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A STOCHASTIC LOG-LAPLACE EQUATION1

BY JIE XIONG

University of Tennessee

We study a nonlinear stochastic partial differential equation whose
solution is the conditional log-Laplace functional of a superprocess in
a random environment. We establish its existence and uniqueness by
smoothing out the nonlinear term and making use of the particle system
representation developed by Kurtz and Xiong [Stochastic Process. Appl. 83
(1999) 103–126]. We also derive the Wong–Zakai type approximation for this
equation. As an application, we give a direct proof of the moment formulas
of Skoulakis and Adler [Ann. Appl. Probab. 11 (2001) 488–543].

1. Introduction and main results.

1.1. Introduction. We study the behavior of a branching interacting particle
system in a random environment. For simplicity of notation, we assume that
the particles move in the one-dimensional spaceR. The branching is critical
binary; that is, at independent exponential times, each particle will die or split into
two with equal probabilities. Between branchings, the motion of theith particle
is governed by an individual Brownian motionBi(t) and a common Brownian
motionW(t) which applies to all particles in the system:

dηi
t = b(ηi

t ) dt + c(ηi
t ) dW(t) + e(ηi

t ) dBi(t), i = 1,2, . . . ,(1.1)

whereb, c, e are real functions onR (c, e ≥ 0), W , B1, B2, . . . are independent
(standard) Brownian motions andηi

t is the position of theith particle at timet .
Let MF (R) denote the set of all finite Borel measures onR. It is established
by Skoulakis and Adler [18] that the high-density limitXt of this system is the
uniqueMF (R)-valued solution to the followingmartingale problem (MP): Xt is a
continuous process with initialX0 = µ ∈ MF (R) such that, for anyφ ∈ C2

b(R),

Mt(φ) ≡ 〈Xt,φ〉 − 〈µ,φ〉 −
∫ t

0
〈Xs, bφ′ + aφ′′〉ds

is a continuous martingale with quadratic variation process

〈M(φ)〉t =
∫ t

0
(〈Xs,φ

2〉 + |〈Xs, cφ
′〉|2) ds,
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wherea(x) = 1
2(e(x)2 + c(x)2). Moment formulas are derived in [18]. A related

model is studied by Wang [19] and Dawson, Li and Wang [4].
The log-Laplace equation has been used by many authors in deriving various

properties for superprocesses (cf. [2, 5]). It is natural, as indicated in [18], to
derive properties ofXt by making use of the corresponding backward stochastic
log-Laplace equation (LLE):

ys,t (x) = f (x) +
∫ t

s

(
b(x)∂xyr,t (x) + a(x)∂2

xyr,t (x) − yr,t (x)2)dr

(1.2)

+
∫ t

s
c(x)∂xyr,t (x) d̂Wr,

where f is the test function for the Laplace transform [cf. (1.8)],∂x , ∂2
x are

the first and second partial derivatives with respect tox and the last integral is
the backward Itô integral. Since a solution to (1.2) is not established in [18], the
moment formulas forXt are derived based on other techniques. The establishment
of a unique solution to (1.2) is posed by [18] as an interesting challenge.

In this paper, we study the LLE (1.2). The main result is Theorem 1.2 in which
we prove that the log-Laplace transform ofXt is indeed given by the solution
to (1.2). For simplicity of notation, we consider the forward version of the LLE:

yt(x) = f (x) +
∫ t

0

(
b(x)∂xyr(x) + a(x)∂2

xyr(x) − yr(x)2)dr

(1.3)

+
∫ t

0
c(x)∂xyr(x) dWr.

The stochastic partial differential equation (SPDE) is an important field of
current research. We refer the reader to [1, 11] and [17] for an introduction
to this topic. Many authors studied linear SPDEs. Here we only mention two
recent papers: [9] and [14]. Fine properties of the solutions are established.
Nonlinear SPDEs have also been studied. Here we mention a sequence of papers
by Kotelenez [12, 13] which are the closest to the present setting. In this case,
the derivative of the solution is not involved in the noise term. To the best of our
knowledge, the LLE (1.3) does not fit into the setups of existing theory of SPDE.

1.2. Main results. First we study the existence and uniqueness for the solution
to (1.3). We also establish its particle system representation in the spirit of Kurtz
and Xiong [15].

To begin with, we introduce some notation needed in this paper. LetH0 =
L2(R) be the set of all square integrable functions onR, and letH+

0 consist of all
the nonnegative functions inH0. Let Hm = {φ ∈ H0 :φ′, . . . , φ(m) ∈ H0}. Define
the Sobolev norm onHm by

‖φ‖2
m =

m∑
j=1

∫ ∣∣φ(j)(x)
∣∣2 dx.
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Use〈·, ·〉 to denote the inner product inH0 or the integral of a function with
respect to a measure.

DEFINITION 1.1. AnH+
0 -valued (measurable) processyt is a solution to (1.3)

if, for any φ ∈ C∞
0 (R),

〈yt , φ〉 = 〈f,φ〉 +
∫ t

0
〈yr,−(bφ)′ + (aφ)′′ − yrφ〉dr

+
∫ t

0
〈yr,−(cφ)′〉dWr, t ≥ 0.

Throughout this paper, we assume the following

BOUNDEDNESS CONDITION(BC). f ≥ 0, b, c, e are bounded functions with
bounded first and second derivatives. Denote a bound byK . Further,e is bounded
away from 0,c has third continuous and bounded derivative andf is of compact
support.

THEOREM 1.2. Suppose that Condition (BC) holds. Then:

(i) The LLE (1.3)has a unique solution yt(x).
(ii) yt is the unique solution of the following infinite particle system: i = 1,

2, . . . ,

dξ i
t = e(ξ i

t ) dBi(t) + (2a′ − b − cc′)(ξ i
t ) dt − c(ξ i

t ) dWt,(1.4)

dmi
t = mi

t

(
(a′′ − b′ − yt)(ξ

i
t ) dt − c′(ξ i

t ) dWt

)
,(1.5)

Yt = lim
n→∞

1

n

n∑
i=1

mi
tδξ i

t
a.s.(1.6)

where, for any t ≥ 0,Yt is absolutely continuous with respect to Lebesgue measure
and yt is the Radon–Nikodym derivative.

Next, we consider the Wong–Zakai type approximation to LLE (1.3):

yε
t (x) = f (x) +

∫ t

0

(
b̄(x)∂xy

ε
r (x) + ā(x)∂2

x yε
r (x) − yε

r (x)2)dr

(1.7)

+
∫ t

0
c(x)∂xy

ε
r (x)Ẇ ε

r dr,

where b̄(x) = b(x) − 1
2c(x)c′(x), ā(x) = 1

2e(x)2 and, for kε ≤ r < (k + 1)ε,
Ẇ ε

r = ε−1(W(k+1)ε − Wkε).
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THEOREM 1.3. Suppose that Condition (BC) holds. Then for any t ≥ 0,

E

∫
|yε

t (x) − yt (x)|2 dx → 0

as ε → 0.

