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The background for the general mathematical link between utility and in-
formation theory investigated in this paper is a simple financial market model
with two kinds of small traders: less informed traders and insiders, whose
extra information is represented by an enlargement of the other agents’ fil-
tration. The expected logarithmic utility increment, that is, the difference of
the insider’s and the less informed trader’s expected logarithmic utility is de-
scribed in terms of the information drift, that is, the drift one has to eliminate
in order to perceive the price dynamics as a martingale from the insider’s
perspective. On the one hand, we describe the information drift in a very gen-
eral setting by natural quantities expressing the probabilistic better informed
view of the world. This, on the other hand, allows us to identify the addi-
tional utility by entropy related quantities known from information theory.
In particular, in a complete market in which the insider has some fixed ad-
ditional information during the entire trading interval, its utility increment
can be represented by the Shannon information of his extra knowledge. For
general markets, and in some particular examples, we provide estimates of
maximal utility by information inequalities.

0. Introduction. A simple mathematical model of two agents on a financial
market taking their portfolio decisions on the basis of different information hori-
zons has attracted much attention in recent years. Both agents are small, and un-
able to influence the price dynamics of the risky assets constituting the market. One
agent just acts on the basis of the evolution of the market, the other one, the insider,
possesses some additional knowledge at every instant of the continuous trading in-
terval. This basic fact is modeled by associating two different filtrations with each
agent, from which they make their portfolio decisions: the less informed agent, at
time ¢, just has the o -field %;, corresponding to the natural evolution of the market
up to this time, at his disposal for deciding about future investments, while the in-
sider is able to make better decisions, taking his knowledge from a bigger o -field
G: D F;. We give a short selection from among the many papers dealing with this
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model, just indicating the most important mathematical techniques used for its in-
vestigation. Methods are focused on martingale and stochastic control theory, and
techniques of enlargement of filtrations (see [21]), starting with the conceptual pa-
per by Duffie and Huang [10], mostly in the initial enlargement setting, that is, the
insider gets some fixed extra information at the beginning of the trading interval.
The model is successively studied on stochastic bases with increasing complexity:
that is, Karatzas and Pikovsky [23] on Wiener space, Grorud and Pontier [14] allow
Poissonian noise and Biagini and Oksendal [6] employ anticipative calculus tech-
niques. In the same setting, Amendinger, Becherer and Schweizer [1] calculate the
value of insider information from the perspective of specific utilities. Baudoin [5]
introduces the concept of weak additional information consisting in the knowledge
of the law of some random element. Campi [7] considers hedging techniques for
insiders in the incomplete market setting. It is clear that the expected utility the
insider is able to gain from final wealth in this simple model will be bigger than
the uninformed traders’ utility, for every utility function. And, in fact, many of
the quoted papers deal with the calculation of a better informed agent’s additional
utility.

In [3], in the setting of initial enlargements and logarithmic utility, a crucial
and natural link between the additional expected logarithmic utility and informa-
tion theoretic concepts was made. The insider’s logarithmic utility advantage is
identified with the Shannon entropy of the additional information. In the same set-
ting, Gasbarra and Valkeila [15] extended this link by interpreting the logarithmic
utility increment by the Kullback—Leibler information of the insider’s additional
knowledge from the perspective of Bayesian modeling. In the environment of this
utility-information paradigm, the papers [2, 8, 17-20] describe additional utility
and treat arbitrage questions and their interpretation in information theoretic terms
in increasingly complex models of the same base structure, including some sim-
ple examples of progressive enlargements. It is clear that utility concepts different
from the logarithmic one correspond on the information theoretic side to the gen-
eralized entropy concepts of f-divergences.

In this paper we shall continue the investigation of mathematical questions re-
lated to the link between utility and information theory in the most general setting
of enlargements of filtrations: besides assuming eventually that the base space be
standard, to ensure the existence of regular conditional probabilities, we shall let
the filtration of the better informed agent just contain the one of the natural evolu-
tion of knowledge. To concentrate on one kind of entropy in this general setting, we
shall consider logarithmic utility throughout. In this framework, Ankirchner and
Imkeller [2] calculate the maximal expected utility of an agent from the intrinsic
point of view of his (general) filtration, and relate the finiteness of expected utility
via the (NFLVR) condition to the characterization of semimartingales by the the-
orem of Dellacherie-Meyer—Mokobodski. The compensator in the Doob—Meyer
decomposition of underlying asset price processes with respect to the agent’s fil-
tration is determined by the information drift process. In this paper we shall give a
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general analysis of the nature of this process, and relate it to measuring the differ-
ence of the information residing in the two filtrations, independently of the partic-
ular price dynamics. The basic observation we start with in Section 2 identifies the
information drift process with Radon—Nikodym densities of the stochastic kernel
in an integral representation of the conditional probability process and the con-
ditional probability process itself. This observation allows for an identification of
the additional utility by the information difference of the two filtrations in terms
of Shannon entropy notions in Section 5, again independent of particular price
dynamics of the financial market.

The paper is organized as follows. In the preparatory Section 1 we recall the
main results about the connection between finite utility filtrations, properties of
the price dynamics from the perspective of different agents and properties of the
information drift from [2]. In Section 2 (Theorems 2.6 and 2.10) properties of the
conditional probability processes with respect to the agents’ filtrations and the in-
formation drift process are investigated in depth, and lead to the identification of
the information drift by subjective conditional probability quantities. The descrip-
tion of the additional utility in terms of entropy notions is more easily obtained,
if the additional information in the bigger filtration comes in discrete bits along a
sequence of partitions of the trading interval, leading to stepwise “initial enlarge-
ments” which ultimately converge to the big filtration as the mesh of the partitions
shrinks to 0. This is done in Section 5 (Theorem 5.8), after being prepared in
Sections 3 and 4 by a general investigation of the convergence properties of infor-
mation drifts going along with the convergence of such discretized enlargements
to the big filtration. In the final Section 6 general facts known from Shannon infor-
mation theory (see [16]) are applied to estimate the expected maximal logarithmic
utility of a better informed agent via the identification theorem of Section 5, in sev-
eral particular cases. Entropy maximizing properties of Gaussian random variables
play an important role.

1. Preliminaries. In this preparatory section we define the financial market
model and recall some basic facts about expected utility maximization. Our fa-
vorite utility function will be the logarithmic one, for which we will then compare
the maximal expected utilities of agents on the market who act on the background
of asymmetric information. Recalling a result from [2], we will describe the util-
ity increment of a better informed agent by the respective information drift of the
agents’ filtrations.

Let (2, ¥, P) be a probability space with a filtration (¥7)o</<7, where T > 0
is a fixed time horizon. We consider a financial market with one nonrisky asset of
interest rate normalized to 0, and one risky asset with price S; at time ¢ € [0, T].
We assume that § is a continuous (¥;)-semimartingale with values in R and write
A for the set of all S-integrable and (&;)-predictable processes such that 8y = 0.
If 6 € A, then we denote by (6 - S) the usual stochastic integral process. For all
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x > 0, we interpret
x+(6-5), 0<t<T,

as the wealth process of a trader possessing an initial wealth x and choosing the
investment strategy 6 on the basis of his knowledge horizon corresponding to the
filtration (¥;). Throughout this paper we will suppose the preferences of the agents
to be described by the logarithmic utility function. Furthermore, we suppose that
the traders’ total wealth has always to be strictly positive, that is, for all ¢ € [0, T'],

() x+@-5):>0 a.s.

Strategies 6 satisfying equation (1) will be called x-superadmissible. The agents
want to maximize their expected logarithmic utility from their wealth at time 7'.
So we are interested in the exact value of

u(x) =sup{Elog(x + (6 - S)r):6 € A x-superadmissible}.

Sometimes we will write u# (x) in order to stress the underlying filtration. The
expected logarithmic utility of the agent can be calculated easily, if one has a semi-
martingale decomposition of the form

t
@) S =M, + fo nsd(M, M),

where 7 is a predictable process. Such a decomposition is given for a large class
of semimartingales. For example, if S satisfies the property (NFLVR), then it may
be decomposed as in (2) (see [12]). As is shown in a forthcoming Ph.D. thesis [4],
finiteness of u(x) implies already such a decomposition to exist. Hence, a decom-
position as in (2) may be given even in cases where arbitrage exists. We state
Theorem 2.9 of [2].

