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ON THE MAXIMUM QUEUE LENGTH IN THE
SUPERMARKET MODEL
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There are n queues, each with a single server. Customers arrive in a
Poisson process at rate An, where 0 < A < 1. Upon arrival each customer
selects d > 2 servers uniformly at random, and joins the queue at a least-
loaded server among those chosen. Service times are independent exponen-
tially distributed random variables with mean 1. We show that the system
is rapidly mixing, and then investigate the maximum length of a queue in
the equilibrium distribution. We prove that with probability tending to 1 as
n — oo the maximum queue length takes at most two values, which are
Inlnn/Ind + O(1).

1. Introduction. We study a well-known queueing model with n separate
queues, each with a single server. Customers arrive into the system in a Poisson
process at rate An, where 0 < A < 1 is a constant. Upon arrival each customer
chooses d queues uniformly at random with replacement, and joins a shortest
queue amongst those chosen (where she breaks ties by choosing the first of the
shortest queues in the list of d). Here d is a fixed positive integer. Customers are
served according to the first-come—first-served discipline. Service times are inde-
pendent exponentially distributed random variables with mean 1.

A number of authors have studied this model before, as well as its extension
to a Jackson network setting [2—4, 11, 13-15, 17]. For instance, it is shown in [2]
that the system is chaotic, provided that it starts close to a suitable deterministic
initial state, or is in equilibrium. This means that the paths of members of any fixed
finite subset of queues are asymptotically independent of one another, uniformly
on bounded time intervals. This result implies a law of large numbers for the time
evolution of the proportion of queues of different lengths, that is, for the empirical
measure on the path space [2]. In particular for each fixed positive integer kg, as n
tends to infinity the proportion of queues with length at least kg converges weakly
(when the infinite-dimensional state space is endowed with the product topology)
to a function v (kg), where v;(0) = 1 for all # > 0 and (v; (k) : k € N) is the unique
solution to the system of differential equations

dv; (k)

(1) =Mk = D — v () — (v (k) — v (k + 1))
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for k € N. Here we assume appropriate initial conditions (vg(k) : k € N) such that
1 > vo(1) > v9(2) > --- > 0. Further, again for a fixed positive integer kg, as n
tends to infinity, in the equilibrium distribution this proportion converges in prob-
)L1+d+..,+dk0*1

ability to , and thus the probability that a given queue has length at

least ko also converges to A1 +d+-+d07",

Although these results refer only to fixed queue length ky and bounded time
intervals, they suggest that when d > 2, in equilibrium the maximum queue length
may usually be O (Inlnrn). Our main contribution is to show that this is indeed the
case, and to give precise results on the behavior of the maximum queue length. In
particular, we shall see that when d > 2, with probability tending to 1 as n — oo,
in the equilibrium distribution the maximum queue length takes at most two val-
ues; and these values are Inlnn/Ind + O(1). We show also that the system is
rapidly mixing, that is, the distribution settles down quickly to the equilibrium dis-
tribution. Another natural question concerns fluctuations when in the equilibrium
distribution: how long does it take to see large deviations of the maximum queue
length from its stationary median? We provide an answer by establishing strong
concentration estimates over time intervals of length polynomial in n. Our tech-
niques are partly combinatorial, and are used also in [7-9]. In particular, in [8]
we use the concentration estimates obtained here to establish quantitative results
on the convergence of the distribution of a queue length and on the asymptotic
independence of small subsets of queues, the “chaotic behavior” of the system.

Recently, in [6, 10], a quantitative approximation has been obtained for the su-
permarket model, including a law of large numbers and a central limit theorem.
These results rely on properties of continuous-time exponential martingales and
strong approximation of Poisson processes by Brownian motion. A “localization”
technique yields tight bounds on the deviation probabilities uniformly in all co-
ordinates of the infinite-dimensional state space, in a spirit somewhat akin to the
approach adopted in this paper and in [7-9]. However, the results in [6, 10] concern
solely fixed-length time intervals and do not extend to equilibrium behavior.

Let us introduce some notation so that we can state our results. Consider the
n-queue model. For each timer > 0 andeach j =1,...,n let X,(")(j) or X;(j) de-
note the number of customers in queue j, always including the customer currently
being served if there is one. (We shall keep the superscript “n” in the nota-
tion in this section, but then drop it in later sections.) We make the usual as-
sumption of right-continuity of the sample paths. Let X ,(") or X; be the queue-
lengths vector (Xt(")(l), s X,(")(n)). For a given positive integer n, Xt(") is an
ergodic continuous-time Markov chain. Thus there is a unique stationary distrib-
ution II™ or I for the vector of queue lengths; and, whatever the distribution of
the starting state, the distribution of the queue-lengths vector X ,(") at time ¢ con-
verges to IT"™ as t — oco. We will show that, with reasonable initial conditions, the
convergence is very fast. Note that the Li-norm | X;|[; of X, is the total number
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of customers present at time ¢, and the Lyo-norm || X;| s is the maximum queue
length.

The probability law or distribution of a random variable X will be denoted
by L(X). The total variation distance between two probability distributions
@1 and po may be defined by drv(ur, n2) = supy |[Pr(X € A) — Pr(Y € A)|,
where the supremum is over all events A, or equivalently by drv(ui, u2) =
infPr(X # Y), where the infimum is over all couplings of X and Y where
L(X) = p1 and LY) = po.

For any given state x we shall write £(X t("), x) to denote the law of X ,(") given
X (()") = x. For & > 0, the mixing time T (¢, x) starting from state x is defined by

™ (e, x) = inf{r > 0:dry (LX), x), T?) <&},

Our first theorem shows that if we start from any initial state in which the queues
are not too long, then the mixing time is small. In particular, if ¢ > 0 is fixed and 0
denotes the all-zero n-vector, then 7" (¢, 0) is O (Inn). More generally, this holds
if € > 0 is not too small (explicitly, if e~ ! is bounded polynomially in n), ||x]||1 is
O(n) and ||x[leo is O(Inn). Observe that the quantity §, ; below is 0O if the initial
state is 0.

THEOREM 1.1. Let O < A < 1 and let d be a fixed positive integer. For each
constant ¢ > (O there exists a constant n > 0 such that the following holds for
each positive integer n. Consider any distribution of the initial queue-lengths vec-

tor X(()"), and for each time t > 0 let
8.t =Pr(|X§" || > cn) +Pr(| XV, > n1).
Then
dry (LX), TID) < ne ™ 427" 436,

The O (Inn) upper bound on the mixing time 7 is of the right order. Indeed, we
shall see that for a suitable constant 8 > 0, if t < 6 Inn, then

@) dry(L(X{"), ) =1 — =20,

Thus 7™ (g, 0) is O(Inn) as long as both e land (1 —&)~! are bounded polyno-
mially in 7.

Our primary interest is in the maximum queue length M = | X"||«. Since
the system mixes rapidly it is natural to consider the stationary case. Our model
exhibits the “power of two choices” phenomenon (see, e.g., [15]); that is, when we
move from d = 1 choice to d = 2 choices, the typical maximum queue length M,(")
drops dramatically.

We are most interested in the case d > 2, but first we consider the easy case
d =1 in order to set the scene. This case is straightforward, since in equilibrium



496 M. J. LUCZAK AND C. McDIARMID

the queue lengths are i.i.d. geometric random variables with parameter 1. We find
Inn

In(1/)1)°
on a bounded range of values (in contrast to the( t/)e)havior in the balls-and-bins
model [7], where the maximum load is concentrated on at most two adjacent val-
ues, even when d = 1).

Given a sequence of events Ay, As, ..., we say that A, holds asymptotically
almost surely (a.a.s.) if A, holds with probability tending to 1 as n — oo.

that the maximum queue length Mt(") is about and it is not concentrated

THEOREM 1.2. Let 0 < A < 1 and let d = 1. For each positive integer n,
suppose that the queue-lengths vector X(()") is in the stationary distribution (and

thus so is the maximum queue length M,(")).

(a) For each nonnegative integer m
Pr(M" <m)=(1— A"

Thus if m = m(n) and n — o0, then M,(n) > m(n) a.a.s. if and only if m(n) —
1
1n(117x)

(b) For any subexponential time t >0 (i.e., T =e¢

— —00; and M,(") <m(n) a.a.s. if and only if m(n) — lnl(r;% — +o00.
no(l)
),

In(1/A
( min M,(")) g — 1 in probability as n — oo.
0<t<t Inn

(c) For any constant K > 0,

In(1/x
< max Mf"»% — K +1 in probability as n — o0.

0<t<nk nn

Now we consider the case d > 2, when the maximum queue length Mt(") is far
smaller, and it is concentrated on just two values m4 and m4 — 1. This is our main
result.

THEOREM 1.3. Let0 < A < 1 andletd > 2 be an integer. Then there exists an
integer-valued function mg = mg(n) =Inlnn/Ind + O (1) such that the following

holds. For each positive integer n, suppose that the queue-lengths vector X(()") is
in the stationary distribution (and thus so is the maximum queue length Mt(") ).
Then for each time t > 0, M[(”) is mg(n) or mg(n) — 1 a.a.s.; and further, for any
constant K > 0 there exists ¢ = ¢(K) such that
3) max |M,(") —Inlnn/Ind|<c  aas.
0<t<nk

The functions ma(n), m3(n), ... may be defined as follows. For d = 2,3, ...

let i;y(n) be the least integer i such that A =D/E@=D - =1/21n2 3 Then we let
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my(n) =ir(n) + 1, and for d > 3 let my(n) = iz(n). (We shall see that with high
probability the proportion of queues of length at least i is close to Ad=D/@d=1)

Results can be obtained on deviations of the maximum queue length over longer
time intervals, using arguments just as in [7]; we shall not discuss such results
further here.

