COMBINING TWO PROBABILITY FUNCTIONS
By

WiLLiaM DowEeLL BATEN,
University. of Michigan.

The object of this paper is to show results which arise from
combiriing two probability functions in finding the probability
function for the sum of two independent variables. The first part
presents the sum function when the probability law for each indi-
vidual variable is “one-half” of the Pearson Type X law. From
this law arise certain ideas concerning the Beta function which are
not presented by texts treating this subject.

The second part presents some peculiar probability functions
when special laws for the individual variables are considered. Here
certain laws with infinite discontinuities are combined.

I. 'The probability function for the sum of n variables when
each is subject to the function e .

Let the probability that the chance variable x, lies in the in-
terval ( x,  x+d x,) be to within infinitesimals of higher order
£ %,)d¥, and the probability that the chance variable X, lies in
the interval ( X, )&n{x) be to within infinitesimals of higher order
9(%) 4y, , where X, and x, may have respectively any real value.

By a well known theorem, the probability that the sum,
X,+%, = 2, lies in the interval (2, 2+d#)is, to within infinitesi-
mals of higher order, '

Fz)dz = /{(x'), g(z-x)dy, - dz.

Let
-x
}(x’)—; e ! for (0,00)
=0 elsewhere,
and
- X
?(Xz_)=e = for (0, 0)
=0 elsewhere.
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14 COMBINING TWO PROBABILITY FUNCTIONS

According to the above theorem, the probability function for the
sum, X, +X, = Z  is
z
-X, —( 2"11)
Ee) = [e e ax,
= ze€ for (0,0)
= O elsewhere,

M

which is a Pearson Type III function. The probability functions
or laws for X, and X, are discontinuous at the origin, while the law
for the sum is continuous from minus infinity to plus infinity.
By using £ (’) and ;(x_,), the frequency function for the
sum, X+¥X+¥X, = 2 s
2 _x —(z-x)
Gz)=Jxe e ax
= 228-72 for (o,e0)
= O . elsewhere; where x,+x,= 4.
In general, if the probability function for the individual vari-
able x; is
- X%
f‘: ()(‘) = € 5 for (0,°0)
= O , elsewhere,
then the probability function for the sum, :2: X, =2
is

EGc) = (7)) /00! for (0,0)
= o elsewhere.
This is also a Type III law. Others have studied this law and have
obtained functions for the sum and the average.!

1 Mayr—-Wahrscheinlichkeitsfunktionen und ihre Anwendungen—Mo-
natshefte fiir Math. und Phys., Vol. 30, 1920. p. 20.

Church—On the mean and squared standard deviation of small samples
from any population—Biometrika, Vol. 18, 1926, pp.-321-394.

Irwin—On the frequency distribution of the means of samples from a
population having any law of frequency with finite moments, with special
reference to Pearson Type II—Biometrika, Vol. 19, 1927. pp. 225-239.

C. C. Craig—Sampling when the parent population is a Pearson Type
II1I—Biometrika, Vol. 21, 1929. pp. 287-293.

A. T. Craig—On the distribution of certain Statistics—Am. Jour. of
Math., Vol. 54, No. 2, 1932. pp. 353-366.

Baten—Frequency laws for the sum of 72, variables » which are subject
each to given frequency laws—Metron, Vol. X, No. 3, 1932, pp. 75-91.



WILLIAM DOWELL BATEN 15

The purpose of developing this law for the sum of n indepen-
dent variables is to show how certain finite summations are eval-
uated. An interesting summation arises when f and g are inter-
changed in certain cases. For example the law for the sum,

Zz = Z Xe
is £ (2) ,and the law for the sum

nt!

z- ‘:Z')g- fF(x)f(2~X)dx~/f(x) L (z-x)dx =
_ X ~ZE
@ £, [T e G ey

i e_zz-n. i (’),/::;C/“J/(n-l)l

ANz=C
= 0, elsewhere.
Since the probability function for the sum of the first n+/ varia-

bles, when each is subject to ){ , is
-z .. .
¢) ze / n! , for the positive axis

then (a) and (b) are equal and the summation in the above ex-

pression for (a) is equal to ’/—n ; hence

-1 &3
"Z. (=) w-t Co = l/n
=0 R+

If the probability function for the sum of the first zn varia-
bles is obtained by “‘combining” the probability function for the
sum of the first = variables with the probability function for the
sum of the following m variables, another interesting summation
arises. 'This summation is a Beta function in disguise. For exam-
ple the probability function for the sum, X, +% +X+%, = & , is

le” i':/ 3! for positive 2 and zero elsewhere, and the prol)alnlnty
function for the sum, Xg# X + X #Xg= V , is Ve /sl for
positive v and zero elee\\ here. The probability function for the
sum, Z2+V = 2 X, w,

. e W_z ~-W+Z% 3
18 F(W)=3!3_/° e ¢ (w 3W2 43w s 2’)dz

= € / AL A ) W for the positive axis
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and zero elsewhere. The quantity in parentheses has for numera-
tors the coefficients of the binomial (- 4’)3, while the denominators
begin with a number greater by one than the exponent of the bi-
nomial and increase hy unity from term to term. The above form
suggests the following integral

