) in (s — 11 R?, s] x B(xq, R) and continuous in (s — t{ R?, s] x B(xg, R),

g(t,y) <cg(s,x0),  (t,y) €ls — Br1R* s — at;R*] x B(xo, 5R).

Now, the parabolic Harnack inequality is an easy corollary of the theorem
above.

THEOREM 3.8 (Parabolic Harnack inequality). Forany 0 <a) < B <an <
B2 <1and0 < § < 1, there exists ¢ > 0 such that for all 0 < R < \/;0, B(xo, R) C
1% and function g which is parabolic for Y (resp. Y) in [0, 11 R?) x B(xo, R) and
continuous in [0, 1} R?] x B(xo, R),

sup g(t,y) <c inf g(t,y),
(t,y)€B) (t,y)eB>

where B; = {(t, y) € [a;ti R?, Biti R*] x B(xg, 8R)}.

The scale-invariant Harnack inequality is an easy corollary of the parabolic Har-
nack inequality.

THEOREM 3.9 (Scale-invariant Harnack inequality). ~ Every harmonic function
for'Y (resp. Y) is Holder continuous. There existsc=c(D,V)>0 such that for
every harmonic function f forY (resp. Y) in B(zg, R) with B(zg, R) C V we have

sup  f(y)<c inf f(y).
yeB(zoI,)R/Z) yeB(z0,R/2)
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PROOF. By Proposition 2.6, any harmonic function f for Y in B(zo,r) is
parabolic in (0, T'] x B(zo, r) with respect to Y for any T > 0. Thus, f is Holder
continuous by Theorem 3.6 and the Harnack inequality above is true for small
R by Theorem 3.8. When R is large and B(zp, R) C \vf, we use a Harnack chain
argument and the fact that V is bounded. [

4. Analysis on various rough domains. In this section, we recall the de-
finitions of various rough domains from [1, 2] and prove the main lemma
(Lemma 4.7). We will use the probabilistic methods used in [2]. For this reason,
we follow the notation and the definitions of [2]. Unlike [2], we do not have the
scaling property here and Lemma 2.8 works only for small balls. Moreover, our
processes Y and Y may have killing inside V. All these make our argument more
complicated than that of [2]. For the reader’s convenience, we will spell out some
of the proofs, especially the parts where things are more complicated.

A bounded domain D is said to be a Holder domain of order g8 € (0, 1] if the
boundary of D is locally the graph of a function ¢ which is Holder continuous of
order B, thatis, |[¢p(x) —¢(2)| <c|x —z |#. The concept of twisted Holder domains,
which is a natural generalization of the concept of Holder domains, was introduced
in [2]. Twisted Holder domains have canals no longer and no thinner than Holder
domains, but do not have local representation of their boundaries as graphs of
functions. For a rectifiable Jordan arc y and x, y € y, we denote the length of the
piece of y between x and y by /(y (x, y)). Recall the capacity defined in (2.12).

DEFINITION 4.1. A bounded domain D C R¥ is called a twisted Holder do-
main of order a € (0, 1] if there exist positive constants cy, ..., c5, a point zg € D
and a continuous function § : D — (0, oo) with the following properties:

(1) §(x) < pp(x)*forall x € D;
(2) for every x € D, there exists a rectifiable Jordan arc y connecting x and zo
in D such that

8(y) = ca(l(y (x, y)) +8(x)) forall y € y;
3)
CapB(-2639) (B(x, c3a) N F(a)°)
>c
Cap®-239 (B (x, c3a))
where F(a) ={y € D:6(y) <a}.

forall x € F(a),a <cs,

One interesting fact is that the class of John domains (see page 422 of [2] for
the definition) and the class of twisted Holder domains of order 1 are identical
(Proposition 3.2 of [2]). The boundary of a twisted Holder domain can be highly
nonrectifiable and, in general, no regularity of its boundary can be inferred. We
refer to [2] for some elementary results on twisted Holder domains.
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Under some regularity assumption on the boundary of D, Bafiuelos considered
in [1] another natural generalization of Holder domains. Let kp (x, y) be the quasi-
hyperbolic distance

ds
pp(z)’

where the infimum is taken over all rectifiable curves joining x to y in D. The
following definition is taken from [1].

kp(x,y):= inf/
vty

DEFINITION 4.2. A bounded domain D C R is called a uniformly Hélder
domain of order a > 0 if there exist positive constants ci, ..., c5 and a point 71 €
D with the following properties:

(1) kp(x,z1) <c1pp(x)~® + ¢ forall x € D;
(2) forevery Q €dD andr >0,

Cap® @2 (B(Q,r) N D) = c3r" 2.

The class of uniformly Holder domains is slightly more general than that of
uniformly regular twisted L”-domains defined in [2].

LEMMA 4.3. (1) If D is a twisted Holder domain of order a € (0, 1], there
exist ¢c1 > 0, a; > 0 and by > 0 such that for every a < ay,

sup Py (Tr)enB(y.ab) < TB(y.2aby)) > C1
yeF(a)
and

sup Py (Tr@yens(y.aby) < TB(y.2ab1)) > C1.
yeF(a)

(2) If D is a uniformly Holder domain of order o > 0, there exist ¢c; > 0 and
ay > 0 such that for every r < ao,

sup Py (TB(0,r)nDc < TB(Q,2r)) > €2
yeB(0,2r/3)ND

and

sup  Py(Tg(g.nnpe < Ts(0.2r) > C2-
yeB(Q,2r/3)ND

PROOF. Note that Cap?©-2")(B(x, r)) > cr¢=2. Thus, to prove (i), we only
need to use Lemma 2.8 and Definition 4.1(3) with K = B(0,1/2) and A* =
0F(a) N B(z,aby) C B(z,aby).

