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PREDICTION OF WEAKLY STATIONARY SEQUENCES
ON POLYNOMIAL HYPERGROUPS

BY VOLKER HOSEL AND RUPERT LASSER
GSF-National Research Center for Environment and Health

We investigate random sequences (Xn),eN, With spectral representation
based on certain orthogonal polynomials, that is, random sequences that
are weakly stationary with respect to polynomial hypergroups. We present
various situations where one meets this kind of sequence. The main topic
is on the one-step prediction. In particular, it is examined when the mean-
squared error tends to zero. For many cases we present a complete solution
for the problem of (X,),¢N, being asymptotically deterministic.

1. Introduction. The study of stochastic processes indexed by hypergroups
was mainly motivated by the fact that averages of weakly stationary random
sequences are in general not weakly stationary and thus classical theory does
not apply. But, for a large class of averaging procedures one gets sequences of
Karhunen type [cf. (10) below] and a covariance structure which allows stochastic
analysis.

For example, certain statistical estimates X, = > }__, a, Yk, n € Ny, of the
constant mean M of a weakly stationary random sequence (¥,),cz fulfill

n+m
E((Xp —M)(Xpp — M)) =cov(X,, Xp) = Y g(n,m;k)cov(Xx, Xo)

k=|n—m|

for all n,m € Ng = {0, 1, 2,3,...}. The coefficients g(n,m; k) are linearization
coefficients of orthogonal polynomial systems depending on the choice of the
averaging coefficients a, . More precisely [see Hosel and Lasser (1992)], if
we select a, x = ay,— for k = —n,...,n with Y }__ a, = 1 such that the
trigonometric polynomials

—n

n
R, (cost) = Z an,keik’
k=—n
form an orthogonal polynomial sequence (R,),en,, and if the coefficients
g(n,m; k) in

n—+m

Ry(X)Ru(x) =Y g(n,m; k) Ri(x)

k=|n—m|
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94 V. HOSEL AND R. LASSER

are nonnegative, the sequence (X, ),en, is weakly stationary with respect to the
polynomial hypergroup induced by (R;),en,-

The idea of studying random fields over hypergroups goes back to Lasser and
Leitner (1989). Further contributions on this topic are contained in Leitner (1991),
Lasser and Leitner (1990), Hosel and Lasser (1992), Bloom and Heyer [(1995),
pages 546-552], Kakihara [(1997), pages 237-241], Rao (1989), Blower (1996),
Heyer (1991, 2000) and Hosel (1998).

We start by recalling the precise definition of weak stationarity with respect to
(Rn)nen,- Then we present further situations where we meet stochastic sequences
of such type. Our main purpose is to extend the results of Hosel and Lasser (1992)
considerably, dealing with prediction problems. In this paper we present for many
cases a complete solution of (X,),eN, being asymptotically deterministic.

Note how our results could be applied in the scenario of classical weakly
stationary processes (Y,),ez: the error of predicting Y, from Yy, ..., Y, may
not tend to zero with growing n. But, a variety of averages of this process are
asymptotically deterministic (the prediction error tends to zero) and we even know
the respective convergence orders.

2. Basic facts on polynomial hypergroups. Throughout this paper (R,),enN,
is a fixed polynomial sequence that induces a polynomial hypergroup on Ny; that
means that (R, (x)),en, is a polynomial sequence with degree (R,) = n, that is
orthogonal with respect to a probability measure 7 € M!(R). We assume that
R, (1) =1 and that all the linearization coefficients g(m, n; k), defined by

n+m

(1 Ru(X)Ry(x)= Y g(m,n;k)Ri(x)

k=|n—m)|

are nonnegative. Then we denote the convex combination of point measures &i
on Ny by

n—+m

Em % Ey 1= Z g(m,n; k)eg

k=|n—m|

and call ¢,, x &, the convolution of n € Ny and m € Ny. With * as convolution,
the identity map as involution and O as unit element, Ny becomes a commutative
hypergroup that is called a polynomial hypergroup; see Bloom and Heyer (1995).
Section 3.3 of Bloom and Heyer (1995) contains a long list of polynomial
hypergroups. Every character on the polynomial hypergroup Ny is given by
o :No— R, a,(n) = R, (x), where x € Dy with

() Dy ={x € R:{R,(x):n € Ny} is bounded}.

The character space NB is homeomorphic to Dy; see Bloom and Heyer (1995).
In particular Dy is a compact subset of R.
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The orthogonal polynomials R, (x) are determined by their three-term recur-
rence relation

1
Ro(x) =1, Ri(x) = a—o(x — bo)

and forn e N,
3) Rl(x)Rn(x):aan—H(x)+ban(x)+Can—l(x)a

where (a,)neN, (Pn)neN, (cn)nen are three real-valued sequences with ay,, ¢;, > 0,
b, >0anda, + b, + ¢, = 1. For ag, bg € R we assume ag > 0 and ag + bg = 1.

