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ON UNIQUENESS OF SOLUTIONS FOR
THE STOCHASTIC DIFFERENTIAL EQUATIONS OF
NONLINEAR FILTERING!

By VLADIMIR M. LUcIiC AND ANDREW J. HEUNIS

University of Waterloo

We study a nonlinear filtering problem in which the signal to be esti-
mated is conditioned by the observations. The main results establish path-
wise uniqueness for the unnormalized filter equation and uniqueness in
law for the normalized and unnormalized filter equations.

1. Introduction. An early work on uniqueness for the stochastic differ-
ential equations of nonlinear filtering is that of Szpirglas [15]. The basic view-
point adopted in [15] is to regard the measure-valued stochastic differential
equations of nonlinear filtering as entities quite separate from the original
nonlinear filtering problem, for which one can formulate the notions of solution
(or weak solution), pathwise uniqueness and uniqueness in law, by essentially
adapting these concepts from the theory of It6 stochastic differential equations
(see Section IV.1 of [4] or Section IX.1 of [12]). With these notions at hand, it
is then established in [15] that pathwise uniqueness and uniqueness in law
hold for both the normalized (Fujisaki—Kallianpur—Kunita) and unnormalized
(Duncan—Mortensen—Zakai) filter equations, in the case of a nonlinear filter-
ing problem where the signal is a Markov process which is independent of
the Wiener process in the observation equation and the sensor function in the
observation equation is uniformly bounded.

Our goal is to look at uniqueness for the stochastic differential equations of
nonlinear filtering from a point of view very similar to that of [15], but for a
nonlinear filtering problem in which there is dependence of the signal on the
observations. In fact, we shall look at the specific nonlinear filtering problem
where the signal { X,} is an R?-valued process solving an equation of the form

(1.1) dX,=b(X,)dt + B(X,)dW, +c(X,)dV,,

the R%-valued observation process {Y,} is defined by
t

(1.2) Y, =W, +/ n(X,)ds,
0

and {(W,, V,)} is a standard R%*?:.valued Wiener process [precise condi-
tions on the mappings &(-), B(-), ¢(-) and A(-) will be stated in Section 2]. The
pair (1.1) and (1.2) represents a simple model of a signal and observation in
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which the signal {X,} depends on the Wiener process {W,} of the observation
equation.

Motivated by [15], we shall regard the normalized and unnormalized filter
equations for this nonlinear filtering problem as measure-valued stochastic
differential equations, defined quite independently of the filtering problem,
and will formulate the notions of weak solution, pathwise uniqueness and
uniqueness in law for the filter equations. Our main result (see Theorem 2.21
to follow) establishes pathwise uniqueness for the unnormalized filter equa-
tion, together with uniqueness in law for the normalized and unnormalized
filter equations, subject to reasonably general conditions on the mappings
b(+), B(-) and c¢(-) in the signal equation (1.1), and a uniform boundedness
condition on the sensor function A(-) in the observation equation (1.2). As
will be seen from the discussion of Section 2 (see Remark 2.22) the elegant
semigroup ideas used in [15] to establish pathwise uniqueness do not seem to
extend to the filtering problem represented by (1.1) and (1.2), where the sig-
nal {X,} depends on the observation Wiener process {W,}, and our approach
necessarily involves a different method of proof.

In Section 2 we review the normalized and unnormalized filter equations
for the nonlinear filtering problem given by (1.1) and (1.2), define weak solu-
tions, pathwise uniqueness, and uniqueness in law for the filter equations and
state the main result, namely Theorem 2.21. We also discuss the relationship
of this result with other works on uniqueness for the nonlinear filter equa-
tions in Remarks 2.22, 2.23 and 2.24. Section 3 is devoted to the proof of the
main result, while the proofs of various technical facts and lemmas needed in
Section 3 are relegated to Sections 4, 5 and 6.

2. Stochastic differential equations of nonlinear filtering.

REMARK 2.1. For easy access we first summarize most of the basic notation
which will be used in the sequel:

(i) For a metric space E, let Z(E) denote the Borel o-algebra on E, let
B(E) denote the set of all real-valued uniformly bounded Borel measurable
mappings on E, and, for ¢ € B(E), define the supremum norm by ||¢| :=
sup,.x |¢(x)|. Likewise, write C(E) for the set of all real-valued continuous
mappings on E, and write C(E) for the collection of all members of C(E)
which are uniformly bounded.

(ii) For a complete separable metric space E, let .#*(E) denote the space of
all positive bounded measures on the measurable space (E, A(E)), with the
usual topology of weak (or narrow) convergence. Then .#*(E) is separable
and metrically topologically complete, and Exercise 9.5.6 of [3] shows that a
simple variant of the Prohorov metric turns the topological space .#*(E) into
a complete separable metric space. Also, let Z(E) denote the collection of all
members of .#*(E) which are probability measures. For u € .#7(E) and a
#(E)-measurable and u-integrable mapping ¢ from E into R, write u(¢) or
u¢ for the integral [ ¢ du.
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(iii) For a vector x in a finite-dimensional Euclidean space RY, write x*
for the kth scalar entry of x, V& = 1,..., q, and write |x| for the Euclidean
norm of x, namely |x|2 := Y7_ (x*)2. Also, let C*(R?) denote the set of all
infinitely smooth real-valued mappings on R, and let C3°(R?) be the collection

of all members of C*°(R?) with compact support. Finally, let é'\(Rq ) denote the
collection of all members of C(R?) which vanish at infinity.