To prove (ii), we use Lemma 2.8 and Definition 4.2(2) with K = B(0, 2/3) and
A*=B(z,2r/3)NdD C B(z,2r/3). U
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DEFINITION 4.4. We say that a bounded domain D C R? can be locally rep-
resented as the region above the graph of a function if there exist a positive con-
stant a, a finite family of orthonormal coordinate systems C'S;’s, positive b;’s and
functions

fi R (00,01, j=1,...,my,

such that
mo
D=Jlx=(x1, ..., x4-1,x2) = (X, x4) in CS;: || < bj, f;(¥) <xq <ao}.

j=1

LEMMA 4.5. Suppose that D is a bounded domain which can be locally
represented as the region above the graph of a function. Assume that a < ry
and that y € D is in {x = (X,xg) in CS;:|x| < bj, f;(X) < xq < ao} for some
j=1,....,mo. If U and M are subsets of R¢ that can be written as

U:={*,xq)inCSj:|Xx —y| <a,|xq — yal <al,

M = {()E,xd) inCszl)E—il < ;—Z,Xd=a+yd},

then there exists a constant ¢\ > 0, independent of a, y and CS, such that

( inf P, (Ty = ‘L’U)> A ( inf P (Ty = ?U)> > c].

|¥—Fl<a/2.x4=ya [X—yl<a/2.xa=ya
PROOF. By our Harnack inequality (Theorem 3.9), it is enough to show that
P,(Ty <) APy (Ty <Tu) > ci

for some c¢; > 0 independent of a and CS;. Fix the coordinate systems CS;. Let
B1 := B(y,a) and

By = B((5, ya +a/2),a/V2),

~ - - a a
My =X, xq); |x = Y| < 5,xd=§+)’d ,

- o - a
My = {(x,Xd); lx —yl < 1 =a+yd}-

Note that B N {xg =a + y;} = M. Thus,

P,(Ty =) > Ey [P?TM (Tvy, <78,): Ty < 7]
1

= P, (T, < ) (_inf PeCTiy <) ).
1

Now, applying Lemma 2.8 to both factors on the right-hand side the equation
above, we arrive at our desired conclusion. [
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For a bounded domain which can be locally represented as the region above the
graph of a function, we put

0= 1(1 ;! )
T2 4d —2)°
For any k < 0 and y € D such that
ye{x=X,xg9) inCS;:|x| <bj, fj(x) <xq <0}
for some j =1,...,mg, we let l(j)"k(y) be the smallest integer greater than

101k|®(ao/2 — ya)/b; and define

“4.1) D{’k(y):= xinCS§;:|x —y| < l(),fj(x)<xd<ao}

4|k

42 DIty =lxines;f— 51« 2 g —yal < 2 I
4|k|0 41k|©

43) M'*(y):={xinCS;:|x - 7| < b, ,Xd = ya + bj l(J)k(y)},
20/k[® 10|k|®

where ag, bj, CS; and f; are the quantities from Definition 4.4.

LEMMA 4.6. Suppose that D is a bounded domain which can be locally rep-
resented as the region above the graph of a function. There exists po € (0, 1) such
that if p € [po, 1) and

b, \1/©
k < — max <—J> ,
1<j<mo\ 10rq
then forany j =1, ..., mo,
Py(Top < tp(yp,k-9)) <1 —p (resp- Py(Top < Tp(y.p;k1-9)) <1 —P)
foreveryy € {(x,xq) in CS;:|X| < bj, fj(X) < xq <0} implies that

18(ao—yd>|k|‘"))

Py (Tyiky) < Tpik(,y) 2 eXp(—C b,

8@ - yd)|k|®>>

(resp P, (TM]k(y) <Tpik(y )) > exp(—c o
j

for some c1 = c1(po) > 0 independent of j, f; and y.

PROOF. Fix j and k satisfying the assumption of the lemma. We also fix a
y € {(¥,x4)in CS;:|X| <bj, f;(F) <x4 <0}.Leta:=b;1071k|~® < ry and

5
D)= {x inCS;:|x—y| < ;,(yd—a)\/fj()?) < Xg < Yd —i—al}, [>1,
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. - 17
D;:= x1nCSj:|x—y|<7,yd—a<xd<yd+al, [>1,

5
xinCSj:|)E—j|<7a,yd+a(l—5)§xd<yd+al}, [ >4,

Vii={xinCS;:xeDj,|x—y|<a,ys+al —2) <xq4 <ys+al},

. - 5 S5a
B .= xlnCSj;x—(y,a(l—§>)‘<7 , [>4
- 5
X — (y,a(l—§>)’ <5a}, [ >4.

Note that V; C Bjy1 C W41 C 2Bj41 (see Figure 1). Since Py(TaD <
?B(y,b,\/q—@)) <1— p, we have

4.4)

[ >3,

2B;:=1xin CSj;

Py (Ty, < Tp,) <Py (Typ, <p,) < (1—p).
Thus, by Lemma 2.8,

~1
Cap(v3) = 1 jnf G, (0.~ w)) 0" (1 = p) =e2a 21 = p)
w

- 2q =
b—— 5a —
P "‘--\.\
- '~
-t s 2B4
ke ~.
s N,
s W, S
\
D / - Ly, +3a
/ e N \ d
i N N \
i / n N A
: [ \ FREEEN
i 4 Y By 4 (DA
i i ) H [ RN
! H | i i, S~
-~ 1 i 1 | 1 <
27N i RERa i il <
’ AN 3 V 1 N =1 So
, Vi A 3, J i1 S~
12 \ '-\ f \,\ .-y K4 _i’ o
\ ' “ A\ N /] RS
\ 1 k N [ / L —-a
N, R
\ ] [N [ [ ; I’ yd
\ 1 1 N I 1 7 K
\ 1 i N 1 1 %
[ ' R \ o !
v ' Yo \ Ps 1
v ' PR T T !
v \ ' A l'
\Y \ 1 \ h
|l \ ’ \ P
\ Vi \
~- 1
' ’
' ’
\ '
\ ’
\ ’
) ’
A
A4

Fic. 1. V3 C By C W4 C2By.
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for some constants c¢1, ¢o > 0 and where
4.5) K :={|x] <1/10,—-1/5 < x4 <3/5}.
By the translation invariance of Cap and the definition of V},
Cap®+1 (V) < c2a?72(1 - p).
Since W41 C 2B;4+1, by Lemma 2.8, for y; : =y + (6, (I —3)a),
Pyz(TVz <Tw) = Pyl(fVl < T2B,)

50302_d< sup Gy 1)((0, %)vW))CaPZB’“(Vl)
wel /2K

< csa*? Cap*Br1(V)),
where K is defined in (4.5). But, by the definition of Cap, Cap?i+1(V)) <
CapBlJrl (Vi). Therefore,
Py, (Ty, < Twy,,) < caa® Cap™t1(V)) < es(1 — p).

