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The notion of an Li-norm density estimator process indexed by a
class of kernels is introduced. Then a functional central limit theorem
and a Glivenko—Cantelli theorem are established for this process. While
assembling the necessary machinery to prove these results, a body of
Poissonization techniques and restricted chaining methods is developed,
which is useful for studying weak convergence of general processes indexed
by a class of functions. None of the theorems imposes any condition at all
on the underlying Lebesgue density f. Also, somewhat unexpectedly, the
distribution of the limiting Gaussian process does not depend on f.

1. Introduction: The Lj-norm density estimator process. Let X, Xi,
X7, ... be a sequence of independent and identically distributed random variables
in R with common Lebesgue density f. Further, let {,} 2 be a sequence of
positive constants such that, as n — oo, h, — 0 and nh, — oo. The classical
kernel estimator is defined as

1 n
Fok () = ngf(

where K is a kernel with compact support satisfying

X—Xl‘>
, eR,
I, o

(1.1 / Ku)du=1.

R
For notational convenience, we will usually assume
1.2) Kw)=0 for |u| > 1/2.

Since Lebesgue density functions, by definition, sit in L(R, 8,m), where
m denotes Lebesgue measure, Devroye and Gyorfi have long advocated that the
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natural distance to measure the error in estimation between a density function f
and its estimator f;, g is the Li-norm of their difference:

(13) Jn(K) = ||fn,K—f||1=A|fn,K<x>—f<x>|dx.

In their book, Devroye and Gyorfi (1985), they posed the challenging problem of
finding the asymptotic distribution of || f, k — fll1.

Csorg6 and Horvéth (1988) were the first to prove a central limit theorem for
| fu,xk — fllp, the L,-norm distance, p > 1. Their proof relied on the Mason—
van Zwet (1987) refinement of the KMT inequality. Horvath (1991) introduced a
Poissonization technique into the study of central limit theorems for || f,,. k — fl .
The results of Csorgd and Horvath (1988) and Horvath (1991) required numerous
regularity conditions.

Beirlant and Mason (1995) developed a general method, based on a somewhat
different Poissonization, coupled with Fourier inversion, for deriving the asymp-
totic normality of the L ,-norm of empirical functionals. Mason [see Theorem 8.9,
Chapter 2, in Eggermont and LaRiccia (2001)] recently applied their method to the
special case of the Lj-norm of the kernel density estimator to prove that, whenever
h, — 0 and y/nh, — oo and K satisfies (1.2) and || K || o0 < 00,

E.(K) == /n{ll fu.x — Efax i — Ell fa,x — Efuxlll}

converges in distribution to a normal random variable o (K)Z, with

1
) =K1 [ Cov(ly1- 02071+ p )22

where, here and elsewhere in this paper, Z, Z; and Z; are independent standard
normal random variables and

_ JRKW)Kw+1t)du
B IK 113

1Za1) dt,

p(t): t eR.

The variance o>(K) has an interesting alternate representation. Using the formulas
for the absolute moments of a bivariate normal random variable of Nabeya (1951),
we can write

o2(K) = | K2 fR o(p())di,

where

(p(p):%(parcsinp—i—\/l—pz—1), pel—1,1].

As a byproduct of our work, here we will extend this central limit theorem by
showing that &, (K) remains asymptotically o (K)Z when || K|« < o0 is replaced
by K I3 < .
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It is natural to consider &,(K) as a process indexed by a class J of square-
integrable functions on R satisfying (1.2) and, in light of the asymptotic normality
result, conjecture that, under suitable assumptions on the class X, the sequence of
processes {&,(K): K € X}72, converges weakly to a mean-zero Gaussian process
{£(K): K € X} with covariance function defined for K1, K7 € KX by

1
o (Ki K2 = [KilalKallz [ Cov(|y1=p2(K1 K202y

+ p(K1, K>, t)Zzllzzl)dt,

which, by using Nabeya’s (1951) formulas, becomes

1
o (K1, Ka) = ||K1||2||K2||2/190(p(K1,K2,t))dt,

where

K K )d
p(Ky, Ko, t) = Jr K@) Ko +1) u, t eR.
K112l K22

Notice that o (K, K) = 0%(K) and p(K, K, 1) = p(t). Clearly, p(¢) is a contin-
uous function of ¢ and p(0) = 1. Moreover, it is readily checked that ¢(0) =0
and ¢(p) > 0 for p € [—1, 1], p # 0. Therefore o2(K) > 0; that is, the process
{£(K): K € K} is never degenerate, unless J = {0}. Note also that this process

does not depend on the density f.
We will use the notation, for p > 0,

1/p
3,(K 1, K2) = (A|K1<x>—Kz<x>|de) .

Before stating any results, we should recall a couple of definitions from
empirical processes that we will use throughout. Given a metric space (T, d), for
each ¢ > 0, the covering number N (T, d, ¢) is defined as the minimal number
of open d-balls of radius at most ¢ and centers in 7 required to cover T, and
the packing number D(T, d, €) as the cardinality of a maximal e-separated subset
of T. Both quantities are essentially equivalent. Given processes with bounded
trajectories X,(¢) and X(¢), t € T, such that the law of X (¢) is defined by a
tight Borel measure on £°°(T), we say that X, converges weakly in £°°(T) to X
if E*H(X,,) - EH(X) for all bounded continuous functions H :£*°(T) — R,
where E*H (X,) = EH*(X,) denotes outer expectation of H(X,), which equals
the expected value of the measurable envelope H*(X,) of H(X,). See van der
Vaart and Wellner (1996) or de la Pefia and Giné (1999) for expansions and
comments on these definitions. In our case, (T, d) will be (X, 02).
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Our main result is as follows:

THEOREM 1.1. Let K be a class of measurable functions, each satisfy-
ing (1.2), uniformly bounded by a positive constant k and such that

o0
(1.4) / log N(K, 02, 8)de < o0.
0

If hy, — 0 and \/nh,, — 00, then the sequence of processes {§,(K): K € K1,
converges weakly in £*°(K) to a mean-zero Gaussian process {£(K):K € K}
with covariance function o (K1, K3).

Note that if Theorem 1.1 holds for a separable class of kernels X, then, in
particular, by the continuous mapping theorem,

sup [&,(K)| % Sup. 1§ (K|
KeX Ke

for all densities f, where the distribution of the right-hand random variable does

not depend on f. Moreover, the same is true for any other continuous functional

on £ (X).

Theorem 1.1, of course, includes the central limit theorem for one kernel or
jointly for a finite number of kernels; however, in these cases, Theorem 1.2,
as well as its multivariate counterpart, which we omit, is better as it does not
assume boundedness of the kernel or kernels. The following example shows that
condition (1.4) is satisfied by quite large, infinite classes of kernels.

EXAMPLE 1.1. Let X be a uniformly bounded class of measurable functions,
which are O off the interval [—1/2, 1/2]. Write

m
1 1
2 E U
where I;, i = 1,...,m, are disjoint intervals. Let J; denote the interior of I;.
Assume that each K € X is differentiable on J;, i =1, ..., m, with derivative K’

satisfying

[IK/(X) - K/(y)l} <D,

sup sup |K'|(x) <D and sup sup
x — yl°

xeJ; KeX x,yeJ; KeX

where D > 0 and 0 < § < 1 are constants depending on K. In this case, one can
apply Theorem 7.1.1 of Dudley (1984) to show that, for some constant D; > 0,

log N (K, 83, ) < Dye~1/1+9)

which implies (1.4).
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EXAMPLE 1.2. Here is another class of functions that satisfies (1.4). Let K be
a fixed bounded function, which is equal to O off the interval [—1/2, 1/2]. Assume
that K is of bounded variation. The class

K ={K(A):A=1},
which consists of functions that are equal to O on [—1/2, 1/2]€, satisfies
N(K,d,e) <Ce?+1

for & < C'/2 and, therefore, condition (1.4). The constant C can be taken to be
C =2MV, where M = |K|lx and V is the total variation of K on any closed
interval [—a, a] with a > 1/2, for example, a = 1. To see this, let P(x) and N (x)
be respectively the positive and negative variations of K on [—1, x], which are
monotone nondecreasing and nonnegative functions, such that P(x) = N(x) =0
forx <1/2and P(x) =N(x) =V/2 for x > 1/2; then, for 1 <A < pu,

fZW@w—wawx

_ 0 B 1 K 1
_</_1P(x)dx /()P(x)dx%—z)(k w),

with a similar equality holding for N (x), so that

KK W) =M [ 1K) = K (o)l d
<M [~ PO - Puo)dx

+M/wwaw—Nwwwx

<2Mv T —ph.

Now, with this bound, it is easy to estimate the covering numbers of K for
the 0, distance: the open balls of radius ¢ and centers at K (-ig), with A; :=
Cc/(C — ke?), k=0,1,..., ko, where ko is the largest integer strictly smaller than
C/&?, cover K.

EXAMPLE 1.3. Under certain regularity conditions on the kernel K and the
density f, the optimal choice of &, in terms of the value of £, that minimizes
E|l fu.x — fll1, is of the form A~ n=1/5 where A > 0 is a smoothing parameter,
which in practical estimation problems must be estimated from the data. For
details, refer to Theorem 2.21, Chapter 2, in Eggermont and LaRiccia (2001). This
suggests viewing &,(K), with h, =n~!/3, as a process indexed by the class of
kernels

{K; (1) =AK(A): A > 0}.
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Suppose one could establish that this process, restricted to any compact interval
[a,b] C (0,00), converges weakly to a mean-zero Gaussian process &(Kj)
continuous in A. Then, if A, is a sequence of data-driven smoothing parameter
estimators, which converges in probability to some fixed value X, one could
conclude that &,(K,,) converges in distribution to the normal random variable
§(K},). For a thorough discussion of smoothing parameter estimators, that have
this property, consult Berlinet and Devroye (1994) and the references therein. It is
easy to see, building on Example 1.2, that if K is a kernel of bounded variation
vanishing off a compact set, and if 0 < a < b < oo, then the class of kernels

K = {AK(-A): A € [a, b]}

satisfies condition (1.4).

Concerning the previous example, note that if
(1.5) K ={AK(A:): L €la,oc0)},

with a > 0, then the finite-dimensional distributions of the sequence of processes
{£,(K): K € K} satisfy the central limit theorem for all densities, but the
processes themselves do not converge in law in £°°(K) for any densities [the
limiting Gaussian process £(K) fails to be sample bounded]. This is shown in
Example 6.1.