Now we consider the Wong–Zakai approximation to the measure-valued
processX. Let P

W be the conditional probability measure givenW . Let Xε be
the solution to the followingconditional martingale problem (CMP): Xε is a
continuousMF (R)-valued process such that, for anyφ ∈ C2

b(R),

Mε
t (φ) ≡ 〈Xε

t ,φ〉 − 〈Xε
0, φ〉 −

∫ t

0
〈Xε

s , (b̄ + cẆ ε
s )φ′ + āφ′′〉ds

is a continuousPW -martingale with quadratic variation process

〈Mε(φ)〉t =
∫ t

0
〈Xε

s ,φ
2〉ds.

Let R̄ ≡ R ∪ {∂} be the one-point compactification ofR. Denote byMF (R̄) the
space of all finite measures on̄R with the weak convergence topology. Note that
MF (R) can be regarded as a subset ofMF (R̄) by extending the measure at∂ as 0.

THEOREM 1.4. As ε → 0, if Xε
0 → µ in MF (R), then Xε → X in

C([0,∞),MF (R̄)) in conditional law P
W for almost all W . As a consequence,

we have

E
W exp(−〈Xt,f 〉) = exp(−〈µ,y0,t〉) a.s.(1.8)

Finally, we derive the moment formulas ofXt . Note that these formu-
las have been obtained in [18] by a different method. Letp(t, x, y) and
q(t, (x1, x2), (y1, y2)) be the transition density functions of the Markov processes
with generators

L1φ(x) = b(x)φ′(x) + a(x)φ′′(x)

and

L2F(x1, x2) = b(x1)∂x1F + b(x2)∂x2F

+ a(x1)∂
2
x1

F + a(x2)∂
2
x2

F + c(x1)c(x2)∂x1∂x2F,

respectively.

THEOREM 1.5. Suppose that Condition (BC) holds. For any bounded contin-
uous function f , we have

E(〈Xt,f 〉) =
∫ ∫

f (y)p(t, x, y) dyµ(dx)(1.9)
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and

E(〈Xt,f 〉2)

=
∫
R4

f (y1)f (y2)q
(
t, (x1, x2), (y1, y2)

)
dy1dy2µ(dx1)µ(dx2)

(1.10)

+ 2
∫ ∫ t

0

∫
p(t − s, x, y)

×
∫ ∫

f (z1)f (z2)q
(
s, (y, y), (z1, z2)

)
dz1dz2dy dsµ(dx).

We shall useK with a subscript to denote a constant. If it will be quoted, the
subscript will be the equation where it is defined. Otherwise, we shall useK1,
K2, . . . in the proof of a proposition and the sequence starts over again in the proof
of a new proposition. For example,K1 may appear in the proofs of two different
propositions to represent different constants.

Note that the Wong–Zakai approximation is not really needed to obtain the
results in Theorems 1.4 and 1.5. An easier approach in deriving (1.8) is available.
We refer the reader to [16] for the treatment of a related model which adds
immigration structure to a branching interacting system studied in [4] and [19].
In this paper, we use the Wong–Zakai approximation because this is part of the
conjecture in [18] and the main purpose of the current paper is to solve that
conjecture. Furthermore, the Wong–Zakai approximation is of interest on its own.

2. Stochastic log-Laplace equation. In this section, we prove Theorem 1.2.

2.1. Approximation. To establish the existence of a nonnegative solution
to (1.3), we smooth and truncate its nonlinear term and consider

εyt (x) = f (x)

+
∫ t

0

(
b(x)∂x

εyr(x) + a(x)∂2
x
εyr(x) − (

Tε
εyε

r (x)
)
εyr(x)

)
dr(2.1)

+
∫ t

0
c(x)∂x

εyr(x) dWr,

whereTεh(x) ≡ ∫
pε(x − z)h(z) dz, pε(x) = (2πε)−1/2 exp(− 1

2ε
x2), εyε

r (x) =
ε̂yr

εyr(x) and

ε̂yr =
∫

εyr(u) du ∧ ε−1∫
εyr(u) du

with the convention that00 = 0.
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LEMMA 2.1. Equation (2.1)has a unique solution.

PROOF. Consider the following infinite particle system:i = 1,2, . . . ,

dξ i
t = e(ξ i

t ) dBi(t) + (2a′ − b − cc′)(ξ i
t ) dt − c(ξ i

t ) dWt,

dm
ε,i
t = m

ε,i
t

(
(a′′ − b′ − Tε

εY ε
t )(ξ i

t ) dt − c′(ξ i
t ) dWt

)
,(2.2)

εYt = lim
n→∞

1

n

n∑
i=1

m
ε,i
t δξ i

t
a.s.,

where∀ ν ∈ M+(R)νε ∈ M+(R) is defined byνε = ν(R)∧ε−1

ν(R)
ν.

Now we show that the conditions of [15] are satisfied by the coefficients of the
system (2.2). We only check those for

dε(x, ν) ≡ −(Tεν
ε)(x).

The verification for other coefficients is trivial.
Note thatpε(x) ≤ (

√
2πε )−1 and

|∂xpε(x)| ≤ 1√
2πε

sup
x

e−x2/2ε |x|√
ε

= 1√
2πeε

.

Then

|dε(x, ν)| =
∣∣∣∣
∫

pε(x − y)νε(dy)

∣∣∣∣ ≤ (√
2πεε

)−1
.

Let

B1 = {g ∈ C(R) : |g(x)| ≤ 1, |g(x) − g(y)| ≤ |x − y| ∀x, y ∈ R}
and

ρ(ν1, ν2) = sup
g∈B1

|〈ν1 − ν2, g〉|.

Forg ∈ B1, we have

|〈νε
1 − νε

2, g〉| ≤ ν1(R) ∧ ε−1

ν1(R)
|〈ν1 − ν2, g〉|

+ |〈ν2, g〉|
∣∣∣∣ν1(R) ∧ ε−1

ν1(R)
− ν2(R) ∧ ε−1

ν2(R)

∣∣∣∣
≤ ρ(ν1, ν2) + |〈ν1 − ν2,1〉| + |ν1(R) ∧ ε−1 − ν2(R) ∧ ε−1|
≤ 3ρ(ν1, ν2).
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Then

|dε(x1, ν1) − dε(x2, ν2)|
≤

∣∣∣∣
∫ (

pε(x1 − y) − pε(x2 − y)
)
νε

1(dy)

∣∣∣∣
+

∣∣∣∣
∫

pε(x2 − y)νε
1(dy) −

∫
pε(x2 − y)νε

2(dy)

∣∣∣∣
≤ (√

2πeε2)−1|x1 − x2| + (√
2πε

)−1
(eε ∧ 1)−1/2ρ(νε

1, νε
2)

≤ K1

√
|x1 − x2|2 + ρ(ν1, ν2)

2.

By [15], εYt is the unique solution to

〈εYt , φ〉 = 〈f,φ〉 +
∫ t

0
〈εYr , (aφ)′′ − (bφ)′ − (Tε

εY ε
r )φ〉dr −

∫ t

0
〈εYr, (cφ)′〉dWr.

Further,εYt has densityεyt which belongs toH0. �

2.2. Boundedness. In this section, we establish a comparison result for SPDEs
of the form (2.1). As a consequence, we obtain the boundedness ofεyt .

