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Let {X,, v € Z%} bei.i.d. random variables, and S(¢) = Yvee Xy be the
weight of a lattice animal &. Let N,, = max{S(¢) : |¢| = n and ¢ contains
the origin} and G,, = max{S(¢) : £ C [-n, n]¢}. We show that, regardless
of the negative tail of the distribution of X, if E(X;})?(log™(X}))4te <
+oo for some a > 0, then first, lim, n~!N, = N exists, is finite and
constant a.e.; and, second, there is a transition in the asymptotic behavior
of G, depending on the sign of N: if N > 0 then G, ~ n?, and if N < 0
then G, < cn, for some ¢ > 0. The exact behavior of G,, in this last case
depends on the positive tail of the distribution of X,; we show that if
it is nontrivial and has exponential moments, then G, ~ logn, with a
transition from G, =~ n% occurring in general not as predicted by large
deviations estimates. Finally, if x¢(1 — F(x)) — oo as x — oo, then no
transition takes place.

1. Introduction. In this paper, a lattice animal is a connected set of sites
in Z?. To each lattice animal ¢ we assign a random weight S(¢) = Yoves Xo
where the X, are ii.d. random variables. The number of vertices in a set
A e 7% will be denoted by |A|. We continue, in this paper, the study of the
properties of Greedy Lattice Animals, or, briefly, GLA, that is, the properties
of N, := max{S(¢): |£| = n, and ¢ contains the origin}, already discussed in
Cox et al. (1993) and Gandolfi and Kesten (1994); in these papers it was shown
that if the moment condition stated in the abstract [i.e., (2.1) below] holds for
non-negative variables, then N, (as well as the analogous quantity defined
for lattice paths) has a linear growth, that is, n !N, — N a.e., with N < 400
a non-negative constant. Here, in Theorem 2.1, we remove the restrictions on
the negative tail of the distribution of X, showing that the condition on the
positive tail is sufficient to guarantee the linear growth of N,,, regardless of the
shape of the negative tail, as long as the distribution is proper. Our argument
is based on truncation of the negative tail and then replacement of vertices
with large negative values, in almost optimal animals for the truncated vari-
ables, by nearby vertices with moderately negative values. The long procedure
for replacing vertices is based on [Fontes and Newman (1993)] and is shown
in Section 2. It does not work for lattice paths instead of lattice animals, nor
when there is a positive probability of having X, = —o0, or equivalently, when
restricting the permissible vertices v to the percolation cluster in Z¢ of ver-
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tices v with X, > —oo. For distributions with heavy positive tail, Theorem
2.2 complements Theorem 2.1 by showing that Theorem 2 of Cox et al. (1993)
holds for an arbitrary negative tail of the distribution of X ,. In this setting,
typically the major contribution to N, is due to a single vertex v for which
X, > n. In this theorem, instead of using the above mentioned procedure
for replacing vertices, we rely upon the results of [Antal and Pisztora (1996)]
about chemical distance in (super-critical) Bernoulli percolation, to construct
a lattice path of large weight between such v and the origin ©.

In the second part of the paper, we consider a related but different question:
the lattice animals whose weights we are considering, are not constrained to
be of a given size. For the problem to make sense, we assume that

(1.1) E(X/)<oo and P(X,>0)>0.
We consider then the behavior of
G, = maX{S(f) &S [—n, n]d}

The analogous quantity, essentially in d = 1, shows up in problems related to
the statistical analysis of DNA sequences [see Karlin et al. (1990) or Arratia
and Waterman (1994)], where the value of the random variables is interpreted
as a biological score attached to some DNA basis. On the other hand, a related
model, well known but not included in the present treatment, is independent
percolation, obtained in our setting by taking X, € {—o0, 1}; in this model
there is a transition for the quantity G,, from log n, if there is no percolation,
to n? if percolation occurs. We determine analogous transitions which take
place, once again regardless of the negative tail of the distribution of X, as
long as it is proper. We just mention that proving our results without any
conditions on the negative tail has been a relevant part of the work, as some
of the results have a much simpler proof when additional conditions on the
negative tail are imposed.

We first show that if (2.1) holds, then there is a transition in the asymptotic
behavior of G, depending on the sign of N. In Theorem 3.1 we show that if
N < 0 then G, is at most linear in n, that is, limsupn~!'G, < oo (with
probability one), and also that, without further restrictions on the positive
tail of the distribution of X, G, can be at least of the order of n/(logn)‘
for any ¢ > 1. We next show, in Theorem 3.2, that if N > 0, then G,, is of
the order of n?. On the other hand, we show in Theorem 3.3 that if enough
moments blow up, in particular if x?(1 — F(x)) is unbounded as x — oo, then
no transition takes place and G, is always asymptotically of order n¢ (with
probability one).

Finally, in Section 4, we analyze the effect of further conditions on the pos-
itive tail of the distribution of X,. In Theorem 4.1 we show that finite expo-
nential moments of (X,)" result in exponential decay (in n) of P(n"'!N,, > y)
for any fixed y > N. We show in Theorem 4.3 that such exponential decay im-
plies G, ~ logn when N < 0, in analogy with the distribution of the maximal
percolation cluster in a box of size n in the non-percolating regime. The re-
sults in Theorems 3.2 and 4.3 together imply the existence of a transition from
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G, ~ n? to G, ~ log n for random variables with finite exponential moments.
Theorem 4.4 complements these results by showing that the same transition
applies to the size of the GLA ¢, whose weight is G,,. In the presence of finite
exponential moments the theory of large deviations would easily predict some
such transition, and it is by a careful analysis of the large deviations proper-
ties that the transition is determined in the DNA related statistical analysis.
This extends to d > 2, provided one is concerned with maximization of S(¢)
over a rather restricted class of shapes ¢ C [-n, n]? (e.g., when ¢ is an arbi-
trary sub-box of [—n,n]¢ as in Jiang (1999)). In contrast, when considering
all lattice animals in d > 2 the situation is quite different, as the transition
is governed by the sign of N which does not coincide, in general, with what is
predicted by large deviations: we discuss one example in detail in Section 4.
Finally, let us mention that we do not discuss the critical case N = 0.

2. GLA with negative contributions allowed. In this section we shall
remove from the theory of Greedy Lattice Animals the restriction that the
random variables X, in the definition of IV, be non-negative.

THEOREM 2.1. Let X,, v € 7%, be i.i.d. random variables, with an arbi-
trary distribution F, subject only to the condition

(2.1) E(X)¥(log" (X)) < +o0  for some a > 0.
Then the limit

2.2) lim LN, =N

n—>+o00 n

exists, and is finite and constant, with probability one.

Theorem 2.1 is complemented by the following, much easier, result [compare
with Theorem 2 of Cox et al. (1993)].

THEOREM 2.2. Let X,, v € 7%, be i.i.d. random variables, with an arbi-
trary distribution F. If

(2.3) E(X])? = o,
then with probability one
(2.4) limsup n™ !N, = oc0.

Moreover, if x?(1 — F(x))/(loglog x) — oo, then the lim sup in (2.4) may be
replaced by lim.

NOTE ADDED IN PROOF: After this work was submitted, we have learned that Martin (2000) re-
laxes condition (1.1) of Gandolfi and Kesten (1994) [which equals our condition (2.1)],
to [;°1—F (x))Y9dx < oo. The positive tail of the distribution of X, enters our proof of
Theorem 2.1 only via (2.5) and (2.37). Since Theorem 1.1 of Martin (2000) provides (2.5) and
his Lemma 4.1 provides (2.37), it follows that Theorem 2.1 holds even when Martin’s condition
replaces (2.1). The same conclusion applies to Theorems 3.1 and 3.2.
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The proof of Theorem 2.1 is carried out by the following principal steps.
STEP (i). Define

N, ()) = max {Z (X, V(=A)): ¢ is alattice animal of

veé

size n containing the origin}.
Since

nA+ N,(A) = max {Z(XU +A)T: €is a lattice animal of

veé

size n containing the origin},

we have, by the results on non-negative X ,’s in Gandolfi and Kesten (1994),
1

(2.5) —N,(A) > N(\) ae.andin L!
n

for some constant N(A) € (—o0, +00). If the support of F is bounded below we
can take —A less than the left endpoint of supp(F'), and then (2.5) proves the
desired result. In the sequel we therefore assume that supp(F) is unbounded
on the left.

From (2.5) it follows immediately that

(2.6) lim sup an <lim N(A) a.e.
n—oo N Afoo

STEP (ii). This is the most difficult step in the proof. We want to show that
P{N, < n(N(A)—¢)}is small for fixed & but large A. This is done by a method
of Cox and Kesten (1981). Fix 6 > 0; for large A it is with high probability the
case that each lattice animal of size n and containing the origin contains
fewer than 6n vertices v with X, < —A. The idea is now to replace those
few vertices by some “short paths” on each vertex of which X, > —A, for a
fixed Ay. For any given ¢ > 0, we will obtain by this procedure, with high
probability for large n, a lattice animal & with n —en < |£'| < n + en and
S(§') = Xpee X, = n N(A) — enA. This will show that for any & > 0 we can
find A such that

1
lim inf sup —8(&) = N(A) — &Ay.
R0 (1-g)<lg|<n(14e) T
oe¢’

STEP (iii). In this step we extend the animal ¢ found in Step (ii) whose size
is somewhere in [n(1—¢), n(1+¢)], to an animal ¢’ of the fixed size [n(1+¢)]
and S(¢&”) > S(¢') — enAy. This gives

Noa1e) = S(E7) = n(N(A) — 2e))
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and hence, for some A = A(¢)

1
liminf ENn(1+s) > N()\) — 28)\0.

n—o00

Together with (2.6) this gives the desired conclusion
1

(2.7 — N, - limN(A) w.p.l.
n Atoo

We now carry out this program. Step (i) as outlined above is complete, so
that we have (2.6). Perhaps the only comment to make on (2.6) is that N(X) is
clearly decreasing in A so that /\lim N(A) exists in [—o0, 00). In fact, this limit

—00

must be finite. To see this, choose A, such that
P{XU = _/\} > pc(Zd)

(2.8)
:= the critical probability of site percolation in Z¢.

