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BALANCED INCOMPLETE BLOCK DESIGNS

By P. U. SURENDRAN
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1. Summary and introduction. The study of common treatments between
the blocks of statistical designs is not new. The block structure of BIB designs
was most exhaustively studied by Connor [4], Shrikhande, Trehan, Chakrabarti
[5] and others. Connor [3] extended this search to symmetrical Group Divisible
(GD) designs restricting himself mainly to regular and semi-regular cases. Roy
and Laha [6] were interested in partially balanced designs which are of the LB
type. This paper deals with the study of treatments common to blocks of certain
PBIB designs which are Kronecker product of certain known designs.

The credit for showing that the Kronecker product of two BIB designs has the
association scheme of the rectangular type goes to Vartak [8]. In Section 3 of
this paper we have obtained the matrices of characteristic vectors of the treat-
ment characteristic matrix NN’ of designs having rectangular association scheme.
These are then used to set up bounds for the number of treatments common to
any two blocks belonging to a group of blocks of the designs which are PBIB
with three and two associate classes obtained by taking the Kronecker product of
two BIB designs. Also the limits to the number of treatments common to some
two blocks of a singular GD are determined.

2. Rectangular association scheme and the PBIB designs. Let us suppose
that we have v = v, treatments arranged in v; rows and v, columns. Correspond-
ing to any treatment take as its first associates the remaining treatments in the
same row as itself. Also take as its second associates the remaining treatments in
the same column as itself. The remaining treatments are taken as its third associ-
ates. This then constitutes the rectangular association scheme. If treatments are
now arranged in b blocks each of size k < v such that (i) each treatment is
replicated r times (ii) each block contains distinct treatments and (iii) each pair
of 7th associates occur together in A; blocks, we get a PBIB design N with rec-
tangular association scheme. For any PBIB of this type, we have,

(2.1) n = vy — 1, ne = v — 1, N3 = NNa,
and the association matrices are,
By = I(v), By = I(v1) x [E(vy, v2) — I(v2)],
(2.2) By = [E(v1,v1) — I(vn)] x I(v),
and B; = [E(vi, ) — I(n)] x [E(va, va) — I(v2)]; .
where I(p) is the identity matrix of order p, E(p, q) is a p X g matrix whose
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elements are all unity and A x B denotes the Kronecker product of the matrices
A and B. Hence the matrices of parameters of the second kind are,

[0, — 2 0 0

(p}k) = 0 0 v —1 )
| 0 ovn—1 (v —1)(ve — 1) |
0 0 v — 1 ]
(2.3) (i) ={ 0 w—1 0 ,
[0, — 1 0 (nn—2)(1p — 1)
0 1 vy — 2 ]

(pir) = 1 0 v — 2
(e —2 v —2 (v — 2)(v — 2) ]

From (2.2) it follows that if N is a PBIB with a rectangular type of association
scheme,

(2.4) NN’

Il

NoBo + MB1 + NoBs 4 N\3Bs MN=7)
=1I(n) x A + [E(v1,wn) — I(n)] x B
where A and B are square matrices of order v; defined by,
(2.5) A= (r—M)I(v;) +NME(vy,v0), B = (N — M) I(v2) 4+ NE(v2, v2).
Vartak [8] has shown that the roots of NN’ are,
(2.6) o =1k, 6 = 6+ :(hs — Ny),
O = 6; +vo(\ — N3) and 6 =7 — N — A+ N3

with respective multiplicities 1, v — 1,v; — 1 and (v; — 1) (v, — 1).

In general a rectangular association scheme gives a three associate PBIB de-
sign. But, if \; = A3 0or Ny = A3, it easily follows from the definition of GD design
[3], that the rectangular association scheme gives only a GD design. Also if
M = Ng, with the help of Lemma 4.1 of Vartak [7], we see from (2.3) that even
if the association scheme is of the rectangular type the design obtained has only
two associate classes, and in this case 6, = 6. If A, = A\;, we have 6; = 6; ; and
6, = 63 if Ay = A; . These special cases of two associate PBIB designs are implicit
in the rectangular association scheme.