The tools that we develop to prove Theorem 1.1 permit us to extend the
asymptotic normality of &, (K) to kernels satisfying || K || < co.

THEOREM 1.2. Assume K satisfies (1.2) and ||K |2 < oo. If h, — 0 and
/nhy, — 0o, then, as n — oo,

(1.6) £.(K) S E(K) L0(K)Z
and
(1.7) Var(&,(K)) = o2(K).

Notice that, somewhat remarkably, neither in Theorem 1.1 nor in Theorem 1.2
did we impose any assumption on the Lebesgue density f. Also, we did not require
that K satisfy (1.1).

Of course, one may ask when Ef;, x(x) can be replaced by f(x) in &,(K)
in (1.6). An obvious sufficient condition is that

(1.8) «/ﬁ||f—Efn,K||1—>0 asn — o0.

However, (1.8) need not always hold. For instance, if K (x) =1 (x € [—1/2,1/2])
and X is a Uniform(0,1) random variable, then

V1
2 ’

Vilf —Efukll =
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which implies that (1.8) is not satisfied under the condition for asymptotic
normality «/nh, — oo as n — 0. One set of sufficient conditions for (1.8) is
the following: in addition to the assumptions that K satisfies (1.1) and (1.2) and
IK]l2 < o0, assume that K (x) = K (—x), for all x € R,

/sz(x)dsz and /|x|3|K(x)|dx<oo.
R

Also assume that the density f is three times continuously differentiable on R
and [p|f"(x)|dx < co. Applying Lemma 22 of Devroye and Gydrfi (1985),
Chapter 5, we get

h3
\/ﬁnf—Efn,Knls—J’Z / |x|3|K<x>|dx/ £ ()] dx.
R R

Thus /nh} — 0 and \/nh, — 0o as n — oo imply both (1.8) and asymptotic
normality. (Note that the choice &, = an~ Y3 x> 0, fulfills these conditions.)
A similar comment applies for the replacement of Ef, x(x) by f(x) in Theo-
rem 1.1.

The results just described are further evidence of the difference in asymptotic
behavior between the sup norm and the L;-norm of the discrepancy between the
kernel density estimator and its mean (or the density). In particular, Theorem 1.2
should be compared to the Bickel and Rosenblatt (1973) result on weak
convergence of the sup norm of f, x — Ef, x over compact intervals: the
hypotheses are more restrictive, the centering is different and the rate is slower
for the sup norm.

Devroye and Gyorfi [(1985), Chapter 3, Theorem 1] prove the law of large
numbers for J,(K) [defined in (1.3)], with K € L;. Just as with the central limit
theorem, we may ask for conditions under which this law of large numbers holds
uniformly in K € K, for all densities f. This turns out to be a much easier problem
than the central limit theorem; at least this is the case for the following Glivenko—
Cantelli result.

THEOREM 1.3. Let K be a relatively compact subset of Li(R,B,m)
satisfying (1.1) for all K € K. If hy, — 0 and nh,, — oo, then

(1.9) lim E* sup J,(K)=0.

The following notation, already encountered above in the definition of weak
convergence in £°°(T), is used in this statement and will be used thoughout: if
X is a not necessarily measurable random function, X* denotes its measurable
envelope, and we set E*X = EX™ [see van der Vaart and Wellner (1996) for
calculus with nonmeasurable functions].

Theorem 1.3 implies that the law of large numbers for J, (K) holds uniformly
over many classes of kernels. However, we will see in Example 7.1 that this is not
so for the class of kernels (1.5).
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The bulk of this paper is devoted to the proof of Theorem 1.1. The proof
consists of two main steps. We must first prove that the finite-dimensional
(f.d.) distributions of the processes {£,(K):K € K}2, converge in law to the
corresponding f.d. distributions of {§(K): K € K}, and then we must also show
that these processes are uniformly tight, that is, that they satisfy the asymptotic

equicontinuity condition

(1.10) lim lim sup Pr sup 1€,(K1) — &,(K?2)| >8} =0
8—=0 n—o0 02(K1,K2)<6,K1,KreX

[see either van der Vaart and Wellner (1996) or de la Pefia and Giné (1999)]. In fact,
we will prove a result stronger than tightness, namely, that the increments of the
process satisfy a uniform exponential integrability condition. After establishing
some necessary preliminary results in Sections 2—4, tightness will be proved in
Section 5 and f.d. convergence in Section 6, where the proof of Theorem 1.2 is
also given. In the process of proving Theorem 1.1, we will develop a body of
Poissonization techniques and restricted chaining methods useful for studying the
weak convergence of general processes indexed by a class of functions. These are
detailed in Sections 2 and 4 and should be of independent interest. The Glivenko—
Cantelli theorem is proved in Section 7.

2. Poissonization techniques. One of the main ingredients in the proof of
the central limit theorem for the sequence of processes {&,(K):K € K}°° is
Poissonization of the empirical process, the reason being that, as is well known,
if n is a Poisson random variable independent of the i.i.d. sequence X;, i € N,
Xo =0, and if A, k € N, are disjoint measurable sets, then the processes
Z?:() I(X; € Ay)dx;, k=1,2,...,are independent. The following lemma is basic
for the tightness part of the proof. Its idea may be traced back to Pyke and Shorack
[(1968), proof of Lemma 2.2] through Einmahl (1987) and Deheuvels and Mason
(1992) [see also Einmahl and Mason (1997)], and we give it here in an abstract
form suitable for our purposes. See Borisov (2002) for a slight generalization
of this lemma and extra historical remarks. Here is some convenient notation.
We say that a set D is a (commutative) semigroup if it has a commutative and
associative operation, in our case sum, with a zero element. If D is equipped with
a o-algebra D for which the sum, +:(D x D, D ® D) — (D, D), is measurable,
then we say the (D, D) is a measurable semigroup.

LEMMA 2.1. Let (D, D) be a measurable semigroup; let Xo =0 € D and let
Xi, i €N, be independent identically distributed D-valued random variables; for
any given n € N, let n be a Poisson random variable with mean n independent of
the sequence {X;}; and let B € D be such that Pr{X| € B} < 1/2. Then

n n
(2.1) Pr ZI(XieB)XieC}§2Pr{ZI(XieB)X,-eC
i=0 i=0
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forall C € D. In particular, if H : D — R is nonnegative and D -measurable, then

n N
(2.2) EH(ZI(Xi eB)Xi> §2EH<ZI(X,- eB)X,-).

i=0 i=0
PROOF. Set pp=Pr{X;e€B}and pgpc=1—pp.Letrg=0€R,Yg=0€ D
and let 7;, Y;, i € N, be independent random variables such that Pr{z; = 1} =

1 — Pr{r; =0} =Pr{X; € B} and ¥; 4 (X1]X1 € B) for all i > 1. It is easy to
see that

1(X, € BYX; £ 117,

Therefore, if np is Poisson with mean npp independent of the variables t; and Y;,
i=1,2,...,it follows that

N N B

d d
E I(X,‘GB)X,‘Z E ;Y = E Y:,
i=0 i=0 i=0

where the last identity is classical. We can assume n = np + npc, where np and npec
are independent Poisson respectively with parameters npp and np gc, independent
of the other variables. We then have

Pr{ZI(Xi € B)X; ec}

i=0

=Pr{ZIiY,' € C}

i=1

:I(OEC)Pr{Zn :o} +Zpr=2rm €C.) 1 :k}
j= k=1 i=1 i=1
= Z( )poBckPr{ZY eC}

k=0

i=0

)nk

= niet Xn: (an)k (nps, Pr{Xk: Y; € C}

n" = klek (n—k)len—k

Pr{n—n} ZPr{ZY eC,ng= }Pr{nBL_:n—k}

- maxo<k<n Pr{npe =n — k} Pr Z viec
Pr{n =n} P

_ Pr{nge =[nppel} | |{ . .
= Py —n] Pr{gl(Xl eB)X; e C}.
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Now, Stirling’s formula, n! = (n/e)" /27 ne /" for some 0 < 6, < 1/12, gives
that Pr{npgc = [nppc]}/ Pr{n =n} <2 if pgc > 1/2 and n > 5; direct computation
shows that this inequality is also true for 1 < n < 4, proving the first inequality in
the lemma. The second inequality follows from the first by the usual integration-
by-parts formula for expected values. [

REMARK 2.1. We will apply the preceding lemma to the semigroup D
generated by the point masses, D = {0,>"" 8y, :n € N, x; € S}, where (S, §)
is a measurable space, with the o-algebra £ generated by the functions
faB(x1, ..., xy) =27 I(x; € B)8y;,, n € N, B C 4. It is easy to see that, for
any measurable function /:S — R, the map u — [ hdp is D-measurable [just
note that fn_’llg{,u €D, [hdp <t} ={(x1,...,xp): 2 1(x; € B)h(x;) <t} is a
measurable set of $”]. Our functions H will have the general form

H(Zl(xi eB)chi>

i=1

X
= exp{k < },
where A is a union of intervals and B is the #/2-neighborhood of A. H can be
shown to be D-measurable by approximation by Riemann sums.