(iv) For the positive integers q, r, let R7*" denote the set of ¢ by r matri-
ces with real entries. Likewise, let S7°? denote the collection of all members
of R7*9 which are symmetric nonnegative definite, and let S?}? denote the
collection of all members of S?*? which are strictly positive definite.

(v) For the positive integer ¢, let R?* denote the compact metric space
which is the one-point compactification of the Euclidean space RY.

Now consider a nonlinear filtering problem made up of the following basic
elements:

E.1 A fixed interval of interest [0, T'], with T € (0, co).

E.2 A complete probability space (Q2,.7, P) carrying a filtration {%,,¢ €
[0, T']} such that & includes all null events of (), %, P). Defined on ({, &, P)
is an R?-valued continuous {7 }-adapted process {X,,¢ € [0,T]} and an
R+ yalued {% }-Wiener process {(W,, V,), t € [0, T]} such that (1.1) holds,
where b: R — R?, B: R - R%*% and ¢: R — R%*% are Borel-measurable
and locally bounded functions (i.e., uniformly bounded over bounded subsets
of R%).

E.3 An R%-valued observation process {Y,, t € [0, T]} defined by (1.2),
where A: R¢ — R% is Borel-measurable, with

d; T 9
(2.1) E Z/ (X )|  du | < oc.
k=1"0

Define the observation filtration {Z,Y, t € [0, T]} by

2.2 FY =0o{Y,, uel0,t]}v.#/(P) where ./ (P)
' =[N e 7: P(N) =0).

From Lemma 1.1 of [10] there exists some Z(R¢)-valued {Z,Y }-optional pro-
cess {m,, t € [0, T}, called the optimal filter, which is defined on ({2, 7, P)
and satisfies

(2.3) m¢ =E[p(X)ZY] as. VYte[0,T], ¥ ¢ e BR?).

From (2.1) and Jensen’s inequality we see that

E[dz ' <|hk|)2d}
k=1/0 [m,(IRED]" du | < oo,
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and we can therefore define the R% -valued innovations process {I,, t € [0, T}
by

t
(2.4) If::Yf—frrshkds Vtel0,TLk=1,...,d,.
0

An important property of the innovations process is that {I,, ¢t € [0, T']} is
an R%-valued {7 }-Wiener process [see Theorem VI.8.4 of [13], observing
that the filtration {%,} on page 322 of [13] corresponds to our {ZY}]. Since
{I1,} is continuous, it is necessarily {Z, }-adapted, thus {I,,t € [0, T]} is a
{Z;Y }-Wiener process. Now define m: R? — RZx(d1+d2) by

m(x):=[B(x) c(x)] VEeR?,
and put

d d i
(252) o/ $(x) = Y b (2)0ib(x) +3 ¥ [m(x)mT(x)] "0.0,¢(x)

i=1 i, j=1
VxeRY, ¢ e C®RY;
d
(2.5b) Z,¢(x) := Y B*(x)d;p(x) VaxeR?, ¢ e C°RY), k=1,...,d,.

i=1

For each ¢ € C®(R?) one sees from (1.1), (1.2) and Itd’s formula that the
process

t
(2.6) M? = d)(Xt)—/ oS H(X,)ds, tel0,T],
0
is a square-integrable {.%,}-martingale with
t
2.7) (M¢,Wk)t=/ B,d(X,)du, te[0,T], k=1,...,d;.
0

This observation, together with Theorem VI.8.11 of [13], establishes the
following.

THEOREM 2.2. For the nonlinear filtering problem given by E.1, E.2 and
E.3, the optimal filter {m,, t € [0, T'|} satisfies

¢ ¢ d1
_ k
08 b =md+ [ m(Ad)ds+ [ Llm (k' +540)
— (mh®)(myd)]dIF Ve CX(RD).

The relation (2.8) is known variously as the Fujisaki—Kallianpur—Kunita equa-
tion, the Kushner—Stratonovich equation or the normalized filter equation.
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REMARK 2.3.  Since C°(R?) is dense in C(R), with respect to the supre-
mum norm, it must be convergence determining (see Problem 3.11.11 of [3]).
Now it follows from (2.8) that {=,, ¢ € [0, T']} is a continuous 2(R%)-valued
process, and therefore {7,Y }-adapted. Thus, we can replace 7, 1n (2.3) by Y.

The characterization of {7} given by Theorem 2.2 becomes useful when
some form of uniqueness is established for (2.8). The approach adopted here
is suggested by [15], which in turn is motivated by the results of [16] on
weak solutions, pathwise uniqueness, and uniqueness in law for It6 stochas-
tic differential equations (see Section IV.1 of [4] or Section IX.1 of [12] for a
comprehensive account of these ideas). Taking advantage of the fact that the
innovations process {I,} which “drives” 2.8 is a standard {,Y }-Wiener pro-
cess, we can follow [15] and regard the normalized filter equation as an entity
quite separate from the nonlinear filtering problem, namely as a probability-
measure valued stochastic differential equation driven by a standard Wiener
process, for which one can formulate the notions of weak solution, pathwise
uniqueness and uniqueness in law as follows (compare [15], Definition III.1,
V.1, V.2 and [1], Definition 9.1).

DEFINITION 2.4. The pair {(ﬁ, F, {.91;}, P), (74, ft)} is a weak solution of
the normalized filter equation when:

(1) (SNI F AT, P) is a complete filtered probability space.