3. Characteristic vectors of NN’. We shall now obtain the characteristic
vectors of NN’ of (2.4) corresponding to its roots given in (2.6). In the rest of
this paper characteristic vector means normalised characteristic vector.

TarorEM 3.1. If P:v X (vo — 1), M:v X (11 — 1) and Q:v X (v; — 1) (v2 — 1)
are matrices of orthogonalised characteristic vectors corresponding to 61, 05 and 6,
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respectively, then
(31) PP’ = (1/v)E(vy, 1) X I(ny) — (1/v)E(v,v),
MM = (1/v)I(v)) X E(ve,vs) — (1/0)E(v,v), and
(32)  QQ =1I(v) — (1/0)I(v1) X E(va, ») — (1/v)E(vy, v1) X I(vz)
+ (1/v)E(v, v).

Proor. Take any v, — 1 normalised and mutaully orthogonal vectors orthogonal
to E(1, v5). Let the v, x (v, — 1) matrix of these vectors be represented by S .
Then,

It

(3.3) S8y = I(v)) — (1/v2)E(ve, va).
Define,
(3.4) P = (1/v)E(v1, 1) x 8.

The v, — 1 columns of P are orthogonal each having unit length, and
(3.5) PP = (1/v)E(v,v) x I(v)) — (1/v)E(v,v).

Let T be any typical column of S; , where T = (#1, -+, t,,) and
(3.6) tid oor 4ty = 0.

The inner product of the first row of NN' and ¥ = (1 /o)E(v, 1) x T, because
of (3.6), is

(3.7) [(r—N) + (= D(Ne — N)Jlo = it

In general, the inner product of the sth row of the v, rows in the first set and ¥’
is @it (¢ = 1, --- , ) and this is true for the remaining v; — 1 sets of v, rows in
NN'. Thus,

(3.8) NN'Y = 4.Y.

Since Y is any typical column of P, (3.7) is true for each of its columns and we
have,

(3.9) NN'P = 6,P.

Since 6; is of multiplicity v, — 1, the columns of P give a set of independent
characteristic vectors corresponding to it.

Next consider any set of »; — 1 mutually orthogonal and normalised vectors
orthogonal to E(1, v;). We shall denote the »; X (v — 1) matrix of these vectors
by Ss . Then,

(3.10) 858 = I(v)) — (1/v1)E(v1, v1).
Define,

(3.11) M = (1/0)8: X E(v;, 1),
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so that
(3.12) MM = (1/vw)I(v)) X E(vs, vy) — (1/v)E (v, v).
If L' = (ug,---, Uy,) is the transpose of any arbitrary column of S,

X = (1/»,)L X E(vs, 1) is of unit length and the inner product of the first row
of NN’ and X is,
(313) [(7' — )\2) + (1}2 — 1)()\1 - )\3)]’“1 = Oyuy ,

for, us + -+ =4 u,, = 0. The relation (3.13) is true for the first v, rows of NN’.
In general we see that the inner product of X and the ¢th set of v, rows of NN is
Ou; (’L = 1, ey, 01). Thus,

(3.14) NN'X = 6,X.
Since X is any arbitrary column of M, we have,
(3.15) NN'M = ,M.

As the multiplicity of 6, is v, — 1, the columns of M form a set of characteristic
vectors corresponding to 6, .

We know that the characteristic vector corresponding to 6, is (1/0})E(v, 1).
Hence if @ is the v X (v1 — 1) (v: — 1) matrix whose columns constitute a set of
orthogonal characteriseic vectors corresponding to 65 , and

(3.16) R = [(1/")E(v, 1) MPQ),
(3.17) RR = I(v) = (1/v)E(v,v) + MM’ + PP’ + QQ'.
Thus from (3.17), using (3.5) and (3.12),
(3.18) QQ = I(v) — (1/v1)E(v1, v1) X I(12)
— (/v2)I(v1) X E(vy, v:) + (1/v)E(v, v).