Applying the Harnack inequality (Theorem 3.9), we get

e ~ -~ a
(4.6) Pi(Tv, <Tw;,,) =ce(l —p), X =yl<3 Xq =ya+a(l =3).

Using our Lemma 4.5 and (4.6) instead of Lemma 2.3 and (2.5) of [2], the
remaining part of the proof is similar to the proof of Lemma 2.4 on page 414,
starting from the line 3, in [2] (after rescaling) with

={xinCS;:|X =y <a,yqs —a <xq <yq+al},
M; = {xin CSj:lx =yl < g,xdzyd —|—al}.

However, due to the possible killing inside the domain in our case, things are more
delicate. We include the details of the remaining part of the proof for the reader’s
convenience.

Let 6 be the usual shift operator for Markov processes and define

l

= ﬂ {tp,, = Twm,, Ta[)m_l onMm > rél}.
m=1

Note that by the strong Markov property applied at T, M,

<m { Dm M’"’ 3Dy OQTMm = Tb4}>

4
B Ey [P?TDMl ( mz{fbm - TMm’ Ta[)m—l ° QTMm = ID4}
m=
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Thus, by Lemma 4.5 and the strong Markov property applied at me ,m=1,...,
we get

(m { Dm - TM’"’ aDm— © QTMm = ?ﬁét})

4
> c7 inf Px< ﬂ {?ém =Tum,, Tabm,l o QTMW > ?ﬁ4} N {Tabo > ?ﬁ4}>

xeM =2

xeM

4
=c7 inf Eq [P@M (ﬂ (5, =Tw,
2

(4.7) Ta[)”H1 [e] Qme > ?54}

> c% ..
4
>c¢5 inf P A >Ta
C7XGM4 X<HDI{ D1 ID4})

On the other hand, since
{Tp, =Top,. Tp, =Ty} ={Tp, = Ton, < Tu, =Tp, < Tp,}
={Tp, = Tony = Tm,} C{Tp, = Ty}
we have

4
P, ( ﬂ (T, =M Typ, 007, > ?,34}>
F

m=1

4
= Py( ﬂ T, =Tm, Typ 007, >Tp )0 {Th, = T8D4}>

4
+P <ﬂ T, =Tu, Typ, 007, >rD}ﬂ{rD4>T3D4}>

3
( m {‘EDm = TMm’ TBDm L © Qme > ?f)4} N{Tp, = TM4}>

+P, (%5, > Top,)
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( ﬂ {fDm TMm’ BD o QTMm = ?ﬁ4} N {?D4 = TM4})

+Py(?[)4 > T3D4)
=P, (A9) +Py(Tp, > Typ,) <Py (An)+1—p

In the last inequality above, we have used (4.4). Letting p > 1 —¢5 2 /2 and combin-
ing the inequality above with (4.7), we have

(4.8) Py(A2) = Py(A3) = Py(Ag) > /2.

We claim that there exist cg and pg, which will be chosen later, such that for every
P > Do,

4.9) Py (Ar1) = csPy(A)), [>2.

We will prove this claim by induction. By (4.8), we know that the claim is valid for
[ =2,3. First, we note that by Lemma 4.5 and the strong Markov property applied
at Ty, ,, we get

),

Py (A1 0 {TﬁHz = TMHZ’ Tabl ° GTMIH = Tf)1+2
- Ey [P?TDM (T[)1+2 = TM1+2’ Taﬁl = Tﬁ/+z) tA]
I+1

> inf Px(rDl o TM1+2’ Tle > TDHQ)Py(AlH)

xeMiy
> c7Py(Ar41).
On the other hand,
Py(AH'l n {Tﬁz+2 = TM’+2’ Taﬁl ° G?MZH = Tﬁl+2})

=Py(Ar1 N (T, = Tiy =T, Ty, 007y, > Ty, )

Y

+ Py (Aj+1 N {‘L’DH_2 #* TMI+2’ ‘L’sz = TMI+2’ Tabz o Q?MH—I > Tﬁl+2

I+1
N Py( ﬂ {rDm - Tva Taﬁm*l © QTMm = rﬁl+l}

m=1

N, = Thy, = ™D’ Ta[), ° QTMHI = T[)Hz})

-1
i Py( m {TDm B TM,,,, Tabmfl ° Qme = Tﬁlﬂ}

m=1

N {‘EDI = TM[» T815171 (@) efMl > tﬁlﬂ »TDp = TMI—H’
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Taf)l ° O?MIH > tﬁ1+2’ TD1ys 7 TM1+2’ Tﬁ,+2 = TM1+2}>
I+1
( m (e = TM'"’ 0D ° QTMm = Tﬁ1+2}
MMTp =Ty = Ti)/+2}>

-1
+ P, ( () Gp, = Tu, T,p 007, >Tp )

m=1
N {‘L’Dl =Ty, Tai)Fl o Q’T‘Ml > Tﬁl+l s TDpy = TM1+1’

~

Taﬁl ° efMH_l = Tﬁprz’ TDH—Z < T[A)[+2 = TMl+2})

<Py(Aj42) +Py(A-1 N {fVH—Z °© QTM,_I < TWis © Q?Ml—l D,

which is less than or equal to Py (A;42) +c6(1 — p)Py(A;—1), by (4.6). Combining
the two inequalities above, we get, by induction,

Py (A1) = ¢7Py(Ar41) — c6(1 — p)Py(A1—1)
> ¢7Py(Ars1) = co(1 = p)eg “Py(Ar+1)
= (c7 = co(1 = p)cg “2)Py (A1)
Choose cg < c‘7l /2 small and then choose pg < 1 large so that for every p € [po, 1),
c7 —ce(l — p)c§ > Cg.

Thus, the claim (4.9) is valid. Recall that [y := lé’k(y) is the smallest integer greater
than (ag/2 — yq)/a. From (4.8) and (4.9), we conclude that

P (TM/k(y) <7, *(y )) > Py(?D,O =Tmy) = P, (Ay)
7 C
_ 8 _ k
> if Py (42) = %cg‘) z ZCXP(_@M)
J

for some positive constant cg. [

For any positive function & which is harmonic in D for either Y or Y, we let
={x € D:h(x) <2kt1y},

LEMMA 4.7. Suppose that D is one of the following types of bounded do-
mains:
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(a) a twisted Holder domain of order a € (1/3, 1];

(b) a uniformly Hélder domain of order a € (0, 2);

(c) adomain which can be locally represented as the region above the graph of
a function.

