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Let X, = X%, a;&,_;, where the ¢ are i.i.d. with mean 0 and finite
second moment and the a; are either summable or regularly varying with
index € (-1, —1/2). The sequence {X,} has short memory in the former
case and long memory in the latter. For a large class of functions K, a
new approach is proposed to develop both central (v/N rate) and noncen-
tral (non-v/N rate) limit theorems for Sy = 2,127:1[K(Xn) — EK(X),)]
Specifically, we show that in the short-memory case the central limit theo-
rem holds for S and in the long-memory case, S can be decomposed into
two asymptotically uncorrelated parts that follow a central limit and a non-
central limit theorem, respectively. Further we write the noncentral part
as an expansion of uncorrelated components that follow noncentral limit
theorems. Connections with the usual Hermite expansion in the Gaussian
setting are also explored.

1. Introduction. This paper focuses on infinite moving averages defined
by X, = X2 a;e,_;, n € Z, where the innovations ¢; are mean-zero i.i.d.
random variables having at least finite second moments, and the moving av-
erage coefficients a; satisfy > 72, af < oo and certain conditions to be de-
scribed later. The goal is to investigate the asymptotic behavior of Sy =
Zf}’:l[K(Xn) — EK(X,)], as N — oo, for a general class of measurable func-
tions K under those conditions. Recall that for K(x) = x, a complete charac-
terization of the weak limit of S in terms of the a; was given by Davydov
(1970).

The first and primary case that we will consider is where the a;’s are regu-
larly varying with exponent —g, denoted by a; € RV _g, for some g € (1/2, 1),
that is, a; = i "PL(i) and L(i) is slowly varying at co. Notice that the covari-
ance function p(m) = EX,X,, of {X,} in this case is regularly varying with
exponent 1 — 28 € (—1, 0) and hence it is not summable. The study of station-
ary sequences with correlations decaying at hyperbolic rates presents interest-
ing and challenging probabilistic as well as statistical problems. Progress has
been steadily achieved for the last two decades or so. The expressions “long-
memory sequence” and “sequence with long-range dependence” are nowadays
commonly accepted as the descriptive terms for stationary time series whose
correlation function is not summable. Detailed accounts on the development
of long-memory sequences, both in theory and application, can be found in a
large volume of review papers including Cox (1984), Rosenblatt (1984), Taqqu
(1985), Sun and Ho (1985), Kiunsch (1986), Robinson (1994), Beran (1992) and
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Heyde (1995). A recent book, Beran (1994), also provides an up-to-date de-
scription of the statistical development in the area. The long-memory moving
average processes considered in this paper cover the model known as the frac-
tional ARIMA process [cf. Granger and Joyeux (1980), Hosking (1981)], which
has motivated considerable interest in applied areas such as econometrics and
hydrology [see, e.g., Lo (1991), Hipel and McLeod (1994)]. Suppose the X, are
normal and EK?(X,) < oo. Then the asymptotics for Sy can be studied by
exploiting the Hermite expansion of K along with the tool of multiple Wiener—
1t0 integrals, and are already well-known [see Taqqu (1979), Dobrushin and
Major (1979), Breuer and Major (1983), Ho and Sun (1987), Giraitis and Sur-
gailis (1985)]. Not much is known, however, about the case of nonnormal X,,.
The difficulty is in part due to the lack of orthogonal polynomial expansion of
K(X,) interms of X, in a general setting. With the notion of so-called Appell
polynomials, Surgailis (1982) and Giraitis (1985) proved non-+/N (noncentral)
and +/N (central) limit theorems, respectively, under very restrictive condi-
tions that require K be analytic and ¢; have finite moments of all orders.
Using the result in Surgailis (1982), Avram and Taqqu (1987) characterized
the noncentral limits when K is any Appell polynomial of X ,. In this paper,
we establish the asymptotic behavior of S, using a new approach that by-
passes the traditional polynomial expansion and hence requires considerably
weaker regularity conditions for K than those of Surgailis (1982) and Giraitis
(1985). It is the first time that a central limit theorem for Sy is proved in the
long-memory setting without using the method of moments (cumulants).

The second case we shall consider is where the moving average coefficients
a; are summable and so { X, } has short memory. A very straightforward ques-
tion is whether one can prove a central limit theorem for the empirical process
of X,,..., X, under no additional assumption on the a;. This seems to be a
natural problem and should have been thoroughly considered. Surprisingly,
not much has been done towards this. Although there is a sizable literature
on the theory of empirical processes for dependent random variables, with the
exception of Chanda and Ruymgaart (1990) and Hesse (1990), the focus has
been primarily on results based on various abstract conditions of short-range
dependence, for example, strong-mixing conditions [see, e.g., Babu and Singh
(1978), Basawa and Prakasa Rao (1980), Billingsley (1968), Deo (1973), Gast-
wirth and Rubin (1975), Mehra and Rao (1975), Sen (1971), Silverman (1983),
Withers (1975)]. In the case of linear processes, the mixing conditions typi-
cally translate to very stringent conditions on the a¢; and the ¢;. See Andrews
(1984), Athreya and Pantula (1986), Bradley (1986), Chanda (1974), Gorodet-
skii (1977), Pham and Tran (1985). In our approach, we study S, using a
modification of the argument used for proving the central limit theorem in
the long-memory setting and show that the assumption 72, |a;| < oo alone
guarantees the central limit theorem for Sy for a very general class of K.

This paper is structured as follows. Section 2 introduces the notation and
technical conditions. Sections 3 and 4, respectively, contain the results for the
long and short-memory cases. The results are then applied to the Gaussian
moving average process in Section 5 where certain known results are rediscov-
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ered and connections with the theory based on Hermite expansion are given.
For ease of reading, most of the proofs are collected in Section 6.

2. Notation and preliminaries. We first introduce some notation that
will be useful for the whole paper. Throughout, the notation > ,_; _._;
denotes a sum over the set of all positive integers j,,..., j, such that j; <

- < j,. Define

YN,O = N,
and for r > 1,

N

Yn,=2 > [lajenj.

n=1 1<j;<-<j,<oo s=1
If a; € RV_g for some B € (1/2,1) and r is any positive integer such that

r(2B — 1) < 1, then the process {3 1. ... <o [lso1@; &,—j: n > 1} also has
long memory and it is easily seen that

(2.1) ok, =var(Yy )~ N>7@EDL2r(N),

where L is the slowly varying component of a;. Here and elsewhere in this
paper, the notation by ~ ¢y means by/cy — 1 as N — oo.
Define X, , =0 and

Xn,j: Z a;e, i, Xn,jzXn_Xn,ji le

1<i<j
and
Xn,j,Z:Xn,j_Xn,[7 1§J§£

Let F, F‘j, G; and G be the distribution functions of X X, j,a;e, and

&4, respectively. For j > 0, define

(22)  Kix)=[K@+y)dF(y), Ky(x)=[K(x+y)dF(y)

and

n, j»

KOG = 2 [ K(x +y)dF(y)

whenever they are well defined. For p > 0, define

N p
Sv.,=Y K(X,)- Y KQ(0)Yy.,,
n=1 r=0

and denote

N
Sy =Sy,0= 2 [K(X,) - EK(X,)]

n=1
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Now we define a technical condition that will be used throughout the paper.
If the ¢th derivative K(jt) of K ; exists, define

K(j't,)A(x) = ‘Slllle(jt)(x + )|, A>0.
yl=A

Let = and ¢ be nonnegative integers, and let A be a nonnegative real number.
We say that the condition C(¢, 7, A) holds, if:

1. K(f)(x) exists for all x and K is continuous;
2. For all x € i,

4
sup E[K(Tt,))‘(x—}—Zaiai)} < 00,

Ic{1,2,..} iel

where the sup is taken over all subsets I of {1, 2,...}.