We have now described our model and stated our main results. The later sections
of this paper are organized as follows. In Section 2 we prove Theorem 1.1, which
shows that for each fixed positive integer d the process (X ,(")) starting from a nice
initial state mixes in logarithmic time. The proof is based on considering a pair of
“adjacent” initial states and analyzing a suitable random walk. We give also a simi-
lar result involving the Wasserstein distance. In Section 3 we focus on the straight-
forward case d = 1, and prove Theorem 1.2. In Section 4 we show that a Lipschitz
function of the queue-lengths vector in equilibrium is tightly concentrated around
its mean. To do this, we consider a queue-lengths process (X t(")) starting from 0,
and use the bounded differences approach to establish concentration at a suitable

time + when L£(X t(”)) is close to the equilibrium distribution. In Section 5 we use
the concentration property to estimate the proportions of queues of at least some
given lengths, and to bound their fluctuations over long time intervals. In the short
Section 6 that follows we establish the logarithmic lower bound (2) on the mixing
times in Theorem 1.1. In Section 7 we prove Theorem 1.3, and thus complete the
proofs of the new results stated above. Finally, we make some brief concluding
remarks.

Several times we shall use the fact that, if X is a binomial or Poisson random
variable with mean p, then for each 0 < ¢ < 1 we have

“4) Pr(X — ju < —ep) < e~ (1/2%u
and

®) Pr(X — > ep) <e UDeH,
and if x > 2eu, then

© Pr(X >x) <27,

For the above results, see, for example, Theorem 2.3(b) and inequalities (2.7)
and (2.8) in [12].

2. Rapid mixing: proof of Theorem 1.1. In this section we shall in fact
prove both Theorem 1.1 and a similar result involving the Wasserstein distance
instead of the total variation distance. The Wasserstein distance may be defined
by dw (i1, n2) = infE[|| X — Y||;] where the infimum is over all couplings where
L(X) = w1 and L(Y) = py. Observe that for integer-valued random variables,
the total variation distance between the corresponding laws is always at most the
Wasserstein distance. The following result will also be used in [8], where we con-
sider the asymptotic distribution of a queue length.
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LEMMA 2.1. Let0 < A < 1 and let d be a fixed positive integer. For each con-
stant ¢ > 1ﬁ—x there exists a constant ) > O such that the following holds for each
positive integer n. Let M denote the stationary maximum queue length. Consider
any distribution of the initial queue-lengths vector Xo such that || Xol|1 has finite
mean. For each time t > 0 let

8n,e = 2E[IIXoll11)xo), >cn ] + 2cnPr(Mo > nt).
Then
dw (LX), ) <ne™™ +2cnPr(M > nt) +2¢~ " + 8, 4.

In order to prove this result we shall couple the queue-lengths process (X;) and a
corresponding copy (Y;) of the process in equilibrium in such a way that with high
probability || X; — Y;||; decreases quickly to 0. We model departures by a Poisson
process at rate n together with an independent selection process that generates a
uniformly random queue at each event time. If the queue selected is nonempty,
then the customer currently in service departs; otherwise nothing happens.

We start the proof with a lemma concerning the return times to the origin of a
generalized random walk on {0, 1, 2, .. .}. This lemma will be needed later to show
that a certain coupling happens quickly.

LEMMA 2.2. Let ¢o, p1, 92, ... be a filtration. Let Z1,Z3, ... be {0, £1}-
valued random variables, where each Z; {s ¢i-measurable. Let Sy > 0 a.s. and
for each positive integer j let S; = So + Z{Zl Zi. Let Ao, Ay, ... be events, where
each A; is ¢p;-measurable.

Suppose that there is a constant positive integer ko and a constant § with 0 <
6 < 1/2 such that

Pr(Z; =—1|¢i—1) =$ onAi—1N{Si—1€{l,....ko—1}}
and
Pr(Z; =—1|¢i-1) =6+ 1/2 on Ai—1 N{Si—1 > ko}.
Then there exists n > 0 such that for each positive integer m
m m—1
Pr(( ﬂ S; #0) N (ﬂ A,-)) <Pr(So > nm) +2¢ "M,
i=1 i=0

PROOF. Let us ignore the events A; in the meantime; we shall see later that it
is easy to incorporate them into the argument. We define random times /; and /;
as follows. Let

Io =min{i > 1:5; <ko},
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and let
Ijy=min{i > I;:S; <ko}.
Further, let fo = I and let
fj+1 =min{i > fj + ko:S; < ko}.

Observe that always I =<1y
The key fact is that for all positive integers m and j,

7) Pr(ﬂSi 750) <1 =8 +Pr(f; > m).

i=1

To see this, note first that if fl =1, then S; < kg and, for 1 <k < kg, on S; =k we
have

k
Pr( N (Zrsu= —1>|¢z> > s,
u=1

Now foreachi =0,1,...let B; betheeventtha; A\ #Oforeachr:fi,...,fi +
ko — 1. Then Pr(B;|¢;) < 1 — 8%, and so Pr(mg;o1 B;) < (1 — §k0)J But

m j—1
Pr<(ﬂ S; ;AO) N, §m)) §Pr(ﬂ B,-),
i=1 i=0
and (7) follows. .
We need to investigate the times /; in order to be able to ensure that the
term Pr(f j > m) in (7) is small. First we consider the times /;. Note that
I<(d- S)r(% +38) for r > 0. Let h = 82/4. Then by (4), for all nonnegative

2
integers j and r,

1 r —hr
Pl‘([j+1—]j>l’|d)[j)§Pl‘ B I’,E—{—S <§ <e .

(Here we are using B to denote a binomial random variable.) Now let s be a
positive integer. Let b = (§ — 28%)~!, so b > 0. Note that for r > bs, we have
% <(1- 8)r(% + 8). Hence, again using (4), we see that, on the event {Sp < s},

1
Pr(lo > rl¢o) < Pr(B(r, 5 +3> < r;s) <ehr

Thus in particular, for » > bs,
Pr(ly>r) <e " +Pr(Sy > s).

Let Z be a random variable taking positive integer values and such that
Pr(Z > r) = e~ for each positive integer r. Then I j — I is stochastically at most
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the sum of j i.i.d. random variables, each distributed like Z. Note that Mz (h/2) =
E[e"/PZ] < 0. Let ¢; > 0 be sufficiently large that Mz(h/z)e_clh/2 < 1, say
Mz (h/2)e=1"/2 = ¢=2 where ¢, > 0. Then

Pr(l; — Iy > c1j) < e~ W2 E[M/DU;~10)]
< €_(h/2)cleZ(h/2)j
— e 2

Putting the last two results together, and using the fact that I i < Ijk,, we have for
each r > bs,

Pl‘(fj >r 4 C]jk()) < PI‘(I() >r)+ Pr(IjkO — Iy > C]jk())
<e M L Pr(Sy > s) + e 2ik0,

We may now complete the proof (still for the case without the events A;). Let
n1 > 0 and 1, > 0 be sufficiently small that 1 — 1 — nac1ko > 0. Let r = [n1m],
j = [nam] and s = |r/b]. Then for m sufficiently large, r + c1jko < m; and so
by (7) and the last inequality

m
Pr( () Si # 0) <e ki 4 omhr L Pr(Sy > 5) + e 270
i=1

< e Okomam + e mm +Pr(Sy > s) + e C2komm.

Thus there exists a constant n” > 0 and an integer mq such that for each integer
m = my

m
Pr( ﬂ S; # 0) <Pr(So > n'm) +2e 1™,
i=1

But now we may set n = min{n’, In2/mg} > 0 and then for each positive integer m
m
Pr( m S; # 0) <Pr(So > nm) + 2",
i=1

Let us now bring in the events A;. For each i define Zi = Zila, — H/T,-

(where A_, denotes the complemgnt of A;). Then Pr(Zi = —1|¢i—1) = 6 on
{Si-1€{l,...,ko — 1}} and Pr(Z; = —1|¢i—1) = 1/2 + & on {S;—1 = ko}. Let
S =80+ Z{:] Z;. Then by what we have just proved applied to the Zi,

Pr((ﬁsi;éo)m(Aom---mAm_1)> §Pr<ﬁ§,~;&0>

i=l i=I

<Pr(Sy > nm) +2e ",
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as required. [J

We now introduce a natural coupling of n-queue queue-lengths processes (X;)
with different initial states.

Arrival times form a Poisson process at rate An, and there is a corresponding
sequence of uniform choices of lists of d queues. Departure times form a Poisson
process at rate n, and there is a corresponding sequence of uniform selections of a
queue, except that departures from empty queues are ignored. These four processes
are independent. Denote the arrival time process by T, the choices process by D,
the departure time process by T and the selection process by D.