—c(x)dx

x") —b(x)

We will need to estimate moments of Poissonized sums in both parts of the
proof of the central limit theorem. The following lemma extends to Poissonized
sums the sharpest bounds for moments of sums of independent random variables.
Before stating it, we will recall the Johnson—Schechtman—Zinn improvement on
Rosenthal’s inequality: if &; are independent centered random variables, then, for
every p>2andn €N,

(2.3)

5 n
E < E E ,2 E|&|P
o <10gp) maxK " ) L E }
[obtained by symmetrization of the inequality in Theorem 4.1 from Johnson,

Schechtman and Zinn (1985)]. This bound has a version for sums of independent
nonnegative random variables ¢;, namely: for every p > 1 and n € N,

ol ol () ]

[Johnson, Schechtman and Zinn (1985), Theorem 2.5].
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LEMMA 2.2. Ifr =2 and F is a continuous function of two real variables,
nondecreasing in each of them separately, and such that the inequality

r

(2.5) < FmEE* nE|g|")

E|Y &
i=1

holds for all n € N and all sequences of independent, identically distributed and

centered random variables £, &1, &>, .. ., then the inequality
n r
(2.6) E\Y ¢ —vE¢| <F(YEZ yEK)
i=0

holds for any y > 0, any sequence of independent identically distributed random
variables £,C1,82,...,a Poisson random variable n with mean y independent of
the variables {{;}72, and o=

PROOF. The distribution of Z?:o ¢ — y E¢ is infinitely divisible; in fact, for
any N € N, we can write

Z —yE; = Z( ——E{)

i=0

where w, w1, w2, ... (dependent on N) are i.i.d., with

d & d 1
w= . = Pois| = ),
Yo (%)

and ny independent of {1, {2, .... Clearly, Ew; = (y/N)E¢. Applying inequal-
ity (2.5) to the sequence {w; }, we get

n r N r
E[ ¢ —yE¢| =E Z(w,- - %E:)
P i=1
2.7) 2
< F(NE(a)— lE;) ,NE‘a) Y k¢ )
N N

The first argument of F in this inequality is just

2
_r — yE2
NE(w NEg“) yEC“.
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Regarding the second argument, we have

r

14
Elw——F
“” N
00 Jj v r
=Y E|Y & ——Et| Priny = j}
“ “ N
j=0 1i=0
r
14
<|ZE
=y ¢

r

—1
ry ' :
+W|E§|E Pr{ny = j}.

J J
Z: ;Q‘

Taking into account inequality (2.4) applied to {|¢;|} and that Pr{ny = j} =
e 7/N(y/N)/ /j!, we obtain that

2

14
—|E
+y B¢

hmsupNE‘ <)/E|§|r.

N—o00

Now (2.6) follows by combining these estimates with inequality (2.7). U

Inequality (2.4) together with the previous lemma gives the following extension
of Rosenthal’s inequality to Poissonized sums.

LEMMA 2.3. [If, for eachn € N, ¢, 1,8, ..., 8n, . .. are independent identi-
cally distributed random variables, {y = 0, and n is a Poisson random variable
with mean y > 0 and independent of the variables {;}:2, then, for every p > 2,

p

)4
(2.8) _yEC 5(15p) max[(y E¢HP/2, y E|¢|P].

log p

Moreover, specializing to £ = 1, we have, for every p > 2,

15 p
(2.9) Eln—yl?P < (—”) max[y”"2, 1.
log p

Here is the basic result that we will apply in order to “de-Poissonize” in the
process of establishing f.d. convergence.

LEMMA 2.4 [Beirlant and Mason (1995)]. Let Ny, and N3, be independent
Poisson random variables with Ny, being Poisson(n(l — o)) and N», being
Poisson(na), where a € (0, 1). Denote N,, = N1 , + N2, and set

Nip—n(l—a) Ny, —na

U, = ’ d V,=
Nz an Jn

Let {S,};2, be a sequence of random variables such that:
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(i) for each n > 1, the random vector (S,, U,) is independent of V,;

(i) for some o2 < o0,

(Su, Up) > (0Z1,1T—aZy)  asn— oo,
Then, for all x,
Pr{S, < x|N, =n} — Pr{ic Z; < x}.
We provide a proof here for the convenience of the reader. It is somewhat
different from the original one given by Beirlant and Mason (1995).
PROOF OF LEMMA 2.4. Consider the characteristic function
On(t,u) = Eexp(itS, +iulNy)
w .
= > " E(exp(itSy)| Ny = k) Pr(N,, = k).
k=0
From this, we see by Fourier inversion that the conditional characteristic function

of S, given N,, =n, is

Y (1) := E (exp(itS,)| N, = n) —iung (¢, u)du.

1 T
27 Pr(N, =n) /—n ¢

Applying Stirling’s formula, we obtain, as n — o0,

(2.10) 27 Pr(N, =n) =2me "0V /(n — D! ~ 2n/n)"/?,
which, after changing variables from u to v//n and using assumption (i), gives
m/n
Un(t) = 2m) V2 (1 + 0(1))/ fEexp(itSn +ivU,) E exp(ivVy) dv.
—TT\/n

We shall deduce our proof from this expression for the conditional characteristic
function v, (¢) after we have collected some facts about the asymptotic behavior
of the components in v, (¢).

First, by assumption (ii),

(2.11) Eexp(itS, +iuU,) — ¢(t,v),
where
o(t,v) = exp(—(azt2 +(1 - a)vz)/Z).
Next, the proof of Theorem 3 on pages 490-491 of Feller (1966) shows that, as

n— 00,

T
/ |E exp(ivV,) — exp(—av?®/2)|dv + «/_exp(—avz/2)dv—> 0,

—m/n [v|>ma/n
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which implies that

m/n
(2.12) / f|Eexp(itSn + iulU,)(E exp(ivVy) — exp(—av?®/2))|dv — 0.
—TT\/n
Now, by putting (2.11) and (2.12) together with the Lebesgue dominated
convergence theorem, we get

Y (1) — (1, v) exp(—av?/2) dv = exp(—c2t%/2). O

75w b

REMARK 2.2. Note that the version of Lemma 2.4 given in Beirlant and
Mason (1995) is a bit more general. It allows the limiting bivariate normal
random variable in (ii) to have nonzero correlation. However, the version given
above suffices for our needs. Lemma 2.4 is not original to Beirlant and Mason.
A preliminary version was prov ed by Beirlant, Gyorfi and Lugosi (1994). A
similar partial inversion is used by Holst (1979). The idea of partial inversion,
itself, goes back at least to Bartlett (1938).

REMARK 2.3. Lemma 2.4 can be generalized to distributions other than the
Poisson. In particular, let X1, X», ... be i.i.d. integer-valued random variables with
mean 1 and variance 1 and set, forany 0 <« < 1,

no|

n [
No=>Xi,  Now=)_Xi, Nip=N,— Ny,
i=1 i=1

Then, by using Theorem 3 on page 490 of Feller (1966), one can repeat the proof
of Lemma 2.4 to show that it remains true with these definitions of N,, N,
and N2 ;.

3. Moments of the increments of the Li-norm kernel density estimator
process. This section contains a crucial estimate for the increments of the
L1-norm kernel density estimator process. Then tightness will follow by a slight
modification of a standard metric entropy argument. Given a density f on R,
let No = No(f) < 00 be such that sup;y [+ f(x)dx < 1/2 for all n > Nj.
Such an Ny exists by absolute continuity if 4, — 0 as n — oo, which we assume
throughout.

PROPOSITION 3.1. Let K;, i =1, 2, be two bounded kernels satisfying (1.2)
and such that

0

3.1 (K1, K2) > 2
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for some p > 0 andn > Ny. Set k = max(|| K1 |loo, | K2ll00) and C1 := Ci(k, p) =
sUP =2 (14 (26/p)" )Y/ Then

3.2 Eexp 6 (K1) — £, (K2)| } 4 :

e 720€t)m
ex
C102(K1, K2) P Z( }

o \logm

forallt > 0.

PROOF. Let X, X, X|, X5, X}, ... be iid. random variables. Given two
bounded, integrable kernels K1, K>, and n > Ny, we set, for x € R,

() e ()

Al -]
ha/n =172\, \hy

and Ag(x) = 0. Further, for n > 1, we let n,, be a Poisson random variable with
mean n, independent of X1, X, ..., and set

Ap(x) =

’

1 In x—X; x—X
B () = m{?f“( I )‘”Em( Ty )H
1 In x—X; x—X
- hnﬁ{;K2< T )_”EKZ( T )H
Then
(3.3) En (K1) — £0(K2) = /R (An@) — EA, () do,

and we define, for convenience,
(3.4) £ (KD —E,(K2) = [ (8,(0) = EAy, () dx.

Let A (x) be defined as A, (x) using the X/, X}, ... variables and let E’ denote
integration with respect to the variables X’ only. Then, for A € R,

Eexp{Al§, (K1) — §.(K2)[}

}Eexp{kl?n(lﬁ) — &, (K2},

= Eexp{k‘/R(An(x) — EAp(x))dx

< exp{)\‘/R(EAn(x) — EA,, (x))dx
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!

= exp{k’/R(E/A;(x) — EA,,(x))dx

and, by Jensen’s inequality,

exp{k’/R(EAn(x) — EA,, (x))dx

!
!

< E’exp{k‘/l;(A;(x) — EA,, (x))dx

= Eexp{ArlE, (K1) — &,(K2)l}.

Hence

E exp{Al&, (K1) — £,(K2)[} < (E exp{AlE, (K1) — E,(K2)|})
3.5

Let I, s =1,...,6, be a partition of the integers Z such that:

(i) ifi #j e d,, then|i — j| > 2, and
(ii) for every s =1,...,6, >y Pr{X € (¢ — 1/2)hy, (i +3/2)h,]} < 1/2,
and set

A= (hn, G+ Dhy],  s=1,...,6,
ieds
and
By= | J (G —1/Dhy, (i +3/Dh,],  s=1,....6.
ieds

Then condition (ii) becomes Pr{X € B;} < 1/2. Note that the sets A partition R
and that if x € A; and X ¢ By then K((x — X)/h,) = 0. (To see that such a
partition exists for n > Ny, take first 4, = {2n:n € Z}; then the corresponding
extended set By, coincides with R; by further decomposing Jf;, into three parts
if necessary, we get three sets [y, s = 1,2,3, whose union is 16 and whose
corresponding B; satisfy Pr{X € B} < 1/2; the same can be done with 1/1 =
{2n + 1:n € Z}.) Then we have

6

(3.6) (K1) —E, (K| <Y

s=1

’

/ (An(x) — EA,, (x))dx

s

and, by Holder’s inequality,

E exp{21|E, (K1) — &, (K2)|}
(3.7)

)"

6
< l_[(E exp{lZK’/I;.(An(x) — EAy, (X)) dx

s=1
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Let us fix s. Since, for every measurable function g,

/Asg(éKCC ;nXi)>dx =/Asg<§1<xi c Bs)K<x ;nXl))dx

(if the integrals exist), it follows from the properties of B; that we can apply
Lemma 2.1 (see also Remark 2.1) to conclude

<2FE exp{ 12)\‘/A (A, (x) — EAy, (x))dx

Eexp{le‘/A (Ap(x) — EAy, (x))dx

(3.8)

I

Since the intervals building up B; are disjoint, it follows from the properties of the
Poissonized process that the random variables 6; ,, j € 4, defined as

G+ Dy
(3.9) 8jn = / C (A 00— By, (0)dx,
J n

are independent. Therefore, since el < ¢¥ 4-¢7,

Eexp{ 12)»’/14 (A, (x) — EA,, (x))dx

!

