QUASI-LINEARLY INVARIANT PREDICTION

By J. Tiaco pE OLIVEIRA
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1. Introduction, the geometry of the problem. Consider a sequence of random
variables X3, -+ -, Xn , Xn41,. - - , Xman from which we have observed the first n
and we want to predict the value of some known function of the next m random
variables. o

Let us suppose that the distribution of the random sequence is known except
for parameters of location and dispersion (A, 8) (—o <A< +®,0<§< +®);
this is a restricted but important case, which, in some applications, may be very
useful. We will also suppose that ‘the known function ¢(Xns1, *++ , Xnim) of
the next m random variables about which we want to predict is quasi-linearly
tnvariant, that is,

oM + 8Xnt1, o, N F 8Xoim) = N+ 8o(Xapa, -+ 0y Xaim).

Examples of such functions are the order statistics, and linear combinations

of the order statistics.

Let us suppose that the process has a density and the function ¢ is continuous.
Denote by (1/6"™)&((z1 — N)/5, -+ -, (zn — N\)/8; (2 — \)/8) the likelihood of
the random vector (X1, -+, X, ; Z), where Z = o(Xn11, -+, Xntm). Our
purpose is to obtain mean-square predictors and prediction regions for Z, which
will be quasi-linearly invariant.

Let R™™ denote (n + 1)-dimensional real space. As Z must be quasi-linearly
invariant the points (21, -+, 2. ;2) and (A 4+ 821, -+, N + 82, ; X + 82) are
in correspondence by the quasi-linear group of transformations x — N + oz
acting in ™.

The equivalence relation introduced by this group splits R"** into equivalence
classes which are the half-planes of a bundle, whose axis is the linez, = --- =
z, = z. Bach of the half-planes can be described by a system of quantities

G=(m—2)/(B—2), b= (2 —2)/(B2— @), §=(2—2)/(22—m)
invariant under the quasi-linear group acting on R"™.

2. Best predictors. We now consider the problem of finding a best quasi-
linearly invariant predictor, p(z1, - -+, @), where the loss function is given by

(Z - p(xly Tty xﬂ))2'
If p(x1, ---, x,) is an invariant predictor, write h(%&, ---, &) = p(0, 1,
£, -+, &). Also, define u(&, -+, &) by

wlEs, oy &) = [Iodeee™(&, o, & O/ [T di8 (&, o, B ©)
Where,B*(Es, cer L l) = f{”’"dbb”’L1 ff: daL(a,a + b,a 4+ bt , -+ ,a + b,
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a + bg).

Tor 2; < 22, the mean square error can be written
O X2 JISk = Bk, oo, BV - dBdEET (&, o G ).

Using variational methods or writing ¢ — h(&, --- , &) as¢ — w(&, -+, &) +
u(ks, ~++, &) — h(&, -+, &), we see that the mean square error is minimized
(for m1 < x2) by k(& , -+, £a) = u(&s, -+, &). Thustheleast squares predictor
(for &1 < ;) is given by

pH(x1, -, Tn)
= a1+ (22 — z)u((ws — 21)/(T2 — 1), -+, (T — 21)/ (%2 — 1)).

The same result is obtained for x; > z; so that the minimum mean square error
predictor is p*(21, -+, ®.). Another form for p*(xr, +-v, xa) is

p*(a1, o, @) = [T dB™ [I2do [12 deal(a + Bor, o+ s @ + 2a s +62))]
qJe dsgm [12 da [5 de8(a + Bar, -+ 5 a4 Bras a4 B2)]7

Note that this predictor has a constant mean-square error although 6 is in
evidence when we pass to standard (§ = 1) units.

We remark that the methods developed here are similar to the ones used by
Pitman (1939) for the search of estimators and tests with location and disper-
sion parameters.

In the case where the likelihood function can be written £(x1, «++ , Za ;2) =
&(z1, -+, T.)g(2), the formula for p*(xy, -+, x,) becomes

pH(ar, e wa) = [T 88" [I2 doB(a + Bri, -, @ + Bu)(p — a)]
e ag” [1e daf(a + Brr, oo, 0 4 Bra)]T
where p = [¥229(2) de. " ‘

3. Prediction regions. We now want to find a quasi-linearly invariant predic-
tion region for Z. Recall that a prediction region is determined by a function
e(21, -+, T, ; 2) taking the values 0 or 1 (randomization is not necessary for
the problem under consideration). For fixed @1, -+ , @n, if @(@1, « -+ 2 ;2) = 1,
then z is in the prediction region determined by ¢, otherwise, z is not in the pre-
diction region. Attention is restricted to quasi-linearly invariant functions ¢,
that is, functions ¢ which satisfy ¢(a + by, +++, @ + bxa ;0 + b2) = o(71,

s Tn 3 2).

Let o denote the desired prediction level. We set ourselves the task of deter-
mining an invariant function ¢ whose prediction level is w such that the following
quantity is minimized:

W(e) = 6 [X20f22 - [Z267"&((m — N)/8, -+, (@ — N)/0)
"P(xly e 3xn;z)dx1 o dxn]dz

where &(z1, -+, &n) = [Tod2@(x1, +* , Tn ; 2).
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The function W(¢) is easily interpreted as the average linear measure (in
standard units) of the prediction region determined by ¢. Thus we want to
minimize W(¢) over invariant functions ¢ subject to the condition that

o [ETe((3 = N) /8, e, (3w — N)/8; (2 — N)/8)
o1y o T 2)dey - doa de = w.
The substitutions used previously yield
W(e) = [12-- [Idty -+ dtndie(0,1, &5, -+, £ §)
(f3 abb™ ™ [12 da%(a,a + b, a + b, -++, 0 + biw))
and
0= I3 [I2dk - dtadie(0, 1k, 4 603 )
(f5° dbb" ™ [LZdag(a, a + b, a + bs, -+, a + bEa; a4+ BF)).
Using the Neyman-Pearson lemma, the optimum ¢, say ¢*, takes the value 1 on
the set of (&, -+, & ; {) where
J&= dvb™ (12 dag(a, @ + b, @ + bEs, -+, @ + bt a + bF)
=k [ dbb"t +°°da33(a,a 4+ b,a+ bts, -+, a+ bt,)

where k is computed so that the prediction level is w. In terms of the original
variables, *(21, +++, T, 2) = 1 on the set where

3 dgp™™ [X2dag(a + B, -+, @ + Bra; @ + B2)
2k [37dps"" [12 daB(a + Br, -+, & + Ba)

Let us now compute some examples: The one-step predictors in the normal,
exponential and uniform independent random sequences are, respectively
p*(x1, v, %) = £ (Z having the usual meaning)
p*(21, -+, %) =1+ [(n — 1)/n](l — ) (I being the observed minimum)
p*(@1, @) = (L4 u)/2 (u being the observed maximum).

The prediction region for the normal independent sequences is, as obtained before
by Hickman (1965) (s being the sample standard dewatlon) |(z — 2)/s] = c.

In the case of existence of sufficient statistics for A and & (A and §) the mean-
square invariant predictor is of the form X\ + ™ (7 a constant) and the best
prediction regions are easily expressed in terms of A and 3.

As a final remark we note that those techniques can also be used for the case of
only translation invariance (only a location parameter) or homothetic invariance
(only a dispersion parameter)
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