Then with probability one there exists an infinite path = = (9, 04, 0y, ...)
such that X, > —A, for v € 7. If further (wy = ©, wy, ..., w, = 0;) is a path
from the origin to some 0, € 7, with w; ¢ 7 for i < v, then for each n > v, we
can consider the self-avoiding path

Wy, Wiy .ev., W, = ﬁk’ ﬁk-&-l’ ey 6n+k—v—1’

of length n, which starts at the origin. Its weight is at least }°/_( X, — (n —
v—1)A, sothat N, > 377 ( X,, —(n—v—1)A, and

1
liminf —N, > -, wp.l.
n—o00 n

The main tool which makes Step (ii) possible is the next lemma which is
taken from Kesten (1986). Let _# be the graph with vertex set Z¢ and with
an edge between any pair u, v € Z¢ with

0<|lu—rv|=max|u(i)—v(i) <1.
1<i<d

(This ./ is obtained by adding to Z?¢ edges between any two vertices of the
same unit cube.) For a A, to be chosen below, color the vertex v € Z¢ black or
white according as X, < —Aq or X, > —), and denote this color of v by c(v).
Thus c(v) € {black, white}. For a vertex v, define the black cluster, €(v,), of
vy on £ as
2.9 €(vy) = {v: 3 path (v,vy,...,v, 1,0) on £ from
) v to vy such that v, vy, ..., v, ; are black } U{v,}.
Note that the color of v itself plays no role in the definition of €(v,); v, itself
always belongs to €(v,) and the paths from v to v, in (2.9) above need not be
black in v,. Generalizing (2.9), we define, for any set of vertices A, its black
cluster

(2.10) (A= | €(vy).

voEA
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We also define for any set of vertices A c Z¢

deqA={v:ve £, v¢ A, butvis adjacent on # to some u € A,
and 3 a path on Z¢ from v to co which is disjoint from A}.

In Kesten [(1986), (2.22)—(2.24)], the following results are proven.

LEMMA 2.3. For every set A,
(2.11) dext € (A) is white.
If Ay is large enough, then there exist ¢y, ¢y > 0 such that

P{<€(v) contains a vertex w with |w —v| > K}

2.12
( ) <ciexp{-c,K}, K=>1,

and in particular,

(2.13) P{¢(A) is finite} =1 for any finite set A.
If A is finite, /-connected, and €(A) is finite, then
(2.14) Fexi € (A) is Z%-connected.

For any finite set A,
(2.15) dexi € (A) separates A from oo on Z7°.

REMARK. The conclusion in (2.15) means that any path on Z¢ from A to
oo must intersect d.(A). In particular, if €(v) is finite, then

(2.16) do € (V) separates ¢(v) from oo on Z¢.

Although it is not given in this form in Lemma (2.23) of Kesten (1986), it
follows by the argument given in the second paragraph of page 144 there.
From now on we fix Ay > 0 so large that (2.12) and (2.13) hold and that

(2.17) P{0 is white} = P{X_ > —\,} > p.(Z%).

The black and white coloring will always be based on this A,. We shall restrict
ourselves to configurations in which all black clusters ¢ (v) are finite. This is
justified by (2.13). We shall suppress the qualification “a.e.” or “with proba-
bility one” on the many places in our arguments which are valid only for the
configurations with all these black clusters finite.

We further define int €(v) to be the Z%-interior of ¢, or ¢ with its Z¢-holes,
that is,

(2.18) int €(v) = {w : any Z¢—path from w to oo intersects ¢(v)}.
Note that we include ¢ in int €(v).

LEMMA 2.4. If v/, v" are two vertices such that do €(V')Nint €(v") # &
and v" is black, then

(2.19) int €(V)Ude€ (V') Cint €(v") a.s.



GREEDY LATTICE ANIMALS 211

PROOF. Let u € d,¢(v') Nint €(v"). We claim that then
(2.20) Jext € (V') C int €(V").

To see this assume, to derive a contradiction, that w € J.4€ (V') \ int €(v").
Then there exists a path (wy, = w, wy,...) on Z¢\ €(v") from w to oo. More-
OVer, do ¢ (V') is Z%-connected [see (2.14)] and there exists a Z%-path (u =
Ug, Uy, ..., Uy =w) from u to w in d € (v'). In particular all vertices on this
path are white [cf. (2.11)] and hence outside ¢(v”). But then (ug, ..., u, = w =
wy, W1, ...) is a path on Z¢ from u to oo, disjoint from ¢(v”). This contradicts
our assumption that « € int €(v”). Thus (2.20) holds.

Next let w € int €(v'). Then any Z%-path (w = wy, wy,...) from w to
oo contains a last point w, in €(v’). The next point, w,, ; then belongs to
Jext € (V') C int €(v”). Thus, there must exist a w € €(v”) with £ > r+ 1. Since
this holds for all Z%-paths (w = wy, wy,...), this shows w € int €(v") and
completes the proof of (2.19). O

We now describe a procedure to remove vertices v with a very negative
value of X, from a lattice animal £. Let thus & be a lattice animal containing
the vertices vy, ..., v,. Let A; > Ay and let

(2.21) IO = Io(Al, f) = {U S § . Xv < _Al}

From the vertices in I, we select those v whose clusters have a “maximal

interior”, that is we take
(2.99) I=1I(A, é)={veé: X, <—Ap,int €(v) is not contained in
) int €(v') for any v’ € I, v’ # v}.

Let further

(2.23) £= g\ U int€(v)
vel,

and

(2.24) £ =EUJ deut(v)

vel*

where I* is the set of all v € I for which J.,¢(v) intersects the £ of (2.23).
LEMMA 2.5. Either £ = @ or ¢ is 7%-connected.

PrROOF. By the definitions of I, and I,
£= §\ J int €(v),

vel
so that we only have to remove the sets int €(v) with v in the smaller set I.
We may assume that ¢’ is not empty, hence that ¢ is not empty. Let x € &'. If
x &€ &, but x € € (v) for some v € I*, then there exists a y € £Nd € (v) and
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since d., ¢ (v) is Z?-connected, there is a Z?-path in ., ¢ (v) C & from x to 0 -

Thus it suffices to show that each y € f is Z%-connected in ¢ to each w € f
Now let w, y € §. Then, since f C ¢, there exists a Z%-path (wy = w, wy, ...,

w; = y) from w to y in &. If this path is in gthen we are done. Assume

therefore, that for some v, € I, the path has a vertex w; € int €(v,). Note

that w and y are not in int €(v,) (since they belong to E); in particular,
0 < j < k. Since w ¢ int €(v,) there exists a path 7 in Z¢ from w to oo
which does not intersect ¢(v). The path w;, w;_4, ..., w, followed by 7 is a
Z%-path from w j € int €(vy) to co which must intersect €'(v,), necessarily in
one of (wy,...,w;), say in wy,; (choose g minimal with this property). Then
Wqi1> Wys -+ > Wo, T 1S @ 7%-path from a point Wyt € €(vg) to oo, which only
intersects ¢'(vy) in wy,. By definition of J.y, this means that w, € de €' (v)
[note that ¢ > 0, since w, ¢ int €(v,) and a fortiori, w, & €(vy)]. Similarly
some w, with j < p < k lies in de € (v).

Now let w, be the first vertex of (wy, ..., w;) in any d.€(vy) with vy € I.
Let w, be the last vertex of (wy, ..., w;) in d€(v,) for this vy, and replace
the piece between w, and w, by a Z%-path from w, to w, in . € (vy). This
can be done since d,,,¢(v,) is Z%-connected. Note also that v, € I* since w, €
£Nd. € (vp). If this were not the case, then there would have to be a vertex w,
with £ < r in some J,,; & (v;) with v, € I, contrary to our assumption that w,
was the first such vertex. Thus, after the replacement, the modified path is in
EUd € (vy) but does not intersect int €(v,). In fact, the piece of the modified
path from w, to w, does not intersect |J,.;int €(v). Indeed, by Lemma 2.4
and the fact that I contains only vertices v € I, with maximal interior, adding
a piece of d. ¢ (v") with v” € I to the path cannot reintroduce a vertex of any
int £(v') with v' € I. We can repeat this procedure on the piece from w, to
w;,. After several such modifications we therefore get a path from w to y in
E U Uper dext€(v) which does not enter | J,.; int €(v). Thus this path lies in
& and ¢ is connected. O

LEMMA 2.6. For some constant cs = c3(d) < oo,

(2.25) 1€ — | U int€(v)| <|€| <|él+es| U €(v),
vel, vel,
(2.26) S(&) = (X Vv (—M)) - > X, —e3ho| U €(v)
weé weéN(Uyer, int €(v)) vel,
and
(2.27) & does not contain any vertices v with X, < —A;.

PROOF. The left hand inequality of (2.25) is obvious from (2.23) and (2.24).
For the right hand inequality in (2.25) observe that by definition

f/g f U U ﬁextg(v)

vel
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so that
€] < €]+ U dext€ (V)]
vel

Since each vertex in d ¢ (v) is adjacent on £ to a vertex of £(v),

>

U &extg( U)

vel

< cCs3

U ¢

vel

provided we take c; = degree of each of the vertices of . Finally, I C I,,.
We prove (2.27) next. Observe that all the vertices of J, <7 dext € (v) are white
and therefore have corresponding X > —A;, > —A;. Thus the only vertices v
in ¢ which could have X, < —A; would have to be vertices of &, that is, one
of the vertices v € 1. But such a vertex belongs to U,;, int €(v) and hence

does not lie in E Thus neither E nor ¢’ contain any v for which X, < —A;.
Finally we prove (2.26). By the definition (2.24) we have

S(é)=S§ <§U U ﬁextf(v)) > S(£) — A

vel*

U é’extg(v)\g' >

vel

because each vertex w € d.€(v) is white (i.e., X, > —A(), by (2.11). Thus, as
in (2.25),

S(€) = S(&) — Agesl U €(v)-

vel,

Next, since we already proved that X, > —A; for all w in é\, we have by (2.23),

S(&) = (X, v (=M)) — > (X, V (=1y))
we¢ weéN(Uyer, int €(v))
> Z(va(_)‘l))_ Z X;
weg wetN(Uyer, int 6(v)

(2.26) is now immediate. O

We remind the reader that A; > A,, so that any vertex v with X, < —A;
will be black. We shall write 1, for the indicator function of A. In the next
lemma we use a dynamic determination of the values X ,. In this lemma we
shall use a new independent family of clusters KN(w) These are independent of
each other and of the €(v), but g(w) has the same distribution as ¢(w). The
simplest way to construct these clusters is by using new families of auxiliary
colors ¢(v, w), v, w € Z¢ which are independent of each other and of the X .