(ii) {It, t € [0, T]} is an R%-valued {Jt} -Wiener process on (Q 7, P)

(iii) {7, t € [0,T]} is a 2(R?)-valued continuous {.% }-adapted process
such that

~ T dy
(2.9) P / S [ hE[Pds < 00| =1,
0 p—1
and, for each ¢ € C;’C(Rd ), the following holds to within indistinguishability:

t
Fub = dgd+ [ F(/b)ds
(2.10) 4 -~
+ Y [ [t + B9) — (7R F0)| dTE e 0, T,
k=1"0

REMARK 2.5. The terminology that (Q T AT}, P) is a complete filtered
probability space” will always be understood to mean that (Q 7, P) is a com-
plete probability space carrying the filtration {,/t, t €[0,T]}, and ,/0 includes
all P-null events in &.

REMARK 2.6. In view of Definition 2.4, it follows that {(Q, 7, {%Y}, P),
(m,, 1)} for {#Y, t € [0, T}, {m,,t € [0, T]} and {I,, ¢ € [0, T]} defined by
(2.2), (2.3) and 2.4 is a weak solution of the normalized filter equation.
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DEFINITION 2.7. The normalized filter equatlon has the property o of path-
wise umqueness when the following holds: If {(Q {Jt} P) (7}, T, .)} and
{(Q, T AT}, P), (w2, I t)} are weak solutions of the normalized filter equa-
tion such that ﬁ(ﬁ& = @2) = 1, then

P(al=a2Vte[0,T]) =

REMARK 2.8. For the next definition we shall need the follgwing Llotation:
if ¢ is a measurable mapping from some probability space (2, 7, P) into a
separable metric space E, then ./3(¢) is the probability measure on the Borel
o-algebra #(E) defined by /5(£)(I') := P{¢ € I'} for each I' € #(E).

DEFINITION 2.9. The normalized filter equation~ has the property of
uniqueness in joint law when the following holds: If {(Q}, 7, {%}, P), (7, I,)}
and {(Q, 7,{%}, P), (@, 1,)} are weak solutions of the normalized filter

equation such that £3(7) = £p(7), then the processes {(7;, It), te[0,T]}
and {(#,,1,), t € [0, T]} have the same finite-dimensional distributions.

REMARK 2.10. Under certain conditions one can associate a simpler unnor-
malized filter equation with the normalized filter equation For this purpose

the following additional notation is useful: if (Q {,/t} P) is a complete fil-
tered probability space, {M ¢} is a continuous {./t} -semimartingale, and {7,} is
a locally bounded {Jt} progressively measurable process, then y - M denotes
the stochastic integral of ¥ with respect to M. Also, put

é)(ﬂ)t = exp(ﬂt - %<M>t)

Now let {(Q 7 {F}, P) (7, T, .)} be a weak solution of the normalized filter
equation, and deﬁne

(2.11) Yk.—lk+/7-rhkds Vtel0,T], k=1,...,dy:
1 ~
(2.12) X = g(- > (7h*) - Ik) v telo, T
k=1 t

Since {Tt, t € [0, T]} is a {Z,}-Wiener process, it follows that {Xt, tel0, T]}
is a continuous strictly positive {Jt} local martingale on (Q P) and

1 & ~
(2.13) ==& Y. (#h*) - Y v telo,T].

¢ = t

Define the .#*(R%)-valued process {d,, t € [0, T|} on (ﬁ, F, ﬁ) by
¢

Xt

(2.14) G, = Vte[0,T], ¢ e B(R).
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Hence

k=1

d, N
(2.15)  &,¢ = (7,9) cf(Z(ﬁhk) . Yk> Vte[0,T], ¢ € B(RY),
t
and, in light of (2.9), we see that

d;
(/T S (6, + B, ¢|1* ds < oo) =1 V¢eCPRY)U{1}.

Using Itd’s formula and relation (2.10), we easily arrive at the Duncan—
Mortensen—Zakai equation or unnormalized filter equation: for each ¢ € C°
(R?) U {1} we have

t
Gib = o+ [ 6,(/p)ds
(2.16) o i
+ Y [ auhte+@p)dVE Vie[o, T
k=1"0

REMARK 2.11.  From Remark 2.3 and (2.15) we see that ¢ — o,¢: [0, T] —
R is continuous for each bounded continuous ¢: R — R, thus {,} is a contin-
uous .#*(R%)-valued process which is {7 }-adapted. Moreover, from (2.15), we
see that the random element &, takes values in 2(R?), the set of probability
measures on R?,

REMARK 2.12. If] in (2.15), we use the optimal filter {7, } in place of {7,}

and the observation process {Y,} in place of {17,5} to get an .#*(R%)-valued
and {% }-adapted process {o,}, namely

dy
217 o, = (wtq;)f(Z(whk) - Yk) Vtel0,T], ¢ € B(RY),
t

k=1

then {o,} is called the unnormalized optimal filter for the filtering problem
given by (1.1) and (1.2).

REMARK 2.13. In (2.16) the “driving process’ {?t} is the continuous {9: }-
semimartingale defined on (Q P) by (2.11). Equation (2.16) becomes more
tractable if we can replace P with some equivalent probability measure Q
such that {Yt, t €[0,T]} is an {Jt} -Wiener process with respect to Q To
this end, observe from (2.12) that {(Y,, Z,), t € [0, T]} is a continuous local
martingale on ((Nl, 7, ﬁ), and that, if it is a martingale, then

(2.18) Q(A) =EP[¥;;A] YAcS,
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defines a probability measure (5 on ((~2, 2 ) which is equivalent to the proba-
bility measure P, namely

W

(2.19) P=Q]

.

From (2.11), (2.12) and the Girsanov theorem, it then follows that {(Yt, 9)
t € [0, T']} is a Wiener process on (Q 7, Q).

