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Large deviation for Markov processes can be studied by Hamilton—
Jacobi equation techniques. The method of proof involves three steps: First,
we apply a nonlinear transform to generators of the Markov processes, and
verify that limit of the transformed generators exists. Such limit induces a
Hamilton—Jacobi equation. Second, we show that a strong form of uniqueness
(the comparison principle) holds for the limit equation. Finally, we verify an
exponential compact containment estimate. The large deviation principle then
follows from the above three verifications.

This paper illustrates such a method applied to a class of Hilbert-space-
valued small diffusion processes. The examples include stochastically per-
turbed Allen—Cahn, Cahn-Hilliard PDEs and a one-dimensional quasilinear
PDE with a viscosity term. We prove the comparison principle using a variant
of the Tataru method. We also discuss different notions of viscosity solution
in infinite dimensions in such context.

1. Introduction. We are interested in large deviation for small randomly per-
turbed diffusion processes in a Hilbert state space E. When E = R, this is known
as the Freidlin and Wentzell theory [23]. The proofs in [23] rely upon the Girsanov
transformations. The idea is to estimate probability of an atypical, large deviant
event under the given probability law through a change of measure, so that the
event becomes most probable under the new law. Such technique is also repeat-
edly used in the Donsker and Varadhan theory [13] regarding occupation measures,
which is another kind of large deviation concerning ergodic phenomena instead of
small random perturbations.

There exists a different approach to the above mentioned large deviation
problems. In the late 1970s, Fleming [19] introduced a logarithmic transform to
generators of Markov processes, giving exit probabilities an optimal control in-
terpretation. This observation allowed us to characterize the large deviation con-
vergence for exit probabilities as convergence of solutions for a sequence of
Hamilton—Jacobi equations. Later, Evans and Ishii [16], Fleming and Sougani-
dis [21, 22], among others, applied the theory of viscosity solution to this context,
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enabling the approach to cover a wider variety of examples. In particular, this in-
cludes R?-valued diffusions with vanishing stochastic terms. During early devel-
opments of this approach, the applicable settings and structural conditions required
were relatively restrictive as compared to the Girsanov transformation approach.
However, this can be fixed by refining techniques on the viscosity solution tech-
niques and on the large deviation theory. Feng and Kurtz [18] recently carried out
such a program which expands the theory.

The general setting in [18] allows the state space E to be a metric space. One
of the key technical conditions assumed is a strong form of uniqueness (i.e., the
comparison principle, Definition 1.15) for a limit Hamilton—Jacobi type equation.
For small perturbation type large deviations, such equation is usually a first-order
nonlinear partial differential equation. When E = R, or a subset of it, the compar-
ison principle can usually be verified by well-known criteria in PDE theory. Using
these techniques, [18] treats both the classical Freidlin—Wentzell theory and the
Donsker—Varadhan theory within one framework using the generator convergence
approach.

When we study large deviation for stochastic PDEs or interacting particles, we
usually encounter function- or measure-valued state space. Comparison principles
of these types, however, are much less well understood. On the one hand, there
exists an extensive PDE literature regarding first-order Hamilton—Jacobi equations
in Hilbert/Banach spaces (e.g., [7, 8, 31, 32]). On the other hand, the operators
derived in the large deviation context frequently exhibit subtle differences relative
to those studied in the PDE literature. Indeed, in the case of applications to inter-
acting particle systems, it is more natural to consider the state space as the space
of probability measures, rather than a Banach space.

We restrict attention to Hilbert-space-valued diffusions only in this paper.

1.1. Background. We consider the large deviation for Hilbert-space-valued
diffusions with a possibly nonlinear drift term. To outline the approach and identify
difficulties ahead of us, first, we review a general result (adapted to the situation of
this paper) developed in [18].

Let X,,n=1,2,..., beasequence of metric-space S-valued random variables.
Varadhan and Brycs (e.g. Theorems 4.3.1 and 4.4.2 in [12]) discovered the follow-
ing moment characterization of large deviation convergence.

PROPOSITION 1.1.

(a) Suppose {X,} satisfies the large deviation principle (Definition 1.17) with a
good rate function 1. Then for each [ € Cp(S) (bounded continuous functions
on ), if we define A, (f) =n""log E[exp{nf(Xn)}],

(L) lim A,(f)= lim % log E[¢"/ ¥ ] = sup{f (x) — I (x)} = A(f).

xes
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(b) Suppose that {X,} is exponentially tight (Definition 1.17) and that the
limit (1.1) exists for each f € Cy(S). Then {X,} satisfies the large deviation
with good rate function

(1.2) I(x)= sup (f(x)—A(f)).

FeCp(8)

See Theorems 4.3.1 and 4.4.2 in [12].

The main result in [18] can be viewed as a process version of the above theorem,
expressed at an infinitesimal level.

To explain the result, we proceed informally first. Let {X,(7),0 <t < 4o00;
n=1,2,...} denote a sequence of metric-space E-valued Markov processes. For
simplicity, we assume the trajectories are continuous. By the Markov property
and continuity of the trajectories, we expect the large deviation of {X,} follows
from that of the transition probability measures {P (X, (¢) € dy|X,(0) = x)} for
all x € E and t > 0. By Proposition 1.1, we also expect this to be implied by
convergence of the functionals

Vo) f(x) = %log E[e"/ X)X, (0) =x] = V(©) f(x) for some V(1) f,

where f € D C Cp(E), and D is sufficiently dense in Cp,(E) in appropriate sense.
It turns out that, by the Markov property, V,, forms a nonlinear operator semi-

group
Vo)V, () =V, (t +5), s,t>0.

Hence {V(¢):t > 0}, viewed as a collection of operators acting on functions,
should form a semigroup as well. We identify the generator of V,, next:

1
H, f(x) = ;(Vn(t)f(x) — Vu(0) £ (x))

lim
t—0+

11
— lim —— logE[en(f(Xn(t))—f(x))|Xn(0) — x]
=0+t n

= MO8, ()
n

where A, is the generator for the process X,

1
Ang(x) = lim —log E[g(X, (1)) = ()| Xx(0) = x].

The above transformation from A, to H, is essentially the logarithmic trans-
form by Fleming [19]. If we denote by H the generator for V, then we expect gen-
erator convergence H, — H will imply semigroup convergence V,, — V, which
is suggested by the semigroup generation theorem:

—k
t
V,(t)h = lim (I—%H,,) h

k—+00
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and

—k
(1.3) V(t)h = lim <I — EH) h.
k—4o00 k
Going backward in the reasoning, modulo regularity conditions, we expect con-
vergence H, — H will give the large deviation of {X,,}.
There are practical problems if we want to rigorously apply the above program
to examples. First, the formula in (1.3) requires

(1.4) (I—aH)f=h

to hold in the classical sense for all 2 € D and o > 0 (if H is dissipative, then such
f is also unique). However, this is extremely hard to verify for most examples.
Therefore we are forced to modify the above formulation by using a type of weak
solution called the viscosity solution (Definition 1.14). By weakening the type of
solution needed for (1.4), we have to require a strong form of uniqueness condition
known as the comparison principle (Definition 1.15). Informally, this principle
states that, if upper semicontinuous f and lower semicontinuous f satisfy

(I—aH)f<h and (I—aH)f>h,

then f < f. The f and f are called, respectively, a subsolution and a superso-
lution. Existence of sub- and supersolutions, in the large deviation context here,
can be constructed by generalizing a procedure due to Barles and Perthame [2, 3].
When E is noncompact, in order for such argument to go through, we need another
crucial condition (Condition 2.2) for the transition probabilities. Such condition re-
quires the processes to be concentrated on a compact subset of the state space with
high probability.

Note that the above formulation is only based on inequalities for sub- and su-
persolutions. This provides an opportunity for further relaxations on conditions.
We can introduce two more operators: Hy, Hy sothat Hf < Hyf and Hf > H| f
forall f € D(H)ND(H;). Then

(I —aHy)f<h and (I —aH)f>h.

Suppose that the comparison principle still holds for the above two “in-equations”
(i.e., f < f). The construction of f, f by the Barles—Perthame procedure then

reveals that f = f = f € C,(E). Hence, each h uniquely corresponds to an
f € Cp(E), and we can denote such correspondence by f = Ry h. Consequently, at
least formally, R, = (I —aH )~!. In other words, Hy, H; implicitly determine H
through its resolvent, and V (¢)h = lim, R;’/nh € Cp(E). We can now completely
avoid using H in the above program by replacing condition H, — H by: for each
f € D(Hy),

H f < lirr}liannfn, limsup H, f,, < Hof some f, — f.
n
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The above generalization is useful for applications where E is infinite dimen-
sional. We illustrate this next.

In general, the comparison principle proof relies upon test functions which be-
have like distance functions. For instance, in the case E = R?, these test functions
take the form f(x) = (u/2)|x — y|2, i € R (see [5]). For H,’s which are dif-
ferential operators, there is no difficulty to include such functions in the domain.
Furthermore, identifying H f as a limit of H, f is usually straightforward.

However, the situation becomes tricky when E is infinite dimensional (e.g., Ex-
amples 1.2, 1.5 and 1.8). For instance, let £ = L*(¥) and O = [0, 1) with periodic
boundary, and

H, f (x) = (Ax, Df (x)) + IDF (0)|1* + 04 (D),
where oy may depend on f. See (1.33) for definition of Df. We expect
Hf (x) = (Ax, Df (x)) + 3| Df ()|
But then, even for
(1.5) f@)=w/lx—yI>, pneR,

where y is arbitrarily smooth,
Jim Hy f (xa) # HF ().

Note that in this case, Df(x) = u(x — y) and (Ax, Df(x)) is well defined as a
function taking value in extended reals

(Ax, Df (x)) = n(Ax, x — y) = —u | Vx||* + u(Vx, Vy).

Assuming u > 0, by lower semicontinuity of ||[Vx|, we can however obtain
limsup, _, . Hy f(xn) < Hf (x). Similarly, by reversing the inequality, we can ver-
ify a lower bound estimate for the case u < 0.

More generally, if the above A is replaced by a general nonlinear dissipative
operator C [assuming the domain of C is not the entire E, D (C) # E], integration
by parts may not even make sense any more. Consequently

Hf (x) = (Cx, Df(x)) + 5[ Df (x)]?
does not make sense for all x € E, even if y € D(C). Note that, if C is dissipative,
w(Cx,x —y) <pu(Cy,x —y)  ¥x,yeD(C),u>0.

The right-hand side of the above is continuous in x, and can be extended to all
x € E easily. Hence at least for f of the form (1.5) with u > 0, if H, f(x,) is
defined, then it can be estimated from above by

limsup Hy f (xn) < lim p(Cy, xn — y) + 3 1Df Ccn)I* + 0 (1)

Xp—>X

= u(Cy, x —y) + 2IDf(O)* = Ho f (x).



326 J. FENG

Furthermore, such Hy f € C(E) and is everywhere well defined. By the arbitrari-
ness of y € H(C), we hope such Hy provides a sharp estimate on the asymptotics
of H,,’s. Similarly, we can also estimate H, f from below by some H f, if u < O.

We call (1.4) a Hamilton—Jacobi equation, because of its connection with the
optimal control problem. By the Markov property on the processes X, the A,’s
satisfy the maximum principle. The H,’s, obtained as a transform of the A,,’s, also
satisfy a nonlinear maximum principle. So does the limiting H (and frequently,
Hy, Hy). Using this property, the following variational representation of H, can
usually be proved [17]:

H, f(x) = Sup(an(x, u) — Ly (x, u)):
uelU

where U is some auxiliary metric space, and for each u fixed, B, f (-, u) is a linear
operator satisfying the maximum principle in C,(E), L, is alower semicontinuous
bivariate function. In the limit, H is supposed to have a similar structure. This
is known as the Nisio representation of generator for Hamiltonian operator H in
optimal control theory [25]. Based upon such representation, [18] proved theorems
ensuring a simpler, variational representation of the rate function in an “action
integral” form.

1.2. Basic setup. Let Hilbert-space-valued diffusion processes
N 1
(1.6) an(t):Can(t)dt+ﬁBn(Xn(t))dW(tL

where W is a cylindrical Wiener process [see (1.28)]Aon a separable real Hilbert
space Uy, E is another separable real Hilbert space, C,, — wl is an m-dissipative
(possibly) nonlinear operator on E for some w > 0: that is,
(Cax = Cuy,x = y) ol —yI>  Vx,y e DG,
and the range of / — aC,, satisfies
R(I—aC)=E VYa>0.

We also assume that 0 € :D(é,,), and B, (x):Ug — E is a Hilbert—Schmidt oper-
ator for each x € E fixed. More conditions are needed in order to make sense of
the solution and large deviation result of (1.6); we delay them until the statement
of the respective theorem. To simplify the presentation, we will actually deal with
another form of the above equation:

(1.7 dXu(@t) =Cu X, () dt + Fp (X, (1)) dt + %Bn(Xn(t))dW(t),

where C,, is m-dissipative, C,0 =0 and F, (x) : E — E is globally Lipschitz in x.
To rewrite (1.6) into the form of (1.7), we take

Cnx:énx—éHO—wx, Fn(x)zéHO—i—a)x.

We provide three examples.
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EXAMPLE 1.2 (Stochastic Allen—Cahn equation). Let O = [0, l)d, d =
1,2,3, ..., with periodic boundary condition; we associate L?(0) with the usual
inner product

(x,y) = f XO)y©)do,  x,yeLXO).
60=(04,...,64)€0O

By a stochastic Allen—Cahn equation, we refer to the following formally written
stochastic PDE

iYn(t’ 0) = AY,(t,0) — V'(Ya(,0))
ot
(1.8) ot

0; Yu(1)) aedﬂ(t’ 0),

1
+ ﬁa( 3196, ---
where (¢, 6) is a Brownian sheet over space—time (¢, 0) € [0,00) x 9,V € CY(R)
and

(1.9) o(0,y) =90, (y.&1),.... (¥, &))

for some &1, ..., & € L?>(O©) and 90, r1, ..., r%): RFT1 > R.

The above is a stochastically perturbed reaction—diffusion type equation.
Among other applications, it has been used in material science as a phenomeno-
logical model of material interface movements due to molecular-level adsorption—
desorption processes. V € C'(R) is usually a double- or multiple-well potential
function. From large deviations for {Y},}, we can extract information about metasta-
bility of the whole system when the temperature is small.

It is well known that, in dimension d > 2, (1.8) admits no L%(©)-valued so-
lution. We will actually consider an approximate version of it which is defined
on truncated Fourier modes. The number of modes goes to infinity as n — +o0.
Such consideration is motivated by the fact that, in the above mentioned applica-
tion, (1.8) should only be viewed as a formal limit for some stochastic Ginzburg—
Landau equation defined on finite lattices or on truncated Fourier modes [30]. It
is usually the rescaling limits of these finite systems which we really care about,
rather than the continuum level (1.8). We mention that large deviation for the lat-
tice case is studied in [18].