< Eexp{ 12%/. (A, (x) — EA,, (X)) dx}
Ay
(3.10)

+ Eexp{—l2k[4 (A, (x) — EAy, (X)) dx}

=[] Eexp{1228;,} + [] Eexp{—1215; ,}
jG.ls jels

for any A > 0. To estimate the right-hand side of (3.10), we will obtain bounds on
E|8; " for m > 2 (note that E§; , = 0).

Let A;?n be an independent copy of A, . By Jensen’s inequality and the
generalized Minkowski inequality [e.g., Folland (1999), page 194],

m

Eléj,n|m <E

G+ ,
fh (A, (x) — AL (x))dx

(j+Dhy m
< [/ (E|Ag, ) — AL o™ dx} .
J

n
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Now
E|Ay, (x) = A ()"

= ZmE’Ann (‘x)‘m

Mzhn)m H_Z'IOKl( ~)- E’“(xl;x)’
[l o)
= e o5 ) e ()

which by Lemma 2.3 is less than or equal to

(o) | (e = (55))
hylogm YA T,

1 x— X\ "
+WE(K1_K2)< hn )

(3.11)

Thus, by Jensen’s inequality,
E|8jnl™

60 m - X m/2
5(1 m) wm)hn IE(KI_KZ)Z(X ) dx)
ogm i hy

- /(Hl)h ! ’(K K)( _X>md
— X |.
nm/2_1 jhn 1 2 hﬂ

It follows from these estimates, from E§; , = 0 and from Stirling’s formula, that
E exp{1246; ,,}

X720\ G+Dha 1 -X m/2
51+Z( ¢ ) (/ —E(Kl—Kz)z(x )dx)
m=2 logm jh11 hn hn

N 1 /(J-H)hnl ‘(K K)( X)‘md

and the same bound holds as well for Eexp{—12Ad;,}. Then, plugging this
estimate into (3.10) and using the elementary inequality

l_[(1+xi) fexp<2x,~>, x; €R,

(3.12)
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!

we obtain

exp{ IZA‘A (A, (x) — EA,, (x))dx

<2€Xp= Z Z(
jedsm=2
(3.13)
(+Dhn 1 S(x—X m/2
L ()
Jjhn hy hn

N 1 /(J-H)hnl ‘(K K)( X)‘md}
nm/2=1 Jip, PR T, ik

Now, by a change of variables,

(j+1)hn 1 5 X — X m/2
Z(/ —E(K; — K»>) ( )dx)
jhn hn hn

J€ds
(]+1)hn 1 — X
(Z/ o EKi— KZ)Z(xh )dx)

jeds

1 - X m/2
= (& [ i = K2 (7 ) ax)

m/2
= </R(K1 — Kz)z(x)dx> =09y (K1, K»).

7203%)
logm

We now restrict to n such that d,(Ky, K3) > p/ n'/2. For these n, we similarly

have
mj2—1 Z/ ‘(Kl Kz)( )
n jedy Jhn n

m

dx

/2 1 m(Kl KZ)

m—2
e
— pm/2-1

2K m—2
< (7) o (K1, K2).

33(K1, K2)
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|

X (720erCi(k, p)dr (K1, K2)\"
3 i

logm

Then, combining these estimates with (3.13), we obtain

E exp{ IZA‘A (A, (x) — EA,, (x))dx

§2exp{

m=2
Setting

t
A=
Ci(k, )32 (K1, K»2)

in this inequality and combining it with inequalities (3.7), (3.8) and (3.5), we
obtain (3.2). [

It is not clear that inequality (3.2) exhibits the best integrability for |£, (K1) —
£,(K>)|, but this seems to be the best order of exponential integrability we can get
using Poissonization.

Let W be a Young modulus, that is, a convex increasing unbounded function
W : [0, 0o) — [0, 0o) satisfying W(0) = 0. For a random variable X its Ly -Orlicz
norm is defined to be

X
1 X]w =inf{c > O:E\Il<u> < 1}.

c
The function

e —1

(3.14) V(x) = )

is a Young modulus. Moreover, it is easy to see that for every m > 1 there
exists ¢,, < oo such that the inequality || X||,, < ¢;u || X ||y, holds for any random
variable X. Proposition 3.1 implies the following bound for the W;-norm of
£,(K1) — &,(K>), which will be needed to establish the tightness part of the proof

of Theorem 1.1.

COROLLARY 3.1. Under the hypotheses of Proposition 3.1, there exists a
constant C(k, p) < oo such that, for all n > N,

(3.15) 162 (K1) — £ (K2) |lw, = Clk, p)d2(K7, K2).

PROOF. Let g be suchthat Y7 ,(720ety/logm)™ =log(5/4). Then inequal-
ity (3.2) yields (3.15) with C(x, p) = C1(x, p)/t9. U
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The next moment bound will be useful for proving Theorem 1.2.

PROPOSITION 3.2. Let K;, i = 1,2, be two square-integrable kernels
satisfying (1.2). Then, for some universal constant C > 0 and for all n > Ny,

E(E.(K1) — £,(K2))” < CO3(K 1., K»).

PROOF. We keep the same notation as in the proof of Proposition 3.1. Observe
that from (3.3) and (3.4) we get

£ (K1) — &1 (K2) =&, (K1) —En(Kz)Jr/RE[Ann(x) — Ap(x)]dx,

which by arguing as in the proof of (3.5) gives

(3.16) E(E(K)) — £,(K2))” <4EE, (K1) —E,(K2)’.

Next, as in (3.11) but replacing Lemma 2.3 by direct computation, we obtain

/ 2 4 2 x—X
E(Ay, () — A (x)) sh—2E<K1—K2>( - )

which gives

) (+Dhn 1 afx—X
(3.17) E(Sj’n§4/ —E(K1 - K2) ( )dx-
Jjhn hn hn

Thus, from (3.6), the convexity of y = x? and Lemma 2.1 and using independence,
we get

6 2
EE, (K1) —E,(K)> <63 E( [ ()~ £y, @) dx)
s=1 s
6 2
(3.18) < 122E</ (A, (x) — EAnn(x))dx)
s=1 As
6
=12)" Y ES,.
s=1jedy
which by (3.17) is less than or equal to
x—X

1 2 C 2
(3.19) 48/ —E(K| — K») ( )dx =: —9,(K1, K7).
R hy, 4

hn
Inequalities (3.16) and (3.19) prove the proposition. [
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4. Tightness of general processes. The standard theorems on the tightness
of processes using metric entropy (or, equivalently, packing numbers) apply
to processes {£,(K):K € J} that satisfy inequalities such as (3.15) for all
K1, K> € KX, whereas in our case such an inequality holds only for K| and K>
not too close in the dy pseudometric, namely, satisfying inequality (3.1). The
observation we will make in order to deal with this problem applies to any of
several entropy bounds for moments or for Orlicz norms in the literature [among
them, e.g., the oldest one, valid only for Orlicz norms of exponential type such
as, e.g., in de la Pefia and Giné (1999), Theorems 5.1.4 and 5.1.5, or the ones
coming from Pisier’s improvement on chaining such as, e.g., Theorem 2.2.4 in van
der Vaart and Wellner (1996) or its modification for any moduli based on Pisier’s
maximal inequality, as indicated in the notes on page 269 of van der Vaart and
Wellner (1996)]. Here we will only consider the bound for exponential moduli as
it is the one we use.

We say that a Young modulus is of exponential type if the following two
conditions are satisfied:

. v (xy) N )
limsup ————— <oo and limsup—— < oo.
XAy—00 lIl_l(x)lp_l(y) X—>00 \I’_l(x)
Note that ¥ defined in (3.14) satisfies these conditions [as \Ill_l(x) = log(4x +1)].
In what follows, if a variable X is not necessarily measurable, we write || X ||y, for
11 X|*|lw, where | X |* is the measurable envelope of | X]|.

PROPOSITION 4.1. Let W be a Young modulus of exponential type, let (T, d)
be a totally bounded pseudometric space and let {X;:t € T} be a stochastic
process indexed by T, with the property that there exist C < 00 and 0 <y <
diam(T") such that

4.1) Xy — Xillw = Cd(s, 1),

whenever y <d(s,t) < diam(T). Then there exists a constant L depending only
on \V such that, for any y < é < diam(T),

*

sup | X5 — Xy
d(s,1) <8 v

(4.2)
* 8

+CL/ v N(D(T,d,¢))de.
v v/2

sup [ X5 — X;|

<2|
d(s,t)<y

PROOF. Let T, be amaximal subset of T satisfying d(s,t) > y fors #t € T,.
Then Card(T),) = D(T,d,y). If s,t € T and d(s,t) <, let 5, and ¢, be points
in 7}, such that d(s,s,) <y and d(¢,t,) < y, which exist by the maximality
property of T),. Then d(sy, t,) <& +2y < 38. Since

|Xs — X¢| < ’Xs - Xsy‘ + ‘Xt —Xzy‘ + ’Xsy — X,

’
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we obtain
* *
@) | swp Xo=xil| <2 sup 1Xo-Xil] | max (X - X,
d(s,H)<8 7 d(s,t)<y 7 dgj;g;j“ o

Now the process X restricted to the finite set 7, satisfies inequality (4.1) for all
s,t € T, and therefore we can apply to the restriction to 7,, of X;/C the entropy
bound in Theorem 5.1.4 of de la Pefia and Giné (1999) [see also (5.1.10) there] to
the effect that

36
jmax_|X, —X;|/C| <L v (D(Ty,d,¢))de
a(s,r)< 0

s,t€Ty

v
“4.4)

1)
<3L [ (DT, d.e))de.
0

where L is a constant that depends only on W. Now we note that D(T,,,d, ¢) <
D(T,d, ¢) for all £ > 0 and that, moreover, D(T,,,d, ¢) = Card(T,,) = D(T,d, y)
for all £ < y. Hence

§ 8
/0 v (D(T),d, ¢))de < y\IJ_l(D(T,d,y))-i-/ v H(D(T,d,¢))de
14

5
<3| v (DT, d,e))de,
y/2
and this, in combination with the previous inequalities (4.3) and (4.4), gives the
proposition. [

Proposition 4.1 constitutes an example of restricted or stopped chaining. Giné
and Zinn (1984) use restricted chaining with y = n~1/4 at stage n, whereas for the
processes we have in mind we will use y = pn~!/2, p arbitrary.