REMARK 2.14. A sufficient condition on the weak solution {(Q T AT}, P)
(774, T, .)} and sensor. function A(-) which ensures {()(t,./t) t €[0,T]} is a
martingale on (Q P) is that

Eﬁ[exp(% %_1: /OT[ﬁ-shkF ds)i| < o0

(see Corollary 3.5.13 of [5]). In particular, this condition always holds when
h* e B(R), k=1,...,d;.

With the preceding discussion in mind, we next formulate the notion of
weak solution of the unnormalized filter equation, pathwise uniqueness and
uniqueness in law (compare with Definition IV.1 of [15]).

DEFINITION 2.15. A pair {(ﬁ, 7, {,9"‘;}, Q), (o4, ?t)} is a weak solution of
the unnormalized filter equation when:

) (Q {,/t} Q) is a complete filtered probability space.

(ii) {Yt, t € [0, T]} is an R%-valued {Jt} -Wiener process.

(iii) {a,, t € [0, T]} is a .#*+(R%)-valued continuous {.% }-adapted process
such that the random element &, takes values in Z#(R?), and, for each ¢ <
C*(R?) U {1}, we have the following:

(a)

T &
(2.20) (/ Z [6,|h"p + B, 0|]° ds < oo) =1;
(b) The LHS and RHS of (2.15) are indistinguishable.
DEFINITION 2.16. The unnormalized filter equatlon has the _property of
pathwlse unzqueness when the following holds: if {(Q {Jt} Q) (6}, Yt)}

and {(Q = AT, Q) (62, Y )} are weak solutions of the unnormalized filter
equation such that Q(o-0 52) = 1, then

Qo) =7, vtelo,T]) =1
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DEFINITION 2.17. The unnormalized filter equation has the _property of
uniqueness in joint law when the following holds: if {(Q, 7, {7}, Q), (3;, Y )}
and {(Q, 7,{%}, @), (d;, Y,)} are weak solutions of the unnormalized fil-
ter eq_uation such that #5(59) = Z5(ay), then {(o,,Y;), ¢t € [0,T]} and
{(0,,Y,), t €[0, T]} have the same finite-dimensional distributions.

In this paper our goal is to establish pathwise uniqueness for the unnor-
malized filter equation and uniqueness in joint law for both the normalized
and unnormalized filter equations. To this end we postulate the following con-
ditions on the mappings b(-), B(-), ¢(+) in (1.1), and the mapping A(-) in (1.2):

CONDITION 2.18. The mapping b: R? — R? is Borel-measurable, and the
mappings B: R? — R%*% and c¢: R — R%*?% are continuous. There exists a
constant C € [0, c0) such that

max{|b’(x)|, |BY(x)], @)} <Cl1+x]  VaxeR
LJ,

CONDITION 2.19. The mapping ¢: R¢ — R%*?% is such that the matrix
c(x)cT(x) is strictly positive definite for every x € R?.

CONDITION 2.20. The mapping s: R — R% is Borel-measurable and uni-
formly bounded.

We can now state our main result.

THEOREM 2.21. Suppose that Conditions 2.18, 2.19 and 2.20 hold for the
nonlinear filtering problem given by E.1, E.2 and E.3. Then:

(i) The unnormalized filter equation has the property of pathwise
uniqueness.
(i1) The normalized filter equation has the property of uniqueness in joint
law.
(iii) The unnormalized filter equation has the property of uniqueness in joint
law.

REMARK 2.22. Here [15] establishes pathwise uniqueness and uniqueness
in law for the normalized and unnormalized filter equations corresponding to
the following nonlinear filtering problem: the signal {X,} is a homogeneous
Markov process with values in a complete separable metric space E and weak
infinitesimal generator .27, the observation process is

t
Y, = Wt+/0 MX,)du, tel0,T],

where {W,} is an R?1-valued Wiener process independent of the Markov pro-
cess {X,}, and the sensor function 2: E — R% is uniformly bounded and
#(E)-measurable. In this context, by a weak solution of the unnormalized
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filter equation is meant a pair {(ﬁ, 7, {9;;}, é), (G4, ?t)} such that:

(a) ((Nl, F, {91;}, é) is a complete filtered probability space.

(b) {?t, t € [0, T} is an R%-valued {,}-Wiener process.

() {6,, t [0, T]} is a .#"(E)-valued, cadlag (or r.c.l.l.) {}-adapted pro-
cess, the random element &, takes values in Z(E), and sup,o )X
E[|5,1%] < <.

(d) For each ¢ € 2(.7) (the domain of the generator /) one has to within
indistinguishability that

t
G = Gy +/0 5./ b)ds
(2.21) o i
+ Y [ ahte)d¥E,  vie[o,T]
k=1"0

(See Definition IV.1 of [15].) The nice thing about (2.21) is that it includes refer-
ence to just one unbounded linear operator, namely the infinitesimal generator
o/ of the signal process, and the resolvent identity can be used to eliminate
& and rewrite (2.21) in the form

