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1. Introduction. We define a matrix, whose elements are second degree poly-
nomials in a normal vector, as XAX’ 4 3(LX’ 4+ XL’) 4+ C, where L is a matrix
with p rows and » columns (denoted as L: pX n), A:n X nand C:p X p are
symmetric matrices, and the columns of X:p X n are independent p-variate
normals with means as columns of u:p X n and covariance matrix V:p X p.
In this paper, we establish the necessary and sufficient conditions for Wishartness
and independence of such matrices. The results for C = 0, L = 0 have been
established in [1, 3] and for p = 1 by R. G. Laha [4].

2. Certain lemmas. -

LemMma 1. Let A:n X n, Bin X n be symmetric matrices, and suppose that
L:p X nand M:p X n are matrices such that t = rank of (A L"), w = rank of
(B M’),AB = 0,LB = MA = 0 and LM’ = 0. Then, there exists a sems-orthogo-
nol matriz Q:n X (t 4+ u), (t + u = n),suchthat L = (T 0)Q’, M = (0 U)Q’,

_ E 0\ ./ _ 0 0\,
where E:t X t, Fiu X u are symmetric matrices, T:p X t, U:pX wu and the form

of the null matriz 0 is understood by its context.
Proor. Using the result (A.3.11) of [5], we can write

(2.1) (AL) = QT and (B M’) = Q.T;,

where Qi:n X #(t < n), Q2:n X u(uw < n) are semi-orthogonal matrices,
T = (Tu Tw) and T; = (Ty Ty) are of ranks ¢ and u respectively, Tyt X =,
Tiw:t X p, Ta:u X n and Tey:uX p. Now by the given conditions, we have
T1Q:1Q:T; = 0 and so

(2:2) Q=0
Hence Q = (Q: Q:) is a semi-orthogonal matrix, and we can find

Q::n X (n — t — u) such that (Q Q;) is an orthogonal matrix [5, (A.1.7)].
Using these results, we have from (2.1),

(2.3) (Q: Q:)'(ALY) =0 and (Q: Qy)'(B M') = 0.

Moreover, from (2.1) we can write L = (T 0)Q’, M = (0 Ts)Q’ and

QiAQ; = TuQ: = E (say), Q:BQ: = T:Q: = F (say) as symmetric matrices.

With the help of (2.3), we can write A and B as mentioned in Lemma 1.
LemMmA 2. If the columns of X: pX n are independent p-variate normals with
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means as columns of w:pX n and covariance matriz Vip X p, then the cumulant
generating function of XAX' + 3(LX’ 4+ XL') + C s

00

> 2% tr A% tr (V) + tr 0(C + Ly/) + % tr 6VOLL' +
8=l

0

Z(,)zs tr (w + VOL)A’*'(u + Ve6L)’6(Ve)*,

where 0:p X p is a symmetric matriz and P° = 1 for any matriz P.
Proor. By the definition of the moment generating function, we have

M(0) =g [ [exp lir (0(RAX + LX) — § V(X — 9)(X — u)'}1 dX,

where 6:p X pisa syminetric matrix, dX = ][] dxi; and
g = (2r) 7" V| exp(tr 6C).

(Note: Use of the result tr PQ = tr QP is made above and it will often be used
in the sequel.) The above expression can be rewritten as

M(°5 =h f feXp tr (6XAX' — 3V (X — g — VoL)
| | (X — g — VoL)'}] dX,

(24)

where h = gexp(tr 6Ly’ + % tr 6VOLL').
Using the method given in [3], we can show that the cumulant generating
function reduces to the form mentioned in Lemma 2. '
CoRrOLLARY 1. If the distribution of X s

(2.5)  (20) VW] P exp [— 2 tr V(X — wW (X — w)']dX,

where V:pX p, W: n X n are symmetric positive definite and w:p X n, then the
cumulant generating function of XAX' 4+ 3(LX' 4 XL') 4+ C s

00

> 2% tr(WA)® tr(Ve)* + tr 6(C + Ly’) + % tr 6VOLWL’ +

8=1

I

Lvs

2°tr(w + VOLW)A(WA)°(u + VOLW)'6(Ve)°,

@

where 0:p X p 18 a symmetric matriz and P° = I for any mairiz P.