PROPOSITION 1.1. Suppose S can be decomposed into S =M +n- (M, M).
Then for any x > 0, the following equation holds:

T
3) u(x):logx+%E/0 n2d(M, M);.
This proposition motivates the following definition.

DEFINITION 1.2. A filtration (§,) is called a finite utility filtration for S, if S
is a (§;)-semimartingale with decomposition dS =dM + ¢ -d{(M, M), where ¢ is
(4+)-predictable and belongs to L*(M), that is, E fOT {2 d{M, M) < co. We write

F ={(#;) D (F1)|(H,) is a finite utility filtration for S}.
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We now compare two traders who take their portfolio decisions not on the basis
of the same filtration, but on the basis of different information flows represented
by the filtrations (4,) and (#;), respectively. Suppose that both filtrations (4,) and
(H;) are finite utility filtrations. We denote by

4 S=M+¢-(M,M)
the semimartingale decomposition with respect to ($,) and by
5 S=N+p-(N,N)
the decomposition with respect to (#;). Obviously,
(M, M)=1(S,S)=(N,N)

and, therefore, the utility difference is equal to

T
u}f(x)—ug(x)Z%E/O (B2 — ¢ d(M, M).
Furthermore, (4) and (5) imply
(6) M=N—-(—-8)-(M,M) a.s.

If g, C #; for all + > 0, equation (6) can be interpreted as the semimartingale
decomposition of M with respect to (#;). In this case one can show that the utility
difference depends only on the process u = ¢ — 8. We therefore use the following
notion.

DEFINITION 1.3. Let ($,) be a finite utility filtrationand S =M +¢ - (M, M)
the Doob—Meyer decomposition of § with respect to ($,). Suppose that (H;) is
a filtration such that §, C #, for all ¢t € [0, T]. The (J;)-adapted measurable
process p satisfying

M — / wrd{(M, M), is a (H#;)-local martingale
0
is called information drift (see [19]) of (#;) with respect to (§;).

The following proposition relates the information drift to the expected logarith-
mic utility increment.

PROPOSITION 1.4. Let (G¢) and (#;) be two finite utility filtrations such that
G: C H; forall t € [0, T). If u is the information drift of (#;) w.r.t. ($;), then we
have

o,
ugg(x)—ug(x)zlE/(; w-d{M,M).
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PROOF. See Theorem 2.13in [2]. [

So far we only required the information drift to be measurable and adapted. Due
to the continuity of S, we have the following.

PROPOSITION 1.5.  The information drift, provided it exists, may be chosen to
be predictable.

PROOF. Suppose p is a measurable and (4,)-adapted process such that

M—/O e d(M, M),

is a (§,)-local martingale. We denote by ”u the predictable projection of © with
respect to (4;). We will show that M — Pu - (M, M) remains a (4;)-local martin-
gale.

Let 7 be a stopping time localizing M such that M*, the martingale M stopped
at 7, is bounded. To simplify notation, we assume M* =M. Let0 <s <t, A € §;

and & > 0. Then
E(]lA(Mt S+8) :E M) >

(f
ol )
<

d{M,
(1, [ ’ Pupd <M,M>r|9s])

t
_ E(ﬂA [ rusam, M>,)
s+e

(see Theorem 57, Chapter VI in [11]). By dominated convergence, the left-hand
side of this equation converges to E(14(M; — My)) as ¢ |, 0. The right-hand side
converges by similar arguments. Hence, we obtain

t
E(taC; — M) = (L [ Pias b1, b1, ).
N
which means that M — P - (M, M) is a (§;)-martingale. [

We close this section by recalling some basic properties of information drifts.

LEMMA 1.6. Suppose the filtration (¥3) is a finite utility filtration with respect
to which the Doob—Meyer decomposition of S is given by S=M +n- (M, M). Let
(Hy) be a filtration satisfying F; C H; for all t € [0, T] and suppose that (#;)
has an information drift ;1 with respect to (¥;). Then the following properties hold
true:
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() If u belongs to L>(M), then the maximal expected utility u (x) is finite
forall x > 0.

(ii) The set of finite utility filtrations [ is equal to the set of all filtrations con-
taining (¥;) and possessing an information drift . with respect to (¥;) such that
reL*(M).

(ii1) If (#;) is a finite utility filtration, then W is orthogonal to L%: (M), the
subspace of (F;)-predictable processes in L2(M).

(iv) If (G¢) is a filtration such that ¥; C $; C H; forall t € [0, T], then there is
also an information drift k of (;) with respect to (¥;). More precisely, k is equal
to the L*>(M)-projection of i onto the subspace of the (§)-predictable processes.

PROOF. Properties (i) and (ii) are obvious. For property (iii), let S = N +
B - (N, N) denote the Doob—Meyer decomposition of S relative to (#;), and let
0 e L%;(M ). Since 6 is adapted to both (¥;) and (#;), the integrals (6 - M) and
(6 - N) are square integrable martingales with expectation zero. Therefore,

E/OTQWJ(M, M):E[/OTQ,Bd(M,M)—/OTQnd(M,M)}
T T
:E[/O edM—/O edN]
=0.

Thus, u is orthogonal to L%,(M ). For property (iv), we refer again to [2].

2. General enlargements. Assume again that the price process S is a semi-
martingale of the form

with respect to a finite utility filtration (£;). Moreover, let (§,) be a filtration such
that ¥; C G, and let o be the information drift of (4,) relative to (¥;). And, for
simplicity of notation, suppose in this section that time horizon is infinite, that is,
T = oo. We shall aim at describing the relative information drift o by basic quanti-
ties related to the conditional probabilities of the larger o -algebras §; with respect
to the smaller ones %7, ¢ > 0. Roughly, modulo some tedious technical details to be
specified below, the relationship is as follows. Suppose for all # > 0 there is a reg-
ular conditional probability P (-, -) of £ given ¥;, which can be decomposed into
a martingale component orthogonal to M, plus a component possessing a stochas-
tic integral representation with respect to M with a kernel function k; (-, -). Then
we shall see that, provided « is square integrable with respect to d{(M, M) ® P,
the kernel function at ¢ will be a signed measure in its set variable. Moreover,
this measure is absolutely continuous with respect to the conditional probability, if
restricted to §;, and « coincides with their Radon—-Nikodym density.
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We shall even be able to show that this relationship also makes sense in the
reverse direction. Roughly, if absolute continuity of the stochastic integral kernel
with respect to the conditional probabilities holds, and the Radon—Nikodym den-
sity is square integrable, the latter will turn out to provide an information drift o in
a Doob—Meyer decomposition of § in the larger filtration.

We shall finish the section with an illustration of this fundamental relationship
by discussing some simple examples of particularly enlarged filtrations.

The discussion of the details of this fundamental relationship requires some
care with the complexity of the underlying filtrations and state spaces. Of course,
the need to work with conditional probabilities first of all confines us to spaces
on which they exist. Let therefore (2, ¥, P) be a standard Borel probabil-
ity space (see [22]) with a filtration (}’ZO),ZO consisting of countably generated
o-algebras, and M a (F)-local martingale. We will also deal with the small-
est right-continuous and completed filtration containing (F,°), which we denote
by (¥;). We suppose that Fy is trivial and that every (¥;)-local martingale has a
continuous modification. Since J’Tto is a subfield of a standard Borel space, there
exist regular conditional probabilities P; relative to the o -algebras ?IO. Then for
any set A € ¥, the process

(t,w) — Pi(w, A)

is an (ﬁo)—martingale with a continuous modification (see, e.g., Theorem 4,
Chapter VI in [11]). Note that the modification may not be adapted to (}“zo),
but only to (¥;). Furthermore, it is no problem to assume that the processes
P;(-, A) are modified in a way such that P;(w,-) remains a measure on ¥ for
Pyr-almost all (w, t), where Py is a measure on 2 x R, defined by Py (I') =
E [ °1lr(w,0)d(M,M);,T € F ® B.