Then, for any positive bounded function h which is harmonic in D for Y (resp. Y ),
there exist ¢ > 0 and B > 0 such that

. sup E[ts, ] <clk| resp. sup E;[Ts | <clk|” " ).
(4.10) pE,[ts,]<clk|™'7F pE,[Ts, ] <clk|™'7F

xeD xeD

PROOF. Note that by (2.4) and (2.6), we have

Gp(y,x)H(y) -
H (x) -

—d+2

Gp(x,y) = clx — y| 79,

which implies that

sup Ex[Ts, ] < supEx[Tp] <cisup | |x — yl_dJr2 dy < o0.
xeD xeD xeDJD

Thus, we only need to show (4.10) for negative k with |k| large.

(i) Assume D is a twisted Holder domain of order o € (1/3, 1). Recall that zg is
the point from Definition 4.1(2). By Lemma 3.1 in [2], there exists c; = ¢1(D) > 0
such that for every x € D, there exists a sequence of open balls contained in
D, with centers z! = x,z2,..., 7Kk = zo and radii a; < dist(zj, dD), such that
|z/ — 7/t < (@ajAnajy1)/2and k < c18(x)' =1/« Thus, by the Harnack inequality
(Theorem 3.9), there exists ¢ = ¢2(zg) > 0 such that

(4.11) h(x) > exp(—c28(x)' ~1/%).
If x € Sk, then from (4.11), we have
2 > h(x) = exp(—e28(0)' 1),
which implies that there exists ¢3 > 0 such that
8(x) < clk| /U=,

Therefore, Sy C F(a) with a < ¢3]k|™%/(1=% We consider negative k with |k|
large enough so that

c3lk] 71 <ap and  2e3by[k| /17 < J| ot /@A),

where a; and by are the constants in Lemma 4.3. Note that the above is always
possible because %(a + 1) < «. For those k, we apply Lemma 4.3 and get

Py (Ts, < Ty, |-@+/@-ayy)
> Py (Ts, < TB(x.2c3b, |1<|*a/<1*a>))
> Pu(Tp (e -a/0-0) < TB(x. 2038, jb-2/1-2)))

= P (T ey =10y B eab [k =/ (1=0) < TB(x, 263b k|=a/(1-0)) = €4
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for some c4 > 0. Thus, by Lemma 2.10, we have
E,[5] < cslk| 7T/ U= = 51k 717,

where 8 = Ba —1)/(2 —2a) > 0.

(i) Assume that D is a John domain (i.e., a twisted Holder domain of order
o = 1). It is well known that kp(x, z0) < —cglnpp(x) + c7 for some positive
constants cg, c7 (see, e.g., page 185 in [1]). It is easy to see that the shortest length
of a Harnack chain connecting x and z; is comparable to kp (x, zo). Thus, by our
Harnack inequality (Theorem 3.9),

h(x) > exp(—cgkp(x, z1)) = copp(x)“1° > c118(x)1°

for some positive constants cg, cg, c1o. Using the above instead of (4.11), we can
repeat the argument in (i) to arrive at the desired conclusion. We omit the details.

(iii)) We now assume that D is a uniformly Holder domain of order o € (0, 2).
Recall that z; is the point from Definition 4.2. Since the shortest length of a Har-
nack chain connecting x and z; is comparable to kp(x, z1), by the Harnack in-
equality (Theorem 3.9) and Definition 4.2(1), there exists c¢;1 = c11(z1) > 0 such
that

(4.12) h(x) > exp(—ckp(x,z1)) > exp(—c11pp(x)™%).
If x € Sk, from (4.12), we have
2 > h(x) = exp(—ci1pp(x) ™),
which implies that there exists c12 > 0 such that
pp(x) < calk| 7V

Therefore, Sy C D(a) :={x € D:pp(x) < a} with a < c12|k|_1/“. For each x €
Sk, choose a point Q, € d D such that

3012 _
|0y — x| = —==|k|71/%.

We consider negative k with |k| large enough such that
cilk] ™V <ay and  Jepplk| TV < (k|T@ DGO,

where a; is the constant in Lemma 4.3(2). Note that the above is always possible
because }1(05 4+ 2) < 1. We also note that for those negative k’s,

B(Qx, 2c12lk| /) C B(x, k|~ *2/6),
For those negative k’s, we apply Lemma 4.3 and get
P, (?Sk < ?B(x"k|—(a+2)/(4a)))
= Py (?Sk < TB(Qs 202k V/)
*(TD(enalki1e) < TB(Q, 20ralk|~1/e)

( D(cialk|~V/*)NB(Qy, 2c1alk|~1/*) < fB(Qx 2ci2lk|~ '/’1))

’ﬂ)

DNB(Qy.cialkl -1y < TB(Q, 2epslk]-1/e)) = €4
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for some constant cy3 > 0. Thus, by Lemma 2.10, we have
E, [T5,] < cralk| =@/ = ¢y k|71 F

for some constant cj4 > 0, where 8 = %(2 —a)/a>0.

(iv) Finally, we assume that D is a bounded domain which can be locally repre-
sented as the region above the graph of a function. Without loss of generality, we
may assume that maxi<;<m, fi < —¢ for some positive ¢ = £(D) so that

mo

(U(@E, x0) in CS; 2 1%| < bi, 0 < x4 < ap}

i=1
is a compact subset of D. Thus, by the continuity of #, there exists kg > 0 such
that i1(x) > 2%+ for x € K. We let

bi\'/© 1 1
ki :=ko Vv max (—) where © = —(1 + >
1<i<mg\r| 2 4d —2

Fix j and f}, and consider y € {(X,xq) in CS;:|X| < bj, fj(¥) < xg < 0}. Recall
that po is the constant in Lemma 4.6.
We claim that there exist p € (po, 1) and k» > k; such that for every

yESkN{(x,xg)in CS;:|x| <bj, fj(x) <xq4 <0}
and k < —k», we have
Py(T{)D < ?B(y,bj\klfe))) >1-— P1.