REMARK 1. We will not require the full power of C(t, 1, A). However,
C(t, 7, A) conveniently implies a number of conditions required for the proof
of Lemma 6.2. On the other hand, condition C(, 7, A) is clearly satisfied if the
tth derivative of K(-) is bounded and continuous, in which case one can simply
take 7 = 0. Similarly, any polynomial K also ensures C(¢, 7, A), provided that
g; has finite moments of sufficiently high orders. The novelty here is that
C(t, 7, A) can hold without K being smooth at all. One important example is
K(x) = I(x < u) which is encountered in the case of the empirical process,
where it is not difficult to see that if G has a continuous and integrable second
derivative then, for 1 <¢ <,

KO&) = [ [ K@ +ayi+-+a,3)6P(31) - GD(y)

X G(l)(ytJrl) T G<1)(yr) dyl T dyT

is bounded and continuous.
The following basic result has a number of applications in this paper.

LEMMA 2.1. Let q be a nonnegative integer. Suppose that there exist r and
A for which the condition C(z, 7, A) holds for all ¢ =0, 1, ..., g. Then for each
J = 7+1, K;is g times continuously differentiable and satisfies

() G
Kj'(x)=EK"(x+ Xy, ))
(2.3) "
=/Kj71(x+u)de(u) forall t=0,1,...,q.

ProoOF. If ¢ =0, then (2.3) follows from the Fubini theorem and C(0, 7, A).
Next, suppose that we have shown (2.3) for ¢ =0, ..., s for some s < q. Then,

K (x+8) - K{(x) _ E[K&”(x +o+ X, )~ KO+ Xlw)}

0 1)
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Hence, under C(s + 1, 7, A), the first and the second equalities of (2.3) for
t = s+ 1 follow from the Lebesgue dominated convergence theorem and the
Fubini theorem, respectively. O

We also need the following definition.

DEFINITION. We say that K has power rank % for some positive integer £,
if KE,];',)(O) exists and is nonzero and KSQ(O) =0forl<r<k

REMARK 2. Suppose X, is standard normal. Then for every function K
with EK?(X,) < oo, the following L,-expansion holds:

B

Jj=0

where H ;(x)=(—1)/e*"/?(d/e~*"/2/dx/) denotes the jth Hermite polynomial
and h; = [ K(x)H j(x) d®(x). In Tagqu (1979), the smallest j for which hj is
nonzero is called the Hermite rank of K. It is easy to check that # ; = K(oé)(o)
for each j and hence the power rank is identical to the Hermite rank.

3. Limit theorems for long-memory moving averages. In this section
we consider limit theorems for Sy in the long-memory case; a; € RV _; and
B €(1/2,1). Theorem 3.1 below contains a stochastic Taylor expansion for S
using the uncorrelated terms Y y ;. Loosely speaking, the number of terms
that can be included in the expansion is p, the integer part of (28 —1)71.
Theorem 3.2 shows that Sy ,, the remainder of the aforementioned expansion,
follows a central limit theorem. The proof is based on a surprising argument
that Sy , can be approximated in distribution by the remainder of the same
expansion for a finite moving average process. Theorems 3.1 and 3.2 are then
utilized to determine the asymptotic distribution of S in Corollary 3.3.

THEOREM 3.1. Let B € (1/2,1) and p be any positive integer satisfying
p < (28 —1)"1. Assume that E¢® < co, EK?(X,) < oo and for some 7 > 0 and
A > 0, condition C(t, 7, A) holds for t =0, ..., p+ 2. Then for any { > 0, there
exists a constant C' < oo such that for all N > 1,

(3.1) var (Sy ,) <C(Nv NZf(erl)(ZBfl)Jré)'
Moreover, for any A < ((28 —1) A (1 — p(28 —1)))/2,

N)\

ON,p

(3.2) Sy p,—>0 as.as N — oo,

where oy, is defined by (2.1).
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It follows from (3.1) that if p+1 > (28 — 1)~* then var(Sy, ,) < CN, from
which one might conjecture that Sy , follows a central limit theorem under
proper conditions. That turns out to be true for a reason which is natural but
far from obvious at first sight, as explained later. Fix £ > 1 and consider the
moving average process { X, ,, n > 1} with coefficients {a;, i < £} and innova-
tions {¢;}. Clearly, { X, ,} has short-range dependence (in fact, £-dependence).
Now define

N r
YN,I‘,Z=Z Z Hajssn,js, 15’"56

n=1 1<j;<--<j,<t s=1

and

N p
SN,p,KZ ZK(Xn,l)_ZKI(Zr)(O)YN,r,K’ OSpSZ
n=1 r=0

The essence of the following result is that Sy , behaves asymptotically like
Sn, p,¢» the partial sum of a short-memory process, and therefore follows a
central limit theorem. It is important to remark that this approach is com-
pletely different from the traditional approach of the method of moments [cf.
Arcones (1994), Breuer and Major (1983), Ho and Sun (1987)].

THEOREM 3.2. Let B € (1/2,1) and p be any positive integer satisfying
p+1>(2B8—1)"1. Assume that E<% < 0o, EK?(X,) < oo and

(3.3) E[K(X,) - K(X; ) -0 as{— oo,

In addition, assume that there exist some 7 > 0 and A > 0 such that condition
C(t,7,A) holds for ¢ =0,..., p+2. Then

(3.4) lim Ii]r\p_)sotip N~tvar(Sy ,—Sy.p.¢) =0

and

(3.5) N7Y2Sy , =4 N(0, o),

where

(3.6) o = dim N~tvar(Sy ,) = Jim lim_ N~tvar(Sy ,.¢) €[0, ).

The proofs of Theorems 3.1 and 3.2 are given in Section 6. Although we do
not formally prove it here, we remark that under the conditions of Theorem
3.2, for each r < (28 —1)™%, Sy , and Yy, are asymptotically uncorrelated
in the sense that

lim cov(NY2Sy ,, o5, Yy ) =0.

—00 ’ ’
In the Gaussian case, Sy, , and Yy , are in fact uncorrelated for every N.
See Section 5.
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Combining the messages of Theorems 3.1 and 3.2 and assuming that
(28 —1)7t is not an integer, we can write down the decomposition

Sy = noncentral part + central part

(3.7) @ N R
-y Koo(O)YN,r+(ZK<Xn)— > Koo<0>YN,,),
r=1 n=1 r=0

where, as explained earlier, the noncentral and central parts are asymptoti-
cally uncorrelated. If the noncentral part is present then the asymptotic dis-
tribution of Sy is determined by the leading term there, and if the noncentral
part is absent then the asymptotic distribution is determined by the central
part. This is stated more formally in the following corollary.

COROLLARY 3.3. Let B8 €(1/2,1) and % be the power rank of K(-). Assume,
that for some 7 and A, condition C(¢, 7, A) holds for ¢t = 0,..., k + 2, and
EK?(X;) <oo. If k< (28 —1)"' and E&?*8 < oo then

(3.8) oSy —a KR(0)Z, as N — o,

where the random variable Z, can be represented by the multiple Wiener-Itd
integral

Zy=x(B.0) [ S T =y reao) B -,

with B denoting standard Brownian motion and

. _ry 12
k(B, k) = {k!(l —k(B—1/2))(1— k(2B - 1))[/0 (x +x%)7F dx} } ;

ensuring EZ2 = 1. If k > (28— 1)7%, E&} < co and (3.3) holds, then
(3.9) N28, -, N(0,0%) as N — oo,

where 2 < 0o is as in (3.6).

PROOF. Since the power rank of K is k, from the definition of Sy , we
readily deduce

k
(3.10) Sy =Sy s1=8y1+KLO)Yy

First, consider the case & < (28 — 1)~1. Avram and Taqqu (1987) imposed
E&?* < oo and showed that a']?]%kYN,k converges in distribution to Z,, [defined
in (3.8)] as N — oo. Thus, (3.8) follows from Theorem 3.1 and the second
equality of (3.10). Next, if 2 > (28 — 1)71, then (3.9) follows from Theorem 3.2
and the first equality of (3.10). O
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In the preceding results if 2= (28 — 1)~! is an integer, then the asymp-
totic behavior of the various quantities in Corollary 3.3 can also be derived
by slightly modifying the proofs, provided that the precise form of the slowly
varying component of a; is available. In general, it is not easy to write lim-
iting variance o2 of (3.6) or (3.9) in a closed form, unless some very specific
conditions are assumed about the functional K and the distribution of X ,,. In
Theorem 5.1 of Section 5, we derive a formula for o2 when X, is Gaussian.