5. Proof of the tightness part of Theorem 1.1. The following corollary of
the above lemmas and propositions obviously implies the asymptotic equicontinu-
ity (or tightness) of the sequence of processes {£,(K): K € K} from Theorem 1.1.
Recall the definition of Ny given at the beginning of Section 3.

THEOREM 5.1. If the class of kernels K is bounded by a constant k and
satisfies (1.2) and the entropy condition

[e.e]
6.1 / log N(JK, 02, €)de < oo,
0
then
*
(5.2) lim sup sup |6, (K1) — & (K2)||  =0.
8_)0n>N() 0 (K1,K»)<8, K1,KreX 2
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PROOF. Corollary 3.1 and Proposition 4.1 give that, for n > Ny,

*
sup |$n(K1) - En(K2)|
32(K1,K2)§3, K],KQEJC ‘1/1
k
(5.3) <2 sup &0(K1) — &0 (K2)|
(K1, K2)<p/n/2, K1, KreX ¥

1)
+Clp, K)L/O W (D(K, B, &) de.

The entropy hypothesis (5.1) on X readily implies that the second term on the
right-hand side of this inequality tends to 0 as § — 0. As for the first term, we note
that, for all » € N and K and K> satisfying 0> (K, K2) < ,o/nl/z, we have

|$n(K1) _én(K2)|
<n /R | ok, @) = Fo iy () — E[fu iy () — fok, (0] ] dx

v fR Elfu i, () = fo iy @) — E[fok, 00) = fuko 00)] | dx

1/2
<avi [ [Ki@) = Ka(o] dx <4V (K1, Ko)
—1,2
<p.

Therefore the first term on the right-hand side of inequality (5.3) is dominated by
2|l4plly, = 8p/log5. Hence, letting first § tend to O and then p go to 0 in (5.3),
we obtain the limit (5.2). [

So the tightness part of the proof of Theorem 1.1 is completed, and, on the
way, we have also shown that the increments of the processes {&,,(K)} enjoy some
uniform exponential integrability.

6. Proof of the finite-dimensional convergence part of Theorem 1.1 and
proof of Theorem 1.2. The next theorem gives convergence of the finite-
dimensional distributions in Theorem 1.1. Its proof will be divided into several
lemmas.

THEOREM 6.1. For any Lebesgue density f, any sequence of positive
constants {h,}°° | satisfying h, — 0 and \/nh, — 00 as n — oo and any finite
collection K := {K, K5, ..., K} C K, m > 1, the random vector &,(K) =
(K1), ..., E.(Ky)) € R™ converges in distribution to a mean-zero m-variate

normal distribution having covariance matrix with entries aj;; = o (Kj, Ky),
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l,s=1,...,m. Moreover, forall 1 <l,s <m,
nli>nc.>lo COV(€n<Kl)7 En(Kv))
(6-1) =nl_i)ngoncov(”fn,l(l - Efn,K1 1’ fn,KS - Efn,KS ”1)
:G(Kl7 KS)‘

In particular, forall 1 <s <m,

(6.2) limn Var(| fu.x, — Efax,[}) = 0% (K).
The following lemma on convolutions will be crucial for our proof.

LEMMA 6.1. Suppose that H is a finite class of uniformly bounded real-
valued functions H, which are equal to 0 off a compact interval. Then, for any
H e #,

6.3) |fxHp(z)—J(H)f(2)|—0 as h \( 0 for almost all z € R,

where
J(H)=/ Hw)du
R

and

fx Hy(z)i=h""! /Rf(x)hr(Z ;x) dx.

Moreover, for all 0 < ¢ < 1, there exist M,v > 0 and a Borel set C of finite
Lebesgue measure m(C) such that

6.4) CCcl[-M+v,M—v],
(6.5) / f(x)dx =a >0,
lx|>M
(6.6) '/Cf(x) dx>1—z¢,
6.7) f is bounded, continuous and bounded away from 0 on C

and, uniformly in H € #,
(6.8) sup|f xHy(z) —J(H)f(z2)] =0 as h \ 0.

zeC
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PROOF. First, (6.3) follows from Theorem 3 in Chapter 2 of Devroye and
Gyorfi (1985). Using the continuity of our measure, we may find an interval
[—M, M] and a number v > 0 so that

o= fx)dx = ¢
Ix|>M 8
and

£
/x|>M_v fx)dx = 7

The rest of the proof is inferred from Lusin’s theorem followed by Egorov’s
theorem [see Dudley (1989), Theorems 7.5.1 and 7.5.2]. By Lusin’s theorem, we
can find a Borel set F such that f is continuous on F and

e

/;f(x)dx>1—4

Clearly, we can extract a compact subset D of R such that f is bounded,
continuous and bounded away from O on D N F, and

Foyde>1—2.
DNF 2

Finally, using (6.3), coupled with Egorov’s theorem, we can find a Borel subset C
of [—M +v, M —v]N DN F such that (6.4) and (6.7) are satisfied and (6.8) holds
uniformly in H € #. [

In the proof of Theorem 6.1 we shall apply Lemma 6.1 with
m
(6.9) H = Ho = (K. IKsl, K7, K}
s=1

Let C be from this lemma. Denote

(6.10) en=Sup |fxHp,(2) = J(H)f(2).
zeC,HeHy

By Lemma 6.1,

(6.11) &, —0 asn — oo.

Assume that n > ng is so large that &, < dmin{J(H): H € #y}/2, where § > 0 is
defined by

8= ing fx).
Then, for any z € C and H € F#, we have
(6.12) f@)J(H)/2 < f*Hp,(z) <2f(2)J(H).

The proof consists of three basic steps. First, we “truncate,” then we “Pois-
sonize” and, finally, we “de-Poissonize.” Our next lemma provides the truncation
step.
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LEMMA 6.2. Whenever h, — 0 and nh, — 00, we have that, for any Borel
subset B of R, any K € KX and any sequence of functions a, € L1(R, 8, m),

2
limsupE(\/ﬁ/B{lfn,K(X) —an(x)| — E| fo,x (x) — an(X)I}dX>

n—oo
<42 f F@)dx,
B

where k = || K || -

PROOF. Applying the theorem in Pinelis (1994), we get

£V [ [1frx ) - an ) —E|fn,1<<x>—an<x>|}dx)2
<ae(yn [ 1w(*55)|as)

o (5
= 00 hn B hn

<42 / Pr{X € [x — hy/2.x + hy/2]} dx.
B

(6.13)

dx

Now

h,;l/ Pr{X € [x — hn/2, x + hy/2]} dx
B

< / fx)dx +/ |h;1Pr{X €[x —hu/2,x +hy/2]} — f(x)|dx.
B R
By a special case of Theorem 1 in Chapter 2 of Devroye and Gyorfi (1985),
/ B PEX € [x — ha/2, x + hp/21) — F(0)|dx — 0
R

as n — 0o, which completes the proof of Lemma 6.2. [

We shall apply Lemma 6.2 in the case where a,(x) = Ef, x(x). Note that
in this situation we could get the same bound with 16 instead of 4 by applying
Theorem 2.1 of de Acosta (1981). Also see Devroye (1991), who obtained the
bound (6.13) with a,(x) = f(x).

Next, we shall “Poissonize.” Let 1 be a Poisson(n) random variable, that is,
a Poisson random variable with mean n, independent of X, X1, X», ..., and set

1 iU X—X,'
Sk (x) = K( ) K €K,
7 nhn; h,
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where the empty sum is defined to be 0. Notice that

(6.14) Efn,K(x):Efn,K(X)Zh;IEK(xh_X>,
(6.15) k(K . ) 1= 1 Var(fy g (x)) :h;zEKz(x;_X)
and

(6.16)  nVar(f, g (x)) = h;zEKz(x ;nx) - {h;lEK(x ;nx) }2.

Choose any Borel set C with m(C) < oo satisfying (6.7) and (6.8) with # = H.
Clearly, for any such set C,

sup | \/n Var(f, k (x)) — \/n Var( f x (x))|

xeC,KeK

(6.17)
=y UKL e

xeC,KeK [ f* Kh (x)

[see (6.7), (6.12), (6.15) and (6.16)].
We shall require the following fact, which follows from Theorem 1 of Sweeting
(1977) and is related to the classical Berry—Esseen theorem.

FACT 6.1. Let (w,¢), (w1,¢1), (w2, &2),... be a sequence of i.i.d. random
vectors such that each component has variance 1, mean 0 and finite absolute
moments of the third order. Further, let (Z1, Z») be bivariate normal with mean
vector 0, Var(Z1) = Var(Z») = 1 and Cov(Z1, Z») = Cov(w, ¢) = p. Then there
exist universal positive constants A1, Ao and Az such that

(6.18) E‘% — E|Z)| f%ElzP

and, whenever p* < 1,

(6.19) E‘Zij%”"-zé%;’ ~EZZl| < A2)3/2[<E|w| +Elcl)
and

(6.20) E{ ;i:/%wi-‘zyzlgi}’< A32)3/2f ol + El¢]?).

The next lemma shows that the centering part of &,(K) is asymptotically
equivalent to its Poissonized counterpart. Recall that Z denotes a standard normal
random variable.
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LEMMA 6.3. Whenever h, — 0, \/nh, — 0o and C satisfies (6.7) and (6.8)
with H = Hy, we have, for all K € K,

(6:21) nglgofc{ﬁE|fn,K<x> — Ef,k ()] = EIZ|/n Var(f,, (0) } dx =0
and

(6:22)  lim /C [VRE| £k () = Efo k(0] = E|Z|\/n Var(f, x (1)} dx =0.

PROOF. Let 11 denote a Poisson random variable with mean 1, independent
of Xy, X2, ..., and set

> (52 ek (SE)| [ e ()

J<m

6.23) Y,(x)= |:

Now VarY,(x) =1 and, for some constant A > 0 independent of Y}, and x,
hyPEIK ((x — X)/hy) P
(hw'EK?((x = X)/hp))3/?