Proor. This follows from Lemma 2 by noting that W = T T [5 (A.3.9)]
where T:n X n is a non-singular triangular matrix and the columns of Y = XT™*
are independent p-variate normals with means as columns of wIT™ and co-

variance matrix V.
CoROLLARY 2. If in Corollary 1, AWA = A and the rank of A is r, then the mo-

ment generating function of XAX' 4+ 3(LX’' 4 XL') + C s
M(6) = |I — 2Ve| " exp [tr 6(C + Ly') + % tr 6VOLWL/]
-exp [tr 0(T — 2V0)7'(y + VOLW)A(u + VOLW)’.
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LemmMa 3. If x:1 X n is normal with meanm:1 X n and covariance matriz I:n
X n, then a set of necessary and sufficient conditions for xAx' + Ix' + ¢ to be dis-
tributed as noncentral Chi-Square is A’ = A, 1 = 1A and ¢ = LAY, where 1:1
X n and ¢ ts a constant.

Proor. From Lemma 2 (p = 1), we can write the moment generating func-
tion of v = xAx’ + Ix’ + c as

(2.6) |1 — 20A|Fexp [oc — dmm’ + £(m + o) (I — 20A) (m + ¢l)’].

Let us suppose that v is distributed as non-central Chi-Square with r degrees
of freedom and n° as the noncentral parameter. Then its moment generating
function is

(2.7) (1 — 2¢0) exp en'(1 — 2¢)7'].

For the necessity of the conditions, we must have (2.6) = (2.7) for any ¢.
This can be rewritten as

(2.8) fi(e) = exp[f2(e)] for any ¢,

where i) = |I — 2A| (1 — 2¢)™ and faly) = 2pc — mm’ + (m + ¢l)
(I — 20A) 7" (m + o)’ — 207 (1 — 20) 7. It is easy to see that fi(¢) and fa(e)
are the ratios of two finite order polynomials in ¢; and so, (2.8) is true if and
only if fi(¢) = 1 and fa(¢) = O for any ¢ (cf., [4]). That is,

(2.9) T — 20A] = (1 — 2),
and
(2.10)  2(1 — 2p)pc
= (1 = 20)[mm’ — (m + ¢l) (I — 20A) 7 (m + ¢1)'] + 207"

Now, it is easy to see that from (2.9), we have r = rank A and the nonzero
latent roots of A as unity. That is,

(2.11) A’ = A and r = rankA.

Since A is a symmetric matrix and satisfies (2.11), we can write A = Q, Q; where
Q::n X r is a semi-orthogonal matrix. Let (Q; Q:) be an orthogonal matrix.
Using this in (2.10) and equating the coefficients of ¢’s, we have (1Q:) (1Q;)’ = 0,
¢ = 3l — (1Q:)(mQy)’ and 4" = (mQ,) (mQy)’ 4+ (1Q1) (mQy)’ + ¢. Hence,

(2.12) 1=1A,c=3 and 7" = (m + 3)A(m + 31)".

The results of (2.11) and (2.12) prove the necessity conditions, while their
sufficiency follows immediately from (2.6).

Note: v will be distributed as central Chi-Square if and only if A* = A
1 = —2mA and ¢ = mAm’.

3. Theorems on forms of the type: XAX’' + 3(LX' + XL') 4+ C.
TraEOREM 1. If the columns of X are independent p-variate normals with means as
columns of uw and covariance matriz V, then a set of necessary and sufficient condi-
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tions for the form XAX' + 1(LX’' 4+ XL') + C to be distributed as noncentral
Wishart or pseudo-Wishart [1] is A* = A,L = LA and C = 1LAL'.