4. Relation between rectangular association scheme and the Kronecker
product of designs. Let

(4.1) N1:b1,’l)1,7'1,k1,>\1,, Nzibz,vz,rz,kz,)w,

be two BIB designs. Vartak [7] has shown that the Kronecker product
N; x Ny = N isin general a PBIB with three associate classes. He has also shown
[8] that the association scheme of this design is of the rectangular type. The first
kind of parameters of N are, .

(42) b = b1b2 s vV = Vs, r = Trr, k = ]Clkz, n = v — 1
Ny = v — 1, ng = NiNs , M= 7'1>\2/, A = ?”2)\1’, A\ = )\1’)\2'.

Vartak [7] has further proved that a necessary and sufficient condition for the
Kronecker product to be a PBIB with two associate classes is that »; = v, and
ki = k,. This case is then equivalent to taking \; = \; and »; = v, in a three
associate PBIB having rectangular type of association scheme. The parameters
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in this particular case are,
(43) v=uv’, b=0bby, k=k>’ m=2un—1),

ne = (v, — 1) A= and A = M
The case in which A, = \;, when N is a Kronecker product, is obtained if
N, = E(v:, 1) and then it gives a singular GD.

The roots of NN’ expressed in terms of the parameters of the component
BIBD are,

(44) 6o=7rk, 6 =0+oN(r—N), 6 =0+ v\(rn—N) and
5 = (1 — M) (2 — ).

When N is a singular GD, r, — \;’ = 0 and therefore 6; and 6, are zero and,

(4.5) 0 = va(ry — A).

From (4.4) it is evident that N is a three associate PBIB if and only if all roots are
distinet.

5. Common treatments between blocks of N = N; x N:. It is shown by
Connor [4] that if y; is the number of treatments common to some two blocks of
the design N; of (4.1),

(5.1) z; LY S 2,

where

(5.2) x; = max (0, 2k; — vs, ks + N — 1)

and,

(5.3) zi=min [k, s — N — ki + (1/r)(2kAN)] (G = 1, 2).

Hence it is easy to see that if ‘2’ is the number of treatments common to some two
blocks of N,

(5-4) Tl £ ¢ £ kizs .

We shall now divide the blocks of N into b; groups each consisting of v, blocks
and obtained by taking the Kronecker product of any one block of N; and the
matrix N,. By interchange, if necessary, of the blocks of N, any group of
blocks can be made the first in N, and by interchange of blocks of N, , the first
two blocks of N may be made to correspond to any two blocks of N.

It is easy to show that, if Z is a characteristic vector corresponding to a non-
zero root 8 of NN', (1/6')N'Z is a characteristic vector corresponding to the
same root of N'N.

TueoreM 5.1. If Ny and N, are defined by (4.1) and y denotes the number of
treatments common to any two blocks within a group of blocks of a three associate
PBIB design N = N1 x N, then y always satisfies the relation,

(5.5) max (0, a;) <y < min (ke f1),
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where

(5.6) a1 = (k — 6;) — (k>/0:0,) (61 — 65) (ke — ),

(5.7)  fr = (65 — k) + (26:/b6:) (vk — 65) + (1/61)(61 — 05) (ka®/01) (ke + 12)
— (2/0)K + (2/v:0,)eikes?(61 — 65),

and Yz , 2 are defined by (5.1) and (5.3) respectively.
Proor. Let,

(5.8) B = (1/b)(rk — 6:;)E(b, b) + (1/6,)(6; — 65)N'PP'N
+ (1/6,) (8, — 6;)N'MM'N.
Using (3.5) and (3.12),
(5.9) N'PP'N = (1/n)k’E(by, b)) X NJ/'Ny — (1/0)K*E(b, b)
and,
(5.10)  N'MM'N = (1/w)k’Ni'Ny X E(bs, by) — (1/0)K°E(b, b).