To rigorously define the processes, we let

$1(r)=1, Gok_1(r) = /2 cos(2mkr),
Gk (r) =N2sinQrkr),  k=1,2,...,
and
wn1 =0, [ok—1 = pok = 42k,
It follows that

(1.10) ¢ =19,
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Therefore
{ex(0) = ¢, (61) X P, (02) X -+ X iy (Ba),
k=(ki,....ka), kj=1,2,...;j=1,....d}

(1.11)

forms a complete orthonormal basis for £ = Uy = L2(0). Denote
(1.12) Ak = Phy X 000 X kg
then

—Aep = Areg.

Let {Bc(t), k= (k1,...,ka),kj=1,...,j=1,...,d} be a sequence of i.i.d. real-
valued standard Brownian motion, and let

01

6,
ﬂ(z,@)z§ﬁk(t)frlzo---/rioek(rl,...,rd)drl---drd.

We define an L?(©)-valued cylindrical Wiener process

(1.13) W) =D B)ex.
k
Suppose
mid
(1.14) lim m, = oo, sup — < 00.
n—00 non

[This scaling is needed in (A.9) when verifying the exponential compact contain-
ment property (Condition 2.2) for the processes. In addition, it is also used to verify
Condition 1.11(3) in Theorem 1.10.]

Let projection operator

My My

P,x = Z Z (x, er)ex € span(eq, ..., en,)

k1=1 kg=1
and for each x € L?(0) fixed, we define linear operator B(x) on L*(0) by
(1.15) (B(x)u)(0) =0 (0; x)u(®), ueUy=L*0).
We regularize linear operator
(1.16) B, (x)u = P,(B(Pyx)u),

and arrive at an L2(0)-valued diffusion

(1.17)  dX,(t) = AP, X, (1) dt — P, V' (Py X (1)) dt + LB,,(Xn(t))a'W(t),
n

7
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where the term B, (X, (¢)) dW (¢) is understood as

By(Xn(0)dW (@) =0 (5 PaXn(1)) Y -+ > dBr()ex.

k=1 kqg=1

Equation (1.17) can be written in the form of (1.7). Let @ = sup_. _, 0| V" (r)|
and

(1.18) Cpx = APy,x — P, V' (Pyx) + P,V'(0) — wPyx, x € L*(O),
F,(x)=—P,V'(0) + wP,x.
Then C,0 =0, C, is m-dissipative in L2(0) (Lemmas A.2 and A.3) and

dXn(t) = CpXn(t)dt + Fy(Xn (1)) dt + LBn(Xn(t))dW(t)-
i

To prove the large deviation theorem, we assume:

CONDITION 1.3.
(1) V € C3(R) and

sup  |V"(r)] < o0.
—o0<r<oo

(2) There exist ¢, c2 > 0, such that
Vir)=c + C2r2.

(3) The @O, r1,...,1): 0 % R¥ — R in (1.9) is bounded continuous and Lip-
schitzin ry, ..., r, uniformly with respect to 6.

Condition 1.3(3) implies that operator B(x) defined by (1.15) is Lipschitz in x:
I1B(x) — BO)II
x#y lx — Y||L2((9)
where ||| - ||| is the operator norm
MBI = sup [[Bx)ulli2)-
lull 29, =1

For each n fixed, (1.17) can actually be represented as a finite-dimensional sto-
chastic ODE; therefore the existence and uniqueness of the solution hold by stan-
dard finite-dimensional results.

Applying the main theorem of this paper, Theorem 1.10, we have:

THEOREM 1.4. Under Condition 1.3 and scaling relation (1.14), the solu-
tions Xy (1) of (1.17) satisfy a large deviation principle in Cp2 [0, 00) with good
rate function I as defined in (1.31).
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With a mild amount of additional work, assuming infy y (6, x) > 0, the rate
function / can be represented more explicitly:

I(x) = Ip(x(0))

1 o0 [1(d/)x(t,0) — Apx(t,0) + V' (x(t,0)) |*
+§/o /@‘ o6, x(1))

(1.19)

dods.

Feng and Kurtz [18] discuss this type of representation in general. See Section 4.1
for an outline of the approach.

EXAMPLE 1.5 (Stochastic Cahn-Hilliard equation). We still consider O =
[0, l)d with periodic boundary condition, but with the restriction d = 1,2 or 3
now. We consider stochastic perturbation of the Cahn—Hilliard equation formally
given by
d+1

(1.20) %Yn(t, 0) = A(—AY,(t,0) + V' (Ya(2,0))) + 0 B(t,0),
d

S 016, - -
where B(t, 0) is a Brownian sheet on [0, 00) x @; or, equivalently,

1 d+1

=——-—B(,0).

ﬁ3t391-~9dﬁ( )

Y, is asymptotically conserved in the sense that, in the n — +oo limit Y,
[ Y (t,60)d0 is constant in time. As in Example 1.2, such an equation has extensive
applications in material science. Motivated by the same reason as before, we only
rigorously study the large deviation for a variant of (1.20), which is defined on
finite Fourier modes. The number of modes goes to infinity slowly, as n goes to
infinity.

We assume:

%Yn(t, 0) +dive (V(AY, (1, 0) — V' (Ya(1,0)))

CONDITION 1.6.
(1) V € C3(R) and
sup [V (") + V" (r)]| < .

—o0<r<oo

(2) There exist ¢y, ¢3 > 0, such that

V(ir)>c + C2r2.

(3)
m3d
(1.21) lim m, = oo, sup —— < 00.
n—oo n n
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The above scaling requirement on m, is needed for reasons similar to those in
the previous Allen—Cahn example. See the proof of (A.14) and the requirement in
Condition 1.11(3).

We choose E = Uy = Lz((D). We define ey, ..., e, ..., P, and W as in Exam-
ple 1.2 and

Bou=Pu  VueUy=L*0).

We consider L2(©9)-valued diffusions:

(122)  dX,(t) = AP, (—AP,Xn () dt + V' (P, X,(1))) dt + LB’ndW(Z),
n

\/_

where

np nmpy

By dW(t)= )" -+ Y exdfi(r).

ki=1  kg=1
Let w = g sup, |V" ()%,
(1.23) Chx = AP (—APyx + V' (Pyx)) — oPyx,
and

F,(x)=wP,x.

Then (1.22) can be written in the form of (1.7):

dX,(t) =CpX,(t)dt + Fy(X,(2))dt + LBn dwW(t).
n

NG

THEOREM 1.7. Under Condition 1.6 and the scaling relation (1.21), the solu-
tions Xy (1) of (1.22) satisfy a large deviation principle in Cp2 [0, 00) with good
rate function I as in (1.31).

As in the stochastic Allen—Cahn example, the rate function / can be further
simplified:

I(x) = Ip(x(0))
(1.24)

1 [ 9 /
+5/o /@‘Ex(t’e)_A@(_A@x(WHV(x(t,e))) dé dt.

‘2
Another type of stochastic perturbation [30] to the Cahn—Hilliard equation could
also be interesting:

gYn(t, 0) 4 divg (V@ (AgYu(t,0) — V' (Yu(1,0))) +

1 B, ae)) o
at

Jno 3tdo
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where

B(t,0) = (B1(t,0), ..., Ba(t,0))

with each S an independent real-valued space—time Brownian sheet. Large devi-
ation for a lattice version of such an equation is considered in [18].

EXAMPLE 1.8 (Stochastic quasilinear equation with viscosity). Let O =
[0, 1) with periodic boundary. Suppose ¢ € C '(R) and sup, |¢'(r)| < co. We con-
sider the following formally defined equation:

3Y(t0)+8¢(Y(t0)) 82Y(tG)Jr Lo B(t,0)
. ’ AN ) =0_— ) T = a. an ) )
ar " a0 " 902" NZEIEL

where B(z, 0) is a Brownian sheet, (¢, ) € [0, 00) x O.

As before, let E = U = L*(9) with norm || x||*> = [, x>(0)d0. {e1, ..., e, ...}
is the complete orthonormal basis as defined in (1.11) with d = 1. Define
L?(0)-valued cylindrical Wiener process

W) =) Br()ex

k=1
where {1, B2, ...} are i.i.d. standard Brownian motion. Let

. m}
(1.25) lim m, = oo, sup — < 00
n—oo n n
and projection
2my
P,x = Z(x, ex)ex.
k=1

We consider a regularized L?(©)-valued diffusion equation,

(126)  dXn(t) = algPyXn(t)dt — Py dpp(PuXn(t))dt + LB,, AW (),
n

\/_
where B, = P, and

2my

BydW (1) =) exdpi(1).

k=1
The scaling on m,, is needed for the same reason as in the previous two exam-
ples.

Let = (sup, ¢'(r))*/(4a0).
(1.27) Chx =alAgPyx — P, 09 (Pyx) — wPyx, X € LZ((9),
and
F,(x) =wP,x, F(x)=owx.
Then X,, satisfies (1.7).
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THEOREM 1.9. Suppose that (1.25) holds and that {X,,(0)} satisfies a large
deviation principle with rate function lo. Then X, € Cp2)[0, 00) satisfy a large
deviation principle with rate function given by (1.31).

With additional work, it can be shown that the rate function / admits the fol-
lowing form:

2

1 oo ad d ad
10 =toon+ 5 [ |2 — et S0 “dodr.

1.3. Technical assumptions and main results. Let (E, || - ||) and (Up, | - llu,)
be two separable real Hilbert spaces. Let {e1, 2, ...} be a complete orthonormal
basis of Uy. We define W, a cylindrical Wiener process on Uy, by

o0
(1.28) W) =) eap), 10,

k=1
where B1, B2, ... are i.i.d. real-valued standard Brownian motions with respect to
a filtration ¥. X,,(0) is independent of & and we write £ = F Vv (X, (0)). The
infinite sum in (1.28) does not converge in (Uy, || - |ly,). However, we can always
embed Uy continuously into another separable real Hilbert space (Uy, || - ||y, ), and
as far as the embedding is Hilbert—Schmidt, the right-hand side of (1.28) converges
in (Uy, || - lly,)- For example, let A > 0 be such that Y_p2 ; )L,% < o0; define U; to
be the completion of Uy under

(u, v) Z)\,k (v, ex)u, (u, er)u,
k

Then the embedding Uy — U through identity map J is Hilbert—Schmidkt.
Throughout this paper, we will denote by L»(Up, E) the space of Hilbert—
Schmidt operators from Uy into E with norm

IBIZ,wo.e)= Y 1 Bexll?
k

(1.29)
=Tr(B*B) =Tr(BB*) VB e LUy, E).

Therefore, J € Ly(Up, Uy). To distinguish from this space, we will denote by
LUy, E) the space of operators from Ug to E which are linear and bounded. For
B e L(Uo, E),

(1.30) Bl = WBllLwo.ey = sup  [IBu].

uelo, |lull<1

The following stochastic integral will be used in this paper:

/OZB(s)dW(s), B(s) € L>(Uy, E).
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Such an integral can be defined using telescoping Riemann summation just as the
usual It6 integral in finite dimensions. Although the definition of W depends on Uy,
the integral is independent of the choice of Uj. For details, see Chapter 4 of [9].
We identify an operator C in E by its graph: C C E x E, and denote the space
of continuous functions on E by C(E).
Our main result in the paper is the following:

THEOREM 1.10. Let E, Uy be arbitrary separable real Hilbert spaces. Sup-
pose the following condition holds.

CONDITION 1.11.

(1) Operator C,, CE x E, F,, € C(E) and B, (x) € L2(Uy, E) are single valued
and everywhere defined. That is,

DC)=D(Fy)=E, D (B, (x)) = Uy Vx€eE.
Moreover, they are globally Lipschitz:

Cnx — Cuyll + 1 Fn(x) — Fu(DII + 1l Bu(x) = Bu (Wl L2 w0, E)

< Constant, [|x — y|[,

for every x, y € E, where the Constant, may depend on n. [See (1.29) for the
definition of ||| - |||L2(U0,E)-]

(2) C, is m-dissipative on E; C,0=0 for n =2, 3, ...; and there exists a (pos-
sibly multivalued) m-dissipative operator C C E x E, with D(C) = E such
that C C lim,_, o Cj, in the sense that for each (£, n) € C, there exists &, € E
such that lim,, || — &, || + [[n — Cn&, |l = 0.

(3) Whenever x, — xo € E,

.1 )
Jim 1B )17, 01 2 = 0.
(4) For each x € E, there exist B(x) € L(Uyp, E) and F € C(E) satisfying

BC) = BN+ I1FE) = FODI _
x#£y lx =yl

’

where ||| - ||| is the usual operator norm in (1.30). Furthermore, for each x,,
pn € E and x,, — x9, p, — po, we have

Fy(xn) > F(xo) and [|B, (xs) pullu, = 1B*(x0) pollvg-

We also assume that X, is the solution to (1.7), and that {X,,:n =1,2,...}
satisfies the following exponential compact containment condition:
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CONDITION 1.12. For each compact K C E, T > 0 and a > 0, there exists
another compact set K, 7 C E such that

1
limsup sup —log P (X, (1) ¢ Ka,7,30 <1 <T|X,(0) =x) < —a.
n

n—-o0 xek

Finally, we assume that {X,(0):n =1, 2, ...} satisfies the large deviation prin-
ciple with good rate function Iy on E.
Then:

(a) {X,} is exponentially tight;
(b) the following limit exists and defines an operator semigroup on Cp(E) (the
space of bounded continuous functions on E):

) 1
V() f(x)= n—><1>1>n;_>x - log E[enf(Xn(t)) 1X,(0) = y];

(c) the large deviation principle holds for {X,} with good rate function I:

(1.31) I(x) =1Io(x(0)) +  sup (Z i~ (X(ti)IX(li—l))>,

0<t|<-<tm \ i=]

where

L(yl)= sup (f(»)—VOfx)).

JeCp(E)

Theorems 1.4, 1.7 and 1.9 are all special cases of this theorem.

1.4. Relation to other large deviation results in literature. The term C,
in (1.7) and its limit C in Theorem 1.10 are allowed to be totally nonlinear. This is
different than what is available in literature [4, 9, 24, 27, 29], where C is restricted
to be semilinear. However, this paper does not pursue generalities in the term By,
as some of the above mentioned papers do.

If C,, is semilinear, a good deal is known about the solution for (1.7). See [9].
However, if C, is just m-dissipative, very little is known for the equation. By
assuming C, is Lipschitz and everywhere defined for each fixed n, we greatly
simplified the situation. Such assumption is motivated by Examples 1.2 and 1.8,
and by the fact that Yosida approximation of m-dissipative operators satisfies the
above requirements.