Recall that D] (y), DJ*(y) and M7*(y) are defined in (4.1)~(4.3). If we sup-
pose that

Py(Top < Tp(yp,u-0)) <1 - p.
then
Py (Tper(y.(1/206;141-9) < TB(y.b;k1-0)) = Py(Top < Ty pi-0)) < 1= p.

Since bjlkl_(”) <r, by Lemma 2.8 with K := B(0, 1/2) , we have

- —0v2—df - k| —© ~
crs (bjlk|79)? d(g(G%(O,l)(o, w)> CapBtill™") (D N B(y, bj|k|=©/2))

= Py(TDCﬂB(y,(l/Z)hjlk\—(”)) < .?B(y,bj|k|_("))) <l-p.
Thus,

(4.13)  CapO P (D N By, b;1k170/2)) < eas(1 = p)b Ik~

Using the facts that D¢ N D%’k(y) C D°N B(y, %bj |k|~®) and
|IANB(z, r/2)| 4P/ < ¢17CapPE (AN B, r/2)),  z€RY,
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we have, from (4.13), that

1D N DYF ()| < DS N B(y, Lb;1k|7®)

=< clg(capB(y,bjlk\*G))(Dc nBG, bjlkl_G/z)))d/(de)
<cpo(1 — p)d/(d_z)b?lld_d@,

If we choose p1 € (po, 1) and let ¢ :=c19(1 — pl)d/(d_z) maxi<j<mg bf be such
that

j,k — i,k
|D° N D" ()] < ea0lk] ™€ = FIDI )1,
then
. o
|D N Dy (y)] > calk| =€ /2.

Note that since D is bounded, D is an L¢-domain (a domain which can be locally
represented as the region above the graph of an L? function). Now, we can follow
the proof of Lemma 2.6 (with p = d and ® = r there) on the second half of page
417 in [2] (after rescaling) to get

(4.14) (a0 — ya) /1|~ < car k| ©U D/ © = e | ED,
Since p; € (po, 1), by Lemma 4.6,
8(ap — yd)|k|®)
b '
Using our (4.14)—(4.15) instead of (2.10)—(2.11) in [2], we can follow the argument
in the proof of Lemma 2.6 after (2.11) in [2] (after rescaling) to conclude that

y ¢ Sy if —k is sufficiently large. Thus, we have proven the claim by contradiction.
Moreover,

4.15) Py (Thsi(y) < Tt ) = exp<_m

Py(?Sk < ?B(y’bjlkl—@)) > Py(?D < ?B(%bﬂkr@)) >1-— Pi1, y € Sk.

Thus, by Lemma 2.10, we have
e}

Ey[?sk]SCm( max bi) k1720 = eaalk| 5,

1<i<my

where 8 =1/(4d —2)>0. O

5. Parabolic boundary Harnack principle and intrinsic ultracontractivity.
Throughout this section, we will assume that D is one of the following types of
bounded domains:

(a) atwisted Holder domain of order o € (1/3, 1];
(b) a uniformly Holder domain of order « € (0, 2);



INTRINSIC ULTRACONTRACTIVITY OF NONSYMMETRIC DIFFUSIONS 1933

(c) abounded domain which can be locally represented as the region above the
graph of a function.

Recall that ¢ is the constant from (3.1) and Tg = inf{r > O: ?, ¢ B}. For any
6>0,weput Ds:={x € D:pp(x) <6}

LEMMA 5.1. There exist constants ¢, Ry > 0 and a point x| in D such
that By := B(xq, %Rl) C D\ Dq4r, and for every R < Ry, rD(t,x,y) A
P, x,y) > cR_dfor all x,y € B(x1, %R) and %thz <t <tR%

PROOF. Choose R| = R (D) < /tp and x| € D such that B(x, R|) C D. We
then apply Lemma 3.1 with § = % and use the monotonicity of the density to get
the desired assertion. [J

We fix x1, R; and B; in the lemma above for the remainder of this section. Let
hi(x) :=Gp(x,x1) and hy(x) := aD(x, x1). h1 and hj are regular harmonic for
Y and Y in D \ B, respectively. Moreover, by (2.4) and (2.6), h; and h; are
bounded by 2k0+1 for some ko = ko(Rl) on D\ Bj. Let (Ph, Y,D) and (Pﬁ, ?,D) be
the h-transforms of (Py, Y ) and (P, Y ), respectively.

LEMMA 5.2. For every s > 0, there exists a positive constant 6y = 8o(s) <
%‘R 1 such that

K) ~ Ky 1
inf P1( T ) A 'fP”z(T —>>>—.
(% (700 <3) (g (7 =3)) =

PROOF. For k < ko, let
V¥ i={xeDs:ha(x) <21}, Up:={x €D\ B;:hy(x) <21}
Clearly, Vk‘S C Uy for§ < %Rl. For each k, by (2.4) and (2.6), we have

E.[7y5] < 4

sup E;[Tys] < csup —_—

xeD Vi xeD VP |x _)’|d 2

for some ¢ > 0. So, sup,.p Ex [?Vka] goes to zero as § — 0 by the uniform integra-

bility of |x — y|~¥*2 over D. Note that D \ B is also one of the types of domains

we assumed at the beginning of this section. So, by Lemma 4.7,
ko
Z sup Ex[Ty, ] < oo.

k:_OOXED

Thus, by the dominated convergence theorem, we have

ko

(5.1) lim ) supE, [Tys1=0.
810, T~ xeD
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On the other hand, since 1 is excessive for yP , it is easy to see that
(1 /hz(?D ), #;) is a supermartingale with respect to Pﬁz, where F; is the nat-
ural filtration of {?D } (see, e.g., page 83 in [14]). Thus, with the same proof, one
can see that the first inequality in equation (8) on page 179 of [8] is true. Thus,

there exists c; independent of /5 and § such that
ko
(5.2) sup E2(Tp; ] <c1 ) sup Eu[Typl.

xeD k=—o00X€D

Combining (5.1)—(5.2), we have that for each s > 0, there exists § > 0 such that
SUpP,cp Eﬁz [Tps] < s/8. We can now apply Chebyshev’s inequality to get