Suppose that we are given a sequence of arrival times t with corresponding
queue choices d, and a sequence of departure times t with corresponding se-
lections d of a queue, where all these times are distinct. For each possible ini-
tial queue-lengths vector x € Q = (ZT)" this yields a deterministic queue-lengths
process (x;) with xo = x: let us write x; = s;(x; t, d, t, d) Then for each x € €,
the process (s¢(x; T, D, T D)) has the distribution of a queue-lengths process with
initial state x.

LEMMA 2.3.  Fix any 4-tuple t,d, t,d as above, and for each x € Q write
st (x) for sq(x;t,d, t, d). Then for each x,y € Q, both |s;(x)—s:(y)|l1 and
lss (x) — s:(¥)|loo are nonincreasing; and further, if 0 <t < t’ and s;(x) < s;(y),
then sy (x) < sy (y).

(We shall not need the result about ||s;(x) — s:(¥)|lco in this paper, but it is
convenient to record the result for use elsewhere, in particular in [8].)

PROOF OF LEMMA 2.3. Let tg be a jump time; let x,,— = x and y,,— = y; and
let x;,, = x" and y,, = y'.
Suppose that t( is an arrival time. We want to show that

(®) lx" =yl < llx = ylh
and
) 2" = ¥ lloo < lIx — Ylloo-

If the customer joins the same queue in the two processes, then of course x’ — y' =
x — Y, and hence (8) and (9) hold. Suppose that the customer joins queue i in
the x-process and joins queue j in the y-process, where i # j. Then §, = x(j) —
x(i) >0and 8, = y(i) — y(j) = 0; and by the tie-breaking rule §, + &, > 0.

Suppose first that (8) does not hold. Then we must have x(i) > y(i) and
y(j) =z x(j), and so

x(@)=y@)=y() +8y =x(j)+ 3 =x()+d +35y >x(i),

a contradiction. Hence (8) must hold.
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Now suppose that (9) does not hold. Then either x(i) — y(i) = ||x — y||co OF
y(j) —x(j) = ||x — ylloo- But we cannot have x (i) — y(i) = ||x — ¥||c0, Since

x(j) =y =x0) + 8 — (@) —8y) > x(@) — y(@).

Similarly we cannot have y(j) — x(j) = ||x — ¥|lc0, and so (9) must hold.

Suppose now that #q is a departure time, from queue i. If both queues are non-
empty or both are empty, then x’ — y" = x — y, and hence of course (8) and (9) hold.
If exactly one queue is nonempty, then |x; — y/| = |x; — y;| — 1, and so again (8)
and (9) hold.

The final comment on monotonicity is straightforward. For consider a jump
time 7o with x,x’, y and y’ defined as above, and suppose that x < y. If 7y is a
departure time, then clearly x’ < y’, so suppose that 7y is an arrival time. But if the
new customer joins queue i in the x-process and if x (i) = y(i), then the customer
joins queue i also in the y-process, so x’ <y’. [

The position of a customer refers to first-in—first-out queue discipline; that is,
for a given customer in queue j at time ¢, her position is one plus the number
of customers in queue j at time ¢ who arrived before her. Given a queue-lengths
vector x and a nonnegative integer i, let £(i, x) be the number of queues with
length at least i. We shall be interested in £(i, X;), the random number of queues
with length at least i at time 7. Observe that if ||x||; < cn, then £(i, x) < cn/i: this
is how we shall ensure that £(i, X;) is not too large.

Next, let us consider the equilibrium distribution, and note some upper bounds
on the total number of customers in the system and on the maximum queue length,
which follow from the easy case d = 1.

LEMMA 2.4. (a) For any constant ¢ > 1i_k’ there is a constant n > 0 such that

for each positive integer n, in equilibrium the queue-lengths process (X;) satisfies
Pr(| Xl >cn) <e™™

for each time t > 0.
(b) For each positive integer n, in equilibrium the maximum queue length M,
satisfies

Pr(M, > k) <nik

for each positive integer k and each time t > 0.

PROOF. For both parts of the lemma, it suffices to consider the case d = 1;
for, as follows from a coupling result in [16] (see also [3]), if d < d’, then in
equilibrium for each k the number of customers with position at least k with d’
choices is stochastically at most the corresponding number with d choices. (Note
that the maximum queue length M; is at least k if and only if at time ¢ there is at
least one customer with position at least k.) So, suppose that d = 1.
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But now by the splitting property of the Poisson process the n queue lengths
X;(j) are independent; and each has the geometric distribution where Pr(X;(j) =
k) = (1 — M)AX, with mean A/(1 — A). Thus the total number of customers is a
sum of 7z i.i.d. random variables with finite moment-generating function in some
neighborhood of 0, and part (a) follows easily. For part (b), note that

Pr(M; > k) < nPr(X,(1) > k) = ni*. O
The bound in part (a) above extends easily over time.

LEMMA 2.5. Letc > lf—k be a constant. Then there is a constant ) > 0 such
that for each positive integer n, in equilibrium the queue-lengths process (X;)
satisfies

Pr(|| X |1 > cn for some t € [0, e""]) <27 M.

PROOF. Let ﬁ < <candlete =c—c > 0. By part (a) of the last result,
there exists a constant i > 0 such that for each positive integer n and each t > 0
we have Pr(|| X;|l1 > ¢/n) < e™3"; and we may assume that n < &/18.

Let § =¢/2A. Let j = [e""/§], and consider times t, =13, forr =0,...,j
The mean number of arrivals in a subinterval [t._1,#.) of length & is en/2, so
by (5) the probability that more than en arrivals occur is at most e~¢"/%. Then

Pr(|| X;|l1 > cn for some 7 € [0, ¢™])

J J
< ZPr(HX,r |, >c'n)+ ZPr([t,_l, ty) has > en arrivals)
r=0 r=1

< (er]n/a +2)(e—3nn +e—8n/6) < e m

provided # is sufficiently large, and the lemma follows (for a suitable new value
of n). U

We say that two states are adjacent if they differ by adding one customer to one
of the queues in one of the states. The following lemma shows that two queue-
lengths processes (X;) and (X;) will coalesce rapidly if X and X, are adjacent,
the “unbalanced” queues are not too long and the total numbers of customers are
not too large.

First we fix some constants. Let 0 < A < 1 and let d be a positive integer. Let
c> 15 k, and let 17 > 0 be as in Lemma 2.5. (This Will cause no loss of generality,

as the case ¢ > x of course implies the case ¢ < 125 A in Theorem 1.1.) Let ¢ > 0

satisfy v = dke < 1. Let ko = [2c¢/¢e]. We shall keep all these constants fixed
from now on, until the end of the section.
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LEMMA 2.6. There exist constants a, B > 0 such that the following holds. Let
n be a positive integer. Let x,x" be a pair of states such that x(k) = x'(k) — 1,
x(j)=x(j) forall j #k, and ||x'||1 < cn. Consider the queue-lengths processes
(X1) and (X;), given that Xo = x and X( = x'. For all times t > a||x’|| oo we have

E|X; — X1 =Pr(X; £ X)) <e P 4 2¢7F",

PROOF. By Lemma 2.3, X; and X, are always either neighbors or equal, al-
ways X; < Xj, and if for some time s we have X; = X, then X; = X forall 7 > 5.
Thus in particular E|| X; — X} || =Pr(X; # X;).

Initially, the queue & is “unbalanced” [i.e., Xo(k) # Xé) (k)] and all other queues
are “balanced.” Observe that the index of the unbalanced queue in the coupled
process may change over time. [E.g., suppose that d = 2, and just before an arrival
time ¢, queue i is unbalanced, and queues i and j are chosen. Suppose further
that X;_(i) = X;_(j) or X;—(i) = X;—(j). In the former case we select queue i
for the (X;) process, but we will select queue j for the (X;) process if we chose j
before i. In the latter case we select queue j for the (X)) process, but we will select
queue i for the (X;) process if we chose i before j. In both cases, it will now be
queue j that is unbalanced.]

Let W, denote the longer of the unbalanced queue lengths at time ¢ if there is
such a queue, and let W; = 0 otherwise. The time for the two processes to coalesce
is the time 7 until W; hits 0. We shall use Lemma 2.2 to give a suitable upper
bound on Pr(W; > 0). The idea is that with high probability the total number of
customers in the system is not too large, hence the unbalanced queue length W,
will often be driven below kg, and then there is a chance of going all the way down
to 0.

For each time 7 > 0 let B; be the event that || X/ || < 2cn for each s € [0, 7).
It follows from Lemmas 2.3 and 2.5 that there is a constant 1 > 0 such that
Pr(B;) <2e¢ " for each positive integer n and each time ¢ € [0, 9], where
to = €. To see this, note that if (X;') is a copy of the process such that Xj =0
a.s., then there is a coupling such that || X — X/||; < cn for all times 7 > 0. But
then we can couple (X)) with an equilibrium process (X,) so that X 7 < X, for
all times ¢ > 0, and thus Pr(|| X/ ||; > cn for some 7 € [0, fo]) < 2¢~". Finally, if
X/l <cnand | X; — X/|l1 <cn,then || X;|l; <2cn.

We need some notation concerning the jumps in the unbalanced queue
length W;. Let N; be the number of such jumps in the interval [0, ¢t]. Also let
N = Nr, the total number of these jumps. Let T; be the time of the jth jump if
N > j, and otherwise let T; be the coalescence time T'.