£ (w) is then the black cluster of w in the coloring ¢(-, w). Recall that the true
color of v is denoted by c(v). We take

P{c(v, w) = black}= 1-—P{c(v, w) = white}
=P{X, < Ay} = P{0O is black}.
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LEMMA 2.7. The family of random variables
(2.28) D, := |int €(v)|1x, ., , vez*
is stochastically smaller than the family E s U EZ% where
(2.29) E, = sup{Jint €(w)| Ly ., :veint (w)),

and the sup over the empty set is taken to be 0. More precisely, we can define
the colors c(v) of the vertices v and the colors ¢(v, w) on one probability space
so that

(2.30) D,<E, as.
PROOF. This is almost the same as the proof of Theorem 4 in Fontes and
Newman (1993). We define the random sets
r — €(v), if X, <—Aq,
v <, otherwise,
and also
F _ €, ifX,<-x,
v g, otherwise.

Suppose we are able to construct the I', and fv on one probability space
such that for all v,

(2.31) r,c fz(v) for some z(v).
Clearly, (2.31) implies that
intT, CintT,,

Moreover, if D, # 0, then ', # D and v € I', C IN“Z(U) C int g(z(v)). Also,
fz<v) # & implies X,y < Ay. Thus, for D, # 0,

D, =|intT,| < |intT,,| < E,,

z(v

which is the statement of the lemma.
We now turn to the construction of the I', such that (2.31) holds. Order the

vertices of Z¢ in some arbitrary manner as vy, vy, ....If Xy ==y, Xy >
—Ay, X, < —Aq, thentakel', =... = I’UH = J. Now the conditional distribu-
tion of €(v;), given X, > —Al, v Xy > —Aq, X, < —Ay is stochastically

smaller than the uncond1t10na1 dlstrlbutlon of €(v,) (by FKG); €(v;) contains
vertices w with X,, < —Aq. For some of these w we now know X, > —Ay;
the value of X, is irrelevant for ¢(v). Thus, we can take ¢(v,) as a subset of

£(v;,) and this will give (2.31) when v € {v, ..., v}, with z(v;) = v;.

It pays to be a bit more explicit here about the way ¢(v;) and €~(vk) are
chosen in the last step. We can construct u;(v ) in the standard algorithmic
way. That is, we choose independent (random) colors ¢(w, v;,) for certain w,



GREEDY LATTICE ANIMALS 215

each being black or white with probabilities P{X < —Aq} and P{X > —A.},
respectively. We first determine the colors of the immediate neighbors w of
vy. At each further stage we pick a black point w and determine the colors
c(w', vg,) for all neighbors w’ of w whose ¢(w’, v;) has not yet been chosen,
and with w’ # v,. This process stops when there are no more black points
w left with a neighbor w’ # v, whose ¢(w’, v;,) is undetermined. Then €~(v 2)
is v; plus all black points found so far. The true color of v, c(v), and the
cluster €(v;) is based on the X, ’s, and not on the auxiliary colors ¢(w, v},).
However, we couple these true colors to the auxiliary colors. If we arrive in
the above construction at a w’ ¢ {vy, ..., v;}, then we take c(w') = ¢(w’, v}).
For ¢(w’, v;,) = black (white) this means that we take X, < — (X, > —A,,
respectively). At this stage we do not determine X,, any more precisely. If
we arrive at a w’ € {v,...,v,_1}, then we already know that X, > —A;.
We therefore choose its true color as follows. If ¢(w’, v,) is white, then we
take c(w’) also as white. If ¢(w’, v;) is black, then we take ¢(w’) = black with
conditional probability

(2:32) P{X, < Ao} P{X, > A}

and c(w') = white with conditional probability

P{Xo = —A}P{Xy < —\i}
P{Xo < —2}P{Xo > -}

In particular, the c(w’) is white more often than the auxiliary color ¢(w’, v},).
As a consequence we may arrive at a situation where there are no more ver-
tices w available with c¢(w) = black and which have a neighbor w’ whose true
color ¢(w') is still unknown, while this is not yet the situation for the auxiliary
colors ¢(-, v;,). In this case we have found €(v,); it is the collection of w with
c¢(w) = black, which are connected by a path on _# to v, all of whose vertices
have true color black. To find all of £ (v) we would have to determine more
¢(-, vg). However, we shall not do this, since we do not need the full cluster
g(vk). At this stage we know ¢ (v;), and that KN(vk) D €(v;,) and we go on to

investigating I';, and I, .

Suppose that at some stage we have determined the sets I',, fv for v €
{v4, ..., v} such that (2.31) holds for these v with z(v) € {v;, ..., v,}. Let

Jo={i<t: T, =T, =@y={i<t: X, =—\},
Ke={1,...,ﬁ} \ Jez{l §€ Xvi < _)\1}
Note that if we know I', and fv,; for i < ¢, then we also know J, and K,.

This is so because I', # & and fvi # @ if X, < —Ay; in fact in this case
v, el, =¢€(v;) and v; € fvi = ¢(v;). Now define for any set A c 79

dA={v:v ¢ A, but vis adjacent on .~ to some u € A},
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and let
Sf = U(Fvi U(?Fvi) = U (g(vi) Ué)g(vi))-

i<t icK,

Assume further that we have chosen I', and F for i < ¢, in such a way that
the following properties hold in addltlon to (2. 31)

H1. The only knowledge we have about X, for v; ¢ S, but i € J, is that
X, = —A;.

H2 The only knowledge about X, for ve S, \ {vy,...,v,} is whether X, >
—Ag or X, < —Ay; that is, for these v’s we only know c(v).

H3. No information is available about X, for v ¢ S, U{vy,...,v,} at this
stage.

Note that these properties hold when ¢ = £ with J, = {1,..., 2 — 1} and
K, = {k}, at the end of the construction of I, above.
Given such a situation after the determination of T’ , f for i < ¢, we go on

to choose I',  and I‘ so that (2.31) holds for v = v, and H1-H3 hold with
¢ replaced by (£+1). ‘We have to distinguish three cases:

(1) Vo1 € U L, = U €(vy).

i<t icK,

Then we know that X, = < —A, but have no other knowledge about X,  (by

virtue of H2). We now determine whether X, < —A;or X, > —A; (thisis
done conditionally on X, < —Xq). If X Uz > )\1 then we take Fvl L= fvm =
J and ¢ + 1 is put into J[H If X, , /\1, then take I'y, =T, = €(v;)

for some i € K, for which v,,; € €(v; ) Note that i may not be umque but
¢ (v;) is unique, since if two clusters €(w’) and ¢ (w”) intersect, and X, <
—A1, X < —Aq and a fortiori w’ and w” are black, then ¢(w') = €(w").
We put (£ + 1) in K, in this case and (2.31) holds for z(v,,;) = 2(v;) since

I‘Uprl = Fvi c FZ(Ui)'
(ii) v € S\ UT,
i<t
Then v, € JI',, for some v; and hence v, is white or X, > —A; > —A;. In
this case we take I'; | = lN"UHl = J in accordance with the definitions of I and

T, so (2.31) then trivially holds for v = v, ; with 2(v,, ;) = v,4.

(iii) Vi1 € S

Of course also v,y & {vy, ..., v,}, so that we have no knowledge about X,
at all yet (by H3). We now determine whether X L= —Ajor X 0 < —A7. In
the former case we take I', | = NW . = and put E + 1 1nt0 Joi1 In the latter

case we choose ¢(v,1) =T, | as a subset of K(UHI) =T, This can be done

by an algorithmic construction of ¢(v,,;) and f(vl +1) simultaneously, in the
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same way as for ¢(v,) and ¢(v,) above. The information which we have so
far tells us that €(v,,,) has to be disjoint from S, and that X, > —A; for
i € J,. More precisely, we know that ¢(v) is black for v € ;. I',, and white
for v € U;-,dI',,. If during the algorithmic construction of I', | we reach a
stage where a ve Ui dl',, is adjacent to the black vertices chosen for I'; _,
then we already know that c¢(v) is white and v automatically goes into JI'

Upg1”®
However, the new color ¢(v, v,,;), to be used in the construction of F , can be
black or white. This is the only effect the knowledge from the past steps has.
Therefore, conditionally on this knowledge ¢'(v,,;) is stochastically smaller

than ¢( (ve41), again because the true color of v will have to be white more
often than the new auxiliary color ¢(v, vy, ;) for the same reason as in the
construction of €(v,) [compare also (2.32)]. We do not re-examine X, for any
v € S, again in this case; £ + 1 is put into K,,; and (2.31) holds for v, ; with
2(Vgy1) = Vgpa-

We have now determined I',  in all possible cases so that (2.31) holds for
a z2(vyy1) € {v1, ..., U1}, and our knowledge is of the same form as at stage
¢, that is, H1-H3 hold with ¢ replaced by (£ + 1). We can therefore continue
this process of determining I', and fv, so that in the end (2.31) holds for all v.

Note that the conditional probability as chosen in (2.32) gives us just the
right distribution for the true colors and whatever information we gain about
the X,. Indeed, knowledge about X, is obtained in two possible ways. The
first information about X, may be obtained when v; becomes adjacent to the
part of the black cluster of some v, with ¢ < i which is being constructed at
that time. The probability that v; is declared black at this time is

P{c(v;, v,) = black} = P{X, > Ay}

If v; is declared white at this time we know X, > —A(, and no further infor-
matlon about X, will be gathered. If v; is declared black at this time, we will
still check Whether X, < —Ajornot When we later construct I', [case (i) will
apply to v; in this case] X, is then taken < —\; with the proper conditional
probablhty given that X, < —Ap-

It may also be that when we come to the construction of I', that we have
no information on X, yet. In this case we merely check Whether X, <—)
ornot. If X, < —\; then of course c¢(v;) = black and no further 1nformat10n
about X, W111 be gathered. In the opposite case, it may be that we will again
examine v during the construction of some I', with & > i. Then c(v;) is
determined according to (2.32). In this situation the probability that v; ends
up black is

P{Xvi < _)\1}
P{_Al < XQ < _/\0}
P{X; <2} P{X5 = —\}

+ P{c(v;, v;) = black}P{X, > —A}
= P{XQ < _)\0}7

which is consistent with the required distribution of c¢(v;). O
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Define

g3 E@)=int (et ()
) = {w : any 7% -path from w to oo intersects do & (v)}.
LEMMA 2.8.