1
Pilz (?D(; < i) > 5

On the other hand, using (2.2), (2.4) and (2.6), it is elementary to show that
the strictly positive function Gpl(x, y) is oo if and only if x =y € D, and for
every x € D, G p(x,-) and G p(-, x) are extended continuous in D (see the proof
in Theorem 2.6 in [16]). Thus, the condition (H) in [22] holds. Also, the strict
positivity of Gpl(x, y) and Proposition 2.6 imply that the set W on page 5 of [22]
and the set Z defined in [9] [equation (12) on page 179] are empty. Thus, by
Theorem 2 in [22], for every x # x1, the lifetime Ehz of YP is finite Pféz—a.s. and

(5.3) lim Y =x,  Ph.as.
1152

Thus, for x € Ds, the conditioned process YP vlith respect to P’;z cannot be killed
before hitting D \ Dj, due to the continuity of Y2 . Therefore, we have

o (= s o [~ s 1
sz (TD\DS < Z) = sz (‘L’D5 < Z) > 5 ]

For a parabolic functAion g, x) in Q = (T1,T2] x D for Y (resp. }/;), let
(P, Z) [resp. (P, Z)] be the killed space-time process (P y, Z5}) [resp.
P x, Z?)] conditioned by g. For each u > 0, we let

Wi = Wi () == {(s.y) € [u/2,u] x D:2F < g(s,x) <21}
and

Wh=W"'wu):= (J Wi

k=—o00

LEMMA 5.3. Forevery M > 0 and u > 0, there exists ky = ki(M,u, hy, h,
B1) < =3 such that for every positive parabolic function g(t, x) in (u/2,u] x D
forY (resp. Y),

g(s,x) = Mhy(x)  [resp. g(s, x) = Mha(x)], (s,x) €u/2,u] x (D\ By)
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implies
8 u 8 [+ u
E; [tyul =< 3 resp. Ky, [Tyr 1= 3) xeD,
where Ty, =inf{t > 0: Z, ¢ WA} and Ty, =inf{r > 0: Z, ¢ Wh).

PROOF. Let m; be the smallest integer greater than log, M and Uy := {x €
D\ By : ha(x) < 251} so that Wy C Ugqm, X [1/2, u] for small k. By Lemma 4.7,
we get, for small n,

n n

5.4 Z sup K [tw,] < Z sup Es,y[’fUHml]<oo.
](=—oo(svy)€Wk k=—oo(ssy)eUk+ml

Similarly to the argument in the proof of the previous lemma, using the esti-
mates in [8], there exists ¢y, independent of g, n and u and such that

n

(5.5) supEﬁﬁy[?Wn]gcl Z sup E; ,[Tw,].
yeD k=—o00 (8, Y)Wk

Combining (5.4)—(5.5), we have that, for small n,

sup E¢ [Twn] < oo.
xeD '

Now, choose k1 = k1 (1) < 0 small so that

. u
sup Eﬁ’x[rwk1 1< 3
xeD

0

The idea of the proof of the next lemma comes from the proof of Lemma 5.1 in
[2]. We spell out the details for the reader’s convenience.

LEMMA 5.4. For every u € (0, lthlz), there exists ¢ > 0 such that for all
xeD,
Py (Y, € By, tp > u) = cPx(tp > u)
and
P.(Y, € By, Tp > u) > P, (Tp > u).
PROOIi In this proof, for A C [0, o0) X V, TA will denote the first hitting time
of A for Z;.
We fixu < %tl R%, let o = 6p(u) < leRl be the constant from Lemma 5.2 and let

D; := Ds,,. Note that By C D \ D>. Let fe(x) =¢ on D\ By and 1 on Bj. Define
a parabolic function g; on (0, c0) x D by

ge(t,x) 1 = /D?Da,x, WL dy =Efs(PP): TP e D], 0<e<l.
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Clearly,
(5.6) eP(Tp > 1) < ge(t,x) <Px(Tp > 1).
We claim that there exists c¢; > 0 independent of ¢ such that
(5.7 8s(t,x) = crha(x), (x,t) e (D\ By) x [u/2, u].
First, we note that since 2u < 1; R2, by Theorem 3.8 and a chain argument, we get

inf t,x)>c 8,){,’
(l‘,x)é[u/4,u]><(D\Dz)g5( ) = c18:(u/8, x1)

(5.8)
261/ /8, x1,y)dy =2
By

for some c» > 0. Let h(t, x) := ha(x) for (t,x) € [u/4,u] x (D \ Bj). Since
h(t, x) < 2ko+1 by (5.8), we have

ge(t,x) > 27" h(t,x),  (t,y) €lu/d,ul x (D\ (DU By)).
Let Q:=(0,00) x D. For (s,x) € [u/2,u] x Dy,

7Q

8e(s, x) > Es,x[gs(sz(o’oo)x(D\Dz)) 2 T(0,00)x (D\Dy) < /4]

> 27k s, x)P?,x(i:(O,oo)x(D\Dz) <u/4)
= 022_k°_1h2(x)1’?,x(T(o,oo)x(D\Dz) <u/4)
= 2275y (x)PR2 (T p, < u/4),

which is greater than or equal to 22 k0=2p,5 (x), by Lemma 5.2. The claim is
proved.
We now apply Lemma 5.3 to g.(s, x) and get

(5.9) S (B ()] < % xeD.

Let g :=2k—1 < %, g(s,x) :=g¢ (s, x) and
E:=whk = {(s,x)€u/2,u]l x D:g(s,x) <4e}.

By Chebyshev’s inequality, from (5.9), we get

1
(5.10) ngx(?E < %) =5, xeD.

Let § 1 be the first hitting time of d(D x [0, c0)) of Z. The conditioned process
(P{ ., Z%) cannot be killed before time 7. In fact,

g(Z§ )
g(t, x)

PfL(Z§ € (0)x D)= Eu| 2801 x D]
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:?,D € D}
g(t, x)

E.lfs (V): Y eDl=1.