It is known that each of these martingales may be uniquely written (see,
e.g., [24], Chapter V)

t
(7 Pz(-,A)=P(A)+/0 ks (-, AYdM + L},

where k(-, A) is (¥;)-predictable and LA satisfies (L4, M) = 0.
Now let (9?) be another filtration on (2, ¥, P) satisfying

FPcgy

for all 0 <t < T. We assume that each o-field g? is generated by a countable
number of sets, and denote by (§,) the smallest right-continuous and completed
filtration containing (4). It is clear that each o-field in the left-continuous fil-
tration (4_) is also generated by a countable number of sets. We claim that the
existence of an information drift of (§,) relative to (¥;) for the process M depends
on whether the following condition is satisfied or not.
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CONDITION 2.1. ki (w, ')lg,?_ is a signed measure and satisfies
kl(a)7 )|9}97 << Pl(a)$ )|9?,

for Py-a.a (w, t).

REMARK 2.2. Unfortunately, we have to distinguish between the filtrations
(5@‘,0), (9?) and their extensions (¥;), ($;). The reason is that the regular condi-
tional probabilities considered exist only with respect to the smaller o -fields. On
the other hand, we use stochastic integration techniques which were developed
only under the assumption that the underlying filtrations satisfy the usual condi-
tions, and this necessitates working also with the larger o -fields.

Let us next state some essential properties of the Radon—Nikodym density
process existing according to our condition.

LEMMA 2.3. Suppose Condition 2.1 is satisfied. Then there exists an (F; ®
Gt)-predictable process y such that, for Py-a.a. (w,t),
dk; (w, -)

dP(@,) g?i(w )

Vi (Cl), (,()/) =

REMARK 2.4. Note that y;(w, -) is $;—-measurable. This is due to the fact that
the predictable o -algebra does not change by taking the left-continuous version of
the underlying filtration.

PROOF OF LEMMA 2.3. Lett' = z’—n for all n > 0 and i > 0. We denote by T

the set of all #". It is possible to choose a family of finite partitions (P) such
that:

e forall r € T, we have 9,?_ =o(P":i,n>0s.t 1 =1),
° e731',}'1 C in-i—l,n’
o ifi <j,n<mandi2™ = j27™, then P"" C P/ ™M,
We define, for all n > 0,
ki(w, A)
Vo= > Ly j(OLa@)o——=

i>0 Aepin Fi(w, A)

Note that ’;,’[ ((‘:)ﬁ)) is (&;)-predictable and ]l],in,tinﬂ](t)ILA (') is (§,)-predictable.

Hence, the product of both functions, defined as a function on ©2 x R, is pre-
dictable with respect to (¥; ® G;). It follows that each y" and, thus,

S
y=liminfy".

is (7 ® G;)-predictable.
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Now fix r > 0. We claim that k,(w, ) = [ ¥;(w, ®') P;(w, d’) and, hence, that
vi(w, -) is the density of k;(w, -) with respect to P;(w, ), Py-a.s. For all n > 0,
let j = j(n) be the integer satisfying t;’ <t =< t;? 41 and denote by @" the corre-

sponding partition /", Observe that (@") is an increasing sequence of partitions
satisfying

c(@":n>0) = 9?_
and, hence,
vi(w, ) = lin}linf Y (w, )

ki(w,A)  dk/(w,")
Pi(w,A) dPi(w,-)

1 . 12
_hn}lmf Z La(w")

Ae@n 997 O

LEMMA 2.5. If(t,w, o) > O(w, ) is (F; ® G;)-predictable and bounded,

then

// Qt(a),w')P,(a),dw')d(M,M),dP(a))=/ 0 (w, w)d{M, M);dP(w).

PROOF. LetO<r<s,Ae ¥, Be§,and
6 (w, ®") =1} 51 (1)L a (@)L ().
Then

/ / / Oy (o, @) Py(w, dw) d{M, M), d P(o)
_ / / " 14(@) Py, BYd(M, M), dP ()
_ / / 14 (@)15(0) d(M, M), dP ()

://9,(a),a))d(M, M), dP(w),

where the second equality holds due to results about optional projections (see The-
orem 57, Chapter VI in [11]). By a monotone class argument, this can be extended
to all bounded and (¥; ® §;)-predictable processes. [

THEOREM 2.6. Suppose Condition 2.1 is satisfied and y is as in Lemma 2.3.
Then

(@) =y (v, w)

is the information drift of (G.) relative to (¥7).
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PROOF. Suppose t to be a stopping time such that M7 is a martingale. For
O<s<tand A e 9‘3), we have to show

t
E[La(M] — M{)] = E[JlA/ Yu(w, w)d(M, M)Z}-
A
For notational simplicity, write M* = M and observe
E[1a(M; — My)]1 = E[P (-, A)(M; — My)]

r t
= £| ;= M) [ kA, |+ B, - b0 L)
= E-/tku(-, A)d(M, M)u:|

=E

/t/Ayu(a),w')dPu(a),dw')d(M, M)u]

B t
= £|14@) [ vuw.0)d (. 1), |
L N
where we used Lemma 2.5 in the last equation. [
COROLLARY 2.7. (§;) is a finite utility filtration if and only if

/f v (w, o) P (w,do)d(M, M), dP(w) < cc.

PROOF. This follows immediately from Lemma 2.5. [J

We now look at the problem from the reverse direction. Starting with the
assumption that (G,) is a finite utility filtration, which amounts to E fOT a’d(M,
M) < 0o, we show the validity of Condition 2.1.

In the sequel, (§;) denotes a finite utility filtration and « its predictable infor-
mation drift, that is,

(8) M:M-/@,d(M,M),
0

is a (§;)-local martingale. To prove the main results (Theorems 2.10 and 2.12), we
need the following lemma.

LEMMA 2.8. Let0<s <t and P ={Ay,..., Ay} be a finite partition of <2
into §0-measurable sets. Then

r n ku 2 ¢ )
E/Y ,;(E) (-, Ar)la, d(M, M>u§4E</s a;d(M, M)u> < 00.
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PROOF. Let P ={Ay1,...,A,}beafinite g(s)—partition. An application of 1t6’s
formula, in conjunction with (7) and (8), yields

n

Z[ﬂAk log Py (-, Ag) — 14, log P (-, Ap)]
k=1

—Xn:[—/téﬂ dP,(-, Ag)
&l s PuC AR A G uls S
1 1! 1
- Efs PoC. A2 T PG A, P(',Ak)>u]

n ' ky ~ U ky
O =Y |- [ AL b, - [P A0, d ),
k=1k 75 T v

t 1
— | ——— 14, dL
fsPuc,Ak) e

1tk \2
— — AL, dM, M),
+2/S(PM)( O, d(M, M)

1 rt 1
— 1 dLAk,LAk i|
+2/s Put Ap2 a4t h

Note that P:(-, Ag)log P;(-, Ag) is a submartingale bounded from below for
all k. Hence, the expectation of the left-hand side in the previous equation is at
most 0.

A priori it is not clear whether

n tku —
> [ S Aot i,
i=17s Pu

is integrable or not. Consider therefore, for all ¢ > 0, stopping times defined by
. 00, w ¢ Ag,
o= {inf{t S5 P A <€), else,
and

e __ ¢ e
T =T A AT,.

Observe that ¢ — oo as ¢ | 0 and that the stopped process

n

INT _
[ e Aoy, di,
k=1"*% Py
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has expectation zero, since

[( f Mf—( AWy, dM, )2]
[ | "y ( ) (- AL (M. Mn}

1 tAT® 1
58—215[/ Z(ku>2<‘,Ak)ﬂAkd<M,M>u]

k=1

n t
—E[Zf d(P(-,Ak),P(-,Ak))u]
k=17

< Q.