Let So = x'(k) = Wy, the longer unbalanced queue length at time ¢ = 0. For
each positive integer j, if N > j, let §; = Wr,, which is either O or the longer
of the unbalanced queue lengths at time 7';, immediately after the jth arrival or
departure at the unbalanced queue. Also, if N > j,let Z; be the £1-valued random
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variable §; — §;_. For each nonnegative integer j, let ¢; be the o -field generated
by all events before time 7). Let also A be the ¢j-measurable event By, ;.

Let
. { 1 1 1 }
§ =miny —, —— — =,
di+1 v+1 2
and note that § > 0 since 0 < v < 1. We shall use Lemma 2.2, with this value of §.
Note first that the arrival rate at the longer of the unbalanced queues is always at
most d A, and the departure rate is 1. Thus on the event N > j we have

>6
dr+17—

The key observation is that, on the event {N > j} N A;_1 N{S;_1 > ko}, we have

Pr(Z;=—-1[¢j-1) >

1 1
Pr(Z;=—1l¢j-1) > ] = 3 +34.

For consider a time ¢ > 0. Note that on B; we have £(ko, X|_) <2cn/ko < en, that
is, there are at most en queues with length at least kg. Suppose that T > ¢, B; holds
and W; > ko. Arrivals into the system occur at rate nA, and the probability that such
an arrival joins the longer unbalanced queue is at most %ed ~1. Hence the rate of

arrivals at the longer unbalanced queue is at most v = die?~!, whereas the rate of
departures is 1, and so the next jump is a departure with probability at least VLH

We have now shown that on the event N > m, S,, — So can be written as a
sum ) 7, Z; for {—1, 1}-valued random variables Z; that satisfy the conditions of
Lemma 2.2, with the same notation for 8, etc. Hence there exists a constant n; > 0,
such that for all m > mg = Ml_lx/(kﬂ

m—1 m
Pr({N >m}N (ﬂ A,») N (ﬂ{s,- ;AO})) <2e MM,

i=0 i=1
Let n be sufficiently large that 2mqg < o = ¢, let ¢ satisfy 2mqg <t <ty and let
m = [t/2]. Then, since jumps occur at rate at least 1 while the queue is nonempty,

by (4)
Pr({T >t} N{N, <m}) <e /3.
Also,

m—1

Pr<{Nz >m}N ( U AT-)) <Pr(B,) <2 .

i=0
This gives the desired upper bound on Pr(7 > ¢), since

m—1
Pr(T >1t) <Pr({T >t} N {N;, <m}) +Pr<{N, >m}N (U A_,->>
i=0

+Pr({N, >m} N (mﬁl Ai> n ((m]{si ;e()})).

i=0 i=1
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Thus we have shown that
Pr(X; # X)) <e P 4 2¢7Fn

whenever 2mg <t < 1y.
Now we check that we can drop the upper bound #y on ¢. For let n be sufficiently
large that e A% < ¢=P" If t > 19, then

Pr(X, # X,) <Pr(X, # X} ) <3¢ F",
and so
Pr(X, # X)) <e P 437"

for all ¢t > 2my.

Finally, by replacing 8 with a smaller constant 8 > 0, we can replace 3 by 2, and
ensure that the inequality holds for all positive integers n, not just for sufficiently
large n. O

Recall that we have fixed a constant ¢ > A/(1 — A) and that we are using the
coupling introduced before Lemma 2.3.

LEMMA 2.7. Let o and B be as in the last lemma. Let (X;) and (Y;) have any
initial distributions. Let t > 0, and let the “bad” set B be the set of 7 € Q = (Z1)"
such that ||z||1 > cn or ||zlleo > ta™ L. Then

E[IX; — Yl x, c5ynroery] < 2cn(e” P +2¢7M).

PROOF.  Given two distinct states x and y in B =Q\ B, we can choose a path
X =20,21,.--,2Zm = y of adjacent states in B from x down to the all zero state
and back up to y, where m < ||x||; + ||y |l1. Let us write (X;) to denote the queue-
lengths process starting at x, and similarly ior (Y,y ) (so in fact X7 =Y} always).
By the last lemma, for all states x and y in B
m—1 .
E[IX; =Y 1< )" BOXT = X7 1] < Al + Iyl e 4 2¢7#7).
i=0
Hence the lemma follows. [

We may now complete the proofs of Theorem 1.1 and Lemma 2.1, by tak-
ing (Y;) to be in equilibrium, with X and Yy independent, and handling the “bad”
initial states appropriately. Consider first Theorem 1.1. Note that

drv(L(X), M) <Pr(X; #Y;)
< E[1lx,2v, 1x e ynivpey] + Pr(Xo € B) +Pr(¥p € B)
<E[IX; — i 1y, 3)nroeiy] + Pr(Xo € B) + Pr(Yp € B).
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But Pr(||Ypll1 > cn) = e %™ (see Lemma 2.5), since ¢ > A/(1 — A). Also,
from (25) in Section 5, for each j € {1,...,n} and each nonnegative integer i,

Pr(Yo(j) > i) < A'; and it follows that
Pr(||Yollco > ta_l) <ne %0,

Theorem 1.1 now follows from Lemma 2.7.
Finally let us complete the proof of Lemma 2.1. Note that dw(L(X;), IT) <
E[|| X; — Y¢||1]. We break E[|| X; — Y;||1] into the sum of two parts

E[”Xt - YtH]l{erE}m{yOeE}] + E[”Xt - Yt”ll{XoeB}U{YoeB}]-

The first part is bounded in Lemma 2.7. For the second, we have by Lemma 2.3
that

E[IIX; — Y/ 1 {xyeB)uivoeB}]
<E[lXo — Yolli 1{x,eB)uivoeB) ]
<E[(IXoll1 + 1Y0ll) (X x0)>en + Lyxolly <cn. | Yol >cn)]
+E[UXoll + Y010V xg), <en, 1Yol <en, max( Xolloo, [ Yolloo} =t~ ]
<E[lIXoll11yxo,>cn] +El Yol 1Pr(| Xoll1 > cn) + cnPr(|Yoll1 > cn)
+E[I1Yoll11yypl,>en] 4 2en(Pr( Xolloo > ta™") + Pr(|| Yolloo > ta™")),

where the last inequality uses the independence of X and Yy. Now we may use
the estimates above concerning Yy, together with the fact that E[| Yp||1] < ﬁ—ln,
to complete the proof. (Note that

E[|IYoll1]Pr(l| Xoll1 > cn) =

= A”Pr(||XO||1 > cn) <E[| Xoll11xof,>cn)

. A
since ¢ > 1=5.)

3. One choice: proof of Theorem 1.2. LetO <X <1landletd =1.Let Xgbe

in equilibrium.

Part (a). The queue lengths X;(j) for j =1, ..., n are independent geometric
random variables with parameter A, and so Pr(X;(j) > m) = A™ for each nonneg-
ative integer m. Hence

Pr(M, <m) = (1 —A"thH",
and so
(10) exp(—nA™ /(1 = A" Th) < Pr(M, < m) < exp(—nA™).

The rest of part (a) follows easily.
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Part (b). The proofs we give for parts (b) and (c) are similar to the proofs
of the corresponding parts of Theorem 1.2 in [7]. Let V = ming<;<; M;.
Let ¢ >0, let m =mmn) = |(1 — 8)1&?””) and let 0 = —. Consider the
times i6 for i =0,1,...,[t/607. Let A be the event that M,g < m for some

ie{0,1,...,[t/07}. We have nA™ = Q(n?), and hence by (10)
Pr(A) < (t/60 + 1) exp(—nA™) = o(1).

Let B be the event that some queue receives at least two customers in some time
interval [i6, (i + 1)6), wherei € {0, 1, ..., [t/07}. For each queue, the number of
arrivals in the interval [i60, (i + 1)0) is Po(16), and so the probability that there are
at least two arrivals is at most (10)2. Hence

Pr(B) <(t/0 + l)n(w)2 O(ntf) =o0(1).
But
Pr(V <m—2)<Pr(A) +Pr(B),

and so V > m — 1 a.a.s. But by part (a)

Inn

V < My < (1 .a.s.,
<Mjy=( +8)ln(1/k) a.a.s

and part (b) follows.

Part (¢). Let Z=maxy-,.,x M;.Let e > 0. We show first that

(11) Z<(K+1+4¢) a.a.s.

Inn
In(1/2)
We argue much as in the proof of part (b). Let 6 = exp(—Inn/Inlnn). Consider the
times i0 fori =0,1,...,[nX/0]. Let k =k(n) = [(K + 14+ ¢/2)Inn/In(1/1)],
and let A be the event that M;g > k for some i € {0, 1, ..., |'nK/9'|}. Then since
Pr(My > k) < nak,

Pr(A) < (n%/6 4 DHnak
= exp((K+14+o0())Inn—(K+1+¢/24+0(1))Inn)
= exp(—(¢/2+o(1)) Inn)
-0 as n — o0.
For each queue, the number of arrivals in the interval [i60, (i + 1)) is Po(16), and
Pr(Po(2.0) > Inn/(Inlnn)?) < (rg)nn/(nlnm?
=exp(—Q (In’n/(Inln n)3)).
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Thus, if B is the event that some queue in some interval [i6, (i + 1)6) where
ie{0,1,...,[n%/07} receives at least lnn/(lnlnn)2 customers, then

Pr(B) =exp(—Q(In*n/(Inlnn)?)).