The linearization coefficients g(m, n; k) can be directly calculated from the
recurrence coefficients a,, b;, ¢,,; see Lasser (1983). The Haar measure /4 on
the (discrete) polynomial hypergroup is given by h(n) = g(n,n;0)~! and also
determined by the weights

n—1
@) hQ)=1, h)=1/cy, h(n)=n],‘l:1ak, n=273....
Hk:l Ck

The support of the orthogonalization measure 7 is contained in Dj. In fact we have

%) suppr € Dy C[1 — 2ayp, 1]
and 7 is the Plancherel measure on Dy, that is,

0, if n#m,
/ Ro()Rp()dr(x) =1 1
Dy

—_ if n=m.
h(n)

We essentially use a Bochner theorem for polynomial hypergroups; see Theo-
rem 4.1.6 of Bloom and Heyer (1995) which states that for each bounded positive
definite sequence (d(n)),en, there exists a unique u € M T(Dy) such that

(©) am = [ Ry duc.
Hereby positive definiteness stands for
n _
) D Aikjem, * &m;(d) =0
i,j=1
forall Ay,...,A, € Cand my, ..., m, € Ny.

To clarify we note that

m+1

gkem(d)= Y g(l,mik)dk).
k=|m—I|
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DEFINITION 2.1. A sequence (X,)neN, of square integrable (complex-
valued) random variables on a probability space (€2, P) is called weakly stationary
on the polynomial hypergroup Ny induced by (R,)neN, provided the function
d(m,n) := E(X,;,X,) is bounded and fulfills

m+n

(8) dim,ny= Y g(m,n;k)dk,0).

k=|m—n)|

We will write d(m) instead of d(m,0). Notice that we do not make any
assumptions on the mean values E (X, ). Obviously d(m, n) is the usual covariance
only if E(X,) =0 for all n € Ny. Now it is easily shown that (d(n))en, is a
bounded positive definite sequence in the sense of (7). Hence there exists a unique
bounded positive Borel measure p on Dy such that for all n € Ny,

©) E(XiXo) = d(k) = fD Re()du(x),  keN.

We call p the spectral measure of (X,),en,. Combining (1) and (8) we get
from (9), for all n, m € Ny,

(10) E(XnXy) = d(m, n) = /D Run () R () d ().

showing that (X,),en, belongs to the Karhunen class. Moreover, a Cramér repre-
sentation theorem is valid. A straightforward modification of known arguments
yields an orthogonal stochastic measure Z:8 — L%(P), 8 being the Borel
o -algebra on Dj such that

(11) Xk=fD Re(x) dZ(x),

where || Z(A) |3 = u(A) forall A € B.
In fact, the following characterizations of weak stationarity hold.

THEOREM 2.1. For (X,)nen, C L*(Q2, P) the following statements are
equivalent:

(1) (Xn)nen, is weakly stationary on the polynomial hypergroup Ny induced
by (Rn)neN()- .
i) E(Xu,X,) = fDT Ry (X)R,(x)du(x) for every n,m € Ny, where 1 is a
bounded positive Borel measure on Dy.
(i) Xy = ng Ri(x)dZ(x) for every k € Ng, where Z is an orthogonal
stochastic measure on Dy.

PROOF. (i) = (ii) has already been shown. (ii) = (iii) is based on the
isometric isomorphism & between L*(Dy, t) and H = span{X, :n € Ng}~ C
L%(Q2, P) determined by ®(R,) = X,,. The stochastic measure is defined by
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Z(A) = ®(x4), A being a Borel subset of Dy. The construction parallels the
classical case [see Shiryayev (1984), pages 395-403].
Finally, assuming (iii) we get for every m, n € Ny,

E(XpXn) = /D Run (1) Ry (1) d 1t (x),

where p is defined by w(A) = || Z(A) ||%, A € 8. The linearization of R, (x) R, (x)
gives
m+n
EXnX)= ) g(m nik)EXiXo). O
k=|n—m)|
3. Occurrence of weakly stationary sequences on polynomial hypergroups.
In Lasser and Leitner (1989) and Hosel and Lasser (1992) we have shown that
statistical estimates X, of the constant mean of a weakly stationary random
sequence form a weakly stationary sequence on a polynomial hypergroup Ng. We
shall now describe further situations where one meets such random sequences.

3.1. Real and imaginary parts. Let (Y;),ez be a weakly stationary complex-
valued process with symmetry, thatis Y_, = Y,. The random sequence (Up)nenN,
of the real parts U, =Re ¥,, = %(Yn +Y_,),n € Np, is no longer weakly stationary
in the usual sense. However, one can easily check that

E(UnUy) = SEUnsmUo) + 3 EUpn—mUo).

That means (Up,)xen, is a weakly stationary random sequence on the polynomial
hypergroup Ny induced by the Chebyshev’s polynomials 7, (x) of the first kind.
T, (x) are orthogonal on [—1, 1] with respect to dm(x) = 7 11 = x3H) 12 dx.
They belong to the class of J acobl polynomials Rj (.f )(x) see Bloom and Heyer
[(1995),3.3.1], ¢ = 2, B=—35

Denote the imaginary part of Y by

1
Vio=ImY,=—(,—Y_,).
2i
Since Vy = 0 we have

- T b4
EU,Up) +iE(V,Upy) = E(Y,Yp) :/ cos(nt)du(t) + i/ sin(nt) du(t),
- -
where i € M (] —m, mr]) is the spectral measure of (¥;,),cz.
The random sequence (U,),en, is weakly stationary with respect to 7,,(x) =
cos(nt), where x = cost for x € [—1,1], t € [0, r]. Hence we have a unique
spectral representation

EWU, Uy = '/On cos(nt)dv(t),
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v e MT([0, ]). Now it is clear that v = |[0, w] + w1]]0, [, where w; is the
image measure of u under the mapping ¢t — —¢. Further we observe that