In this paper (1.7) is driven by a Brownian noise W, which is responsible for the
quadratic nonlinear term in Hp, Hy (or the ﬁo, ﬁl). But in the proof of compar-
ison principle, we actually allow much more general nonlinearity (Theorem 5.2).
Therefore, it is possible that the method here can be applied to cases where the
W is replaced by spatial Poisson noise. We expect exponential nonlinearity in
the H;, ﬁ,- ’s in these cases.
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1.5. Notation. We will frequently use the following class of test functions for
localization purpose:

T=|{pe Cz([O, 00)):¢ > 0, is nondecreasing,
(1.32)
and ¢(r) = ¢(400) for r large enough}.

Throughout the paper, (E,r) and (U, ry) are complete separable metric
spaces. Let f be a function on E. C(E) denotes continuous functions on E;
Cp(E), bounded continuous functions; B(E), bounded Borel measurable func-
tions; M (E), Borel measurable functions; and 4 (E), probability measures on
E.For f € M(E), we define f* and f, to be, respectively, the upper and lower
semicontinuous smoothing of f:

ffx) = liryn_fllp ), fe(x) = li§n_)i)rc1ff(y)-
Let O C RY:
H'(9)= {x(e) e L*(09) :f 1x(®))? + |[Vx(©)>do < oo}
O

and
d
H*(9) = {x(@) eL*(0): Y / x(0)* + |9x (©)]* + 107 x(0)d6 < oo}.
ijk=1"9
Throughout, (E, | - ||) is a real separable Hilbert space with its dual identified as
itself E* = E. C¥(E) denotes the set of kth-order Fréchet differentiable functions
on E with continuous kth-order derivative; we identify the kth-order derivative as a
kth-order multilinear symmetric functional. For example, by Df (x), we mean the
gradient of f evaluated at x, which is identified as an element of E* = E through

the Taylor expansion:

(133)  f(x+y)=f)+(Df(x),y)+1D*f)yy+olyl®,  yekE.

D? f (x)yz means a functional which is bilinear in both the y and the z arguments.
Letx,y € E; by x ® y, we mean a bounded linear operator on E

x®y)z=x(y,2).

| - | will be used to denote either an absolute value of a number |a| or the Euclidean
norm of a vector in R%: |6y, ...,0)|> = Zgzl 0,3.

We denote the range of a generic operator A in a Banach space by R(A) and
its domain by £ (A). We often identify an operator with its graph. A denotes the
closure of the graph under the norm of the Banach space. Let E be a Hilbert space.
A possibly multivalued nonlinear operator C C E x E is said to be m-dissipative
if and only if it is dissipative:

(x1 —x2,y1 —y2) <0 V(xi,yi))eC
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and
RU—aC)=E Ya > 0.

If, in addition, D (C) = E, then C generates a strongly continuous contraction
semigroup S(¢) on E. The following test function on E is introduced to record
trajectory properties of S(¢)y. It plays a major role in the analysis of certain
Hamilton—Jacobi equations (Section 5).

DEFINITION 1.13. Let C be an m-dissipative operator on E generating a
strongly continuous semigroup S(¢) : ¢ > 0. The Tataru distance function d¢ is

de(x,y)=inf{t 4+ ||x — S@)y| :t =0} Vx,yeE.

dc(x,y) is Lipschitz ((28) on page 62 of [8]):
ldc(x,y) —dc(x, DI < lx = x|+ lly = I

Let E be a general metric space again and let Hy, H] C Cp(E) x B(E) be (pos-
sibly multivalued) operators, & € Cp(E) and o > 0. We define viscosity solutions
for

(1.34) (I—aHy)f=h
and
(1.35) (I —aH)f=h.

DEFINITION 1.14 (Viscosity solution).

(a) f is a viscosity subsolution of (1.34) if and only if f is bounded, upper semi-
continuous, and for each ( fy, go) € Ho, there exists an {x,} C E satisfying

(1.36) Jim (F = fo) (i) = sup(f = fo)(x)
and
(1.37) limsup(a ™" (f — h) — (0)*) (x4) <O.

(b) [ isaviscosity supersolution of (1.35) if and only if f is bounded, lower semi-
continuous, and for each ( fy, go) € Hi, there exists an {x,} C E satisfying

(138) Tim (fo— £)(x) = sup(f — fo)(x)

xeE

and

(1.39) liminf(a ™" (f =) = (80)+) ) = 0.
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DEFINITION 1.15. We say a comparison principle holds for viscosity subso-
lution of (1.34) and supersolution of (1.35) if

f=r
for every subsolution f of (1.34) and supersolution J of (1.35).

Allowing Hy, H) C C(E) x M(E), Tataru [31, 32] and Crandall and Lions [8]
define viscosity solution in a different manner. Definition 1.16 is an adaptation of
their definitions when the domain of operator is chosen properly. We will explore
the connection between such definition and the more general Definition 1.14, for
equations arising in our large deviation context. See Section 3.4.

DEFINITION 1.16 (Tataru—Crandall-Lions).

(a) We say that f is a subsolution of (1.34), if f is bounded upper semicontinuous
on E, and for each xo € E and fy € D (Hp) satisfying

(1.40) (f = fo)(x0) = SUE(T — fo)(x),

we have

o™ (f — h)(x0) < (Ho fo)* (x0)-

(b) We say that f is a supersolution of (1.35), if f is bounded lower semicontin-
uous on E, and for each xg € E and fy € D (H) satisfying

(1.41) (fo = Do) = sup(fo = ().
we have

o~ (f = h)(x0) = (Hi fo)«(x0).

DEFINITION 1.17 (Exponential tightness and large deviation principle). Let
S be a complete separable metric space and let {X,} be S-valued random vari-
ables. {X,,} is said to be exponentially tight if for every a > 0, there exists compact
K, C S such that

1
limsup —log P(X, ¢ K,) < —a.
n—oo n

{X,} is said to satisfy the large deviation principle if there exists a lower semi-
continuous function 7 : S — [0, +00] such that for every open set A C S,

1
— inf /(x) <liminf —log P (X, € A)
X€A n n
and for every closed set B C S,

1
limsup —log P(X, € B) < — inf I(x).
n n xeB
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I is called the rate function and it is good if each level set is compact.

Let E be a complete separable metric space. For each n, let stochastic
process X, have state space E and let its trajectory be continuous in time. By
large deviation (resp. exponential tightness) for the processes {X,}, we apply the
above definition with S = Cg[0, 00).

DEFINITION 1.18. Let (E, g) be a metric space. D C Cp(E) is said to ap-
proximate the metric q if for each compact K C E and z € K, there exists f, € D
such that lim,,—, oo SUp,.c g | fn(x) —q(x,2)| =0.

2. A general large deviation theorem. This section presents a general theo-
rem which is the basis for the large deviation method in this paper. The heuristics
have been explained in Section 1.1.

Let (E, r) be a complete separable metric space and let {X,} be a sequence of
E-valued processes with trajectories in Cg[0, 0o). Suppose A, C B(E) x B(E) is
possibly multivalued. Let X, be a solution to the A, -martingale problem. That is,
there is a filtration ¥, such that

t
J(Xn() — f(X(0)) —/0 8(Xn(s)ds  V(f.8) €A,

is a martingale. We will work under the following regularity condition.

CONDITION 2.1. For each n =2,3,..., let A, C B(E) x B(E). We as-
sume existence and uniqueness hold for the martingale problem for A, with
X, € Cgl0, +00) for each initial distribution u € P (E). Let P} € P (Cg[0, 00))
denote the distribution of the solution of the martingale problem for A, with
X,(0) = x € E; we assume that the mapping x — P is Borel measurable tak-
ing the weak topology on £ (Cgl[0, 00)) (cf. Theorem 4.4.6 of [15]).

Define H, C B(E,) x B(E,) by
H,f= %e_"fAne"f, e e D(Ay),
or if A,, is multivalued,
H, = {(f, %e_”fg) (e, g) € An}.

The following is an exponential version of the uniform compact containment
condition in the weak convergence theory.

CONDITION 2.2. For each compact K C E, T > 0 and a > 0, there exists a
compact K, r C E such that

1
limsup sup —log P(X,(t) ¢ K41, forsome 0 <t <T[X,(0) =x) < —a.

n—oo0 xekKk N
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The following is an adaptation of Theorem 7.18 of [18]. In the adaptation, we
also used a result of exponential tightness (Corollary 4.19), a variant of the Stone—
Weierstrass theorem (Lemma A.8) and a technical estimate (Lemma 7.19). All the
reference labels refer to [18].

THEOREM 2.3. Let Condition 2.1 be satisfied. In addition, we assume the
following:

(1) Convergence of generators. There exist Hy, H C Cp(E) x B(E) which are
limits of the H,,’s in the following sense:
(a) Foreach (f, g) € Hy, there exist some (f,,, gn) € H, such that

sup(sup | ()| + supl g, (1)1 ) < o0,
n X X
and that for each x, — xo, we have

nll)ngo Su(xn) = f(xo0), lim sup g, (x,) < g*(XO)-

n—oo

(b) For each (f, g) € Hy, there exist some (fy, gn) € H, [possibly different
than those in (a)] such that

sup(sup | 0|+ supl g, (1)1 ) < o0,
n X X
and that for each x, — xo, we have
Jim f, () = f (x0), 8x(x0) < liminf g, (x,).

There exist F C Cp(E) which approximate the metric ¢ =r N 1 (Defi-
nition 1.18), and for each f € F and A > 0, Af € D(Hyp).
(2) Uniform exponential compact containment. Condition 2.2 holds.
(3) Comparison principle. There exist a subset D C Cp(E) and o9 > 0, such
that for each h € D and 0 < o < o, the comparison principle (Defini-
tion 1.15) holds for subsolution (in the sense of Definition 1.14) of

(I —aHy) f=h,
and supersolution (Definition 1.14) of
(I —aH)f =h.

D contains an algebra that separates points and vanishes nowhere [i.e., for
each x € E, there exists f belonging to this algebra such that f(x) # 0].

Define {V,(t)} on B(E) by
Vu(t) f(x) = ! log E[e"/ %™ X, (0) = x].
n

If {X,,(0)} satisfies a large deviation principle in E with a good rate function Iy,
then:
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(a) limit
V() f(x) = Tim Vi(t) £ ()

exists for every f € Cp(E), t, — t, and x,, — x. V() forms a nonlinear semi-
group on Cp(E).

(b) foreach0 <t <--- <ty <00, {(Xp(t1),..., Xu(tr)):n=1,2,...} is expo-
nentially tight in E* and satisfies the large deviation principle with good rate

function
Itl,...,tk (X1, .0y Xk)
= sup {filx) 4+ flx)
f1s--, fxeD
(2.1 —Ao(V()(fi+ V(2 —1)
X (ot -+ VWt —t-Dfi)--)}
k
= inf 3 Io(x0) + i_leti_,i1<xi|x,-_1)},
where

. 1

[the limit exists by (1.1)], and
(2.2) L(ylx)= sup (f(») =V [fx).

feCy(E)
(c) {Xy,} is exponentially tight in Cg[0, 0o) and satisfies the large deviation prin-
ciple with good rate function:

I(x)= _slug Iy (x (), oo x ()
(2.3) o

k
= sup sup (IO(X(O)) + ) Dy (X(ti)IX(ti—l))>-

k=1,2,...0<ti<tr<---<ty, i=1

REMARK 2.4. In view of the duality in (1.2), the form of rate function in
the first identity of (2.1) should be expected. The second equality follows by the
Markovian property of the X,’s. The rate function (2.3) follows from the finite-
dimensional large deviation result in (b), and from a well-known projective limit
argument [10, 11, 28].

Large deviation behavior of the {X,} and the exponential tightness imply that
the rate function / is good. That is, / has compact level sets. See part (b) of
Lemma 1.2.18 of [12]. Similarly, /;,, ..., has compact level sets in Ek.

Theorem 2.3 can be applied to situations other than small perturbation type
problems; we refer the reader to [18] for further examples.
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In the rest of this paper we apply the above theorem to the general problem
considered in Theorem 1.10. Step 1 is verified in Section 3.3; see Lemma 3.4. The
condition in step 2 is assumed in Theorem 1.10 as Condition 1.12. It is verified for
Examples 1.2, 1.5 and 1.8 in Section A.2. The comparison principle in step 3 is
stated in Lemma 3.10, with details of the actual proof carried out in Section 5.

Before closing this section, we illustrate how the classical Freidlin—Wentzell
theory follows from Theorem 2.3.

EXAMPLE 2.5 (The Freidlin—Wentzell theory). Let E = R?, and let W be
a standard d-dimensional Brownian motion. Assume that b;, 0;; € Cp(R?) are
Lipschitz continuous for i, j = 1,...,d. We denote b(x) = (b1(x),...,bg(x)):
R? — R andlet d x d-matrix o (x) = (0ij(x)). Let X,, be the solution to

1
dX,(t) =b(X,(t))dt + —=0 (X, (1)) dW(2).
Jn
This is a special case of (1.7).
Let D={f:f = fo+c, fo€ C3R?),ce R} where C3(R?) is the collection
of functions with compact support and with continuous derivative up to the second

order. We denote by sz(x) = (aizjf(x))i,j the Hessian matrix of f. By It0’s
formula, if we take

Apf(x) =b(x)V f(x)+ % Tr(D? f(x)o (x)o ' (x)),  feD,

then Condition 2.1 is satisfied. The transformed generator

Hy f (x) = b(x)V f (x) + %wT(fo(x)P + % Tr(D? f (0o (0o (x).
feD.
If we let Hy = H; = H with
Hf (@) =b@)Vfx) + 310" V0P, feD,
then the convergence conditions in part (1) of Theorem 2.3 are satisfied.

The assumptions on o, b imply that they grow at most linearly:

d

> (loij )] + bk (0)]) < 1 + calx].
ij k=1

One can use such estimate to verify the uniform exponential compact containment
condition in Theorem 2.3. This is shown in Example 4.23 of [18] using a stochastic
Lyapunov function technique.

Let h € Cp(RY) and « > 0; the comparison principle for

(2.4) (I—aH)f=h
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follows from results in [5]. Details on its proof can also be found in Chapters
9.4 and 10.3 of [18].
Consequently, by Theorem 2.3, the large deviation principle holds for {X,,}.
Let fOT lu(s)|?>ds < 400 for each T > 0 and consider
2.5) X(1) =b(x (1) + o (x()u(®).

‘We define

Rah(x0) = sup{ |

o0

e_“_ls(a_lh(x(s)) — %|u(s)|2) ds : (x, u) satisfies (2.5),

x(0) =xo}.

Then it can be shown that Ry € Cp(R?), it is the unique solution to (2.4), and
—_ 1 k
V(Oh(xo) = Jim R h(xo)

t
= sup{fo Hu()*ds +h(x () :% = b(x) + o (x)u, x(0) :xo}.

All these can be rigorously justified using the dynamic programming principle.
Suppose that o~ H(x) exists. Plug the above expression on V in (2.3) and (2.2); we
obtain the simplified representation

I(x)= fooo|a—1(x)(x — b(x))[* ds.

Such result is known as the Freidlin—Wentzell theory [23].