Similarly, one can show that the expectation of

IAT 1 Ay
— 14, dL
K P(-, Ap) T

vanishes. Consequently, we may deduce from (9) and the Kunita—Watanabe in-
equality

EZ f( )( AOLa d(M. M),

n

tATE ku
<E ZU P ALy (M, M>u]
k=1-""

< (/ "y ( )( ADLad <M,M>u)

AT 172
xE<f afd(M,M)L,) ,
N
which implies

intt 2 ku 2 tATE
£ Z(—) (. ALa diM, M>us4E( [ atawm, M>u).
s o Pu §

Now the proof may be completed by a monotone convergence argument. []

1/2

Let T and (f/’i’”),-,nzo be a family of partitions as in the proof of Lemma 2.3.
We define, for all n > 0,

ZHw o) =2 Y, Ty 1 (D1a(@)5——2

i0 Acpin

ki(w, A)
P (w, A)
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Note that Z" is (¥; ® G;)-predictable. We are now able to prove a converse state-
ment to Theorem 2.6. Observe first the following:

LEMMA 2.9. For Py-almost all (w,t) € Q2 x Ry, the discrete process
(Z"(w, -))m=>1is an L*(Pi(w, -))-bounded martingale.

PROOF. Every statement in the sequel is meant to hold for Py-a.a. (w,t) €

Q x R+
Let m >0, [ >0 and j be the natural number such that ]z gt tfrlrl] -
1"t }"Jrl]. We start by proving that on ] gt tl’fﬁl] we have

EM@IZ] 0, )P = 2 @, ).

For this, let B € /™ and Ay, ..., Ay € PL-"H guch that A|U---U A = B. Note
that

EP @I 2" (0, )] = ER@ )[ZﬂA ()—(w A; )}

i=1

k
= ki(w, Aj)
i=1
=ki(w, B)
=EN 1) 2] (, )]
on ]tl"H'1 t{fﬁ'] Consequently, the process (Z)"(w, -))m>1 is a martingale (with

respect to a filtration depending on ¢). The martingale property implies that the
sequence [ (Z?)z(a), ") P;(w, do') is increasing and, hence, by monotone conver-
gence,

supE//(zf)z(w,a/)Pu(a),dw/)dw, M),
n
=Efsup/(Zf)z(w,a)’)Pu(a),da)/)d(M, M),.
n

By Lemmas 2.8 and 2.5, we have

sw [ [, o) P, dold (M, M),

n

:supE/(zg)z(w,w)dW, M),

—supEZ/ N )(k’((‘” A))> d(M, M),

i>0 I Aepin

< 4E</ a?d(M, M)u> < 0.
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This shows that (Z"),>1 is an L*(P;(w, -))-bounded martingale. [

We now will show that k£ can be chosen to be a signed measure. For this we
identify P;(w, -) with another measure on a countable generator of 9,?_. We then
apply the result that two Banach space valued measures are equal, if they coincide
on a generator stable for finite intersections.

THEOREM 2.10. The kernel k may be chosen such that

6% 5 A k(w,A)eR
is a signed measure which is absolutely continuous with respect to P;(w, ')|9,0 ,
-

for Py-a.a. (w,t) € Q2 x [0, 00). This means that Condition 2.1 is satisfied.

PROOF. Lemma 2.9 implies that (Z}"(w, -))m>1 is an L2(P,(w, -))-bounded
martingale and, hence, for a.a. fixed (w, ), (Z}"(w, -))m>1 possesses a limit Z.
It can be chosen to be (¥; ® §;)-predictable. Take, for example,

Z; = lin}linf(Z;1 v 0) + limsup(Z;' A 0).
n
Now define a signed measure by
k. 4) = [ 140)Zi(. ) dP (. do).

Observe that IE, (w, -) is absolutely continuous with respect to P;(w, -) and that we
have, for all A € P/ with j27" <t,

ki(w, A) = ki (w, A)

for Py-a.a. (w,t) € 2 x Ry. One may also interpret 99_ SAH lzt (w, A), as an
L%(M)-valued measure. By applying the stochastic integral operator, we obtain an
L?(€2)-valued measure: 99_ SAH fé ks(w, A) d M. Moreover,

t~
(10) P,(w,A):P(A)—f—fO ks(a),A)dMs—i-LtA(w)

forall A € Ujp-m< £7™_ Since the LHS and both expressions on the RHS are
measures coinciding on a system which is stable for intersections, (10) holds for
all A € 99_. Hence, by choosing k;(-, A) = Izt(-, A) forall A € 99_, the proof is
complete. [J

REMARK 2.11. Since k is determined up to Pys-null sets, we may assume
that k; (w, -) is absolutely continuous relative to P;(w, -) everywhere.
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We close this section with some examples showing how (well-known) infor-
mation drifts can be derived explicitly, based on the formalism of Theorem 2.6.
To this end, it is not always necessary to determine the signed measures k;(w, -)
on the whole o-algebras 99, but only on some sub-o-fields. This is the case, for
example, if

g9=FvH,  0<r<T,
where (#) is some countably generated filtration on (2, ).
Now suppose that k; (w, -) is a signed measure on (]fto_) satisfying
k[((,(), )|J(,0_ < P[((l), )|}(t0_
for Py-a.a (w, t). Then we can show with the arguments of the proof of Lemma 2.3
that there is an (¥; ® #;)-predictable process § such that Pys-a.e.
dk(w, )

= dP@. ) |0

Bi(w, )

The information drift of (§,) relative to (¥;) is already determined by the trace
of (B;). For the corresponding analogue of Theorem 2.6, we shall give a more
explicit statement.

THEOREM 2.12. The process
o (@) = fr(w, w)
is the information drift of (G.) relative to (¥7).

PROOF. Suppose T to be a stopping time such that M7 is a martingale. For
O0<s<t,Ae sto and B € ?’so,wehavetoshow

EllalgM] — M) = E|:]lA]lB /t Bu(w, w)d(M, M)ﬂ.

For simplicity, assume M’ = M, and observe, like in the proof of Theorem 2.6,

E[141p(M; — My)] = E[1p P (-, A)(M; — M)]

t
=E[1A(w>13<w) / Bu(w, ) d(M, M>u] 0

EXAMPLE 2.13. Let (W;) be the standard Wiener process and (?’to) the fil-
tration generated by (W;). Moreover, let (¥;) be a Gaussian process independent
of #7 such that, for each pair s, ¢ with 0 <s < ¢, the difference Y; — Y is indepen-
dent of Y;. We denote by w; the variance of Y;.

We enlarge our filtration by

HY=o(W)+Y,:0<s<t)=c(Wi+Y) VoY, —Y;:0<s5<1),
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and put 9,? = }',0 \% tho, 0 <t <1. Now observe that, forall C e o(Y; — Y;:0 <
s <t) and Borel sets B € B8(R), we have

P(-,{iW1+Y, e BINC) = P(C)/Ilg(x + W —W,+Y)dP

X:Wt

= P(C)/Jlg(y +X)P1—t4w, () dy

X:Wt

- P<C)f3¢17,+w,<y —Wody, 0<i<l,
where

1 2
— —y7/(2v)
¢v()’) - (277,'1))1/26 .

Now observe that f(x, 1) = P(C) [g ¢1—i1+w, (y — x) dy is differentiable in x and
satisfies

d y—x
— t =PC/4 _ —x)d
7o/ @D =P©) | g1 (- ) dy
forall 0 <t <1 and x € R. By 1t6’s formula,
9
PG W+Y € BINC) = 0.0+ [ fWos)dWs+ 4 0=r<l,
0 0x

where A is a process of bounded variation. Note that A is also a martingale and,
thus, A = 0. Hence,

ki(-,{W1+Y, e B}JNC)

y—W;
=P(C D l—trw. V= W) d
©) [ T b & = W dy

— X
Q14w (¥) dy
—ttw, Y X=W; ()

+x
= PO [18G+0)7
_ f Wi (o) + Y (o) — Wi (w)
(W +Y,eB}NC 1—t+wy

As a consequence,

dPi(w,dw).