d -
(222 Gb=a(Pb)+ Y. [ G(HP_ ATt vie[o,T)
k=1

where {P,} is the Borel semigroup with infinitesimal generator .o#. There
is complete equivalfznce between (2.21) and (2.23) in the sense that if the
pair {(Q, 7, {7}, Q), (6;, Y,)} is subject to (a), (b), (c), then (2.23) holds for
each ¢ € (/) if and only if (2.24) holds for each ¢ € B(E) (see Théoréme
IV.1 of [15]). Consequently, it is enough to establish pathwise uniqueness for
(2.24) in order to conclude pathwise uniqueness for the unnormalized filter
equation. The advantage of (2.22) is that it involves only the bounded linear
operators {P,}, and this structure makes it possible to establish pathwise
uniqueness for solutions of (2.22) by iterating a simple integral inequality (see
Section V.2 of [15]). Comparing (2.21) with the unnormalized filter equation
(2.16) for the nonlinear filtering problem defined by (1.1) and (1.2), we see
that (2.16) includes two unbounded linear operators, namely the first-order
differential operator %, which results from dependence of the signal {X,} on
the Wiener process {W,} of the observation equation, as well as the second-
order differential operator &7 corresponding to the signal process { X,}. In this
case there seems to be no clear way of adapting the elegant semigroup ideas
of [15] to remove both of these unbounded operators and get an equivalent
equation involving just bounded linear operators. Accordingly, the approach
that we shall use to establish Theorem 2.21(i) is different from that of [15]
and relies on a uniqueness theorem for measure-valued evolution equations
(see Theorem 3.6 to follow).

REMARK 2.23. Uniqueness for the normalized and unnormalized filter
equations has also been studied by [1], [10] and [14] from a somewhat different
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point of view than that taken by [15] and the present work. To see this in
the context of the filtering problem given by (1.1) and (1.2), observe from
Remark 2.12 that the unnormalized optimal filter {o,} solves the Duncan—
Mortensen—Zakai equation, namely for each ¢ € C*(R?) U {1} we have

t
oib=mo + [ o(d)ds
(2.23) o
+ Y [ o(hte+ Byt Vie[o,T).
k=1"0

With this in mind, the following question is natural: suppose that {p,} is some
A+ (RY)-valued, cadlag, and {7, }-adapted process on (Q, &, P), such that for
each ¢ € C®(R?) U {1} we have

t
pib =mob + [ pu(/b)ds
(2.24) A
+ 3 [ plhto+@d)dYt  Vie[o,T)
r=1"0

Does it follow that {o,} and {p,} are indistinguishable? The works of [1],
Theorem 3.1, [10], Theorems 4.2 and 4.7 and [14], Theorem 3.1 provide con-
ditions on the nonlinear filtering problem for which the answer is in the
affirmative. Uniqueness in this sense is useful for the following reason: the
observation process {Y,} is the random data that “drives” the unnormalized
filter equation (2.23), and if we can “nonanticipatively” use the individual
paths of {Y,} as data to compute a measure-valued process {p,} which satis-
fies (2.26) (e.g., by a numerical method) then uniqueness ensures that {p,} is
in fact the desired unnormalized optimal filter {o,}. It should be noted that
uniqueness in this sense can be established for much more general nonlinear
filtering problems than that represented by the simple model (1.1) and (1.2).
In fact, Theorem 3.1 of [1] deals with a filtering problem in which the signal
process takes values in a complete separable metric space (not necessarily
locally compact), the sensor function 4(-) need not be uniformly bounded but
only satisfy a finite-energy condition similar to (2.1), the dependence of the
signal {X,} on the Wiener process {W,} is more general than that given by
the explicit model (1.1), (1.2) (see (1.3) of [1]), and the joint signal-observation
process {(X,, Y,)} is the cadlag solution of a well-posed martingale problem.

The sense of pathwise uniqueness in the preceding paragraph is different
from that established by Theorem 2.21(i), since the candidate solution {p,} of
the filter equation (2.24) is postulated to be adapted specifically to the obser-
vation filtration {%,Y} (in fact, the arguments used in [1], [10] and [14] rely
crucially on this restriction). In contrast, Theorem 2.21(i) establishes pathwise
uniqueness in the more gengral sense of Definition 2.16, W~}1ere the candi-
date solutions {(Q, 7, {%}, Q), (6}, Y,)} and {(Q, 7, {%}, Q), (62, Y ,)} are
defined on an arbitrary filtered probability space, and there is no insistence
that the measure-valued components {5} and {72} of the two solutions be
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adapted to the self-filtration of {?t}. The usefulness of this latter notion of
pathwise uniqueness is that, by an adaptation to the filter equations of the con-
struction of [16], it leads to uniqueness in law for the normalized and unnor-
malized filter equations [see Theorem 2.21(ii) and (iii), and recall Definitions
2.9 and 2.17]. Uniqueness in law turns out to be essential for studying weak
limits and approximations of the nonlinear filter equations by the method of
martingale problems and weak convergence.

REMARK 2.24. Using the method of stochastic flows and backward
equations, [8], Theorem 6.2.8, and [7] establish a form of pathwise unique-
ness for the unnormalized filter equation. Rather restrictive boundedness and
smoothness conditions on the coefficients of (1.1) and (1.2) seem necessary for
this method to work. One should also note that the approach of [15], which is
based on the equivalence of (2.21) and (2.22), finds its inspiration in an earlier
study of pathwise uniqueness for the filter equations due to [6].

REMARK 2.25. A basic property of It6 stochastic differential equations due
to [16] is that pathwise uniqueness implies uniqueness in joint law, so that
pathwise uniqueness is the stronger of the two uniqueness properties. It is
shown in [15] that the basic Yamada—Watanabe argument extends to the
measure-valued filter equations, so that pathwise uniqueness is again the
stronger property [this is how we will conclude (ii) and (iii) from (i) in
Theorem 2.21]. Linearity of the unnormalized filter equation in fact implies
the converse, so that for this equation the two uniqueness properties are actu-
ally equivalent.

THEOREM 2.26. Suppose that Conditions 2.18, 2.19 and 2.20 hold for the
nonlinear filtering problem given by E.1, E.2 and E.3. Then uniqueness in joint
law implies pathwise uniqueness for the unnormalized filter equation.

