ON THE ORDER STRUCTURE OF THE SET OF
SUFFICIENT SUBFIELDS'

By D. L. BURKHOLDER

Unaversity of Illinots and Unaversity of California, Berkeley

1. Summary and introduction. In [5], the concept of statistical sufficiency is
studied within a general probability setting. The study is continued here. The
notation and definitions of [5] are used. Here we give an example of sufficient
statistics # and £, such that the pair (4, &) is not sufficient. The example also
has the property that, in a sense to be made precise, no smallest sufficient statis-
tic containing # and ¢, exists. In Example 4 of [5], sufficient subfields A; and A,
are exhibited such that A; v A,, the smallest subfield containing A; and A,,
is not sufficient. Such an example is given here with the even stronger property
that no smallest sufficient subfield containing A; and A, exists.

Let (X, A, P) be the probability structure under consideration. Here X is a
set, A is a o-field of subsets of X, and P is a family of probability measures p
on A. Let N be the smallest o-field containing the P-null sets and let K be the
collection of sufficient subfields of A containing N. (Restricting attention to
sufficient subfields containing N is technically convenient. Note that any suffi-
cient subfield is equivalent, in the usual sense, to one containing N.) Some of the
properties of K can be described in the language of lattice theory as follows.
Let L be the set of subfields (= sub-o-fields) of A. Then L, partially ordered by
inclusion, is a complete lattice. (Our terminology is essentially that of Birkhoff
[4].) Example 4 of [5], mentioned above, shows that K is not always a sublattice
of L. The example given below shows more: The set K, partially ordered by in-
clusion, is not always a lattice in its own right. Note, however, that if H is a
finite, or even countable, subset of K, then the greatest lower bound of H rela-
tive to L exists and is in K ([5], Corollary 2). The difficulty is with the least upper
bound. There is less difficulty if A is separable. Corollaries 2 and 4 of [5] indicate
that if A is separable, then K is a o-complete sublattice of L. This is about as
strong a result as could be expected here. For even if A is separable, K is some-
times neither complete nor conditionally complete: Each of the nonsufficient
subfields exhibited in Example 1 of [5] is easily seen to be both the greatest
lower bound of a subset of K and the least upper bound of a subset of K. There
is no difficulty if P is dominated. If P is dominated, then K is a complete sub-
lattice of L. This follows easily from the existence in this case (Bahadur [2],
Theorems 6.2 and 6.4; Lodve [6], Section 24.4) of a subfield A, in K such that
K={B|BeL,A C B}
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2. Example. Let X be the set of all ordered real number pairs ¢ = (21, x2)
satisfying |z, = |zz] > 0. Let A be the smallest o-field containing each set
{z},ze X, and the set D = {x |z ¢ X, 21 = x3}. Let P = {p, | z ¢ X} where p.
is the probability measure on A putting probability % on each of the points

z, (xl ) —.’1}2), (—xl ) x2)) (_xl ) _502).

Here N = {@, X}; consequently, N is contained in every subfield. This is the
probability structure (X, A, P) of Example 4 of [5]. The two sufficient subfields
A, and A; considered in that example have the property that A; v A, is not
sufficient. However, they do not provide a decisive answer to the question of
whether a smallest sufficient subfield containing two given sufficient subfields
always exists. For in this particular case, it is easily seen that such a smallest
sufficient subfield does exist, namely, A itself. Here we shall define A; and A,
differently.
If zisin X let

Aoz = {x’ (1171 y =), (—T1, x2), (—1, —.’Ez)}.

Let S be a subset of X such that both S and S’ are uncountable and such that
if z is in S then ap, < S. (We then have ao, < S’ for each x in S’.) Here primes
are used to denote complements relative to X. Let

o = aifx e,

= {z, (21, —z)} fzed,
Gy = Goz if 2 € S,

={z, (-2, 2)t ifzed.

If 1 = 1, 2, let A; be the smallest o-field containing each set ai, , z € X. Clearly,
A,' c A, ’& = 1, 2.