Proor. The necessary and sufficient conditions for the form XAX' +
3(LX" + XL’) + C to be distributed as Wishart or pseudo-Wishart is that it
must be of form (Z + »)(Z + v)’ where the columns of Z are independent
p-variate normals [1]. Hence, if the form is non-central Wishart or pseudo-
Wishart, then, in particular, its sth diagonal element will be distributed as non-
central Chi-Square (¢ = 1, 2, ---,p), and so, applying Lemma 3, we have
A’= A, L = LA and the diagonal elements of (C — 1LAL’) are zero. Under
these conditions the form reduces to (Y -+ 3L;) (Y 4+ iL;)’ 4+ C — 1LAL’, where
A = QQ’, Q:n X r is semi-orthogonal, L; = LQ and the columns of Y = XQ
are independent p-variate normals with means as columns of uQ and covariance
matrix V. Since the given form is distributed as non-central Wishart or pseudo-
Wishart, the constant term in the above expression must vanish. That is, C =
LLAL'. Thus the necessity of the conditions is established, while their sufficiency
is immediate.

Note: The distribution of the given form will be central Wishart or pseudo-
Wishart if and only if A* = AL = —2yA, andC = Ay’

CoroLLARY 3. If the distribution of X is given by (2.5), then a set of necessary
and sufficient conditions for the form XAX' + 1(LX' + XL’) + C to be distributed
as non-central Wishart or pseudo-Wishart is AWA = A, LWA =L and 3 LWL’ = C.

Tarorem I1. If the columns of X are independent p-variate normals with means
as columns of u and covariance matrix V, then a set of necessary and sufficient con-
ditions for the two forms XAX' 4+ $(LX' 4+ XL') + C and XBX' +
$(MX’' + XM') + D to be distributed independently is AB = 0, LB = MA = 0
and LM’ = 0.

Proor.

(a) Let the two forms be independently distributed. Then, in particular, th
diagonal elements of the two forms must be independently distributed
(1=1,2,---,p), and hence, by using R. G. Laha’s result [4], we must have

(3.1) AB = 0,LB=MA =0

and the diagonal elements of LM’ are zero.

If the two forms are independently distributed, we must have conditions given
in (3.1) and, possibly, certain further conditions. Now, since A and B are sym-
metric matrices and AB = 0, we can write A = Q;D,Q; and B = Q,D,Q; where
Qu:n X 7, Qain X s and (Q; Q) are semi-orthogonal matrices, r = rank A,
s = rank B and D,:r X r, Dy:s X s are non-singular diagonal matrices with
diagonal elements as the nonzero latent roots of A and B respectively. Let
Q = (Q: Q: Q;) be an orthogonal matrix. Then, by using the transformation
Y. = XQ;, Y: = XQ:and Y; = XQ;, and the conditions LB = MA = 0, i.e.,
LQ; = 0and MQ; = 0, we can write the given two forms as

(i) YiD.Y: + 3(LQ.Yi + YiQil)) + C + 3(LQ;Ys + Y;Q:L),
(i) Y:DyYs + 3(MQ.Y: + Y.Q;M’) +D + 3(MQsY; + Y,Q:M’),
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where the columns of Y = (Y; Y. Y;) are independent p-variate normals with
means as columns of uQ and covariance matrix V. Now, by using Lemma 2 and
the definition of the joint moment generating function M (6, , 8,), it can be seen
that the joint cumulant generating function, log 3 (6, , 6;), can be written as

lOg M(Ol , 0) + ].Og M(O, 02) + 2 tr 01V02LM’,

where 6,:p X p and 6;:p X p are any two symmetric matrices. Now, since the
two forms are independently distributed, we must have log M (6,,0,) =
log M (6, ,0)+ log M(0,8,);ie., we must have tr 6,V&,LM’ = 0 for any sym-
metric matrices 0; and 0, . This gives us LM’ = 0. Hence, we have the conditions

AB=0,IB=0=MA and LM =0

if the two forms are independently distributed.

(b) The converse is immediate by using Lemma 1.

The following are immediate consequences of Theorem II.