GE)
Thus, we get
~ u R u 1
(5.11) | (TalE < Z) =Ps, (rE < Z) > 5 xeD,

where 01 E :=9dE N ((0, c0) x D).
Note that, by (5.6),
P.(Y, € B, Tp > u) [Pe(Tp > u) = 1Py (Y, € B1, Tp > u) /g (u, x)
(5.12) ~
> e1P8 (Z$ _ € {0} x By).
Thus, it is enough to bound P; (2?1 _ € {0} x By). By the strong Markov property
and (5.11),

~ -~ ~ u
PS¢ (Z$_ {0} x B)) > P§’X<Z§21_ € {0} x By, Ty, < Z)

s A~ l/l
(5.13) =E§7X[P‘%Q (Z$_€{0} x B1): Ty < ﬂ

Ty E

1 o~
-2 (s,xl)ealE s,x( N {0} 1)

Since g =4¢1 on 91 E by the continuity of g, for (s, x) € 01 E,

de) = /D 72 (5,3, 9) foy () dy

=P.(Y” € B) +&P.(Y” e D\ By
=P, . (Zs, € {0} x B1) + 1P, (Zs, € {0} x (D \ By))
<P, (Zs, € {0} x B)) +e¢1.
Thus,
P, «(Zs, € {0} x B1) = 3e1.
Since P§, X(/Z\g?l_ € {0} x D) =1, applying the above inequality, we get
P¢ (Z§_e{0} x B))

1 ~ ~
(5.14) = 4—81Es,x[g<zsﬁi_>; Z$ {0} x By

1 ~ 3
= —P;(Zs, €{0} x B)) > — >0, (s,x)e o E.
481 ’ 4
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Combining (5.11)—(5.14), the proof is completed. [

Let p(t,x,y) :=rP(t,x,y)/H(y). Recall that H(y) = Jy G(x,y)dx and
&(dy) = H(y)dy. For any t > 0, define

PRI = [ rPx ) f0dy = [ px sy
and
PP fyi= [ PPxnfmdy = [ ptynfog@n.
By definition, we have
[ roPPeean = [ gwBP rmgx).

It is easy to check that {P;} and {ﬁ,} are both strongly continuous contraction
semigroups in L*(D, &(dx)). We will use £ and £ to denote the L*(D, E(dx))-
infinitesimal generators of {PTD } and {PID }, respectively.

LEMMA 5.5.
(D

p(t,x,y) - p(t,w,y)
C

= C1 Yw,x,y,z€D
p(t,x,2) pt,w,z) Y

implies that for every s >t and w,x,y,z € D,

p(s,y,x) - p(t,y, w) p(s,x,y) _ _1pt,w,y)
> and ———= <¢q ——.
p(s,z,x) p(t,z, w) p(s,x,z2) p(t,w,z)

2)

p(t,y,x) - p(t,y,v)

> Yv,x,y,z€ D
p(t,z,x) p(t,z,v) Y

implies that for every s >t and v, x,y,z € D,

P(S,X,)’) p(tavvy) p(svyvx) —lp(tvy’v)
e ) and ————<c, ——.
p(s,x,2) p(t,v,2) p(s,z,x) p(t,z,v)

PROOF. We give the proof of (2) only. The proof of (1) is similar.
Since
pt,w,2)

p(t9w’y)zc24p(t9v5y) Vw’X,y,ZEDa
p(t,v,2)
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we get

p(s.x.y) =f p(s — t.x w)p(t. w, y)E(dw)
p(t v,y)
o Z)f (s — 1,2, w)p(t, w, DEdw)
_ptv,y)
~ p(t,v,2)
On the other hand, since

p(s,x,2).

pt,y,w)=<c 1%170,&10) Yw,x,y,z€ D,

we get

(s, y,x) = / p(t, v, w)p(s — 1, w, )E(dw)

1939

O

t,y,v
_C2—1P( Y )/ pt,z,w)p(s —t,w, x)E(dw)
p(t,z,v)
_ p(t,y,v)p(s 2.%)
plt,z,v)" T
THEOREM 5.6. For each u € (0, %th%), there exists ¢ = c(D, u) > 0 such
that
(5.15) p, x,y) . Cp(s, v, y)’ p(t,y, x) . Cp(s, y, )
pt,x,z) = p(s,v,2) pt,z,x) = p(s,z,v)

foreverys,t >uandv,x,y,z € D.

PROOF. Let 71 :=inf{t > 0:Y; ¢ D}, 1o :

=inf{r > 0:Y, ¢ D}, ¢1(x) :=

(1 > u/3) and @3 (y) := Py (12 > u/3). By (2.1) with T = %thz, there exists

c1 > 0 such that

puxn = [ p(5xz) [ p(5zw)p(5o0)edvea
e [ p(§xz)ewn [ p(50.)e@w)

= =291 ()2 (y).

For the lower bound, we use Lemmas 5.1 and 5.4, and get

p(u,x,y)szp(g,x,z)Lp(g,z,w)p(g,w,y)s(dw)adz)
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ZCzM_d/szl p(g,x,z)wz) fB p<%,w,y)§(dw)

=62u_d/2Px(Yu/3 € By, 11 > M)Py(?uﬂ € B, o>u)

> c3u™ 2 (x)2(y)
for some positive constants ¢ and c3. Thus, both inequalities in (5.15) are true
fors=t=uc< %thlz. We now apply Lemma 5.5(1)—(2) and get, for s > u and
v,x,y,z€D,

Gl POV PERD S oy pn)
p(s,z,x) p(u,z,v) p(s,x,2) D, v, 2)

and

(5.17) pGs,x,y) 26417(14,1),)’)’ p(s,y,x) ichM‘
p(s,x,z2) pu,v,2) p(s,z,x) p(u,z,v)

Thus, both inequalities in (5.15) are true for s > ¢t = u. Moreover, combining
(5.16)—(5.17), both inequalities in (5.15) are also true for t = s > u. Again ap-
plying Lemma 5.5(1)—(2), we complete the proof. [

By (2.6), we have proven the parabolic boundary Harnack principle for Y 2.

COROLLARY 5.7. For each positive u € (0, %th%), there exists ¢ = c(D,
u) > 0 such that

rD(t,x,y) >CrD(s,w,y) rD(t,y,x) >CrD(s,y,w)
P, x,z2) = rPGs,w,2)’ rP(t,z,x) = rP(s,z,w)

foreverys,t >uand w,x,y,z € D.