LEMMA 2.2. For all r, x, we have
εyr(x) ≤ ‖f ‖∞ a.s.,

where ‖f ‖∞ is the supremum of f .

PROOF. Let m̃i
t be given by

dm̃i
t = m̃i

t

(
(a′′ − b′)(ξ i

t ) dt − c′(ξ i
t ) dWt

)
and let

Ỹt = lim
n→∞

1

n

n∑
i=1

m̃i
t δξ i

t
a.s.

Thenm
ε,i
t ≤ m̃i

t and hence, forφ ≥ 0,

〈εYt , φ〉 ≤ 〈Ỹt , φ〉.(2.3)

Similarly to Lemma 2.1, it is easy to show that

〈Ỹt , φ〉 = 〈f,φ〉 +
∫ t

0
〈Ỹr , (aφ)′′ − (bφ)′〉dr −

∫ t

0
〈Ỹr , (cφ)′〉dWr.(2.4)

Let φt be given by

〈f,φt〉 = 〈f,φ〉 +
∫ t

0
〈af ′′ + bf ′, φr〉dr +

∫ t

0
〈cf ′, φr〉dW̃r,(2.5)
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whereW̃ is an independent copy ofW . The existence of a solution to (2.5) follows
from [15]. By Itô’s formula, we see that

e−α〈Ỹt ,φ〉 −
∫ t

0
e−α〈Ỹs ,φ〉

(
α〈aỸ ′′

s + bỸ ′
s, φ〉 + α2

2
〈cỸ ′

s, φ〉2
)

ds

and

e−α〈f,φt 〉 −
∫ t

0
e−α〈f,φs〉

(
α〈af ′′ + bf ′, φs〉 + α2

2
〈cf ′, φs〉2

)
ds

are martingales. By a duality argument (cf. [6], page 188), we have

Ee−α〈Ỹt ,φ〉 = Ee−α〈f,φt 〉.

This implies that〈Ỹt , φ〉 and 〈f,φt〉 have the same distribution. Takingf ≡ 1
in (2.5), it is clear that ∫

φt(x) dx =
∫

φ(x) dx a.s.

Then

〈f,φt〉 ≤ ‖f ‖∞
∫

φ(x) dx a.s.

and hence

〈Ỹt , φ〉 ≤ ‖f ‖∞
∫

φ(x) dx a.s.

This implies the conclusion of the lemma.�

From the proof of Lemma 2.2 , we have the following:

COROLLARY 2.3.

sup
0≤t≤T

|ε̂yt − 1| → 0 a.s.

as ε → 0.

PROOF. From (2.4) and Condition (BC), it is easy to see that

sup
0≤t≤T

〈Ỹt ,1〉 < ∞ a.s.

The conclusion then follows from (2.3).�
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2.3. Estimates on Sobolev norm. Now we give an estimate for the Sobolev
norm ofεyt .

LEMMA 2.4.

E sup
0≤t≤T

‖εyt‖4
1 ≤ K2.6.(2.6)

PROOF. We freeze the nonlinear term and considerεyt (x) as the unique
solution to the following linear equation:

zε
t (x) = f (x) +

∫ t

0

(
b(x)∂xz

ε
r (x) + a(x)∂2

xzε
r (x) − (

Tε
εyε

r (x)
)
zε
r (x)

)
dr

(2.7)

+
∫ t

0
c(x)∂xz

ε
r (x) dWr.

By [17], the solution has derivatives and their estimates depend on the bounds of
b, a,Tε

εyε
r , c and their derivatives. Since the bound of the derivative ofTε

εyε
r may

depend onε, wecannot apply Rozovskii’s estimate directly. Instead, we derive our
estimate here. Note that

〈zε
t , φ〉 = 〈f,φ〉 +

∫ t

0
〈b∂xz

ε
r + a∂2

xzε
r − (Tε

εyε
r )z

ε
r , φ〉dr

+
∫ t

0
〈c∂xz

ε
r , φ〉dWr.

By Itô’s formula, we have

〈zε
t , φ〉2 = 〈f,φ〉2 +

∫ t

0
2〈zε

r , φ〉〈b∂xz
ε
r + a∂2

xzε
r − (Tε

εyε
r )z

ε
r , φ〉dr

+
∫ t

0
2〈zε

r , φ〉〈c∂xz
ε
r , φ〉dWr +

∫ t

0
〈c∂xz

ε
r , φ〉2dr.

Adding overφ in a complete orthonormal system (CONS) ofH0, we have

‖zε
t ‖2

0 = ‖f ‖2
0 +

∫ t

0
2〈zε

r , b∂xz
ε
r + a∂2

xzε
r − (Tε

εyε
r )z

ε
r 〉dr

+
∫ t

0
2〈zε

r , c∂xz
ε
r 〉dWr +

∫ t

0
‖c∂xz

ε
r‖2

0 dr.

Applying Itô’s formula, we have

‖zε
t ‖4

0 = ‖f ‖4
0 +

∫ t

0
4‖zε

r‖2
0〈zε

r , b∂xz
ε
r + a∂2

xzε
r − (Tε

εyε
r )z

ε
r 〉dr

+
∫ t

0
4‖zε

r‖2
0〈zε

r , c∂xz
ε
r 〉dWr +

∫ t

0
2‖zε

r‖2
0‖c∂xz

ε
r‖2

0 dr(2.8)

+
∫ t

0
4〈zε

r , c∂xz
ε
r 〉2dr.
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Note that the only coefficient in (2.8) which depends onε is −(Tε
εyε

r ). Since this
term is negative, it can be discarded. The other terms in (2.8) can be estimated as
follows: By (3.4) in [15], we have

|〈zε
r , b∂xz

ε
r 〉| ≤ K1‖zε

r‖2
0 and |〈zε

r , c∂xz
ε
r 〉| ≤ K2‖zε

r‖2
0.(2.9)

By (3.8) in [15] (with δ = 0 there), we have

2〈zε
r , a∂2

xzε
r 〉 + ‖c∂xz

ε
r‖2

0 ≤ K3‖zε
r‖2

0.

Therefore,

‖zε
t ‖4

0 ≤ ‖f ‖4
0 + K4

∫ t

0
‖zε

r‖4
0 dr +

∫ t

0
4‖zε

r‖2
0〈zε

r , c∂xz
ε
r 〉dWr.

By the Burkholder–Davis–Gundy inequality and (2.9), we then have

Esup
s≤t

‖zε
s‖4

0 ≤ ‖f ‖4
0 + K4

∫ t

0
‖zε

r‖4
0 dr + K5E

(∫ t

0
‖zε

r‖4
0〈zε

r , c∂xz
ε
r 〉2dr

)1/2

≤ ‖f ‖4
0 + K4

∫ t

0
‖zε

r‖4
0 dr + K6E

(
sup
s≤t

‖zε
s‖2

0

(∫ t

0
‖zε

r‖4
0 dr

)1/2)

≤ ‖f ‖4
0 + K7

∫ t

0
‖zε

r‖4
0 dr + 1

2Esup
s≤t

‖zε
s‖4

0.

