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1. Introduction. Attention has been given by numerous workers to problems
of parameter estimation from order statistics, where the ordered observations
are obtained from a random sample from a common distribution (see, for exam-
ple, the books by Blém (1958) and Sarhan and Greenberg (1963) and references
therein). It appears that there has been no previous consideration of problems of
parameter estimation based on ordered observations derived from unequal com-
ponents—i.e., not all observations come from the same distribution.

Motivation for consideration of such a problem is suggested by the following
example. In a general analysis of variance the various mean squares will not
necessarily have equal degrees of freedom, and there may not exist any meaning-
ful decomposition into quantities having the same degrees of freedom. On the
other hand, it may be useful to conceive of a ¢ollection of such mean squares as
all being relevant to estimating a common error variance. To overcome the
possible bias from the inclusion of “overly large’” mean squares, without a prior
commitment as to which mean squares may reflect systematic effects, the estima-
tion may be based on the smaller mean squares using an order statistics formula-
tion. Such a point of view for the case of equal components has been discussed in
Wilk, Gnanadesikan and Freeny (1963), Wilk, Gnanadesikan and Huyett (1963),
and Wilk and Gnanadesikan (1961), (1964a).

Other examples wherein estimation is based on order statistics from unequal
components may arise in reliability applications. For instance, on an exponential
model of component failure, a system using varying (but known) numbers of
components would have a gamma distribution of failure, whose shape parameter
reflects the number of components but whose scale parameter does not. Thus
several such systems under reliability study would generate ordered failure data
corresponding to the present formulation.

The present paper is concerned with the estimation of an unknown common
scale parameter based on subsets of order statistics derived from a sample of
shape-scaled gamma random variables, with known shape parameters not neces-
sarily all equal.

The method of estimation used here is that of maximizing the appropriate like-
lihood function. This approach has been applied in other contexts in the references
mentioned above as well as in Wilk, Gnanadesikan and Huyett (1962).

In the context of unequal components, there arise conceptual and mathemati-
cal problems in connection with an order statistics formulation which can be and
have been evaded in the usual equal components case. The conceptual issue
relates to what is the appropriate reference set for statistical inference.
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As Fisher (1956) and others have argued, statistical inferences should be
made conditional on distinguishable relevant subsets of possible outcomes. In the
particular case of order statistics from unequal components there is a specified
relationship of the populations corresponding to the order of the actual observa-
tions. To the extent that this information is available it constitutes a relevant
consideration in- statistical inference. Various types of conditioning may be
defined.

Techniques of estimation under group conditioning (defined in Section 2) are
described in the present paper. Another type of conditioning (complete condi-
tioning) underlies the development of certain internal comparison procedures for
the joint assessment of a collection of analysis of variance mean squares (Wilk
and Gnanadesikan (1964b), (1964c)).

Section 2 of the paper gives a statement of the general problem, with notation,
and gives examples of various types of conditioning. Sections 3, 4 and 5 deal
respectively with estimation from smallest, largest and intermediate observations
on shape-scaled gamma random variables, under group conditioning. Illustrative
examples are given. Properties of the estimates for these examples are discussed
in Section 6. Section 7 gives some concluding discussion. Certain tables to facili-
tate the estimation procedures described are given in an Appendix.

2. Problem and notation. Consider a sample of independent random variables,
X1, X,, -+, Xg, where X; has the gamma distribution with known shape
parameter 7;" and unknown scale parameter \, ¢ = 1, 2, --- , K. The distribu-
tion of the shape-scaled random variable 8;* = X./n.* is,

(1) (550 0%) = [Ow™*)"/T(n*)] exp (—M¥s™)s™
s> 0,A>0,1">0.

Let 8; £ S; £ --- = Sk denote the ordered shape-scaled quantities and let
M, m2, -+ -, nx denote the shape parameters associated with the ordered S.’s.
The general joint density of S;, - -« , Sk is given by

(2) CTIT 7(si 5, ), 0< s £ = -+ =8xg <
where the constant of proportionality is given by
(3) 1/C = f°o° ds: f:ol dsy « -+ f:ox_l dse [ I¥ f(si; N, no).

In the case of equal components, C reduces to K.

The general statistical problem considered herein is to estimate A, given some
subset of S;, Sz, - -+ , Sk, and having partial or complete information about the
corresponding 7y , 72, * -+ , 1k . For example, suppose K = 6 and that only ob-
servations. s; and s, are available on S; and Sy, having known shapes 5, and 54
respectively. Additionally, suppose it is known that S; came from population
with shape 71, S; from 73 , while S; and Ss came from some permutation of ns
and 76 . The problem would then be to estimate the common unknown scale
parameter using a formulation which would incorporate the observed quantities
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s and sy as well as the available information on the order relationships amongst
the six populations.

In the case where one is concerned with only a subset of the complete ordered
sample, alternate marginal distributions for the subset derive from different
conceptions as to the conditioning imposed on the order statistics not in the
subset. For example, consider the marginal distribution of S;. If the only
constraint on the basic K-dimensional sample space is that the sth order sta-
tistic is associated with the population having shape parameter %;, then the
marginal distribution of S; is given by

(4) f(si5 N ma) Z(iu'"-jx_l) {;:jll o f(su 3 N, nu) dsu
ifhl :)if(si’ 3N M) dsy,

where (41, + -+ ,jx-1) is a permutation of the (K — 1) numbers 1,2, --- ,72 — 1,
1+ 1, ---, K, and the summation is over all such permutations.

An alternate conditioning conception is one in which the sample space is
constrained so that the ordered observations correspond to the populations with
shape parameters 71, 72, -+, 7s, -+ , 1k, respectively, though only the sth
ordered value, S;, is observed.

Then, the marginal distribution of S; would be

(5) f(si; N, 77@).[ J‘h—l gznj;}f(sj; y "7i) ds; :o. :Oz-i-l
sx- H]-z+1 f(si 5\, m5) ds; .

A third conditioning conception would be where one observed s; on the ith
ordered S; having shape 7; and it were known only that (¢ — 1) smaller {S;}
came from the collection of shapes (1, 72, ++- , 7:—1) while the (K — %) larger
{S;} came from the collection of shapes (71, -- -, 7x). In this case, referred
to here as group conditioning, the marginal distribution of S; is

F(sis N, "71)113;% ot f(855 N, my) dsJII =it+1 IS, (i3 N m5).

In succeeding sections of the paper, consideration is given to the estimation of
\ from contiguous subsets of the order statistics under the general conception
of group conditioning. The approach used is maximum likelihood.

3. Estimation from smallest shape-scaled gammas. In the present section, the
situation studied is one in which the estimation of A is to be based on S;, S:,
, Su , with shape parameters 71, 72, - -+ , na , respectively, under the con-
ception that the remaining (K — M) populations are constrained only in that
the observations from them each exceeds the observed Sy .

Thus, in this circumstance, in which it is given that the observed Sy, - -+, Sy,
came from populations having parameters u;, « -+ , 7a , respectively, while the
remaining, unobserved, Su41, -+, Sk might come from any permutation of
the populations with parameters 941, -- - , &, the likelihood function of A is
proportional to

(6) N exp { =22 i 0383} ITiwaen [, 07777 dt,
where 7 = > 51,
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The likelihood equation may then be reduced to the following:
(7) 1N = (/)28 + 2 nB(U; | U > Su)l,

where U; is a shape-scaled gamma random variable with density as in Equation
(1), having parameter values X and »; and where E(U; | U; > Su) denotes the
conditional expectation of U; under the constraint that U; exceeds the ob-

served Sy.
Note that in the case in which M = K this reduces to the usual pooled estimate
(8) /A = (1/n) 251 nsS; -
When M < K, the form of the estimate is one in which the unobserved
Sus1, -+, Sk, are replaced in the pooling by their conditional expectations.
For computational purposes, it is convenient to write (7) in the form
(9) Mami — ¢ 2.0 niSi/muSu = 2 hewa Hlng, (ni/ma)t],
where
(10) ¢ = MuSar,
H(a,b) = ¢/J(a, D),
and
(11) J(a,b) = [Te7€™, a>0,b>0

Tables of the function H(a, b) are given in Table I of the Appendix, tabulated
in terms of @ and a/b on a grid of values as follows:

a = 1(1)10(2)20, a/b = .1(.01).2(.02).4(.03).7(.05)1.0(.1)2.0(.2)3.0(.5)4.0,
a = 10(10)100, a/b = .5(.01).6(.02)1.0(.05)2.0.

To obtain values of the H (a, b) function, the computational procedure forJ(a, b)
was that described in Wilk, Gnanadesikan and Huyett (1962).

To solve Equation (9) for ¢ using the tables of H(a, b) one can proceed as
follows: In a given problem the values of n1, ---, nsx and of Sy, ---, Si are
known and so, for a series of trial values of {, the right hand side of Equation
(9) can be evaluated using the tables of H(a, b). Since the left hand side is linear
in ¢, plots of the two sides of the equation can then be constructed and the root
approximated by their intersection. Computer programs for the iterative solu-
tion of this equation have been prepared using a ‘‘halving” procedure.

It is useful to note that the root { lies in the interval between

(12) Bu{l — X %u1 Hing, (ni/1)Bu)/ 2251 15} and B.,
where
Bu = > 2 ni/1(1/136Sa) 22351 0583,

Given the value of the root {, the maximum likelihood estimate of A is then
given by X = §/7Su .
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For the special case K = 2, M = 1, the estimating equation reduces to,

(13) m— ¢ = Hlne, (ne/m)¢l,

which does not explicitly involve the observations. Hence the root of Equation
(13) may be tabulated directly. Table II in the Appendix gives roots of Equa-
tion (13) for a range of values 1, 72 = .5(.5)5(1)10(2)20(5)50.

This special case may be applicable in certain circumstances involving sample
sizes greater than 2. For example, if one considered estimating error variance in an
analysis of variance from interaction sums of squares, the collection of interaction
sums of squares might first be partitioned, according to the order of interaction,
into two groups. The estimation might then be based on the smaller pooled
mean square using the formulation of the special case above. This procedure has
the advantage that it provides partial protection against the inadvertent in-
clusion of non-central sums of squares in the error variance estimate.

Another special case is when M = 1, in which event the estimating equation
becomes,

(14) ¢ =m— D aHn;, (ni/m)il.

Although Equation (14) is independent of the observations, tabulation of the
root is not feasible since in general it would involve K-way tables. From Equa-
tion (14) it is apparent that § may be interpreted as an adjusted shape parameter;
note that § is always less than », . It is further true that £ > 0y — D _1—s H(n; ,1;),
which follows from the monotone increasing character of H(a, b) with respect to
its second argument.