4. A central limit theorem for short-memory moving averages. In
this section we focus on short-memory linear processes {X,}, where the coef-
ficients q; satisfy Y2, ]a;| < co. In Theorem 4.1 we show that Sy is asymp-
totically normal. The proof, similar in spirit to that of Theorem 3.2, takes full
advantage of the linear structure and, in particular, does not rely on whether
certain mixing conditions hold. To the best of our knowledge, this is the first
attempt to prove a central limit theorem for Sy in this general setting.

THEOREM 4.1. Assume that Es] < oo, (3.3) holds and for some 7 and A,
condition C(t, 7, A) holds for ¢ =0, 1. Then

(4.1) lim lim sup N~tvar(Sy o—Sy.0¢) =0
-0 N
and
N-Y28y -, N(0, ¢?),
where
o? = ]\I’im N-lvar(Sy) = ZIim I\I]im var(Sy. o.¢) € [0, 00).

5. Gaussian processes. We revisit some results in the literature ob-
tained by different arguments in the context of the Gaussian process.

Assume in this section that the ¢; are i.i.d. standard normal random vari-
ables and the q; satisfy >72; af = 1 so that var (X ,) = 1. We apply Corollary
3.3 to obtain the following result in which the noncentral limit theorem was
originally obtained by Dobrushin and Major (1979) and Taqqu (1979), and the
central limit theorem by Breuer and Major (1983).

THEOREM 5.1.  Suppose that a; € RV_g for some g € (1/2,1) and K has

Hermite rank & (cf. Remark 2) and satisfies EK?(X,) < co. If £ < (28 —1)71,
then

(5.1) U&:’LkSN —>d thk as N — oo,

where Z, is as described in Theorem 3.2. If & > (238 — 1)7%, then

(5.2) N~Y28y —, N(0, 0?),
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where 0 < 02 < oo and is equal to
h2
(5.3) 2=y Z pi(m).
.]

HM8

Note that Theorem 5.1 has no assumptions on K other than EK?(X,) < oo,
since normal distribution has bounded derivatives and moments of all order
(cf. Remark 1). Our proof actually uses truncated Hermite expansions of K to
approximate K. We note also that Theorem 4.1 together with the argument
used for proving the central limit theorem above can be utilized to prove a
central limit theorem for short-memory linear Gaussian processes. Taking a
broader perspective, the following result explains the fundamental role of the
Y ., for the Gaussian moving average process. Note that we do not distinguish
between the long- and short-memory cases here.

THEOREM 5.2. Assume the setting explained at the start of this sec-
tion. Then for each N > 1, the infinite series ) 2 K (O)YNL con-
verges in L,, and Yy ;, 1 < i < oo, are mutually uncorrelated where

Yy =Sy -2 KY0)Yy ..

The preceding result shows that we can write S, as an infinite L,-
expansion using the mutually uncorrelated terms YN L, 1 <i < oo. This

expansion, which collects all the ‘diagonal” terms aJ . J(k > 2)in Yy .

is more natural than the Hermite expansion Zl-zl(K(Jo)(O)/z!)Zn=l H,(X,)
since it gives a clear picture of the fundamental role of each term in the
expansion. For example, in the setting of Theorem 3.1 and under the termi-
nology of (3.7) of Section 3, if the noncentral part is present in (3.7) then the
expansion based on the Y y ; reflects the fact that the diagonal terms make
no contribution to the limiting distribution.

6. Proofs. We first give a representation of Sy , — Sy, , , Which will be
central in the proofs on a number of occasions. We will assume the existence of
Kjt , j >, t < pand the L, convergence of a number of telescoping series,
where the justifications will be given when these representations are applied
to specific cases. With that in mind, for a given nonnegative integer p, define
fore=0and{=7+1,7+2,...,

=X 5 (a0 - K(K,)

n=1 j=1+1

ZK(”(O)Z S e,

n=1 7+l<j;<--<j,<o0 s=1

2 (M) KO

n=1 74+1<jj<--<j;<00
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[ % ) - KX 0)

n=1 j=7+1
t—1 - N r
K, ’(0) Z Z 1_[ Qj En—j,

r=1 n=1 74+1<j;<-<j.<t s=1

N t
_ Z Z ( 1_[ ajssn—js>K(J.tt)(Xn, jt,e):|, 0 <t< D,

n=1 74+l<j;<-<j, <t ‘Ns=1

a=[S % (Mae )& ®,,)-k00)]

n=1 7+l1<ji<<jp<oo Ns=1

[T (Mo )& (®,0-c20)]

n=1 7+1<ji<<j,<t

3

Tns.= [% : (Kjl(Xn,jl)_Kj(Xn,j))}
—[é 3 (K;j_1(Xp 1,0 - K '(Xn,j,i))]’

Twae= Z KL(0) Z 2 ( I ajssn—js>
n=1 ji<-<j.,<oo, \s=1
1<j,<7

+ 200 T (Moe)

n=1 ji<-<j,<t,

1<ji<7
(r) 4
SRIOY  E (MTeens)
n=l  jy<<jp,  Ns=1

1<ji<7,j.>t+1

p N

+ (K0 -KL0) Y ¥ (Ha en )
r=1 n=1 ji<-<j.<t
1<ji<7

Note. We interpret Z’}:m = 0 when m > n; for example, if £ = 0 then the
second terms of the various quantities of T' defined above are taken to be 0.
Further, we write

(1)
NlZ_Z ZUnJ£7

n=1 j=7+1
N t
(t+1) (?) _ ®)
Thie—Thae= 2 ) [Tajen Vo e
n=1 7+l<ji<--<jg<oo Ns=1
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N p
T € IR T

n=1 7+1<ji<<jp,<oo Vs=1
N T
TN,S,z = Z Z Pn,j,é’
n=1 j=1
where
~ ~ l ~
Unjoo=K;1(X, 1) - KX, ) —aje, ;KD (X, )]
(KXo a0 = K (Ko g0 —ajen i KX 501G < 0),
~ ~ l ~
Vo= K (R ) = KD (R ) — ajen K (X, )]
— (KD (X 1) = ED (X j0) = aje KX, 5 )G < 0),
W, .= [EP(X, ;) - ELO]-[KP(X, ;) - KOG <0

and

P, jo=[K;a(X, 1) - Ki(X, )]
—[K; (X, 1) — K (X, ;) <0).
Now comes the most crucial observation in this paper. Fix n, n’, j, j/ and write
Ki(X,.i) = E(K(X )| F-i-1)

where 7 is the o-field generated by ¢,, £ < s. Suppose n — j # n’ — j' and
without loss of generality assume that n — j <n’ — j'. Then

E[K; (X, 1)~ Kj(X, VK ;a(Xn, 1) = Kp(Xn )]
= E{[E(K(X)|F-;) — E(K(X,)|Fj-1)]
X [E(K(X )| j) = E(K(X )| T j-1)]}
= E{[E(K(X)|,-;) — E(K(X,)| 70— j-1)]
x E[E(K(X )| - ;) — E(K(X )| F— )| -]}
= E{[E(K(X )|, ;) — E(K(X,)| - j-1)]
x [E(K(X )| F-;) — E(K(X )| - )]}

(6.1)

=0.
By repeated applications of arguments of this nature, we obtain
(6.2) cov(U, j Uy j)=0 ifn—j#n —j,

t t
(t) (t)
COV(( [1 ajfn—h) Vol it ( [1 “j;sn’—j;>vn/, j;+1,e> =0
(63) s=1 s=1

ifn—j,#n' — j,forsomel<s<t,
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(6.4) COV(PIL,],E’ Pn/’j/’e)zo ifn—j?én,—j/,

p p
COV(( 1_[ ajssnjs>Wn’ Jps ( H ajfsan/jfs>Wn,,j,p’z> =0
s=1

(6.5) 1

ifn—j,#n' — j,forsomel <s<p,

1 r2

COV( [Ta; &, 1 aj,gan,_j;> =0 ifry#r,orifry=r,=rbut
(6.6) s=1 s=1 ) ‘

n—j,#n — j,forsomel<s<r.