E(UnUy) + E(VinVy) =Re E(Y,,Yy)

= /n cos((m —n)t)du(t) = /Oﬂ cos((m —n)t)dv(t)

= /(;n cos(mt) cos(nt) dv(t) + /(;ﬂ sin(mt) sin(nt) dv(t).
Since E(U,,U,) = fé’ cos(mt) cos(nt) dv(t), it follows that
EWV,V,) = '/On sin(mt) sin(nt) dv(t).
Define, for n € Ny,

1
nl n+1 n+1m n+1

Then

7 sin((m 4+ 1)t) sin((n + 1)¢t)
(m+1)sint (n+ 1)sint

By Theorem 2.1 we see that (X,),en, is a weakly stationary random sequence on

the polynomial hypergroup Ny induced by the Chebyshev’s polynomials U, (x) of

the second kind. Notice that U,,(x) = R,(,l/z’l/z) (x)= %, X = COSt.

(sint)?dv(1).

EXnXy) = /(;

3.2. Stationary increments. A random sequence (Y,),c7 is called a sequence
with stationary increments if all E(Y,+x — Yi) depend only on n € Z and
E((Yn,4x — Yi)(Y nyk — Yi)) depend only on ny,ny € Z; see Yaglom [(1987),
Section 23]. It is readily seen [cf. Yaglom (1987), equation (4.227)] that

T int _ 1
Vo= Vo= [ S aza,
o ell _ 1
where Z is an orthogonal stochastic measure on | —m,w]. Hence we get for
arbitrary n € No,

7 sin((2n 4+ 1)(t/2)) | =

Vo1 = Yon = /0 sin(t/2) 4z,

where Z is the orthogonal stochastic measure on [0, 7] defined by Z = Z|[0, 7]+
Z1, Z1(Ja, b)) = Z([—b, —al]) for ]a, b] €10, 7] and Z;({0}) = 0. Putting

n- Yng1 —Y_p),

T+l

we have a weakly stationary sequence (X, ),en, on the polynomial hypergroup Ny

1/2,—-1/2 i
r(l / / )(x) _ sin(@n+1)(t/2))

ntDsn/2) > X = Cost.

induced by the Jacobi polynomials R
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3.3. Coefficients of random orthogonal expansions for density estimation.
Suppose that the distribution of a random variable X is absolutely continu-
ous with respect to a positive Borel measure 7w on the interval [—1, 1]; that is,
P(X e A)= [, f(x)dm(x), where f € LY([-1,11, 7), f = 0. Consider the se-
quence (pn)nen, of polynomials that are orthonormal with respect to 7, and let
as before R, (x) = p,(x)/p,(1). Further, assume that (R,),cn, induces a poly-
nomial hypergroup on Np. Given independent random variables X1, X3, ..., Xy
equally distributed as X, the unknown density function f(x) can be estimated by
the random orthogonal expansion

q(N)
Ia(w;x) = ayken k(@) pi(x).
k=0
Here g (N) is the truncation point and ay x are numerical coefficients to be chosen
in an appropriate manner; see Lasser, Obermaier and Strasser (1993) and Devroye
and Gyorfi (1985). The random coefficients are given by

| N
eN k(@) = > k(X ().
j=1
Define Cy := cnx/pi(1) for each k € Ny. The random sequence (Cy)ien, is

weakly stationary on the polynomial hypergroup Ny induced by (Ry)keN, - In fact,
we have

|
Co=—< > Ru(X))
N “
j=1
and hence

1 N
E(CnC) =5 D E(Rn(X)Ru(X))
i,j=1

[
==Y /lRm(x)Rn(x)f(x)dﬂ(X)

ij=1""

1
— /_1 Ry (X) Ry (x) f(x)dm (x)

n+m

1
= X gmmb) [ ReRo) fx) dr(x)

k=|n—m)|
n+m
= > &, mkECCo).
k=|n—m)|
Estimating the density function f by random orthogonal expansion is hence
strongly related to estimating the spectral measure fmr of the random sequence
(C)keny, where (Ci)ien, is weakly stationary with respect to Ry = pr/ pr(1).
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3.4. Stationary radial stochastic processes on homogeneous trees. We denote
by T a homogeneous tree of degree ¢ > 1 with metric d. Let G be the isometry
group of T, tp € T an arbitrary but fixed knot of 7 and let H be the stabilizer of
in G. We identify T with the coset space G/H and call a mapping on 7T radial if
it depends only on |¢| = d (¢, #p). A square integrable stochastic process (X;):eT 1S
called stationary, if there exists a function ¢ : Ny — R such that

E(X;X;) = ¢(d(s, 1))

for all s and ¢ in T [cf. Arnaud (1994)]. It is known [Arnaud (1994)] that the
following spectral representation is true:

o 1
E(X,X,) = f_ R (@) dp(x),

where (R, (x))qeN, are the orthogonal polynomials (also called Cartier—-Dunau
polynomials) corresponding to homogeneous trees of degree ¢g. The polynomials
R, (x) are determined by

Ro(x) =1, Ri(x)=x

and

q 1
Ri(x)R,(x) =——R x)+ —R,_1(x), neN.
1(x) Ry (x) P n+1(x) P n—1(x)
They induce a polynomial hypergroup on Ny [see Lasser (1983)].