Therefore

Esup
s≤t

‖zε
s‖4

0 ≤ 2‖f ‖4
0 + K2.10

∫ t

0
E‖zε

r‖4
0 dr,(2.10)

whereK2.10 is a constant. Gronwall’s inequality implies that

E sup
0≤t≤T

‖zε
t ‖4

0 ≤ K2.11.(2.11)

Let uε
r = ∂xz

ε
r . Note that
εyr(x)∂x

(
Tε(ŷ

ε
r y

ε
r )(x)

) = εyr(x)ŷε
r Tεu

ε
r = εyε

r (x)Tεu
ε
r .

Then

uε
t (x) = f ′(x) +

∫ t

0

(
c(x)∂xu

ε
r (x) + c′(x)uε

r (x)
)
dWr

+
∫ t

0

(
b1(x)∂xu

ε
r (x) + a(x)∂2

xuε
r (x) + cε

1(x)uε
r (x) − εyε

r (x)Tεu
ε
r (x)

)
dr,

whereb1 = b + a′, cε
1 = b′ − Tε

εyε
r . So

‖uε
t ‖2

0 = ‖f ′‖2
0 +

∫ t

0
‖c∂xu

ε
r + c′uε

r‖2
0 dr

+
∫ t

0
2〈uε

r , b1∂xu
ε
r + a∂2

xuε
r + cε

1u
ε
r − εyε

r Tεu
ε
r〉dr

+
∫ t

0
2〈uε

r, c∂xu
ε
r + c′uε

r〉dWr.
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Note thatcε
1 is bounded by a constant which does not depend onε. Similar to

arguments leading to (2.11), we have

E sup
0≤t≤T

‖uε
t ‖4

0 ≤ K2.12.(2.12)

The conclusion then follows from (2.11) and (2.12).�

2.4. Existence and uniqueness. In this section, we prove the first part of
Theorem 1.2. Let

zt (x) ≡ z
ε,η
t (x) ≡ εyt (x) − ηyt (x).

Then

zt (x) =
∫ t

0

(
b(x)∂xzr(x) + a(x)∂2

xzr(x) − (
Tε

εyε
r (x)εyr(x) − Tη

ηyη
r (x)ηyr(x)

))
dr

+
∫ t

0
c(x)∂xzr(x) dWr.

Note that

Tε
εyε

r
εyr − Tη

ηyη
r

ηyr = ε̂yr (Tε
εyr)zr + ε̂yr (Tεzr)

ηyr

+ (ε̂yr − η̂yr)(Tε
ηyr)

ηyr + η̂yr (Tε
ηyr − Tη

ηyr)
ηyr .

Similarly to (2.10), we have

E sup
0≤s≤t

‖zs‖4
0 ≤ K2.13

∫ t

0
E‖zr‖4

0 dr

+ 3‖f ‖4∞E

∫ t

0

(∫
|Tε

ηyr(x) − Tη
ηyr(x)|2 dx

)2

dr(2.13)

+ K2.13E

∫ t

0
|ε̂yr − η̂yr |4dr.

As

Tε
ηyr(x) − Tη

ηyr(x)

=
∫ ∫ 1

0
∂x

ηyr

(
x + (

θ
√

ε + (1− θ)
√

η
)
a
)(√

ε − √
η

)
a dθp(a) da,

we have, whenε, η → 0,∫
|Tε

ηyr(x) − Tη
ηyr(x)|2 dx ≤ ‖∂x

ηyr‖2
0
(√

ε − √
η

)2 → 0,(2.14)

wherep(a) is the standard normal density. By Corollary 2.3 and the dominated
convergence theorem, we have

E

∫ t

0
|ε̂yr − η̂yr |4 dr → 0.(2.15)
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It follows from Gronwall’s inequality, (2.13)–(2.15) that

E sup
0≤t≤T

‖εyt − ηyt‖4
0 → 0 asε, η → 0.

Hence, there existsyt s.t.εyt → yt in H0.
Note that

〈εyt , φ〉 = 〈f,φ〉 +
∫ t

0
〈εyr,−(bφ)′ + (aφ)′′ − (Tε

εyε
r )φ〉dr

+
∫ t

0
〈εyr,− (cφ)′〉dWr.

We consider the limit of the nonlinear term only, since the other terms clearly
converge to the counterpart withεy replaced byy:

E

∣∣∣∣
∫ t

0

∫
εyr(x)(Tε

εyε
r )(x)φ(x) dx dr −

∫ t

0

∫
yr(x)2φ(x) dx dr

∣∣∣∣
≤ E

∫ t

0

∫
|Tε(

εyε
r − yr)|(x)εyr(x)|φ(x)|dx dr

+ E

∫ t

0

∫
|Tεyr − yr |(x)εyr(x)|φ(x)|dx dr

+ E

∫ t

0

∫
|εyr − yr |(x)yr(x)|φ(x)|dx dr

→ 0.

It is then easy to show thatyt solves (1.2).
To prove the uniqueness, we assume thatyt and ỹt are two solution to (1.3).

Similar to (2.13), we have

Esup
s≤t

‖yt − ỹt‖4
0 ≤ K2.16

∫ t

0
E‖yr − ỹr‖4

0 dr.(2.16)

The uniqueness then follows from Gronwall’s inequality.

LEMMA 2.5.

E sup
0≤t≤T

‖∂xyt‖4
0 ≤ K2.12.

PROOF. Note that

E sup
0≤t≤T

‖∂xyt‖4
0 = E

(
sup

0≤t≤T

∑
i

〈∂xyt , φi〉2

)2

= E

(
sup

0≤t≤T

∑
i

〈yt, φ
′
i〉2

)2



2374 J. XIONG

= E

(
sup

0≤t≤T

∑
i

lim
ε→0

〈εyt , φ
′
i〉2

)2

≤ lim inf
ε→0

E

(
sup

0≤t≤T

∑
i

〈εyt , φ
′
i〉2

)2

= lim inf
ε→0

E sup
0≤t≤T

‖∂x
εyt‖4

0

≤ K2.12,

where{φi} is a CONS ofH0. �

2.5. Particle representation. In this section, we verify Theorem 1.2(ii). Let
yt be the solution to (1.3) and letYt(dx) = yt (x) dx. Let (ξ i

t ,m
i
t ) be given by

(1.4) and (1.5). Denote the process given by the right-hand side of (1.6) byỸt .
Now we only need to verify that̃Yt coincides withYt . Applying Itô’s formula to
mi

tφ(ξ i
t ), it is easy to show that

〈Ỹt , φ〉 = 〈f,φ〉 +
∫ t

0
〈Ỹr , (aφ)′′ − (bφ)′ − yrφ〉dr

(2.17)

+
∫ t

0
〈Ỹr ,− (cφ)′〉dWr.

By (1.3), we see that (2.17) holds with̃Yt replaced byYt . Similar to last section,
we have uniqueness for the solution of (2.17). This provesYt = Ỹt and hence,Yt

has the particle representation given in Theorem 1.2.

3. Wong–Zakai approximation. In this section, we prove Theorem 1.3.

3.1. Some estimates on yε
t . For the convenience of the reader, we state a

definition and a theorem which are simplified versions of a definition on page 141
and Theorem 4.6 on page 142 in [8]. Let

Lu = ã∂2
xu + b̃∂xu + c̃u.