Since, for each t > 0, p(z, x, y) is bounded in D x D, it follows from Jentzsch’s
theorem (Theorem V.6.6 on page 337 of [26]) that the common value Ag :=
supRe(o (L)) = supRe(o (f)) is an eigenvalue of multiplicity 1 for both £ and
£ , that an eigenfunction ¢ of £ associated with Ag can be chosen to be strictly
positive with [|¢oll2(p £ax)) = | and an eigenfunction o of L associated with
Ao can be chosen to be strictly positive with [[Voll 12(p g(ax)) = 1-

DEFINITION 5.8. The semigroups {PtD } and {13,D } are said to be intrinsically
ultracontractive if for any ¢ > 0, there exists a constant ¢; > 0 such that

p(t,x,y) < crdo(x)Yo(y) V(x,y) € D x D.

Now, the next theorem, which is the main result of this paper, can be easily
proven from Lemma 5.4 and the continuity of ¢g and . But we give the proof
that Theorem 5.6 implies the intrinsic ultracontractivity.
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THEOREM 5.9. The semigroups {PtD } and {f’tD } are intrinsically ultracon-
tractive. Moreover, for any t > 0, there exists a constant ¢; > 0 such that

(5.18) ¢ 'po(x)Yo(y) < p(t, x,y) <crgo(x)Yo(y)  V¥(x,y) € D x D.

PROOF. Integrating both sides of (5.15) with respect to y over D fort =5 =
u< %thz, we get

p(t,x,z2) p(t,w,z)
5.19
o9 Tp Pt 2 ME@y) — T p(t, w, y)Ey)
and
(5.20) p(t,z,x) - p(t,z, w)

T Py 0)Edy) — [y p(e. y. wE(dy)

for all w, x,z € D. We fix xg € D. The above (5.20) implies that for any positive
function f and z € D,

PPf() = /D p(t, 2. %) f(DEx)

—1
scf(/D P(I,y,xo)é(dy)) [ [ pty06@pt. 00w

p(t, 2, x0)
= C[
Jp p(t.y, x0)&(dy)
p(t, 2z, x0)
=y
[p p(t,y, x0)&(dy)
Similarly, (5.20) also implies the lower bound

N . plt,z,x0)
P f(@)=¢ Ip p(t, y, x0)é(dy)

Using (5.19), we also get the corresponding result for ED . Thus, we have, for all
ZLLweD,

/D /D Pt y. 0)Edy) f (X)E(dx)

/ PP F(»Ey).
D

/D PP F(EWy).  zeD.

1 Pz x0) - PP f(2)
" [pp(ty.x0)E(dy) T [ PP f(»)E(dy)

(5.21)
< p(t, z, x0)
Ct
= [pp(t,y, x0)E(dy)
and
L pxow) _ PPfw)
! t x0. VEyY) — [ PP 7
(5.22) Jp Pt x0, NEWEY) ~ [ PP f(y)E(dy)

- p(t, xo, w)
=S Gy .
Ip p(t, x0, Y)E(dy)
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Applying (5.21) to ¢9 and a sequence of functions approaching the point mass at
w appropriately, we get that for any z, w € D,

p(t,z, w)
(t,y, w)é(dy

¢ *o(2) < T E 7 0(2),

which implies that
t’ ’
$o(x0) — p(t, x0, w) ¢o(xo0)
Similarly, applying (5.22) to ¥y and a sequence of functions approaching the point
mass at z, we get that for any z, w € D,
—4 WO(U)) < p(t’ Zaw) SC? Wo(w) )
Yo(xo) — p(t, 2, x0) Yo(xo)

Thus, combining (5.23)—(5.24), we conclude that for any ¢ < %tl R% and any z, w €
D’

zZ,weD.

(5.24)

p(t,xo,w) p(t,z,w)
p(t, x0, x0) p(t, X0, w)
$o(2)Yo(w)
$o(x0)Yo(x0)

p(t,z, w) = p(t, xo, x0)

< C?P(l,xo,xo)
LetT := %th%. Since
p.x) = [ p(ToxpGs =T,z )62

<&t ooy /D $0()V0(2)E(d2)

<& d roo)vo(y),  se(T,2T],

we can easily get the intrinsic ultracontractivity by induction. The fact that intrinsic
ultracontractivity implies the lower bound is proved in [18] (Proposition 2.5 in
[18D). O

Let

B =)/ [ o3 dy.
(5.25) b

V) =0 HE [ [ 0GP H dy.
D
Note that 0 < [, 1//0(y)2H(y)2 dy < oo because of (2.6). Since

o (x) = po(z,x,y)¢o<y>s<dy>= /D PP (1, x, y)do(y) dy
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and
"o (x) H (x) :H(x)/l)p(t,y,x)t/fo(y)é(dy)
= [ Py onmH) .
we have
M(x) = fD rP(t,x, y)p (y) dy,
(5.26)

M (x) = / 2.y, )y (y) dy.
D

We say that the common value ¢’ is an eigenvalue for 7P (¢, x, y) and the pair
(¢, V) are the corresponding eigenfunctions if (5.26) is true and if ¢ and i are
strictly positive with |¢ || .2(p 4y = 1 and |||l L2(p 4x) = 1. So, the intrinsic ultra-

contractivity of {PID } and {13,D } can be rephrased as follows.

COROLLARY 5.10. For any t > 0, there exists a constant ¢; > 0 such that

527 ¢ lpY ) <rPtx. ) <apMY()  V(x,y) €D x D.
PROOF. This is clear from (5.18) and (5.25). O
Applying Theorem 2.7 of [18], we have the following.

THEOREM 5.11. There exist positive constants ¢ and a such that for every
(t,x,y) € (1,00) x D x D,

P, x,y) o

-1
do(xX)Yo(y)H (y) -

—at

(5.28)

(e—“’ A ¢o<z)¢o(z>é(dz))

We are going to use SH™ to denote families of nonnegative superharmonic
functions of Y in D. For any h € SH™, we use Pfé to denote the law of the
h-conditioned diffusion process ¥ ? and Ei’ to denote the expectation with respect
to Pfc‘. Let ¢" be the lifetime of the h-conditioned diffusion process Y 2.

In [18], the bound for the lifetime of the conditioned Y is proved using Theo-
rem 5.11.

THEOREM 5.12 (Theorem 2.8 in [18]).
(1)

sup Efé[;h] < 0.
xeD,heSH+
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(2) For any h € SH™, we have

lim e 20" P/ (¢!
oo

_ $o(x)
© h(x)

| vowimmsan/ [ sommmey.

In particular,

L ey
lim —log P (¢" > 1) = Ao.
ttoo t
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