_ ki(w,do’)
"~ Piw,do)

_ Wi(@) +Yi(0) — Wi(w)
e 1—1+w

Bi(w, )

’

and by Theorem 2.12,
Wi+ Y, — W,
W,—/—1+S Sds,  0<t<l,
o 1—s4w;s

is a martingale relative to ().
Similar examples can be found in [8] where the information drifts are derived
in a completely different way though.
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EXAMPLE 2.14. Let (W;) be the standard Wiener process and (F;) the
Wiener filtration. We use the abbreviation W;* = supy.,, Wy and consider the
filtration enlarged by the random variable G = 1| () (WII) , ¢ > 0. Again, we want
to apply Theorem 2.12 in order to obtain the information drift of ¢, = #; vV o (G).
To this end, let Z; = sup,,~; (W, — W;) and denote by p; the density of Z;,
0 <t <1. Now, o

P(,.G=1)=PW'VW,+Z <c|F)

_ / L. (y V x + Z,) d P

X=Wzvy:Wz*

El

x:W,,y:W,*

cC—X
=11[o,c](y)/0 pi(z)dz

forall 0 <t < 1. Note that F(x, y, 1) =1j0,cj(y) fy  p:(2) dz is differentiable in
x forall0 <t <1 and x € R, and by It6’s formula,

Lo
P.G=D=FO.0.0+ [ ZFW WindW,+ A, 0=t<l,
0 ox
where A is a process of bounded variation. Hence,
ad
kt(-,Gzl):a—F(W,,Wt*,t), 0<r<l.
X

Similarly, we have
Pf('9G:O):H(Wt$Wt*7t)a O§t<1v

and

0
kl('vG:O):a_H(Wl’Wt*vt)7 0§t<1,
X

where
0
H(x, v, 1) = Loy () + Ljo.c1(¥) / pi(2) dz.
cC—X

As a consequence,

_ ki(o,do’)

Bi(w, ') =
' Pi(w,da’) |5 G)

d
= ]1{1}(G(a)’))£ log F (Wi (w), W (&), 1)

d
+ Jl{o}(G(a)/))—8 log H(W;(w), W} (o), 1), 0<t<l.
X
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3. Monotone convergence of information drifts. In the preceding section
we established a general relationship between the information drift and the regu-
lar conditional probabilities of filtrations. In this framework the knowledge of the
better-informed agent is described by a general enlarged filtration (4;) of (¥;). We
shall now consider the question whether this situation may be well approximated
by “stepwise initial” enlargements, for which we take ¥; v §,,_ for t € [t;, t;11),
if the family (#;)o<i<s is a partition of R. One particularly important question in
this context concerns the behavior of the information drifts along such a sequence
of discretized enlargements. Of course, we expect some convergence of the drifts.
We shall establish this fact rigorously in the following section. In the present sec-
tion, we shall prepare the treatment of this problem by solving a somewhat more
general problem. Let (4}'),cn be an increasing sequence of finite utility filtrations
and sup,, ugn (x) be finite. We will show that the smallest filtration containing every
($7) is then also a finite utility filtration.

Since we will not deal with regular conditional probabilities in this section, it is
not necessary to require our probability space (€2, ) to be standard.

We use the terminology of Revuz and Yor [24]: H 2(}7) denotes the set
of L2-bounded continuous (¥;)-martingales, that is, the space of continuous
(#%, P)-martingales M such that

sup E(Mtz) < 0.
t>0

We need the following characterization of H 2(F).

LEMMA 3.1 (Proposition 1.23 in [24]). A continuous (¥;)-local martingale
belongs to H>(F;) if and only if the following two conditions hold:

(i) E(Mg) < oo,

(i) E(M, M)x) < 00.

The properties (i) and (ii) are independent of the filtration considered. This is
due to the fact that the quadratic variation of M does not change under a new filtra-
tion (4;) for which M is still a semimartingale. We therefore have the following:

LEMMA 3.2. Suppose M € H2(F;). Let (G:) be a filtration such that M is
still a (G;)-semimartingale. If
M=M+A
is a Doob—Meyer decomposition with respect to () with Ay =0, then M belongs
1o H(§1).

PROOF. Notice that My = M and (M, M) = (M .M }. The claim follows now
by applying Lemma 3.1 twice. [J
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Now let M be a continuous (¥;)-local martingale and (4}'),>1 an increasing
sequence of filtrations, that is, for all > 0, we have

Fcglc...cgrcgrtlc....

We assume that, for all n > 1, the process M is a (§;)-semimartingale with Doob—
Meyer decomposition of the form

M=M" +/0.u§’d(M, M),
where n" is (4}')-predictable. We then have the following asymptotic property.
LEMMA 3.3. Ifthe processes (uW"),eN converge to some L in L2(M), then
M—/O'Msdw, M),
is a local martingale with respect to §; =\/,,>1 §¢.t > 0.

PROOF. Suppose the stopping time 7 reduces M such that M* is a bounded
martingale. Note that Lemma 3.2 implies that the stopped processes (M™)? are
(§;)-martingales.

For simplicity, we assume M* = M. Choose a constant C > 0 such that

o.¢]
IM| <C and E/ (WH?d(M, M), <C*  foralln> 1.
0
Now lete > 0,0<s <t and A € G. It suffices to show

<e.

t
E[LA(M; — My)] — E[JLA [ weau, M>s]

We start by choosing n¢ such that

£
W=l 2o <
LD = 4 JEQM, M))oo

for all n > ny.

Note that |U,>,, ¢y is an algebra generating the o-algebra \/,>1 45 = G5 =
Vnsn, $s - Hence, we can find a sequence (A;);en of sets in (J,>,, 5 such that
P(A A A;) — 0. A subsequence of (14,);en converges to 14 almost surely and,

therefore, we may choose n > ng and Ac g satisfying P(A AA)< (%)2 and

P 1/2 e
(E/ (L4 —1)2(M, M>> <=
Hence, we have
|E[1A(M; — My)] — E[1 ;(M; — My)]| < |E[(1 ; — 14)(M; — My)]|

< P(A A A)'P(EM, — My)?)'?

€
< —.
2
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By applying the Kunita—Watanabe inequality, we get, for n > no,

‘E[]lA /st pud(M, M)u} - E|:]lg fst p d(M, Mn}

t
< |E[1A [ = i i, Mn}

=(] "1ad(m, M>>1/2(E [ s it o, )

t
+ ‘E[m 10 [ wrawm, M>u}

1/2

t 1/2 %) 1/2
+ (E [faa-1p7am. M>) (E [ ao, M>s)
&
< (E(M, M) 2= 1" 2 + 5
£
==
-2
and thus,

t
\EmA(Mt My — E[JLA [ aaim, M>u]

< |E[1a(M; — My)] — E[1;(M; — My)]|

t
+ ’E[JIA(MT — My)] — E|:]lA/ wy d(M, M)u]

+le[as [Curaonan,] - v [Craonn,]

N

< +0—|—§:8. ]

N ™

We are now in a position to prove the main result of the section.

THEOREM 3.4.  Ifsup,-q [[n" ”i2(M) < 00, then (u") converges in L*>(M) to
a process |L. Moreover,

M —/ wd(M, M)
0
is a local martingale with respect to G; = \/,>1 .t > 0.

PROOF. Set ¢ = sup,>; ||,u”||i2(M). Let m > n > 1, and note that u” — u”

is the information drift of (4}') relative to ($;). Therefore, property (iii) in
Lemma 1.6 implies

™ 1200y = 1" 1T 200y + 1" = 171320
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Thus, ¢ =lim;, o0 [| "] d

2
L2(M) an
™ = W2 gy = 1™ W20y = I 1200y < € = 18" 132000 = O

as n — o0o. Therefore, {11}, is a Cauchy sequence in L?(M). By completeness
of L2(M), there exists a unique (%,)-predictable process uo € L%(M) such that
lim,_, 0o " = ¥ in L>(M). By Lemma 3.3, the process M — fuod(M, M) is a
(4)-local martingale. [J

4. Continuous and initial enlargements. In this section we relate general
enlargements of filtrations to “initial enlargements” along discrete partitions of
[0, T'], for finite horizon T. The knowledge of the insider is modeled by an arbitrary
filtration ($)se[0,1, satisfying §; D F;,0 <t <T.Fors € [0, T], we set

63 Ft, t<s,
lE v, t>s.

Again, the analysis of this section does not require our probability space (€2, )
to be standard.

REMARK 4.1. In the case where the o-field §s—, s € [0, T'], is generated by a
countable number of events, say, (A,),cn, the enlarged filtration §; can be viewed
as initial enlargement at time s in the classical sense. In that case §s— = o (14, :n €
N) and one has, for r € [0, T,

FiV Gs—=FVo(la,:neN).