The non-zero roots of NN’ — B are all 6; and hence if Y is a real column vector
with » elements,

(5.11) 0<Y(N'N—-BY =6Y'V.
Taking successively
(5.12) Y = (172, —1/24,0,---,0) and Y = (1/2},1/2%,0,---,0)

in (5.11) after using (5.9) and (5.10) in the expression for B, we get y = a; and
¥ = fi. Combining this result with (5.4) we get (5.5).

In general a; and f; have two values. In such cases a; must be given its least
and f; its highest values in (5.5).

ExampLE 5.1. Let,

101010
110
100101
Ni =1 011001 and N = |i(1)(1)ﬂ
010110

be two BIB designs with, by = 6, v, = 4,7, = 3, ks = 2, A/ = 1 and
by =1 =3,1m =ky =2\ = 1. The parameters of N include, b = 18,v = 12,
r=26,k=4,M= 3N\ =2and\; = 1. From (44) we get, §; = 6,6, = 8, and
s = 2. From (5.2) and (5.3) we have, 21 = 0,2, = 1; 2, = 2, = 1. Then (5.4)
gives that the number of treatments 2 common to some two blocks of N satisfies,
(5.13) 0sz=2

Also,

@ =21 and  f; =4 + (11/18).
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Hence from (5.5) the number of treatments common to some two intragroup
blocks is two, and this is exact. It is easy to see that the limits given in (5.13) are
the actual ones.

TurorEM 5.2. If N1 and N, are as defined in (4.1) and if N = N1 x N2isa
PBIB with two associate classes, then the number of treatments y common to some
two blocks within a group of blocks of this design satisfies the relation,

(5.14) max (0, a2) < y < min (k22 , f2)
where

(5.15) ar = (k — 05) — (k:®/v161) (61 — 65) (ke — 72)
(5.16) fo= (8 — k) + (205/b61) (rk — 65)

+ (k/vlﬁl) (01 —_ 03)(3]01 + Ys — 27{3/1)1)

and y» , 2 are defined by (5.1) and (5.3) respectively.

Since the Kronecker product N; x N, is a two associate PBIB if and only if
v = vy and k; = k, and if these conditions are satisfied, 6, = 6; . Making these
changes in the expressions for a; and f; we get (5.15) and (5.16). Combining these
with (5.4) and (5.5), (5.14) follows.

ExampLE 5.2. Let Ny be the same as in the Example 5.1 and N, = N;. Then,
from (4.3) we have,b = 36,v = 16,7 = 9,k = 4, \; = 3 and \s = 1. Therefore,
from (4.4) we get, 6; = 4 and 6; = 6, = 12. Henece (5.4) gives that, if = is the
number of treatments common to some two blocks of N

(5.17) 0<zs2

and these limits are exact.
Also,a; = —4or —Zandf, = 2+ 25 or 3 + (%). Hence from (5.14),0 £ y < 2,
and these limits also are exact.

TrEOREM 5.3. If x s the number of treatments common to some two blocks of a
singular GD design with parameters, b = by, v = vw, , 7 = 71,k = kwe,\y = rand
Ny = )\1', x satisfies the relation

(5.18) k—06=z= (6—Fk)+ (2/b)(rk — 62),

where 0 = v2(7 — Np).
Proor. Let N; be as in (4.1) and take N, = E(v;, 1). Then the only non-zero
root other than 7k of N = N; % Nyis 6, = va(r — \;). Now define,

(5.19) B = (1/b)(rk — 6,)E(b, b).

Then the only non-zero root of NN' — Bis 6, . Taking Y asin (5.12) and proceed-
ing as before we get (5.18).

This paper offers an efficient tool for the discussion of common treatments
between blocks of certain designs which are Kronecker product of known designs.
However the method is not without difficulties. All roots of NN’ and a matrix of
orthogonal characteristic vectors corresponding to each root (except for one) are



1006 P. U. SURENDRAN

to be determined exactly. This may offer some resistance to the easy extension of
this method.
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