To illustrate the methods described above, they are applied to two sets of data.
The first set of data consists of computer generated sums of squares of standard
normal variables, with degrees of freedom corresponding to the usual breakdown

TABLE A

Shape-scaled Gammas {S;} {ns} (g = v:/2)

0.28260
0.45325
0.45840
0.58520
1.31010
1.63995
1.68645
1.80910
1.88635
2.25205
2.55168
2.74430
3.00035
3.64610
3.75980
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TABLE B
(Bennett and Franklin (1954) pp. 589-592)
Source Shape-scaled Gammas {S;}  {n;} (p: = v./2)
CXT 0.091878 X 108 4.5
Bet. reducing times (T) 0.095803 X 108 1.5
CXE 0.118376 X 108 4.5
Residual 0.176795 X 108 10.5
TXER 0.273896 X 108 4.5
Bet. catalyst cone. (C) 0.450850 X 10¢ 1.5
Bet. reductants (R) 0.640221 X 108 1.5
Bet. oxidants (0) 5.494267 X 108 1.5
Bet. extractant cone. (E) 9.000069 X 108 1.5

in a 3* factorial experiment. The error variance ¢ was therefore 1. The ordered
shape-scaled gammas {S;}, shown in Table A, are twice the ordered mean squares,
and the shape parameters {n;} of the {S.} are half the degrees of freedom {».} of
the ordered mean squares.

The second set of data is from an example discussed in Bennett and Franklin
[(1954), pp. 589-592]. The ordered shape-scaled gammas {S;} and the cor-
responding {n.}, for this example, are shown in Table B.

To illustrate the application of the results of this section to the data in Table A,
suppose M were taken to be 7 with K = 15. Then, Y i n; = 20, nS; = 3.3729
and D1y 7;8;/mSr = 6.2622. The solution, , of Equation (9) turns out to be
1.7313, yielding an estimate for A of X\ = §/7:8; = 0.5133. [Note: The true value
= 1/2¢" = 0.5.]

Next, suppose one were to pool the ‘“higher order interaction” sum of squares,
i.e. the four sums of squares each with 8 degrees of freedom and the single sum
of squares with 16 degrees of freedom, and also pool the remaining sums of
squares thereby obtaining two pooled mean squares one with 48 degrees of
freedom and the other with 32 degrees of freedom. The two shape-scaled gammas
corresponding to these mean squares are S; = 1.77396 with n; = 24 and S, =
1.94714 with n, = 16. Using K = 2 and M = 1, in this version with pooled
mean squares, the estimate of N may be obtained from the solution of Equation
(13) as provided in Table II of the Appendix. Corresponding to 7, = 24 and
ne = 16, from Table II of the Appendix (interpolating between 17.789, for
n = 20, 52 = 16, and 22.630, for 9, = 25, 9, = 16), the value of §{ = 21.662.
The estimate of N is A = §/5.8; = 0.5088.

Using the data from Table B above, again for illustrating the procedures de-
seribed earlier in this section, suppose M = 3 with K = 9. Then, ) i1 7; = 10.5,
7383 = 0.532692 X 10°%, and D_5_ 7,8,/15S; = 2.0459. The solution, {, of Equation
(9) is 2.9913, leading to an estimate of \ = §/758; = 5.6154 X 10~°. This cor-
responds to an estimate of error variance of 6° = 1/2\ = 0.890 X 10°. Bennett
and Franklin (1954) in their analysis employ a “residual’’ mean square with 21
degrees of freedom, to obtain their error variance estimate of .884 X 10°.
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As another possibility, one might consider pooling into two groups, a main-
effects group and a group of the remainder. In such a procedure, the shape-
scaled gammas turn out to be 3.136242 X 10° with shape parameter 7.5 and
.168126 X 10°, with shape parameter 24 respectively. Using Table II, one then
finds the estimate X\ = 5.467 X 107°, leading to an error variance estimate of
915 X 10°.

4. Estimation from largest shape-scaled gammas. The attention of the present
section is directed toward the estimation of \ based on Suy1, ---, Sk, the
K — M largest shape-scaled gammas, having shape parameters 41, - - - , &,
respectively, under the random sampling constraint that the observations from
the remaining M populations are all less than Sy, .

Thus, given that the observed Sy, - - -, Sg, came from populations having
shape parameters 941, - - , 7x , respectively, while the remaining unobserved
Si, - -+, Su, might come from any permutation of the populations with shape
parameters 91, - -+ , 7u , the likelihood of \ is proportional to,

(15) N exp { =MD ioaeqn Sy TTE [o2+t 0773t
where n = > 5 n;. :

The likelihood equation reduces to,
(16) 1/\ = (l/n)[Z'ful 7;8; + Zf‘ B (U; | U; < Sus1)],

where Uj is a shape-scaled gamma random variable with density as in Equation
(1), having parameters N and 5;, and where E(U; | U; < Su41) denotes the
conditional expectation of U; under the constraint that U; is less than the ob-
served Sy -

When M = 0 in this formulation, one gets the usual pooled estimate as in
Equation (8). When M > 0 the form of the estimate is one in which the un-
observed Si, - -+, Su are replaced in the pooling by their conditional expecta-
tions.

Computationally, it is convenient to rewrite Equation (16) as,

(A7) ¢ 1 1S/ MaeraSaps — Do ni = 21 G(nj, 15¢/Mus1),
where
§ = Mus1Sus1, G(a, b) = ¢*/D(a, b),

and

D(a,b) = [st7 e dt, a>0,b>0.
Note'that
(18) H(a,b) = ¢*/[I'(a)/b* — D(a, b)].

Tables of the function G(a, b) are given in Table III in the Appendix, tabu-
lated in terms of @ and a/b on the grid :

1(1)10(2)20, = 5(5)50(10)100,
5(.1)2(.2)4(.3)5.5(.5)7(1)10(2)20(5)40(10)60, 75, 80, 100.

a
a/b
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To obtain values of the G(a, b) function the computational procedure for D(a,b)
was that described in Wilk, Gnanadesikan and Huyett (1962).

The solution of Equation (17) for ¢, given tables of G(a, b), may be carried
out as described for the comparable situation in Section 3.

Given the root {, the maximum likelihood estimate of \ is then given by
A = §/13018m0 -

The root { may be shown to lie between the following bounds :

(19) By, Bi{l + 221 Glnj, (ni/nae1)Bil/ 2seanmils

where B; = 14(1+1 3/ [Z§l+1 1385/ M w418 a1
For the special case where K = 2 and K — M = 1, the estimating Equation

(17) reduces to
(20) & —m = G, (m/n)i]

In this case, the root { of the equation may be tabulated as a function of 7, and
72 alone, since the equation does not involve the observations. These roots are
tabulated in Table IV in the Appendix for a range of values

m,ne = .5(.5)5(1)10(2)20(5)50.

Another special case when K — M = 1but K > 2 gives the estimating equa-
tion as

(21) ¢ =k + 25" Glny, (ni/nx)gl.

This equation is analogous to Equation (14) in the previous section. As in that
case, { may be interpreted as an adjusted shape parameter. However, in this
case, { will always exceed nx , whereas in Equation (14) § was always less than
71 . These results are quite intuitive. Thus, for this case of estimation based on
the single largest value, the effect of the adjustment of the shape parameter
is to associate with the largest order statistic an inflated shape parameter so that
the largest observation would become a ‘“representative’ value from the ‘“‘ad-
justed” distribution. The bounds given in Equation (19) for the root § become,
in this special case of K — M = 1,92 < § < nx + 21 G(n;, 1;).

Applying the methods of this section to the data in Table A, taking K — M = 8
with K = 15, one obtains ) j2gn; = 20, 7585 = 1.8091 and Y35 7;S,/nsSs =
29 .0793. Solving Equation (17) yields the solution § = 0.9543. The estimate for
Nisthen X = §/7sSs = 0.5275, the true value of \ being 0.5.

Pooling the four sums of squares with 8 degrees of freedom with the sum of
squares with 16 degrees of freedom, and pooling the remaining sums of squares,
one obtains the two shape-scaled gammas of 8; = 1.77396 with oy = 24, and
S; = 1.94714 with 9, = 16. For K — M = 1 and K = 2, the estimate of A
obtained from solving Equation (20) can be obtained from Table IV of the
Appendix. Interpolating in Table IV the value of § is 18.121 and the estimate
of Nis A = 0.5817.

From the data in Table B, taking K — M = 6 with K = 9, it follows that

Doveami =21, >3 4n:S;/mSs = 36.46699/1.85635 = 19.64446.
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Solving Equation (17) then leads to the estimate A = 1.1295 X 107°, correspond-
ing to an error variance estimate of 4.427 X 10°. As one would expect, this es-
timate is biased upwards considerably by the inclusion of possibly non-null
sums of squares and hence is much larger than the estimate obtained in Section 3.

b. Estimation from intermediate shape-scaled gammas. There exist situations
in the analysis of experiments in which the smallest mean squares may not be
responsive to all suspected sources of variation (e.g., with apparent but not
“real” replication) and in which the largest mean squares are believed to reflect
systematic effects. Then, one may wish to base the estimation of the error vari-
ance on a subset of the intermediate valued mean squares.

In the present formulation, this corresponds to a desire to estimate A, the
unknown common scale parameter, from the intermediate L observed shape-
scaled gammas Suy1, -, Swu+z, having associated shape parameters 71,

-, nu+r , under the restraint that there are M shape-scaled gammas ordered
according to some permutation of the populations with parameters sy, -+ , na,
smaller than Syy; and K — M — L shape-scaled gammas with some permuta-
tion of shape parameters na+z+1, - - * , 1x , larger than Sy z .

The likelihood function for this situation is proportional to

(22) Nexp { = 2aH mS I [o4 0777 dt] Liernon [0 9767

where n = Zf nj .
The likelihood equation may be reduced to
(23) 1/n = (U)X nE(U; | Us < Sapd) + ikt niS;
+ Zfl+L+1 "71‘E(UJ' l Uj > SM+L)]—
(The notation of Equation (23) has been defined in the two preceding sections. )
Note that this case includes, mathematically as special cases, those considered
in Sections 3 and 4 and, as before, when M = 0 and L = K one obtains the usual

pooled estimate.
An alternate form of the estimating equation is

(24) N 24 08 Wit ns = 2 G(niy NSaqans) — 2tz H(nj, NSaeqrm;).

This equation can be solved iteratively for N\ using Tables I and III in the
Appendix or by means of available, operational computer programs.

