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0. Summary. In this paper is studied a technique based on samples of the form
N, Xi, X,, -+, Xy where N has a Poisson distribution, and each X; has the
same continuous distribution function. Such samples, rather than fixed number
samples, are appropriate for fixed time period observations where the number of
occurrences is a Poisson variate, and are used in biology, insurance, and tele-
phone engineering. We shall introduce a one-sided Kac statistic which is similar
to the one-sided Kolmogorov statistic, derive forms for its finite dimensional and
asymptotic distributions, find a lower bound for the power of the test, and prove
that the test is “modified”’ consistent. Tabulations of the distributions will be
given.

1. Introduction. Let N, X;, X, --- be independent random variables, N
having a Poisson distribution with mean \ and each X; having the same continu-
ous distribution function F(y). Let ¢, (z) be 0 or 1 accordingasz > yorz < y.
The modified empirical distribution function was defined by M. Kac [6] as

(1.1) Y (y) = 37 2 v(Xy), —o <y <

where the sum is taken to be zero if N = 0. Notice that it is possible for F*(y)
to exceed one. The statistic analogous to the one-sided Kolmogorov statistic [7]
is LUb._cyen [F(y) — Fa*(y)]. Since Fr*(y) was first studied by Kac, we shall
refer to the statistic as the one-sided Kac statistic. Using Kolmogorov’s result,
Kac notes that as long as F(y) is continuous, the distribution of the statistic is
independent of F(y). Hence we will confine our attention to the simple case
Flz) =z,0=z=1.
A random sample will determine an upper confidence contour:

(1.2) Fr(y) = min [F\*(y) + ¢, 1].
2. The distribution of the one-sided Kac statistic. We will now derive an
explicit form for
(2.1) Pr(e) = P{F(y) S Fre(y), —» <y < «}
= P{lub._weyc [F(y) — Fr*(y)] = o).

The analysis relies on a result for the one-sided Kolmogorov statistic obtained by
Smirnov, [9], and Birnbaum and Tingey, [2]. If n is a positive integer, and ¥; <
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Y, = = Y, are the order statistics corresponding to X;, X, y ey X,
let

Faa(y) =0, y< I
(2.2) =k/\, Yi=y<Yen,b=12 -, n—1

= n/\, y=Y,

Thus F.\(y) = (n/\)F,(y), where F,(y) is the ordinary empirical distribution
function. We will also let

(23) Fn,)\,e(y) = min [Fn,)\(y) + €, 1] 0<e= L
Tueorem 1. For N, X;, X,, --- subject to the previous conditions, and

0<e=1,

(2.4) Py(e) = 1 — ex 279 [(he + 7)FYj11e

Proor. By the independence of N, X;, X,, --- and the distribution free

property,
Pr(e) = 270 P{N = n}
(2.5) Ply = min (1, N 259X + 0,0 <y 5 1)
= 20 Ne/nlPly S Fape(y), 0 <y < 1),

Now Ply = Fane(y),0 < y < 1} is the probability that the ordered sample
Yi,Yy, .-+, Yyisintheregion ¥; S e + (j — 1)/\, 5 = 1, 2, -k + 1,
Y;=1,j=k+2, - ,nwherek = max {[\(1 — €)], n — 1}. This probability
may be calculated by slightly changing the analysis in [2] to handle the extra
parameter A, and one obtains

(26) Ply = Fapre(y),0 =y < 1
=11 = e 2057 = e = G/ + (/).

After substituting the resulting expression in (2.5), and interchanging order
of summation and summing on n, we obtain (2.4).2

3. The asymptotic distribution. The asymptotic distribution of the one-sided
Kolmogorov statistic has been found by Smirnov [8] to be

limyoe P{LUD. iy (F(y) — Foly)) < a/nl} = 1 —

The analogous theorem for the one-sided Kac statistic is:
THEOREM 2. For N, X1, X, - -+ subject to the previous conditions,

* The authors gratefully acknowledge the help of the referee in simplifying earlier forms
of (2.4) and (4.1). An earlier and completely different derivation of (2.4) appears as Theorem
5 in Takdes, L. (1965), Applications of a ballot theorem in physics and in order statistics,
J. Roy. Statist. Soc. Ser. B 27 130-137. The present method is also used in Section 4.
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litn,e P{LUb._wcy<w (F(y) — F*(y)) < a/N})
(3.1) =12/2r)] [¢ e du, « =0
= 0, a <0.

Proor. One can slightly modify the analysis of Kac [6] for the asymptotic
distribution of the two-sided statistic. Since the probability on the left side of
(3.1) is independent of F(y), it will be sufficient to let F(y) = y,0 < y < 1.
Consider the process

(3.2) a(y) = Ny — X7 2 w(X)), 0=<y=1,

with independent increments. Without loss of generality, we will consider the
separable version of the process. Using the distribution-free property, (3.2),
separability, and the monotonicity of the sets, we obtain

limy,eo P{LUD._wcycw (F(y) — Fr*(y)) < a/AY
(33) = limx_m P{lim,.m l.u.b.lgkégr x)\(k/2r) § 0[}

= Tit ey Jimyosey P{lWb.y <o <or 20 (5/27) < ).