But, for n sufficiently large,

1
Pr<Z>(K+1+s) nn ><Pr(A)+Pr(B)—>0 ——

In(1/2)/ —
and so (11) holds.

NowletO<e<l,and let k =k(n) =[(K +1—¢)lnn/In(1/A)]. We will
show that Z > k a.a.s., which will complete the proof of this part and thus of the
theorem. For each time ¢t > 0, let ¢; be the o-field generated by all events until
time . Let c > A/(1 — A). Let C be the event that || X;||; < cn for each ¢ € [0, nX].
Then C holds a.a.s. by Lemma 2.5. Also, by Theorem 1.1 there are constants ng
and n > 0 such that the following holds. Let n > ng and consider the system with n
queues. Let x be a queue-lengths vector such that ||x||; <cn and ||x]co <k — 1.
Then, given Xy = x,

dry (LX), TT) < e~ 0"
for all times ¢ > t; = n~ ! In® n. In particular, for n sufficiently large by (10)
Pr(M, <k—1|Xo=x) < e 4 o In’n,
Thus, since the system is in equilibrium, foreachi =0, 1, ...
Pr(M i1y <k — 1) <e™ e

on the event D; = {|| X;;, |11 < cn} N {M;;, <k — 1}. Hence if we denote LnK/t1J

by o,
io
Pl‘( m D,‘)
i=0

iop—1 i
Pr(Do) [] Pr(D,-H‘ N Dj)

i=0 j=0

Pr({Z <k—1}NC)

A

IA

(e—nAk +e—1n2n)i0
exp(_(nK/tl)n—(K—€+0(1)))
— eXp(—nH—o(l))

-0 asn — oo.

IA

IA

Since C holds a.a.s., it follows that Z > k a.a.s., as required.
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4. Concentration. In this section we prove concentration of measure results
for the queue-lengths process (X;). Let n be a positive integer, and let €2 be the
corresponding set of queue-lengths vectors, that is, the set of nonnegative vectors
in Z". Let us say that a real-valued function f on 2 is Lipschitz (with constant 1)
if

lf @) = fDI=llx =yl

for all x, y € Q. Let d be a fixed positive integer. The key result is the following
lemma.

LEMMA 4.1. There is a constant ¢ > 0 such that the following holds. Letn > 2
be an integer and consider the n-queue system. Let the queue-lengths vector Y
have the equilibrium distribution. Let f be a Lipschitz function on Q2. Then for
eachu >0

12

Pr( £(Y) = ELf (V)| = u) < ne™c/"

Recall that £(k,x) denotes |{j:x(j) > k}|, the number of queues of length
at least k; and observe that for any fixed k this is Lipschitz as a function of x.
We deduce from the last lemma the following result concerning the random vari-
ables £(k,Y).

LEMMA 4.2. Consider the n-queue system, and let the queue-lengths vec-
tor Y have the equilibrium distribution. For each nonnegative integer k let £(k) =
E[£¢(k, Y)]. Then for any constant ¢ > 0,

Pr(SUP ek, Y) — (k)| > cn'/? 1n2n) — o—Q0n?n)
k

Also, for each integer r > 2

sup |[E[£(k, Y) 1 — £(k)" | = O(n" "' 1In®n).
k

PROOF. We argue as in the proof of Lemma 5.2 of [7]. For the first part, let
c1 > ﬁ, and note that by Lemma 2.5

Pr(¢([cin], Y) > 0) = e 2™,

It follows that we may restrict attention to queue lengths k < cn. For, since always
L(k,Y) <n wehave £([cin]) < 1 for n sufficiently large; and then

Pr( sup [£(k,Y) —£(k)| > 1) <Pr(¢(fcin],Y) = 1) = 0,

k>cin

Now the first part of the lemma follows easily from Lemma 4.1.
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For the second part, fix an integer r > 2. By Lemma 4.1 there is a constant
¢> > 0 such that, if we set u = con'/?Inn, then

supPr(|¢(k,Y) — L(k)| > u) =o(n™").
k

Hence, for each positive integer s <r,
E[|[¢(k,Y) —L()|'1 <u® +n’Pr(|e(k,Y) — £(k)| > u) =u’ + o(1),
uniformly over k. The result now follows from

0 <E[l(k,Y)']—€k)

=Y E[(ek, Y) — £(0)) k)

s=2

<> E[[t(k,Y) — k)" In""*
s=2

=0m 'In’n),

uniformly over k. [J

Our proof of Lemma 4.1 will follow the lines of the proof of Lemma 5.1 in [7].
The task is somewhat easier here, and we obtain tighter bounds, since for each
fixed n the departures process has a bounded rate. Departures occur as events in a
Poisson process at rate n, each one from an independently selected uniformly ran-
dom queue, except that departures from empty queues are ignored. As in [7], along
the way we prove concentration for Lipschitz functions of the time-dependent
process for “nice” initial conditions—see Lemma 4.3 below.

An overview of the proof is as follows. Consider a queue-lengths process (X;)
where X = 0. For r > 0, let Z; be the total number of arrivals in [0, #], and let Z,
be the total number of departures in [0, 7] (including “virtual ones,” i.e., departures
from empty queues). Thus Z; ~ Po(Ant) and Zy ~ Po(nt). Let u; = E[f(Xy)],
and u,(z,z) = E[f(X)|Z, = z, Z, = Z]. We use earlier coupling results and
the bounded differences method to upper bound Pr(|f(X;) — u(z, 2)| > ul
Zi=2,2;=72).

Next we remove the conditioning on Z; and Zt. To do this, we choose suitable
“widths” w and W, and use the fact that Pr(|Z, — Ant| > w) and Pr(|Z, — nt| > W)
are small, and for z,Z such that |z — Ant| < w, |Z — nt| < w the difference
| (z,2) — my| is at most about 4(w + w). We thus find that Pr(| f(X;) — us| >
5(w 4+ w)) is small. The part of the proof up to here is encapsulated in Lemma 4.3
below. Finally we use the mixing results, Theorem 1.1 and Lemma 2.1, to relate
the distribution of X, to the equilibrium distribution.

Let us start on the details of the proof. In this section we shall use the following
lemma with xo = 0; we consider more general initial states for later use.
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LEMMA 4.3.  There is a constant ¢ > O such that the following holds. Letn > 2
be an integer and let f be a Lipschitz function on 2. Let also xg € Q2 and assume
that the queue-lengths process (X;) satisfies Xo = xo a.s. Then for all times t > 0
and all u > 0,

(12) Pr(|f(X0) — pte| = u) < nec /0140,

PROOF. Note first that we may assume without loss of generality that
f(x0) =0, and so | f(Xy)| < Z; + Z;, since we could replace f(x) by its trans-
lation f (x) = f(x) — f(xp). Let z and z be positive integers, and condition on
Z, =z and Z, = 7. Now f(X;) depends on 2(z + z) independent random vari-
ables T1,...,T;, Dy,..., D, Tl,..., Tg, l~)1,...,D5 which specify the arrival
time and corresponding choice of d queues for each of z customers, and the Z
departure times and corresponding selections of a queue during [0, 7]. This prop-
erty relies on the well-known fact that conditional on the number of events of a
Poisson process during [0, ¢], the arrival times are a sample of i.i.d. random vari-
ables uniform on [0, ¢]. Let T= (T}, ..., T.),D=(Dy,..., D.), T=(T,..., T3)
and D = (Dl, e ﬁz). We may write f(X;) as g(T, D, 'i‘, ﬁ) where

g(t,d, t,d) = f(s:(x0, t,d, t, d)),

in the notation of Lemma 2.3.

We now prove that, conditional on Z; = z and Z = Z, the random vari-
able f(X;) is strongly concentrated, by showing that g(t,d, t, d) satisfies a
“bounded differences” condition. Suppose first that we alter a single coordinate
value d; or d ;. Then the value of g can change by at most 2; by Lemma 2.3 start-
ing at time 7; with ||x,j =V II1 <2. Similarly, if we change a coordinate value
tj or i, the value of g can change by at most 2; we may see this by applying
Lemma 2.3 once at the earlier time and once at the later time. Now we use the in-
dependent bounded differences inequality; see, for instance, [12]. Hence, for each
u=>0

o o 2
Pr(|g(T, D, T, D) — E[¢(T, D, T, D)]| > u) < 2exp(—4(Z”+ Z))'

In other words, we have proved that for any u > 0

2
- u
13 Pr(|f( X)) —u:(z,2D)|>ulZ;=z,Z; =7) <2ex (— ~),

(13) (If (X)) = iz, D) = ulZ, 1 =12) P 1G19)
which is the desired upper bound on the quantity on the left-hand side.

Next we will remove the conditioning on Z;. We will choose suitable “widths”
w=w()>0and w=w() >0, where 0 < w < Ant andO;u?fnt.LetIde—
note the interval of integer values z such that |z —Ant| < w;let I denote the interval
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of integer values Z such that |z — nt| < w. Since Z; ~ Po(Ant) and Z, ~ Po(nt),
by inequalities (4) and (5),

2
(14) Pr(Z, ¢ 1) =Pr(|Z; — Ant| > w) < Zexp(— w >
3ant
and
- - - 11)2
(15) Pr(Z, ¢ 1)=Pr(|Z; — nt]| > w) < 2exp<—;>.
n

We shall assume that w > 2(Ant Inn)'/? and @ > 2(nt Inn)'/2, and so it follows
by (14) and (15) that

(16) E[(Z + Z)1, 1 4 iz,00) = 0(1).

