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THE DISTRIBUTION OF RADIAL ERROR

HERSCHEL WEIL

University of M z'chigap, Willow Run Research Center

1, Summary. An expression (equation 2) suitable for computation is obtained
for the probability distribution of ¢ = (& + #?)! where ¢ and » are independent
Gaussian variables with, in general, unequal means and unequal variances.

2. Introduction. The probability distribution for ¢ has direct application in
considering the radial error in situations where a point must be located by two
coordinates as in navigation. It also has application in the study of turbulence
in fluids [1] and in other fields. In these applications £ and % are not necessarily
uncorrelated. However since a rotation of coordinates reduces the mathematical
problem in which the variables to be combined are correlated to one where they
are uncorrelated, £ and 7 are considered to be uncorrelated in this note.

Before deriving equation (2) it is desirable to point out how the present result
fits in with related work in the literature. An expression for the characteristic
function for ¢ is given by Patnaik [3] whose result in fact holds for the n dimen-
sional case, n = 1. If the variances of ¢ and 5 are each o*, the variable {*/¢” is
governed by the noncentral x° probability distribution with two degrees of
freedom. The noncentral x° distribution in n dimensions is given in terms of an
infinite series in [3] and in Tang [6]. The series essentially represents a Bessel
function I;(x) of the first kind, imaginary argument and order j = 3n — 1 so
that one can write for the probability density of o’x’.
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(1) g(x) = 553 °¢ X Iin

where ) is the sum of squares of the means of the n variables. This result in the
two dimensional case is used to represent the probability density for the noise
plus signal following a quadratic detector in electrical circuit theory and is
derived and applied in [2].

The “method of mixtures” due to Robbins and Pitman is used by them in
[4] to express the noncentral x* distribution as an infinite sum of central X
distributions in the n dimensional case and the method can be applied to the
present problem involving unequal variances. In addition a form of the distribu-
tion for ¢ in the two dimensional case where one mean is zero is given by Frenkiel
in [1]. Frenkiel’s result is an infinite series in which the nth term involves the
(2n)th derivative of I,(x). Both this result and the result by the method of
mixtures appear to the writer to be less adaptable to computation than equa-
tion (2).

3. Result and derivation. The method used here to obtain p(r), the probability
density or frequency function of ¢, is simply to write the bivariate Gaussian
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distribution in polar coordinates and integrate over the angular variable. The
immediate result is a double summation of products of Bessel functions which
is then reduced to a single summation by application of an addition theorem
for Bessel functions. The end result is

— (o] + qdﬁ)]
(2) p(r) = Ar exp [——4;%7‘—%——
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Here o3 and o3 are the variances of ¢ and 5 and m, and ms their means. (In [8]
the I;(x) are tabulated for j = 0(1)20, x = 0(.1)20 or 25. In [5] they are tabu-
lated for j = 0(1)22 and = = 0(.01 or .02)5.) Note that equation (2) with ¢; =
o2 = o reduces, as it should, to 2rg(+*) when g(r) is given by equation (1) evalu-
ated for n = 2.

To derive the result (2) let p(z, y) be the bivariate Gaussian probability den-
sity which governs £ and 4. Then in polar coordinates x = r cos § and y = rsin 6,
the corresponding probability density is
—1*(o1 + o3)

462 o}

8) P(r,0) = QA;T exp [ ] exp [ar® cos 20 + br cos 6 + cr sin 6].
The second exponential is to be integrated over 6 from 0 to 2x. Call the resulting
integral L. By substituting into L the expansion for the usual generating func-
tion for the Bessel coefficients J,(2);
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The order of integration and summation may be interchanged. From the
definition of L it is clear that L is real so that only the real part of this expression
need be integrated. The only nonvanishing contributions to the integral occur
when

) 2/ +k+1=0, l=2n
where 7 is an integer. The result is that
8) L =213 3 w2 new (—1)"I {(ar*) I3n425(br) Lan(er).

To reduce equation (8) to a single summation the following special case of
an addition theorem given in Watson [7] is applied to the summation over n;

9) I(VZ* + 22) cos np = 2 7 (—1)Tn42e(Z)I0(2), tan ¢ = 2/Z.

.

The result leads directly to equation (2).
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CORRECTION TO “ON CERTAIN CLASSES OF STATISTICAL
DECISION PROCEDURES”*

By H. S. KonpN
Unaversity of California, Berkeley
I am indebted to Dr. L. Le Cam for pointing out an error in the above-named
paper (Annals of Math. Stat., Vol. 24 (1953), pp. 440-448). Let
D® = {5 & D: #(F, §) is bounded by a function of F}.
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