In the following, let j/ = (' — n) + j. By (6.2)—(6.6), the Cauchy—Schwarz
inequality, and the symmetry of the covariance function, we obtain

n+i—j

N ¢
1
Var(T(N?l,E) <4y > Y covU, ; Uy i)

’

(67) n=1 j=7+1 n'=n

[e.¢]

N N
+4% > > cov(U, ;o Uy ji o)

n=1 n'=n j=(+1

(t+1) (t)
var(Ty' 1, — Ty 1.4)

n+l—jia

N
®) ®)
= 4 Z Z Z 1_[ ajsaj/s COV(Vn, jz+1>e’ V"’v j;+1, l)
(68) n=1 r+l<ji<-<jgast  n'=n  s=1

N N t
®) ®
+43 ) > [Taja;cov(Vy ' o Vi o)

n=1 n'=n 1+l<ji<-<jiq, s=1
Jipa=l+1

var(Ty, 5 )

nt+l—j,

N p
<43 > > ([laja;)cov(W, ; . W i)

1

o

(69) n=1 7+l1<ji<<j,<t n'=n

N N p
+ 4 Z Z Z ( 1_[ ajsajfs> COV(Wn,jP,07 Wn’,j;,,o)7
n=1 n'=n 7-+1§j1<~~~<jp, s=1
Jp=t+l

T n+r—j

N
(6.10) var(Ty30)<2% Y Y cov(P, ;¢ Py jis),

n=1 j=1 n'=n
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var(Ty . 4.0)

p N n+7—Jji r
<4BEDY D(EOO-K'O) ¥ Y (Maja)
r=1 n=1 Ji<e<Jj,=t, n'=n Ns=1

(6.11) 1o

p " N n+7—j; r
B LEDORY Y % (H ajs“fz)-

r=1 n=1 Ji<-<Jr, n'=n s=1

1<ji<7, jrzt+1

PrROOF OF THEOREM 3.1. We prove (3.1) only, as (3.2) easily follows from
(3.1) [cf. Lai and Stout (1980), Ho and Hsing (1996), Csorgd and Mielniczuk
(1995)]. First, the derivatives K(jt), 0 <t < p, j= 7, exist by conditions
C(t,7,1), 0 <t < p+2,and Lemma 2.1. Next, relations (6.12)—(6.15) below
justify the existence of various infinite series in the following expression (in
the L, sense):

@ e o
TN 10+ 2 (TN,l,o - TN,l,O) +TN,20+ Tn30+ T a0
t=1

By the proof of (iii) of Lemma 6.2, it is easy to see that
Ki(X, ;) >, K.o(0) as j— oo,

J n,Jj

which implies that

N N
> IK(X,) - EK(X,)] = )} [K(X,)— K(0)]
n=1 n=1

N
=2
n=1

[Kj-1(Xn, jo1) = K (X))

8

1

J
where the infinite sum converges in L,. Therefore we can write
(p)
Sy p=Tn10tTn 20t TN 30t TN a0

@ e
=TN 10+ D (TN,l,O - TN,l,O) +TN,20+TN30+ TN a0
t=1

Our plan is to show that for some universal constant B < oo,

(6.12) var(Tg\l,?l, 0) < BN,
p-1 1

(6.13) 3 var(TSf,Tlfo TV, 0) < BN,
t=1

(6.14) Var(TN,a, o) + Var(TN, 4, 0) =< BN,
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and for any given small { > 0, there exists C < oo, independent of %, such
that
(6.15) var(Ty. 5.0) < C(N v N2-(PTD@B=1+),

Clearly, by (i) of Lemma 6.2 and the Cauchy-Schwarz inequality, for each
n,n', j, j > 1, there exists a universal constant B such that

2.2
(6.16) lcov(U,,, j 0, Uy j0)| < Ba%a3
(@) () 2
(617) ICOV<V” Ji+1,0° Vn’,j;+1,0) Ba]t+1_1a.1t+1 1

Since the a2 are summable, (6.12) clearly follows from (6.7) and (6.16). Now,
by (6.8) and (6.17),
(t+1) ()
Var<TN, 10— Iy o)

(6.18) N N t .

By Y Y (M) ¥ 6,6,

n=1 n'=n 74+l<j;<--<j;<oo \s=1 Je1>Je
For any ¢ > 0 there exists C < oo such that
la;| < Cj P,

Choose 0 < ¢ < B — 1/2. Simple algebra shows that the right-hand side of
(6.18) is bounded by

N-1 t
CN Z Z <l_[ Js(n+ J5)l BH) Z [jt+l(n+jt+l)]_2ﬁ+£

n=0 74+1<j;<-<j,<o00 Ns=1 Jer1>Je

for some C < co. By Lemma 6.3, for n > 1,

5 (n[js<n+js>rﬁ+4) Y Lesa(n + jo)] 25

THI<ji<Ja<<Jjp<oo Ns=1 Jena>Je

o0
<C Y [j(n+ T IEDE-E-1/2)+5+1/2]
Jj=7+1

o0
<C Z [j(n+ j)]—(ﬁ+l/2) < Cn_(B“Ll/Z),
Jj=1+1

which is summable and ensures (6.13). Next we show (6.14). By the Jensen
inequality,

E(K%(X, ;) = E(E*(K(X,)X, ;) < EK*(X,) <o foranyn,;j>1,
and hence by the Cauchy—Schwarz inequality,
[cov(Py, j,0. Pr, y,0)| < 4EK*(X,).

This, together with (6.10), takes care of the first term of (6.14). The second term
there can be handled easily using (6.11). Finally, we show (6.15). It follows from



1650 H.-C. HO AND T. HSING

(iii) of Lemma 6.2 and the fact that a; € RV _g thatforany 0 < { < 8 —1/2
there exists C such that

EW2 ., <C i a? < Cj B,

n,j,0 =
i=j

This and (6.9) show that
var(Ty 2,0)

N N p
=130 SR N | LT (I AR
s=1

n=1 n'=n T+l§j1<-~~<jp<oo
N-1 P
SONY % (U P+ ) 2
n=0 7+1<j;<-<j,<00 \s=1
By Lemma 6.3, for n > 1,

p
SN0 (FRCEA) Ry MR Rt

THI<ji<<jp<oo Ns=1
oo
<C Y [j(n+ J)PHD(E=E-1/2)+1/2]
j=1+1

Note that there are two possibilities: for small { > 0, (p+1)(8—{—1/2)+1/2
is greater or less than one. By Lemma 6.3, in the former case, the right-hand
side of the preceding inequality is summable in n, and in the latter case, it is
bounded by Cn—2(P+1(B-¢-1/2) Thus, for some C < oo,

var(Ty 5.0) < C(N v N2 2(p+D(B-i-1/2))
This shows (6.15) and concludes the proof of (3.1). O

PrROOF OF THEOREM 3.2. Here is the strategy of our proof. Since Sy , , is
the partial sum of an ¢-dependent sequence for any fixed ¢, it satisfies

(6.19) N-Y28y -5 N(0, 0?)
for some finite o2, where
o = Jim N~tvar(Sy ,.0)-
By the triangle inequality and the Cauchy—Schwarz inequalities,
var(Sy, .o, — SN, p.e,) < 2[var(Sy, , — Sn, p.o,) +Var(Sy, , — Sn. p.0,)]-
Thus, if (3.4) holds, then

lim sup limsup N~‘var(Sy , ., — Sy, p.e,) =0,

=00y 1> N—oco

which implies that {¢?, ¢ = 1,2,...} is a Cauchy sequence and therefore o?
tends to some finite value o2 as ¢ — oo. Hence, assuming (3.4), both (3.5) and
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(3.6) follow readily as a result of this fact and (6.19). Thus, the remaining part
of the proof is dedicated to showing (3.4).