From Lemma 2.3, for each z

(17 i (z+1,2) — iz, 2)| <1
and
(18) e (z, 2+ 1) — s (2,2 < L.

We claim that for each z € I and 7 € I,
(19) [ (2, 2) — pe| < 2(w +w) +o(1).

To prove this, observe that

=Y m@IP(Z =2,Z =) +E[f (XL, 1yuz,¢)-

zel,zel
Hence by (16), since | f (X,)| < Z, + Z,,

e < max {1 (2 DY+ E[(Ze + ZoV 7 4 0z, e0))
zel,zel

S max ,_,{Ibl’t(zﬁ 2)} + 0(1)’

zel,zel

and by (14) and (15),

= min {2 DIPR(Z el Z e D) +o(1)

zel,zel

= min {u;(z, 2} +o(1).

zel,zel

Now we may use (17) and (18) to complete the proof of (19). By (13), (14), (15)
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and (19),
Pr(| f(X;) — | = 3(w + W)
< 3 Pr(f(X) — il = 3w+ i) Z =z, Z =2)Pr(Zi =2, 7 = 2)
zel zel
+Pr(Z ¢ ) +Pr(Z, ¢ 1)
< 3 Pr(f(X) - m@ D zw+d+o()Z =z, Z =3)

zel zel
xPr(Z,=z,Z;=3)
+Pr(|Z; — ant| > w) + Pr(|Z; — nt| > )

~ 2 2 ~72
Sexp(_ (w—+ 1 4 o(1)) )Hexp(_w_t)+mp<_w_)
n

4(Ant +nt +w + w) 3 3nt
(1 +0(l))(w+li))2> ( w? ) < 11)2>
< — 2 —— )42 ——).
= eXp( 8 + Dnr e T ) TR T3y,
Now let u and ¢ satisfy
(20) 12(nt Inn)'/? <u < 6Ant.

Let w =w = u/6. Then u = 3(w + w); and w and w are as required, that is,
2(antInn)'/2 < w < ant and 2(ntInn)'/? < w < nr. Hence for n sufficiently
large we have

2
(21) Pr(|f (X)) — | > u) §exp<— 14:!4nt>'

Butif u < 12(nt1nn)1/2, then exp(—#fm) > n~ !, Thus, as long as u < 6Ant we
have

2
Pr(| £ (X)) — | > ) < nexP<— 1;‘4m).

Now let us get rid of the upper bound on u. If 6Ant < u < 6ent, then by the above
of course

A2 u?
P X)) — | >u) < - i
£(1£ 4 = ul 2 w) <nexp( 15 )

Finally consider u > Gent. We saw that |f(X,)| < Z; + Z;. Thus |u;| <
E[| f(Xy)|] < (1 4+ A)nt < 2nt. Hence, if u > 6ent, then

Pr(|f(X:) — el = u) <Pr(| f(X;)| = 2u/3)
<Pr(Z, = u/3) +Pr(Z; > u/3)
<2Pr(Z; > u/3).
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But Z; ~ Po(nt) and u /3 > 2ent, and so by (6) the last bound is at most 21-u/3,
The lemma now follows. [

We shall use Lemma 4.3 here with X = 0 to complete the proof of Lemma 4.1.
As we saw before, we may assume that f(0) = 0, and hence always | f (x)| < ||x]|1.
It remains to relate the distribution of X; with X¢ = 0 to the equilibrium distribu-
tion. But by Theorem 1.1 there exists a constant n > 0 such that, for each positive
integer n and each time ¢t > 0, if ¥ has the equilibrium distribution, then we have
drv(L(X;), L(Y)) <ne " + 2e~"™. Also, by Lemma 4.3 we may assume that
n > 0 is sufficiently small that, for each n, each t > 0 and each u > 0

Pr(|f(Y) — ui| = u) < drv(L(X,), L)) +Pr(|f (X)) — we| = u)
2
<ne " 427 4 nexp(—%) +ne M,

Further, we may assume that n > 0 is sufficiently small that also Lemma 2.1 holds
with this value of 7.

Now let k¥ = max{1,In"'(1/0)}, let u > 3kn~'n'/?Inn and let r = n='/2u.
Then

2
u
L =nt >3k Inn.
nt

Thus by the above,
Pr(|f(Y) — | > u) <3ne " +2¢7M.
But u; = E[ f(X})], and so by Lemmas 2.1 and 2.4
le —ELf(N)]] < dw (LX), L(Y)) = o(1),
since X9 =0 and so 8, ; =0, and n¢ > 3« Inn. Thus we find that
Pr(|f(Y) —E[f(")]| = u+ 1) < 3nexp(—nn~/%u) 4 27
< (3n +2)exp(—nn~'"?u)

for all n sufficiently large and all 3k~ 'n'/?Inn <u < n3/2.

Let c = 31,( Note that ne—<"~ "/ > 1 for u < 3kn~'n'/?Inn. Hence, since also
c=n,
Pr(lf(Y) —E[f (]| = u+1) < Gn +2) exp(—en™'u)
for all n sufficiently large and all 0 < u < n3/2.
We may assume that 0 < ¢ < 1. Then we may replace u + 1 by u if we replace ¢
by c/2; that is,

Pr(|f(Y) — E[f (V)] = u) < (3n + 2) exp(—(c/2)n ")
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for all n sufficiently large and all 0 < u < n3/2. For if u < 2, then the right-hand
side above is at least 1, and if u > 2, then u > u/2 + 1. Now consider square
roots: if we replace ¢ by ¢/2 again, then we may replace the factor (3n + 2) by
Bn + 2)1/2, which is at most n for n > 4. Thus, with a new ¢, we have

Pr(|f(Y)—E[f(Y)]|>u) < ”eXp(—cnfl/zu)

for all n sufficiently large and all 0 < u < n*/?. One further minor adjustment
to ¢ lets us assert that the last inequality holds for all integers n > 2 and all
0<u<n®?

It remains only to consider values of u > n3/2. But always | f(y)| < |||/, and
E[|IY 1] < ﬁn. Thus | f(Y) —E[f(V)]| < |IY|l1 + ﬁn Hence for u > 13_—’\”1,

Pr(|f(Y) —E[f(] > u) <Pr(|Y |} = E[|Y[|{]+u/3) = @),

from the proof of Lemma 2.4 and a standard large deviations calculation for a
sum of independent geometric random variables (see [5], pages 201-202), and so
Lemma 4.1 follows.

Lemma 4.3 is a quantitative version of some earlier results in [2—4, 13, 14, 17].
It will also be used in [8] for analyzing the asymptotic distribution of the length of
a given queue and for analyzing the “propagation of chaos.”

5. Balance equations and long-term behavior. In this section we consider
the system in equilibrium, and present the key equation (24). We then show that the
expected number £(i ) of queues with at least i customers is close to 7! +d++d' ™"
and that the random number £(i, Y;) of queues with at least i customers stays close
to this value over long periods of time. Here (Y;) is a queue-lengths process in
equilibrium. We shall denote Yy by Y below. As before, (X;) will denote a queue-
lengths process with a “time-dependent” distribution. Observe that A1 +d++d'™"
equals A’ if d = 1, and equals A@'~D/@=D jf g > 2,

Let d be a fixed positive integer. Fix also a positive integer n, and consider
the corresponding set €2 of queue-length vectors. For x € 2 and a nonnegative
integer k, let u(k, x) be the proportion of queues j of length x(j) at least k. Thus
always u(0, x) = 1. Let u(k) denote E[u(k, Y)]: thus u(k) = £(k)/n. We also let
ur (k) =Elu(k, X;)].

If f is the bounded function f(x) = u(k, x), then the generator operator A of
the Markov process (see, e.g., [1], Section 1.1, and see also [17]) satisfies

Af () =a(uk — 1, ) —ulk, x)%) — (uk, x) — ulk 4 1, x)).

[Compare with (1) earlier.] This is true, since u (k, x) —u(k+ 1, x) is the proportion
of queues of length exactly k, and u(k — 1, x)¢ —u(k, x)¢ is the probability that the
minimum queue length of the d attempts is exactly k — 1. From standard theory
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(see [1], Chapters 1 and 4), for each bounded function f, whatever the initial
distribution of X,

dE[f(X
TEN _wiarcon,
t
and so in particular, for each positive integer k,
d
(22) ”;t(t) = AME[uk — 1, X)) — Elutk, X)1) — (u: (k) — ur (k + 1)).

As Y is in equilibrium,
(23) AME[u(k — 1, 7)1 — E[u(k, Y)?1) — (u(k) — u(k + 1)) = 0.

We shall consider only the equilibrium case for the remainder of this section, and
rest our analysis on (23). Now

n

1 1
> uk,x)= - Y ox()= —lxl

k>1 j=1
and so
1
> uk) = —E[||Y]1] < co.
k>1 n

Hence u(k) — 0 as k — oo. Also E[u(k, V)4 < u(k). Summing (23) for k > i we
obtain, foreachi =1, 2, ..., that

(24) AE[u( —1,Y) ] —u@i)=0.

