EQUIVALENCE AND SINGULARITY FOR FRIEDMAN URNS!

By Davip A. FREEDMAN

Unaversity of California, Berkeley

1. Introduction. W {respectively, W'} and B, {By’} are positive real numbers,
o {a'} and B {8’} non-negative real numbers with « + 8 > 0 {a’ + 8’ > 0}.
At time 0, urn U {U'} contains W, {W,'} white and By {B,’} black balls. At time
n, a ball is drawn at random from U {U’} and replaced, together with & {a'} balls
of the same color and 8 {8’} of the opposite. If the nth draw from U {U’} is
white, X, {X,} is 1; otherwise, 0. The distribution of X; , X, - -- {Xi’, Xo', -+ -}
isD {D'}, aprobability on the space 2 of sequencesof 0’rand 1’s. Let p = (a — 8)/
(a+8){p = (a' —B")/(a’ + B')}. The object of this note is to prove

(1) TeEOREM. D = D' or D 1 D' according as p = p orp # p'.

If p = p' = 1, then (1) follows from De Finetti’s theorem; if p < o = 1,
then (1) follows from Reference [2], Lemma 2.1 and Theorems 2.2, 3.1.

2. Generalities. Let F, be the o-field of subsets of @ spanned by the first n
coordinates. If II is a probability on @, let II(n + 1, ) be the conditional II-prob-
ability that the n + 1st coordinate is 7, given &, . If w £, let

(2) Su(w) = w(l) + -+ + w(n)
and

(3) E,=n"8 —}

If p < 1, by [2],

4) E, — 0 with D-probability 1.
Since

(5) D(n+1,1) = [Wo+ 8n + (a — B)S:]/[Wo + By + (a + B)n],
it follows from (4) that when p < 1,
(6) D(n, 1) —» % with D-probability 1.

This may help to motivate the next result.

Let P {respectively, P’} be the probability on the two-point set {0, 1} assign-
ing measure p {p'} to 1. Let e = p’ — p.

(7) LEmMa. If p and p’ converge to %, then the P-expectation of log (dP’'/dP)
is —2€ + o(€*), and the P-expectation of (log (dP'/dP))* is 4€ + o(€).

Proor. Expand log (1 + «) in powers of .|}
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Let II and I’ be probabilities on €, assigning positive measure to non-empty
,-sets for all n. When the nth coordinate is 7, let L,(II', II) = log II'(n, 1) —
log II(n, 7); and let L(II', ) = D L,(IT, I).

(8) LemMA. (i) The following two statements are equivalent: ' = II; L(II', II)
‘Is finite with T-probability 1 and II'-probability 1.

(ii) The following three statements are equivalent: II' 1 II; L(II', )= —
with T-probability 1; L(I', II) = o with II'-probability 1.

Proor. Standard martingale argument.|]

3. Proof of (1) when p = p’ < 1. There is no loss in supposing « = o/, 8 = #/,
which simplifies the computation. From (5) and (7), the conditional D-expecta-
tion of Ln41(D’, D) given &, is O(1/n’), as is the conditional D-expectation of
[Lna(D', D)) given &, . Of course, (7) applies by (6). Similarly for D’. Now
use (8) (i), and, for example, (10) of [1].

4. If p % 0, D L fair coin tossing. The proof of the singularity part of (1)
uses (15) below, which I could not prove more directly. Let F be the probability
on Q under which the coordinates are independent and 1 with probability 1. Recall
(2) and (3).

(9) LemMA. D E.> = « with F-probability 1.

Proor. Let f, be the numberof j = 1, --- | n with E; = 57 Then

lim sup n”Yf, = 1

with F-probability 1. Indeed, lim sup n~'f, is constant F-almost surely, by the
Hewitt-Savage 0-1 Law. The distribution of n™'f, converges to the distribution
of the Lebesgue measure L of {¢:0 < ¢ < 1, B(t) = '}, where B(-) is standard
Brownian motion, by the Invariance Principle. If A < 1, L exceeds N with
positive probability, so lim sup n7'f, = \.J]

(10) REmark. (i) If p = Oand Wy = By, then D = F.

(ii) If p = 0, but Wy = By, by (i) and Section 3, D = F.

(11) Lemma. If p % 0, D L F.

Proor. Only p < 1 needs proof. By Section 3, there is no loss in supposing
W, = By . Then, from (4) and (5),

(12) D(n+1,1) = 3 + pEw + o(E.).

From (7) and (12), the conditional F-expectation of L, (D, F) given &, is
—20°E,} + o(E,?); and the conditional F-expectation of [L..1(D, F)]* given
F, is 4p°E," + o(E,’). By (8) of [1], and (9),

[Lo(D, F) 4+ «++ + Lou(D, F) + 20°(E + -+ + E.)]

1
( 3) 4p2(E12 + .. + Eﬂ?)

— 0 with F-probability 1.
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Therefore,
(14) [Lo(D,F) + -+ + Lu(D, F))/ (B + - -+ + E.’)
— —31 with F-probability 1.

Using (9) again, L(D, F) = — « with F-probability 1. Apply (8) (ii).]

ReEMARK. In contrast with (11), for p < 1, D-almost all w are normal, that is,
each k-block of 0’s and 1’s occurs with relative frequency 27*. This follows easily
from (4) with the help of Levy’s martingale strong law of large numbers. For
a discussion of this theorem, see [1].

(15) Lemma. If p < 1, D E.} = « with D-probability 1.

Proor. If p = 0, use (9) and (10). If p 5 0, from (7) and (12), the conditional
D-expectation of Ln1(D, F) given &, is 2p°E,* + o(E,?); and the conditional
D-expectation of [Lny1(D, F)J given &, is 40°E,* + o(E,’). From (10) of [1],
L(D, F) is finite D-almost surely on the set where Y E,’ < . Use (8) (ii) and
(11).1

5. Proof of (1) when p 5 p’, both less than 1. By Section 3, suppose W, = B,
and W, = By. From (7) and (12), the conditional D-expectation of L,y (D’, D)
given §, is —2(p — o' )’E.’ + o(E,’), and the conditional D-expectation of
[Las1i(D', D) is 4(p — p')’E.* + o(E,?). The case p = 0 has been observed in
the proof of (11). For the same reason as (14), but using (15) instead of (9),

(16) [Ly(D', D) + -+ + Lan(D', D)I/(BY + - + E.")
— —1  with D-probability 1.
Use (15) again and (8) (ii).]}

6. Conjecture. There is a Borel function f from Q2 to the real line, such that
for all Wy, By, a, 3: with D-probability 1, f = p.

7. Acknowledgment. I am grateful to the referee for a number of useful sug-
gestions.
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