The set {0, l}N can be endowed with a metric so that it becomes a Polish space
with corresponding Borel—o -field 8 ({0, 1})®N. Hence, the filtration (47) can be
seen as initial enlargement at time s induced by the random variable G: Q2 —
{0, l}N, o+ (14, (w))neN. In particular, the standard theory of initial enlarge-
ments is applicable. See [21].

In the following, we assume that (4y) is for arbitrary s € [0, T'] a finite utility
filtration. For 0 <s <t < T, we denote

T
m0(10,5) x (. T) = F(s,) = 1E [ (u)?d (M1, M),
t
where 1 is a (47)-information drift. So far 7 is defined only on the set J =
{[0, s) x (¢, T]:s <t}. As the next lemma shows, g can be extended to a measure

on the Borel sets of D = {(s, 1) eR2:0<s<r< T}.

LEMMA 4.2. There exists a unique measure w on the Borel sets B(D) of D
satisfying w|j = my.
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PROOF. Uniqueness is an immediate consequence of the measure extension
theorem. In order to show the existence of an extension, it satisfies to verify the
following property which essentially amounts to countable additivity on a gen-
erating semiring (see [13], Chapter II, Satz 3.8): For any (s,?) € D and any se-
quence (Sy, t;)neN in D with s, <s, t, > t and lim,_s oo (Sy, t,) = (s, 1), we have
lim, o0 F(sy,1t;) = F(s,t). Moreover, F(s,,t,) < F(s,t) < o0.

Let sy, t,, s and ¢ as above. Without loss of generality, we assume that (s;) is
monotonically increasing. For u € [t, T], we consider the filtrations (g:;"),e[u,n,
n € N, over the time interval [u, T]. The filtrations are monotonically increasing
with \/, ey g = gy, r €lu,T]. Since (Mﬁ")re[u,]‘] are (4,")-information drifts, it
follows (by Lemma 1.6) that

T
E / (1 — )’ diM, M) =O0.
In particular,
T T
E / WY d(M, M) < E f (W2 d(M, M) < oo,
u t

By Theorem 3.4, the processes (/,Li”)re[uj] converge to the information drift
(U5 refu,T1 10 LZ(M; [u, T]). Therefore, for any u € (¢, T],

T T
liminf £ / WM, M) > E f ()2 d(M, M).
n— " u

Due to the continuity of M, the right-hand side of the previous equation tends
to EftT(;LS)Zd(M, M) as u | t. Consequently, we obtain lim,_ oo F(sy, ;) =
F(s,r). O

The measure 7 describes the utility increase by additional information. As will
be shown below, (D) is finite if and only if (4,) is a finite utility filtration.

We now approximate the general filtration (G, ) by filtrations that can be seen as
successive initial enlargements. Let A:0 =59 <--- <s, =T, n € N, be a partition
of the interval [0, T']. We let, for r € [s;, si+1),i =0, ...,n —1,

grA =Gsi- V Fr.

PROPOSITION 4.3. Fori=0,...,n—1, let u% be a (gii)-information drift
and set ,urA =y forr €[s;,siv1). Then u®isa gtA-information drift. Moreover,

1 T AN2 A
L[, =m0,

where D® :={(s,t) e D:3i €{0,...,n — 1} withs <s; and t > s;}.
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PROOF. It is straightforward to verify that ©* is an information drift for ( tA).
Moreover,

1 T AN2
LE [ ),

1

]"_l Si+1 9
! ZE/ ()2 d(M, M),
i—0 S;

=3 (E/ (wH=dM, M), — E (W2 d(M, M),)
i=0 Si

i Si+1

n—1

=Y ([0, 51) x (57, 5i41]) =7 (D?).
i=0 O

We can now state the main theorem of this section.

THEOREM 4.4. Let A,, n € N, be a sequence of partitions of the inter-
val [0, T'], the mesh of which tends to 0. If (D) is finite, then the information
drifts W™ converge in L*(M) to a (§,)-information drift . Moreover, the utility
gain of the insider satisfies

T
(o) —u(F ) = 3E [ p2 (. M) =7 (D).
If m(D) is infinite, then so is the utility gain of the insider.
The proof of the theorem is based on the following proposition.

PROPOSITION 4.5.  Ifm (D) < oo, then there exists a (;)-information drift |4.
Moreover,

lFagyy = 7(D).

PROOF. Let A,, n € N, be as in the above theorem with the additional as-
sumption that A, is a refinement of A, for all n € N. Then one has 9,,A " C

Al‘l ..
g, "' for any t € [0, T]. By Proposition 4.3, %HMA" ||i2(M) = n(D?") < (D).

Due to Theorem 3.4, the information drifts 1% converge to a (\/,ey Gi") =
(g;—)-information drift x in L%(M). Using monotone convergence, we obtain that
Since every cadlag (§,—)-martingale is as well a (§,)-martingale, w is a (§,)-infor-
mation drift. [J
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PROOF OF THEOREM 4.4. Assume that 7 (D) is finite. Since the mesh of the
partitions A, tends to zero, one has lim,_~ 1pa,(x) =1 for all x € D. Conse-
quently, the dominated convergence theorem yields

(11) nli)nolon(DA”) = (D).

We established the existence of a (§;)-information drift x in Proposition 4.5. Re-
call that, by Lemma 1.6, the processes w’n and g — pn are orthogonal in L*>(M).
Consequently,

I = 15 gy = 1020y = NS 1 -

Due to (11), the right-hand side of the previous equation converges to 0. Hence,
™ converges to p in L>(M). The remaining statements are consequences of
Propositions 4.5 and 1.4. [

5. Additional utility and entropy of filtrations. In this section we consider
the link between the additional expected logarithmic utility of a better informed
agent and the entropy of the additional information he possesses. The additional
utility was first expressed in terms of a relative entropy in [23], page 1103, for a
particular example. More generally, [3] discussed the link between the absolute
entropy of a random variable describing initially available additional information
and the utility increment of better informed agents. Here we shall see that the
expected logarithmic utility increment is given by an integral version of relative
entropies of the o-algebras of the filtration. This notion can best be understood
as the limit of discrete entropy sums along a sequence of partitions of the trading
interval as the mesh goes to 0. Alternatively, we are able to give an interpretation
of the utility increment by Shannon information differences between the filtrations
of the agents. In particular, we shall see that these differences are independent of
any local martingales the filtrations may carry.

Suppose that the assumptions of Section 2 are satisfied. Moreover, we assume
that M is a continuous local martingale satisfying the (PRP) relative to (¥;), which
simply means that L4 = 0. Equation (7) simplifies to

t
aam=Pm»5£hquMh

where k(-, A) is as in Section 2. Let again (g?) be a filtration satisfying ?’to C 9?
and being generated by countably many sets. To simplify notation, we assume the
filtration (9,?) to be left-continuous. Let (§,) be the smallest completed and right-
continuous filtration containing (9?). In the following, we assume that ($,) is a
finite utility filtration and denote by p its predictable information drift, that is,

M=M—/mﬂMMh
0
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is a (§;)-local martingale. Recall that, by Theorem 2.10, we may assume that
ki (w, -) is a signed measure. For a fixed » > 0, we define " as the information
drift of the initially enlarged filtration (4 ), defined as in the beginning of the pre-
ceding chapter. For stating the main result we need the following lemma.

LEMMA 5.1. Let0<s <t and (P")u>0 be an increasing sequence of finite
partitions such that o (P :m > 0) = 9,0. Then

hmE/; Aej)m( ) (-, A)lad{M, MM_E/ (uu) d{M, M),
and

hmE/ (AHM% wau_E/XmgquM)
s aepn b

PROOF. By Lemma 2.10, the process

k
Y (w o)=Y F”(a),A)]lA(a)’), m>1,
Aepm ~ U

is a L%-bounded martingale for Py-a.a. (w, u) €  x [s, t]. Hence, (Y™) converges
Pyr-a.s. to the density

_ ku (" dCL)/)

Y PG da) lgo

By Theorem 2.6, we have
Yu(w, @) = p; (@)
Py-a.s. on  x [s, t] and, hence, the first result. In a similar way, one can prove

the second statement. [

We next discuss the important concept of the additional information of a o -field
relative to a filtration.