Using arguments similar to those used in the proof of Theorem 3.1, we
obtain

b1
1) (t+1) ®)
Sn.p =8N p =Ty 1+ Z(TN L= TN ¥ TN 2+ Tns e+ T

Our goal is to prove

(6.20) lim limsup N~ var(Tg\l,)”) 0,

>0 N_oo

(6.21) lim Illr\xlw sup N1 Z var(T(Zf,+i)e TV, ,)=0
—> 00 t=1

and

(6.22) I|m limsup N-tvar(Ty ; ,) = 1=2,3,4.

—X® N-ooo

We first show (6.20) and (6.21) through bounding the terms on the right-hand
side of (6.7) and (6.8). We first handle the first of the two terms in each of
the bounds in (6.7) and (6.8). By (ii) of Lemma 6.2 and the Cauchy—-Schwarz
inequality,

2\ .2 2
\COV(UH,J',K’UW,J”,@)\ SC( > ai>ajaj
e+l

and

}COV(Vn,jz+1vz’ Vn’,j;Jrl,Z)} = C( Z a; > .]t+1 §t+1

i>0+1

Since the a? are summable, it is clear that

| N ¢ nte—j |
(6.23) I|m limsupN~* Y > > cov(U, U, ;0| =0
— N ln=1 j=r+1 n'=n |
and
1] N n+l—ji
lim limsup |3 ) 3 (1—[ aa Js>
(624) 7 N |n=1 THI<ji<<Jya=<t n'=n

X cov(V(t) V(t/) y ) =0.

n] 16’ n)][+15£

Next, we consider the second of the two terms of each of the right-hand sides of
(6.7) and (6.8). By (6.16), for any 0 < ¢ < 28 — 1, there exists a finite constant
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C such that
N N o0 N N o0 5
X Y covU, ;0.Up 0 =CY > > ()
n=1 n'=n j=(+1 n=1 n'=n j=(+1
N-1
<CN SEE )2+
<CN Y Y [i(n+)NI?P*,
n=0 j=0+1

and it follows from Lemma 6.3 that the right hand side is bounded by

N-1
CN > (nv £) 2PH{gi=2B+0 < CN 2172840,
n=0

Since 1 — 2B + ¢ < 0, we have

(6.25) Jim lim sup N?

N—-oo

=0.

N N 00
> > cov(Uy, 0 Un jo)
=+

n=1 n'=n j 1

Similarly, by (6.17) and Lemma 6.3,

yo¥ ‘ ) )
> > > [Taja;cov(Vy ;i 0V i o
n=1 n'=n t4+l<j;<--<j;q, s=1

jt+12é+l

cony (5 i) S e )
J

n=0 \1<j;<-<j,<oco s=1 j=C+1

N-1
< ON(¥2P+L Y p2p+t

n=1

< CNEI—ZB-FZ'
Therefore, we have
l| N N t
im limsup N~ iZ > > ( [ ajsaj;)

|
{0 Nooo n=1 n'=n 1<j<-<j,1, \s=1

(6.26) Jepa =0+l

X cov(V(t) V(t)

n. .0 n',j',O) =0.

Thus, (6.20) follows from (6.7), (6.23) and (6.25) and (6.21) follows from (6.8),
(6.24) and (6.26). Next we show (6.22) for i = 2 through (6.9). The first term
on the right of (6.9) is handled as follows. By (iv) of Lemma 6.2,

2 2 .
EW; ;,<C} ai foralln,j,
i>{

for some finite constant C. Then, there is a constant C independent of n, j, j’
and ¢ such that

lcov(W, 6 Wo 10| < CYa? < Ce26B-12-0,

>0
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where we choose ¢ > 0 small enough so that 2(p + 1)(8 — 1/2 — {) > 1.
Consequently,

N n+t—j,

P
> > 2 (1_[ ajﬂj@) oV(Wo s, W j, o)

n=1 7+1<jy<<j,<t n'=n

n+€—1

<Ot 2(B—1/2-¢) Z Z Z (l‘[ |aJ; 7

n=1 n'=n 7+1<j;<<j,<L

n+t—1 ¢ p
<C€ 2(p-1/2- {)Z Z (Z|a]a]/|>

n=1 n'=n \ j=1
-1 4 p
< CeEON S (Sl D)
n=0\ j—1

By Lemma 6.4 below, the last expression is bounded by

-1
CN¢—2(B=1/2=0) Z n—2p(B=1/2-0) < CN ¢—2(B=1/2=¢) p=2p(B=1/2={)+1
n=1

= CN ¢~ 2p+1)(B=1/2=0)+1
Hence, in view of the the restriction on ¢, we conclude that
N N
KIimIimsupN’l oy > <]_[a a; )

7 N-oo n=1 n'=n 14+1<j,<-<j, <l
(6.27) A==y

X cov(Wn, g Wn/,j/p,e) =0.

Now we consider the second term on the right of (6.9). By (iii) of Lemma 6.2,
for any ¢ > 0 there exists C < oo such that

N N
Y x (Mee)eWa,o W0
n=1 n'=n 7+1<j;<<]j,

Jp=t+l

N N p
_CZ_jl D (l_[ aja ]5>(J ) A

n'=n 1<ji<-<j,, “s=1
Jp=t+1

N-1 »
S D SR v () (FXCRSA) KL (PR UR S R

n=0 1<j;<--<jp, “s=1
Jp=t+l

N-1 p-1
“ONT % (I A7 L+ ) 2

n=0 1<jj<-<j,, \s=1
Jp=t+l
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By Lemma 6.6, { here could be chosen small enough so that the preceding
inequality gives

| NN |

Jim limsup N~* > > > (Ha a; )cov(Wn,jp,o, W i O>|=O

T N-oo | n=1 n'=n THI<j1<<Jps = I
Jpzt+l

This and (6.27) imply (6.22) for i = 2.
The proof of (6.22) for i = 3 follows from (6.10), using the fact that (3.3)
implies that

SUp E[K (X1 ) — K, (X1 ;)] < EIK(Xy)— K(X, )P >0 ast— oo,

Jj<t
and hence
(6.28) P, ;i¢—>r,0 ast— ocouniformlyinnand j<r.
The proof of (6.22) for i = 4 follows from (6.11) together with
K(og)(O) — Kfzr)(O) —-0 as¢{—ooforalr=1,...,p,
which is straightforward (see Lemmas 6.2 and 6.3). O

PROOF OF THEOREM 4.1. The proof is similar to that of Theorem 3.2 with
p = 0; it suffices to show (4.1). As before,

Var(SN,O - Sy, o,e) <RBRyi1,+Ry2¢+Rn3,
where, with the P, ; , defines by (6.1),

n+l—j

RNlZ_8Z Z ZCOV(PnJZ’ n/’K)

n=1 j=7+1 n'=n

N N oo
Ryo¢=8) > > cov(P, Py o)

n=1 n'=n j=(+1

T ntT—j

RN3Z—4Z Y. > cov(P nj,l’Pn’,j’,é)-

n=1 j=1 n'=n
By (v) and (vi) of Lemma 6.2 and the fact that the |a ;| are summable,

0 0 2
I|m lim N~ var(RN,U)SC[Iim< > al‘2><2|aj|> =

=00 N—oo i=t+1

and

[Ilm Alrlm N~ var(RN 20)=<C Ilm(

)y |aj|)

J=t+1
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Finally, it follows readily from (6.28) that

lim lim N~'var(Ry 5 ,) = 0.

{—00 N—oo

This shows (4.1) and concludes the proof. O

To prove Theorems 5.1 and 5.2, we need a result due to Avram and Taqqu
(1987). We first review some notation. For any fixed, preassigned positive
integer r, let # = (py,..., p;) be a vector of positive integers such that
l1<p,<-<p;and p; +---+ p; = r. We denote by (i), = (i, ..., i,) the
t-tuples whose components i.'s are all distinct positive integers. Any ¢-tuple
(i), = (i, ...,4,) satisfying 1 < i, < ¢, 1 <s <t, is denoted by (i), ,.