Using the fact that the xx(y) process has independent increments, by similar
reasoning to that of Erdds and Kac, [4], one obtains

(3.4)  limy,e lime,e P{lub.yci<or 2a(k/27) < o}
= P{lubo<uciz(u) < o}

where {z(u), 0 < u = 1} is the Wiener process. The conclusion follows from
a well-known result about that process. (See [3], p. 392.)

Remark. Thus for large \, we can evaluate Py(¢) = 2F(a) — 1 where ¢ =
a/ )\%, and F'(a) is the area to the left of & (e = 0) under a standardized normal
curve. We shall see in Table 2 that even for N = 25, the true and asymptotic values
are close together. In many practical situations, X\ would exceed 50 for an ap-
propriate observation period.

4. The power and consistency of the one-sided test. Let F(z) be a continuous
cumulative distribution function of a random variable X, and F,\*(z) be the
modified empirical distribution function. We shall test the hypothesis that
F(x) = 6(z) against the alternative F(z) = ¢(x), and obtain a lower bound
for the power for the alternative such that sUp_q<z<. (8(z) — ¢(z)) = & where
0 is preassigned and positive.

We consider the class C' of continuous cumulative distribution functions F(z).
Assume that ¢(z) ¢ C and that 6(z) & C'; then a test of size « is made by choosing,
for a given A, the e corresponding to 1 — « in Table 1, obtaining an ordered
sample Y1, Y2, ---, Yy, and rejecting 6(x) if and only if 8(z) < F\*(z) + ¢
fails to hold for all z. The power of this test is the complementary probability to
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P{o(z) < F\*(x) + e for all z; ¢(z)}
= 2 7= P{8(z) = Fon(z) + e for all z; ¢(2)} P{N = n}.
Modifying the analysis of Birnbaum [1], it is easy to show that
(4.1) Power = D o D im0 (\"¢ /1) (Pue’ (1 — uo)™ ™"
= Z'f.,o e (o) /4!

where 4o = 0(x) — 9§, zo is determined by 6(x) — o¢(x) = 8, and
k= N8(a) — o).
©»The test based on the one-sided Kolmogorov statistic is consistent. (See
Birnbaum [1], and Wilks [10], p. 440). If we use the phrase “modified consistent’
to indicate the limiting value of the power as A — o, the test based on the one-
sided Kac statistic is modified consistent.

THEOREM 3. For N, X;1,X,, ---, ¢(x), 0(x), 8, a, and e subject to the previous
conditions, limy.., P{8(z) > F\*(z) + e for some x; ¢(z)} = 1.

Proor. As in [1], and [10], we shall assume uo = (6(z,) — &) > 0. Let 8 > 0.
For fixed a, with Py(e) = 1 — @, limy,. ea =0. Hence it is easy to find A; and
a positive constant ¢ independent of X\ such that A > A; implies that

(4.2) NB(20) — &)]/Muo = 1 + c.
By (4.1) and (4.2), for A > Ay,
(4.3) P{6(z) > F\*(z) + e for some z; ¢(z)} = P{X =< (1 + ¢)\uo}

where X has a Poissozn distribution with mean Muy. There exists A, such that
I = [$32% (27)7% " dy > 1 — /2. By the limiting distribution for X , (see,
for example, [5], p. 230), there exists A; such that A > max (A, , A;) implies that

(44) P{X = (14 )M} = P{(X — Muo)/(Ouo)t £ c(Aguo)}

zI—g/2

Hence for \ > max (A1, Az, As), P{6(z) > F\*(z) + e for some z; ¢(z)}
= 1 — B. Since 8 was arbitrary, the result follows.

5. Distribution tables. Tables 1 and 2, except for the asymptotic values of
Table 2, were computed on an IBM 1620 digital computer using Formula (2.4).
Twenty-five places were kept in the calculations. The results were then rounded
to five places, giving an error estimate < 5-107°.

Table 1 also serves for lower confidence contours since

P{glb. wcycw (F(y) — 1\*(y)) = —¢} = Pa(e), 0 <e< 1.

Table 2 indicates the convergence of the true distribution to the asymptotic
distribution. The oscillatory nature of the convergence is caused by the jumps
occasioned by the upper limit of summation, [\(1 — ¢/ A1

These tables can be used to determine an upper or lower confidence contour
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for an unknown F(y), or in testing the hypothesis that the sample is from a
specified distribution.