(2.34) €(v) is connected on 7% w.p.1.

If €(v) is finite, then
(2.35) int €(v) U de€(v) C €(v).

Finally, if €(v) € [14,[a;, b;], then €(v) € [1L,[a; — 1,b; +1].

PROOF. Let w be a point of €(v) and 7 a path on Z? from w to co. By
definition there is some point of 7 on d. ¢ (v). Let w’ be the first such point
(w' = w is permitted). We claim that the whole piece of 7 from w to w’ (in-
cluding the end points w and w’) belongs to £ (v). For if this were not the case,
then the piece of 7 from w to w’ would contain a vertex & ¢ ¢(v). By choice
w and w’ belong to €(v), so that i # w, i # w'. But then @ can be connected
to co by a path 7 on Z%, which does not intersect d,,¢(v). We can then also
connect w to co without intersecting d.. € (v), by first going from w to w along
7 and then continuing from & to oo along 7. Since no such connection can
exist if w € €(v), W cannot exist either and that proves our claim. (2.34) now
follows from the fact that any w € €(v) is connected to d. €' (v) by a path on
7% in € (v) (this is the piece of 7 from w to w’ above) and the fact that d.. ¢ (v)
is itself connected on Z¢ [see (2.14)].

As for (2.35), 9. ¢(v) C €(v) by definition, for any path from w € .., € (v)
to oo has its initial point on d. ¢ (v). If w € int €(v) and 7 is a Z%-path from
w to oo, then by definition of int € (v), 7 must intersect € (v) (possibly at w).
By virtue of (2.16), = must then have a later point in d,,¢(v). Since this is
true for each choice of 7, we must have w € €(v).

The last statement of the lemma is trivial. If € (v) C []][e;, b;], then d. € (v)
C [lle; — 1, b; + 1], because each point of d,.€(v) is adjacent on .~ to a
point of £(v). But it is clear then that any w outside [[[a; — 1, b; + 1] can
be connected to oo on Z¢ without intersecting [][a; — 1, b; + 1] and a fortiori
without intersecting J.. ¢ (v). O

LEMMA 2.9. For any finite lattice animal & (on Z%),

1 ~ 1 -
— Y E,<2sup — > 1y _ ,[|€()? w.p.l.

(2.36)
|§| veé n2§& |77| ven

where the sup is over all lattice animals m containing ¢ and 2(0) is defined as
in (2.33) with € replaced by €.
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PrROOF. This is a simple deterministic lemma. By (2.35),
E, <sup{ly, ., |¢(w) :ve d(w))

Moreover, by (2.34), ?(v) is connected on Z¢ and (2.36) follows from Lemmas
1 and 2 in Fontes and Newman (1993) [with our 1y __ )‘IKN(U) playing the role
of their .£,]. O

The next lemma shows that the contribution of large positive X, values to
S(£)/|€] is negligible when condition (2.1) holds.

LEMMA 2.10.  Under condition (2.1) we can find for each € > 0 a Ay < o0
such that a.s.,

n—oo

(2.37) vee
¢ is a lattice animal with |¢| = n} <e.

lim sup n~! sup {Z(XU —A)T i éC[-n,n]?

PrROOF. This is reminiscent of the Corollary to Theorem 3 in Fontes and
Newman (1993). Unfortunately, their proof does not apply here and we have
to go back and check all the estimates for Theorem 1 of Cox et al. (1993).
Without loss of generality take A, = 2% for some k,. Then

YUX, —A)" = X0 828, 2M g,

veé k>k,
in the notation of (2.13) in Cox et al. (1993). We leave the definitions of
(8.4)—(3.9) in [Cox et al. (1993)] unchanged. Then also the estimates of Lemma
3 and in the proof of Theorem 1 in Cox et al. (1993) remain unchanged. In
particular, by (3.17) of Cox et al. (1993), with probability one, X, < y(n) for
all v € [-n, n]¢ and n large enough. In view of (3.22) of Cox et al. (1993) we
thus have for some fixed ¢; > 0 and ¢ < oo that with probability one for large
n and any animal ¢ C [—n, n]? such that |£| = n,

(X, — At < Y S(2k, 281 ¢)

veé k>k,

< Y  emn k24 Y X,
kaO’zkf'y(n) UES’XUE'Y(")

<> 2cnp2/d2k+1+ 3 c2(logn)®
k=kq 2k<y(n)

4cn deajd , €

<y Rty 2y

k>k 1 2

[see (3.11)—(3.14) in Cox et al. (1993)]. The bound (2.37) follows from this if
we take &, so large that 3", k~17%/¢ < &¢;/(8¢). O
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LEMMA 2.11.  For each lattice animal &, let & = &'(§) be as in (2.24). Then
for all ¢ > 0 there exists a Ay = A (&) and w.p.1. a (random) fn(e) < oo such
that for all lattice animals & with || > n(e) and containing the origin, we have

(2.38) 1EI(1—&) < [E'(O < 1&l(1+ &)

and

(2.39) S(&) = 2 NX, v (=Ay) —¢]
veé

PROOF. By virtue of Lemma 2.6 it suffices to show that we can choose A;
so large that w.p.1. we have for all large ¢ containing the origin

(2.40) U int €(v)| < [(2e5 + 1)(A + 1) elé]
vel,

and

(2.41) > X5 < glél,

weiN(Uyer, int €(v))

where Iy = Ij(A, €) as in (2.21). This is so because ¢(v) € int £(v) [see
(2.18)]. We claim that both of these relations will follow if we prove that for
any fixed ¢; and ¢ > 0 we can take A; so large that w.p.1.,

| |
(2.42) i J int K(v)i < cse|€| for all large ¢ containing © .
|

|vely

It is clear that (2.42) implies (2.40). To see that (2.42) implies (2.41), note that
the left hand side of (2.41) is, for any Ay > 0, at most

Ay | U int €(v)

vely

+ Z(‘XU - /\2)+

veé

By Lemma 2.10 we can, for a given ¢, first choose Ay = Ay(¢) > 0 such that
w.p.1.,

X, —A)" < Lglg| for all large & containing © .
v 1

veé

Then choose A; such that, w.p.1.,

Ay | U int €(v)

vel,

< %e|§ | for all large £ containing O,

[this is possible by (2.42) with ¢5 = 1/(4),)]. Thus (2.42) indeed implies (2.40)
and (2.41), and Lemma 2.11 has been reduced to proving (2.42).
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To conclude we show that (2.42) follows from Lemmas 2.7, 2.9 and from the
corollary to Theorem 3 in Fontes and Newman (1993). To see this, note that
the definitions (2.21) and (2.28) imply

Y |int £(v)| < Y D,

vel, veé

Thus, by Lemma 2.7, it suffices to show that w.p.1.

> EU < c5¢|é| for all large ¢ containing © .

veé
By an application of Lemma 2.9, this, in turn, will follow from
(243) Y Ly, [€(v)]* < Leselé| for all large ¢ containing © .
veé

Finally, (2.43) follows for large A; from the Corollary to Theorem 3 in Fontes
and Newman (1993) since the random variables {1 x __ )\1|€~(v)|2 v e 7%} are
ii.d. and with X, and €(v) independent of each other, so

E(]lXU<7)L1 |Z~(U)|2)d+a =P{X, < —)\1} E{|Z(U)|2d+2a}
= CGP{X < _A1}7

for some finite cg, by the last statement of Lemma 2.8 and (2.12). O

PROPOSITION 2.12.  For each ¢ > 0 there exists a A; = A;(&) < oo such that
w.p.l.

1
(2.44) lim inf sup Z8(&)= N()y) — 2e.
=00 p(1-g)<|é|<n(l+e) N
e

(The supremum here is over lattice animals £'.)

PROOF. Let & > 0 be given and take A; so large that the properties (2.38)
and (2.39) of Lemma 2.11 hold. Then, by (2.5), we can w.p.1. find, for all large
n, a lattice animal ¢, for which |£,| = n, © € ¢, and

2 (X, V(=A) = n(N(A) — &).

veé,
By (2.38) and (2.39), ¢'(¢&,,) then satisfies for large n
(245) n(l-¢)=<|&(§) =n(l+e) and S(£'(£,)) = n(N(A) — 28).

This is essentially (2.44), except that £'(£,,), in the way in which we constructed
it, may fail to contain the origin. We shall show, however, that with strictly
positive probability,

(2.46) O e (&, foralln.
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Together with (2.45) this will show that (2.44) occurs with a strictly positive
probability. This will complete the proof because (2.44) does not depend on the
values of any finite number of variables X, ,..., X, and hence has probabil-
ity 1 by Kolmogorov’s zero-one law.

To prove that (2.46) has a strictly positive probability, we merely have to
observe that (2.46) occurs if

(2.47) O ¢int €(v) for any v with X, < —A4,
for then © is not removed from £, in forming £'(£,) (see (2.24)). Now define
for v = (v(1),...,v(d)) and ||v|| > 3, the cubes

N d
H(v) =[] [v(@) = vl + 2, v(@) + [[v] — 2]
i=1

and

d

H(v) =[] [v(i) = llvll + 3, v(@) + [[lv] - 3].

i=1
Then, © ¢ ﬁ(v) and by Lemma 2.8 for any such v,
(2.48) {® € int €(v)} C {£€(v) is not contained in H(v)}.
Moreover, by (2.12),

P{¢(v) is not contained in H(v)} < ¢je IVI=3)

Thus, there exists a £ < oo such that

P{¢(v) c H(v) for all v with ||v| > &} > %

Now note that {¢(v) C H(v)} is an increasing event in the X ’s, so that by
the FKG inequality and (2.48), the probability of (2.47) is at least
P{{X, > —A, for all v with ||v| < &}, {€(v) Cc H(v) for all v with |v| > k}}
> P{X, > —A, for all v with |jv| < &}
x P{¢(v) c H(v) for all v with |v|| > &}
> %P(XU > —\; for all v with ||v|| < &) > 0.