All the above claims are well-known results in control theory and first-order
Hamilton—Jacobi equation literature. In [18], rigorous proofs are provided and
summarized again.

3. Large deviation for diffusions in Hilbert space. Throughout this section
we assume Condition 1.11 holds and X, is a solution of (1.7). Both E and Uy are
real separable Hilbert spaces.

3.1. Semigroup on Hilbert spaces. We first recall some basic facts about semi-
group on E. These facts will be used later in the paper.

We assumed, in Condition 1.11(2), that C is m-dissipative on E, and D(C) = E.
By Crandall and Liggett’s [6] semigroup generation theorem, it generates a
strongly continuous contraction semigroup on E:

t —n
S(t)x = lim (I——C) X VxekE,
n—oo n
and

IS@x =SSOyl <llx =yl Yt>0,x,y€kE.
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Since (0,0) € C (or CO =0 if C is single valued), 0 = (I — ozC)_IO, S)0=0
and [|S@)x| < [Ix|l.

DEFINITION 3.1 (Canonical restriction of C). We denote
[Cxl=inf{[ly]: (x,y) €eC}  VxeD(C)
and define a single-valued C° C E x E, called the canonical restriction of C, by

C%% ={z:(x,2) € C, |zl = | Cx]]}.
Then the following holds.

LEMMA 3.2.

(1) DC% = D(C) and CP is single valued (Lemma 2.19 of [26]).
(2) CYis the infinitesimal generator of S(t) in the sense that

(3.1) COx = 1li l(S h)x — x) D(C)
. x_h_l)r(r)1+h (h)x — x), X €

(Corollary 4.19 in [26]).
(3) Let f € CY(E); then
(3.2) (Df (§).C%) = tim TOWR ZTE® e pie).

r

DEFINITION 3.3 [Directional derivative along the trajectory of S(¢)]. Suppose
f € C(E) is Lipschitz continuous. We define

1
D f(x) = . f‘&i up S(fSMy) = )

and

1
D¢ f@) = liminf o (f(SM) = /().

Dgf : E — [—00, +00] is upper semicontinuous, and D f : E — [—00, +00]
is lower semicontinuous (Lemma 2.3 in [8]).

We list two useful properties of the Tataru distance function dc (Defini-
tion 1.13):

(3.3) de(x,y) —dc(x,9) < llx =X+ ly = yll

and

dc(S(r)x,y) —dc(x,y) _
p =

(3.4 ; D¢de(,y) < 1.

See page 62 of [8] for proof.
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3.2. The martingale problem. Recall that E is a real separable Hilbert space,
and that C, is single valued, everywhere defined and Lipschitz on the E (Cj, is
usually some regularization of the C). Let f € C 2(E) be such that D f(x)=0
when ||x|| is sufficiently large; we define linear operator A,, C Cp(E) x B(E) by

(3.5 Anf(x)=(Df(x), Cpx + Fa(x)) + % Te[D? f (x) By (x) By (x)].

By Condition 1.11, an infinite-dimensional version of the Itd formula applies
(e.g., Theorem 4.17 of [9]). In addition, Condition 1.11(1) is a strong enough as-
sumption so that the results in Chapter 9 of [9] (regarding Markov property and
regularity for the initial conditions) apply. Therefore Condition 2.1 is satisfied.

We next compute nonlinear operator H, C C,(E) x B(E) by

H,f(x)= lefanne"f(x)
n
= %e”f (X){De™ (x), Cpx + F,(x))
4 55 e MO THD (x)B, () B (1)
2n
(3.6) = (Df (x), Cyx + F(x))

1
t3.2 Te[(D (nf)(x) ® D(nf)(x) + D*(nf)(x)) By (x) Bj (x)]
= (Df(x), Cox + F,(x))

1 1
+ S IB DS (), + 5 - THLD? f (1) B (x) B (x)]

2n
where (x ® y)z = x(y,z). The last step above needs some justification: let
{é1,...,éx, ...} beacomplete orthonormal basis of E. Then

1
53 T{(D@f) () ® D(nf) () Ba () By (x)]

((Df (x) ® Df (x)) By (x) B} (x)éx, ék)

I
N =
gk

x~
Il

I
N =
2

Il
_

(Df (x), ék)(Df (x), By (x) By (x)éx)
k

1
= 5(Df(x), By (x)B,; (x)Df (x))

| R 2
= §||B,, (X)Df(x)”Uo'
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3.3. Convergence of the H,’s. Formally, we expect the limit of H, f to be
given by

Hf(x) = (Df (x), Cx + F(x)) + LI B* ) Df )13,

However, the above does not make sense for x ¢ D(C). As commented in Sec-
tion 1.1, we have to replace H by Hy, Hj; then by selecting test functions f care-
fully, we can estimate the limit from above by Hp f and from below by H; f. The
class of test functions has to be large enough so that the comparison principle
(Sections 3.4 and 5) can be proved.

This is what we will carry out rigorously next.

By Condition 1.11, C,, and C generate, respectively, strongly continuous con-
traction semigroup S, (¢) and S(z) on E, S,(#)0 =0, S(#)0 =0 and || S,(*)x]| <
Xl 1S@x] < llx|l.

We derive the limit operators Hy, H; in Theorem 2.3 through several steps.

First, recall definitions of the canonical restriction of C in Definition 3.1 and
of the Tataru distance function dc in Definition 1.13. d¢ is Lipschitz; however,
it may not be differentiable in x. We introduce smooth approximations of it first.

By Condition 1.11, both C,, and C are m-dissipative, and C C lim, C,. By
the Crandall-Liggett semigroup convergence theorem ([6]; see also Theorem 6.8
of [26]),

lim sup [|S,(#)y —S@®)yll=0 Vye E, T >0.

n_)OOOEIET
Let lim;,_, o a, = 00; we define

r—e (r— 8)2
2/ 8e e
(3-8) he y(x) = tig(f){t +¢e(llx — SOYI)},

3.7) ¢g(r>=(ﬁ+ )1<05r<e>+ﬁ1(rze>,

1 00 2
(3.9) hy e y(x) =__ log/ e~ it e (Ix =S, (O} g4
€, ar 0

Then by Lemma A.12,

lim sup |hg y(x) —dc(x,y)| =0

e=>0+ cE

and
i sup (e () = . (0] = 0

for each compact K C E. Later, we may drop the y in the subindex if no confusion
can occur.
Recall the definition of 7 in (1.32). We now define Hy and H;:
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(a) Let
D(Ho) = {f@): f) = @1(llx — ) + @2,y (X)) + - + @1 (B, (),
Vi eT,§€D(C),yjeEk=1,2,...}.

For g(x) = g1 (x —£[1*) and f(x) = g(x) +@2(he y, (X)) + -+ @pr1 (he y, (X)) €
D(Hy), we define

Hof(x) =20 (lx — &|I*)(x — &, C%)

+ (SUP @5(r) 4+ sup@p (i’))
r=0 r>0

(3.10)
+ sup ((F(x), Dg(x) +q)
llg ”fSﬂé(hs.yl (x))+"'+‘/)//(+1 (hs,yk (x))

+ 1 B*@)(Dg(x) +9)|3;,).

By item (1) of Lemma A.12, and the fact that Dg(x) = 0 when | x|| is sufficiently
large, we have

sup sup [{F(x), Dg(x)+q)
X€E |l <@ (he,y, (N +-A0p 41 e,y (1))

+ 31 B () (D () + )|, < oo
Consequently, Hy C Cp(E) x B(E).

(b) Let
DHD) ={fx): f(x)=—p1(|x —&[P)
— @2(he,y (X)) = -+ — @rg1 (he,y (1)),
Vo e T,6€D(C),y; € E;k=1,2,...}.
Let f(x) = g(x) — @2(he,y, (X)) = - = @ry1(he y, (x)) € D(Hy), where g(x) =

—@1([|lx — £]1?). We define
Hif(x) = =2¢1(Ix — &%) (x — &, C%)

- (SUP @5(r) + -+ +sup <p11+1(r)>
r>0 r>0

(3.11)
((F(x), Dg(x) +q)

inf
llg ”S‘Pé(hs,yl (x))+"'+(/7//¢+1 (he,yz (x))
+31B*()(Dg () + )7,

The reason for using ¢; is to localize the test function f and the Hy f, Hi f so
that Hy, Hy C Cp(E) x B(E), a condition required by Theorem 2.3. This is the
main reason that the two operators have such complicated forms, instead of the
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simpler forms used by Crandall and Lions [8] using the Dg in Definition 3.3. We
note that Hy and H; are both single valued.
Let

(3.12) F={fx)=e1(lx —£II), ¢ € T, £ € D(C)} C D(Ho).

Then F approximates the metric g (x, y) = |[x — y|| A 1. In addition, for A > 0, if
f € D(Hy), then A f € D(Hyp).

LEMMA 3.4.
(1) Foreach f € D(Hy), there exists f, € D(H,) such that
SlrllPSl;P(lfn(X)I + | Hy fa(x)]) < 00
and
lim (o) = f (o),

limsup H,, f,,(x,) < (Ho f)*(x0)

n—+00

whenever x, — xg.
(2) Foreach f € D(Hy), there exists f, € D(H,) such that

supsup(|fi ()1 + | H fu (x)]) < 00
and
im (o) = [ (x0),
liminf Hy £, (xn) = (H1 f)+(x0)

whenever x, — Xg.

PROOF. Let us present the proof for Hy only; the case for H; is similar. To fur-
ther simplify, let us just verify the case for test functions in £ (Hp) of the form

) =8() + @ahe y () = 1 (Ix — £113) + @2(he,y(x)) € D(Hp),
where h, y is defined by (3.8). By Condition 1.11, there exists &, € E such that
lim [| — &, + 1% — Caall =0.
Let a, > 1 satisfy lim,_, oo @, = +00. We define h,, ¢ y according to (3.9). Let

g () = o1(lx — &%),
Su(x) =gu(x) + 902(hn,8,y(x)) € D(Hy).



LARGE DEVIATIONS IN HILBERT SPACE 349

By part 3 of Lemma A.12,

nlingo 3161113 [fn(x) — f(x)|=0 for each K C E compact.

Apply (3.2), (A.18) and (A.20) to (3.6):
Hy f(x) < 20](Ix — &1I) (x — &, Cukn)
+sup @y (r) + (Fu(x), D(gn + @2 0 Iy e ) (X))

r>0

1

+ S IB; () D(gn + 920 hn e ) (),
1

+ 5 Tr[D*g, (x) By (x) B} (x)]

1
—+ E TI'[DZ((/)Z o hn,e,yl)(x)Bn (x)B;:(X)]

(3.13) <201 (1x = E41*) (x — &n, Cnn) + sup ) (r)

r>0

+ sup <<Fn(x)»Dgn(x)+Q>
llg ”Sf/’é(hn,e,y (x))

1
+ 5 1B () (Dga (x) + Q)”%Jo>

+ L Tr[D? g, (x) By (x) B} (x)]
2n

+ % Tr[D*(¢2 0 hp.e.y) (X) By (x) B} ()],
where
(B.14)  Dgu(x) =2¢](lx — £ElI*) (x — &),
(3.15)  D?gu(x) =29} (Ilx — & 1)1 + 2] (lx — & 1) (x — &) ® (x —&p).
Let x,, — x0o, and denote
8 = %|||Bn<xn>|||%2(Uo,E).

1/2

Then §, — 0 according to Condition 1.11(3). Taking a, =6, ' to be the one

in (3.9), then a, — +o00 and

1
;an”an (x")m%z(Uo,E) = apd, = 8},/2 — 0.

By (A.21),

1
(3.16) lim o Tr[D*(92 0 hp.e,y) (Xn) By (xn) Bs (x4)] = 0.
n— n
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Therefore, by (3.13) through (3.16),

limsup H, f,, (x,) < (Ho f)*(x0)

n——+00

whenever x, — xo € E. O

3.4. The comparison principle. Let o > 0, and let & € Cp(E) be uniformly
continuous on E. The main goal of this subsection is to prove the comparison
principle in Lemma 3.10.

In what follows, we extend the operator Hy, H; and connect Feng and Kurtz’s
definition of viscosity solution (Deﬁmtlon 1. 14) w1th those in [31, 32] and [8]
We will introduce a new set of operators Ho, H 1 Ho, H | and will denote Hy, H;
closures of Hp, H; under the graph norm topology in B(E). We will clarify the
relations among the next four sets of equations:

(3.17) (I —aHy) f =h,
(3.18) (I —aH)f =h;
(3.19) (I —aHy) f =h,
(3.20) (I —aH)f=h;
(3.21) (I —aHy) f =h,
(3.22) (I —aH)f=h
and

(3.23) (I —aHy) f =h,
(3.24) (I —aH)f=h.

Let p; € T [see (1.32)], y; € E and & € D(C),

g(x) =1 (lx — &%),
fx)=gx) +@2(dc(x,y0) + -+ @r1(de (x, yo));

we define single-valued operator
Hof () =291 (Ilx — £ (x — 5. C%)

+ (sup oy (r)+ -+ sup ¢k+1(r))

r>0

(3.25)
+ sup ((F(x), Dg(x) +q)
ligll<@5(dc (x,y1))++g; o (dc(x,30)

+ 1B @)(Dg () +9) 7).



LARGE DEVIATIONS IN HILBERT SPACE 351

By item (1) in Lemma A.12, (3.10) is equal to (3.25) when || x || is sufficiently large,
independent of the ¢. In addition, by (A.17),

lim sup |hg y(x) —dc(x,y)| =0.

>0+ ycE

Therefore sending ¢ — 0, we obtain ﬁo C Hy, where Hy is the closure of Hy under
the uniform norm for B(E). Similarly, let

g(x) = —g1(|lx — £]1?),
F(x) = g(x) — (p2(dc(x, 1)) + - - + @ret1 (de (x, y0)))

and define
Hi f(x) = =2¢) (Ix — £1*)(x — &, C%)

- (sup @5(r) + -+ +sup <P1/<+1(7’))
r>0 r>0

(3.26)

, inf ((F(x), Dg(x) +4q)
lgll <@y(dc (x,yD))+-+¢; (dc(x, %))

+ 3 B* ) (Dg(x) +q)g,).
Then I:h C Hi.

LEMMA 3.5. f is a viscosity subsolution of (3.17) for Hy if and only if it is a
viscosity subsolution of (3.19) for Hy; both imply f is also a viscosity subsolution
of (3.21) for Ho.

f is a viscosity supersolution of (3.18) for Hy if and only if it is a viscos-
ity supersolution of (3.20) for Hy; both imply f is also a viscosity supersolution
of (3.22) for H,.

Hence, the comparison principle for subsolution of (3.21) and supersolution
of (3.22) implies the comparison principles for (3.17) and (3.18), as well as those
for (3.19) and (3.20).

In this lemma viscosity solution is always meant in the sense of Definition 1.14.

PROOF. The conclusion follows from the fact that IEIO C Hy, 1:11 C Hy; and
the definition of viscosity solution in Definition 1.14. [

We discuss some properties enjoyed by functions in D(H),i=0,1.