3. Proofs of Theorems 2.21 and 2.26. The terminology in the next
remark will be useful for dealing with measure-valued evolution equations.

REMARK 3.1. Suppose that E is a complete separable metric space, and
2: 9(2) - B(E) is a mapping with domain 2(2) C B(E). Then {u,, t €
[0, 00)} is an £ (E)-valued solution of the evolution equation for (2, 2(2)),
when (i) pu, € #T(E),V t € [0,00) and py € Z(E); (ii) for each I' € #(E),
the mapping ¢ — u,(I'): [0, 00) — [0, o0) is Borel-measurable; (iii) for each
f € 9(2) we have fOt lns(21)| ds < o0, V¢t €]0,00), and

3.1 il = of + [ m(2P)ds ¥t e[0,00),

Moreover, {u,, t € [0, 00)} is a Z(E)-valued solution of the evolution equation
for (2, 2(2)) when it is an .#"(E)-valued solution with u,(E) =1, V¢ €
[0, 00). The evolution equation for (2, 2(2)) is said to have uniqueness in the
class of .#*(E)-valued solutions over the interval [0, co) when, for any two
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such solutions {u!, ¢ € [0,00)}, i = 1,2, with u} = u2, it follows that u} =
w2, ¥V t € [0,00). The notion of uniqueness within the class of #(E)-valued
solutions over the interval [0, co) has an analogous formulation. Finally, the
preceding terminology adapts in an obvious way to solutions {u,, ¢ € [0, T'|}
defined over the finite interval [0, T'].

PROOF OF THEOREM 2.21(i). We shall need the following result, the proof
of which is given in Section 5.

FacT 3.2. Suppose that Conditions 2.18-2.20 hold and let {(SNI, 7, {9:‘;},

é), (o, 17)} be a weak solution of the unnormalized filter equation. Then, for
every a € (1, co) there exists a constant y(«) € [0, 00) such that

(3.2) EQ[ sup |&s1|“} < y(@).

0<s<

Now fix two weak solutions {((~2, 7, {9‘:}, @), (f, ?t)}, i = 1,2, of the
unnormalized filter equation, such that

(3.3) @[&g - ~g] —1,
and define product measures on (R??, Z(R2?)) by
pi2(, @)= (5 x ), @) V(4 @) €0, T]x Q.

A simple application of the Dynkin class theorem establishes the following.

FACT 3.3. For every I' € #(R%?), the mapping (¢, ®) — w2, @): Q x
[0, T'] — [0, co0) is measurable with respect to the {7 }-progressive o-algebra.

Also put
(3.4) V2T = EQ[uAT)] VT es(R¥), te[0,T].

It readily follows that v}? defines a positive measure on (R2¢, #(R2%)) for every
t € [0, T]. By Fact 3.2,

v2(R*) = E9[(5/1)(571) |

B 1/2 ~ 1/2
(3.5) < (EQ[ sup I&slllzD (EQ[ sup IfffllzD
0<s<T 0<s<T
< y(2) vitel0,T]

This shows that »}? is a positive measure on (R??, Z(R2?), uniformly bounded
with respect to ¢t € [0, T'], while Fact 3.3 with Fubini’s theorem shows that
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the mapping ¢ — v}%(T"): [0, T] — R is Borel-measurable for each I € #(R2?).
Next, define v}1, v?2 ¢ .#(R2?), ¢t € [0, T), analogously to v}? by

(3.6) »(I):=EQ[(6! x 6/)T)] VTe®BRY), tel0,T], i=1,2

In the same way as for »!2, we see that v!! are positive measures on (R??,
#(R??)), uniformly bounded with respect to ¢ € [0, T], and the mappings
t — v}(I): [0, T] — R are Borel-measurable for each I' € Z(R??), i =1, 2.

REMARK 3.4. For mappings f;, 5 € B(R?) define the tensor product of f;
with £, to be the mapping f; ® f5: R2¢ — R given by

f1® fa(x1, %2) i= f1(x1)f2(%2) ¥ x1, %5 € R%.
In view of (3.4) and (3.6), for each f1, f5 € B(R?) we have

(3.7) V2(f1® f2) = EQ[(GLF1)(52F2)],
(3.8) v f1® f2) =EQ(Gi )31 f)],  i=1.2.
From (3.3), (3.4) and (3.6) we see that

vil, v22 and v§? are probability measures on

B(R?*?) and vi! = 122 = v}
Using this fact, we shall establish
(3.10) vil=12 =12 vitel0,T],

(3.9)

from which pathwise uniqueness follows. Indeed, if (3.10) holds, then for each
f € B(R%) we have

ni(fefN=v2(fefH=v(fef) vtelo,T),
and therefore from (3.7) and (3.8),
EQ[(5)f - 62)%] = EQ[(5] F)(5} )] — 2EQ[(5} F)(321)] + EQ[(G2F)(521)]
= (fFRN -2 F)+v(f®f)=0.
Thus, for each ¢ € [0, T] and f € B(R?), we have
(3.11) Qé}f =a2f]=1.