DEFINITION 3.1. A fundamental solution of the parabolic operatorL − ∂/∂t

in R×[0, T ] is a function�(x, t; ξ, τ ) defined for all(x, t) and(ξ, τ ) in R×[0, T ],
t > τ , satisfying the following condition: For any continuous functionφ(x) with
compact support, the function

u(x, t) =
∫

R

�(x, t; ξ, τ )φ(ξ) dξ

satisfies

Lu − ∂u

∂t
= 0 if x ∈ R, τ < t ≤ T,

u(x, t) → φ(x) if t → τ + .
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To state the next theorem, we need the following conditions:

(A1) There is a positive constantK such that

ã(x, t) ≥ K for all x ∈ R andt ∈ [0, T ].
(A2) The coefficients ofL are bounded continuous functions inR × [0, T ].
(A3) The coefficients ofL are Hölder continuous inx, uniformly with respect

to (x, t) in compact subsets ofR × [0, T ].
THEOREM 3.2. Let (A1)–(A3) hold. Let g(x, t) be a bounded continuous

function in R × [0, T ], Hölder continuous in x uniformly with respect to (x, t)

in compact subsets, and let φ(x) be a bounded continuous function in R. Then
there exists a solution of the Cauchy problem

Mu ≡ Lu(x, t) − ∂u(x, t)

∂t
= g(x, t) in R × [0, T ](3.1)

with the initial condition

u(x,0) = φ(x) on R.(3.2)

The solution is given by

u(x, t) =
∫

Rn
�(x, t; ξ,0)φ(ξ) dξ −

∫ t

0

∫
Rn

�(x, t; ξ, τ )g(ξ, τ ) dξ dτ.

Now we come back to our equation (1.7). We shall take

L = ā∂2
x + (b̄ + cẆ ε)∂x.

LEMMA 3.3.

E‖yε
t ‖4

0 ≤ K3.3.(3.3)

PROOF. Given W , let qW (y, t;x, s) be the fundamental solution of the
parabolic operatorL − ∂t . Then, by Theorem 3.2 and (1.7),

yε
t (x) =

∫
qW(x, t;y,0)f (y) dy −

∫ t

0

∫
qW(x, t;u, s)yε

s (u)2 duds

≤
∫

qW(x, t;y,0)f (y) dy,

so

‖yε
t ‖4

0 ≤
(∫ (∫

qW(x, t;y,0) dx

)
f (y)2dy

)2

=
∫ ∫ (∫

qW(x1, t;y1,0) dx1

∫
qW (x2, t;y2,0) dx2

)

× f (y1)
2f (y2)

2dy1dy2.
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Note thatqW (x, t;y,0) = q∗W(y,0;x, t), q∗W is the fundamental solution of
L∗ + ∂t where

L∗φ = −(
(b̄ + cẆ ε)φ

)′ + (āφ)′′

= −(b̄′ − ā′′ + c′Ẇ ε)φ − (b̄ − 2ā + cẆ ε)φ′ + āφ′′.

Let

dξε
t = e(ξε

t ) dBt − (b̄ − 2ā + cẆ ε
t ) dt.

By the Feymann–Kac formula,∫
q∗W(y,0;x, t) dx = EW

y,0 exp
(
−

∫ t

0
(b̄′ − ā′′ + c′Ẇ ε

r )(ξε
r ) dr

)

≤ e2KtEW
y,0 exp

(
−

∫ t

0
c′(ξε

r )Ẇ ε
r dr

)
,

whereEW
y,0 denotes the conditional distribution ofξε

t givenW andξε
0 = y. Hence

[assumet = (k + 1)ε],

e−4Kt
E

(∫
q∗W(y,0;x, t) dx

)2

≤ E

(
exp

(
−2

k∑
i=0

c′(ξε
iε)

(
W(i+1)ε − Wiε

))

× exp

(
−2

k∑
i=0

∫ (i+1)ε

iε

∫ r

iε

(
(2ā − b̄)c′′ + āc′′′)(ξε

s ) dsẆ ε
r dr

)

× exp

(
−2

k∑
i=0

∫ (i+1)ε

iε

∫ r

iε
c′′(ξε

s )
(
e(ξε

s ) dBs − c(ξε
s )Ẇ ε

s ds
)
Ẇ ε

r dr

))

≤ (I1I2I3I4)
1/4,

where

I1 = Eexp

(
−8

k∑
i=0

c′(ξε
iε)

(
W(i+1)ε − Wiε

))
,

I2 = Eexp

(
−8

k∑
i=0

∫ (i+1)ε

iε

∫ r

iε

(
(2ā − b̄)c′′ + āc′′′)(ξε

s ) dsẆ ε
r dr

)
,

I3 = Eexp

(
−8

k∑
i=0

∫ (i+1)ε

iε

∫ r

iε
c′′(ξε

s )e(ξε
s ) dBsẆ

ε
r dr

)
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and

I4 = Eexp

(
8

k∑
i=0

∫ (i+1)ε

iε

∫ r

iε
c′′(ξε

s )c(ξε
s )Ẇ ε

s dsẆ ε
r dr

)
.

Definecε(s) = −8c′(ξε
iε) for iε ≤ s < (i + 1)ε. Let P̃ be the probability measure

given by

dP̃

dP
= exp

(∫ t

0
cε(s) dWs − 1

2

∫ t

0
|cε(s)|2 ds

)
.

Then, by the Girsanov formula,

I1 = Ẽ exp
(

1
2

∫ t

0
|cε(s)|2ds

)
≤ exp(32‖c′‖2∞t),

whereẼ denotes the expectation under the measureP̃ . Note that forε small, more
precisely, for

ε < min
((

4‖(2ā − b̄)c′′ + āc′′′‖∞
)−1/2

, (8‖ec′′‖∞)−1),
we have

I2 ≤ Eexp

(
4‖(2ā − b̄)c′′ + āc′′′‖∞

k∑
i=0

ε
∣∣W(i+1)ε − Wiε

∣∣)

≤ Eexp

(
2‖(2ā − b̄)c′′ + āc′′′‖∞

(
t + ε

k∑
i=0

∣∣W(i+1)ε − Wiε

∣∣2))

≤ exp
(
2‖(2ā − b̄)c′′ + āc′′′‖∞t

)(
1− 4‖(2ā − b̄)c′′ + āc′′′‖∞ε2)−k/2

≤ exp
(
10‖(2ā − b̄)c′′ + āc′′′‖∞t

)
,

I3 = EE
W exp

(
−8

k∑
i=0

∫ (i+1)ε

iε
c′′(ξε

s )e(ξε
s )ε−1

× (
(i + 1)ε − s

)(
W(i+1)ε − Wiε

)
dBs

)

≤ Eexp

(
32

k∑
i=0

∫ (i+1)ε

iε
c′′(ξε

s )2e(ξε
s )2(W(i+1)ε − Wiε

)2
ds

)

≤ Eexp

(
32‖ec′′‖2∞

k∑
i=0

(
W(i+1)ε − Wiε

)2
ε

)

≤
k∏

i=0

(1− 64‖ec′′‖2∞ε2)−1/2

≤ exp(32‖ec′′‖2∞εt)
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and

I4 ≤ Eexp

(
8

k∑
i=0

‖cc′′‖∞
(
W(i+1)ε − Wiε

)2
)

≤ exp(32‖cc′′‖∞t).