LEMMA 3.6. Let fo € !D(I-io). Suppose xo € E satisfies (f — fo)(xo) =
Sup,cg(f — fo)(x). Let 0 < ¢ € C([0, 00)) be nondecreasing, ¢(r) =r when
r<1and@(r)=2whenr >2. Let 0 > 0. We introduce perturbation of fy:

(3.27) fo(x) = fo(x) +0¢(dc (x, x0)).
Then fp has the following properties:
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(@) fyp € D(Hy) and
(f = fo)(x0) > (f = f)(x),  x #x0.
(b) For any {x,} C E satisfying
Jm (F = fo)Cxn) = sup(f = fo) ().
we have x, — xo and f(x,) = f(x0).
(©)

lim sup(Ho fy)*(x0) < (Ho fo)*(x0),
0—0+

liminf(H, fa)«(x0) = (Hi fo)«(x0).
0—0+

PROOF. Part (a) follows from the definition of fp.
We prove part (b) next. By (a),

lim(f = fo) (i) = sup(f = fo)(x) = (F = fo)(xo) = (f = fo)(x0)-

Therefore
(f = fo)(xo) = (f — fo)(x0) = 1ir{n(7 — fo) (xn)
=1im(f — fo) (xn) — 09 (dc (xn. X0))
=< lin}linf(7 — fo)(xn) = (f = fo)(x0).
Hence
Jlim_ 0dc (v, x0) = lim {(f = fo)(xa) — ((f = fo) (xn) — O (dc (xn, x0)))}

=0,
which implies x,, — xo and (f — fo)(x,) = (f — fo)(x0).
Part (c) follows from direct verification. [

LEMMA 3.7.

(@) If f is a viscosity subsolution of (3.21) in the sense of Definition 1.14, then it
is also a viscosity subsolution in the sense of Definition 1.16 for Hy.
(b) If f is aviscosity supersolution of (3.22) in the sense of Definition 1.14, then

it is also a viscosity supersolution in the sense of Definition 1.16 for Hj.

PROOF. We prove part (a) only. The proof for part (b) is similar. Let ¢; € T
[see (1.32)], y; € E and & € D(C). Consider

go(x) = @1 (Ilx — &%),
fo(x) = go(x) + @2(dc(x, y1)) + -+ - + @1 (de (x, yo)) € D(Hp),
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and xo € E such that (f — fy)(xo) = sup, ¢ E(? — fo)(x). Define fp according
to (3.27). By Lemma 3.6, fp € {O(ﬁo) and
(f = foxo) > (f = fo (), x#xo.

Since f is a subsolution of (3.21) in the sense of Definition 1.14, there exists a
sequence {x,} C E such that

lm(f = fo)(xu) = sup(f = fo)(x)
and
limsup (™" (f — k) (xn) — (Ho f5)* (x)) <O.

n— oo
By Lemma 3.6, x,, — xo, f(xp) = f(xo) and

limsup(Ho f3)* (x0) < (Ho fo)* (xo).
0—0+

Hence
a ' (F —h)(xo0) < lim %UP(Hofe)*(XO) < (Ho fo)* (x0).
-0+

We define I:Io and H | below. For

g(x)=%||x—sn2 Viu>0,EcDC),
(3.28)
fx)=g(x)+pdc(x,y) VyeE,p>0

(recall the definition of d¢ in Definition 1.13), we define
Hof(x)=pu(x —& C%) +p

(3.29)
+ Sup ((F(x). Dg(x) +q) + | B*(x)(Dg(x) +q)|3;,)-
qll<p

Similarly, for

g<x>=—%ux—sn2 Vi>0,.£eD(C),
(3.30)

f(x)=gx)—pdc(x,y) VyekE,p>0,
we define

Hif(x)=—px—£C%) —p

(3.31)

+inf ((F(). Dg0x) +q) + 5] ") (D) +9)|7,).

Hy, H, are local operators, therefore we can get rid of the localization functions
@x € T to arrive at Hy, H;. We omit the proof here. Such argument is standard. In
Lemma 6.1 and Theorem 6.1 of [20], these types of arguments are used to prove
equivalence of different definitions of viscosity solution. We have the following
conclusion.
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LEMMA 3.8. If f is the viscosity subsolution of (3.21) for Hy, then it is also
the subsolution of (3.23) for Hy; both in the sense of Definition 1.16.

If f is the viscosity supersolution of (3.22) for Hi, then it is also the superso-
lution of (3.24) for Hy; both in the sense of Definition 1.16.

Summarizing conclusions in Lemmas 3.5, 3.7 and 3.8, we have the next result.

LEMMA 3.9. Let f be a subsolution to (3.17) for Hy in the sense of Defini-
tion 1.14 (Feng and Kurtz); then it is a subsolution to (3.23) for Hy in the sense of
Definition 1.16 (Tataru—Crandall-Lions).

Let f be a supersolution to (3.18) for Hy in the sense of Definition 1.14 (Feng

and Kurtz); then it is a supersolution to (3.24) for I:II in the sense of Definition 1.16
(Tataru—Crandall-Lions).

We will study the comparison principle for viscosity solutions in the sense of
Definition 1.16 in Section 5. In view of Lemma 3.9, Theorem 5.1 implies the fol-
lowing.

LEMMA 3.10. Let f be a subsolution to (3.17) for Hy and let J be a super-
solution to (3.18) for Hy, both in the sense of Definition 1.14. Then f < S

3.5. The large deviation theorem.

THEOREM 3.11. Suppose Conditions 1.11 and 1.12 are satisfied. Let X, €
CEl0, 00) be the solution of (1.7). Suppose further that {X,,(0)} satisfies the large
deviation principle with good rate function Iy on E.

Then:

(a) {X,} is exponentially tight,;
(b) the following limit exists and defines an operator semigroup on Cp(E):

1
(3.32) V() f(x) = lim —log E[e™ %)X, (0) = x];
n—-oon

(c) the large deviation principle holds for { X, } with good rate function I:

(3.33) 1(x)=Ip(x(0) +  sup (ZI,i_l,._l(x(ri>|x<ri_1))>,

0<t1 <+ <tn i=1
where

Lyl = sup (f(»)—VO[fX).

feCp(E)

PROOF. Define F C Cp(FE) according to (3.12). The operator convergence in
Lemma 3.4 and the comparison principle in Lemma 3.10 imply that Theorem 2.3
holds. Consequently the conclusion follows. [J
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4. Application to special cases. We solve Examples 1.2, 1.5 and 1.8 as spe-
cial cases of Theorem 3.11.

4.1. Stochastic Allen—Cahn equation. Recall that we take £ = Uy = L?*(0).
Let w =sup, |V (r)|. We take
4.1) (Cx)(B) = Ax(0) — V'(x(0)) + V'(0) — wx(0)

where
2

D(C)=H*0) = {x:x, 9

: eL2(9,','=1,...,d}
56, 90,90, <L (O 1

and

F(x)=-V"(0) + wx.

C is m-dissipative by the usual theory of semilinear equation. Recall the C,, and F,
in (1.18); we have

Jim (|CrE — CEllj29) =0 VE € DO,
4.2)
lim F,,(x,) = F(xg).
n—>X0

X,

In addition, let B, (x) be defined according to (1.16); then

lim ||B;’:(xn)pn||Lz((9) = ||B*(XO)P0||L2((9)-

Xn—>X0,Pn—P0

Let {e1,...,ek,...} be the orthonormal system for Uy = Lz((9) as defined
in (1.11). Let o, ¢ be defined according to (1.9). Since

1l Bu ) 17 51y, £y = Tr(Bjr (xn) Bu(xn)) = > | By (eI
k

=3 > (oG (P EDer. e

>2

= 3 e (Puxn, E)eil* <md seupwz(e,m,
7 Na

Condition 1.11(3) holds under the scaling requirement (1.14).
Finally, Condition 1.12 is verified by Lemma A.5. Therefore, Theorem 1.4 fol-
lows from Theorem 3.11.
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To simplify the form of the rate function from (1.31) to a time integral form
as in (1.19), we need additional work. The basic idea is the same as that pre-
sented in Example 2.5, with some technical complications because of the infinite-
dimensional state space. A general result for rate function representation is
developed in Chapter 8 of [18]. Applying such result, representation (1.19) for lat-
tice versions of the stochastic Allen—Cahn equation is proved rigorously in Chap-
ter 13 of [18]. This procedure can be carried out similarly here. Below, we only
provide a sketch.

First, the form of I:IO, H 1 in (3.29) and (3.31) induces an optimal controlled
PDE problem:

%x(;, ) = Cx + F(x) + B(x)u(t)

4.3)
= Ax(t,0) — V'(x(1,0)) + o (x,0)ul(t,0)

which is well defined under a finite running cost assumption:

o0
%/ /uz(t,G)det<oo.
0 [¢]

By the dynamic programming principle and the comparison principle for (3.23)
and (3.24), we can prove that the V (¢) in (3.32) has the form

V@) £ Go) = supf £ @)
— %/Ot /@ u*(s,0)d6 ds: (x, u) satisfies (4.3) and x(0) :xo}.
Then from this, we derive
L(xuxo):infLAtj;%uzu,e)dads
(x, u) satisfies (4.3) with x(0) = xg, x(t) = xl}.
Combine the above form with (4.3); the variational form of 7 (x) in (1.19) follows.

4.2. Stochastic Cahn—Hilliard equation. Let w = sup, |V"(r)|?/4. We define

(4.4) (Cx)(6) = A(=Ax(0) + V'(x(6))) — wx(6)
for
x € D(C) =WH(0)

{ 9 92 93 a4
=jX:Xx,—2X, X, X,
36,7 36; 80, 36, 30; 36" 6; 36; 36y 36,

xeL%eﬂ
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and
(F(x))(0) = wx(0), x € L*(0).

We recall that the C,,, F), are defined as in (1.23). By Lemma A.1, C and C,, are
m-dissipative in L2(©). Furthermore, the type of convergence in (4.2) holds here
by direct verification.

By Lemma A.7, Condition 1.12 is also satisfied.

Theorem 1.7 follows from Theorem 3.11.

The rate function representation in (1.24) can be proved using similar arguments
as in the Allen—Cahn case. The controlled PDE becomes

%x(r, 0) = Cx + F(x) + B()u(t) = A(=Ax(t,0) + V' (x(t,0))) + u(t,6).

The running cost structure is the same.

4.3. Stochastic quasilinear equation with viscosity. Let C, be defined accord-
ing to (1.27) and let

(4.5) Cx =alpx — do(x) — wx, x € HX(0).

Then both C,, and C are m-dissipative operators in L?*(0) (Lemma A 4).
The compact containment estimate is provided in Lemma A.9. Following the
same arguments as above, Theorem 1.9 follows as a special case of Theorem 3.11.
Rate function representation is the same as the Allen—Cahn case. The controlled
PDE is

%x(t, 0) = Cx + F(x) 4+ B(x)u(t) = a 92,x(t,0) — dpp(x(1,0)) +u(t,0).

5. A class of Hamilton—Jacobi equation in Hilbert space. The purpose of
this section is to present a self-contained proof of the comparison principle for
(5.2) and (5.3) in the viscosity solution sense by Tataru—Crandall-Lions (Defini-
tion 1.16)—Theorems 5.1 and 5.2. The whole section is independent of the rest of
the paper and can be read separately.

We point out that the comparison results in [31, 32] and in [8] cannot be directly
borrowed here, because the Ho, H 1 are not exactly of the same form as considered
there. For example, when defining these operators, we restrict the domains and
use rougher estimates than the Dér and D, (Definition 3.3). This allows us to

relate Hy, H; with other operators which arise as the kind of limits required by
Theorem 2.3 with graphs contained in Cp(E) x B(E). Second but more impor-
tantly, the quadratic nonlinearity in (5.6) is worse than that assumed in (ii) of (49)
in [8]. We explore convexity to cure this problem. Despite these differences, the
main ideas of [8, 31, 32], still apply and all we need are modifications and refine-
ments at various places. We follow [8] and present the proof through a doubling
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technique—Lemma 5.9. To make this paper self-contained, we will repeat the im-
portant steps of [8] and omit minor details. We make detailed references for all
omitted steps so that they can easily be recovered if needed.

Let E be a separable real Hilbert space, let C C E x E be a possibly multivalued
nonlinear m-dissipative operator with D (C) = E and (0, 0) € C. Further suppose
function F: E — E and operator B(x): E — E for each x € E satisfy

F(x)—F B(x)— B

5.1) L p = sup IFD = FOIU LB = BOW _
Xy lx =yl

Recall the definition of Hy, H; C C(E) x M(E) in (3.29) and (3.31); we con-

sider the following Hamilton—Jacobi equations written in the resolvent form: let
heCp(E)and o > 0,

(5.2) (I —aHo)f=h
and

(5.3) (I —aH)f=h.
We prove the following.

THEOREM 5.1 (Comparison principle). Let f be a subsolution of (5.2) and /
be a supersolution of (5.3), both in the sense of Definition 1.16.
Suppose h is uniformly continuous and (5.1) is satisfied. Then

f=r

Indeed, we will prove a theorem covering more general situations. Let G (x, p) €
C(E x E). We define single-valued operators Hy, H CC (E)x M(E): foreach f
in (3.28), we define
(5.4) Hof(x)=p(x —£ C%) +p+ Sup G(x, Dg(x) +q).

qll=p
For each f in (3.30), we define
(55 Hf@=-uxr—&C%) -+ inf G(x, Dg(x) +q).

The operators in (5.2) and (5.3) are special cases of the above ones with G given
by

(5.6) G(x,p) = (F(x), p) + 31 B*(0) pllg,-

THEOREM 5.2.  Suppose a > 0, h is uniformly continuous and Condition 5.5
is satisfied for G. Define Ho, H 1 according to (5.4) and (5.5).

Let f be a subsolution of (5.2) and f be a supersolution of (5.3), both in the
sense of Definition 1.16. -

Then

f<f.
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5.1. Perturbed optimization principle. There is no a priori guarantee that the
extrema in (1.40) and (1.41) of Definition 1.16 always exist. We have to care-
fully choose test functions f to make sure that the definition is not an empty one.
Ekeland’s perturbed optimization principle [14] claims that, if we add a small per-
turbation to the test function using the norm of the Hilbert space, we can always
attain the extrema. If we apply this technique in the viscosity solution context, we
also want the perturbed H fj to be close to the unperturbed one, so that the equa-
tion we consider does not change much. These considerations lead to the Tataru
distance function d¢ in Definition 1.13.

The following is adapted from Proposition 2.1 of [31], which generalizes
Ekeland’s principle. In the adaptation, we have taken g = —u, where u is the func-
tion in the original proposition.