(This is equivalent to saying that E[Af(Y)] = 0, where f(x) is the number of
customers with position at least i, but since f is not bounded we cannot assert the
result directly.) Equation (24) is crucial to our analysis.

Note first that by (24), u(1) = A, and foreachi =2,3...

u(@i)=AE[u@ — 1, V)] < au@ — 1.
Thus by induction on i
(25) u@@i) <A foreachi=0,1,2,....

By (24) and the second part of Lemma 4.2, there exists a constant ¢ > O such that
for each positive integer n,

(26) sup |u(i) — ru@i — D4 < cin~Hn?n.

1

We claim that, for some constant ¢, > 0, for each positive integer n

27) suplu(i) — AT < 0 in2 g
i
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and hence

(28) sup|e(i) — naltat-+d < o 1n2y
i

for all positive integers n.
Let us prove the claim. Note first that for x, y > 0 we have

Iy — x| =y — x| v 2 4 x4
(29) i
<dxUy)* |y —x|.

Now by (25), u(i) < A’ and A1+¢++4"" <3 50 by (29),
(i + 1) — AL+
(30) <luG +1) = 2@+ r|u(@)? — (A1+d+...+df-1)d|
<Juli +1) — 2G|+ ad - AF@D |y ) — prdt+d T

Since u(0) = 1, an easy induction on i using (26) and (30) gives

_7 i—1 ‘
Ju(iy — a1+ < (Z(kd)f) cein” ' In’n
j=0
for each i = 1_, 2,.... Let iy be the least i such that Ad - A= < 1/2. Let cp =
c1 - max{2, Y7 (hd)7}. Clearly
|M(l) _ )\'1+d+"'+di71 | < Czl’l_l 1n2n
fori =0,1,...,ip. We shall prove by induction on i that this holds for all i. Let
i > ip and suppose that the inequality holds for i. Then by (26) and (30)
|u(i +1)— A1+d+'"+d[| < cln_1 In’n + %czn_l In’n
< czn_1 lnzn,

as required for the induction step. Thus we have proved the claim (27).

This completes the first half of our task here. Now let K > 0 be an arbitrary
constant, and let 7 = nX. We see next that all the coordinates £(i, Y;) are likely to
stay close to £(i) throughout the interval [0, 7].

LEMMA 5.1. Let (Y;) be in equilibrium and let ¢ > 0 be a constant. Let B,
be the event that for all times t with0 <t <t

sup|€(i, Yy) — n)»l+d+"'+diil| <cn'?1n?n.
i

Then Pr(B;) < e~ R’ n),
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PROOF. By the first part of Lemma 4.2, there exists y > 0 such that for all n
sufficiently large, for each time r > 0

Pr(sup €, ¥)) — )| > en'nn/4) e
i

Lets = clnzn/(Sknl/z), let j = [t/s] and consider times rs forr =0, ..., j. The
mean number of arrivals in a subinterval [(r — 1)s, rs) is cn'/?In*n/8, so by (5) the
—cnl/zlnzn/24 <

probability that more than cn'/?In? n/4 arrivals occur is at most e
=71 for p sufficiently large. Then

Pr(sup €@, Y;) —L@)| > cn'’? lnzn/2 for some ¢ € [0, ‘L'])
i

j
< ZPr(sup 1€, Yys) — £(G)| = cn'/? ln2n/4>

r=0 !

j
+ > Pr([(r — 1)s,rs) has > cn'/*In® n/4 arrivals)

r=1
< (t/s+2).2e7ynn

<~ /2n

for n sufficiently large. Now we can use (28). [J

6. Lower bound on mixing times. In this short section we show that the
upper bounds on the mixing times in Theorem 1.1 are of the right order, and in
particular we prove (2). We do this by considering the total number of nonempty
queues in the system. The idea is that this number is highly concentrated around its
mean. In equilibrium the mean is An. On the other hand, if Xo =0 and r <6 1nn,
then the expected number of nonempty queues is less than (A — 6)n for a suitable
constant 6. Thus for such ¢ the two distributions are far apart.

Now for the details. Consider two n-queue processes (X;) and (Y;), where
Xo =0 and (¥;) is in equilibrium. By Lemma 2.3, we can couple (X;) and (Y;)
in such a way that always X; < Y; and so u(i, X;) < u(i, Y;) for each i. In par-
ticular, if as before we let u;(i) = E[u(i, X;)], then u,;(i) < u(i). (Recall that
u(@i) = Elu@, Y)] = %E[E(i, Y1) Let s;(i) = u(@) — us(i), so s;(i) > 0. Also
from (22)

du (1
LZ: D20~ Bl X)) — (1) )

and

0=A(1 —E[u(1, Y1) — (1) — u(2)),
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so that
ds; (1)
;t = —s5;(1) = M(E[u(1, YT = E[u(1, X)1) + 5,(2).

But, as in (29), given 0 <y <x <1, we have

=y ==y =d (- y).
Hence, since we may assume that always u(1, X;) < u(1, ¥;), we have
Elu(l, Y)* —u(1, X)) <d(u(1) — u, (1)) =ds,(1).
It follows [using also the fact that s;(2) > 0] that for all r > 0,

ds;(1)
dt

> —(1+ Ad)s:(1).

Thus

5;(1) > pe~ (LA

2

Y Inlnn,

for all times ¢ > 0, since so(1) = u(1) = A. Thus if r < Inn

then s1(¢) > an—1/2 lnzn, that is,

1
2(1+rd)

an —E[L(1, X)] = 2! 1n? n.
Butif ¢ is O(Inn), then from (21) in the proof of Lemma 4.3,
Pr(j¢(1, X;) — E[e(1, X)]| = n'/2 In¥2 ) = ¢ 200 m),
Also, by the first part of Lemma 4.2,
Pr(|£(1, Y,) — An| = 1an'21n2p) = ¢~ @070,
Inequality (2) now follows.

7. Proof of Theorem 1.3. We assume throughout that the process is in equi-
librium. For each time # > 0 and each i =0, 1, ... let the random variable Z,(i)
be the number of new customers arriving during [0, #] with position at least i on
arrival. Let Jo = 0 and enumerate the arrival times after time O as Jy, J3,.... We

define a “horizon” time 7y = In?n, and let N = [2Antg]. Note that £(1, Y;) is the
number of nonempty queues at time ¢. For each time ¢, let A; be the event

(/2 <(1,Yy) <2 Vs e[0,1]}.

Then by Lemma 5.1, the event A, holds a.a.s.

We need two more preliminary results. The first one is an analogue of a special
case of Lemma 2.1 in [7]. It may be proved quickly along the lines of the proof of
that lemma; for completeness we give a proof here.
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LEMMA 7.1. Let (X;) be in equilibrium. Let s, Tt > 0 and let a, b be nonneg-
ative integers. Let § = n()»ds)bH/(b + 1)!. Then

(31)  Pr[M; <a forsomet€[0,1]] < (E + 1>(Pr(M0 <a+b)+9)

and

(32)  Pr[M;>a+bforsomet€|0,7]] < <§ + 1>(Pr(Mo >a)+6).

PROOF. The j = L%J + 1 disjoint intervals [(r — 1)s,rs) forr =1,...,j
cover [0, t]. Let C, denote the event of having at least b + 1 arrivals in the in-
terval [(r — 1)s, rs) which are placed into a single bin. Then

Pr(C,) <nPr(Po(rds) > b+ 1) <é.
But

J J
{M; <a forsomet e[0,71]} C (U{Mrsfa—l—b})U(UC,)

r=1 r=1

and (31) follows. Similarly

i-1 j
{M;, >a+bforsometel0, 1)} C (U{Mrs Za}) u(Uc,)

r=0
and (32) follows. [

We shall use the second lemma to bound “initial” effects. For each time t > 0
let S; be the event that some initial customer survives at least to time ¢.

LEMMA 7.2. Let 0 < A < 1 and let d be a positive integer. Let o =
min{}1 ln(%), zlt}’ so o > 0. Then for each positive integer n and each time t > 0,

Pr(S,) <2ne .

PROOF. Letk = [t/4]. By (25)
Pr(My >k + 1) <naAFH <nal/4,

Let Z be distributed like the sum of k independent service times. Thus Z has a
gamma distribution, and has moment generating function E[¢*4] = (1 — 5) ¥ for
s < 1. So by Markov’s inequality, for each 0 <s < 1,

Pr(Z>1)<e (1 —s)7F

1
= 1/20k taking s = 3

2\ —t/4
() e
=\3 <
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Hence

Pr(S,) <Pr(My>k+ 1) +nPr(Z > 1) <ni/* + ne™"/* <2ne . 0O

Let i* = i*(n) be the smallest integer such that A@=D/d=1) _ =1/2132 (see
the discussion following Theorem 1.3). Note that i* =1Inlnn/Ind + O(1).
We can handle the lower bound on M; easily. By Lemma 5.1, Pr(M < i*—1) =

e~ ) particular M > i* — 1 a.a.s. Further, (31), with t = nk, a=i*-3,
b=1and s =n"X-2, shows that

(33) min{M,:0<r<nf}>i*—2  aas.,
since
8 = nPr(PO()‘dS) Z 2) f n()»ds)z = O(n_ZK_3)_

This result establishes the lower bound half of (3).
The upper bounds on M; are less straightforward to prove. We consider first the
easier case when d > 3.