DEFINITION 5.2. Let 4 be a sub-o-algebra of ¥ and R, Q two probability
measures on & . Then we define the relative entropy of R with respect to Q on the
o-field A by

dR
flog—‘ dR, if R Q,
dQlx

00, else.

JfA(R”Q):{

Moreover, the additional information of A relative to the filtration (¥;) on [s, ]
(0 <s <t <T)is defined by

H(s.1) = / Ha (P (@, )| Py(w, ) dP(w).
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The following lemma establishes the basic link between the entropy of a fil-
tration enlargement and additional logarithmic utility of a trader possessing this
information advantage.

LEMMA 5.3. For0<s <t, we have

t
Hyg(o,) = E [ (13)> (M. M),
N

PROOF. Let (£™),,>0 be an increasing sequence of finite partitions such that
o (P™:m > 0) = g2, Recall that, by (9)

> [ﬂAlog Py(-, A) — 1 4log P, (., A)}

Aepm

tk ~ tk
= ¥ [ pe aaadt, ~ [ R i,
Ky PM N Pu

Aepm
1tk \2
— — LA Lad{M, M), |.
+2£<m)( Yiadf >}

Since M is a local martingale, we obtain by stopping and taking limits if necessary
P(-, A)

E ) PoC, Mlog 45—

Aepm

‘ky Lt k)
Acpm Ky PM 2 N PM

Note that in the previous line 4 may be replaced by u®, because (u — u*) is
orthogonal to L>(M)(4*) [see property (iv) in Lemma 1.6]. Applying Lemma 5.1
yields

t
lim Hon (5,1 = LE [ (3% d(M, M)
N
Fatou’s lemma implies
liminf Hpm (s, 1) > Hgo (s, 1).
m s
On the other hand, we have Hpn (s, 1) < Hgg (s, 1), since P™ C 9‘3 and, thus,
lim Hpn (s, 1) = Hgo(s, 1),
m N
which completes the proof. [J
Let us now return to the stepwise approximation of a filtration enlargement

along a sequence of partitions of the trading interval by “initial enlargements,”
and define their respective information increment.
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DEFINITION 5.4. Let A:0=s59<.--<s,=T,n €N, be a partition of the
interval [0, T'] and let u® be the information drift of (grA). The additional infor-
mation of (grA) relative to (F;) is defined as

n—1

Hy=)_ Hgo (si, Si+1)-
i=0

THEOREM 5.5. We have

T
tom v .

PrROOF. This follows from Theorem 4.4 and Lemma 5.3. O

EXAMPLE 5.6. Let 99 = ?to Vv o ($), where P is a finite partition in Fr.
Then 1 = p and by Lemma 5.3,

T
1 2
Hgg(O, T):§E/O w,d{M,M),.

If F9 is trivial, then
Hgo(0.T) = —AZ P(A)log P(A),
eP

which is the absolute entropy of the partition &. Thus, the additional logarithmic
utility of an agent with information (§,) is equal to the entropy of 4. This example
shows that there is a link between logarithmic utility and the so-called Shannon
information.

DEFINITION 5.7. Let X and Y be two random variables in some measurable

spaces. The mutual information (or Shannon information) between X and Y is
defined by

I(X,Y)=JH(PxyllPx® Py).

Now let Z be a third random variable. The conditional mutual information of X
and Y given Z is defined by

I(X,Y|Z) =E[#(Px,y |zl Px|z ® Py|z)],

provided the regular conditional probabilities exist.
If A is a sub-o-algebra of ¥, then we write id4 for the measurable map
(2, F) > (2, A), w+— w. For two sub-o -algebras 4 and D, we abbreviate

[(A, D) =1(idy, idp).

Since our probability space is standard, for any sub-o-fields +, D, & of ¥, there
exists a regular conditional probability Piq , idg|ide and we define

[ (A, DI&) :=I(id4, idpide).
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The mutual information was introduced by Shannon as a measure of informa-
tion. It plays an important role in information theory (see, e.g., [16]).

THEOREM 5.8.
T
li 1(g°, F9 O:lE/ZMM.
‘Alllgoxl: (9Si’$¥i+llfgi) 2 0 M’ud< ’ )I/i

PROOF. Note that, for three random variables X, Y and Z, we have

dPix vz  dPx|y,z)
d(Px |z ® Py|z) dPx|z
This property implies that one has, forO0 <s <t <T,

0 00 dP‘d9 lidgo
160 7170 = | logﬁdmww(w)
id_olid_g
_ Pt( da)) ,
ffl P( doh)lg dP(a))dP(a))

Thus, the assertion is an immediate consequence of Theorem 5.5. [
This result motivates the following notion.

DEFINITION 5.9. The information difference of (99) relative to (fﬁo) up to
time T is defined as

AGY, 7% = lim Zl Go Fu  1FD).

|Al—

REMARK 5.10. Note that we did not use M in our definition of the infor-
mation difference of (39) relative to (3‘“,0). However, by Theorem 5.8, the infor-
mation difference may be represented in terms of any local martingale satisfying
the (PRP).

Theorem 5.8 can be reformulated in the following way.

THEOREM 5.11. The additional utility of an agent with information (G;) is
equal to the information difference of (9,9) relative to (fFrO), that is,

ug(x) —ug(x) = A%, FO).

If (§,) is initially enlarged by some random variable G, then the information
difference of (99) relative to (J‘T,O) coincides with the Shannon information be-
tween G and (57579).
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LEMMA 5.12. Let 9,9 = ?}0 V o (G), where G is a random variable with val-
ues in some Polish space. Then

AGL, FO =1(G, F17).
PROOF. Let 0 <s <. By standard arguments, we have (4, F°|F?) =
1(G, F|FL) and
1(G, FUF)) = 1(G, (F2, FOIF))
=1(G, FF) + 1(G, FAFD)
(see, e.g., [16], Theorem 1.6.3). By iteration, we obtain, for all partitions A,
DG P ) =G )

S i+1
and, hence, the result. [

THEOREM 5.13. Let g? = 57,0 V 0 (G), where G is a random variable with
values in some Polish space. Then the additional logarithmic utility of an agent
with information (G;) is equal to the Shannon information between G and (3719)
conditioned on ¥y, that is,

g (x) — ug (x) = [(Fy, G|F).

In particular, if .’FOO is trivial, then the additional utility is equal to 1 (.‘?79 , G).
PROOF. This follows from Lemma 5.12 and Theorem 5.8. [

REMARK 5.14. If §0 = F°V o (G) and G is F,-measurable, then the mutual
information 1 (£, G|5~’00) is equal to the conditional absolute entropy of G (see
also [3]).

EXAMPLE 5.15. Let (2, ¥, P) be the one-dimensional canonical Wiener
space equipped with the Wiener process (W;)o<;<1. More precisely,
Q = C([0, 1], R) is the set of continuous functions on [0, 1] starting in 0, ¥ the
o -algebra of Borel sets with respect to uniform convergence, P the Wiener mea-
sure and W the coordinate process. (¥7)o</<1 is obtained by completing the natural
filtration (?’to)ogfl. Suppose the price process S is of the form

S; = exp(W; + bt), 0<r<i,

with b € R. We want to calculate the additional utility of an insider knowing
whether the price exceeds a certain level or not. More precisely, we suppose the
insider to know the value of

G = 1(c,00) (57,
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where ¢ > 0 and S| = maxo<;<1 S;. By Remark 5.14, the additional utility is equal
to the entropy

H(G)=plogp + (1 — p)log(l — p),
where
p=P(S] > o).

This may be calculated via Girsanov’s theorem. Namely, we have

P(ST>c)= P(Vt c€[0,1]: max W; + bt > 10gc>
tel0,1]

/‘1 (bl b? ) [logc| ( |10gc|2)d
= | ex ogc— —s exp| — s.
o TP\TORCT S ) o AT o

6. Mutual information estimates. In this final section we apply some re-
sults from information theory to derive estimates for the information of a better
informed agent. This yields a priori estimates for the agent’s additional expected
logarithmic utility in the light of the preceding section. Among other facts, the dif-
ferential entropy maximizing property of Gaussian laws will play a role. We adopt
the notation of [16].