Now G(Rd) equipped with the supremum norm | - || is separable. Thus, from

(3.11), for each ¢ € [0, T'] there is a @-null event N, € & such that, for each
& ¢ N,, we have

(3.12) @) =62(&)f Y feCRY.
But a(le) separates bounded positive measures on Z(R?) (see Problem 5.4.25

~

of [5]), thus (3.12) establishes @[} = 7] = 1 for each ¢ € [0, T]. Now
Theorem 2.21(i) follows from the fact that {¢;, ¢t € [0, T']} are continuous
(recall Definition 2.15).
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It therefore remains to establish (3.10) in order to prove Theorem 2.21(i).
To this end, for each x;, x; € R4 define the 2d x 2d matrix a(x,, x;), the 2d
vector b(x, x5), and the real number A(x;, x5) by

T
(3.183a)  a(xy, x9) := |:cc (xy) O :| N |:B(x1)

0 ccl(xs) B(x,)
bxy) + B(xl)h(xz)}
b(xg) + B(xg)h(xy) |

}[BT(xo BT(xy) .
(3.13b) Z)(xl,xz):=|:

d;
(8.18¢)  h(xy, x9) := Y AF(x1)h*(xy).
k=1

Observe that the matrix a(xy, x,) is symmetric and strictly positive definite
(see Condition 2.19), and let .27 be the second-order linear differential operator
corresponding to the matrices a and b, namely

2d 2d
A P(x) = Y b (x)d;p(x) + 5 Y a¥(x)3;0,;p(x)
i=1

(3.14) i, j=1

v ¢ € C°(R??), x e R*.

From (3.13a), (3.13b), Conditions 2.18 and 2.20, there is a constant K € [0, c0)
such that

(3.15) max|bi(x)| < K[1+ |x|]], max|a¥(x)| < K[1+ |x[’] V x e R,
2 LJ

and the operator ./ has the following property, which is established in
Section 4.

LEMMA 3.5. Suppose that Conditions 2.18-2.20 hold. Then {v}!, t ¢
[0, T]}, {v}2, ¢t € [0,T]}, and {v?%, t € [0,T]}, given by (3.4) and (3.6),
are .#*(R?*¥)-valued solutions of the evolution equation for (o7 + h,span x
{1, CZ(R*)}).

It remains to show that the evolution equation for (.7 + A, span{l, C®
(R24)}) has uniqueness in the class of .#*(R%?)-valued solutions over the
interval [0, T'], since this fact, along with (3.9) and Lemma 3.5, gives (3.10), as
required to establish Theorem 3.6. To this end we need the following result on
uniqueness of measure-valued solutions of the evolution equation correspond-
ing to a multiplicatively perturbed linear second-order differential operator
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on Euclidean space:

THEOREM 3.6. Let ¢ be the linear second-order differential operator on the
finite-dimensional Euclidean space R? defined by

(3.16a) 2(¢) = span{l, CZ(R?)},

€f(x):= ZBi(x)(?if(x) +3 Zaij(x)aiﬁjf(x)
l v VxeRI, Vfeas),

(3.16b)

. X . .
where B: R? — R? is Borel measurable, a: R? — 83_ +q is continuous, and there

exists a constant K € [0, oo) such that
(B.17)  |BY(x) <= KQ1+|x]), |aY(x) < K(1+|x[*) VaxeR%

If A € B(R?) then the evolution equation for (€ — A, 2(€)) has uniqueness in
the class of #*(R?)-valued solutions over the interval [0, T'].

To complete the proof of Theorem 2.21(i) we note from (3.13) that a(-) is
continuous on R??, b(-) is Borel-measurable on R?? and & € B(R??). That the
evolution equation for (&7 + &, span{1, C3°(R??)}) has uniqueness in the class
of .#*(R?%)-valued solutions over the interval [0, T'] now follows from (3.15)
and Theorem 3.6 with q := 2d, B(-) := b(-), a(-) := a(-), and A(-) := —A(-). O

REMARK 3.7. When B(-) and A(:) in Theorem 3.6 are continuous then ¢ is
a linear operator on C(R?), and Theorem 3.6 is just a very special consequence
of a general theorem of Bhatt and Karandikar (see Theorem 3.4 and Remark 1
of [2]) on uniqueness of measure-valued solutions of perturbed evolution equa-
tions. However, when B(-) and A(-) are only Borel-measurable, then € f(-) is
not continuous for f € 2(¢), and we cannot directly use the result of [2]. We
prove Theorem 3.6 in Section 6.

REMARK 3.8. The proof just given for Theorem 2.21(i) relies on the special
structure of the unnormalized filter equation (2.16) and does not appear to
extend to the normalized filter equation (2.8). We have therefore not been
able to establish pathwise uniqueness in the sense of Definition 2.7 under
conditions comparable to those of Theorem 2.21.

PROOF OF THEOREM 2.21Gi). Let {(Q, &,{%}, P), (#,,1,)} and {(Q, 7,
{4}, P), (7, I,)} be two weak solutions of the normalized filter equation. By
an argument similar to that used for Proposition IX.1.4 of [12], to establish

uniqueness in joint law it is enough to show that the processes {(7;, T, .)} and
{(7;, I,)} are identically distributed when

(3.18) 7o =y =pm for each u € Z(R?).
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Thus suppose (3.18) holds for some u € Z(R?). Put
dy - d;
%= é”(_ > (7h*) - Ik) and ¥, = &(— Y (7R - ﬁ) Vtelo,T]
k=1 ¢ k=1 ¢

and define the measures @ and @ on the measurable spaces (ﬁ, i ), and
(Q, 9), respectively, by

(3.19) Q(A)=E'[¥r;A] VvAeg,
(3.20) Q(A):=Ef[x;;A] VAeT
Then, with

- - dy ¢ N i dy 4
321) ¥, =1+ Z/ mhfdu, Y, =T+ 2/ w h* du, t €0, T]
k=1"9 r=1"9

and
(3.22) T, = T,/ Xy o, =m/x; Vtel0,T],

we see, as in Remark 2.10 and Remark 2.13, that the pairs {(Q {Jt} Q)

(a4, t)} and {(Q, 7, {%}, Q), (5,,Y,)} are weak solutions of the unnormal-
ized filter equation, with

(TOZ&OZ[.L.