COROLLARY 4. If the distribution of X is given by (2.5), then a set of necessary
and sufficient conditions for the two forms XAX' + 3(LX' + XL') + C and
XBX’' + 3(MX' 4+ XM') + D to be independently distributed is AWB = 0,
LWB = MWA = 0 and LWM' = 0.

CoROLLARY 5. If the distribution of X is given by (2.5), and the two forms
P(X) = XAX' + 3(LX' + XL') + Cand Q(X) = XBX' + 3(MX' + XM') +
D are independently distributed, then there exists a non-singular matrix R, giving
a non-singular transformation Y = XR such that P(X) = Pi(Y:) and Q(X) =
Q:(Y,), where R = (Ri Ry Ry), Ryt X ¢, Rytn X u, Rgin X (n — ¢ — w), ¢
= rank of (A L"), u = rank of (B M'), Y, = XR,;, Y, = XR,, and R'WR
= diag. (RIWR;, R:WR;, R;WRy).

This follows from Corollary 4 and Lemma 1.

CoROLLARY 6. If the distribution of X is given by (2.5), then a set of necessary
and sufficient conditions for the independence of XAX' + 4(LX’ + XL') + C and
MX’' + XM’ (or MX') s AWM’ = 0 and LWM' = 0.

COROLLARY 7. If the distribution of X is given by (2.5), then a necessary and
sufficient condition for the independence of LX' + XL’ (or LX') and MX' + XM’
(or MX') s LWM' = 0.

COROLLARY 8. If the distribution of X is given by (2.5), then a set of necessary
and sufficient conditions for the mutual independence of (X + Li)Ai(X + L)/,
1=1,2--- ,misAWA; =0fort#j=12---,m.

TarorEM I11. Let the distribution of X be given by (2.5), and

> (X + L)A«(X + L)’ = XAX' + (LX' + XL') + C,

=1

where rank of A = r and rank of A; = r;, ¢ = 1,2, --- , m. Consider the follow-
ing conditions.
at (X +L)A(X + L), 7 =1, 2,---, m, are distributed as non-central

Wisharts or pseudo-Wisharts;
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as: (X + L)Ay(X + L))" and (X + L,)A;(X + L,)’, for all © 5 j, are inde-
pendently distributed;

a;: XAX' + (LX' + XL') + C s distributed as non-central Wishart or pseudo-
Wishart,

c:AWA,; = A; 1=1,2,---,m,
c2:AWA; =0 i#%j=12 - m,
c3:AWA = A, and

C4: Zl ri =1
Then, (a) any two of the three conditions a1 , az , az ; or (b) any two of the three con-
ditions ¢, , ¢z, c3 ; or (¢) any one set of a; and ¢;, 1 # j = 1,2, 3; or (d) ¢s and
az ; or (e) cs and cs are necessary and sufficient for all the remaining conditions.
Proor. If XAX' + (LX' + XL') + C = >.% (X + L)A«(X + L;)’, then
we must have

(3.2) A=Y A;, L=>YLA; and C= > LAL..

i=1 =1 =1
Moreover, from Graybill and Marsaglia’s result [2] or [3, Lemma 5] we have the
results:

(3.3) any two of the three conditions ¢, , ¢z, ¢; imply ¢; , ¢z, s and ¢4,
and
(3.4) cs and ¢; imply ¢; and ¢, .

Further, by Corollary (3) and Corollary (8), we may note that a; < ¢;, az < ¢
and a3 <> ¢;, LWA = L and C = LWL'. Also, with the help of ¢ and ¢, it
is easy to show ¢;, LWA = Land C = LWL/, i.e., a5 . By (3.3), we get ¢, , ¢,
¢s and ¢, if any two of ¢;, ¢; and c¢; are given, and thus, we get the results for
(a), (b) and (c). By (3.4), we get ¢1, ¢, ¢; and ¢4 if ¢; and ¢4 are given, and so,
we get the results for (d) and (e). Thus, Theorem III is proved.
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