We assume, moreover, that the stationary stochastic process (X;);c7 is radial;
that is, X; = X; if |¢| = |s|. Putting X,, := X; whenever || = n we get a well-
defined random sequence. We have

Is|+z|
/H Rty @) dB(h) = Ry Ry ) = S g(sl, Il k) Re(x),

k=[ls|—|z]]

where S is the Haar measure on the compact stabilizer H, h(s) the actionof h € H
on T = G/H, and the explicit form of the linearization coefficients g(|s|, ||, k) for
m,n € N,m <n given by

1
mnn—m)=—————
8 )= Gt g
q
m,n,n+m)—=——,
8( ) o
q—
gm,n,n+m—2%k)=—— forke{l,2,...,m—1},
(g + gk
gm,n,n+m—k)y=0 forke{l,3,...,2m — 1}

[cf., e.g., Lasser (1983), Voit (1990), Cowling, Meda and Setti (1998)].
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From the above spectral representation we can derive

L 1
E(XpX) = /_ Ru(ORy () dpa(x).

By Theorem 1.1 we obtain that (X,),en, is weakly stationary on the polynomial
hypergroup Ny induced by the Cartier—-Dunau polynomials (R, ),eN,-

4. One-step prediction. Having presented situations where we meet random
sequences that are weakly stationary on the polynomial hypergroup n € Ny we
now study the prediction problem. In the sequel fix an orthogonal polynomial
sequence (Ry),eN, Which induces a polynomial hypergroup on Ny. Let (X,),en,
be a weakly stationary random sequence on Ny induced by (Rj)nen,. The
problem in one-step prediction can be formulated as follows. Given n € Ny
denote the linear space generated by Xo, ..., X, by H, := span{Xo, ..., X,;} C
span{ Xy :k e No}~ C L?(P). We want to characterize the prediction )A(HH € H,
of X,,+1 with the minimum property

(12) IXn41 — Xnp1l2 =min{[|[Y — X,41]2:Y € Hy).

It is well known that )A(,,H = Py, X,+1, where Pp, is the orthogonal projection
from LZ(P) to H,. The problem is to determine the coefficient b, x, k =0, ..., n,
in the representation

(13) Xop1 =Y bniXx
k=0

and to decide whether the prediction error
(14) Sn 1= 1 Xn1 = Xus1ll2

converges to zero as n tends to infinity. We call (X,),en, asymptotically
R, -deterministic if §,, — 0 as n — oo. A
From Hilbert space theory we know that X, .| can be characterized by the

property

(15) E((Xns1 — Xn11)Y) = (Xpp1 — X311, Y) =0
forall Y € H,. From (15) we getfor b = (b, 0, ..., b,,,n)T the linear equation
(16) o=,

where ¢ = (E(X,+1X0), EXnt1X1), ..., E(X,41X,))T and ® is the (n + 1)
X (n 4+ 1)-matrix ® = (E(X iX_j))ofi, j<n- Matrices structured like ® can be seen
as generalizations of Toeplitz-matrices with regard to the orthogonal polynomial
sequence (R;),en,- The dependency of the i, j-entry on i — j in the Toeplitz case
is substituted by the condition
i+j
O, j=¢*e;(d) = Z g(, jik)d(k) with d(k) = E(X, Xo).
k=li—jl
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Methods of fast inversion of matrices of this type are not studied in the numerical
literature, as far as the authors know. A method resembling the Durbin—Levinson
algorithm [cf. Brockwell and Davies (1991)] will be investigated at another place.
Here we stress the theory of prediction.

In Hosel and Lasser (1992) we showed that

17) 5y = 2L
Pn+1

where o;, = 0, () is the leading coefficient of R, (x) = o,x" +--- and p, = p, (1)
is the positive leading coefficient of the polynomials ¢, (x) = p,x" + ---, that
are orthonormal with respect to the spectral measure . If the orthogonalization
measure 7 satisfies the Kolmogorov—Szeg6 property, we can give a rather
complete characterization when §,, — 0 holds.

4.1. Kolmogorov—Szego class. To each polynomial sequence (pp)nen, ortho-
normal with respect to a probability measure v € M '([—1, 1]) one can associate a
unique polynomial sequence (V,),en, on [—m, ] orthonormal with respect to a
measure o given by

(18) da(t) = |sint|dv(cost), tel—m, ]

Denote the positive leading coefficients of ¥, (¢) by p, () and those of p,(¢) by
on(v). We apply some important results on orthogonal polynomials on the unit
circle. The original references are Geronimus (1960) and Szeg6 (1975); see also
Lubinsky (1987).

If the Radon-Nikodym derivative o’ of o fulfils the Kolmogorov—Szegod
property, that is, In(a’) € L'([—m,7]) or equivalently

T
(19) / In(e/(¢)) dt > —o0,
-
then p, (o) converges monotonically increasingly towards the geometric mean
1 e
(20) pa):= exp(—— / In(e/ (1)) dt)
47 —7T

[see Lubinsky (1987), Theorem 3.4]. If the Kolmogorov—Szegd property is not
valid we have lim,_, 5, p, (o) = 0o. Transferring this result to [—1, 1] we have
[see Geronimus (1960), Theorem 9.2] the following.