This proves that (2.47) and (2.46) have strictly positive probabilities. O

Proposition 2.12 ends Step (ii) and we now complete the proof of (2.7) by
means of the fairly easy Step (iii).

By our choice of A, [see (2.17)] there exists w.p.1. a unique infinite white
cluster on Z¢ [see Grimmett (1999), Theorem 8.1, for uniqueness]. Denote this
cluster by 7.

LEMMA 2.13. With probability 1, all sufficiently large lattice animals con-
taining the origin intersect % .
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PROOF. Let m be such that # contains at least one point in the cube
[-m, m]?. Such a (random) m < oo exists w.p.1. Now consider d. & ([—m, m]?).
By Lemma 2.3, w.p.1. €([-m, m]?) is finite and ¢ ([—m, m]?) separates
[-m, m]? from oo on Z¢. Since # contains a point in [—m, m]?, it must inter-
sect do € ([—m, m]?) and the Z¢-connected, white set d. ¢ ([—m, m]?) belongs
entirely to 7. Moreover, w.p.1. there exists some 71 < co such that

&extg([_ma m]d) C [_’7_7” m]d'

Any lattice animal which contains the origin and a point outside [—m, m]?
must then intersect d..¢([—m, m]%) and hence 7. Thus any lattice animal
of size exceeding (2m + 1)¢ and containing © must intersect #. O

PROOF OF THEOREM 2.1. We now complete the proof of (2.7), and hence of
Theorem 2.1. Let ¢ > 0 and choose A; so that (2.44) holds with probability 1.
Then, in view of Lemma 2.13, for all large n we can find a lattice animal ¢
containing ©® such that

n(l—g)<|&| <n(l+e¢), & intersects 7 and S(¢)=n(N(A;)— 2¢).

Since ¢ intersects 7', which is infinite and connected, there exists a path
from ¢ to co in 7/, which has only its initial point in common with ¢. We can
therefore extend ¢’ to a lattice animal ¢’ with |£”| = [r(1+ €)] or [n(1 + )]
—1, by adjoining at most [n(1+ &)] — || < 2en + 1 vertices v from this path
in 7, each having X, > —A;. The new animal ¢’ then satisfies

0ed’, |&=n(l+¢)]orn(l+e)] -1
and
S(&") = S(&) — 2o(2en + 1) > n(N(Ay) — 2& — 3ely).
Since the union of the two sequences {[n(1+¢)]} and {[n(1+¢)] —1} contains
all large integers, it follows that w.p.1,

liminf 1 N, L [N(A;) — 2e — 3eAg]
+ ¢

1
1 [11m N —e(2+ 3)\0)}
Since ¢ > 0 is arbitrary, this, together with (2.6) implies (2.7). O

The following definitions from the theory of percolation are needed in the
proof of Theorem 2.2 [see also Grimmett (1999) for general percolation termi-
nology and facts]. We consider Q = {0, 1}2 and indicate by P,, p (0, 1), the

Bernoulli measure on () such that P ,{w, =1} = pforallv € 7%, For v, w € 7%

we indicate by v <> w the event that there is a path = = {v, = v, vy, ..., v, =
w} of distinct vertices such that the Euclidean distance is |v; — v; ;| = 1,
i =0,...,n—1, and w, =1, 1=0,...,n In this case we say that = is

occupied and connects v and w. We also let ¢, = {w € 7% : v < w} denote
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the occupied cluster of v, while v <+ oo means that there exists an infinite
occupied path starting at v.
If p > p.(Z%), the critical probability for site percolation on Z¢, then

6 = 0(p) :=P,{v < oo} > 0.

In this case, there exists a.s. a unique infinite occupied cluster, which we
denote by 7 [see Grimmett (1999), Theorem 8.1]. The ergodic theorem [see
Dunford and Schwartz (1958), Theorem VIII.6.9] then shows that

) 1
(249) nanolo m ‘ Z ]]‘UGW’ =0 a.e.

lol=n
Finally we let

D(v, w) = min{n : there exists an occupied path 7
connecting v and w such that |7| = n + 1}.

The next lemma, which we also use, gives a result contained in Antal and
Pisztora (1996), although slightly stronger than what is explicitly stated in
the paper itself.

LEMMA 2.14. Let p > p(Z%). There exist p = p(p, d) and c; > 0 such that
for every integer m > 0 and any v, w € A,, :=[-m, m]?,

(2.50) P,{v < w and D(v, w) > pm} < exp{—c;m}.

PROOF. As stated in (4.49) of Antal and Pisztora (1996), there exist ¢ =
c(d); M = M(p,d) € N; a sequence ¢, i € N, of i.i.d. random subsets of 79,
such that |€?| have finite exponential moments and, for each v, w € Z¢, there
exists an integer n(v, w) < |v — w| such that for all m,

n(v,w) -
P,{v < w and D(v,w) > pm} < P* {— S (€7 +1) = pe/ ML,
m i

where P* denotes the distribution of the ¢;. If v, w € A,, then the right hand
side is a large deviation probability for a sum of at most d(2m+1) nonnegative
i.i.d. random variables and it is thus bounded by exp{—c;m} for some c¢; > 0,
provided that we take p = p(p, d) such that Ep.(|€7| + 1) < pc/(3dM?) [see
Dembo and Zeitouni (1998), Section 2.2.1]. O

PROOF OF THEOREM 2.2. Fix A < oo such that (2.8) holds and call a site v
occupied if X, > —A.

Take p = p(p,d) as determined in Lemma 2.14. We then have that with
probability 1, for all n large enough and any v, w € # N[—n, n]?, there exists a
path 7= C 7 of length at most pn connecting v and w. Next fix m < oo such that
there exists a w € # N[—m, m]¢ and a path m, of length at most dm connecting
© and w. Let v, € # N[-n,n]? be the vertex where Max ey v|<n} Xov 1S
obtained. For all large n > dm/p, one can then construct a lattice path ¢,
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connecting © and v,, from the union of the path 7, and the path = € 7 of
length at most pn between w and v,. We add to the lattice animal ¢, vertices
from 7 as needed to assure that |£,| = 2pn. Since © € ¢, we see that

Nan Zs(gn)szn_2/\pn+ Z XU/\O'

vem,

Hence, Theorem 2.2 will follow once we show that condition (2.3) implies that
a.s.

(2.51) limsupn~! max X, =oo0.
n—o00 ve¥ N[—n,n]d

Since the determination of 7" depends only on which sites are occupied, it is
the case that conditional on 7', the random variables {X, : v € #'} are i.i.d.
and have distribution function (F(-) — F((—X)-))*/(1 — F((—A)—)) [where
F((—A)-) = limy, ;o F(—A — h)]. With |# N [-n,n]?| > (6/2)(2n)¢ for all n
large enough (see (2.49)), we can thus establish (2.51) in case E(Xj)d = o0 in
the same way as in the proof of (2.10) of Cox et al. (1993). Further, as shown
there, we may replace the limsup in (2.51) (and hence in (2.4) as well) with
lim, when x%(1 — F(x))/(loglog x) — co. O

3. Unconstrained maxima. In this section we analyze the behavior of
G, =max{S(¢): &£ C [-n,n]?, ¢ is a lattice animal}.

The next two theorems show a transition from linear to volume size in G,,
under the assumption that (2.1) holds, regardless of the distribution of X~ (as
long as it is proper).

From (2.1), it follows, by Theorem 2.1, that IV is well defined. It turns out
that the transition takes place when N changes sign. Theorem 3.1 shows that,
under (2.1) with N < 0, G,, is linear and that a linear bound is almost optimal
if no further restriction is put on the right tail of the distribution of X,.

THEOREM 3.1. Let X,, v € 7%, be i.i.d. random variables satisfying (2.1)
and suppose that N < 0. Then

G
(3.1) lim sup 7" < +00
with probability one.
If
(3.2) E(X])¥(log" (X)) = 400 for some a' > 0.

then, with probability one,

1 1+a'/d
(3.3) lim sup (logn) ™ 77G, _

n—o00 n

+00.
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THEOREM 3.2. Let X,, v € 7%, be i.i.d. random variables satisfying (2.1)
and suppose that N > 0. Then there exist strictly positive constants cg and cgy
such that

G G
(3.4) cg < liminf —% <limsup —7 < ¢y
n—-oo n - 00 n

with probability one.

The next theorem shows that no such transition takes place if enough mo-
ments blow up.

THEOREM 3.3. Let X,, v € Z%, be i.i.d. random variables with distribution
F.If

(3.5) lim sup x%(1 — F(x)) = oo,

then there exists a cg > 0 such that the left hand side of (3.4) holds with
probability one.

PRrROOF OF THEOREM 3.1. N(A;, A) be the GLA constant when X, is re-
placed by ((X, v (—A;)) A A), and use the notation Y, =Y ,(A3) = (X, — A3)".
By Lemma 2.10 we know that N(A;, A) increases to N(A;) = N(A;,00) as
A — o0o. We have also proven in the previous section that N(A;) decreases to
N as A; — co. We can and shall therefore fix A; and A5 such that N(A;, A3) <
N(Ap) <0 and

1
lim sup - sup{ Y Y, (A3): £ C[—n, n]?, ¢ is a lattice animal with |£| = n}

n—oo ve§

1
= §|N()\1)|

with probability one (see Lemma 2.10). Then we have, with probability one
for all large n and any animal & C [—n, n]? with || < n,

Z Yv(/\3) = sup {Z Yv()‘3) : g < [_na n]d’ |§| = I’L} = %|N(Al)|n
veé veé

and
Z(Xu AA3) < [€|Ag < nA;g.
veé
Thus
(3.6) sup{S(¢): £ € [-n,n]%, & < n} < (A3 + FIN(A)Dn.