ProOF OF THEOREM 5.1. Let p(m) = EX, X, ,,. Define
4 4
Xn,l = Zaisn_i and X/n,l = b[lzaian_i,
=1 i=1
where b, = Y°!_, a? ensuring E(X, ,)? = 1. We first note that
oo 4
(6.29) p(m)=> a;,a;;pm, EX), X m 1 =b2Y a0, Jd(m—n<t—1i).
i=1 i=1
For positive integer M > kv (28 — 1)1, define
M <y
j=k
Since K™ is a polynomial,
Kx"(0) = (KX)"(0) = EKM(X )H(X,) =h,,  r=1,

and the technical conditions in Corollary 3.3 are easily verified with K™ in
place of K. Thus, both the noncentral and central limit theorems there hold
with K™ in place of K. Next, recall that

Bk S K(X,) KM<Xn>])2

mn:l
© p2r1 N .
(6.30) < ¥ —.{(N > Ip(m—n)lf)
j=M+1 J: m, n=1

o0 o p2

< C( > Ip(m)IM“) > <o
m=—00 j=M+1 /-

for some constant C. Since VN = o(Sy ;) if k < (28-1)7%, o', 20, K(X,)

has the same limiting distribution as ag,%k ZnNzl KM(X,), and (5.1) read-
ily follows from the above discussion. Note also that the last sum on the
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right of (6.30) converges to 0 as M — oo, so that if & > (28 — 1)7!
then N-Y2yN K(X,) satisfies the central limit theorem, and so does
N-Y2yN  KM(X,). Thus, it remains to verify that the variance o2 of the
limiting normal distribution is indeed as in (5.3). By (3.6) of Theorem 3.2, we
need to show

(631) lim lim N~ 1E< Y KM(X, ) - Z KMy, z)z -y

(=00 N—oo n=1 r=0

where

¢ =% lim E (\/—ZH(X ))2= > pi(m).

J! N—oo Me——oo

Denote by P ;(x) the jth Appell polynomial associated with X, , [cf. Avram
and Taqqu (1987)], defined recursively by

(6.32) P(x)= jIP,_y(x), Po(x)=1, EPy(X,,) =3,

It is known that the Appell polynomials for standard normal reduce to the
orthogonal Hermite polynomials. Recall that K (0) = EKM(X, ,). Write

M h .
N
J:
where h; , = émj)(O) by the recursive relations of (6.32). It is clear that
. 0, ifj<k,
(6.34) ZILTO be=1, ZILnO]O hjo= {hj, if j >k,
and
l
(6.35) Py(X,, ) =b, ) (ai/b)e, ;= bHy (X7, ,)
i=1

Using formula (3.9) of Avram and Tagqu (1987), we have for fixed j > 2,

. J
Pj<Xn,e>=bz[ﬂ S @ /b)ens,

1<ij<ee<ij<t s=1
(6.36)

£ T (o)) T Mem i, )]

721 Pio--o5 Pe/ gy, s=1
—b/H (X, ,).

The ¢t-tuple m = (p4, . . ., p,) above satisfies >¢_; p; = j. The summation Z,(i)t )
requires that i, < i, if p, = p,,,. Combine (6.33), (6.35) and the last identity
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of (6.36) to get

N k-1
M(r
Svine=Y KMX, ) - Y K0O)Yy,,
n=1 r=0
k-1 b.] N M h} ¢, N )
=2 hj [ ZH (X0 YN,j,e]+ZJ_';bE|:ZHj(Xn,£)i|
! n=1 Jj=k " n=1

EAN,Z+BN,K'

Since E[H;(X)H j(Y)] = 6(i — j)i'E(XY), for any bivariate normal (X, Y)
with standard normal marginals, (6.36) implies EAy ,By , =0,

b, ¥
B(% MK, - Yo
" n=1
(6.37)
bJ N - -
< ZH(X YN,j,l>=0a L# J,

and, for j > 2,

bJ N 2
N1 [ ZH (X YN’JJ}

N-1
|n] 1
- > (1-%) T
n=—N+1 N w#(1,...,1) pl' T ptl
(6.38)

x > [laia; )1l <ig+n<¢)
(), s=1
N-1 1 :

<B Z Z ﬁ Z H[ls(ls + |n|)]_B/ps,

Dy 1<i;<--<i; <00 s=1

where B’ € (1/2, B) and the constant B is independent of N and ¢. Note that
each ¢-tuple w = (p,, ..., p,) satisfies¢ < j—1and p,+---+ p, = j. Therefore,
the preceding bound in (6.38) can be further bounded by

N-1 oo
(639) €Y Y[+ |n)| 7O <0y Y o EE

n=0 i=1 n=1

using Lemma 6.3. Both constants C and C; are independent of N and ¢.
Relations (6.34), (6.35), (6.36) and (6.39) imply

lim lim N"'EA% ,=0.

£—00 N—o0
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Hence it is enough to consider By ,. From (6.29) and (6.34), we have

lim lim N"'EB3 ,

£—00 N—oo

= lim lim J%@( K_Zl <1—|1N|>[2€:aiai+nl(n+i§g)}j>

I
tmooN—oo T J8 \ =T i=1
M h2 00 J
=k -]' n=—00
M 12

B hij

= L,
=k

which shows (6.31). It is clear that o2 > ¢, > 0. The proof is complete. O

PrOOF OF THEOREM 5.2. Fix r > 1 and [-tuple = = (p4, py, ..., p;) Of pos-
itive integers such that le:l p; = r. Define

nrw—z l_[ap?HpL(gn L)

(i) s=1

where 3~ runsover all I-tuples (i); = (iy, ..., i;) such thati,, # i, for m # n,
and i,, <1i,.,, if p,, = p,,.1. By Theorem 1 of Avram and Taqqu (1987),

H(X)=r Y [Maen, + Z( d )Tn,,,w.
2

1<ji<-<j,<oo s=1 7775(1 ’’’’ 1)
Thus,
- = KD(0) X
> KX =% 2O % Hx,)
n=1 r=1 ’ n=1
o 1) N -
=Y KX0Yy,+32 Y % < )Tw’w.
r=1 n=1 r=1 w#(1,.., ) P15 Py

Thus,

N oo r
= an7r7

n=1 r=1 7#(1,..,1

whose L, convergence is guaranteed by that of the Hermite expansion. It suf-
fices to show that for any positive integers nq, n,, r, [, any r-tuple (ji, ..., j,)
of positive integers such that j, < --- < j,, any [-tuple (p,, ..., p;) of positive
integers not equal to (1, ..., 1) and any [-tuple (i,, ..., i;) of positive integers,

0 (11w ) (1Tt} -0
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Clearly, (6.40) holds if {n; — js:1l<s<r}#{n,— jol<s<lI}.Butifi=r
and {n, — jol<s<r}={n,—i, 1<t <r} then

r l r
B[ (1w ) (T Hoon, )| = T BLE R, 0L
s=1 t=1 =1
which equals 0 since at least one of the p; is not 1. This concludes the proof. O

The following lemmas handle some technical details required for the proofs
above. In the sequel, given any bivariate function H(x,, x,), we define

Hy (21, 25) = sup |H(x1 4 x, 25 + ¥)|.
0<|x|<d,, 0<|y|<d,

For a smooth function H(x, x,), let
o I H(xq, x
HD(x,, x,) = M
axt dx3

denote its (i, j)th partial derivatives, and let
(-? .) . 7
HG ) (51, %5) = (HOD) g, 4, (51, 5%5).

LEMMA 6.1. Let H(xy, x,) be a function with continuous partial derivatives
H®)(.,),i=0,1,...,g+1and j =0, 1. Define

q L |
(6.41)  D(x,y,u)=|H(x+y,u)— Y. (@) Py HEOx, u)| , r>1.
i=0 |

Let w;, i = 1,2,3 be probability measures on % and du(x,y,u) =
dpq(x)dp,(y)dus(w). Assume that for all real x,

H%9(x,0)=0, i=0,1,...,q9+1,

and there exists A > 0 such that the following integrals are finite for i
1,...,9+ 1

1 = [[H ) (x, 0)F dpa(x),

1 = (1B G ) dpa () dps(a),

(6.42) .
Iy = [[HGP(x+ 5, 0 dpay(x) dpsa(y),
L= [|H(x+y,w)? dp.