LEMMA 5.3. Let K be an abstract set and B: K x K — [0, +00), with the
following properties:

(@) B(x,x)=0forall x € K;

(b) B(x,y)+ B(y,z2) > B(x,z) forall x,y,z € K;

(c) for each {x,} C K satisfying > o2 | B(xn, Xy+1) < 00, there exists x € K such
that lim,,_, 4 5 B(x,,x) =0.

Let g: K — [—00, 400), sup, g &(x) < 4+00. Furthermore, if {x,} C K and
x € K satisfy 22021 B(x,, xp+1) < 400 and lim;,— 5o B(x,, x) =0, then g(x) >
limsup g(x,).

Then, for each ¢ > 0, and xq such that g(xo) # —o0, there exists x. such that:

(1) g(xo) +&eB(x0,x¢) < g(xe),
(2) g(x) —eB(x,xs) <g(xe), x €K.

REMARK 5.4. Let function g: E — R be bounded and upper semicontinuous
in the norm topology of E. If we take K = E and B = d¢, then the assumptions
regarding B are satisfied (Proposition 2.2 of [31]), and:

(a) For each xg € E and ¢ > 0, there exists an x; € E such that

(5.7) g(xo) +edc(x0,x1) < g(x1)
and
(5.8) g(x) —edc(x,x1) < g(x1), xek.

(b) Let & > 0 and xg € E be such that
sup g(x) < g(xo) +&°.

xeE

Then there exists x; € E such that not only (5.7) and (5.8) hold, but also

dc(xo,x1) <e.
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Part (a) is a consequence of the above proposition. See also Lemmas 2.4, 2.5 of [8].

Part (b) follows from (5.7):
edc (xo, x1) < g(x1) — g(x0) < g(x1) — sup g(x) +&* < &>,
xeE

Similarly, an analogous result holds when we take K = E x E and B((xy, y1),
(x2,¥2)) =dc(x1, x2) +dc(y1, y2). We will need such result for (5.14).

5.2. The comparison principle. 'We make the following structural assumption
about G.

CONDITION 5.5.

(1) G(x,p) e C(E x E); for each A > 1 and M > 0 fixed, there exist p; (r),
om(r) € C(RY) with py(0) =0 and o7 (0) = 0 such that

m(x —y)>
A

m(x, Gy =) < pr(x—yl+ulx—yID. w0,

and

sup |G(x, p) —G(x,q)| <om(r).
Ixl+lpll+lgli<M.llg—pll<r
(2) There exists a nondecreasing function 0 < ¢ € C!([0, 00)) slowly grow-
ing to infinity in the sense that lim,_, ¢(r) = oo and sup,. |r<p/(r2)| +
lre'(r)| < oo. ¢’ > 0. -
For M > 0, A > 1, there exists y;_ p(r) € C(RT) with ¥a.m(0) = 0 such
that

P +e¢(Ix]1?)x

sup AG (x, Iy

) — G p) < i (©).
xeE,|pll=M

REMARK 5.6. Condition 5.5 implies that for any 1 < Ag < A1,

MG()C, M(XM— y)) B AOG<y’ M(xxo_ y)>

m
- Koﬂmm(llx ¥+ 2l - y||2)

and
p+eg (Ix]?)x p €
sup (MG(}C, —) - A0G<x, —)) =< )Loykl/ko,M<_>-
xeE,|pll<M Al A0 AO

¢(r) = log(1 + r) satisfies the growth requirement in the condition. For many
examples, such choice is good enough.
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LEMMA 5.7. Suppose (5.1) is satisfied; then the G in (5.6) satisfies Condi-
tion 5.5.

PROOF. To verify this, let A > 1; noting

(1 1) 2 Zpey Ly < r
LR W S
A PR

il

A—1

we have

AG(x,f) Gy, p) = (—HB Wpl?, - IB* <y>p||U0)+<F<x)—F<y),p>

l\)lr—‘

1 1
5<—|| (B*(x) — B*0)ply, + (X - 1) I1B*(»plg,

2 * * *
+ (B ) = B*0)py, 1B (y)pqu)

+ Lrsllx = yllpl
2
U1 1(B*(x) — B*(y)pliy,

+ Lrgllx = yllpl

2 A—1

1(Lrslx = ylllpl)?
< -5 L - ,
<3 — +Lrglx = yllipl

where L p is the one in (5.1). We can take

1 L3
pr(r) = 5L

21— 1
Similarly, denoting Co = || B(0)|,

+ LF pr.

p+eéq 1//1 1
26 (x P2 —Gom =5 ((5 - 1) 1B* 0PI, + 5 1B eql,

2 * *
+X”B @) pllul1B™ (x)eq v,

+ellF() gl

11B*(0eqlig,
< s—————+eLrplxllql

2 a-—1

2 2
_ & (Coligll + Lllqlix1D
-2 r—1

We can take ¢(r) =log(1 4 r) and

+eLrplxlllgll.

(Co +L)?

I .
2 1 ’B

vam(e) =
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Finally, for each M > 0, we denote

Ci(M) = sup [|BO)II,

lxl|<M

Cry(M) = sup [|BMX)II*M,
lxl|<M

C3(M)= sup [[F(x)].
lxl|<M

Then for [lx|| + [ pl + llgll < M,
IG(x, p) = G(x, @) < (I1B*@)(p — I,
+2IB*)qllug I B* () (p = Dlluy + IF N — qll)
<CIM)|Ip —ql> +2C2(M)Ip — gl + C3(M) [ p — g
We can take oy (r) = C%(M)r2 + RCry(M) + C3(M))r. O
Now, we prove Theorem 5.2 in several steps.
We endow the product space E x E with inner product
(. ), (E.m) = (x, &) + (y. m).
Denote
C(x,y) =(Cx, Cy).
By the m-dissipativity of C, C induces a semigroup:
S)(x,y) = (S@)x, S@)y), (x,y)€EXE.
For A >0, (x,y), (p,q) € E x E, we define

G ((r, v): (9. ) Em<x, %) —G(y.—q).

and define a single-valued operator Hy ) C C(E x E) x M(E x E) next. Let
D = D(H> ) consist of functions ¢ defined as follows:

(5.9)  ¢(x,y) = %nx e %(so(uxnz) +o(lyl®),  wy>0,

where ¢ € C1([0, 00)), ¢’ > 0, lim,_, 100 ¢(r) = +00; and
(x,y) = (x,y) + p(dc(x, x0) +dc(y, y0)),  p>0,x0,y0 € E.
We define, for each &,
Hy @ (x,y) = DED(x, )

+ sup Gi((x,y); DP(x,y)+ (p.q)).
IpI2+lgl2<202

(5.10)

We note that H> ; ®(x, y) may be an unbounded function on E x E.
We have a perturbation result.
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LEMMA 5.8. Letu € B(E X E) be upper semicontinuous, ®o(x, y) € D and
(X,9) € E x E satisfy (u — ®o)(£, Y) = sup(, y)epxpU — Po)(x,y). Suppose
k > 0; we define

(5.11) Dy (x, y) = Po(x, y) +k(dc(x, %) +dc(y, 9)).

Then ®, has the following properties:
(a)
—P)E,9) > w—P)x, ),  (xy)#E ).
(b) For any {(x,, yp)} C E x E satisfying

lim (u — @) (xXn, yu) =  sup  (u— P)(x,y),
n—0o0 (x,y)EEXE

we have (xn, yu) — (X, ) and u(x,, yn) = u(x, y).
PROOF. The same arguments as in the proof of Lemma 3.6 apply here. [J

LEMMA 5.9 (Doubling lemma). Let A > 0 and Condition 5.5 be satisfied.
Define u(x,y) =rf(x) — f(y) and v(x,y) = M(x) — h(y), where the f and f
are the ones given in Theorem 5.2. N

Then u is a viscosity subsolution (in the sense of Definition 1.16) of

(I —aHy)u=nv.

PROOF. Let &g e D and (x, y) € E x E satisfy

(M - qDO)()e’ }A}) = Sup (I/t - CI)O)(_X, Y)
x,yeE

We want to show that
(5.12) o™ (@, 9) = v, ) < (H2,P0)"(E, 9).
We may assume @ takes the following form:
Do(x, y) = ¢ (x,y) + p(dc(x, x0) +dc (v, y0))
for some xg, yo € E, where
Px.y) = %(le —yI% + g(w(nxuz) +odlyl?)
takes the form in (5.9). Fix « > 0; we let

(x,y) = Po(x, y) +«(dc(x, X) +dc(y, §)).
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By Lemma 5.8,

(u—®)x,9)> W —P)(x,y) V(x,y) #(X,9).
We define

Y(x,y)=u(x,y) —P(x,y),
We(x,y, &, m) =u(x,y) — P&, n) — 2—18<||x —EI7+ 1y —nl»
and
Ve s(x,y,8n) =ulx,y)— ¢, n)
- %(nx —EI7+ Iy =l = 8(ICO% | + 1COnlD.

where ||CO%|| = +o0, if £ ¢ D(C).
We write the maximum of each of these functions:

M= sup ¥(x,y)=W(,y),

x,yeE

My;= sup We(x,y,&,1),
x,y,E,neE

Mgs= sup Wes5(x,y,&,n).
x,y,§,neE

It follows that M < M., Mg > M5 and My | M, as ¢ | 0 and M, s 1t M,
as 6 | 0. See, for example, page 83 of [8]. The definitions of M., M, ;s in [8]
are slightly different than here, in the sense that suprema are taken locally for
a ball of size 2r with arbitrary r > 0, instead of over the whole space. Note
that sup, lu(x, y)| < +oo; note also that the form of ¢ in (5.9) implies that
limy 4y +00 P(x, y) = +00, hence the suprema over the whole space are
equal to the corresponding suprema over a sufficiently large open ball. Therefore,
the same proof in [8] still works here.

(1) For each ¢,60 > 0, we can choose § = §(¢e,0) and (x¢,9, Ye.0, &6, Ne.0) such
that §(¢,0) | Oase,0 | 0 and

(5.13) M, -6 < \DE,S(E,Q)(X&‘,@, Ye,0, Se,e, 778,0)-

By Lemma 5.3, we can always select the (x¢ g, Ye.6, 6.6, 11e,0) SO that (note
that ||C%x| as a function in x is lower semicontinuous on E; see, e.g.,
Lemma 2.18 in [26])

We se.0)(x,y,6,1m)
(5.14) —e(dc(x, xe,0) +dc (v, ye0) +dc (&, Ec0) +dc (1, 16,0))
< W s(e,0)(Xe,0, Ve 0, Ee,0, Ne,0) Vx,y,6,n€E.
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Letx =x:0,y = ye.0; then

1
(€0, me.0) + 5 (Ixe — Eeoll® 4+ 1ve0 — neoll?)

+8(2,0)(IC%.01 + 1C%7c.01D)
(5.15)

1
<O+ 5 (e — &2+ llyeo — 1)
+ 85, ) (ICO% | + 1COn1) + e(dc (&, &e.0) 4+ dc (1, Me.6)).
From W, > W, 5.9y and (5.13),

We(x,y,8,n) < "Ila(xs,ﬁ, Ye,0, ge,Qa 778,9) +0.

Take x = x¢.9, ¥y = y¢,0, therefore
i 2 o2
0+ P&, n)+ 28(||xg,e NI+ lyeo — %)
(5.16) > D0, Ne0)
e — ol +yes —neol®,  Enek
26 £,0 £,0 Ye,0 — Ne,6 s , N .
(2) It follows from (5.13) that limg 04 904 Ve 5(,6) (Xe,0, Ye,0) = M, hence
(Xs,e, }’8,9)7 (58,9» 778,9) — (%, )A’),

feo) = FR),  fGep)— fO)  ase 80

(e.g., Step 3 on page 84 of [8] and Lemma 5.8).
Take & = &9, 11 = Ne,0, ¥ = Ye,0 in (5.14):

(5.17)

— 1
X = A f () = oo llx = &g 12 — edc(x, xe.0)

has a maximum at x; g. Since f is a subsolution of (5.2) in the sense of Defi-
nition 1.16,

A

f—h
o

1
(xe,0) < g(xs,e — &0, COE&,H) + &

1 /xc0—
+ sup )\G(xgyg, x(48’9 Se.d —i—p)).

lpli<e €

Similarly, noting y, ¢ is a maximum of

1
vy = fO) = o-lly - Ne.oll* — edc (v, Ye.o),
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by the supersolution property of f,

f—h

1
= (e.0) = ——(Ve.s — Nep> COeg) — €
o I

+ inf G(yg,e, _ed e + q).
llgli<e e

Therefore
O{_l(u —V)(Xe,05 Ye,0)

1
< <g(xs,9 gy Yoo — M) (CO% g, Con.s,e)> +2

1 _
+  sup <AG<X€,9,_<M+I,>>
I plI2+Illq1% <262 A )

- G(ys,a’ —w +61)>~

(3) Apply Lemma A.8 of [8] to (5.16), and take 6 = 3. We denote

(5.18)

Xe = Xg ¢3, Ye = Ve &35 §e =& 63, Ne = 1g,e3-

(a) After some algebra (for details, see page 86 of [8]),

(5.19) lim sup Yo —8e Yoo ’7‘9)
e—0+ € €

D¢(£,9>—(

‘§p+m

(b) Take 6 = &3,& = S(h)&., n = S(h)n, in (5.15); noting [|COS(WE.| <
ICO% || and |COS(R)ne|l < 1COnell,

11
527 (1Ge, ¥0) = e mo) I = 11 Cxe, ye) = BU e, me) )

=

(D(S(h)Ee, S(h)ne) — P (e, ne))

| =

1
+ & (de(SUEe, &) + de (S(hme, ne)).
Send & — 0+; by (3.2) and (3.4),
<(x£’ Ye) — (e, Me)
&

(€% C'n0)

< limsup O(S(h)ée, S(hyne) — D (e, ne) 4 2.
h—0+ h
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Hence by (5.17),

lim <(xs’ Ve) — (e, me) , (C()%_g’ Cons)>
e—>0+ &
< I D(S(h)&e, S(h)ne) — D (&, ne)
< limsup
h—0+,e—0+ h
(5.20)
- I D(S(h)x, S(h)y) — P(x,y)
< imsup
h—0+,(x,y)—(£,5) h

< DEP (X, 9) < DEDPo(R, ) + 2.
Finally, apply (5.19) and (5.20) to (5.18); noting (5.17),

u—v . . + A A
(X,Y) < DpPo(x, y) + 2«
(5.21) ¢
+ sup GA((X,Y),D¢(X,}7)+(P,Q))
Ip12+1gl?<2(p+x)?
Send ¥ — 0;
—_— v A ~ N A
” (%, ) < (Hp5P0)* (X, J). 0

We discuss a property of Dé’.

LEMMA 5.10. Let ®(x,y) € D be such that
®(x,y) =¢(x,y) +0(dc(x,x0) +dc(y,y)),  x0,y0€E,0>0,
where
I3

P(x,y) = %nx —yI*+ 2(<p<||x||2> +o(lyl?),

pn>0,¢eC0,00)),¢ > 0.