The conclusion then follows easily.�

We now turn to the estimation on the norm of∂xy
ε
t .

LEMMA 3.4. Suppose that {N(x) :x ∈ R} is a random field such that ∃α > 0,
p > 1,

E
(|N(x) − N(y)|p) ≤ K|x − y|1+α.

Then for any λ > 0,

E sup
x∈R

(|N(x)|pe−λ|x|) < ∞.

PROOF. It follows from Theorem 4 in [10] that, for anyIn = [n,n + 1],(
E sup

x,y∈In

|N(x) − N(y)|p
)1/p

≤ C

∫ 1

0

Ku(1+α)/p

u1+1/p
du

≤ CKp

α
≡ K1.

Note that

|N(x) − N(0)|pe−λ|x|

≤
(∑

n

sup
y,z∈In

|N(y) − N(z)|e−λ|n|/p
)p

≤ (
2(1− e−λ/p)

)(1−p)/p
∑
n

sup
y,z∈In

|N(y) − N(z)|pe−λ|n|/p.

Hence

E sup
x∈R

(|N(x) − N(0)|pe−λ|x|)

≤ (
2(1− e−λ/p)

)(1−p)/p
∑
n

E sup
y,z∈In

|N(y) − N(z)|pe−λ|n|/p

≤ (
2(1− e−λ/p)

)(1−p)/p
∑
n

K
p
1 e−λ|n|/p

≤ K
p
1

(
2(1− e−λ/p)

)(1−2p)/p
< ∞.

The conclusion of the lemma then follows easily.�
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LEMMA 3.5.

E‖∂xy
ε
t ‖4

0 ≤ K3.4.(3.4)

PROOF. Note that

∂xy
ε
t = f ′ +

∫ t

0

(
(b̄′ − 2yε

r + c′Ẇ ε
r )∂xy

ε
r

+ (b̄ + ā′ + cẆ ε
r )∂2

xyε
r + ā∂3

xyε
r

)
dr.

Let qW
1 be the fundamental solution ofL1 − ∂t , where

L1φ = āφ′′ + (b̄ + ā′ + cẆ ε
r )φ′ + (b̄′ − 2yε

r + c′Ẇ ε
r )φ.

Then

∂xy
ε
t =

∫
qW

1 (x, t;y,0)f ′(y) dy.

Note that

L∗
1φ = (āφ)′′ − (

(b̄ + ā′ + cẆ ε
r )φ

)′ + (b̄′ − 2yε
r + c′Ẇ ε

r )φ

= āφ′′ + (ā′ − b̄ − cẆ ε
r )φ′ − 2yε

r φ.

Similarly to Lemma 3.3, we have, for anyλ andp > 1,

E

(∫
eλ|x|qW

1 (x, t;y,0) dx

)p

≤ K1(3.5)

and ∫
qW

1 (x, t;y,0) dy = E
W
0,x exp

(∫ t

0
(b̄′ − 2yε

r + c′Ẇ ε
r )(ηε,x

r ) dr

)

≤ e‖b̄′‖∞E
W
0,x exp

(
k∑

i=0

∫ (i+1)ε

iε
c′(ηε,x

r ) drẆ ε
iε

)
,

whereη
ε,x
t , with initial x, solves

dη
ε,x
t = (b̄ + ā)(η

ε,x
t ) dt + c(η

ε,x
t )Ẇ ε

t dt + e(η
ε,x
t ) dBt .

Note that foriε ≤ r ≤ (i + 1)ε,

c′(ηε,x
r ) = c′(ηε,x

iε ) +
∫ r

iε
c′′(ηε,x

s )e(ηε,x
s ) dBs

+
∫ r

iε

(
(ā + b̄)c′′ + e2

2
c′′′

)
ds +

∫ r

iε
cc′′ dsẆ ε

iε.
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As ∣∣∣∣∣
k∑

i=0

∫ (i+1)ε

iε

(∫ r

iε

(
(ā − b̄)c′′ + e2

2
c′′′

)
ds +

∫ r

iε
cc′′ dsẆ ε

iε

)
drẆ ε

iε

∣∣∣∣∣
≤

k∑
i=0

∥∥∥∥(ā − b̄)c′′ + e2

2
c′′′

∥∥∥∥∞
ε
(
W(i+1)ε − Wiε

)

+
k∑

i=0

‖cc′′‖∞
(
W(i+1)ε − Wiε

)2

≡ 1

4
logM(W) − ‖b̄′‖∞,

we have (∫
qW

1 (x, t;y,0) dy

)4

≤ M(W)N1(x,W)N2(x,W),

where

N1(x,W) = E
W
0,x exp

(
−4

k∑
i=0

c′(ηε,x
iε )

(
W(i+1)ε − Wiε

))

and

N2(x,W) = E
W
0,x exp

(
−4

k∑
i=0

∫ (i+1)ε

iε

∫ r

iε
c′′(ηε,x

s )e(ηε,x
s ) dBsẆ

ε
r dr

)
.

By arguments similar to Lemma 3.3, it is easy to see thatM(W) has finite
moments.

First takeE
W and then take expectation with respect toW , for t ∈ [iε, (i + 1)ε]

and even integerp; we have

E|ηε,x
t − η

ε,y
t |p

≤ E|ηε,x
iε − η

ε,y
iε |p +

∫ t

iε
K1E|ηε,x

s − ηε,y
s |p ds

+ pE

∫ t

iε

(
c(ηε,x

s ) − c(ηε,y
s )

)
(ηε,x

s − ηε,y
s )p−1Ẇ ε

s ds

≤ E|ηε,x
iε − η

ε,y
iε |p +

∫ t

iε
K2E|ηε,x

s − ηε,y
s |p ds

+ p(p − 1)E

∫ t

iε

∫ s

iε

(
c(ηε,x

r ) − c(ηε,y
r )

)2

× (ηε,x
r − ηε,y

r )p−2 dr dsε−2(W(i+1)ε − Wiε

)2

≤ (1+ K3ε)E|ηε,x
iε − η

ε,y
iε |p.
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By induction we have

E|ηε,x
t − η

ε,y
t |p ≤ K2|x − y|p.

Therefore

E|Ni(x,W) − Ni(y,W)|p ≤ K3|x − y|p/2, i = 1,2.

By Lemma 3.4 we have

Esup
x

|Ni(x,W)|pe−λ|x| ≤ K4.

Therefore

Esup
x

(∫
qW

1 (x, t;y,0) dye−λ|x|
)4

≤ E

(
M(W)sup

x
N1(x,W)e−2λ|x| sup

x
N2(x,W)e−2λ|x|

)

≤ K5.

Note that∫
(∂xy

ε
t )(x)2 dx

≤
∫ (∫

qW
1 (x, t;y,0)|f ′(y)|dy

∫
qW

1 (x, t;y,0) dy

)
dx‖f ′‖∞

≤
∫ (∫

eλ|x|qW
1 (x, t;y,0) dx

)
|f ′(y)|dy

× sup
x

∫
qW

1 (x, t;y,0) dye−λ|x|‖f ′‖∞.