Then

©43) [ Dy, wdnte, v, = Al [ 570D duty) [ ds(w)]
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where, for fixed ¢, r and A, A is a finite constant whose value depends only on

VL [y duy(y) and (VT 1) v (VI 1Y) v I, v I, and can be taken to be
increasing in both quantities.

PROOF. Write

/D(x, y,u)du

+ + +/ D(x, y, u)dp
{lyl=A, Jul<Ar} {lyI=A, [ul>A} {ly|>A, [u|<A} {ly|>A, [ul>A}
S RTINS AN A

We shall show that each J;, i = 1,2, 3,4 is bounded by the right-hand side
of (6.43). There are two key steps in our argument. The first one is to use
Taylor’s theorem to obtain foreachi =0,1,...,q9 + 1,

D(x, y,u) < [y HGE (%, ) /g, |y <A, xuen
and
|HOO(x, 0)|” < |ul" [HS (2,07, |ul < A, x €

The second step is to observe that, by the Chebyshev inequality,

/ duy(y) dus(n) < )\f2r(q+l)72r/y2r(q4rl) dﬁbz/uzr dus.
Uyl> A, Jul>A}

Repeatedly using these two steps and Holder’s inequality, we obtain
Iy = [ [HDx,0) dpy(@)] [ 1979 dug(y) [ ul” dpa(w),
Io = [ 1oV I(ul > (TGO (x, w) du

< [ [ ) dus(x) dug()]
< [ 131 o[ [l da)]

Iz = [1(y] = A, lul < Mlul’

q o r
x [Hé‘?;”(x T y.0) 4 SNy HY D, o>} du

1=0
2
< A—r(Q+1){/|y|2r(lI+l) sz(y)/|u|2r d/-LS(u)}l/
x (q+2 | [[HE (o + v, 001 dpua(x) dpsaly)

1/2
b

+ XG0 [ 1y dpa(y) [LHE Y (5, 01 diaa()}
1=0
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=TI r r 1/2
Ty = AL [yt dpg(y) [uf dus(w)]

x (g +2>’{ [1HG + v, 0P dp+ Y@ [ 197 dua(y)
i=0

' 1/2
[ IO ) dps() dis)]
and (6.43) is then immediate. O

LEMMA 6.2. If Ec® < 0o and for some 7 > 0 and A > 0, condition C(¢, 7, A)
holds for ¢ =0, ..., p+ 2, then:
(i) Forallt=0,1,...,pand k=i ori+ 1 wherei > T,
t) /< t > t+1) [ o 2
E[KE (Xn2) = K§+)1(Xn, k1) = ‘7‘k+13n—k—1K§eJr )(Xn, r1)] = C(a} +a2+1)-

(i) Forall t=0,1,...,pand k=iori+1lwithr<i<i4+1<¢-—1and
L>7+1,

E{[K (%, 1) = KO (X pit) — @prren i K™ (X pin)]

(K (Xn ) — K (R kir ) — areren i1 Ky (X pin o))
< C( > afn)(at‘,‘e +ai+1).
m=(+1

(iii) For j > 741,

E[KP (X, ;) -KL O <C

3
1098
Q
SI\.)

(iv) Forr+1<j<g¢,
E([KV(X,. ) - KL O] - [KP(X, ;) - KPO =€ ¥ a.

where C is a universal constant.

In addition, if E&] < oo and for some 7 > 0 and A > 0, condition C(¢, 7, A)
holds for ¢ = 0, 1, then:

(v) Forr+1<j<¢,

E{[K,; 1(X, 1) = K (X )] = [K 1K jore) — K (X011

< C( 3 af)(a§.1+a§.).
i=(+1
(vi) For j > ¢+41,
5 S 2
E[K; (X, j-1) - K;(X, )] = Ci  +d}),

where C is a universal constant.
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ProOOF. We only prove (i)—(iv) since the proofs of (v) and (vi) are similar.
(i) Taking into account that [udG(u) = 0 and Kgi)l(x) = ngt)(x +
a; 1% )dG(x) (see Lemma 2.1), we write for £ =i +1,

t > t o t+1 el
KE )(Xn,i+1) - K§+)1(Xn,i+2) - ai+23n7i72K§+l )(Xn,i+2) =dJ, -y,
where
v , 9, =
Jy = f[KE )(Xn, 2t 008, i o+ a;x) — KE )(Xn, 2 T 1%)
t+1) [
- ai+28n—i—2K§ )(Xn,i+2 +a;1x')]dG(x")
and
J, = [TKY(X . . : o) — KO . 4
2= [ i ( nyi42 T Qi 08, i o+ Qi1 X ) i ( nyit2 T Qi 28, i 2)
’ t+1 S
— QX Kﬁ )(Xn, iv2 T ai+28n—i—2)] dG(x").

We shall apply Lemma 6.1 to bound E|J,|?> and E|J,|?. First, choose ¢ = 1,
r=2,and

H(xq, x,) = th)(xl)xz, t=0,1,...,p
in (6.41). By writing
) (o 0 =
Jy = E[KE )(Xn, 2 F Q28 i 2 F 18, ) — KE )(Xn, iv2 + @18, i1)
t+1) [ o 5
- ai+28n—i—2K§ )(Xn, i+2 + ai+18n—i—l)|Xn, i+2> 8n—i—1]’
it is clear by the Cauchy—-Schwarz inequality that
R
E|J,|? < E[Ki )(Xn, 2+ @ip2Eni o+ Q18,0 i 1)
®) (%
- K; )(Xn, 2+ @18, 1)
t+1 > 2
(6.44) - ai+28n7i72K5 >(Xn, 2+ @180 i1)]
= //ﬂH(x +y,u)— H(x,u) — yH®O(x, u)|2
x dpg(x)ua(y) dus(u),

where p, is the convolution of the distributions F‘i+2 and G;,1, u, is the dis-
tribution of G,,,, and u; is the probability measure concentrated at {1}. It
is straightforward to check that the integral conditions (6.42) in Lemma 6.1
are satisfied, using conditions C(¢, 7, A). For example, with s =0, 1, 2, by the
Cauchy-Schwarz inequality,

JUHS (o)) dpa(x) dpa(w) = (K ()] dpna ()

= E[K(T{J:\S)(Xn,f - ai+2‘9n—(i+2))]47
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which is uniformly bounded for all ¢, by (ii) of condition C(¢, , A). Hence,
combining (6.43) and (6.44), we have

E|J1|2 = C[/)’B dM2]1/2 < Ca?+2

for some universal constant C. The proof for J, is similar, except for switching
the roles of a; ,¢,_;,_», and a;,,&,_;_;. Specifically, let u, and u, be the distri-
butions of F,_, (i.e., the convolution of F,_, and G,,,) and G,_,, respectively.
Then, by the Cauchy-Schwarz inequality and Lemma 6.1 again,

E|J,|* < Ca?

i+1°

and (i) is immediate for £k = i + 1. The case 2 = i is handled by the same
argument and the details are omitted.
(ii) We focus on the case k£ =i + 1 and write

[Kit)(Xn, i+1) - KE?I(Xn, i+2) - ai+28n7i72K§t+J?ll)(Xn, i+2)]
- [th)(Xn,i+1,€) - KEQl(Xn, i+2,£) - ai+28n—i—2K§f:g.l)(Xn,i+2,€)]
= Jl - J2,
where this time
Jy = [KE?l(Xn iv2,¢ Tt Xn,z + ai+28n7i72) - Ki?l(xn iv2,0 T ai+28n7i72)]
- [Kgi)l(Xn it2,¢ T Xn,z) - Kgi)l(Xn, i+2,€)]
- ai+28n7i72[K§j—zl)(Xn, i+2,¢ + Xn,l) - Kgf:il)(Xn, i+2,£)]5
Jo = /{[th)(Xn,i-&-l,Z + X, o Fagau) - th)(Xn,Hl,e +au)]
- [th)(Xn,H—l,Z + Xn,f) - th)(Xn,i-kl,E)]
—ap W [K(X 0+ X)) = KX 00,0)]) AGW).