PROPOSITION 4.1. Let (pn)neN, be an orthonormal polynomial sequence
with respect to a measure v € M (=1, 1D, ( suppv| = oo). Then alternatively
we have:

G If f_ll In(v'(x))/v/1 —x%2dx > —oo, then there exist positive constants
C1, Cy such that for all n € Ny,
%
C =< Pn(V) <.
2}1
(i) I /1) In(v' (x)) /T —x2dx = —o0, then lim,_, o 22 = o0.
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PROOF. Consider the orthonormal polynomial sequence (¥,),en, on [—7, 7]
with leading coefficients p, (), where « is the measure as in (18). The coefficients
pn(a) and p, (v) satisfy the inequalities [see Geronimus (1960), equation (9.9)]

P2n—1(ax) < on(v) < p2n ()

. N TR

Moreover, we have

e 1 /
/_ In(e/(¢)) dt = 2/_1 ln(lv%dx,

and the assertions (i) and (ii) follow by the convergence of p, («) towards p(«) or
towards infinity, respectively. [J

For the orthonormal version p,(x) of R,(x) we have p,(x) = VhA(n)R, (x).
_ Pn(m) T3 :
Hence o, () = VO] and by (17) we obtain immediately the theorem.

THEOREM 4.2. Let (X,)neN, be a weakly stationary random sequence
on the polynomial hypergroup No induced by (R,)nen,. Suppose that the
orthogonalization measure 7w of (R,)neN, has support contained in [—1, 1] and
Sfulfils the Kolmogorov—Szegd property on [—1, 1], that is,

U In(r’(x))

Then (X,)nen, is asymptotically R,-deterministic if and only if

(23) lim 7&("):%(#) - 00

n—00 2

In particular we have:

(1) If lim, 00 h(n) = 00, then (X,)nen, is asymptotically R,-deterministic
without any assumption on the spectral measure |i. For the prediction errors we

have
=0{ )
= —_—— asn — oQ.
" h(n + 1)

(i) If {h(n):n € No} is bounded, then (X,)nenN, is asymptotically R, -deter-
ministic if and only if u does not fulfil the Kolmogorov—Szego property on [—1, 1].

(iii) If {h(n):n € Ny} is unbounded, then (X, )neN, is asymptotically R,-deter-
ministic provided p does not fulfil the Kolmogorov—Szego property on [—1, 1].

_ O-nJrl(T[) _ pn+l(77)
PROOF. We know that §,, = Pt 10 = TR D pn G
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By the Kolmogorov—Szegt property for m and Proposition 4.1 there exist
positive constants Cp, C; such that

,0,,+1(7T)
Cl = on+l

<(Cy forn e Ny

and hence
Pnt+1()
lex/h(n+l)w(3nfcz for n € Ny.

Now applying Proposition 4.1 again, every statement follows. []

From the preceding theorem we know that (X,),cn, shows a prediction
behavior similar to classical weakly stationary processes provided {#(n) :n € Ny}
is bounded and the orthogonalization measure 7 fulfils the Kolmogorov—-Szego
condition. We now prove for the case Dy = [—1, 1] that if (h(n)),en, does not
converge to infinity, the Kolmogorov—Szegd property of m is valid.

PROPOSITION 4.3.  Let (R,)eN, induce a polynomial hypergroup on Ny, and
suppose that Dy = [—1, 1]. If = does not fulfil the Kolmogorov—-Szegd property,
then lim,_, oo h(n) = 00.

PROOF. Consider the representation of R, (x) by Chebyshev’s polynomials of
the first kind,

n
(24) Ry(x) =) an i Ti(x),
k=0
where T (x) = cos(karccosx) = 2k=1xk 4 .... Since |R,(x)] <1 for every

x € Dy, n € Ny, we obtain, by applying the orthogonalization measure dv(x) =
1 dx

of (Ty)keNy,
T J1-x2 (Te) 0
n

1 1
13/1R3(x)du(x) zaﬁ,nflT,f(x)dv(x): 2".

Comparing the leading coefficients in (24), we get
_on(m)  pa(m)

on—1 mzn—l ’
and hence 2h(n) > (pn(n)/2”_1)2.

By Proposition 4.1 we have lim, o 0,()/2" = oo and hence

an.n

Many examples of orthogonal polynomial sequences (Rj)nen, inducing a
polynomial hypergroup can be found in Bloom and Heyer (1995); see also Lasser
(1983, 1994). We consider a few more examples to determine the asymptotic
behavior of the prediction error.
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1. We consider R,(,a”s ), the Jacobi polynomials with « > 8 > —1 and @ + 8 +
1 > 0. The orthogonalization measure is d (x) = cqg(1 —x)%(1 +x)# dx. The
Haar weights (4) are

Cn+a+B+Da+B+1(a+1),
(a+B+DHnl(B+1),
Evidently 7 satisfies the Kolmogorov—Szegoé property. If o # —% we have
lim, 0 h(n) = co. Hence every weakly stationary random sequence on

h(n) =

the polynomial hypergroup Ny induced by (R,(,O’”B ))neNo is asymptotically
(@, B) g
R, "’ -deterministic.
For the prediction error we have
Sn=0n"2"1% as n — oo.

If o = —%, then R,(l_l/ 2= 2)(x) = T,(x) are the Chebyshev’s polynomials
of the first kind. The Haar weights are £(0) = 1, h(n) =2 for n € N, and
Theorem 4.2(ii) can be utilized.