Hence

(E‖∂xyε
t ‖4

0)
2 ≤ ‖f ′‖4∞E

(∫ (∫
eλ|x|qW

1 (x, t;y,0) dx

)
|f ′(y)|dy

)4

× E

(
sup
x

∫
qW

1 (x, t;y,0) dye−λ|x|
)4

≤ ‖f ′‖4∞E

∫ (∫
eλ|x|qW

1 (x, t;y,0) dx

)4

× |f ′(y)|2 dy

(∫
|f ′(y)|2/3dy

)3

K5

≤ ‖f ′‖4∞K1‖f ′‖2
0

(∫
|f ′(y)|2/3dy

)3

K5 < ∞.

This proves the conclusion of the lemma.�
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COROLLARY 3.6. (i) For any α ≥ 0 and p ≥ 0, we have

E

∣∣∣∣
∫

R

|∂xy
ε
t (x)|1+α dx

∣∣∣∣p ≤ K3.6.(3.6)

(ii)

E‖∂2
xyε

t ‖4
0 ≤ K3.7.(3.7)

PROOF. The proof of Lemma 3.5 can be modified to verify (i). Part (ii) follows
from the same proof as well; note that (i) impliesE‖(∂xy

ε
t )

2‖4
0 ≤ K3.6. �

3.2. Proof of Theorem 1.3. Now we prove Theorem 1.3. In this proof, the
quantity〈∂2

xzε
r , f 〉 for f smooth is understood as〈zε

r , ∂
2
xf 〉.

To make use of Itô’s formula, we need thatyε
t is adapted. We shall useyε

t−ε to
replaceyε

t . However, for simplicity of notation, we still useyε
t .

Let zε
t = yε

t − yt . Then

〈zε
t , φ〉 =

∫ t

0
〈b∂xz

ε
r + a∂2

xzε
r − (yε

r + yr)z
ε
r , φ〉dr

+
∫ t

0
〈c∂xy

ε
r , φ〉Ẇ ε

r−ε dr

−
∫ t

0
〈c∂xyr, φ〉dWr −

∫ t

0

〈1
2cc′∂xy

ε
r + 1

2c2∂2
xyε

r , φ
〉
dr.

By Itô’s formula, we have

〈zε
t , φ〉2 =

∫ t

0
2〈zε

r , φ〉〈b∂xz
ε
r + a∂2

xzε
r − (yε

r + yr)z
ε
r , φ〉dr

+
∫ t

0
2〈zε

r , φ〉〈c∂xy
ε
r , φ〉Ẇ ε

r−ε dr −
∫ t

0
2〈zε

r , φ〉〈c∂xyr, φ〉dWr

−
∫ t

0
〈zε

r , φ〉〈cc′∂xy
ε
r + c2∂2

xyε
r , φ〉dr

+
∫ t

0
〈c∂xyr, φ〉2dr.

Adding overφ in a CONS ofH0, we have

‖zε
t ‖2

0 =
∫ t

0
2〈zε

r , b∂xz
ε
r + a∂2

xzε
r − (yε

r + yr)z
ε
r 〉dr

+
∫ t

0
2〈zε

r , c∂xy
ε
r 〉Ẇ ε

r−ε dr −
∫ t

0
2〈zε

r , c∂xyr〉dWr

(3.8)

−
∫ t

0
〈zε

r , cc
′∂xy

ε
r + c2∂2

xyε
r 〉dr

+
∫ t

0
‖c∂xyr‖2

0 dr.
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We now estimate the second term on the right-hand side of (3.8). For(i − 1)ε ≤
r < iε, note that

〈zε
r , φ〉 = 〈

zε
(i−1)ε, φ

〉 + ∫ r

(i−1)ε
〈b∂xz

ε
s + a∂2

xzε
s − (yε

s + ys)z
ε
s , φ〉ds

+
∫ r

(i−1)ε
〈c∂xy

ε
s , φ〉Ẇ ε

s−ε ds

−
∫ r

(i−1)ε
〈c∂xys, φ〉dWs −

∫ r

(i−1)ε

〈1
2cc′∂xy

ε
s + 1

2c2∂2
xyε

s , φ
〉
ds

and

〈c∂xy
ε
r , φ〉 = 〈

c∂xy
ε
(i−1)ε, φ

〉 + ∫ r

(i−1)ε

〈
c∂x

(
b̄∂xy

ε
s + ā∂2

xyε
s − (yε

s )
2), φ〉

ds

+
∫ r

(i−1)ε
〈c∂x(c∂xy

ε
s ), φ〉Ẇ ε

s−ε ds.

Similarly to (3.8), we have

〈zε
r , c∂xy

ε
r 〉 − 〈

zε
(i−1)ε, c∂xy

ε
(i−1)ε

〉
=

∫ r

(i−1)ε
〈c∂xy

ε
s , b∂xz

ε
s + a∂2

xzε
s − (yε

s + ys)z
ε
s 〉ds

+
∫ r

(i−1)ε
‖c∂xy

ε
s ‖2

0Ẇ
ε
s−ε ds −

∫ r

(i−1)ε
〈c∂xy

ε
s , c∂xys〉dWs

(3.9)
−

∫ r

(i−1)ε

〈
c∂xy

ε
s ,

1
2cc′∂xy

ε
s + 1

2c2∂2
xyε

s

〉
ds

+
∫ r

(i−1)ε

〈
zε
s , c∂x

(
b̄∂xy

ε
s + ā∂2

xyε
s − (yε

s )
2)〉ds

+
∫ r

(i−1)ε
〈zε

s , c∂x(c∂xy
ε
s )〉Ẇ ε

s−ε ds.

Let t = kε. Then

E

∫ t

0
2〈zε

r , c∂xy
ε
r 〉Ẇ ε

r−ε dr

= E

k−1∑
i=0

∫ (i+1)ε

iε
2〈zε

r , c∂xy
ε
r 〉Ẇ ε

r−ε dr(3.10)

= E

k−1∑
i=0

2
∫ (i+1)ε

iε

(〈zε
r , c∂xy

ε
r 〉 − 〈

zε
(i−1)ε, c∂xy

ε
(i−1)ε

〉)
Ẇ ε

r−ε dr.

Apply (3.9) to (3.10). We only consider the second, third and sixth terms in (3.9)
since it is easy to verify that the other terms result in quantities bounded byK

√
ε.
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Note that

E

k−1∑
i=0

2
∫ (i+1)ε

iε

∫ r

(i−1)ε
‖c∂xy

ε
s ‖2

0Ẇ
ε
s−ε dsẆ ε

r−ε dr

≈ E

k−1∑
i=0

2
∫ (i+1)ε

iε

∫ iε

(i−1)ε

∥∥c∂xy
ε
(i−2)ε

∥∥2
0Ẇ

ε
s−ε dsẆ ε

r−ε dr

+ E

k−1∑
i=0

2
∫ (i+1)ε

iε

∫ r

iε

∥∥c∂xy
ε
(i−2)ε

∥∥2
0 ds drε−2(Wiε − W(i−1)ε

)2(3.11)

=
k−1∑
i=0

ε2
E

∥∥c∂xy
ε
(i−2)ε

∥∥2
0ε

−2ε

≈ E

∫ t

0
‖c∂xy

ε
r ‖2

0 dr,

wherex ≈ y means that|x − y| ≤ K
√

ε. Similarly,

E

k−1∑
i=0

2
∫ (i+1)ε

iε

∫ r

(i−1)ε
〈zε

s , c∂x(c∂xy
ε
s )〉Ẇ ε

s−ε dsẆ ε
r−ε dr

(3.12)

≈ E

∫ t

0
〈zε

r , c∂x(c∂xy
ε
r )〉dr.