For the special case when L = 1, i.e., only a single intermediate shape-scaled
gamma, Sy, is observed, the estimating equation simplifies to

(25) ¢ = mups + 200 Glniy (i/mu1)s] — 2iese Hlngy (ni/mern)t],

where ¢ = Ma+1Su1 .

Applying the methods of this section to the data of Table A, taklng L=1,
with M = 7 and K—M —L = 7, the solution of Equation (25) gives A = 4883
in reasonable concordance with the results of Sections 3 and 4 for this Monte
Carlo null example.

For the example of Table B, using L = 1, M = 3, and K—M—L =5,
the solution of Equation (25) is A = 4.991 X 107°. This corresponds to an estimate



SCALE ESTIMATION OF UNEQUAL GAMMA COMPONENTS 161

of error variance of 1.002 X 10°. This is in good agreement with the estimate of
Section 3, since the possibly non-null largest sums of squares are excluded from
directly affecting the estimate. It so happens that the present estimate is based
‘directly on the “residual mean square,” with a value of 0.884 X 10°, which was
used by Bennett and Franklin (1954) as their estimate of error variance. Of
course, in the present order statistics formulation, this mean square is employed
with recognition of the fact that it is the fourth ordered mean square in the
analysis of variance involving 9 mean squares. Even though the largest may be
non-null their inclusion in the basis for specification of K, but exclusion from the
estimate directly, has only a small biasing effect.

6. Some properties of the estimation procedures. It is difficult to obtain ana-
lytical results, for small samples, on statistical properties of the estimators devel-
oped in the paper. However, some empirical insight may be obtained concerning
some-features of the methods and such results for the two examples of Table A
and Table B are given in this section.

Table Al gives the results of applying the methods of Section 3 to the data of
Table A using a sequence of M values of 1(1)15 i.e., the estimate is based on the
M smallest shape-scaled gammas.

It will be seen that the estimates of A for varying M are reasonably concordant.
Also given in Table Al is the estimated asymptotic variance of the estimates
(EAYV), namely,

EAV = —[d’ log &/d\3
(26) = N{ 221 0
— D H(nyy MiSa)[l + MiSae — nj — H(ni, AniSa)]} ™

TABLE Al

Some properties of Section 3 estimation procedures applied to the data of
Table A (true value of A = .5)

M A EAV
1 .5081 .1845
2 .6255 .0882
3 7499 .0916
4 .8247 .0586
5 .5365 .0139
6 .4933 .0106
7 .5133 .0105
8 .5125 .0100
9 .5345 .0098

10 .5136 .0084

11 .5110 .0077

12 .5175 .0076

13 .5268 .0074

14 .5298 .0072

15 .5425 .0073  (Theoretical Value is .0063)




162 M. B. WILK, R. GNANADESIKAN AND ELIZABETH LAUH

For the special case of M = K, EAV = %/ > T ;. The values of EAV generally
decrease with increasing M, as might be expected. It will be noted that the
estimates of A are all within +2(EAV)? of the true value of A = .5 and of each

other.
Similar results for the data of Table B are given in Table B1. Clearly the

TABLE B1

Some properties of Section 3 estimation procedures applied to the data of
Table B (Bennett and Franklin)

M A X 108 EAV X 1012
1 4.5861 3.3204
2 5.2757 3.2007
3 5.6154 2.1898
4 5.1540 1.1366
5 4.6151 .8045
6 4.0871 .5992
7 3.7872 .4920
8 1.3705 .0637
9 1.1431 .0415
1.0
0.9
0.8
0.7

x

q; 0.6

} 0.5
0.4
0.3
0.2
0.1

0 A N R NN N N SN N S
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8

/A

Fia. Al. Ratio of likelihoods for estimation from smallest shape-scaled gammas. (See
Tables A and Al.)
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0.8

0.6

L/ELpyax,
T

04

0.2+

0 0.2 0.4 0.6 0.8 1.0

1 6

XX 107

Fig. Bl. Ratio of likelihoods for estimation from smallest shaped-scaled gammas. (See
Tables B and Bl1.)

TABLE A2

Some properties of Section 4 estimation procedures applied to the data of
Table A (A = .5)

K-M A EAV
14 .5430 .0074
13 .5454 .0074
12 .5452 .0074
1 .5253 .0070
10 .5183 .0071

9 .5255 .0073
8 .5275 .0075
7 .5207 .0077
6 .5196 .0080
5 .5134 .0083
4 .5349 .0103
3 .5429 .0120
2 .5679 .0209
1 .7081 .0613
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TABLE B2

Some properties of Section 4 estimation procedures applied to the data of
Table B (Bennett and Franklin)

K—-M A X 108 EAV X 10t
8 1.1459 L0417
7 1.1441 .0416
6 1.1295 .0406
5 1.0738 .0368
4 0.9678 .0303
3 0.8759 .0253
2 0.2907 .0054
1 0.2358 .0067

L/Luax

Fia. A2. Ratio of likelihoods for estimation from largest shape-scaled gammas. (See
Tables A and A2.)

sequence of estimates A are not all measures of the same statistical entity. In-
deed as the larger values are included directly in the estimate (i.e., M increases)
the value of X\ drops sharply. The estimates are not all within +2(EAV)? of
one another. This analysis would suggest that the two largest values include
non-null variability. However, the conditioning conception employed for these
sequences of results would not be appropriate for an internal comparisons ap-
proach (see Wilk and Gnanadesikan (1964b), (1964c)).

Further indication of statistical properties may be obtained from the likeli-
hood plots shown in Figure Al (for Table A example) and Figure B1 (for Table
B example). These figures show the ratio of the log likelihood to the maximum
log likelihood as a function of 1/A, for various values of M.

For the null example shown in Figure Al the likelihood curve becomes
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Fie. B2. Ratio of likelihoods for estimation from largest shape-scaled gammas. (See
Tables B and B2.)

TABLE A3

Some properties of Section 5 estimation procedures with L = 1 applied to the
data of Table A (\ = .5)

M K-M-1L A EAV
0 14 .5081 .1845
1 13 .6315 .0894
2 12 .7878 .0081
3 1 .8486 .0615
4 10 .5042 .0128
5 9 .4551 .0097
6 8 .4859 .0104
7 7 .4883 .0101
8 6 .5160 .0103
9 5 .4808 .0089
10 4 4717 .0083
11 3 .4986 .0100
12 2 .5175 .0114
13 1 .5352 L0177
14 0 .7081 .0613
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TABLE B3

Some properties of Section 5 estimation procedures with L = 1 applied to the
data of Table B (Bennett and Franklin)

K—-—M-1L A X 108 EAV X 10t

M
0 8 4.5861 3.3204
1 7 5.5734 3.5065
2 6 5.7858 2.3517
3 5 4.9911 1.1365
4 4 3.8961 0.7157
5 3 2.7482 0.4022
6 2 2.1916 0.2849
7 1 2991 0.0066
8 0 2358 0.0067
1.0
0.9}
o8|
x
c;; 0.7}
S o.6}-
0.5
0.4}
0.3
0.2 1 J 1 | ] [ I ] ] {
06 08 1.0 1.2 1.4 16 1.8 20 2.2 2.4 2.6 2.8

1/\
Fia. A3. Ratio of likelihoods for estimation from a single intermediate shape-scaled
gamma. (See Tables A and A3.)

“sharper” as M increases, while the position of the maximum does not shift
appreciably.

For the Bennett and Franklin (1954) example depicted in Figure B1, the
likelihood curve again becomes sharper with increasing M, but the location of
the maximum shifts abruptly at M = 8.

Similar results for the procedure of Section 4 are given in Table A2 and Figure
A2, for the example of Table A, and in Table B2 and Figure B2, for the example
of Table B. The EAV’s shown in Tables A2 and B2 are calculated from the
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L/ yax.

1 6

XxlO

Fie. B3. Ratio of likelihoods for estimation from a single intermediate shape-scaled
gamma. (See Tables B and B3.)

expression
(27) EAV = —[d log £/dN* = N{ D % + 24 G(nj, MiSus)
-1+ anSMH — 0 + G(n;, 5\’7:"SM+1)]}—1~

For the procedures of Section 5, results in which each of the ordered shape-
scaled gammas are used individually, i.e., L = 1, are given in Tables A3 and B3
and Figures A3 and B3, for the two examples. The formula for evaluating the

EAV’s shown in Tables A3 and B3 is
EAV = —[d’ log £/dN[;" = N{ 2254 v + 220 G(ni 5 MiSu)
(28) {1+ MiSua — 15 + G(nj, MiSus1)]
— 2 ez H(ny, MjSacys)
1+ MiSar — mi — H(njy MsSarn)} 7
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7. Discussion. The new conceptual and theoretical considerations in the pres-
ent paper derive from the formulation of an estimation problem in terms of order
statistics from a set of observations, each of which may come from a different
distribution. This formulation raises questions (that do not arise in the equal
components case) concerning what is the relevant statistical background for the
inferences of interest.

In particular, in the equal components case, the fact that the observations all
come from the same distribution implies that marginal joint distributions of the
order statistics remain the same whether or not any conditioning is made in the
association of the ordered observations with populations. This of course is not
true in the case of unequal components. The precise nature of the conditioning
to be applied should depend on the specifics of the particular problem. In the
view of the authors, it may be profitable to employ various schemes of condi-
tioning for obtaining different insights into the same set of data.

Specifically, the statistical conditioning which is appropriate should be in-
fluenced by the objects and purposes of the analysis as well as by the actual infor-
mation available.

Thus, if one wished to evolve a complete set of nominal estimates of error
variance, for comparative purposes, from each mean square in turn in an analysis
of variance, then the appropriate view may be that of ‘“‘complete conditioning.”
That is, the statistical sampling is envisaged as being restricted so that the order
relationship of the mean squares, in respect of the populations with which they
are associated, is the same as for the actual set under study. Procedures for
generating such a sequence of estimates or, for generalized probability plotting
for purposes of internal comparisons, are considered in Wilk and Gnanadesikan
(1964b), (1964c).

In Sections 3, 4 and 5 of the present paper, the conception employed has been
that of “group conditioning.” Thus, for example, in the methods of Section 3,
the statistical sampling is envisaged as being constrained by the order relation-
ships of the observed smallest M mean squares while the unobserved (K—M)
larger mean squares may be sampled from any permutation of the corresponding’
populations.