2. Next is R,(,”)(x; o), the associated ultraspherical polynomials with o > —%,
v > 0. These polynomials are studied in detail in Lasser [(1994), (3)]. The Haar
weights (4) are

2n+4+2a+2v+1)
T 4a2Qa +2v+ D0+ Dy Qe + v+ 1),
and the orthogonalization measure 7 on [—1, 1],

dm(x) = caug(x)(1 — x*)% dx

h(n) (2ot 4 v)ny1 — Wnrt)

with
g(cost)z|2F1(%—a,v;v—i—a—i—%;ez”)rz, X = cost.
To show that 7 fulfils the Kolmogorov—Szeg6 property it is convenient to look
at the leading coefficients. From Lasser [(1994), equation (3.10)] we have
W+ ta+ ).\
o) =2 ( v+ Da(v+2a + 1), )
and the asymptotic properties of the Gamma function yield

lim pn<n>_< P+ DL +2a + 1) )1/2
n—>oc0 2N FTo+a+He+a+by/)

Proposition 4.1 yields the Kolmogorov—Szeg6 property of . Using once more
the asymptotic properties of the Gamma function we see that 4(n) = O (n>**1)
and hence we have for the prediction error

Sy =0n 212 as n — oo.

Note that we enlarge the domain of o compared to Hosel and Lasser [(1992),
Corollary 2].
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3. Finally, we have R,(x; v, k), the Bernstein—Szego polynomials with v, x > 0,
k — 1 < v < 1. The polynomials under consideration are orthogonal with
respect to the measure on [—1, 1],

d
dm(x) = cy =

g(0)V1—x2

where g(x) = |ve?’ + ke'’ + 1|2, x = cost, is a polynomial with g(x) > 0
for all x € [—1, 1]. By Szeg6 (1975) these polynomials can be represented
explicitly by Chebyshev’s polynomials of the first kind:

1
Ry(x;v,6) = m(Tn(x) +xT—1(x) + an—z(x)), n>2,
1
Ri(x;v,k) = ——— T, T ,
1(x5 v, k) V+K+1((v+ )T (x) + kT (x))
Ro(x;v,k)=1.

An easy calculation shows

v+1
Rl(x;v,K)Rn(x;v,K)=mRn+1(x;v,K)
K
25 —— R, (x; v,
@5) +v+/c+1 n(0 v, )
v+1
Ry 1(x; v,
RO L

for n > 3. It is straightforward to calculate the linearization coefficients and to
check directly that (R, (x; v, k))eN, induces a polynomial hypergroup on Ny
provided v,k > 0 and k — 1 < v < 1. Since the recurrence coefficients in (25)
are constant for n > 3 the Haar weights are bounded, and Theorem 4.2(ii) can
be applied.

4.2. The general case. There are important orthogonal polynomial sequences
inducing a polynomial hypergroup but not belonging to the Kolmogorov—-Szegd
class [e.g., the Cartier—Dunau polynomials of Section 3.4]. Often it is not possible
or at least very difficult to decide the membership to the Kolmogorov—Szegd
class. Throughout this subsection we suppose on 7 only that the corresponding
orthogonal polynomials induce a polynomial hypergroup on Ny. (X},),en, will be
a weakly stationary random sequence on this polynomial hypergroup with spectral
measure /.

A standard procedure in the Hilbert space L?(Dy, 1) yields

(26) 2 DKoo Xag)
" A(Xoy .- Xp)




PREDICTION OF POLYNOMIAL HYPERGROUPS 107

where

(XnaXn> <Xn»Xn+m>
AXn, .-y Xygpm) =det : :
(Xntm> Xn) -+ (Xntm> Xntm)

Notice that A(Xo, ..., X,;) > 0 for all n € Ny if and only if supp u is infinite. We
assume further on that | supp u| = oo.
The following sequence of upper bounds holds for §,,:

52 — A(Xo, ..., Xn+1) - AX1, ..o, X)) -

27
_ A, Xut)

- AKXy

see Mitrinovi¢ [(1970), page 46]. Because of Proposition 4.3 we concentrate on
the case h(n) — oco. The following lemma is needed.

= A(Xn—l—l);

LEMMA 4.4. Let (Ry)nen, induce a polynomial hypergroup on Ny, and
assume that h(n) — oo. Then for every k,l € Ny holds g(n,n +[; k) — 0 as
n— 00.

PROOF. For n > k we have, with the Cauchy—Schwarz inequality,

gn,n+1; k) = h(k) /D Ry (xX) Rp1 (x) Ric(x) d (x)

, 12
sh(k)g(n,n;0>“2(/ (Ros1(0) R () dn(x)) .

s

Since |R,4+1(x)Rr(x)] <1 for x € Dy we see that g(n,n + [;k) — 0 as
n— oo. [

THEOREM 4.5. Let (X,)neN, be a weakly stationary random sequence on
the polynomial hypergroup Ny induced by (Ry)nen,. Assume that h(n) — oo as
n — oo. If d(n) = E(X,Xo) tends to zero, the random sequence (Xn)nen, is
asymptotically R, -deterministic.

PROOF. We have E (X, X,) = Y 1", g(n, n; k) d(k). Since Y7, g(n,n; k) = 1
and g(n,n; k) — 0 as n — oo by Lemma 4.4, Toeplitz’s Lemma [see Knopp
(1922), page 377] yields A(X,) = E(X,X,) — 0, and by (27) we have
6, — 0. O

REMARK 1. Theorem 4.5 improves Theorem 2 of Hosel and Lasser (1992),
where we had to assume that the recurrence coefficients a,, b, and c, are
convergent.
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REMARK 2. If the spectral measure u is absolutely continuous with respect
to the measure m, we can deduce that d(n) — 0 [see Bloom and Heyer (1995),
Theorem 2.2.32(vi)].