Both A; and A; are sufficient. To show this, it is enough, by symmetry, to
prove that A, is sufficient. Suppose that f is a bounded A-measurable function.
Let

9(z) = f(@) + f(@m, —22) + (=21, 2) + f(—@1, —2)] ifzes,
= 3lf(@) +f(z, —22)] ifzel.

Then g is constant on each set a;, . Also, since f is A-measurable there is a real
number c; such that the set {z | f(z) 5 ¢} N D is countable and a real number
¢z such that {z|f(z) % ¢} N D’ is countable, implying that

{z]g(x) # (a + ¢)/2}
is countable. Thus g is A;-measurable. Let 4; belong to A; . Let & be the charac-



598 D. L. BURKHOLDER

teristic function of A;. Then A is constant on each set a;, and

fx fh dp.

Hf@) + f(zr, — z2) + f(—21,22) + f(—21, — 22)]A(2)
g(z)h(z)

=fghdp, if z¢8,
X

I

(@) + f(z1, — 22)]h(2)

+ Hf(=z1,22) + f(—21, — 22)]h(—21, 22)
= §lg(x)h(z) + g(—x1, 2)R(—21, 2)]

[ a.

=fghdp, if z¢e8.
P-4

Therefore, f4,fdp = [4, 9 dp, p ¢ P, implying that A, is sufficient.

Let B = A, v A,. Clearly, B is the smallest o-field containing each set aq. ,
z ¢ S, and each set {z}, x ¢ S’. Suppose that B is sufficient. Then there is a B-
measurable function g such that

p(BﬂD)=fgdp, BeB, peP.
B
Therefore,

P ND) = [ gdp.=g@) i zeS,

p:({z} N D) = '/;zl g dp. = g(z)/4 if ze8,

implying that
g(z) = % ifzels,
=0orl fzed.
Since g is B-measurable, g~*({3}) = S must belong to B. This contradicts the
fact that no uncountable set whose complement is also uncountable can belong

to B. Accordingly, the subfield B is not sufficient.
For each z in S, let

C, = {4 | A ¢ A, either ap. C A or ap. € A'}.

It is easily checked that C, is a sufficient subfield satisfying B < C., z ¢ S.
Suppose that a smallest sufficient subfield C containing A, and A; exists. Then
Bc CcC,, z¢ 8, implying that B C c N{C, |z ¢ S}. But

(1) N{C, |z ¢ S} C B,
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as we show below. Consequently, C = B, contradicting the fact that B is not
sufficient. This implies that no smallest sufficient subfield containing A; and
A; exists.

Let A belong to the left side of (1). If z € AN S, then z £ S implies that
A £ C, and this together with z ¢ A implies that a,, € A. Accordingly, if
A N 8 is uncountable, then both A N D and A N D’ are uncountable implying
that A’ is countable. Hence, in this case, A belongs to B. If A N S is countable,
then A’ N 8 is uncountable implying that A’, hence 4, belongs to B. Thus, (1)
is true.

Let ti(z) = ai., z€ X, 7 =1, 2. Then #; and t, are sufficient statistics for
it is easily seen that ¢; induces the sufficient subfield A;, ¢ = 1, 2. Let #(x) =
(t:(z), t2(z)), z ¢ X. Then the statistic ¢, it is not hard to see, induces B, a non-
sufficient subfield. Consequently, ¢ is not a sufficient statistic.

If u and v are statistics and there is a function F defined on the range of v
such that v = F(v) then, for the purposes of this paragraph, we say that u
is smaller than v and that v contains u. It is clear that if » contains « then the
subfield induced by » contains the subfield induced by u. (For detailed informa-
tion on the connection between statistics and subfields, see [1], [2], and [3];
particularly useful here is Section 2 of [3].) Is there a smallest sufficient statistic
u containing ¢, and ¢, , defined above? If so,  would contain ¢ and in turn be
contained in ¢, where ¢, is a statistic inducing C,, x £ S. This is easily seen to
imply that » induces B, a contradiction since B is not sufficient. Thus, no small-
est sufficient statistic containing # and ¢ exists.

We note that the subfields A, and A, discussed in Example 4 of [5] are induced
by statistics, also. However, the two statistics do not provide an example similar
to the above. The resulting pair of statistics, in that case, induces A and there-
fore is sufficient.
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