Using (6.8) and that f(x) > § > 0 for all x € C, we get that, for all large enough n
uniformly in x € C for some constant By > 0,

(6.24) sup E|Y,(x)> < h1/?By.

xeC
Let Y,V (x), ..., ¥\ (x) be i.id. ¥, (x). Clearly,
_ k@) — Efuk @) ¢ T4 Vi @)
S EK2((x = X)/ hy) v

ElY,(0)P <A

(6.25) 7K (x):

Therefore, by (6.18),

sup E|/n{ fy.k (x) = Efy k ()}]
xeCl \Jh P EK2((x = X)/ hy)

Now, by (6.24), in combination with (6.26) and

(6.27)  sup \/h,TZEI@(x h_ X) = sup \/n Var(f, x (x)) = O(h;['/?),

xeC n xeC

< —=sup E|Y,(x)|".

xeC

(6.26)

—E|Z]

we get that

[ {VRE k@) = Bk 01 = E12Z1 o Var(fy ) |

o 1)
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Similarly, we obtain, by Fact 6.1,

[{VREV k0 = B 01 = E1Z1aVar (e )

“l )

which by (6.17) implies

[ {VEN 0 = B 0] = E121nVar(Fy (o)

:0( ! +\/E>. O

2
nhs;

LEMMA 6.4. Whenever h, — 0, nh, — oo and C has finite Lebesgue
measure m(C), we have

(6.28)  Ic(x + hyt) converges in measure to Ic(x) =1 onC x[—1,1]
and
(6.29) f(x 4 hyut) Ic(x + h,t) converges in measure to f(x) onC x[—1,1],

as functions of x and t.
PROOF. Notice that

1 x+hy,
// Ic(x—i—hnt)dtdx:// h' e (y) dy dx.
CcJ—-1 C —hy

Now, by Theorem 3 in Chapter 2 of Devroye and Gyorfi (1985), applied to
K (x) =Ij-1,1)(x) and f(x) = Ic(x), for almost every x,

1 X+hp 1
L / h ' e (y) dy — e ().
-

n

Thus, by the dominated convergence theorem,

x+h,
// hlc(y)dydx — 2m(C),
C Jx—hy,

which, in other words, says

(m xm){(x,1) € C x [—1,1]:1 — Ic(x + hyut) # 0}

1
:2m(C)—'/C'/_llc(x+hnt)dtdx—>0,

yielding (6.28).
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To prove (6.29), just note that, by the continuity of f on C,
(f @+ hnt) = f()) e (x +hnt) — 0
for all (x,t) € C x [—1, 1], and that, by (6.28),
F)(Ic(x + hyt) = Ic(x)) = 0
in measureon C x [—1,1]. O

Set, for K, K, K> € X,

on(C. K1, K2) :==nE [ ( | {|fn.k,®) = Efuk,(0)]
C

s=1,2
(6.30)
—E|fyk (1) — Efux, (x)!}dx),
02(C,K) :=0,(C,K,K)
631) _ E(\/E/Cﬂfn,K(x) CEfy ()]
2
CE|fyx () — Efn,K<x>|}dx)
and
(6.32) P(C) = /C F(x)dx =Pr{X € C}.

LEMMA 6.5. Whenever h, — 0, nh, — 0o and C satisfies (6.7) and (6.8)
with # = o, we have, for K;, K; e K, [, s =1, ..., m,

(6.33) lim 0,(C, K;, Ky) = P(C)o (K|, Ky).
n—oo
In particular, for K € K,
(6.34) lim ¢2(C, K) = P(C)o?(K).
n—0o0
PROOF. Without loss of generality, we shall only consider the case [ =1,
s = 2. Notice that, whenever |x — y| > h,, the random variables |f, g, (x) —

Efn k,(x)| and | f; k,(y) — Efy,k,(y)| are independent. This follows from the
fact that they are functions of independent increments of a Poisson process with
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intensity nf. Therefore
0 (€K1 K) = [ [ Covll (1) = Efhr ).
|f77,K2(y) - Efn,Kz(y)l) dx dy

= [ 10—y = mocovTE L T m)

X\ (K1, )k (K3, y) dx dy.
Keeping (6.15), (6.7), (6.8) and (6.25) in mind and noting that, with m(C) < oo,

f/1<|x—y|shn> dxdy < 2h,m(C),
cJC
we see that

Gn(C» Klv KZ) :En(cv Kla KZ) +0(1)7

where

aa(C, KI,K2)=/C/C1(|x—y|fhn)Cov(|TnK1(x)|,|TnK2(y)|)

x by MK 211Ky £ () £ () dx dy.

Now let (Z1 ,(x), Z2 ,(¥)), x, y € R, be amean zero bivariate Gaussian process
such for each (x, y) € R?, (Z1n(x), Z2,»(y)) and (TnKl (x), TX2 (y)) have the same
covariance structure. In particular, we have

d 2
(Z1.n(x), Z2n(y)) =( 1—(03(x,¥)) Z1 + o, (x, y) Za, Zz),
where Z| and Z, be independent standard normal random variables, and
pr(x,y) = E[T1(x) T)2(y)].

Set

7 (C, Kl,Kz>=fC/C1<|x—y|shn)cOvﬂzl,n(x)L|Zz,n<y>|)

x by YK 2llK2ll2y/ f () f(y)dxdy,

which by the change of variables y = x + th,, equals

1
// gn(x,t)dxdt,
CcJ-1
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where

gn(x, 1) == Ic(X)Ic(x + thy) Cov(|Z1,n ()|, | Z2,n (x + thy)))

K1l Kall2y f () £ (x + thy).
Also observe that
hy VE[K ((x — X)/hn) K2 ((x — X) /hy +1)]
Jhn "EK2 (= X) /h)hn ' EK3((x — X) [hy + 1)

P, x + thy) =

We will show that, as n — oo,

(6.35) 7,(C,K1,K7) - P(C)o (K1, K»)
and then, as n — oo,

(6.36) 7,(C, K1, K7) —7,(C, K1, K7) = 0,

which will complete the proof of the lemma.

First, consider (6.35). Applying (6.3) of Lemma 6.1, with H(u) = K{(u) X
K>(u +1), we get, for each ¢, as n — oo, for almost every x € R, hence for almost
every x € C,

h;lE[Kl(x ;nX)Kz(x ;nX +z)] — f(x)/RKl(u)Kz(u+t)du.

Moreover, we get with H(u) = K 12(14) and H(u) = K% (u + t), respectively, for
almost every x € C, both

x—X

h;lEKlz< ) — F@IKIIE

n
and

x—X

i ERY (S 1) > oKl

n

Notice that we do not need the just-mentioned functions H (-) to belong to . The
limit result (6.3) is applied to each of these functions separately. Thus, for each ¢
and almost every x € C, as n — 00,

pn(x,x +thy) — p(K1, K2, 1),
and thus

COV(|Zl,n(x)|, |ZZ,n(x + thn)l)

— Cov(|y/1 = p2(K1. K2.0Z1 + p(K1. K2.0)Z3]. | 22]).
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Combining these observations with Lemma 6.4, we readily conclude that g, (x, )
converges in measure on C x [—1, 1] to

Ie @K1l K2l Cov (|1 — p2(K1. Ko 1) Z)

+p(K1, K2, 1)Z>

122]) f ),

Since f is bounded on C, the function g, (x, t) is for all » > 1 uniformly bounded
on C x [—1, 1]. Thus we get by the Lebesgue bounded convergence theorem, as
n — 00, 7,(C, K1, K3) converges to

1
P(C)||K1||2||K2||2/ICOV(|\/1 — p2(K1, K2, )71

+ (K1, K2, Za],12a1) dt,

which, since p(K1, K3,t) = 0 whenever [¢f| > 1, equals P(C)o (K1, K3). This
completes the proof of (6.35).
Now we turn to (6.36). Set

Gu(x,t) =[IK1l21K2ll2Ic(x)Ic(x +thn)\/f(x)f(x +thy).
Notice that

1
(6.37) fc / Gaw.dxdi =2m(C)|Ki 2| K228 = B,

where B is the bound of f on C. We see that

1
s/cflrElzl,n<x>|E|zz,n<x+thn>|

— E|T,] ()| E|T,>(x + thy)||Gp(x. 1) dx dt

1
+/C/1\|Ezl,n<x>zz,n(x+thn>|

— E|IT] ()T, (x + thy)||Gu(x, 1) dx dt
=: Ap(1) + A (2).
First, using (6.37) and (6.18) of Fact 6.1 with (6.24), we get

1
Anl) = 0(¢—T>

Choose any 0 < ¢ < 1 and set

An(e) = {(,0): 1 = (pF(x, x + thy)) > ).
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Now

1
An(2) < /Cflrl—|Ezl,n<x>zz,n<x+rhn>|\ﬂAg(8><x,t)Gn<x,r>dxdr
1
+/Cf111—E|T,7K1(x)T,7K2(x+thn)|\11Ag(8)(x,t)G,,(x,t)dxdt

1
+ fc f NEZ1 0@ Zan (x4 tha)| = EITS T (x4 )|

X L a,e)(x,)Gy(x,t)dxdt
= Ap1(2,8)+ Ay 2(2,8) + A, (2, 8)
=1 Ap(2,8) + Ap(2,8).

To bound A, (2, €), we use the elementary fact that if X and Y are mean-zero and
variance-one random variables with p = E(XY), then 1 — E|XY| <1 — |p| <
1 — p? , in combination with (6.37), to get that

A, (2,8) <2ep.
Next, we use (6.37) and (6.19) of Fact 6.1 with (6.24) to get

A,(2,8) = O(\/liT,)

Thus, forall0 <e < 1,
limsup|T,(C, K1, K2) —7,(C, K1, K2)| < 2¢8,

n—oo

which, since € > 0 can be chosen arbitrarily small, yields (6.36). This finishes the
proof of Lemma 6.5. [

Suppose that our set C satisfies Lemma 6.1 with # = #y. Let M, v, « be the
numbers from (6.4) and (6.6). Let, for K € X,

Ay ) = Vn{l fo.k ) = Efu k(0] = E| fy.x () = Efa, g (01}
We shall prove the asymptotic normality of the random vector
An(K) == (/ AR () dx, ..., / AKm(x) dx).
C c
It suffices to prove it for any linear combination of the form
K, K
wn AR @ dr 4t [ A dx,

where @1, ..., um € R, without loss of generality, satisfy

Iyl + -+ [ uml = 1.
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Assume that n is so large that 4, < v and h, < M/2. Define m, = [M/ h,]
and h) = M/m,, where [x] denotes the integer part of x. Clearly, we have
M/Q2hy,) <m, < M/h,.Hence
(6.38) hy <h);, <2h,.