Before we provide the information estimates, we summarize some basic facts
of the mutual information (see [16], Theorem 1.6.3). For random variables X, Y,
Z in some Borel spaces, the following properties hold:

LD I(X,Y|Z)>0and, I(X,Y|Z)=0if and only if X and Y are independent
given Z.

12) IX,Y,Z2)=1X,2)+1(X,Y|Z).

(I.3) If X is a continuous random variable with finite differential entropy, then

I(X,Y)=h(X)—h(X]|Y).

For some fixed integer d € N, let X be a ’f’ﬁ—measurable R<-valued random
variable. Moreover, denote by Y a d-dimensional r.v. that is independent of the
o-field F7. We consider the enlarged filtration 4 = F° v o (G), where G :=
X+7Y.

LEMMA 6.1. Suppose that the law of Y is absolutely continuous with respect
to Lebesgue measure and has finite differential entropy

dP dP
) =— [ S oeg S may.
Then
(12) (G, F)=h(X +Y) — h(Y).
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PROOF. Due to property (I.2), we have
LG, FH=IX+Y,X)+1(X+Y, F2X).
Given X, the r.v’s X + Y and id?ro are independent. Therefore, (I.1) and (I1.3)
lead to
I(G,?’TO):I(X+Y,X):h(X—|—Y)—h(X+Y|X):h(X—|—Y)—h(Y). g

Now assume the perturbation Y to be a R?-valued centered Gaussian r.v. that is
independent of }'79 .

LEMMA 6.2. Suppose that X € L?(P) and let Cx and Cy denote the covari-
ance matrices of X and Y, respectively. Then

1 det(Cx + Cy)
13 1(G,F)) < —log———— 2.
(13) ( 7)< ) og det(Cy)
Moreover, equality holds in (13) if X is Gaussian.

PROOF. The distribution of Y is continuous with respect to Lebesgue measure
and has finite entropy. Therefore,
1(G, F) =h(X+Y)—h(Y).

Let Cx and Cy denote the covariance matrices of X and Y, respectively. Due
to the independence of X and Y, the random variable X + Y has the covariance
matrix Cy4+y = Cx + Cy. Next recall that the normal distribution maximizes the
differential entropy under a covariance constraint, thatis, 2(X +Y) < h(Z), where
Z is a centered Gaussian r.v. with covariance matrix Cxy. Therefore,

I(X,X+Y)<h(Z)—-h(Y).

Using the formula for the differential entropy of Gaussian measures (Theo-
rem 1.8.1, [16]), we obtain

1 J 1 J
h(Z) —h(Y) = - log(2me)! det(Cx1y)) — 5 log((2me)’ det(Cy))
1. det(Cx+y)

=—1lo
2 7% " det(Cy)

If X is Gaussian, then 2(X + Y) = h(Z) and, hence, the second statement of the

lemma follows. [

COROLLARY 6.3. Assume that additionally to the assumptions of the above
lemma, the equation Y = k N is valid, where N is a d-dimensional standard nor-
mal rv. and k > 0. Then

1 & A
1(G. f79>55210g1—“,
j=1 “

where L (j =1,...,n) denote the eigenvalues of Cx.
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PROOF. The proof follows easily by computing the determinants in Lem-
ma6.2. U

The proof of Lemma 6.2 is based on the fact that Gaussian distributions maxi-
mize the differential entropy under a constraint on the covariance structure. Let us
recall the construction of entropy maximizing measures under a linear constraint.

LEMMA 6.4. Let E C R? be a measurable set, ¢ > 0 and g:E—[0,00) a
measurable map. Assume that there exist constants Z,t > 0, such that the measure

v defined by

d_v(x) — le—tg(x)

drd Z

is a probability measure satisfying E'[g] = c. Then v is the unique probabil-
ity measure maximizing the differential entropy among all continuous probability

measures |1 on E satisfying E*[g] =c.

The entropy maximization problem is equivalent to minimizing the relative en-
tropy #(-||A%). Hence, the problem can be treated under more general constraints
by using results of [9], Theorem 3.1.

PROOF. Let u be a continuous probability measure on E with E*[g] = c.
Then

d
FH(ulv) = E“logfi—l: = E“longlZ + E“log%
— —h(p) +log Z +1Efg = —h(u) +log Z +tE'g
e '8
Z

Since H(u|[v) >0 and H(u||v) =0 iff u = v, v is the unique maximizer of the
differential entropy. [

= —h(n) — E"log =—h(u) + h).

REMARK 6.5. The above lemma can be used to derive similar results as
obtained in Lemma 6.2. For instance, for £ := R and g(x) := |x|, one ob-
tains that the two-sided exponential distribution maximizes the differential en-
tropy under the constraint E#g = ¢ (¢ > 0). In particular, the measure v with
j—/‘{(x) = (2¢) e~ I¥l/c gatisfies

E'[g]l=c and h(v)=1+1log(2c).

Now let X be a real-valued r.v. in L' (P). Moreover, let k1 := E[|X — EX|] and Y
be a two-sided exponential distribution with E|Y| =: k3. Then due to Lemma 6.1,

K1+/<2)
K2 ’

1(G, F) < log(
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EXAMPLE 6.6. We consider the classical stock market model with one as-
set. Let (J'F;O)ze[o,T] be a Brownian filtration generated by the Brownian motion
(Bt)refo,1) and denote by (¥;) its completion. The stock price is modeled by the
process

S[ = S() exp{Bt + bt},

where Sp > 0 is the deterministic stock price at time 0 and b € R. For some fixed
times t1,...,14 € (0, T] (d e N),let X := (By;)i=1,....a. We suppose that the insider
bases his investment on the filtration §; = (., s V 0 (G), where G = X + kN
and N is a standard normal r.v. in R that is independent of £7. Due to Lemma 6.2,
the additional utility of the insider is related to the eigenvalues of the matrix

n n ... N
T Hh ... B
nh 1 ... 14

Let us finish the section with an example for a general enlargement.

EXAMPLE 6.7. We reconsider the classical stock market model of Exam-
ple 6.6 with T := 1. The knowledge of the insider at time ¢ is modeled by
G =>r Fr V 0 ((Gs)selo,r), Where G; := By + Bg(1—1), (B;) is a Brownian
motion independent of (B;) and g:[0, 1] — [0, c0) is a decreasing function. We
are therefore in a setting similar to Example 2.13. We now calculate the utility in-
crement from the perspective of the notion of information difference of filtrations.
Let 7 be as in Section 4. For 0 <s <t <1, we have

7 (10,8) x (s,]) = I((Gu)uero,s1: 71 F5)
=1(Gy, FUAF)) = 1(Gs., BIIF) + 1(Gy, 7117, B)
=I1(B1 + Bg(1-), B: — B,| 7))
= I(B) — By + Bg(1—s), Bi — By).
Using the formula for the differential entropy for Gaussian measures, we obtain
m([0,5) x (s,1]) = h(By — B + By1—5)) — h(B1 — By + By(1—y))
1
=5 log(2e(1 — s+ g(1 —s)))
1
=3 log(2me(l —t + g(1 —)))
L og Lo8+80—9)

og .
2 Cl—t+g(—s)
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Alternatively, one can express 7 ([0, s) x (s, t]) as

1t 1
7 ([0, 5) x (s,1]) = —/ du.
2Js 1—u+g(l—ys)

For a partition A:0=1#y <--- <t, =1 (m € N), we consider D2 as in Section 4.
One has

n

(D™ =" w([tiz1, ;) X (t;, ti1])

i=1
1 ! 1

== du.
2Jo 1—u+g(1 —max{t;:t; <u})

Next, choose a sequence of refining partitions (A,) such that their mesh tends to 0.
Then the term in the latter integral is monotonically increasing in n and convergent.
Hence, one obtains

1 1
lim 7(D*) = - du.
n—00 2Jo 1—u+g(1l—u)

On the other hand,

lim 77(D%) = (D) = ug (x) — ug (x).

Consequently, the insider has finite utility if and only if fol W du < oo is

—u
finite. Now suppose g(y) = Cy? for some C > 0 and p > 0. It is stra)ightforward
to show that the integral and, hence, the additional utility, is finite if and only if
p € (0,1). This equivalence follows also from results in [8], where the authors
compute explicitly the information drift.
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