Two-sided statistic. The authors are currently working on the two-sided Kac
statistic: Lu.b._wcy<w |[F(y¥) — Fr*(y)|. The corresponding asymptotic distri-
bution was derived by Kac in [6].
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TABLE 1
Py(e) = B
A
¢ 5 10 15 20 25 30 35
.001 .00187 .00258 .00314 00361 .00402 00440 .00475
.01 .01859 .02571 .03125 03595 04010 04386 04732
.025 .04621 .06388 .07763 08926 09953 10881 11735
.05 .09146 .12629 .15325 17597 19982 21739 23353
.075 - .13564 .18692 .23386 .26555 29345 32366 34601
.1 .17868 .24551 .30583 34623 38859 41901 45241
.125 .22051 .31669 .37402 43159 47977 .51355 55066
.15 .26106 .37256 45177 50270 55574 .60056 63914
175 .30029 .42553 .51263 57973 63390 67883 71677
.2 .33817 .47549 .56876 63892 69423 73903 77598
.225 .41218 .54587 .63697 70454 75677 79816 83151
.25 .44931 .59032 .68364 .75090 81109 84775 87658
.275 .48465 .63142 74303 80348 84804 88820 91209
.3 .51823 .66928 .77969 83753 88681 91450 .93921
.325 .55009 73045 .81194 .87702 91814 94008 95927
.35 .58025 76137 .85553 .90035 93672 95931 .97360
.375 .60876 78927 87877 92802 95644 97330 .98348
4 .63568 .81436 .89869 94287 96714 98085 .98873
.425 .71636 .86046 .92720 96086 97857 98812 .99335
.45 .'73916 .87889 .94024 96958 98659 99292 .99623
.475 .76032 .89512 .95976 .98038 99030 99596 99795
.5 77993 .90936 .96758 .98508 99431 99729 .99894
.55 .81489 .94805 .98407 .99331 99780 99927 .99975
.6 .84473 .96265 .99015 99729 99924 99978 99994
.65 .91487 .98196 .99588 .99902 .99984 99996 .99999
T .93092 .98756 .99851 .99969 .99996 .99999 1.00000
.75 .94404 .99525 .99956 99992 .99999 1.00000 1.00000
.8 .95473 .99686 .99976 .99998 1.00000 1.00000 1.00000
.85 .98574 .99916 .99995 1.00000 1.00000 1.00000 1.00000
.9 .98889 .99947 .99999 1.00000 1.00000 1.00000 1.00000
.95 .99135 .99993 1.00000 1.00000 1.00000 1.00000 1.00000
.99 .99292 .99995 1.00000 1.00000 1.00000 1.00000 1.00000
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TABLE 2
Pi(e/N) = 8
PN PN

¢ 25 30 35 limee 25 30 35 limaew
025 .02009 .02006 .02004 .0200 .825  .60751 .60242 .59900  .5906
.05 .04010 .04005 .04002 .0398 .85  .62087 .61582 .61958  .6046
075 .06002 .05995 .05991 .0598  .875  .63390 .62801 .63273 .6184
.1 .07983  .07976 .07971 .0796 .9 64661 .64168  .64556  .6318
125 .00953  .00945 .00941 .0996  .925  .65899  .66265 .65807  .6450
15 11910 .11903 .11809 .1192 .95  .67105 .67478 .67025 .6578
175 .13854 13847  .14042 .1390  .975  .68280 .68658  .68212  .6706
.2 15783 .16041 .16000 .1586 1.00  .69423 .60807  .69368  .6827
.225  .18050 .17987 .17943 .1782 1.1 74606 74038  .74308  .7286
.25 .10982 .19915 .19869 .1974 1.2 78442 78699  .78906  .7698
275 21805 .21825 .21778 .2168 1.3 82667 .82781 .82212  .8064
3 23780 .23717  .23669 .2358 1.4 .85466  .85595 .85710  .8384
325  .25662 .25589 .25540 .2548 1.5 .88681 .88686 .88136  .8664
.35 .27515 .27441 .27776 .2736 1.6 .00663  .90685 .90723  .8004
375 .20345 .20740 .29628 .2924 1.7 .02079  .02008 .92878  .9108
4 31153 .31582 .31458 .3108 1.8 .04304  .94256  .04241  .0282
425 .33576  .33391 .33265 .3202 1.9 .05881  .95772 L0571l  .0426
.45 .35363 .35175 .35047 .3472 2.0 06714  .06632 .06588  .9544
475 37125  .36934 .36805 .3652 2.1 07724 .97610 .97541  .0642
.5 .38850 .38667 .38538 .3830 2.2 .08215  .98350 .08260  .0722
525  .40567 .40374 .40784 .4004 2.3 .08821 .98723  .08660  .0786
55 42247 42710 .42480 4176 2.4 .09092  .99155 .99091  .9836
575 .43808 .44380 .44148 .4348 2.5 .09431  .09357  .99308  .0876
.6 45522 .46020 .45788 .4514 2.6 .99560  .09594  .09549  .0006
625 .47977 .47631 .47309 .4682 2.7 .00745  .09696  .99662  .9930
65  .40558 .49213  .48980 .4844 2.8 .00811 .99818  .09789  .0048
675  .51100 .50764 .50532 .5004 2.9 .00895  .99866  .09872  .09062
K 52628 .52285  .52708  .5160 3.0 .00924  .09024  .99907  .9974
725 54117 .53775  .54200 .5316 3.1 .90961  .99945  .09946  .0980
75 .BBBTA .5G028  .55679  .5468 3.2 .09972  .99971  .99962  .9986
775 57000 .57465  .57117  .5618 3.3 .09987  .09985  .99979  .9990
.8 58304 .5886O  .58A24  .5762 3.4 .09991  .99990  .09980  .0994