On the other hand, for large n, £ C [-n, n]? and |¢| > n, we have

BT YY) < sup{z Y,(hy) : £ € [—4]. Iflld} < IIN(AE]

veé veé
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In addition, we have from Talagrand [(1995), Theorem 8.1.1] that for all n
large enough, any fixed v, and all %2 > n,

P{sup(z (X, v (M) A Ag) g € £, €] = k) > IN(\,. A3>k}

veé
< 4exp[—cyok]
with
o NG T,
107 4] 16(A1 + A3)

[recall that N()A;, A3) < 0]. Consequently, with probability one, for all large n
and %k > n we have

sup {Z (X, vV (=A)) A Ag) s € S [-1E] 1€N7 1€ = k} < EN(Ay, Ap)k.
veé

Together with (3.7) this shows that for all large n and all ¢ € [—n, n]? with
1€l > n

SO= X (X, v () A ) + X, 00)
(38) veé vet
< (IN(A, A3) + 3IN(A)))g] < 0.

The relations (3.6) and (3.8) imply (3.1).

Finally, if (3.2) holds, it follows from the monotonicity of x> x(log x)~(1+¢/)
for all x > exp(1+a’/d), that for all A there exist finite constants ¢, ¢;9 and
13, such that

A\
X L | B
ZP{ * {log o) 7

vezd
00
/O
00
)
‘11

Z 012E(Xt/A)d(10g+(X;r/A))d+a/ — €13 = +o0.

By the Borel-Cantelli lemma, it is enough to take animals of size one to derive
(33). O

e Alvl
7 Qog oy

A
- >
A=

} ' F(d))

{U 3 (og )M A = o) = exp1 4 a’/d}}l F(dA)

The following two lemmas are used in the proof of Theorem 3.2.

LEMMA 3.4. Let ¢(v) be defined as in (2.33) with black and white defined
with respect to some A, large enough that Lemma 2.3 holds. There then exists
a constant ciy = c14(Ag) < 0o such that with probability 1 for all large n,

(3.9) max max ||v — wl|| < cyylogn.
[lvll=n/2 wed(v)
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LEMMA 3.5. If N > 0 and (2.1) holds, then for all large A, there exists a
constant c;5 = c15(A;) > 0 such that with probability 1 for all large n there
exists an animal £ = §(A\y) S [—5, 5 4 with © € ¢ and

N
(3.10) |€] > e15n® and S(€, M) := Y (X, V (—Ay)) = E|§|-

veé

PROOF OF LEMMA 3.4. By the last statement in Lemma 2.8 we have

max ||v — w|| £ max |[v—w||+ 1.
weé (v) wed (v)

Therefore, by (2.12),

> P{3w e €(v): |lv—w|| = exylogn, [v]| < n/2}

n=1

<> Y P{Iwed):|lv-w|>cylogn}
n=1||v||<n/2

oo
< Y (n+1)%c; exp(—cyeyylog n + 2¢5) < 00
n=1
if ¢14 is such that d — ¢cycyy < —2. O

Let e;, i = 1,...,d denote the ith coordinate vector, e, the zero vector and
e_; = —e;.
In our proof of Lemma 3.5 we shall rely on the following lemma.

LEMMA 3.6. Suppose N > 0 and (2.1) holds. For any & > 0, if both A and
v are large enough, then as m — oo,
g(m) :=P{3 animal £C [0, m] x [-2v,2v]9"1: O € &,

(3.11)

ProOF OF LEMMA 3.6. Fix 0 < 8 < 1. Let A; be large enough for N(1;) >
(1 - 8°)N and & > 0 small enough for

(3.12) N(1-8%)(1—¢&)®—eAr, = N(1—8%).
For B > 0 define

V,(B) =max{S(&,1y): £ € [0, | Br]] x [-v,v]?"! is a lattice animal,
|| =v, © € £ and Jv € ¢ such that v(1) = [Br]},

as in (1.6) of Gandolfi and Kesten (1994), but with their S(¢) replaced by
S(&, A1) (v(i) denotes the ith coordinate of v). Note that the extra condition
which we inserted here, that |v(i)| <v,i =2, ..., d, automatically holds due to
& being of size v. Since X, v (—A;)+ A, are nonnegative i.i.d. random variables
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satisfying (2.1), it follows from (1.8)—(1.9) of Gandolfi and Kesten (1994) that
for some 0 < B8 < 1 and all v large enough

(3.13) P{V,(B) <(1-&)N(A )} <&*".

We fix such a B. For brevity we write A for |Bv]. We obtain a ¢ with the
properties listed in the probability in (3.11) by adapting the construction in
Lemma 14 of Gandolfi and Kesten (1994). More specifically, for each fixed
n=(M2),...,n(d)) € {~1, +1}?~! we define

T(n) =max{S(&, A;): £C[0, h] x [-v,v]¢ s a lattice animal,
€] =v, © € € and v € ¢ such that
v(1) =h,m()v(i) = 0,2 <i <d}.

For every x € R, the event {V,(8) < x} is the intersection of the 2¢-! events
{T'(n) < x}. The latter events have the same probability by symmetry, with
each of them monotonically decreasing in the i.i.d. {X, : v € Z¢}. Hence, by
the FKG inequality and (3.13),

9—d+1

P{T(n) =(1-2)N(A )} =P{V,(B) =(1—e)N(Av}" =&
Since T'(n) > —vAq, it thus follows from (3.12) that

E(T(n)= (1 —e)N(A)vP{T(n) = (1 - &)N(A)v}
(3.14) —vMP{T(n) < (1—-e)N(A)v}
> vN(1-§).

Imitating the proof of Lemma 14 of Gandolfi and Kesten (1994), we next
concatenate lattice animals realizing T'(n;) in successive translated copies
of [0, A 4+ 1] x Z¢-1. To be precise, we start at u, = © and at the kth step
attach an optimal lattice animal

d

E® C [up(1), up(1) + A1 x [Tup(@) = v, up(i) +»]
1=2

on which the max corresponding to 7'(7,) translated by u, is achieved. We
then take u;.; = e;+ a vertex of £&* whose first coordinate equals u (1) + .
Hence, u;(1) = k(h + 1). The 7, for £ > 1 are chosen sequentially such that
np(Dup_1(i) < 0, for all i = 2,...,d. In this way, |u.(i)|] < v for all £ and
i = 2,...,d, implying that |v(i)] < 2v for all k, i > 2 and v € £%. For
m € [L(h+1),(£+ 1)(h + 1)) construct the animal ¢ = ¢,, by attaching to
the optimal animal £“~D an additional path 7 of size at most v + A+ 1 < 3v
that connects u, to me; within [0, m] x [-2», 2v]¢"L. Since the animals £*)
are disjoint, it follows that

-1
S(fma /\1) . Z S(g(k), )\1) - 31//\1 .
k=0
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Moreover, for each k, the random variable T'), = S(€®, A;) is independent of
{é€\), j=0,...,k—1} and has the same law as T'(n). Consider an ¢ so large
that

(1-8%)Ne >3 +(1—-8)N(£+3),
and recall that |¢,,| < (¢ + 3)v. For such an ¢ one deduces that
-1
P{S({,, M) = (1-0)N[¢[} =P { > Tr=(1- 53)NM} :
k=0
By (3.14) and the law of large numbers we conclude that

-1
P{ZTk 2(1—83)NV€} -1
k=0

as £ — oo. Since &,, C [0, m] x [-2v, 2v]¢~! with both © € ¢,, and me; € &,,,
we are done. O

PrOOF OF LEMMA 3.5. The result follows from a percolation argument via
a block rescaling which is now sketched. Setting A; and » large enough so that
Lemma 3.6 applies for § = 1/8, we first deduce that for every 0 < p < 1 and
m large enough, with probability at least p there is an animal ¢ satisfying

(315) S(f) )\1)2 %lgh gg [_m> m]d7 me; Ega 15 |I’| Sd
Indeed, let m be so large that
(3.16) (g(m—3v))** > p and %(m —3v) > 6dv [% + /\1] .

Let A,, = [-m, m]?, and for 1 < |i| < d, let #; C A,, denote the rectangle
H; ={(v(1), ..., v(d)) : sgn(i)v(|i]) € [3v, m], |v(j)] =2», Vj # [i]}.
Let & = é\l C #; be a lattice animal such that

(3.17) 3V€i € §, me; < g, S(g, /\1) > ?|§| .

By Lemma 3.6 and symmetry, each of the animals EZ exists with probability
g(m — 3v) and since the rectangles %, are disjoint, it follows by (3.16) that
all 2d such animals exist with probability at least p. Let 20 be the animal of
minimal size among those connecting the vertices (3v — 1)e;, 1 < |i| < d, and

& be the lattice animal composed of the disjoint union of ¢; for 0 < |i| < d. By
(3.17),

S(£, M) = Y. S(&;, Ay) — 6dva,
1#0

> Vs 1B = 6dva, = g —6dv(ﬂ+m).
8 8 8

(3.18)
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Since |§i| > (m—3v), for i # 0, it thus follows by (3.16) that ¢ has the properties
(3.15).

Let m = m(p, \,) satisfy (3.16) for some p to be specified soon. We partition
7% into the disjoint translates (2m +1)0+A,,, 0 € Z%, of A,,. We then consider
the i.i.d. rescaled variables {Z; : 0 € Z%}, where Z is the indicator function
of the event that there exists a lattice animal &; such that

3N ~
S(fg, /\1)2 T|§ﬁ|’ gﬁg(2m+1)v+Ama
2m+1)v+me; €&, 1<]i] <d.

(3.19)

If Z; = 1 then we say that U is active. Let é,; denote the largest cluster of

active vertices in the cube A 5, of the rescaled lattice (i.e., the one with the most
active vertices). It follows from Theorem 1.1 of Deuschel and Pisztora (1996)
that if p exceeds some constant p, = py(1/3,d) < 1, then with probability
one,

(3.20) 164] = 2R,

for all large k. Hereafter we fix p > p, and the corresponding value of m =
m(p, A1). Any vertex U in g;, which corresponds to a cube (2m + 1)U+ A,, of
the original lattice, is active, with the latter cube containing a lattice animal
&; satisfying (3.19), hence of size at least m. Lattice animals belonging to
cubes corresponding to neighboring vertices are disjoint and connected. For
instance, if 0" = U’ +e;, then &, contains the vertex (2m + 1)U + me; and this
is adjacent on the original lattice to (2m + 1)0" — me; € g}/. We can therefore
form the lattice animal (on the original lattice)

E= &um,

Vet

where 7 C [~5, 5 @ is any path of length less than nd joining the origin © to

Useg, €5 I n/2 € [k(2Zm + 1) + m, (k + 1)(2m + 1) + m), with k large enough
that (3.20) holds, then © € § € A, 5 and

€12 3 |€5] = mk? = ¢15n?

ved,
for c;5 = (2/3)6"¢m!'~? > 0. Moreover, for all n large enough,

S(&, M) = 3. S(é5 A1) — nd)y

ved,

3N 3N 3N N
> e Yo &l —ndag = T|§| —nd(— +)\1> > ?|§|,

— 4
veL),

as required in the statement of the lemma. O
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PrOOF OF THEOREM 3.2. Let Ay be so large that (2.12)—(2.14) hold. Fix ¢ =
N/4 > 0 and let A; = A;(¢) be so large that it has the properties listed
in Lemmas 2.11 and 3.5. There then exists a random 7(A;) < oo so that
for n > n(Ay), ciylogn < n/2, (3.9) holds and there exists &(A;) € [—3, %]d
and containing ©, for which (3.10) holds. For such n, let & = £'(é(A;)) be as
defined in (2.24). By (2.34) and (2.35) any w € ¢ is in £(v) for some v € £(A;).