Set, for any integer i,

(i+1)hs
e 1o (x) Ay (x) dx

0,(C, n, K)

(xi,ﬂ =

where

Ap(x) = AR )+ A (1),

O’,%(C,/,L,K) = Var(ulf A,If' (x)dx+---+um/ A,If’"(x)dx)
C C

m
= Z wips 0q(C, Kp, Ky).
l,s=1

By Lemma 6.5, we have
m
(6.39) Tim 02(C, 1, K) = P<C>ZZ1 wiptso (K1, Ky).
8=
Therefore we can assume from now on without loss of generality that

m
(6.40) P(C) Y o (Ki, Ky) > 0.
l,s=1

LEMMA 6.6. Whenever h,, — 0, nh,, — 0o and C satisfies Lemma 6.1 with
H = Hy, there exists a constant By > 0 such that, uniformly in i and for all n
sufficiently large,

(6.41) Ela;,|® < Bih/2,

PROOF. Notice that
02 (C, 1, K) Ela; »|?

< [ 1e@IcO) I EIAMA,()A, @)l dxdydz,

where I; , = [ih¥, (i + 1)h?)3.
Clearly,

E|An() A () A (@] < E{|An ()] + 18 0] + 120 @)1},
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which by repeated applications of Jensen’s inequality is, for some constant D,, >0,
less than or equal to

m
3
DY (E| .k, = Efu k()|
j=1
3 3
+ E| frie; ) = Efa,i; O + E| fr.x, ) = Efo ;D).
Notice that by Lemma 2.3 we get, forany 1 < j <m and w € C,

n2E|fyk,w) — E fux, )|’

< () ol [ (SN (G (5))

which by Lemma 6.1 with the choice of # = # is, for some constant B > 0,
uniformly in 1 < j <m, w € C and all n > ng, with ng large enough,

53[ 31/2 \/—hz}

Thus, uniformly in x, y, z € C and all n > ng,

1 1
E|A0() Ar(9) Ay ()] < 3mBD, [ 7 th]

which implies that, uniformly in i,

/I‘ Ic() IcMIc(RD)E[A () An () An(2)dxdydz

h
< 6mBDm[hf/2 + \/—”ﬁ}

This last bound is, for some By > 0, uniformly in 7, less than or equal to Bohf,/ 2
Now (6.41) follows from (6.39) and (6.40). [

Our goal now is to set things up to apply Lemma 2.4. Define

my—1
(6.42) Sp=>_ din,
n

(6.43) U,,:iiz (X; e[—M,M]) —nPr{X e [-M, M]}}

NG et
and

1 n
(6.44) Vn:ﬁ{;l(xj¢[—M,M])—nPr{X¢[—M,M]}}.
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Clearly, (S, U,) is independent of V,,. To check this assertion, it suffices to use the
independence described at the beginning of Section 2 for the case A; = [—M, M]
and A, = R\[-M, M] (recall that we have C C [-M 4+ v, M — v] and h,, <v).
Observe that

(6.45) Var(S,)=1 and Var(U,)=1—a«,
where 1 > o =Pr{X ¢ [-M, M]} > 0.

LEMMA 6.7. Whenever h, — 0, nh, — oo and C satisfies Lemma 6.1 with
H = Ho, there exists a constant By > 0 such that, for all n sufficiently large,

B

(6.46) | Cov(Sy, Up)| = NN

PROOF. Notice that

Un(c7 :LL’ K)l COV(SYM Uﬂ)|

COV(ZMM [k ) = Efu i )] dx, Un)
i=1

Therefore it suffices to show that there exists a constant Bz such that, for any
K € K for all n sufficiently large,

< B3

(6.47) < Ty

00v(ﬁ [k = Efxl s Un)

Now, for any x € C,

VA(fo.k (%) = Efu g (x)) Uy )1 Sy D 170
( V(K %) JPaon) ,-:ZI(Y” ), UD)),

where (Y,gi)(x), UDy,i=1,...,n,areiid. (Y,(x),U), with

> (52 - ex(SE)] /e ()

J=<m

(6.48) Y,(x)= |:

and

U= |:Z I(Xje[-M,M])—-Pr{X €[-M, M]}:|/\/Pr{X e[—M, M]},
J=<m

n1 denoting a Poisson random variable with mean 1, independent of X, X5, ....
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Notice that EY,,(x) = EU =0, VarY,,(x) = VarU =1 and

E[K((x = X)/h) (X € [-M, M])]

|Cov(Yy,(x), U |—‘
VEK2((x = X)/hy) /PHX € =M, MT]

3 EIK ((x = X)/hn)| |
 VEK((x = X)/hy)/PRX €=M, MT}

This last bound is, for some D > 0 and all n > 1, uniformly for x € C, less than or
equal to D+/h,, which, in turn, is less than or equal to ¢ for all large enough n and
any 0 < ¢ < 1. This, in combination with (6.9), (6.12) and (6.24), gives, by using
(6.18) and (6.20) in Fact 6.1 and Lemma 2.3, that, for some constant A, uniformly
onx eC,

|Cov(v/nl fy,k (x) = Efa,x (X)], Up)|

o (ﬂan(x) Efux| Uy )
B Vkn (K, %) " VPI=M, M]

X vk (K, x)P[—M, M]

A
vk, (K, x).
nhy,
Notice that by Lemma 6.1 we get, for some B4 > 0 for all large enough #,

sup vk, (K, x) < h;1/2B4,

xeC

(6.49)

=<

which, when combined with (6.49) and m (C) < oo, completes the proof of (6.47).
This in turn, by (6.39) and (6.40), gives (6.46). [

Hence, by (6.45) and (6.46), as n — oo,
(6.50) Var(A1 S, + 2Uy) — A2 4+ 231 — ).

The proof of the next lemma uses a version of the central limit theorem for one-
dependent random variables, which we state here for the reader’s convenience.

FAcT 6.2 [Shergin (1979), Corollary 2]. Let {X;k,:i =1,...,k;,n > 1}
denote a triangular array of mean-zero one-dependent random variables such that
foralln>1:

@A) Var(Zfil Xik,) — 1l asn— oo, and
(ii) for some 2 < s <3, kn ElXir,|°—>0asn— oc.
i=1 shn
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Then
kn d
> Xix, — Z.
i=1

where Z is a standard normal random variable.

LEMMA 6.8. Whenever h, — 0, \/nh, — oo and C satisfies Lemma 6.1 with
H = Hy, we have

(6.51) (S, U5 (Z1. VT —azo)

as n — 0o, where Z| and Zy are independent standard normal random variables.

PROOF. We will show that, for any A; and A3, as n — oo,

(6.52) MS, + AU, —d>)LIZl + M1 —aZ;.
Set
1 n
(6.53) u;,:=—= I(Xj IS [ih:, i+ l)h:]) - nPr{X S [ihZ, i+ l)h:]}
RV o
j=1
and

Yin ‘=AW + Aol .

Now, by Jensen’s inequality,

(6.54) Einl® <4[MPElainl® + 11 Elu; o).
By Lemma 6.6,
my—1
(6.55) > Eloinl® <2m,Bih)/* — 0.
i=—my
Set

pin =Pr{X €ih}, (i + Dh}1}.
By Lemma 2.3, there is a universal constant A such that

my—1 my—1

> Eluinl <An 3" ((npin)®* + npin)

i=—my i=—my

<A max (Jpin+n?) 0.

—muy<i<mu—1

(6.56)
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Combining (6.54)—(6.56), we obtain

my—1

Y Elyial’—0.

i=—my

Moreover, note that the sequence y; ,, —m, <i <m, — 1, is one-dependent and,
by (6.50),

my—1
Var( Z yi,n) — )\% +A%(1 —a).

i=—my

Thus we can apply Fact 6.2 to infer that, as n — oo,

my—1
Y i S B 4ad -0z
i=—my
Since
my—1
Z Yin = )LISn + )MZUn»
i=—my

we can prove (6.51) by the Cramér—Wold device [e.g., Billingsley (1968)]. U

Set

L,(C) = Gn(c . Zu;/ {[ £k, () = Efn x, ()]

(6.57)
— E| fu.k,(x) — Efn.x,(x)|} dx

LEMMA 6.9. Whenever h, — 0, \/nh, — oo and C satisfies Lemma 6.1 with
H = Hy, we have

(6.58) L,(C)% 7z

as n — oo, where Z is a standard normal random variable.

PROOF. Recall the notation in (6.42). Note that

_Jn &
- mgm /C{’fn,Ks(x) — Efyk,(x)]

— E|fy.k,(¥) = Efn.k,(x)|} dx
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and, conditioned on r; =n,

4

Sn ZMY/ | fo.k, () = Efuk, (0)]

— E|fyk,(x) — Efy k,(x)|} dx.
Next, by Lemma 6.8, we can apply Lemma 2.4 to S,, and conclude that

K)ZMV/ |fﬂ K;(x) Efn,Ks(x)|

Gn(C M,K)

on(C, 1,

d
— E|fn.k,(x) — Efpkx,(x)|}dx > Z.
Assertion (6.58) now follows from Lemma 6.3. [
COMPLETION OF THE PROOFS OF THEOREMS 1.1 AND 6.1. To finish the
proof, we obtain by a straightforward application of Lemma 6.1 with # = #j a

sequence of Borel sets {Cy}x>1, each with finite Lebesgue measure such that, for
each k > 1, both (6.7) and (6.8) hold and

(6.59) lim /C( f(x)dx =0.
k

n—oo
Notice that, for each k > 1, by Lemma 6.9, as n — oo,
Lu(C) S Z,
and, by (6.39),

m
im0} (Cr, 11, K) = P(Cp) 121 wiso (Ki, Ky).
»S=

Further, by Lemma 6.2,

hmsupE(\/_Zug/ {| fa. K, (x) = Efn, g, (x)|

n—00
2

~ Elfyk, ) = Efu, (X)|}dx>
2
< dm max K1 | s

Now, by (6.59), combined with a standard argument [see Theorem 4.2 of
Billingsley (1968)], we conclude, as n — oo,

\/EZMS{an,KS - Efn,Ks ”1 - E”fn,Ks - Efn,Ks Hl}
(6.60) B

l,s=1

m
d
»J > mipso (Ki, K9 Z.
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This provides the needed weak convergence by the Cramér—Wold device. Finally,
by Theorem 2.3 of Pinelis (1990), we have, for all r > 2, K € X,

E|Na{ll foxk — Efaxli — Elfox — Efuxli}]
<220 4 r/2) 1K || < oo,

which permits us to infer the relationship

(6.61) nl;u(;@Var(Z ussnm)) = > tupso (Ki, Ky)

s=1 l,s=1

from (6.60) [see Theorem 6.4 of Billingsley (1968)]. Taking into account that
COV(gn (Kl) s Sn (Ks))

= 1 Var(&,(K)) + £:(Ky)) — § Var(&,(K)) — &,(K)),

we derive (6.1) from (6.61). This completes the proof of Theorem 6.1. Now
Theorem 1.1 follows from Theorems 5.1 and 6.1 by well-known facts on the
weak convergence of processes [e.g., Theorem 5.1.2 in de la Pefa and Giné
(1999)]. O

The following example shows that not all classes of bounded kernels satisfy
Theorem 1.1.