In connection with the estimation of a supposedly common scale parameter
from a set of ordered observations on shape-scaled gamma random variables,
one may usefully distinguish two possible biasing effects. Consider two ap-
proaches: First, to base the estimate on all the observations. Second, to base it
on a “conservative’” subset of the ordered observations, but treating these as
order statistics from a sample whose size is that of the complete set of observa-
tions. In the event that the total sample is not homogeneous in regard to the
scale parameter, and thus, say, some of the observations may have derived from
populations whose scale parameters are smaller (or larger) than the scale param-
eter of estimation interest, then either of the above approaches will tend to bias
the estimate. The first procedure will have a downward (upward) bias due to
the direct numerical inclusion of observations which are “too large” (or too
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small). The second procedure will have a bias from the indirect effect of in-
appropriately large specification of the total sample size of which one has a
subset of order statistics. For example, suppose one treats the bottom M order
statistics as having come from a sample of size K when in fact it actually arose
from a sample of size K’ < K. Then, it is intuitively clear that the resulting
estimate of the scale parameter A will be smaller using K than it would be using
K" and hence will tend to be biased downward.

From experience, as well as heuristic .considerations, it appears reasonable
that the biasing effect in the second approach will tend to be much smaller than
that in the first. This is exemplified by the results in Table B1. Note that when
M is “small,” i.e., < 7, the value of \ X 10° remains reasonably the same, but
the inclusion of the 8th and 9th ordered mean squares causes a sharp drop in the
estimate. For comparison, if one bases the estimate on the first four mean squares,
but using, in sequence, the values K = 9, 8, 7, then the resulting estimates,
\ X 10%, are 5.154, 5.399, and 5.674.



63070 " eg0°0 6rd°0  132°6 206°0  40G°0  L00°0  218°0  120°0 T OTE9u"0 %010 L91°0 0§2°¢ TTTTTOGYY
200°0 €000 100°3  283°0 900°G  60G°0  S10°3  %206°Q0  8€5°0 €69°G  Z41°6  822°0  982°0 0S°€
003°0  106°0C  200°C  %C9°0  830°C  L10°C  %20°0 S€0°GC  150°0 €10°0 9%1°0  062°G  192°0 €€€°90 00°€
130°9  200°0 €0C°0  100°0 €10°0 920°0 L€0°0 150°0  1.C°0  160°0 9L1°0 2€2°0 862°C  LSL°0 08°2
20070  500°C L1000 €1)°0 - £20°0  2%0°0  9SG°0  SIC*3  86G*0 . 621°0 912°C  2L2°G  %€E€°0  S8E"0 09°2
_500°C__ €10°0 62070 1%3°C  899°0 L80°0  OTI1°C  €€1°0 4I1°0 ..992°0  22€°0  61£°0  L1%°0__ . _0%°2
%10%0 €€0°0° 050°0 211°0  9€1°0  S91°0  661°0 §€i*0 €EE°0 SBE'G  €€%°0  6g%°0 [tk
1£0°0 £L0°C 110 L181°0 L12°0 152°0 682°C O0f£€°0 129°0  994°C  CGS°0  00§°0 00°2
2950 €01°c  4%1°0 €92°0  SL2°0  T1€°0  D6€°0  16€°C  %€%°0 91%°0 S15°0 0%S°0  926°0 06°1
2610 €91°C  $32°0 9TI€°C  OSE°G  98€°9  G2Z%°0  999°0  £04°0 0%5°0 1.5°0 S8S°0  965°0 08°1
891°9 $%2°0  €62°0 €170  1%%°0  28%°0, B15°0 €55°0  285°C 919°0 9€9°0 9€£9°0  ©8S°0 oLt
__%12°0. _S9€°0  81%°0 6€6°07 115°0  €C9'C  €€9°0  .299°0  LR9°Q  SOL°0  TIL'G _ %69°0__ $29°0 . 09°1_
€99 G %60 56670 G0L°C  TE€L°0  9SL°G  BLL°0  964°0 6080  218°0  008°0 291°0  L99°0 05°1
LOL°0  2SL°0 86L°0  €%8°0 €26°0  A€6°0  166°0  6S6°0  296°0 | 9S56°0  6E€6°C  S06°0 0H8°0  41.°0 0% 1
fOT*T  HETI°1  991°1  681°1 012°1  202°1  062°T  181°T  291°1 2€1°1  €63°1 620°1 2€6°0  69L1°0 os°1
€0L°T  L69°1  SH9'T  499°1 98S°1 . 96571  226°1  L1%°1  42%°1  09€°l  182°1 6l1°1 2%.'1 €€8°0 0zt
83v°2  slg*2 18C°2  606°Z  1€6°1  698°1  6%L°1 €161 29€°T1  €41°1  606°0 o1t
_SRTE 2EL*Z  209°2  S9%°Z  61£°Z . 291°2. 266°1  £08°1 _88S°1 _ €€€°1_ _ G001 00°1

9vL°€ T 6yv € E€€1°C  996°z  16L°2  L09°2 © 2192 €92°7 9161 TZaLcl T lzetl TEseci BT
9SL*y  98E°% 000  G6S°€  E€EE  H91°€  9€6°2  969°Z €992  TL1°2  €48°1 €£9°1 111°1
L2S*9  2LL*9 139°S  GEI®S  6E9°%  621°%  SYBE  H6S°€  SIE'€  220°¢  L1L°C  %6€°Z  €%0°2  1s9°1  9L1°1
SLL*L  T61°L  C09°9  B866°S  2BF"S  AYL'% €29y 060°%  69L°€ R6E'E  2€G°€  8%9+2  8€2°Z 98L°T  0S2°1
%€2°6  205°§  Z9L°L  110°L  6%2°9  69%°S  2LU°S  899°%  6§G2°%  2€B°E€  OAESE  2%6°Z  29%°Z  6€6°1  €€€°1
—LS6%01_15C°01_921%6  102°8  692°0  %1€°9  1€8°6  2Z9E°S  GwR°y  6EE*% 6187 _ 282°€  02L°Z 911°2. _62%°1. _
S2T°21 S60°11 669°01 G106  Q96°L  168°9  0SE°9  208°S  g%2°g  %89°%  171°%  416°¢  S68°2 9€2°2 €641
Y251 192°21 260°T1 ol6°6  62L°R  O0€S°L  %26°9  2IE°9  €69°G  S90°S  62%°h  69L°€  680°€ 196°2 €95°1
69891 996°€l 6€2°21 916°01 %85°6  €€2°8  19S°L  118°9  LB1°9  88%°S  all°y  250°% 20€°€ 215°2  6£9°1
SLY°91  €66°%1 BI6°€l T€2°21 9€5°01 O0€0°6  112°8  L0S°L LE€1°9  6S6°S  TLI1°S  996°%  6€5°€  €49°2  %2L°1
€£L2Z°81 219°91 8%°%1 B8LZ°€1 129°11 %1e°6- 69u°6  212°8  €S€°L  98%°9  €29°¢  81L°% +%08°€ 2S8°2 818"l

M. B. WILK, R. GNANADESIKAN AND ELIZABETH LAUH

0T 52461 9€5°91 189741 008721 606°C1 6S6°6  §C0°6 __9%0°8 . 6L0°L €91°9  €11°g _ 1017y €50°€. . €26°1. __ 25°0
€15°22 %14°0Z ZLE°B1 99Z°91 45T %1 »€C°21 0L6°01 206°6  628°8  A%L°L  099°9  664°S  9€%°y 812°€  14C°Z 6%°0
691°62 €08°22 REYT0Z 69061 969°S1 GSIE*€1 021721 €26°51 Ggl*6  21S°8  S62°L  99G°9  BIBY SES°€  4I1°Z 99°0
ZETTRZ  69%°SZ 978722 SE1°0Z 29511 €BL°%1 6E€%°€1 €60°21 €51°01 I18€°6  €20°8  849°9  S52°S  828°¢  926-2 €9°0
6SS°1€  69S°PZ L€S°CZ 279722 4CGTEl 089791 996791 L9%°€1 S26°11 86£°01°° 698°8  12€°L  6SL°S  L91°%  205°Z 29°0
IST*9€  61§°0€ 9C9'12 0€€ %2 0S7°12 -69L°L1 021°91 "21%°»1 128°21 S91°11 €05°6  0€8°L 2419 €2%°%  2¢9°2 8e e
- BECTLE  WLvIEE (16162 2Y€°92_ 2LLTZT LETT61 L0%°L1 _G19°G1 " 618I€1020°21 _»12°Q1l 66€°8  89S°9__ 89L°%__ 8LL°Z_ . _._ 9£°0_
69270y 0BE'9E Ce%'2€ L6S°8Z ZOL°»Z 208°0Z OSE'El  968°91 6€£6°%1 816°21 T10°11 9€0°6  9%0°1  820°G  1%6°2 »ET0
1T6°€y  G69%€€ B6€°SE GET'TE BL8°9Z 219°22 HLY°0Z 19€°81 202°91 £S0°%1 116°11 9SL°6  4%85°L 88E°S  S21°€ 2€°0
#%0°8%  ZLETEY 669THE SZO'HE 8HF6Z 699°9Z 926722 €R6°61 O9€9°I1 182°ST €€6°21 11$°01 L61°8  Llel°S  €€€°€ 0€°0
YLL*ZS  LZG'LY EL%°T% 6ZELE  LLITZE  220°LZ €%%°%2 €98°12 08261 %69°91 +3T1°%1 L0S*T1 868°8  992°9  146°€ 82°0
LEZ°8S  19S1ZS H98°9y 9911y 9uhoGE  €491°62 168792 9€0°%Z ORI°1Z 22€°81 6S%°ST 065°21 O1L°6  108°9  9%8°¢ 92°0
—B19:%9 182185 Hw6'1C. 629°Gh  ©9Z°6€  €26°2¢ 160762 _1LS°9T. Z0v°€Z .%22°02_ €%Q°LL. sS8°E£1 _8S9°01 Q%% f _191°%____ %2°0 _
691°2L 11C°S9 LL6°1S 16B°0G SBL°F» 9R9°9E OCI°EE %8G°62 1€0°92 919°2¢ 816°81 4%S€-S1 28L°11 061°8  Svs*% zz°0
822718 922°€L €22°69 612°15 412Teh 8GZ°1% fUZ°LE B61°€E 261762 €81°6Z 2L1°12 961°L1 2EIE1 160°6  000°S 02°0__
8L4°98 696°LL CZ%°69 068709 09F°25 L28°E% 095°6€- 206Z°SE €20°1€ 2SL°9¢ 619722 102°81 S16°€1 €19°6  €92°G 61°0
€1€°26 00Z'€R 980°%. 2L6°%9 LSR°SS 0%L°9% TH1°2% 129°L€ 090°€f L69°82 2€6°€2 29€°61 98L°%1 4%61°01 955°G 8170 .
9€8°B6 69068 Z0E°6L SES°6T 99L°6S 966°6% T11°Gy 422°0% LEE°SE 849°0€ 165°SZ 299°02 09L°ST €48°01 288°S L1°0
—941°901 549156 _¢L1°68 699°9L 991 %9  199°€S _HCv 8% _ SST'€% QC6°LE__%59°2% 98€°L2 %21°22 958791 %45°11_ 052°9 91°0
L6911 291701 124°16 16%°08 #ST°69. L18°LS L%1°2S LL%"9% L08°0% %E1°St 09y 62 €8L-€2 O001°Bl €0%°21 199°9 s1°0
H0°9Z1 T2L 111 »Ev°66 991°Ly  LSR*9L 895°29 €29°96 112°3S OE1°%% 296°LE 2€8°1¢ 089°52 225°61 TSE'€1 €91°L »1°0.
SBEHET 66S°12T €12°B1 L2896  wv% 18 2S0°69 LEE°19 299°%S 996°L% 692°1% 1US°%E GLB°12Z €91°12 9%%°%1 269°L €1°0
SOL*LH1 LZI'EEL 659811 06L°€01 121°65 1S4l 9T1°L9 (BL"6S €9%°2S 901°S% L9L°LE 92Z%°0f 080°€Z €2.°ST €€€°9 21-0
#€6°291 1617991 89S 0€1 SEE »11 1027A6 910°28 %Z6°€L OFR"S9 LELLS 299°6% 945°1% BY% €€ O%E°SZ %€2°L1 16G°6 11-0
- 2917181 HCT°€9T 201+6T 10T 22T €6C°601 160°16 S60728  £60%€L. 160°%S. 890°SS  €8G°9% 110-L€ 190°3Z_ 8%C°61 000°01 ot-c
070z 0°81  0°91  0°41 021 0701 0% 0°8 0°1 0°9 s 0%y 0°¢ 0-z o1
/e