3 - !
Z 1) gcll- = /YB(I_x)adX-’- 5[‘/‘,‘/)

rz=o0 Aty
In general the probability function for the sum of the first 27

variables, by using the probability function for the sum of the first
7 and the probability function for the sum of the following 2, is

201 . W n-1 A
-
w_ e (_)_z'."_(_:/‘.; , for (g,%0) and zero elsewhere.

m-0)I (m-1)! 725 Arn
The summation can be written as a definite integral
r '
2 ) i Cn o (7 T le) [
—==% = [x (1-x) dx = B¢ 2 ——
é +n O[ ( ) X 71’ 71) /(5_”)

If the probability law for the sum of 7 independent variables
is obtained by combining the probability law for the sum of the
first S variables with the law for the sum of the following n-5s
variables the following summation arises which is also equal to,a
Beta function. 'lhls summation is,

n-s=t gy ‘so m-s-t
_J'__.
,,_Z=o SR ofx (-x) dx =B (s, »n-s).

This idea concerning the Beta function appears to be new.

II. Combining two probability functions.

Combining here shall mean finding the probability function
for the sum of the variables from the probability functions of the
individual variables. Many peculiar functions arise when various
laws are used for the probability functions of the individual varia-
bles. This section presents a few of them.

Let

F(x)=1, for (0,1) and zero elsewhere,
and 2
g(g): 3(/-—25) 5 for (0,1) and zero elsewhere.
These laws are drawn helow. Both have two points of discontinuity.
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Xl

B

at-20)*

o

2

The probability function for the sum, X+4= 2 is
(#2%- 2"+ 32) , for the interval (0,1)
F(z) = Cy23risz™=272+1v) |, for (1,2)
o, elsewhere.
F(%) is continuous, symmetrical about the line 2=/ with large
slope at the points (0,0), (1,1) and (2,0). There is a cusp at
(1,1). FAz) is drawn below.

Frza)

2653 ~-42°18%%-27% +14

o) Za)

2. Let ﬁx )= 2"&"'{' , for (0,1) and zero elsewhere, and
y(y): ’/;“';:j , for (0,1) and zero elsewhere. The function
#¢x) is the probability function for the square of the variable
if the probability law for the variable is unity in (0,1) and zero
elsewhere. The function f(x) approaches infinity at the origin,
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while g(; y) is a similar curve turned in the opposite direction and
has an infinite slope at (1,0).

xt) Yo
1y 2%
75
[27)
%
ol y
o 0] ¥ ' @a)

The law for the sum, x+y = % s

ty leg [(1#VZ)/(1-vZ)] , for (O,1)
Fz)=9 Y- /7[(3«z+2-1/'—i )/ (z~1) ] , for (1,2)

o, elsewhere.

F&) issomewhat of a surprise for it is equal to zero at the origin
and the point (2,0) and approaches infinity from the right and from
the left at the point (1,0). The slope of the law for the sum is
infinite at the origin and at the points (2,0) and (1,0). F(z)

appears below.

1+ 4 J-xru /22
dopff || fop 2222E

49/ 20)
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3. Let [(x)=/ , for (0,1) and zero elsewhere and g(})= /
for the interval (0,1) and zero elsewhere; then the probability law
of w=x" is h(w) = _z'L’"VW , for the interval (0,1) and zero
elsewhere. Let w = yz , then the probability function for w is
k(u)= —3'7:'“—: , for the interval (0,1) and zero elsewhere.
According to the theorem used in part I the probability law for
the sum, x + 32= Z ,is

T/ , for the interval (0,1)
F(z) - "fy - arc cos L":-;-"—g— , for (1,2)
‘ O , elsewhere. The plot of F(z) is below.

Fal

Y

fonl(E2gpe)

x

ad 77

The functions % (w) and #( ) are J-shaped functions with
infinite slope at the origin and are equal to )((;_z) in example 2. The
law for the sum of the Squares in this case has one point of discon-
tinuity which is at the origin. The function for the sum is constant
throughout the interval (0,1) and is equal to an inverse cosine
function throughout the interval (1,2).

4. If {(x)=3(:-2x) for the interval (0,1) and zero else-
where and g(y]: 30 —zy)z for the interval (0,1) and zero else-
where, then the law for the sum, X+ y=2 , is

6 (325 402" 8076027 152) , for the interval (0,1)
F&) =X.6(-82° 402t 502 1008-952446) for (1,2)
<, elsewhere.
The function F(z-) has three modes and has its highest point
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where one would least expect it, and has large slopes at the origin,
and at the points (1,0), (2,0). To appreciate the nature of FE)
here tne graphs of the functions for x and y should be examined.
They are U-shaped curves which are tangent to the horizontal axis
at the middle of the interval (0,1). See the second figure in 1.
F(2) is shown in the following figure. )

Fie)

-6(822403%ax" O(-8x + 202 *% 8027+ 10022 -952 +46 )
-60%2r152)

z0) o/