We apply (27) further on to deal also with spectral measures p that contain
discrete or singular parts.

THEOREM 4.6. Let (X,)nen, be a weakly stationary random sequence on the
polynomial hypergroup Ng induced by (R,)nen,, where h(n) — 0o as n — oo.
Assume that the spectral measure has the form

pw=fm+po+ ni,

where f € LY(Dy, ), supp o € Dy 0 := {x € Ds: R, (x) = 0 for n — oo} and
supp 1 € D5\ Dy, is a finite set or empty. If m = | supp t1| > 0 and there is some
no € Ng such that
(Rna Rn)m (Rn» Rn—&—m—l)m
(28) inf det : : >0,
nzng : i

(RrH—m—l, Rn)ul <Rn+m—17 Rn—}—m—l)pﬂ

then the random sequence (X,)neN, is asymptotically R,-deterministic.

PROOF. If u; =0 we have A(X,) = E(X,X,) = fDS Rﬁ(x)f(x) dm(x) +
/ D, Rﬁ(x) duo(x). By Theorem 4.5 (and Remark 2 above) and the theorem of
dominated convergence we have A(X,) — 0 and the statement follows.

If m = |suppui| > 0, we consider the Gramian determinants A(X,,...,
Xntm—1) and A(Xy, ..., Xp4m). Expanding the determinants we obtain
(Rn» Rn),ul <RnaRn+k>/L1
AXpn, ..., Xnix) = det : : + Y 9o,
<Rn+k, Rn)ul <Rn+ka Rn—i—k)pbl o€l

where |I| is finite and independent of n, whereas the ¢,’s are products
of (Rutiys Rutjy) fr+uo and (Ryiiy, Ryyjp)yu, containing at least one factor
(Rngis Ruyj) frotpo- Since all (R4, Ryyj) fryp, tend to zero as n — oo, we
conclude from the assumption that 1/A(X,,, ..., X,4+m—1) is bounded for n > ng.
Since | supp p1| = m, the (m + 1) x (m + 1)-determinant,

<RnaRn>/L1 <Rn» Rn—&—m)m
det : :
<Rn+m, Rn)m e <Rn+ma Rn—i—m)m

has to be zero. Hence A(X,, ..., X,4,) tends to zero with n — oo. By (27) we
gets, > 0. O
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A typical situation in which to use Theorem 4.6 is when 7w is even and
supp i1 € Dg\Ds o ={—1, 1}. Since R, (1) =1 and R,(—1) = (—1)" we obtain,
for w1 =ae| + Be_q,

det <Rna Rn)m <Rn, Rn—i-l)pL] _ 40[/3
<Rn+1, Rn)m <Rn+1a Rn—i—l),ul

The part of the spectral measure contained in D o = {x € Dy : R, (x) — 0} is
easy to deal with, as we have already seen in the proof of Theorem 4.6. Hence we
want to derive results on the size of Dy .

We restrict ourselves from now on to the case that 7 is even, that is, b,, = 0 for
all n € Ny. At first we consider the case of a, — a as n — 0o, where % <a<l1.
The Cartier—Dunau polynomials R, (x) with ¢ > 2 belong to this class.

We know then that suppmr = [—y, y] is a proper subset of Dy =[—1, 1] with
y = 24/a(l —a). Note that y = 1 exactly when a = 1. In fact, using theorems
of Blumenthal and Poincaré this is proved in Lasser [(1994), Theorem 2.2].
In addition we can obtain the following result. Compare also Voit [(1991),
Theorem 8.2(4)].

PROPOSITION 4.7.  Assume that (R,)qeN, is even and induces a polynomial
hypergroup on No. Furthermore, let a, — a with % <a < 1.Then R,(x) — 0 as
n — oo foreach x €] —1, 1].

PROOF. Fix ag €]y, 1[. By the separating property of zeros of R, (x) [see
Szego (1975)], we get R, (o) > 0. Now Q,(x) = R,(xox)/R,(cg) defines a
polynomial hypergroup on Ng. The recurrence relation of the Q,,(x) is given by

xQ0n(x) =0, Qny1(x) + ¢4 Qn—1(x),

where

. Ry +1(ap) . Ry —1(ap)
anp = ap————, Cp=Cp——.
Ry (a)ao Ry (a)ao
By the Poincaré theorem [cf. the proof of Theorem 2.2 in Lasser (1994)], we have
Rn (050)
im ———— < 1.
n=>% Ry,_1(ap)

Since a, is convergent, the dual space of the polynomial hypergroup induced by
(Qn)nen, is [—1, 1]. In particular,

| Rn(20x)/Rp(0)| < 1

forall x € [—1, 1], n € Ng. That means lim,,_, o | R, (cgx)| < lim,, 5o R, (g) =0
for all x € [—1,1]. Since age]y,1[ can be chosen arbitrarily we have
lim, s00 Ry(x) =0forallx e]—1,1[. O
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COROLLARY 4.8. Let (X,)neN, be a weakly stationary random sequence on
the polynomial hypergroup Nq induced by (Ry;),en,. Suppose that mw is even and
a, — a with % <a < 1.Then (X,)nenN, is asymptotically R,-deterministic.