("%T 95%89[ 98 03 938IN0D%E ST UOIIB[OAIGIUL IBOUIT *Q/D JO ON[BA PIALISP PUB D JO SN[EA [IM O[qB} I93UT)

1
1P 19211 ,\ \ -2 = (q ‘D) H fo somny
oo

I HT19V.L
XIANTIIV




171

SCALE ESTIMATION OF UNEQUAL GAMMA COMPONENTS

6oo°a 60G°0 000°0Q 000°0 000°0 000°0 100°0

L€0°0  L81°0 _ _ 00°Z _ _
C00°0  000°0  000°0 000°0 009°0 000°0 200°0 84%0°0  €12°0 s6°1
000°0 _ 000°0 00070 _ 000°0 _ 000°0 __100°0__ €00°C 290°0  €42°0 06°1
000°0  00G°0 000°0 000°0 000°0 100°0 $00°0 080°0 L12°0 S8°1
000°0  026°0  0C0*0  000°0 _ 100°0  Z00°0  800°0 . 2I1°0  91€°0 08°1
000°0  000°0  000°0 006°0 ~ 100°0 400°0 €10°0 T€1°0  19€°0 SL°1
000°0 00630  000°C 1000  Z00°0 _ 100°0  220°0 _ 0.__891°0___ €1%°0 oL°1
000°G  000°0  160°0 200°0 S00°0 €10°0 S€0°0 12707 11%°0 S9° 1
0 _.100°0_  200°0 _ %00°Q  010°0 _%20°0  160°0 _221°0 _ %12°0  6£5°0 09°1
200°0  S00°0  012°0 120°0  %%0°0 060°0 181°0 6%€°0  919°0 S6°1

906°0  110°0  120°0  I1%0°0 .110°0 2%I1°0 952°0 __€9%°0__ SOL°0 __  0S°%
S10°0  120°0  940°0  6L0°0 €€1°C  122°0 6S€E°0 196°0  108°0 Sv°1

6€C"C  290°0  960°0  8¥1°0  922°0  6¢g0 86%°0 LOL°0_ £€26°0Q L0 SR
960°¢  LEI°0  €61°0 0L2°0 %l€°0 21S°0 S89°0 188°0  150°1 SE°T
222°0_ . 682°0 2L€°0 Il%°0  909°0 _ 65.°0  2€6°0 _ 801°1 _ 012°1 o€°1
28%°0  L1S°0  189°0 218°0 2S56°0 €01°1  %S2°1  LLE°1  S8E°1 sZ°1

€L6°0  S80°T  SOZ°T  62€°T  %S»°1 _ 1.S°1  999°1  £0L°1
228°1  L16°1  L00°Z 180°2 €S1°2  1e1°2 ¢81°2 $60°2
991°€  6LI'€E  H,1°€  B8Y[€  260°€ €66°2 1€8°2. €95°2

%21°s S96° % 1eLty 9954 21e°y $00° % 229°¢ 021°¢

0618 18L°L_ _g¥€ )  188°9.  _16€°9  €98°G  1S2°G 1864 _ BJI°€  2€l°2Z 00°1
1096 250°6  08%°8  618°L S92  195°9  1€8°G  910°G  £,0°4  988-2 86°0
#SI°1T L¥y°01 8IL°6  296°8  2L1°8  Ong°L 1S%°9  €89°S _ BBE"% _8%0°C _____ 96°C
6¥8°21 896°11 990°11 B8ET°C1 IL1°6 SL1°8 8I1°L €86°S €2L°% 022°¢ $6°0
069°%1 819°€1 925°2T 6C%"I11 192°01 §10°6  SE€8°L  616°9. _ 18G°S ___20%°€._ ___26°0
619°91 86€°ST 00T°%1 €L1°21 82%°11 140°01 €09°8 260°L  29%°S  <65°¢ 06°0

—-818°81 ¥I1€°L1 26L°ST__06Z°%1 189721 _[/9°T11 92%°6  %0L°/ _ 898°S _ 662°¢ 88°0
CUT1°1Z2 19€°61 909°L1 128°G1 €20°%1 981°21 GOEOT 8S€°8  00E°9  910°4 98°0
99S°€Z €9S°1Z Lv6°61 €1S°L1 BSH ST 2L€°€1 S%2°11 960°6 _ I9L°9.__Sv2°% __ 48°0
¥81°92 806°€Z 619°12 4T€°61 066°91 BE9*»T 8%2°21 008°6  152°L  684°4 28°0
§L6°82 LO%°9Z 828°€Z S€2°12 SZ9°81 686°ST 6TE€°€] £6S°01. 9LL°L  84L°% __ __08°0
9%6°1€  690°62 281°9Z €8Z°€Z L9€°0Z O0€%°L1 09%°%1 6E4°11 Of€+8  £20°¢ 8L°0

.- BOT°SE_ 206716, 889°82 _€9%°S2 22°77 $96°81 _129°S1_ I%€°Z1 £76°8 _ 9l¢°c 92°0
T19°8€ Ll6°%€ 9S€'1€ 98L°LZ €02°%2 299°02 %16°91 %0€-E1 6S5°6  g29-¢ 4L+0
84072% SZ1°BE 961°wE 65270 11€°9Z 9%€°22 6g€°81 O€€°%1 0€2°01 096°S._ . .22°0
SS8°SYy  ThS 1%  122°,€ +468°2€ 8SG°8Z 902°%2 %€8°61 S2%°S1 056°01 %1£°9 oL°0
01676 081°S% Ghv 0% 40L°SE %56°0¢ 261°92 019°12 96§°91 02.°11._269°9_ _ _89°0 -
1€2°%6  650°6y €88°€Y T0L°8E€ 2IS°€E€ 11€°8z %60°€Z L%8°L1 €45°21 160°L 990

-—-128°85 _66I1°€c  €SSTLY_ 206°T%_ G%2°9€ _1JG°QF G68°%Z GBI1°61  %2%°¢1  Ofc°L %9°0
L9L°€9 €29°LS 9L%°1S SZE°SY BYT°6€ 200°€E €28°92 029°.2 69€<41 466°L 29°0
L€0°69 8S€°29 919755 066°8% 00€°2% 1C9°SE 168°97 6S1°22. %8€°Gl._€6%"8S_.____ 09°Q
218°T1L 158°%9 88B°LS 226°0S 0S6°€H 1.6°9€ 186762 1.6°22 61651 95.°8 65°0
989°%L S€9°19 081°09 226°2¢ 099°SH 16€78€. 211°1¢ €18°€2_ G1v°91 _ 0€0°6__ _ 85°0
§99°LL T11°0L SS5°29 966°%S €E€9°Lh %98°6E +82°2€ 989°%2 250°21 €1€°6 1s°0

~--£9L708. 188°2L. 810°S9 8%Y1°LS 2/2°a% 16£°1% 10S°€E €65°S7 0S9°/]  809°6 95°0
L56°€8 19L°SL lS°L9 0BE"6S 181°1S LL6°2% %9L°%E S€6°92 €L2°81 416°6 55°0
€82°18 95L°8L 822°0L L69°19 %91°€S 4299y  LLQ°9E %1S°LZ _616°81. £€2°01. __ +s°0
9€L°06 198718 $86°ZL 901°%9 €22°SS 9€E€°9% 149%°LE 2€5°82 265°61 495°01 €5°0
L2€°%6 ©80°58 0S8°SL 609°99 §9¢°LS 911785 _098°8E 065262 262°07_ £06°01 _  26°0
090°86 9%%°88 0€8°8L €12°69 265°6S 896°6% JEE°04y 269°0€ 120°12 692°11 15°0 .