Note that

E

k−1∑
i=0

2
∫ (i+1)ε

iε

∫ r

(i−1)ε
〈c∂xy

ε
s , c∂xys〉dWsẆ

ε
r−ε dr

≈ E

k−1∑
i=0

2
∫ (i+1)ε

iε

∫ r

(i−1)ε

〈
c∂xy

ε
(i−2)ε, c∂xy(i−2)ε

〉
dWsẆ

ε
r−ε dr(3.13)

≈ 2E

∫ t

0
〈c∂xy

ε
r , c∂xyr〉dr.

By (3.8) and (3.10)–(3.13), we have

E‖zε
t ‖2

0 ≤ K1

∫ t

0
E‖zε

s‖2
0 ds + K2

√
ε.

Gronwall’s inequality then implies the conclusion of the theorem.

4. Log-Laplace transform of Xt . In this section we prove Theorem 1.4.
SinceXε solves the CMP defined in Section 1.2, it is easy to show that

Esup
s≤t

〈Xε
s ,1〉4 ≤ K1.
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For anyφ ∈ Cc(R), it is then easy to show that

E〈Xε
t − Xε

s ,φ〉4 ≤ K2|t − s|2.
This implies the tightness of{Xε} in C([0,∞),MF (R̄)). It is then easy to verify
that any one of the limit points solves the MP. The uniqueness for the solution to
the MP implies the weak convergence ofXε .

Now we prove (1.8). First we assume thatµ ∈ H0 and fixXε
0 = µ. Let ψ be a

bounded continuous function onC([0, t],R). Then

E
(
exp(−〈Xt,f 〉)ψ(W)

) = lim
ε→0

E
(
exp(−〈Xε

t , f 〉)ψ(W)
)

= lim
ε→0

E
(
exp(−〈µ,yε

0,t〉)ψ(W)
)

= E
(
exp(−〈µ,y0,t〉)ψ(W)

)
.

For generalµ, we takeµε ∈ H0 converging toµ in MF (R). Denote the solution
of the MP withµ replaced byµε by X(ε). Then

E
(
exp(−〈Xt,f 〉)ψ(W)

) = lim
ε→0

E
(
exp

(−〈
X

(ε)
t , f

〉)
ψ(W)

)
= lim

ε→0
E

(
exp(−〈µε, y0,t〉)ψ(W)

)
= E

(
exp(−〈µ,y0,t〉)ψ(W)

)
,

where the last equation follows sincey0,t is bounded and continuous.

5. Moments of Xt . In this section, we prove Theorem 1.5. Letyα
t be the

solution of

yα
t (x) = αf (x) +

∫ t

0

(
b(x)∂xy

α
r (x) + a(x)∂2

xyα
r (x) − yα

r (x)2)dr

(5.1)

+
∫ t

0
c(x)∂xy

α
r (x) dWr.

Let zt andht be solutions to

zt (x) = f (x) +
∫ t

0

(
b(x)∂xzr(x) + a(x)∂2

xzr (x)
)
dr

(5.2)

+
∫ t

0
c(x)∂xzr(x) dWr

and

ht(x) =
∫ t

0

(
b(x)∂xhr(x) + a(x)∂2

xhr(x) − 2zr(x)2)dr

(5.3)

+
∫ t

0
c(x)∂xhr(x) dWr.
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Definezα
t = α−1yα

t − zt . Then

zα
t (x) =

∫ t

0

(
b(x)∂xz

α
r (x) + a(x)∂2

xzα
r (x)

)
dr

+
∫ t

0
c(x)∂xz

α
r (x) dWr −

∫ t

0
α−1yα

r (x)2 dr.

Similarly to arguments in previous sections, we have

E‖zα
t ‖2

0 → 0 asα → 0.

Definehα
t = α−2(y2α

t − 2yα
t ) − ht . Then

hα
t (x) =

∫ t

0

(
b(x)∂xh

α
r (x) + a(x)∂2

xhα
r (x)

)
dr

+
∫ t

0
c(x)∂xh

α
r (x) dWr

−
∫ t

0

(
α−2(y2α

r (x)2 − 2yα
r (x)2) − 2zr(x)2)

dr.

Note that|yα
r (x)| ≤ α‖f ‖∞ and|zr(x)| ≤ ‖f ‖∞. Hence

E

∫ (
α−2(y2α

r (x)2 − 2yα
r (x)2)−2zr(x)2)2

dx

= E

∫ (
4
(

y2α
r (x)

2α
− zr(x)

)2

− 2
(

yα
r (x)

α
− zr(x)

)2

+ 4zr(x)
y2α
r (x) − yα

r (x) − αzr(x)

α

)2

dx

→ 0.

Similarly to above, we have

E‖hα
t ‖2

0 → 0 asα → 0.

Thereforezt = ∂αyα
t |α=0 andht = ∂2

αyα
t |α=0.

Note that

E(〈Xt,f 〉|W) = 〈µ,zt〉
and

E(〈Xt,f 〉2|W) = 〈µ,zt〉2 − 〈µ,ht〉.
Taking expectations on both sides of (5.2), we have

Ezt (x) = f (x) + E

∫ t

0

(
b(x)∂xzr(x) + a(x)∂2

xzr(x)
)
dr,

and hence, (1.9) holds.



A STOCHASTIC LOG-LAPLACE EQUATION 2387

Applying Itô’s formula to (5.2), we have

Ezt (x1)zt (x2)

= f (x1)f (x2) + E

∫ (
b(x1)∂x1zr(x1)zr (x2) + b(x2)∂x2z(x1)zr(x2)

+ a(x1)∂
2
x1

z(x1)zr (x2) + a(x2)∂
2
x2

z(x1)zr(x2)

+ c(x1)c(x2)∂x1∂x2z(x1)zr (x2)
)
dr.

Hence

Ezt (x1)zt (x2) =
∫ ∫

f (y1)f (y2)q
(
t, (x1, x2), (y1, y2)

)
dy1dy2.(5.4)

Taking the expectation on both sides of (5.3), we have

Eht(x) = E

∫ t

0

(
b(x)∂xhr(x) + a(x)∂2

xhr(x) − 2zr(x)2)
dr.(5.5)

Hence, making use of (5.4) and solving (5.5), we obtain

Eht(x) = −2
∫ t

0

∫
p(t − s, x, y)Ezs(y)2 dy ds

= −2
∫ t

0

∫
p(t − s, x, y)

∫ ∫
f (z1)f (z2)

× q
(
s, (y, y), (z1, z2)

)
dz1dz2dy ds.

This proves (1.10).
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