7.1. The case d > 3. We shall show that M < i* a.as. Fork=0,1,..., let
Ey be the event that £(i*,Y;,) < 2n1/21n2 n; that is, at time (just after) Jk_there
are no more than 2n'/21n’n queues with at least i* customers. Then Pr(Ey) =

e~ n) by Lemma 5.1. Consider the customer who arrives at time J: on E;_1,
he has probability at most p; = (2n~'/21In?n)¢ of joining a queue of length at
least i*. Note that

Pr(Jy+1 <ty) <Pr[Po(rnty) > 2rnty] = e~ Q).
Also, for each positive integer r,
Pr(B(N, p1) = r) < (Np»)" = O((n=“>"V(Inn)>+2)").
Hence, for each positive integer r,

Pr[Z,(i* + 1) > r]
N1
<Pr(B(N,p)=r)+ Pr( U Ek) +Pr(Jy11 =10)
k=0
— 0((n_(d/z_l)(lnn)2d+2)r).

Also, by Lemma 7.2 there exists a constant & > 0 such that the probability that
some “initial” customer has not departed by time #( is at most 2ne %", Hence, for
each positive integer r,

Pr(M > i* +r] <Pr[Z,(i*+ 1) > r]+2ne” .
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In particular, Pr(M > i* + 1) = o(1), which together with the earlier result that
M > i* — 1 a.a.s. completes the proof that M is concentrated on at most the two
values i* and i* — 1. Also,

(34) Pr[M > i* + 2K + 5] =o(n X72).

Now (32), with t =nX, a =i* + 2K +5, b=[K /2] + | and s = n~2, lets us
complete the proof of (3), since

8 =nPr(Po(hds) > b+ 1) < n(Ads)X**2 = 0 (n=K73).

7.2. The case d =2. The case d = 2 needs a little more effort, and uses the
“drift” results from Section 7 in [7]. For convenience we restate these results here,
as the next two lemmas. The first lemma concerns hitting times for a generalized
random walk with “drift.”

LEMMA 7.3. Let¢pyg C ¢p1 C--- C ¢y, be a filtration, and let Y1, Yo, ..., Yy, be
random variables taking values in {—1, 0, 1} such that each Y; is ¢;-measurable.
Let Eo, Eq, ..., En—1 be events where E; € ¢; for each i, and let E =(); E;. Let
Ri=Ro+Y!_,Yi.Let 0 < p < 1/3, let ro and ry be integers such that ro < r|
and let pm > 2(r1 — rg). Assume that for eachi =1, ..., m,

Pr(Y; = 1l|¢i—1) = 2p on Ei_1 N{R;—1 <r1}

and
Pr(Y; =—1l¢i-1) <p on Ei_N{R;—1 <ri}.
Then
pm
Pr(EN{R, <rVte(l,...,m}}|Ry=r) §exp<—§>,

The second lemma shows that if we try to cross an interval against the drift, then
we will rarely succeed.

LEMMA 7.4. Let a be a positive integer. Let p and q be reals with g > p >0
and p+q < 1. Let ¢9 C ¢p1 C o C --- be a filtration, and let Y1, Y, ... be ran-
dom variables taking values in {—1,0, 1} such that each Y; is ¢;-measurable. Let
Ey, E1, ... be events where each E; € ¢;, and let E =(; E;. Let Ry =0 and let
R, = Zle Yi fork=1,2,.... Assume that for eachi =1,2, ...,

Pr(Yi=1|¢i-1) <p onE; 1N{0<R_1<a-1}
and

Pr(Y, =—1|¢i—1) > ¢ onEi_1N{0O<R;_1 <a-—1}.
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Let

T =inf{k > 1: Ry € {—1,a}}.
Then

Pr(EN{Rr =a}) < (p/q)".

Having stated the two “drift” lemmas, let us resume the proof for the case d = 2.
Still let 1y = In?2n and N = [2Anty]. We first show that M > i*, by showing that in
fact

(35) €(i*, Y,) = 1n’n a.a.s.

Let Jy =0, and enumerate all jump times after time O (not just the arrival times)
as Ji, Jy,.... Fork =0, 1,...let Ey be the event that £(i* — 1, Y1) > In'2 1% n;
and let E,’( be the event that £(i*, YJIE) < 2Inn. By Lemma 5.1 as before,
Pr(Ep) = =20’ M Let v = £(i%, Yy) = LG+, Yy ) fork=1,2,..., so that

k
L, Yy) =LG*, Yo) + ) V.
j=1

Let p» =In*n/(25n). On Ay NE1NE,

Pr(Vi=1l¢; ) >=2p:
and
Pr(Vi=—1l¢; ) =<p2,

for n sufficiently large.
Also then np> > 4In®n for n sufficiently large. Hence by Lemma 7.3, a.a.s.
LE*, Y > 21n3 n for some i <n. Also J) <1y a.as., since

Pr(J, > to) < Pr(J, > to) = Pr(Po(Antg) < n) = e~ 20 *n)

Thus a.a.s. £(i*, Y;) > 21n3 n for some ¢ € [0, fo].

It now suffices to show that a.a.s. there will be no “excursions” that cross down-
ward from [2 In3 n| to at most In®n during the interval [0, t]. Let B be the event
that there is such a crossing. The only possible start times for such a crossing are
departure times during [0, #p], and a.a.s. there are at most N such times. We may
use Lemma 7.4 to upper bound the probability that any given excursion leads to a
crossing. Let a = [In® n]. Let p = py and let g = 2p,. We apply the lemma with Y;
replaced by — V; and with a, p and g as above, and with the events £y = A 5 NEg.
We obtain

N—1__
Pr(B) < N2 + Pr( U Ek) +o(1) = o(1).
k=0
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Thus we have proved that M > i* a.a.s.

We now consider upper bounds on M. We shall show that M <i* 4+ 1 a.a.s., by
showing that £(i* 4 2,Y;) =0 a.as. Fork =0, 1,..., let Fj be the event that at
the arrival time J; there are no more than 2n'/2In? n queues of length at least i*.
By Lemma 5.1 we have Pr(Fy) = e~ Consider the customer arriving at
time Ji: on Fy_; he has probability at most p3 = 4In*n/n of joining a queue of
length at least i *. Thus for each positive integer r,

N—1
Pr(Z,(i*+1)>r) <Pr(B(N, p3) >r) + Pr( U E) +Pr(Jyi1 <1p).
k=0
Also, by Lemma 7.2 the probability that some “initial” customer has not departed
by time 9/2 is at most 2ne~%0/2 for a suitable constant & > 0. Hence, there is a
constant ¢ such that with probability 1 — e~ 201 e have 0(i*+1,Y) <&nn
uniformly for all ¢ € [#y/2, t9]. Thus this also holds over [0, #g].

For k =0,1,..., let F] be the event that £(i* + 1,Y;) < ¢In®n; that is,
at time J; there are no more than éIn®n queues with at least i* + 1 cus-
tomers. On F;_,, the customer arriving at time J; has probability at most
ps=3&(nn)'?n=2 of joining a queue of length at least i* + 1. Then for each
positive integer r,

N-1_
Pr(Z,(i*+2)>r) <Pr(B(N, ps) >r) + Pr( U F,:) +Pr(Jy+1 < tp).
k=0
Also, by Lemma 7.2, the probability that some initial customer stays until time #
is at most 2ne %% It follows that a.a.s. M;, <i*+1, and

(36) Pr(M, >i*+ K +5)=0mn k3.

Now the inequality (32) in Lemma 7.1 with 7 = nK a=i*+K+5,b= [K/2]1+1
and s = n~? yields the upper bound part of (3), since

8 =nPr(Po(Ads) > b+ 1) <n(hds)’t' = 0573,

Finally, let us note one result which will be useful in [8]. Let the integer d > 2
be fixed. Then, as in (36), if r = O(Inn),

(37 Pr(M > i*+147r)=e 20,

8. Concluding remarks. We have investigated the well-known “supermar-
ket” model with n servers and a fixed number d of random choices. We have
shown that the system converges rapidly to its equilibrium distribution. Our main
result is that, for d > 2, in equilibrium the maximum length of a queue is a.a.s. con-
centrated on two adjacent values close to Inln#n/Ind. In contrast, when d =1 the
maximum length of a queue is a.a.s. close to Inn/Inlnn. Along the way we used
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the fact (27) that, in equilibrium, for each nonnegative integer k the proportion of

. k—1
queues of length at least k is close to A1 td++d"

In [8] we use this last result together with mixing and concentration estimates
(and upper bounds on the maximum length of a queue) obtained here to prove
quantitative results on the convergence of the distribution of a queue length. In par-
ticular, we give a quantitative version of the convergence result mentioned in the
Introduction. Let (v;(k):k € N) be as in (1) above. It turns out that, for suitable
initial conditions, uniformly over all ¢ > 0 the distribution of a given queue length
at time ¢ is close in total variation distance to the distribution of an integer-valued
nonnegative random variable V; such that Pr(V; > k) = v, (k). Also in [8] we in-
vestigate the asymptotic independence of small subsets of queues, the “chaotic
behavior” of the system.
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