-4+ 5267101 0%6°16__£€6°18 %26°1. 216°19 968°1S %J8°1% 0%3°1f 08/°1Z  €49°11 25°0
0°00T 606 0°08 0°cL 0°09 c*0g 0°0% 0°0¢ 0°02 0°01

No/e

ponunuo)—I HIdV.L



M. B. WILK, R. GNANADESIKAN AND ELIZABETH LAUH

172

209°99 LS%°9% 925°9% 609°9% 61L°9% %S8°9% LE0°LY Z21°LYy 02Z°L% 9EE°LY %9%°LY 0°0s
LES 1% 186°T% 149°1% BIL 1% 118°1% HE6°1% Z01°2% SBI°2% €12°2% €£8E€°2% €05°2% 0°sy
269°9€ 1€L°9¢ 0BL°YE BEB°9E 126°9€ %EO0°LE 0B1°LE €S52°LE 9EE€°LE 6EY°LE 1SG°LE 0°0¢
OL8°1€ 968°1¢ SE6°1E 986° 1€ %S0°2€ ¥91°2€ 2L2°2€ 0%€°2¢ L19°2€ €36°2€ 019°2¢ 0°s¢e
9LO°LZ %60°L2Z IZ1°LZ 961°L2 80Z°LZ 1BT°LZ LBE°LZ 9%%°LZ 21S°LZ 685°LZ %89°L2 0°0€
61€°22 S2Z€°22 LEE"2Z 6SE°ZZ $6E€°22 US%°ZZ €€S°22 81S°2Z 0€9°22Z 169°22 Li1l°22 0°s2
609°LT %09°L1 %09°L1 T19°L1 8Z9°LT1 999°LT 9TIL°LT 0SL°LT 68L°L1 148°L1 %06°L1 0°02

O%L°ST YEL°G1 62L°6T 62L°ST 2%L°ST1 Z9L°ST 908°ST GEE°ST 898°ST1 116°S1 996°S1 0°81
988°€E1 9L8°€1 %98 €1 098°€1 Z98°€1 9L8°ET 606°€1 626°€1 956°E€1 €66°E1 0%0° 41 0°91
29021 620°21 S10°21 $00°21 100°21 $00°Z1 S20°21 6€0°21 650°21 680°21 821°21 0°41
L12°01 661°01 €A1°01 L91°01 951°0T 1S1°01 8S1°01 291°01 081°0T 002°01 0€Z2°01 0-21
01%°8 16€°8 1LE°8 16€°8 %EE€°8 1Z€'8 91€°8 L1€°8 EZE*8 4HEE°8 4HSE°8 0°0t

91S°L S69°L €L%°L €SY°L EEY°L S1%°L Y0%°L €09°L 90%°L €19°L 92%°L
LZ9°9 909°9 4B86°9 Z96°9 0%6°9 BIS 9 Z0S°9 669°9 L6%°9 00S°9 LOS°9
L%l°S 92L°S 20L°S 6L9°S 6S9°S ZE9°S 019°S €09°S B86S5°S 965°S 665°G
G18°% €S8°% 1€8°% L0B°% IBL°H SSL°% O€EL°% 02L°% 2ZTL°% 90L°Y €O0L°%
€10°% €66°€ 0L6°E 9%6°€ 0Z6°€ £68°E %98°€ 2SB°E€ 148°€ 1€8°¢ 428°¢
98G°€  99G°E 4HS°E 12S°€ G6%°€ L9v°€ LEY°E SZY°E EIY°E 109t 16E°E
€91°€  4%1°€ €21°€ 001°€¢ %L0°€ 9%0°€ SIJ°€ 200°€ 066°2 L16°2 §96°2
Y9L°Z S2L°Z SOL"T €89°C 8S9°Z 0€9°Z 66S°2 986°Z 2ZLS°Z 655°2 445°2
8Z€°Z 11€°Z 262°2 11Z°Z L%2°T 122°Z 061°Z LI1°2 291°2 8%1°Z €g€1°2
L16°T 106°1 488°1 698°1 €48°1 218°1 88L°1 GLL°T 192°1 9%L°1 O0€L°1
21S°T 86%°1 €8%°1 G9%°1 9%9°1 2Z%°1 G6E€°1 2ZBE'T1 69€°1 4S€°1 BEe°1
#11°1 20T°1 €80°1 SL0°T 8S0°1 BEO°T €10°T 200°T 066°0 916°0 196°0
%2L°0 91L°D 90L°0 S69°0 189°0 999°0 9%9°0 L€9°0 LZ9°0 919°0 €09°0
8Y€°0 €9€°D LEE°0 O0£€°0 22€°0 2Z1€°Q 0Q0€°0 S62°0 882°0 182°0 212°0
0°0s 0°s% 0°9¢ 0°s¢ 0°0¢ 0°s2 0°02 0°81 0°91 0°41 0°21
(2)vi3 /7 (1ivi3

nNonMonNovnonooooo
@ o o 0 0 0 0 0 0 o 0 e
OmMeuNNMNMETNO~DO

L19°L% 20L°L% 008°L% €26°LY% 613°8% %S1°8% L2Z°8% 90€°8% Z6E°8Y% 68%°8% €65°8% S1L°8% 648°8% 020°6% 9492°6% 0°0S
269°2% 9EL°Z% T28°2% 926°C% 9€5°€Y BII T% 6LZ €% IE €Y %09°€Y 869 €Y 209°€y LIL°EY SSB8°EY 610°9% SHZ 4% 0°sy
889°LE JIL°LE %SB°LE 266°LE 650°8E 981°BE %S2°8E €EE°BE 91%°8E€ €05°8E 909°8¢ €ZL°8€ 098°8€ 920°6€ 0sZ°6€. _ 0°0%
BEL°2E 01B°2€ 268°2€ 986°2¢ BBO"E€E BOZ €€ 9LZ°CE 6YE°EE OEY°€E 0ZS°€E BI9°€E 62L°EE 998°CE 820°%€ 0SZ°4€ 0°S¢e
Lé6L°L2 198°L2 0%6°L2 82082 €21°82 L€Z°8Z €0€°BZ ZLE°BZ 6%9°82 €€5°8Z Z€9°82 2%L°8Z 018°82 1£0°62 152°62 0°0€
8Ll8°2Z 6€6°2Z 900°€2 2B0°€Z %L1°€2 LLZ°€Z SEE°€Z Z0%°€Z 9L%°€Z $SS°€Z 0S9°€Z €SL°€Z 288°€Z LEO°%Z 9S2°%2 0°s2
186°L1 9€0°81 %60°81 091°81 6€2°81 1€€°81 SBE°B1 94%°81 Z15°B1 88S°81 €L9°81 9LL°8T S68°81 L%0°61 652°61 0°02
190°91 SB0°9T RET°9T 661°91 $L2°91 29€° 1 ZI1%°91 0L%°91 €€5°91 909°91 689°91 98L°91 S06°91 250°L1 192°L1 0°81
Y0191 991741 261°49T L%2°91 STE°%1 95€° 1 2Z¥%°41 L6%°91 8SS°%1 929°%1 90.°%1 008°%1 €16°4%1 090°S1 §92°s1_ 0°91
181°21 S12°21 96Z2°21 90€°21 49€°21 6€%°21 284°21 1€5°21 88S°21 169°21 92L°21 LIB°21 926°21 990°€1 892°¢€1 0°4%1
L2071 J0€°01 Y€€ 01 GLE®O1 92%°J1 06%°01 0€£S°0T %1S°0T1 S29°01 %89°01 %SL°01 8€8°01 296°071 9L0°1T1 €22°11 0°21

€8€°8 v09°8 0E€9°8 €9%°8 %0S°8 B855°8 166°8 0€9°8 #.19°8 92L°8 061°8 L98°8 £96°8 160°6 6L2°6 0°o1
6%y°L 99%°L 88%°L SIS°L 1SS°L 009°L 629°L %99°L GOL*L %SL°L 2U8"L %88°L Ll6°L 001°8 +82°8 06
€25°9 9€5°9 €$5°9 9LS°9 1I9°9 8%9°9 4L9°9 SOL°9 24L°9 98L°9 6€8°9 L06°9 %66°9 TI11°L 06Z°L 0°8
§09°S  L19°6 629°S L%9°S 129°S SOL®S 92L°S €GL°S SBL'S 28BS 218G HE6°S S21°9 962°9 _  0°L
SOL*% J1L°% 8IL°% Q€L L%l*% €lL°% C6L°% 218°% BEB"% LB E€16°% 896°% €91°s  SO0E°S 0°9
610°€ 028°€ 228°€ 828°€ 6EG°€ 9S8°€ 698°¢ G88°C GS06°€ ZE6°€ 996°€ Z210°% L91°% L1€°y 0°s
»BE°E 2BE€ 2BE'E SBETE Z6E'E SIYE SIYSE BZY € Suh E 894 E B6YE BES°E 289°€ 928°¢ Sy
9$6°2  IS6°Z 8%6°27 8%6°Z 2$6°7 096°C 896°Z LL6°Z 166°Z J10°€ S€J°€ 1L0°€ 002°€ GEE°E 0%
2€6°2 125°2 2252 61S°Z 61S°Z €2S°Z 125°C %€S°Z 4%S°Z 8SS°Z 615°7 809°2 22L°7 L1%8°2 S°€
811°Z 011°Z %01°Z 660°Z S60°2 S60°2 960°Z 001°Z 901°2Z 911°Z OE1°Z 4S51°2 .062°2 €9€°Z __ 0°€
€1L°1 SDL°1 169°T 689°1 €89°1 819°1 L19°T LI9°1 089°1 %89°1 +69°1 01.°1 981°1  €88°1 (34
12€°1 21€°1 €0€°1 €62°T %82°1 9.2°1 2L2°1 O0LZ°1 892°1 692°1 2i2°1 182°1 €EE°T  214°1 0°2
996°0 6€6°) S26°I S16°0 406°0 €68°0 888°0 €88°0 818°0 GL8°0 €L8°0 €18°0 006°0 $56°0 s-1
885°0 08S°0 115°0 19$°D 0550 BES'0 ZES'O 9250 6150 2IS°0 90S°0 00S°0 L6%°0 005°0 S$25°0 o't
292°0 9SZ°0 0520 €52°0 %€2°0 SZZ°0 022°0 412°0 80Z*0 102°0 €61°0 SB1°0 9.1°0 291°0 191°0 s*0
0°01  0°6 9°g 0°L 0°9 0°s I 0% s*€ 0°€ s*2 0-2 S*V._ .. 0°U __§°0 _ . . .
(2)v13 7 (Tivia

spwwnb pappas-adoys omy fo La))puwis 3y WOLL UOUDUSI 10f SI00Y
II I'19VL



018761 CEB-L1 6¥8°G1 698°€T 68811 6C6°6  616°8  626°L  6€6°9  646°s  8G6+%  896°C  826°2 1861  €66°0
Z9L°61 L8L°L1 218°ST LEB°€T 2Z98°11 988°6 6688  116°L %269  9€6°C  §96°%  396°€ 2.6°2 €86°1  %c6°0
oyltel €LL°J1 66l°c1 928°€1 268°11 6186  268°8 _ S06°L __816°9  2£6°S _ S46°y _LS6%€ 01672 _786°1 _ €66°0_
€89°61 O91L°LT 69L°ST 2BL €1 918°T1 6%B°6  $98°8  288°L 6689  416°6  1€6°%  iv6°€  €96°2 ~8.6°T 2€6°5

~ . 619761 6S9°LT 669°S1 6€L°€1 6LL°11 818°6  8€8°8  BSB°L  B8LE°9  168°S  216°%  9£6°¢  S66°2 €L6°1  066°0
$2ST6T  H1S°L1 429°ST %.9°€l %2L°11 €IL°6  86L°8  €28°L L%8°9  21B°G  968°%  0Z6°€  4%6°2  196°1 8R6°Q