Therefore, we have that for all n > 7i(A;), w € ¢ and v € ¢ such that w € €(v)
lw=0oll <[l =v[l+|lv - w|| < n/2 + c14logn < n,

so that ¢ C [—n,n]?. By increasing 7i(\,), if necessary, we may and shall
assume that (2.39) applies to £ = £(A;) of (3.10). Hence, for ¢g = Nc¢y5/5 > 0
and all n > (1),

S(&) = Y (X, v (=A) — &) = S(&, Ay) — &lé] = N|¢|/4 > cgn?,
veé
yielding the lower bound in (3.4). The corresponding upper bound simply fol-
lows from (2.1) since
n¢G, <n"? Y (X)) - 2°E(X{) < o0,

veA,

for all large n with probability one. O

PrROOF OF THEOREM 3.3. We use a percolation argument via block rescal-
ing as in the proof of Lemma 3.5. Thus, we have again microscopic variables
(represented by the X ’s) and macroscopic (renormalized) indicator variables
{U; : 0 € 7%}, where we decorate all quantities concerning the latter with a
hat.

The novelty here is in the construction of the basic microscopic lattice an-
imal &* of positive weight [see (3.26) below]. Indeed, in the absence of the
moment condition (2.1), the techniques of Gandolfi and Kesten (1994) do not
apply here. Instead, the renormalized cubes which we use in our percolation
argument will be the cubes (2m + 1)U+ A,,, 0 € Z%, for some large m; such
a cube will be called active (i.e., we will take U; = 1) if there is a vertex
wy = wy(0) € (2m +1)v+ A,, with X (w,) > cm for a suitable ¢ and such that
w, is connected to (2m + 1)U+ me;, 1 < |i| < d, by paths whose weight is not
too negative.

Now for the details. Let Ay > 0 be such that p; :== P{X_ > —\¢} > p.(Z%)
(as in (2.17)). We call the vertices v with X, > —A, white and the other
vertices black. Thus the white vertices percolate. Let p = p(p;,d) > 4 be as
in Lemma 2.14, so that (2.50) holds. Without loss of generality we take p to
be an integer. The process of active sites which we are going to construct will
not be an independent percolation process, but a p-dependent percolation on
7% [see Grimmett (1999), Section 7.4, for terminology]. By Liggett et al. (1997)
[see also Grimmett (1999), Theorem 7.65] there exists an gy(p,d) > 0 such
that if ¢ < ¢y and

(3.21) inf P(U; =1) > 1—4¢
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for any p-dependent family Uy, then there exists a ¢ = q(e, p, d) such that
(3.22) P(£) > P,(%),

for any increasing event £ measurable with respect to {U; : 0 € Z%} (re-
call that P, denotes the measure under which the U; are independent with
P {U; = 1} = q). Moreover,

q(e,p,d)—1 ase 0.

In particular, if (3.21) holds and & < &, is so small that q(e, p, d) > p.(Z%),
then there exists w.p.1 an infinite cluster of active sites in the renormalized
lattice (take & = {3 an infinite connected set of 0 with U; = 1}). In fact we
shall apply this result to the events

Ji := {3 a connected set gAk of active sites

(3.23) ~
contained in [—k, £]? and with |£] > 2k?}.

Again by Theorem 1.1 of Deuschel and Pisztora (1996),
P {5} > 1—exp{—c;7k9 "}, k=1,

for some c;; > 0, if g is large enough. We can therefore fix 0 < &; < g, such
that (3.21) with &; for ¢ implies that the active sites percolate and that

(3.24) P{5,} > 1—exp{—c;k% "}, k>1,

for our p-dependent percolation process.

We must now define when a site of the renormalized lattice is active and
show that (3.21) with &, for ¢ is satisfied for some choice of m. To this end, we
write % for the infinite cluster of white sites on the original lattice. We then
choose constants cg, c19 < 0o such that

P{@ is connected to 7 by a white path

(3.25)  m C [0, cig] x [—crg, €15]% ! with Y X, > —cm} > [1— & ]VD,

vem

It is clear that such cyg, ;9 exist, because P{# N[0, 00) x Z¢ ! £ @} =1
[this follows, for instance, from P{¥” # &} = 1 by the “square root trick”;
see Grimmett (1999), page 289]. Whether the renormalized site v is active
or not will now be defined in terms of the microscopic variables X, with
w e (2m+1)v+ A, where m will be chosen soon. Whatever m is, we define

#,,(0)={w e (2m+ 1)U+ A,, : w is connected by a white path
to the topological boundary of (2m + 1)v + Apm}.
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A site v will be active if the following three events happen: .7 := Ny_; ¢,
with
2,(0) := {(2m 4 1)U + me; is connected to #,,(0) by
a white path 7 (i) C (2m + 1)U + me;
+[—c15, c18]¢ N (2m + 1)U+ A, with Y wentiy Xw = —C19},

#(0) == {Iwy = wy(V) € #,,(0) with X, > 2dcyg + (2dpAy + 1)m}
and
&) = {DW',w") < pm for all w', w” € #,,(V)}.

The indicator function of .27 (0) N %(v) N &(v) is denoted U;. We shall soon
prove that m can be chosen so that (3.21) with ¢; for ¢ is satisfied. Before we
prove this we show that this will be enough to prove the theorem. Indeed, note
that any path of length at most pm between a pair w’, w” € 2m + 1)v+ A,,
cannot go more than pm/2 steps away from (2m+1)v+A,, and must therefore
be contained in (2m + 1)U+ A, It is therefore clear that the Usy, v e 7% are
p-dependent (provided (p — 1)m > c;g). For an active site v let Ea be a lattice
animal consisting of wy(?), a path 7 (i) from (2m + 1)v + me; to a vertex
w; € #,,(0) of weight at least —cqg for 1 < |i| < d and paths of length at
most pm from each of the w;, 1 < |i| < d, to wy(0). These elements exist by
definition when v is active. It also is the case that then

S(&) = X, — 2dcyg — 2dpmAg = m.

Now, by (3.24) there exists a.s. for all large k a cluster é,; of at least (2/3)k?
active renormalized sites in [—k, k£]¢. If this is the case for a certain %, then
we can form

&= &
ved,

This will be a connected set on Z¢ for the same reasons as in the lines following
(3.20). Moreover,

(3.26) S(&") = |Glm = 2kim.

This is so because the w(0) for v e é,; are distinct and each one contributes

at least 2dcg + (2dpAg + 1)m to the weight of £*. The gg are not disjoint, but
they can only overlap in sites other than the w,(?) and these give a negative

contribution to our bound on S(Eg) and counting a negative contribution only
once instead of several times can only raise S(£*). Since

& C[—k(2m +1) — pm, k(2m + 1) + pm]?,
the left hand side of (3.4) will hold with cg =2 -3¢ "1m1-<,
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The proof has therefore been reduced to showing that (3.21) with &; for
& holds for some large m. To show that this is the case, we first note that
7 N[(2m+1)v+A,,] € #,,(0), so that by symmetry and translation invariance,
P{oZ(D)} > [1 — ]2 (see (3.25)). Thus, by the FKG inequality,

(3.27) P{o/(0)} > 1—&,.

Next, we use exponential estimates for the tail of the distribution of a finite
cluster. It is immediate from Theorems 8.18 and 8.21 in Grimmett (1999) that
forany v € A,,, P{v € %,,, but v ¢ 7} is exponentially small in m. Therefore,
there exists some m; < oo such that for m > m;,

Since any two vertices in % are connected by a white path, it follows from
this and Lemma 2.14 that there exists some m, > m; such that

Finally, we note that %;, is determined merely by the colors of the vertices.
Therefore, conditionally on %,,, the X,, w € %,, are still independent and
have the conditional distribution (F(-) — F((—=Ay)—))T/(1 = F((—Xy)-)). Con-
sequently, for any choice of c¢yq and with A(m) = 2dcg + (2dpAry + 1)m,

d

(F(A(m)) — F((—M)—))*}C”m
1-F((=20)-) '

As in the proof of Theorem 2.2 we can use (2.49) to obtain that the first term in

the right hand side tends to 0 as m — oo if we take ¢y = (1/2)0 = (1/2)P{C €

7'} [see (2.49); alternatively, we can use Theorem 1.1 in Deuschel and Pisztora

(1996)]. Once ¢y has been fixed, the second term in the right tends to 0 as

m — oo along some subsequence, by virtue of assumption (3.5). Thus we can
find an m > m, such that also

P{#(v) fails} < &;.

Together with (3.27) and (3.28) this proves that (3.21) with &; for ¢ holds and
hence the proof is complete. O

P {#() fails} < P{|¥,,| < coom?} + [

4. Exponential moments, large deviations and size of the GLA. Re-
placing the moment condition (2.1) by an assumption of finite exponential
moments allows us to deduce the following large deviations estimate for N,,.

THEOREM 4.1. If for some vy > 0,
(4.1) E (%) < o0,
then for all € > 0 there exist constants 0 < b;(&) < oo such that

(4.2) P(n !N, > N +4¢) < b, exp{—byn}.
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The key to the proof of Theorem 4.1 is the following quantitative version of
Lemma 2.10.