Then

(5.22) D¢ (x,y) <0
and

(5.23) DEP(x,y) <26.

PROOF. Equation (5.22) follows because S(¢) is a contraction semigroup with
the property ||S()x|| < x|

d(Sh)x, S(h)y) <¢(x,y) Vx,yeE,h>0.
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For each x, xg € E, by the definition of d¢, there exists 7y > 0 such that
de(x,x0)+h= t11>1(f)(t + llx = S(®)xoll) + h =t + l|lx — S(to)xoll + £

> 1o+ h + [[S(h)x — S(to + h)xoll = de(S(h)x.x0) VA >0,
Hence (5.23) follows. [

PROOF OF THEOREM 5.2. We assume (f — J)(zo) = 480 > 0 for some
20 € E (otherwise, there is nothing to prove). We want to create a contradiction.
Let1 <A <1+ 380/(1+sup, |f(x)]). Werecall that u(x, y) =Af(x) — i(y).
Then u(zg, zo) > 389 > 0. Let () be given by Condition 5.5(2); we define
7 e
60, 9) =2l = yI? + S (@) + oy 1%).
Hence for 0 < & < (69)/(1 + (p(|z()|2)),

(5.24)  0<280 < u(zo,z0) — 8 < (u — ¢)(20,20) < SUPE(u —P)(x,y).
X,y€

By Lemma 5.3 on perturbed optimization, for each 6 > 0, there exist x;, ¢ ¢,
Yu,e,0 € E such that
(M - ¢)(—x5 )’) - G(dc(x, xu,&@) + dc(y’ yuugve)) S (l/t _ ¢)(-x/,l,,£,0, yﬂvg’e)

and

(5.25) SupE(u —P)(x, ) = (U —P) (X660, Yu,e,0) + 6.
X,y€

Denote

qD(x7 )’) = ¢(x9 )’) + e(dc(x7 xﬂ,&‘,@) + dC(y7 y/L,E,Q))v
therefore u(x, y) — ®(x, y) attains its maximum at (X, ¢, Yu,,6). From (5.24)
and (5.25),

7 g
% <80+ 5 Iue0 = Yweo I + S (@Uxneol®) + @ lypeol®)

(5.26) i

Su(xpe0, Yu.e) <Asup|f(x)[+sup|f(x)| < oo

X X

for every 6 < §p, [A — 1| < 8o(1 + sup, |?(x)|)_1. Equation (5.26) implies the
existence of constants C,, M, such that

I/L”xu,s,g _yu,s,9|| SCM < o0 Ve>0,0<6 <,

Vel + [yueol? < Me <00 Viu>0,0<6 <.
In addition, since

Co=sup|r¢'(r2)| + |r¢' ()] < oo,

r>0
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there exists constant Ng ,,
“xu,sﬁ” + ||YpL,s,0” + M”xu,sﬁ - yu,e,@”

2 2
+ 80" (I1x0,2,0 1D 1xp,8.0 1l + 60 Vi o 1)1 Ve0ll < Neyp < 00,

for 0 < 6 < §y. Since
D¢(xu,s,9’ yu,s,@)
= (LCte0 — Yie.0) + 80 (X000 119X p0.6.6,

- M(xu,e,é - yM,e,O) + 8(0/(”)’“,3,0 ||2)yu,a,9)’

and u is a viscosity subsolution of (I — aHj ;)u = v (Lemma 5.9), by the es-
timate El (5.23) and (5.26), for 6 < §p and |[A — 1| < 8p(1 + 2sup, |h(x)| V
2sup, | f())~1,

o

> (h(xp.e0) —h(Yp.e0))

=< u(xu,s,e» )’pt,s,e) - ()\h(xu,s,e) - h(yu,e,e))

<26+ sup G}\,((XIL,{:‘,@’ yu,&,@);
P12+l 12 <262

DXy 6.0, Yuoe.0) + (P, Q)

(5.27) <20+ sup GA{(XM,8,97 yu,s,@);
I plI2+IlqI? <262

(X660 = Vine.6)
+ 69/ (IXp.e.01)X .00 + P,
— (X060 — Yp,e,0)
+ 60 Iyl Ve +q)}-

We select Ag, A satisfying 1 < A9 < A1 < A, and let them be fixed. By Condi-
tion 5.5, for || p|| < 1,

X — & / x 2 X
m(xw,@, P60 = Vineo) + ¢ (1%0,0.0 1) X000 + p)
2
_ )‘G(xu,s,f), M(Xp 6.0 — Yiu,e,0) +8§0,(||XM78’9|| VX0 + P)
A
2
_ )‘G(XM,S,G, M(XM,E,G - yu,a,a) + 8(0,(”)(“78’0 | )x/mﬂ)
A
2
+ )\G<xm€’9’ :u(x“,aﬁ - yu,e,é)) +)\’8(p,(||xl\lﬁ8’6 | )xu,&g)
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X — X —
e p.,s,OA )@L,s,@)) + MG(XM,S,Q, w( u,e,&k yu,e,&))
1 1

< Ao + A —
Ne, u+1( 5 LYA/21,Cpu/2y A

- MG <xu,8,9,

x J—
+)\1G<xﬂ,s,9, u( w,e,0 )’u,s,e))'

Al
Similarly, for ||g]| <1and 0 <e < 1,

G(yu,e,e» M(xu,s,e - yu,s,@) - 8‘/(”)’/1,5,9 ”2))%,8,9 - ‘1)
> G(Vp,e.00 L (Xp160 — Yie.0) — 60 (1Ve.0 1) Vise.0) — on, 1 (g1

/«L(xu,s,e - )ﬁL,s,O))
A0

> AOG(yu,e,e,  Ya0.Cot o (&) — o, 41 (1)

Therefore

Gk{(xu,sﬁ, Yu,e,e); (M(xu,s,f) - )’;L,s,f)) + ‘9@/(”)%,8,9 ”2)x,u,8,0 + p,
- M(xu,sﬂ - yu,s,e) + Sfﬂ/(”yu,eﬁ ||2)yu,£,9 + CI)}

X — X —
< )\.lG(.x’u’g’Q, u( u,s,@M )’M,s,ﬂ)> _ )LOG<yﬂ,g,9, e u,e,@ko yu,s,@))

Pl €
+)~<7Nw+1< ) + A1V, CM/A1< 1)

+ y)‘-()ycp,-l-C() (8) + O—NS,M+1 (”q ”)

Ipl
S)MOPA]/)L()(”x;L,sO Yu, g0l + ”xp. £,0 — yM,s,9||2> + Aon, ,ﬁ-l( % )

&
+ A1Va/n, cﬂ/M( ) + Vao.CutCo(€) +on, ,+1(lg1D-

. 5707
We rewrite (5.27) next. For <dp<land 1 <A <1+ 20V 2I7
30
? - (h(xu,s,e) - h()’u,s,&))

1o
<20+ sup (MNWH( 12 )+oN£,M+1<||q||>)
Ipl2+lql?<262

(5.28)
€

+ ALYA/0.Cu/n (E) + Yr0.C,+Co (€)

+)»0,0A1/A0(||Xu,s,9 sl + N0 = yu,g,enz).
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Let

n
my, = sup (u(x, y) — Ellx - )’||2)-
x,yeE

From (5.25),

n . n
ue,y) = Ex = y2 < mnmfQmmﬁﬁyww>——wm@e—nwﬁw)
2 £—0,0—-0 2

. n 2
< limsup (u(xu,e,e, Vu,e.0) — Ellxu,e,e — Yueoll )

e—>0,0—-0
=my, x,yeE.

Hence

. w 2
my = lim (M(X;L,S,Gv y,u,s,@) - EHX;L,S,Q - )’,u,sﬁ” )

0,00
Appling Lemma 3.2 in [8],

lim limsup llxue0 — Yol =0.
W30 e 50,60

In (5.28),1let 8 | O, then ¢ | 0, then u 1 +00; we obtain
0<ép/2<0.

A contradiction. O

APPENDIX

A.1. Verifying semigroup generation condition.

A.1.1. The Cahn—Hilliard equation. Letw = sup, |V"(r)|*>/4andlet C, C, be
defined according to (4.4) and (1.23). We prove the following.

LEMMA A.1. The closure of C (resp. C,) is an m-dissipative operator
in L*(0).

The proof is divided into two parts.
LEMMA A.2. Both C and C,, are dissipative.

PROOF. Letx,ye DH(C); then
(Cx —Cy,x —y)
=(A(-A =), x —Y)+ (V@) = V'), Ax — ) —olx -yl
5—MAu—yw”+nganx—ﬂMAu—yw

sup, |V (r)|?

1 Jlx — y|I* <0.
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The case of C,, can be treated similarly. [J

LEMMA A.3. Let 0 < a < ag where oy is some prefixed small number. Sup-
pose yg € L2(0O). Then for each y, = Py, there exists x, € R(P,) such that

(A.1) (I —aCp)xn = yu.

Moreover,

(A.2) Ixnll < lyull and  |[Coxnll < /) lyull,
(A.3) lAx,ll < c(1+ [lyalD,

where ¢ is a constant depending on F and o. Consequently, there exists xo € D (C)
such that

(I —aC)xg = yo.

PROOF. For each n fixed and finite, by its definition (1.23), C,, is Lipschitz on
Range(P,). By the fixed point theorem, the essentially finite-dimensional equa-
tion (A.1) has a solution when « > 0 is sufficiently small. Since C,, is dissipative
on Range(P,), solution actually exists for all @ > 0. See Lemma 2.13 of [26].

Xzl < llynll follows from the dissipativity of C,. It follows then that
a||Cpxnll = llxn — yull < 2llyull- (xn — @ Cpxu, Xn) = (yn, Xn). That is,

I 11? = ot (= | Axu I 4+ (V' (xn), Axn) — @llxn %) = (Y, Xn),
which implies
a(|AX 17 + @llxa %) < Iynlllxall = lxall* + o} V' ) [l Axa .

Since V'(r) grows at most linearly, we can find constant ¢ > 0,

IV Gl < (14 llxa D).
Hence

all Axu |12 < Iynlllln |l + e (1 + [lxa D1l Axy |
< lIynll® + ac(1+ [lya D | Axy I,

implying (A.3).
For each x € H%(O), || Ax|| < oo and

(A.4) AV (x)=V"(x)Ax + V" (x)VxVx.

We note that the Sobolev embedding H 1(©) = L*0) holds for space dimen-
sions d = 1, 2, 3. Such result can be found in [1]: the case of d = 3 follows from
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Lemma 5.10, the case of d =2 from Corollary 5.13 and the case of d =1 follows
from Corollary 5.16 of [1]. Therefore,

IAV )|l < sup [V ()| Axull 2@) + sup [V ()] IIVxnllizl(@)
r r

<C(1+ 1A% 0726
for some constant C independent of the x,’s. By (A.3), sup, [[AV'(x,)] < oo.
Using this estimate and sup,, [|Cy,x, || < 00, we obtain sup,, | A%x, || < oo.

The boundedness of sup, (|| Ax,| + 1 AZx, 1) implies that Ax, is relatively
compact in L%(O). Similarly, the boundedness of ||Ax,|| and |x,| implies the
relative compactness of Vx, and x,. Selecting a subsequence if necessary, we
have x, — xo, Ax, = Axg and Vx, — Vxq for some xog € H2(OQ). By (A.4),
AV’ (x,) — AV’'(xg). Therefore

ICnxn — Cxull = |(Py — DAV (xp) | = 0.
Noting
aCxy =aCuxp +a(Cxy — Cyxp) = xp — Yn + o (Cxp — Cpxn) — X0 — Yo,
(x0, ' (x0 — y0)) € C. By (A.1),

0 Y0 e (I —aC)xp. 0

Yo =Xx0 —«

A.1.2. The quasilinear equation with viscosity. We consider the C,, C in
(1.27) and (4.5). Using similar a priori estimate arguments as in the Cahn—Hilliard
equation case, we can prove the following:

LEMMA A.4. C, and the closure of C are both m-dissipative operators
in L2(0).

A.1.3. The Allen—Cahn equation. Let C, and C be defined according to (1.18)
and (4.1). Again, using a priori estimate arguments similar to the Cahn-Hilliard
case, we can prove that both C,, and C are m-dissipative operators in L?(0). Al-
ternatively, this conclusion can also be established by invoking the classical per-
turbation theory in, for instance, Corollary 6.19(i) of [26].

A.2. Exponential compact containment estimates. We illustrate the use of
a stochastic Lyapunov function technique to verify Condition 1.12. We consider
Examples 1.2, 1.5 and 1.8.
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A.2.1. Stochastic Allen—Cahn equation. Recall (1.17) in Example 1.2:

(AS)  dX,(t) = APy Xn(t)dt — P,V (PaXn (1)) dt + %B,,(xn 1) dW (1).

The goal of this subsection is to prove the following lemma.
LEMMA A.5. Condition 1.12 holds for X,,.

We introduce the free energy function
&(x) = 1IVx|? + f@ V(x)do.

First, we prove the following estimate: for every T, a > 0 and Cq > 0, there exists
C1 > 0 such that

(A.6) sup  P(E(X,(t)) > Cy, some 0 <t <T|X,(0)=x) <e "
x:&(x)=<Cy

Let us approximate & by
(A.7) E(x)= —%(Aan, x) +/ V(P,x(0))do.
O

Note that if X,(0) € R(P,), the range of P,, then X,(¢) € R(P,), hence
&,(X, (1)) = &(X,(t)). Define

1
(A.8) falx) = log(l + WS"(X))
where M = supy , |0 (6, x)| < 0o. Then

(—1/M?)(AP,x — P,V'(Pyx))

Dinx) = I+ (1/M2E,(x)

and
(—1/M?)(APyx — PyV/(Pyx)) ® (1/M?)(AP,x — P,V (Pyx))
(14 (1/M?)&,(x))?
(1/M*)(—AP, + P,V"(Pyx))
1+ (1/M2)8n(x)

D’ f(x) =

where P, V" (P,x) means a linear operator on Lz((9) [for each x € Lz((D) fixed]:

(P V" (Pyx))y = > (V'(Pax)y,ex)ex  VyeL*0),
k=(ky,...k)=(1,....1)
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Then
Hy fu(x) = (AP,x — PnV/(an)» Df,(x))

1 * 2 1 2 *
+ EIIBn () Dfn () g, + o Tr(D” fu (x) By (x) B (x))

_ CYMHAPx — PV (Pan)|
B 14 (1/M?)&,(x)

1 . 1 H(l/MZ)B;(x)(Aan—
+§< 7) 1+ (1/MD)E, (x)

(Mmp ..., mp)
+i( 3 <( APy + P,V (Py)) 22 (x)ek,wek»

M2
1 —1
X <1 + W@,,(x))

_(=1/MD|APx — PV (Py0)|
a 1+ (1/M?)E,(x)
+ l<1 _ l)‘ (1/M?) By (x)(APyx — P V' (Pyx) HZ
n 1+ (1/M?)&,(x)

2
1T S R (B () MPer, €1))?