5989761 €1S°L1  €LS°6T L297€1 %89°11 141°6  691°8  L6L°L  S2Z8°9  %58°S  188°%  606°€  9£6°2  296°1  986°0
99€°61 ZE4°LT 66%°ST S9S°€1 2ZE9°T1 869°6  T€L°8  %9L°L ~161°9  628°S  298°% +»68°¢  626°Z 9%6°1  £86°0
6E€2°61 61€°L1 66E"ST 6L%°€1 8SS°T1_ Jg9°6 _ _1109°8  LWL°L . _9SL1°9. S6L°S | %€8°%  €L8°€  116°2 _ 1%6°1__ C26°0
050761  6%1°L1 €%2°G1 6YE°€1 8Y%° 11 195°6  L6S 8  9%9°L  669°9  4hl°S €6l 4  145°¢  8EE°Z " 4€6°1 T Sle°0

~-#%6°B1_ S90°LL._991°ST LLZ°€T LBE'I1 16%°6  25S°8  109°L  299°9  91L°S  (LL*%  %28°€  918°2  126°1 2.6°n
€18°81 8€6°91 290°S1 9BI'El 1IE°T11 S€v°6  969°8  8SS°L  029°9  189°S  2%.°%  (0s°€ 198°2  816°1 696°0

- --292:8L 9BL7ST 626791 TL0°€T €12°11 %SE€°6  SZ9°8  S6%Y°L  996°9  9€9°GS  SOL°b  HLL°€  1%8°Z  906°1 $96°0
61581 S8S°91 162°%T L16°21 282°11 1%2°6  OEE€°8  2I%°L  %6%°9  S1S°S  95G°%  9fL°¢  G16°2  068°1 656°0
201°81  €Q€°91 €56°%1 20L°21 306°01  860°6 »o—.m.i,wmwkllwom,,w,L.o.m..mé 685°%  89°t _ 8lL°2
S68°L1  9IT°91 LE€€°%1 8SG°21 6LL°01 666°8  601°8  B12°L  LZ€°9  9E%"S  €vG°%y  0S9°€ ~ $Si°7

—EE9TLL . 88°ST_TE1°9T 0E°21 829°01 6L8°8  666°L 221°L  %%2°9  99€°S  18%°%  1J9°€ %z.i°Z
862°LT1 28S°S1 L198°€l 1S1°21 %€%°01 L1L°8  8S8°L  ©66°9 BE1°9  112°C  91%°%  2SS°€  989°2

—260°L1__BOEISL. 994°€1 O10°21 SIE°01 619°8  1LL°L  226°9  €10°9  €22°S 1L€°% BIS°€  299°Z
258791 81°S1 SIG*€1 948°T1 LLI1°01 905°8  0L9°L  %€8°9  166°S  6S1°S  CZE°%  6l%°€ S£9°2
£99°91 0€6°%T 262°€1 €S9°11  €I10°01  €1€°8 _ 256°L___0€L°9 _806°S N92h _LEY°E _€09°2 S
€LE°91  9SL°%1 BET'E1 C26°11 106°€  182°8  0,%°L  659°9  148°¢ 612°%  10%°¢  08S°2 2S1°1  106°q

281791099751 .696°21. eIl $LL°6  LL1°8  8LE"L  8LS°9  BIL°S 9.6°% 2L1°%  99¢£°¢ 965°z  LEL*T  1C6° o
906°ST 6€E°91 1LL°21 2352°11 2€9°6  190°8  S12°L  88%°9  GOL°¢ 116°%  221°%  9Z€°¢  826°2 12.°1 <eg 0

- -S29°ST 180751 _6%5°21 0JO°IT 1l%°6  626°L  8ST1°L  SBE'9  219°6  L€8°%  19)°%  182°€ 96v°2z  2oi°1 888°0
ZOE"ST  66L°€T S62°21 16L°01 S$82°6  8LL°L  €20°L 892°9 {15°S €51°% €66°C 622°€ 099°Z 189°1 086°0
£50°S1__Z8S°E€1 %01°21  929°01 941°6 _ %99°L _ €26°9_ . CBL°9_ _9€%°S . . 069°%H __246°¢ -3 Ny .mlnnmw...N.w-...ImM.o!ﬂ-l.:h:b
06L 9T ZYE'El €68 11 €%%°0T 266°8  6£5°L  118°9  240°9  26€°¢ 529y 988°¢  Lnl* € €0%°Z L%9:1 896°0

L6271 2ACUET LS9TTT CH2ZT01  JZ8°8  66E°L  189°9  £16°C  662°S  2%6°%  €28°€  001*€E  OL€'z 82941 096°0
EST T %LL0°21 €6€°T1 110°0T 829°8  2%2°L  8%6°9  258°G  GSI°S  GSv°h  £GL°C  Quue CEE*Z  939°1  2s8°0

- PLLTEL S€97ZT.660°11 %SL°6  11%°8  $90°L  16€°9  SI1L°S  BED"S  RSEY  %19°¢  986°Zz  162°Z  186°1 €48°0
ZYETEl 05021 LSL°CT. 29%°6  S91°8  $98°9  €12°9  095°S  S06°%  1h2°h  S8S°€  616°2 €52°2  €oe°1 268°6
228°21 809°11_GYE°0Y L21°6  €89°L . 9€9°9.. _QIQ°" _ 2HE*S. _£SL°Y L.ty v8YcE | 1482 681°2 | 22%°1..

242721 960°11 £16°6  0vl"8  16S°L  TLE°9  SLL°G  BLI'S  8IL*%  wl6°€  99¢°¢  2ei 7 1217z <ge°1

—-0971L 864701 %6€°6. 1828 LL1°L  T9G°9  10S°S  6E6°%  HLE"%  HOI8°C  L€2°C  849°2 o0z 2991
908701 06L°6  €LL°8  2ZSL°L  821°9 169°S  6LI°S  859°%  €E1°%  09°€  693°¢  925°Z  0l6°1 Z6e°1

—--D2€101_cBEZ6. _ 81978 . L¥y°L  2L%°9  68%°S  G66°%  LEY'H  966°€  06%°€  B8L6°Z  9chez 126°1  %9¢°1
698°6  Gv6°8  820°8  ZI1T°L  C61°9  192°S  €6L°%  22€°% 9%8°¢  99€°¢  8ly*z  08E e 898°1  2€€°1  8%1°)
L62°6 _ 6%4°8  86C)  £e/°9  TH8°G . 110°C __1LC 9. _621°%_.  189°€__ 82Z°C _ 89L . L62°2 _ _018°1 __862°1  SE€L°0Q
S89°8  906°L  €2Z1°L  9EE9  6ES°S  YEL°y  LZ8 % 916°¢  66%°€  LL0°€ 9492  50z°2 9%L°1  092°1  L2L°0

---L0278 . 90e1L. . 965°9 . 288°S  091°S  LZ%°%  950°%  089°€  86Z°€  Gl6°2  215°Z 201°g  H19°1  L12°1  €0L°0
Z62°L vE9'9  LI0T9  6LE°S  6ELY  180°%  SSL'€  L1%°€  Hlce€  €20°C €962  886°1 §66°1  OLI°1  68$°0

-—112°9__ 888°S _ GSE°S . C29°%  1lz°% BOL°€  O0ZY°€  921°€  S26°2 916°Z 961°2  198°1 90S°1  LIT1°1  %99°0
6Ly"S  190°S  SE€9°%  661°y  ISL°€E  182°€  LY0°€  1GB°Z  1%5°Z  482°Z  S1)°2  61L°1  90ee 1 1SC°1  1%9°0
2GRy 1G1°% QER°E  HIG°f _9J1°E .. _QZ8° flhm.w..hx.bwn. . _B£2r2. lwh,..NAIE.u....,.omm;hi!mbwlr. ..686°0 _ €19°0
SE°E  TLI°€ 116z  1LL°2  6%5°Z  80£°Z  8ll°2 149 S68°1  6€L°1  89S°1  6LE°1 G911  116°0 286°0

- .Q€2:2. 19172  zso* C66°T  4%88°T  6SL°T  889°1  €09° ~ 126°1  22%°1  60€°1  8LI°T  120°1 226°0 6%%°0
8611  »T12°1  6ze"1  Lz2°1  922°1  861°1  081°T  SSI°1  €21°1  180°1 125°1  $S6°0 868°0  C2L°G  205°0

~-0€910_ %8%°0  2€6°C  18S'0  629°0  SI9°L  S69°0  2IL°3  SZL°  ZEL°C  620°C  1L°% 9L 209°0  0S%°0
6LC°0  €CT°0  €€1°C  G6L1°0 912° 2LZ°0  €0ET0  9EETO0  TLE®D  9CH°0  BEH'U  99%°0  184°0 69%°0  88£°0
%00°-0 L0G°Q 210°0  029°0 ©€3°0._ 8S0°0...SL0°0._ . l60%1_. €21°Q 9S1°0. .. .S61°¢ 6$2°C. lm.mwlol-.lm.w.m oll-,m.ﬂm o._
0°02 0°81 0°91 0yl 621 0°01 c°6 0°8 0°L 09 , 0°s 0°y ‘€

("% 35%9] € 03 9}8IN00% [ UOIYR[0dISYUL 1BAUIT *Q/D JO AN[EBA PIALIOP PUT D JO SN[EA YHIM o[qe) Ieuny)

1P 29210}

1

0,
\ \ 22 = (¢ D) fo sompy

IIT H1dVL

S

e s 0 0 00
oo~ C
=]

»
'0(3OOC‘—',.—“-.-'.--#—a,d—l-—lNNNNNMN\N\MM#~t~t~tm'lh

I3

VOONFTOBDOMOONNOINOOCV

NO~DVDRO NMIENO~DOOON T,
.

1
'
i
'
i

.

.