EXAMPLE 6.1. Let K = {Ky:=4€Il_1/00¢),1/2¢)) : £ € N}. We will prove that
the sequence of processes {£,(K¢) : £ € N}7° | does not converge weakly in £°°(N).
Note that the finite-dimensional distributions do converge by Theorem 6.1. Hence,
if these processes converge, then the limiting process is the Gaussian process
£E(Ky), 2 € N, prescribed by Theorem 1.1, and then, in particular, this process
must be sample continuous with respect to its intrinsic L,-distance. Therefore it is
enough to prove that £ is not sample continuous. In fact, we show that £ is not even
sample bounded. For this, by Sudakov’s minorization [e.g., Ledoux and Talagrand
(1991), pages 79-81], it suffices to see that N ([0, 00), d», &) = oo for some ¢ > 0,
where dZZ(E, s) = E(E(Ky) — E(K,))%. Tt readily follows from the definition of

02(K) that

1
o2(Ky) =2/0 COV<|\/1 —(1=w2Zi+(0—-u)2Z

independently of £ € N. As indicated in the Introduction, o2(Ky) > 0. Moreover,

,|Zz|>du <0
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fors > £,

s 14 / L 14
O’(Kg,Ks)=<\/%—\/g>COV< 1—;21+\/g22,|22|>
NN (J 1/ 5 [t 2
2/ Cov 1—[—(\/j+ —)—u] Z
(VsT0—/T]5)/2 2\V ¢ s
B
2\We Ty T

So d3(¢,s) = 20%(K1) — 20 (K¢, Ky) := f(s/0). If we show that f(u) —
20%(K1) as u — oo, then there will exist a large enough integer A such that
dr(A¥, A™) > 6 (K;) > 0 for all 1 <k <m < oo, and therefore N ([0, 00), d>,
0(K1)/2) = oco. And this is indeed the case: it is easy to show that

limg_, 000 (K1, Ks) = 0 by a straightforward computation based on the fact
that

s |Zz|) du.

lim Cov(|xZy + Z»|, |Z2])
X—>00

. o2
= lim E[|1Z2|(xZ1 + Za| = xIZa)] + lim = (x =2+ 1)

2xZ17>|Z 73
_ E[Xlzl 2|+|2|}

im

X—00 (xZ1 4+ Z5| + x|Z4|
21252, _o
1Z4] ’

which is justified by dominated convergence.

PROOF OF THEOREM 1.2. Choose any constant M > 0 and set Kys(x) =
Kx)I(|K(x)] < M). Since Ky is bounded, &,(Kjs) is asymptotically normal
with variance o2(K 37). Applying Proposition 3.2, we get

2
E(£.(K) — E.(Ky))” < C3(Ku, K),
and clearly
3Ky, K)—0  as M — oo.

Moreover, it can be easily checked that | K|, < co implies 02(K) < co. Thus we
readily conclude that

o2(Ky) — o*(K)  as M — oo,

Var(§,(K)) — O’Z(K) asn — o0
and

£(K)S o(K)Z  asn— oo. 0
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7. Proof of Theorem 1.3. Replacing Ef,, x(x) by f(x) in Theorem 1.3 is
much easier than in Theorems 1.1 and 1.2. For any integrable kernel K and n € N,
set

Dy(K) = /R | fuk ) — Efy k()] dx.

So we will prove Theorem 1.3 and the following proposition together.

PROPOSITION 7.1. Let K be a relatively compact subset of L1(R, B, m). If
h, — 0 and nh,, — o0, then

. % _
7.1 nll)ngoE Iglélg{ D, (K)=0.

PROOF OF THEOREM 1.3 AND PROPOSITION 7.1. Theorem 1, Chapter 3, in
Devroye and Gyorfi (1985) shows that

lim J,(K)=0 in probability,
n—o0
(7.2)
nll)rrgo D, (K) =0 in probability,

forall K € Ly (J/ K =1 is not needed for the second limit). Now
1 " x—X; x—X
J (5 ) —nex (555)
nh, JrR Py hy, hy,
1 & x—Xi) 1 x—X
< K dx+—E/ ’K(
nhn ;-/R‘ ( hn hn R hn

=2fR|K(u)|du

Dy(K) = dx

dx

)

and

dx

n=[ |- éK(x ;f") — )

1 " X—Xi
< K
_/l;nhng < hy, )

5/ \K ()| du+ 1,
R

by a change of variables. Since supg .y [r |K (u)|du < oo by relative compact-
ness, the random variables in (7.2) are dominated by a constant and, by (7.2), the
bounded convergence theoremthen gives

(7.3) lim EJ,(K)=0 and lim ED,(K)=0.
n—oo n—oo
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A computation similar to the ones above gives that, for all K, KelLy,

(7.4) | Jn(K) — Jo(K)| < /R | fo.k (X) = f g ()] dx < 31 (K, K)
and
(7.5) 1Dy (K) — Dy(K)| < 2/R |K (x) — K (x)|dx =201 (K, K).

Since K is relatively compact in L1, it is totally bounded in L; [e.g., Folland
(1999), page 15]. Given ¢ > 0, let T; be a maximal subset of K satisfying that if
K,KeT, andK;éK then 8, (K, K) > ¢. Then Card T, = D(X, 31, €) < 00 by
total boundedness. We then have, by (7.4) and (7.5),

E* sup J, (K)<E1naxJ (K)+ E* sup |J. (K1) — J,(K2)|
KeX K,KreX, 01(K(,K>)<e

< D(X,0;,e)max EJ,(K)+ ¢
KeT;

and

E* sup D,(K) < D(X, 91, s)maxED (K) + 2s.
KeX

Now both Theorem 1.3 and Proposition 7.1 follow from (7.3) and the finiteness of
D(JC, 01, ¢) for all € > 0, by first letting n tend to oo and then ¢ tend to O in these
inequalities. []

Note that, in contrast with Theorems 1.1 and 1.2, the kernels K € KX in
Theorem 1.3 and in Proposition 7.1 need not be compactly supported.

REMARK 7.1. A subset KX of L1(R, B,m) is relatively compact if and only

if:
() supgex [r K@) dx < oo,

(i) limps— o0 SUPgex ![[_M’M]E |K (x)|dx =0 and

(iii) limy_osupgey [RIK(x+y) — K(x)|dx =0
[e.g., Dunford and Schwartz (1966), page 298]. In particular, if K satisfies
conditions (i) and (ii) and, moreover, SUpPg ¢ x SUPy£y x—y|<s |K(X) — K(V)I/
|x — y|/3 < C for some C < 00,8 > 0and § € (0, 1], then K satisfies Theorem 1.3
and Proposition 7.1.

REMARK 7.2. Suppose

*
(7.6) ( sup J,(K )) —0 in probability,
KeX

where, in addition, we are assuming h, — 0, nh, — oo and [p K (x)dx =1 for
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all K € X. Let {g;} be an i.i.d. sequence of Rademacher variables (Pr{e; =1} =
Pr{e; = —1} = 1/2), independent of the sequence {X;}. Then

(7.7) sup |K (x)|dx < o0,
KeX /R
(7.8) E* sup 0 K(x_xi) dx — 0
. i X
Kex JR|nhy i1 hy
and
(7.9) E* sup J,(K)— 0.
KeX

To see this, we first note that by a comparison theorem of Montgomery-Smith
(1993) [see, e.g., de la Pefia and Giné (1999), Corollary 1.1.6 and Remarks 1.1.7
and 1.1.8, page 7], if (7.6) holds, then

(s e B (5,) o)

Min 32 n
But the term in f(x) tends to O in probability because >}, &;/n — 0, so that we
have

(7.10) (;gg{/}{

Then, by Lévy’s inequality,

1 X — Xi
(7.11) max ( sup / 8,~K< )
I<isn\ gex JR nhn hn

but, by change of variables, this implies (7.7). Now (7.8) and (7.9) follow from this
last observation and (7.10) and (7.6) respectively, both by Hoffmann-Jgrgensen’s
inequality [e.g., de la Pefia and Giné (1999), Theorem 1.2.3 and Remarks 1.2.4
and 1.2.9]. A similar remark applies to the processes D,,.

%
dx) —0 in probability.

%
dx) —0 in probability.

1 ZS,‘K(X —X,‘)
1 hn

nhn i=

%
dx) -0 in probability,

EXAMPLE 7.1. Let
K ={K¢:=Ll-1/00).1/00): £ €N}

be the class of kernels from Example 6.1 [and from (1.5)]. We will show that none
of the sequences

[e.e] [e.e]
{ sup Jn(K)} and { sup Dn(K)}
KeX n=1 KeX n=1
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converges in probability. By the previous remark, it suffices to show that the

sequence
( ) dx, n eN,
I’l

does not tend to 0. Given X (w), ..., X, (w), we choose £ so that the intervals
Ii = (Xi(w) — h,/20), Xi(w) + h,/(28)), i = 1,...,n, are disjoint which we
can do, for any given n, for almost every w. Then

Za,Kg( Xw))‘dx

Esup—
KGJC” n

=1

Therefore, for all n > 1,

sup — /
Kex nhy
which contradicts (7.8).
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