First of all we need to identify the function H(x,, x,) and the probability
measures u;, ¢ =1, 2,3. For J,, set

H(xy, x;5) = Kgi)l(xl +x5) — Kgi)l(xl),

and let u,; and u, be the distributions of Xn,i+2,z and a;.»&,_;_», respectively.
For J,, set

H(xy, %) = K (1 + x5) — K1),

and let u; and u, be the distributions of X‘,LHZ,@ and a;,1&,_;_1, respectively.
Let w; be the distribution of X’M for both J, and J,. Applying the Cauchy—
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Schwarz inequality and (6.43) with ¢ = 1, we obtain
2 > 4 8\1/2
E|Ju? = C(E| X, |*Elai pen-i-2|’)

( Z a > ith> h:1,2.

m>0+1
Again, as in part (i) above, the integral conditions (6.42) of Lemma 6.1 can be
verified by using (ii) of condition C(¢, 7, A).
(iii) Write
KP(X, ;) - KL(0) = /(K(jp)(Xn,j) - KP(5) dF ().
Hence
~ 2 ~
E[K(X, ;) - KLOF <2| [IKP (1) - KPP dF (y1)
+ [ 1K (52) - KO AF (32)].
Set ¢ =0 and
H(xy, %5) = K (21),.

Choose the probability measures u;, i = 1, 2, 3, to be such that u,({0}) = 1,
m3({1}) = 1 and u, is F or FJ 1. Then, by the Cauchy-Schwarz inequality
and (6.43) with r = 2,

BIKY (%)~ KLOF = B[ [t ab,n] "+ [ [ 1ot ad, 0] 7]

for some constants B, and B,.
(iv) Write

[KP(X, ) - KD©0)] - [KP(X, ;) - KP©)] = Jy — Iy,
where now
J=[KP (X, .+ X, - KEP(X, 50
I, = [[KP(y) - K{P(©)]dF ().
Let

H(xy, ) = KV (x1)x,,
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and let u, and u, be F; , and F,, respectively. Let p, satisfy ps({1}) = 1.
Then by the Cauchy-Schwarz inequality and (6.43) with ¢ =0 and r = 2,

EJ] < C/IH(x +y,u) — H(x, )] dpg () dug(y)ma(u)

cof [rram)"<C §

m={+1

for some finite constant C. The bound for EJ2 is the same, Where the only
changes are: H(x,, x,) is defined to be K( )(xl)xz instead of K )(xl)xz and
the probability measure p, is now concentrated at {0}. O

LEMMA 6.3. Given constants y4,..., v, > 1/2,and ¢ > 1, there exists C < oo
such that forall n, ¢ > 1,

2 [TLis(rn+ oI

L+1<ji<jo<-<js<oo s=1

<C Y L+ )

j=t+1
C(n v £)=2r+1 if ye(1/2,1),

< Cn_1|:I(n>€)Iog<%>+l(n§€)%], ify=1,
C(nve)ver, if y e (1, ),

where y = 3! v, — (t — 1)/2

Proor. The first inequality follows as in the proof of Lemma 6.4 of Ho and
Hsing (1994). We illustrate the proof of the second inequality by considering
the case y € (1, o0). By elementary arguments,

Y Lin+ 7 =072 [ (72 ny ) dy

J=t+1
1 00
n27+1< vy~ dy +/ y2 dy), ifn>¢,
t/n 1
- o0
n*27+1/ y~27 dy, ifn<e,
l/n
so that
Y [j(n+ NI <C(nv )7, O

j=t+1

LEMMA 6.4. For 6 € (1/2,1), there exists a constant C such that for all
n,t>1,

é[j(n + NP <CnAat)n°.
j=1
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PRrROOF. As in the previous proof, we have
l/n
¢ n1723/ y~2dy, ifn>¢,
. . 0
Ylin+ NI < 1 o/n
J=1 nlza(/ y° dy+/ y~2 dy>, ifn <t
0 1

and hence the conclusion. O
LEMMA 6.5. Given constants vy;,...,v,1 € (1/2,1), there exists C < oo

such that for all n, ¢ > 1,
t t—1
) [1lJs(n+Jj)I" <C}_ B(k,n,0),
1<ji<ja<-<Jjs s=1 k=0
Ji=0+1
where, with y(k) = Y4, 1 v, — (¢t — k—1)/2,
B(k,n, €) = (n A 0)Em=%) =X
if y(k) € (1/2,1),

(n Vi E)—Z'y(k)-&-l,

x {nt |:I(n > 0) Iog(%) +I(n < z)ﬂ, if y(k) =1,

(n v €)Y B b, if y(k) € (1, 00).

PrOOF. Observe that
t
> [Tlis(n+Jj)I
1<ji<jo<-+<j; s=1

Ji=t+1
o0

> o Y Ui+ i)

8

J1 +1 Ji=Jia+l s=1
oo t
+ Z Z Z H[js(n+js)]7ys

J1=1 jo=t+1 Ji=Ji-at+l s=1
12 0o

J1=1 Jo=j1+1  jp=Jratl Jep=t+1 Jro=kpatl
e8] t
> [l +jo1™

Jemdratl s=1

+1
¢

oo

£ l L oo t
IEREDIND JUSD DI DI | (FACES A 3

J1=1 Jo=j1+1  jia=Jiotl j=t+1 s=1

where the (& + 1)th term on the right is bounded by
k ¢ oo o %) t
[T Xlitn+DI > > [T [is(n+ I,
s=1 j=1 Jea=t+1l Jpio=Jjrsatl Ji=Ji-1tl s=k+1

which, by Lemmas 6.3 and 6.4, is bounded by a constant times B(k, n, £). O



FUNCTIONALS OF MOVING AVERAGES 1667

LEMMA 6.6. Let (p+1)(28 —1) > 1. Then there exists { > 0 such that

N-1 p-1
Jimlimsup 3° 37 ( [TLis(n + js)wﬂ)[jp(n + ) I =,
—7® N-ooo ,—0 1<ji<jp<=<Jjp “s=1

Jpzt+l

PrOOF. First consider the sum for n = 1 to N — 1. Use the notation of
Lemma65witht=pandy,=8—-¢(forl<s<p-1and28—-1/2—-2¢ for
s= p. Then

p—1
p—Fk—-1
(k)= ) (B—§)+ZB—1/2—2§——2
s=k+1
=(p-k+1)(B-1/2-0)+3, O<k=<p-1
Clearly there exists a small ¢ > 0 such that y(0) > 1 and
v(k)>1 or 1/2 <y(k)<1, k=1,...,p—1.

If y(k) > 1 then
N-1 N-1
S B(n, k,£) < Y nXea-2m) (v g) vk gl-v(k)
n=1 n=1
N-1
<Y (nv g)—v(k)gl—v(k)

n=1
< Q2 2rh),

Hence
N-1
(6.45) Zlim limsup )  B(n,k,¢)=0.

N—oo -1

Now, for 1/2 < y(k) <1, k=1,..., p—1,

N-1 N-1
> B(n, k&)=Y (nA O)PABHO =k (B=0) () ~2A(p=h+1)(B-1/2=0)41/2]+1
n=1 n=1

¢
— ¢ 2A(p—R+1)(B-1/2-)+1/2]+1 Z n—2k(B=1/2={)
n=1
N-1
+ pFA=B+0) Z nR(B=0=-2[(p—k+1)(B-1/2-)+1/2]+1
n=0+1
< Cgl—Z(p-Fl)(B—l/Z—{)’
since
—k(B-0-2[(p—-k+1)(B-1/2-0)+1/2]+1
<—k(1-B)-1+2p+2-k)<-1
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Thus, (6.45) holds again. It remains to deal with the summand that corre-
sponds to n = 0 and show that

p—1
lim lim sup 3 (1‘[ jﬂ“)) jRREETE20 _ )
(=0 Nooo 1<ji<jp<<jps N s=1

Jpzl+l

which is straightforward and the details are omitted. This concludes the
proof. O
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