.

o o 0 0 0 0 o [y

@,
4
N

L

173



M. B. WILK, R. GNANADESIKAN AND ELIZABETH LAUH

174

610°66 011°68 0l2-6L O1€°69 01965 0156y 095 vy C19°6€ 099°%€ TIL°6Z C9L°92 01861 65841 606°6  g56°y
€9L°86 888°88 210°6L LEI°69 292°6S LBE'6Y Z1S6E S16°%€  1€9°67 COL-%2 Z91°61 "928°%1 98H°6  846°%
089°86 €18°88 1%6°8L 08C°69 €12°65 LYE°64 C8Y°6€  995°%€  €19°62  089°%2 99L°61 €18°%1 618°6  C%6°%
CG€°86 L1G°gg €89°8.L 0G8-°89 L10°6S €81°6Y 0SE°6€ €ev %€ 915°62 (39°92 €69°61 991°%1 646°6  166°%
020°86 022°88  02%°8L 0Z9°89 028°85 020°6% 022°6€ 0Z€°%C 02%°62 525°%Z 619°61 61.°%1 818°6 Lle%
$26°L6 GLL°L8 $20°8L 612°89 2$°8S Sl1°8% S20°6€ OST°9E SL12°6Z CO"%2 %25%61 699°%1 €L1°6  968°%
2L1°L6  8S%°L18  €41°LL 620°89 S1€°8S C09°8% €4L°€% 988°8€ 620°%€ 1L1°6Z 4%1€°%2 9S%°61 666°%1 1vL°6  188°%
100796 %€0°18 19¢°LL 150719 %€0°8S L19€78% +gG €% 00L°8€ L98°CE €€0°6Z G0Z°%Z 99€°61 2€S°%1 869°6  29g°%
150°96  1499°98 148°9L 1%2°19 1¥9°LS 140°8% 142°€% 14%°BE  0v9°¢c 0%8°82 C4D°v2 6€2°61 6€9°%1 1€9°6  »€8°Y
250°S6 2S5°68 2S0°9L 256799 <2%0°Lg 165°Lv 108°29 150°8€ T0€°€€ 156°8¢ <CO8 €2 06C 61 662°51 156°6 61

€06°%6  8c0°S8 _ »19°6L _691°99 %2L°9S 082°L% 1GS°2% GSE€B°LE 2ZT1°€E 06€°gZ L199°¢z %%6°81 122°%1 16%°6 oLL Yy

918°€6 199°%8 990°SL 169°S9 STE°9S 0%6°9% 252°2+ -S96°L€ 118°2€ 681°82 105°€2 €18°81 RZ4 552 SRR T A S 2V AT
€€6°26 L%9°€8 19¢° 9L0°S9 U6L°SS  40S°9% 198°1% L12°L€ %15°2€ 1€6°LZ BB8Z°€Z 9%9°81 000°%1 %S€°6  SGL®%
96L°16 065°28 €2% 962°%9 680°SS 226°GS% BEE1Yy SSL°9€ 1LI°2€ LHS°LZ €00°€Z 614°81 HE€B° €1 L1%2°6 959°%
011°06 601°18 601°2L 601°€9 £01°%S 801°6H 809°0% 8O0T°9€ L09°1€ 901°L2 $09°22 4%01°81 209°€1 840°6 68S° 4
¢10°68 €21°08 %€C°TL SYE°29 GS%°CS 995°%% T121°0% 9L9°G¢ 1€2°1€ 98L°92 1%€°22 G68°L1 B%% €1 666°8 €95°y 0
199°L8_ 168°8L C%1°0L 06€°19 6¢9°26 688°€% €15°6€ BE1°SE 2Z9L°0E 98£°92 C12°22 €E9°LT  9G2°€1 618°8  18%°% ¢
818768 LUE°LL SEL°89 €91°09 T16G°1S 610°€% E€EL°BE 944 %€ G91°0€ €18°62 985°12 86Z°L1 600°€1 “L1L°8 914 0°

S

4]

S

961748 CEE°9L  118°L9 60%°6S 9%6°0S 98%°Z% €SZ°BE 120°%€ 68L°6Z LSS°SZ GSZE€E°1Z 260° L1 1S8°21  619°8
DEGTE8  961°G) €98°99 62S°85 S61°0S 098°1% €69°LE SZS°€E€ 8SE°6Z C61°SZ 120°T2 268°9T 189°21 905°§

L€0°¢8 9GH°€L TL9°S9 0b%Y°LG LOE°6% %21°1% 2€0°L€ 0%6°2€ BYB°82 9SL°%2 £€99°02 695°91 €1%°21 €l€°8

6
8
1
9
9
s°s
€00°18 926°2L 8%8°%9 111°95 £€69°8% 9€S°2€ 969°82 95 42 CS1%°02 €L€°91 62€°21 182°8 s
___4%8°6L %88 1L _426°€9 _%96°SS 402°8% , 280+2€ 101°82 611°%2 LE1°02 »S1°91  891°21 111°8 6%y
€€S°8L LOL°OL 6g8°Z9 €SC°SS 9227l B6E°6C %8%°SE  695°T€ $S9°LZ 6E€L°€Z €28°61 906°S1 986°11 190°8 94
—_ 19054l 99€°69 169°19 S10°%S 0YE°9% €99°8€ SZB°%E 986°0f L91°L2 LOE"€2 L9%°61 §29°61 08L°11 626°L €y
9TETSL S28°L9 ZE°09 €28°2S 22ETSY 028°LE 890°%E 91€°0f  %96°92 118°22 LS0°61 20€°S1 €%6°11 gls°L 0°Y
£€0°%) %99°99 S62°6G  626°1S 65S°4h 481°LE  B6H'€E  218°67 621°92 8€%°22_ €%L°81 650°G1 G9E°11  495°, _8°¢
B6G°2L SL€°S9 161°8S 126705 €0L°€% BLY°9€ 698°2€ 252°62 8€9°62 %920°22 0% 81 06L°»1 891°11 6E6°L 9°¢
_S6670L SE6 9  %18°95 418°6y €51°2% 169°6f 091°2¢ 829°82 S60°SZ 29%°12 120°81 06% 41 646°01 66E°L : veg
£61°69 91€°29 0499°SS €95°8% 689 1% 108 % L9E°1€ 926°L2 S8%°%Z €%0°12 009°L1 €SI1°41 €0L°01 292°L €5i°¢ 2°€
251°L9 989709 9IBTES L¥I°Ly LL15°0% 908°E€E OL%°0f 4HE1°LZ 96L°€Z LS%°0Z L11°L1 SLL*€1 S2%°01 $90°L  419°¢ ot
¥28°%9  Y6E€°BS €96°1S 2€5°Gy  660°6€ 999°2¢ BY9°6Z 0€2°9Z 110°€Z 06L°61 §95°91 2%€°€l 601°01 698°9  6B8S°C 8°2
£v1°29 986°SS 628764 2/9°€n wISTLE  YSE1€  €12°82 161°62 601722 %20°61_L€6°S1_9%8°21 _g%1°6 _ 9€9°9 _ %8%°€ ___ 9°2 _ _
©20°6S  %B1°€S L4y€*l% 60S°1% 0.9°St 0€8°62 B806°92 SB6°€2 19G°12 GE1°81 992°S1 2L2°21 O0€E°6  1L6°9  99t°¢ R
L._Z¥E°5S _£8876Y%  92Z%°%%  996°BE ZOS°€E L€0°8Z Y0E°SZ 696°2Z 2€8°61 260°L1 6%€°41 JC9°11 148°8  29C°9  O0€2°€ 2 2
9%6°0S  1%6°S% 6¢6°0% L26°SE 9160 €06°S2 %6€°€Z €88°02 0L£°81 4S8°ST €€€°€1 ,08°07 €92°8  169°S  69C°€ 0°2
-E1928Y 0L9°Eh 626°8E BIITHE 629762 9L9:%Z 162°22 916°61 ZESTL1 wy1°ST 1SL°Z1 64601 €€6°L  68%°G  816°2 6°1
C19°6%  LST°1v €O0L°9€ 9%2°2¢ 98L°LZ 12€°€2 980°12 6%8°81 B809°9T 29€°%1 011°21 648°6 0i6°L  192°S 8.8 2 8°1
£69°2% G9€°BE 4€2°%€ 191°0€ 996767 028°12 S%1°61_ 2199°41_ 985°S1 86%°€1 €0%°11  162°6  141°Z 110°G  89.°2 Lo
110°6€  L92°S€E Cgv 1€ OIL*LZ %€6°€Z 061°07 %S2°81 GSSE°91 0S4 %1 6€5°21 619°01 Sg9°8  0¢L°9  wEL°%  949°Z 9°1
—..EO126E ISL 1€  %6€782  2€0°SZ €99°12 S82°81 065°91 168°%1 981°gl 2.%°11 8%.°6  1C0°8  0%2°9  l2%°% 215°2 s°1
ZOL°0E  918°LZ 426°%Z SZD°2Z LT1°61 961791 82L°%1 SSZ°€1 %L2°11 282°01 1L1°8 262°L 969°S  180°% €9€°2 b1
——LEL75Z 28e°€2 610712 L%9°81 192°91 LSB°€1 9%9°21 129°11 161°01 SS6'8  S69°L  11%°9 _ 060°S  80L°€  961°7 €1
€91°0Z Z1%°81 699°91 TI8°»1 %L0°€1 2S2°11 BZE°0T €6€°6  9%%°8  18%°L S6%°9 615°C 61v°s 182  5l0°2 z°1
€£0°%] 166°21 858°11 9€2°01 986°6  20%°8  26L°L _ 691°L  £25°9  198°S  6L1°S _ 4G64%°%  819°¢  028°2 108°1 ) & S
99L°L  9S€°L  €26°9  29%°9  196°S  82Z%°S  6EL°S  €€8°%  L0S°%  961°%  GIL°E  HSE € 9.8°Z 80t 895 1 o1
— 16872 0%9°2 LL9°2 001" 20L°Z  S19°Z L%9°Z 109°Z  0SS°Z _ €1%°2  GLE'Z  0gz"z  8€0°Z  6SL°1  60E°T 6°0
¥L2°0  Z9€°0  €25°C 1250 L€9°0 111°0  4%8°0  616°0  966°0  2.0°1 2%1°1 861°1  122°T ~861°1 120°1 8°0
—--£00°0 90670 = 11C°y _ 22970  140°0  810°0  901°0 _€41°0  261°0 95270 8€E'0 6€%°Q 9560 S.19°0 _ 62.°0 24°0
000°0  000°0  000°0 ~ 0€0°0  070°0 100°0 200°0 $00°0 Ql0°0 620°0  0%0°0 610°0 0S1°C 2.2°0 ~ '8£4°0 9°0
700°0  00C°g  000°C  060°0  J03°0  000°0  000°0  00C°0 _ 000°0 _000°0 100°p  %00°0 §10°0  8S0°0 S61°0 [
0°001  0°06 6 08 0°0Z 0°09 0°06 0°gY 0°0% 0°5¢ 0+0¢ 0°%2e 0°02 0°61 0°01 0°s o/
e\a/®

panunuod—III HTIVL



175

SCALE ESTIMATION OF UNEQUAL GAMMA COMPONENTS
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