LEMMA 4.2. If (4.1) holds, then for any ¢ > 0 and 6 > 0 there exist finite
constants A3 and cyp such that for all n,

(4.3) P{V, > en} < co; exp{—y(1 — 28)en},
where

V, = sup {Z(XU —A3)t 1 0 €&, alattice animal with || = n} .

veé

PROOF. Let A(w,2¢) denote the cube [TL,[w(i) — 2¢, w(i) + 2¢] centered
at w € Z%. By Lemma 1 of Cox et al. (1993), for all ¢ and any lattice animal
& of size n such that © € &, there exists an /-connected set {u;, € Z¢ : i =
0,...,r=1|2(n—1)/¢]} such that uy = © and

¢ &Y= A(tw;, 20) .
i=0
For some L = L(d) < oo, the number of possible choices of such £ is at most

L™ < L2V, With |£9)| < (r+1)(4£ +1)¢ it follows by Markov’s inequality that

’ { Y (X, -t = 3”] < exp{—vsn}[E exp{y(X, — /\3)+}](r+1)(4€+1)d )

veé®
Fix ¢ so large that L?* < exp{ye8}, and choose A3 < cc so large that

[Eexp{y(X, — A)}]* ™ < exp{yss}

[this can be done by virtue of (4.1)]. It then follows that for some ¢y; < co and
all n,

P [sup (X, =)t > sn] < cgy exp{—7y(1 — 28)en}.

g(w Ueg(ﬂ)
Since

Vn = sup Z (Xv - /\3)+’
O pego

this concludes the proof of (4.3). O

PROOF OF THEOREM 4.1. Given Lemma 4.2, we merely adapt the proof of
Theorem 3.1. To this end, let N(A;, A) be the GLA constant when X, is re-

placed by )Z'U := (X, V(=X1)) A A. We have proven in Section 2 that N(A;, A)
decreases to N(co, A) < N when A; — co. We take A equal to the A3 < oo of
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Lemma 4.2 (for, say, 6§ = 1/3), so that (4.3) holds. Then we fix A; such that
N(Aq, A3) < N 4+ &. Obviously, N, <V, + Z, for

Z,=sup{> )?U 1O € £, alattice animal with |é]=n¢.

veé
Consequently,
(4.4) P{n"IN, > N +4e} <P{V, > en} +P{Z, > N(Ay, \3)n + 2en}.

Asn™1Z, — N(A;, A3) by Theorem 1 of Gandolfi and Kesten (1994), it follows
that for all n large enough Median(Z,) < (N(Aqy, A3) + &)n. For such n, by
Theorem 8.1.1 of Talagrand (1995) we have that

(4.5) P{Z, > N(A{, \3)n + 2en} < 4exp{—&’n/(4(A; + 13)?)}.
To complete the proof of the theorem, combine (4.3), (4.4) and (4.5). O

We note in passing that Propositions 6.4.2 and 6.4.3 of Howard and New-
man (1999) provide upper tail estimates for the random variables N, in
case P(X, > x) decays polynomially in x or E[exp(y(X/})*)] < oo for some
a € (0,1). They also noted that P{n"'!N, > y} decays exponentially in n
in the setting of Theorem 4.1 when y is sufficiently large (instead of for all
y > N, as in Theorem 4.1).

The proof of Theorem 4.1 is easily adapted to show that

(4.6) P{n" !N, < N — ¢} < by exp{—byn},

when in addition to (2.1) also E (e?*+) < oo for some y < 0. Without the latter
condition, (4.6) typically fails. For example, N = 1 whenever p = P{X, =
1} = 1 - P{X, < 0} is such that p,(Z?) < p < 1, whereas in this case
P{N, <0} > P{X_ < —n} may well be of order n~" for some finite n > 1.

The following theorem applies (4.2) to improve upon Theorem 3.1 in case
the moment condition (4.1) holds.

THEOREM 4.3. Let X,, v € 7%, be i.i.d. random variables satisfying (1.1)
and (4.1). If N < O then there exist 0 < c99 < C93 < 00 such that, with
probability one,

G
4.7 < liminf <l il CERSP
S G2 = T ogn — 1£LIL5£p logn — €23

PrROOF. Our assumption (1.1) implies that p = P{X, > 8} > 0 for some
8 > 0. Let ¢ = [logn/(2|log p|)| and W, = max,, S(£(k)) for the lattice an-
imals £(k) = {(,0) : i = k¢ +1,...,(k+ 1)}, R=0,1,..., |n/¢] — 1 [here
0 stands for the (d — 1)-dimensional vector with all components equal to 0].
Note that P{S(¢(k)) > 8¢} > p*, hence, for large n,

P{W, <8¢} < (1— p")"") < exp{—p'[n/e]} < exp{-n"/*}.
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Therefore, liminf, ... W,/logn > 6/(2|log p|) =: cg9 > 0, a.s. Since G, > W,
the lower bound in (4.7) follows.

Turning to the complementary upper bound, we note that by Markov’s in-
equality, (4.1) implies that for any (fixed) lattice animal ¢ and any C > 0,

P{S(¢) = Clogn} < n""“E(exp{yX,}).

Hence, with at most L* lattice animals ¢ of size % such that © € £, we have
that

P{N, > Clogn} < n" Y’ L*E(exp{yX ,})*.
Take C = cy3 := vy~ 1(d + 2 + A[log(LE exp{yX,})]") > 0 for some A < o (to
be specified soon). It follows that

Alogn
(4.8) 3" P{N}, > cy3logn} < (Alogn)n (@2,

k=1
Since N < 0, it follows from (4.2) that for by = by(|N|/4) > 0, some cgy < 00
and all n,

(4.9) > P{N,>cylogn}< > P{kIN, >0} <cyn 4
k=Alogn+1 k=Alogn+1

Combining (4.8) and (4.9) for A = (d + 2)/b, < oo, we see that for all n,
P{G, > cy3logn} =< (3n)dP{m]?x N} = cyglogn}

< (3n)? Y P{N), = cy3logn}
k=1
< 3%(cgq + Alog n)n=2.

By the Borel-Cantelli lemma, the upper bound of (4.7) thus holds a.s. O

Our next theorem shows that the transition in the value of G, according
to the sign of N is also reflected in the size L, of the corresponding lattice
animal ¢, for which G,, is achieved. When N < 0 the lattice animal ¢, is local,
with L, = O(logn), whereas for N > 0 the lattice animal ¢, is global, with
L, a non-negligible fraction of the volume of the cube [—n, n]?.

THEOREM 4.4. Assume that both (1.1) and (4.1) hold. Let L, = |&,| for
a lattice animal ¢, C [—n, n]? such that G, = S(&,). If N < 0, then with
probability one,

L
(4.10) limsup —* <c¢
n~>oop logn %
for some constant cys < 0o, whereas if N > 0, then for some constant cqg > 0,
with probability one,

(4.11) liminf n 9L, > cy.

n—o00
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PROOF. We start with the case of N < 0. When proving Theorem 4.3 we
have shown that a.s. for all n large enough

Ee[-n,n]?, |& > Alogn = S(£)<0

[see (4.9)]. Since G,, > 0, it follows that (4.10) holds (with cy5 = A).

Turning to the case N > 0, we note that (4.1) implies that with probability
one

max X, <7y HYd+2)logn,
ve[—n,n]d

for all n large enough. If n is large enough, also G, = S(¢,) > cgn?/2 (by
Theorem 3.2), implying that L, > cy;n?/(log n) for cy; = ycg/(2(d +2)) > 0. If
we now take £ = 37 (?*D¢g and 8 = 1/3, then it follows from Lemma 4.2 that
for some finite A3, cy; and all &,

P{sup {Z(XU — X))t € c[-n,n]?, alattice animal with |£] = k}

veé
> and/3}

< ¢1(3n)” exp(—yek/3).
Consequently, with probability one,
(4.12) Y U(X, — Ag)t < cgn?/3,

veé

for all n large enough and any lattice animal ¢ C [—n, n]? of size at least
co7n%/(log n). For all n large enough we already know that G, > cgn?/2 and
L, > cy7n?/(log n). Hence, by (4.12), we then have that

Agl€,l = Y (X, AAg) = cgn?/6,

veé,

which yields (4.11) with cg9g = cg/(615). O

Some transition in the value of L, is retained even when condition (4.1) is
relaxed to (2.1). Indeed, if N < 0, we know from the proof of Theorem 3.1 that
S(&) < 0 for all £ C [—n, n]? such that |£| > n, so that L, < n. The condition
(2.1) implies that X, > ||v|| for at most finitely many v € Z¢ [see (3.17) of Cox
et al. (1993)]. Combining this with the lower bound G, > csnd /2 of Theorem
3.2, we see that L, > cgn?1/3 for all n large enough, in case of N > 0.

We conclude with an example in which the theory of large deviations does
not predict accurately where the transition from G, ~ n? to G,, ~ log n occurs.
We consider the planar case (d = 2) in which X, takes only the two values —A
and 1, with p:=P{X, =1} =1-P{X, = —A} € (0, 1). For p > p.(Z?%) we see
that N = 1, regardless of the value of A, by connecting © to the infinite cluster
of {v: X, = 1}. When p < p.(Z?), it follows from Theorem 5 of Lee (1993)
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that there exists a non-random ¢ = ¢(p) < 1 such that with P ,-probability
one,

limsupn'sup {|{v e é: X, =1} : @ € £ a lattice animal with |£| = n} = ¢.

n—oo

So, in this case, N = ¢ — A(1 — ¢) < O for all A large enough. Large deviations
theory tells us that for any y € [—A, 1],

P{S(¢) = y|&[} = exp[—|¢[(1(y) + o(1))],

where I(y)=H((y+A)/(14))|p) for the entropy function H(x|p)=xlog(x/p)
+ (1 — x)log((1 — x)/(1 — p)). The “large deviations prediction” is that N =
max{y: L > I(y)} for

L :=liminf n~'log |{¢: ¢ a lattice animal in Z? with O € &, |£] = n}|.

In particular, it predicts that N > 0 whenever L > H(1|p) = |log p|, regard-
less of the value of A. Counting self-avoiding lattice paths that never move to
the right we see that L > 10g(1+«/§) [see Fisher and Sykes (1959)]. Therefore,
this prediction for the transition differs for all A large enough from the true
location at p = p.(72) > 1/2.
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