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ON THE USE OF THE NON-CENTRAL ¢-DISTRIBUTION FOR COM-
PARING PERCENTAGE POINTS OF NORMAL POPULATIONS

By Joun E. WaLsH
Princeton University

1. Introduction. Consider two normal populations with the same variance
and means u and » respectively. It is well known that confidence intervals and
significance tests can be obtained for the difference p — v. Since p is the 509,
point of the first population and » is the 509, point of the second population,
this represents a particular solution of the general problem of obtaining confi-
dence intervals and significance tests for the difference 6. — ¢z, where 6, is
the a percent point of the first population and ¢z is the 8 percent point of the
second population. The purpose of this note is to point out that the results of
Johnson and Welch [1] for the non-central i-distribution can be used to furnish
a solution of the general problem.

2. Analysis. Let A, be the ¥ percent point of the normal population with
zero mean and unit variance (i.e. exactly v% of the population has values less
than 4,). Then if ¢ is the common standard deviation,

0 = p + Aoo, o = v+ Ago.
Thus
0 — ¢p = (p — ») + (Ao — Apo.

The non-central ¢-distribution investigated by Johnson and Welch in {1] is

based on the quantity

t = (z 4 8/Vxf,
where 2z has a normal distribution with zero mean and unit variance, 6 is a con-
stant, and x* has a x’-distribution with f degrees of freedom and is distributed
independently of z. Methods and tables are given in [1] whereby a constant
i(f, 8, ) can be computed having the property that

Prit > i(f, 8, €] = e
These relations will be used to obtain confidence intervals for 8, — ¢5. The
resulting confidence intervals can be used to obtain significance tests for 8, — ¢5 .

Let 21, -+ -, Z, be a random sample of size n from the first population while
Y1, , Ym is a random sample of size m from the second population. Then
consider
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This quantity has a non-central {-distribution with

s=(a-dd/4/2 4L sema

For notational simplicity let

A '—Aa n m
t<1n+n—2,1—/ﬂl—— e>=t(e), ;(x;—i)2=8f, ;(y,-—g)2=S:.
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Then one-sided confidence intervals for 8, — ¢s with confidence coefficient e
are given by
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Two-sided confidence intervals for 6. — ¢g with confidence coefficient
1 - (a+ &
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are given by

He) VST + 82

/‘/(m+n—2)/<;1-t+%z>

<be—g<T—§—

E—g—

t(l - el)\/m

Voro-0 /G0

where ¢ + e < 1.
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