...............

2n 1+ (1/M?)&,(x)

DD D B

(A9)

—>5 ek e ]>(V (Ppx)ej, e;)

o(-,x)
X < 2 ek, e,->

1 -1
X <1 + W@y,()())
<

1 1 1 ’
—{_1+<1/M2)8n<x> +2< _n><1+<1/M2)8n(x)> }
|AP,x — P,V (Pyx)|?
X M2

1 (mp,....mp)

+5- m? Z A+ m3d/ V" (P,x(0))|d6
ORI,

4d2d (| 4d 3d
N (6+ my) + ™ sup |V ()| < Constant < oo,
n n r
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where the A;’s are eigenvalues defined in (1.12) and the constant is independent
of n. In the last inequality above, we used (1.14), and the estimate that

(my,..., m

n) mMp d 3d
) ) (1+my)

i1=1

where u; is the one in (1.10).
Let

7, =inf{t > 0:8,(X,,(¢)) > C1}.
By optional sampling theorem

sup P (&,(Xn(1)) > Cy, some 0 <7 <T|X,(0)=x)
x:E8(x)<Cy

x M C1=Co)—nT sup, . Hy fn(x)

(A.11)
< sup E[enﬁl(Xn(T/\Tn))_”fn(Xn (0))_f0TArn nHy f (Xn(s))dslxn (0) — X]
x:8(x)<Cyp

=1.
Hence (A.6) follows. We now relax the initial condition in the estimate to that in

Lemma A.5/Condition 1.12. We achieve this by the following result:

LEMMA A.6. We denote by X; the solution of (A.5) with initial value
X, (0) = x. Then for each T, a > 0, there exists a constant C = C(T, a) > 0 such
that

P( sup | X () — X, ()] > Ce|llx — yll <8> <e M

0<t<T
Vl<e<l,n=1,2,....

PROOF. For each n fixed, (X; (¢), X y(0))isa two-component Markov process
that solves the martingale problem with generator

a‘\unf(X, y) = (APyx — PnV/(an)v Dxf(x= y))
+(APyy — P,V (Pyy), Dy f(x, )

1 2 *
+ —Tr((DZ, f)Bu(x) B} (x)
2n
+ (D3, £)Bu(0) B} (y) + 2(D}, £) By () B ()
for f(x,y) € C2(L*(0) x L*(09)). Let & > 0 and

11 P.x — P.vI2
fn,s(X,y)Elog(l +5H¥H )
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It follows that
1
Hp fne(x,y) = —e e A eMre (x y) < Cp < 00,
n

where constant Cp is independent of n as well as €. By an argument identical to
that used in the proof of (A.11), the conclusion follows. [J

PROOF OF LEMMA A.5. Let compact set K C L2((9) and a, T,e > 0. It is
enough for us to show that for any x, € K, there exists compact set K| C E,

P(3r€[0,T], X" (1) ¢ Ki¥) <2e™".

Let 6 > 0. By compactness of K, there exists {xé, cee, x'O" (8)} such that

m(5)

K c | B, 9).
k=1

Since {x: E(x) < 400} C H'(O) is dense in L?(O), we can select xl(j so that

sup S(Xg) < +00.

Therefore, we can choose
1 )
Xo.n € {x(() ),...,xém( ))}

such that ||xp , —x,|| < §. By Lemma A.6, there exists C = C(T, a) > 0 (indepen-
dent of §) such that

P< sup || X" (1) — X (0)|| > c5> <e M,
0<t<T

By (A.6) and the compactness of level sets for &, there exists a compact set K| C E
such that

P(X:""(t) ¢ k2,31 €0, T]) <e ™.
It follows that
{31 €0, T1, X (1) ¢ KT
CBrel0.7. X0 ¢ K1 U{ sup 1670 - Xy 0] > o).

0<t<T

Therefore
P@Arel0,T], X (1) ¢ KT
<P@3re[0,T], X,""(r) ¢ K?) + P( sup || X" (1) — X (1) || > ca)
0<t<T
<2e M4,

Taking § =¢/(1 + C), we complete the proof. [
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A.2.2. Stochastic Cahn-Hilliard equation. Recall the stochastic Cahn-—
Hilliard equation (1.22) in Example 1.5:

(A12) dX, (1) = AP, (—APX, (1) + P,V (Pu X, (1)) dt + LB,, dW(t).

Jn

We prove the following lemma.
LEMMA A.7. Condition 1.12 holds for X,,.
Using identical arguments as in the Allen—Cahn case, we just need the following

estimates: sup,, sup, H, f,(x) < oo for the f;, below, and (A.15).
Define &, &, the same way as in (A.7). Let

o) =1og(14+ 256, ).
where M > 0 is the constant in the Poincaré type inequality

(A.13)

x—/ x(@)d9H§M||Vx|| Vx e H*(0).
6€0

Let Ax be defined according to (1.12). Then
Hy fn(x) = <APn(_Aan + PnV/(an))» Dfn(x)>

1 2 1 2
+ S 1DA I + 2 Tr(D” fu(x)
n
(= 1MA)|[(=AP)2(APx — PV (Pyx)) |2
N 14 (1/M?)&,(x)
1 (1 B _) |AP,x — P,V (Px)||?/ M*
2 n 1+ (1/M?)&,(x))?
1 (/MBS (— APy + PV (Pax))ex, ex)

2n 1+ (1/M?)&,(x)

_ (=1/M?)||V(APx — P,V'(Pox))|?
B 1+ (1/M2)&,(x)
(-7 (/MOIAPwx = B V! (P |/ M
n (1+ (1/M?)&,(x))?

2
LU S e SV (Paner, e
M2 2n 1+ (1/M?%)&,(x)

(A9 <7 <1/A142)8n<x> (-2 (1/A142)8n(x>>2}
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[V(APyx — Py V' (Pyx))|?
X M2

+1( ! /V/(P (9))d9)2
—— X
2\ M2 Jo "
1 1 (mp,....mp)
1
booan L (merswlvio))

k=(1,...,1)

<C < o0.
In the above derivations, we used (A.13):

|AP,x — P,V (Pyx)|?

2
_ {fO(Aan(e) - an/(an(e)))de}
2
n HAan — PV (Pyx) — /(9(Aan(t9) — PV/(Pyx(8)))d6 H

2
< (/ V’(P,,x(G))d@) + M? HV(Aan — P, V’(an))Hz.
o
We also made use of (A.10) and condition (1.21).

LEMMA A.8. We denote by X;, the solution of (A.12) with initial value
X, (0) =x. Then for each T, a > 0, there exists a constant C = C(T, a) > 0 such
that

P( sup | X5 () — X, ()] > Ce|llx — vl <8> <e M
0<t<T

(A.15)
Vlo<e<l,n=1,2,....

PROOF. The proof follows the same idea as in Lemma A.6. [J

A.2.3. Stochastic quasilinear equation with viscosity. Using the same ideas as
in the stochastic Allen—Cahn and Cahn-Hilliard case, by choosing

)= S(IxI* + IVxI®), &) = 5| Pax|* — (APyx, X))
and

Jun(x) = 10g(1 +C¥gn(x)),

we can prove the following.

LEMMA A.9. Condition 1.12 holds for the X, in (1.26).
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A.3. Approximations of the Tataru distance function. Let E, Uy be real
separable Hilbert spaces. We discuss approximations of the Tataru distance func-
tion dc (Definition 1.13) by C2%(E) functions. Throughout this section, we assume
Condition 1.11 is satisfied for C, C,,.

We want to keep two useful properties (3.3) and (3.4) in the approxima-
tion. The functions &, y(x) and h, ¢ y(x) defined in (3.8) and (3.9) satisfy these
requirements—see (A.18) and (A.20).

LEMMA A.10. For each ¢ > 0 small enough, define ¢. according to (3.7):
¢e(r) = /r whenr > ¢ and

r—e (r—e?)2

2/ 8ee

when 0 <r <e.

e (r) = /e +

Then:

(1) ¢, ¢, € Cp([0, +00)); ¢ is nondecreasmg, sup, r|¢. (r)| < +o0.
(2) limg—9 Sup,>q |ps (r) — [|
(3)

(A.16) 0<rgL(r?) <1/2.
PROOF. The first two properties follow from direct verification. To see that the

third one holds, let f(r) = rqbé(rz); then f'(r) >0for0<r <e,and f'(r) =0
when r > &. Hence r, (r?) < e¢l(e®) =1/2. O

LEMMA A.11. Let ¢, ¢,:[0,00) — [0, 00) be continuous. Suppose there ex-
ist0<m< M < 400, 0<c < oo such that mt < ¢,(t) <c+ Mt,n=1,2,....
Suppose further that 0 < a, — +00 and that

lim su ) —e@) = VYT >0.
A 0<£quon() p)] = >

Then

lim —— log/ —anon () gy = inggo(t).
>

n—oo  q,
PROOF. Itis straightforward to see that, when 7' > 0 is large enough but fixed,

lim ——logf e~ nn(®) dt— mf (p(t) = 1nfgp(t)

n—o0o g

Take T > ¢(0)/m; then when n is large enough

1 00 1 o0
——log/ e e gt > ——log/ e~ dt > mT > ¢(0) > inf ¢(7).
an T an T >0
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Therefore,

1 T 1 o0
inf(p(t):min{liminf——log f e_“"“’"(”dt,liminf——log f e“’"“’"(’)dt}
t>0 n— 00 n—o00

< hmlnf—— log/ —anen(®) gt < lim sup —— IOg/ —anpn (1) g4

n—oo n— 00

1
< limsup —— log e_“"‘p”(t) dt = inf (1). 0
0 >0

n— 00 ay

LEMMA A.12. Leta, > 0 be such that lim,,_, 5 a,, = 00. Define ¢, as in (3.7)
and hg, hy ¢ according to (3.8) and (3.9):

1 o0
e (x) = = — log /O ol oS, 01D g
n

and
he(x) = inf{r + e (lx = S@yI?)}.

Then:

(1) hpe(x) > c whenever | x|| = ||yl + ¢, for every ¢ > 1, a, > 1.
(2) Foreachy € E fixed,

(A.17) lim sup |hg(x) —dc(x,y)|=0.

e=>0+yeE

(3) Foreach ¢ > 0 fixed,

hm sup |hg(x) —hy o (x)| =0 Y compact K C E.
X xek

“ hn,s € Cz(E);
(A.18) | Dhy.e(x)]| < 1.
If B,, is a Hilbert—Schmidt operator from Uy to E [i.e., B, € Lo(Uy, E)], then

| Tr[ D*hy ¢ (x) B, BX]|
(A.19)

(Zan +4supr|py (r)| 4 2sup ¢, (V)> Il Bn |||L2(Uo E):

r>0 r>0
(5) Let ¢ € T; we have

(A20)  limsup (p(hn,s(sn(r)z))_‘/)(hn,e(z))Ssup(p/(r) VycE.

r—>0+4,z—>x r r>0
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If B, € Lo(Uy, E), then

| Tr[ D (@ o hpe)(x) B, BY]|

(A.21) < {sup @"(s) +sup¢’(s) <2a,, +4suprlg. (r)| + 2sup ¢, (r)) }

s>0 s>0 r>0 r>0

2
X ||| B |||L2(U0,E)'

PROOF.  Part (1): Since [[S,(D)y]l < [Iyll, (lxll = [IyID VO =< llx — Sxu@®yl-
Hence

e (111 = 11y 1l) V 0)%) < By e (x)

when a, > 1. Noting ¢, (r?) = r when r > 1, the conclusion follows.
Part (2) is a direct consequence of part (2) of Lemma A.10.
Part (3) follows if we prove that for each x, — x,

Jm fi e (xn) = he (x).

Take @, (1) = {t + ¢ (X2 — Su (YD)}, @(1) = {1 + ¢ (| x — S(2)y||*)}. For each
T >0,

sup |gn (1) — (@) = sup |pe(llxa — Su@)y1?) — ¢c(llx — S@)y[*)]

0<t<T O<t<T

<supg,(r) sup [[lx, — SOyl = lx = S®)yll| = 0
r=0 0<t<T
as n — OQ.

In addition
t <@u(t) <t +supde((xall + I1y1)?).
n

Apply Lemma A.11; therefore

lim ——log/ ~anen() gy = inggo(t).
1>

n—oo g,
Part (4): It can be verified that

S J57 et SOV (flx — S,y 1P (& = Su(0)y) d
Jo© emantitde(lx=Sn OYIM} gt

Dhy o (x) = cE.

By Lemma A.10,

[Dhpe ()] < 1.
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Direct calculation also gives

1

Dhn e (x) = J2° emanlt+o: (=S, 031} g
« / * manli+ e (lx—5, )y IP)
0
x ((—4an) (L (Ix = Sy 1%)?
X (x =8, (1)y) ® (x — Su(1)y)
+4¢! (Ix = Sy 1?) (x = Su(1)y) @ (x — S, (1))
+2¢;(Ilx — Sy ()yI1*)1) dt
+apDhy e (x) @ Dhy ¢ (x).
Let {éy,...,ék, ...} be a complete orthonormal basis for E. Then,

| e[ D*hy ¢ (x) B, BY]|

= | (D*hy,e(x) By B} ek, é)

k
< sug(4an(¢;(||x — S,y 1)) + 48 1(Ilx — Su)y11%))
t>

x || B (x = Su(0)y) 3,

+ 2sug¢;(||x = SuOYIP)IBallL y vy, £y + @nll B Dhy e ()|
>
2
<4ay sug(nx — S IL(Ix — Su VI I Ball Ly wo. )
>

+4sup g (Ilx = Su@ Y1) 1x = Sa VI BallT vy, )

t>0

+ 2sug¢;(||x = SuOYIPIBalIL vy, £y T @nl DR e NN BallL 0. )
>

< (4an sup(rg, (r*))* + 4 supr|g! (r)| + 2 sup ¢, (r) + an) I BullZ 0. 2)-
r>0 r=0 r=0

To derive the second inequality above, we used the following: let ey, ..., ek, ... be
a complete orthonormal system for Up; then for each z € E,

IBYzI* = B}z, ex)> = (z, Buer)* <Y _ llzlI* | Buexll*

k k k

2 2
= |zl |||Bn|||L2(U0,E)-
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Noting (A.16), (A.19) holds.
Part (5): Let r > 0; then

1 o0 2
B e () + 7 = __10g/ o=+ (=S, )y 1%) g4y
ay 0

1 o0 2
> L og / o 4rH9e (1S, (=S, (1+r)¥12) g
an 0

1 o 2
— L og / o1+ (1S, (X =5, 0y1%) 4
ay r

= hn,s(Sn (r)x).

Hence we have (A.20). Equation (A.21) follows from (A.18), (A.19) and

D2

@ ohye(x)=¢" 0hye(x)(Dhpe(x) ® Dhy (x)) 4+ ¢ 0 hpe(x) D*hp e (x).
]
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