PROOF. By Proposition 4.3 we get lim,_, h(n) = oo and the statement
follows from Proposition 4.7. [

If a, — %, the problem is much more involved. A sufficient condition for
R,(x) — O for every x €] —1, 1[ can be derived by making use of the Turan
determinant. Given the orthogonal polynomials (R,).en, fulfilling (3), the
Turan determinant is defined by

dp

(29) O (x) = h(n)(Rﬁ(x) - Rn_1<x>Rn+1<x>).

n—1

PROPOSITION 4.9.  Assume that (R,),eN, is even and induces a polynomial
hypergroup on Nqo. Further let a, — % as n — 00. The following inequalities for
6, (x) are valid:

(i) 6u(x)/h(n) < Ci(RA_,(x) + R}(x) + R2, | (x)) for all x € R, n €N,
where C1 > 0 is a constant independent of x and n.
(i) 0y (x) = Ou—1(x)|/ h(n) < Calay—1cn — an—ZCn—ll(Rﬁ_l(x) + R,%(x))for
all x e [—1,1],n € N, where Cy > 0 is a constant independent of x and n.
(iii) Given some & €]0,1[ there is N € N such that 0,(x)/h(n) > C3
(R,%_l(x) + R%(x))for allx e[—148,1—68],n > N, where C3 > 0 is a constant
independent of x and n.

PROOF. (i) Since lim;,,o(an/an—1) =1and 2|R,,_1 (x) Ry41(x)| < Rﬁ_l(x)
+ Rﬁ +1(x), the inequality of (i) follows immediately.
(i) By using the recurrence relation (3) we get

(30)  0,(x) = h(m)RA(x) +h(n — DR2_, (x) — — () Ryt (1) R ()
and
Op(x) = h(n)R2(x) + h(n + 1) LR (x)
31 ap—1Cn
— B0~ Ry (x) Ry (x).

an—1Cn
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Employing (30) to 8, and (31) to 6,,_1 gives

6 (¥) — Oy (¥) = h(n)(l - M)R,%(x)

an—2Cp—1

B |
n <h(n B DOl B A
apn—2Cpn—1 an—1

)xR,,_loc)Rn(x)

an—2Cp—1 —Aan—1Cpn o
R; (x)

=h(n)<

ap-2Cp—1

Tl C"_la"_szn—1(x)Rn(X)>.

Cn—1ap—20an—1

Since a, — % Cn —> % we obtain for |x| <1,

100 (x) — Oy 1(X)|/ h(n) < Calan_1¢n — an_2cn_1](R>_;(x) + R2(x)).
(iii) Applying (30) we have

2 x2
Rn_l(x)> - (1 — )h(n —DR?_ | (x)

depan—

6 (2) =h<n)(Rn(x> -

n—1

and

2 2
Qn(x):h(n—1)<Rn_1(x)—%Rn(x)) +(1— a )h(n)R,3<x).

n 4epan—

In particular it follows that

2
O (x) > (1 - )h(n — DRZ_, (x)
depan—
and
)
B (x) > (1 — )h(n)Rf,(x).
denan—1
Since x € [—1 + 6§, 1 — ] there is a constant C3 and N € N such that
6,(x)/h(n) > C3(R>_;(x) + R>(x))  foralln>N. O

THEOREM 4.10. Assume that (Ry)nen, is even and induces a polynomial
hypergroup on Ny. Let a, — % and h(n) — oo as n — oo. Further, suppose that

o0

(32) Y lancat1 — an—1cn| < 00.

n=1

Then every weakly stationary random sequence (Xp)neN, on the polynomial
hypergroup Ng induced by (Ry),en, is asymptotically R,-deterministic.
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PROOF. It suffices to prove that R, (x) — 0 as n — oo for every x € | —1, 1[.
Proposition 4.9(ii) and (iii) imply

102 (x) = Oy 1(X)| < h(0)Calan_1¢n — an—acn_11(R>_;(x) + R2(x))

2
< —lan—1cn — ap—2¢p—110,(x) = £,0,(x)
C3

for all n > N, where ¢, = %Ian_lcn —dap_ocn—1|. Hence

On— <0y =<
Tre, 1(x) <6, (x) e

en—l ()C)

for every n > N. Since Y o2, &, is convergent, 6, (x) is convergent, too. Applying
once more Proposition 4.9(iii) and & (n) — oo, we get R,(x) - 0. O

We conclude this paper with some further examples.

4. The Cartier—Dunau polynomials that are essential for the investigation of
stationary radial stochastic processes on homogeneous trees have the property
that a, = q/(q + 1). Hence for ¢ > 2 we can use Corollary 4.8 and get that
8, — 0 for the corresponding random sequences (X ),eN,-

5. R,(x; Blg) the (continuous) g-ultraspherical polynomials with —1 < 8 < 1 and
0 < g < 1. Their hypergroup structure is studied in Lasser (1983) [cf. also
Bressoud (1981)]. The recurrence coefficients a,, ¢, are not given in explicit
form, but we know the asymptotic behavior; see Bloom and Heyer [(1995),

page 168]. In fact,
1 1 1
2 n n

and hence a,, — % as n — oo. It now follows with elementary computations
from (4) that h,, — oo with growing n.

To check property (32) of Theorem 4.10 we investigate the monotonicity of
the sequence (oy),eN. A direct calculation shows that (¢,),cn i increasing
if B < q and decreasing if ¢ < B. In both cases we have Y 02 | |ay+1 — ap| =
| % —a1|. Now Theorem 4.10 implies that every corresponding random sequence
is asymptotically R, (-; B|q)-deterministic.
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