For a complete separable metric space E, let C;[0, T'] denote the complete
separable metric space of all continuous mappings from [0, T'] into E with the
usual metric giving uniform convergence over [0, 7']. Define

ﬁ = CV/Jr(Rd)[O, T] X C//Jr([Rd)[O, T] X CRd1 [O, T],

which is a complete separable metric space with the usual product metric,
and let ® = (0!, 02, ©®) be a generic member of ). By the Yamada—Watanabe
construction (see Theorem IV.1.1 of [4]), there exists P € £({}) such that:

YW1 /p(w', o) = £5(5, ).

YW.2 jﬁ(a} w3)—.>/Q((_r Y).

YW.3 If (Q P) is the completion of (Q ﬁ(Q) P) and .7 is the - augmen-
tation of the o-algebra o{&(s), s € [0, t]} with the null events of (Q T, P)
V¢t €[0, T], then {w?, ¢t €[0,T]}is a {Jt} -Wiener process on (Q P)

From YW.1, YW.2 and YW.3, along with Exercise IV.5.16 of [12], it follows
that {(Q, 7, {%}, P), (0}, ©®)} and {(Q, 7, {Z}, P), (0?, ©®)} are weak solu-
tions for the unnormalized filter equation with

1 2
Wy = Wy = M,
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and hence, from Theorem 2.21(i),

(3.23) Plwl=w? Vite[0,T])=1
From (3.22) we see that
(3.24) ¢ =(5,40)(5,1)  Vtel0,T], ¢ € B(RY),

and so, from (3.21),
~ ~ dy 4
3.25) It =Ft_ % / (6,1)(6,h") du  VE=1,2,...,dy, te[0,T]
k=1"0

From (3.24) and (3.25) there exists a measurable mapping ®: C_,+@)[0, T'] x
C[Rdl [O, T] — C‘@(Rd)[o, T] X C[Rdl [0, T] such that

(3.26) (7, 1) =d(5, 7).

Now (3.24) and (3.25) continue to hold with “overbar” in place of “tilde,” and
hence

(3.27) (7, 1) = &(5, Y).

Thus, for each I' € #(C 4re)[0, T'] x Cra [0, T]), we see from (3.19), (3.26) and
YW.1 that

B((# D) eT) = EQ[(&Tl)*IIr(QD(&, 17))]
=E"[(0}h1) ' Ir(@(0), o)),
and, from (3,23), (3.27) and YW.2, we similarly have

P(# D el) = EQ[(&TI)‘IIF(CD(&, 17))]

(3.28)

(3.29) _ )
- EP[(w2T1)— Ir(D(w?, w3))].

Now (3.23), (3.28) and (3.29) show that P((#,I) € I') = P((s, 1) € T), as
required.

The Proof of Theorem 2.21(iii) is an obvious simplification of the proof of
Theorem 2.21(ii) and is omitted.

PROOF OF THEOREM 2.26. Let {(Q, 7,{%}, @), (6!, Y,)}, i = 1,2 be two
weak solutions of the unnormalized filter equation. Define

10\ 1 52,
() = SO0 )Jz”’t( ), tefo,T).
It then follows that {(ﬁ, F, {9:‘;}, é), (63, ?t)} is a weak solution of the unnor-

malized filter equation. Therefore, the postulated uniqueness in joint law
together with Fact 3.2 implies that for an arbitrary ¢ € C(R?)U{1} we have

e8| (LY ] - wilGotar - nlGte <0 viclo)
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Rearranging this expression gives
(3.30) E@[(&}qb _ &f¢)2] —0 Viel[o,T]

Since a(Rd) is separable (in the supremum norm), it follows that C°(R?) is
likewise separable, and therefore, by Problem 5.4.25 of [5], there is a countable
determining set for .#*(R?) in C°(R?)U{1}. Then (3.30) shows that {5}} and
{52} are modifications of each other, hence indistinguishable (since {G}} and
{2} are continuous). O

4. Proof of Lemma 3.5. For arbitrary f;, f, € C¥(R?Y) put
(19 f2) = F1® (A [2) + ()@
(4.1) + Y [(RHf1) @ (B f2) + (h*f1) @ (@0t )
k=1

+(Bf1) ® (' f3) + (#hf1) ® (e@kfz)],

where &7 and %,, are given by (2.7). We need the following lemma, the proof
of which is given in Section 5.

LEMMA 4.1. Suppose Conditions 2.18-2.20 hold, let {(ﬁ, F, {97}, (3), (6,

Y't)}, i = 1,2, be weak solutions of the unnormalized filter equation, and
define the .#*+(R??)-valued functions {v}2, ¢t € [0, T}, {v}!, ¢ € [0, T]}, and
{v?2, t €[0, T}, as in (3.4) and (3.6). Then, for each f, f5 € CZ(R?), we have

t ~
(42 X (f19f2) = (f1© fo) + [ V(A1 Fo))du V0, T)
with identical relations for v and v?? in place of v12.

By direct evaluation of the right-hand side of (4.1) it is easy to establish:

LEMMA 4.2. For o7 and o/ defined in (4.1) and (4.14), respectively, we have

4.3)  A(f10® f2)(x) = (1 ® f2)(x) + h(x)(f1® f2)(x) Y xeR¥M,
for each f1, fg € C(RY).

Define

(4.4) J = span{f, ® fa: f1, f2 € C(R?)}.

Putting Lemmas 4.2 and 4.1 together, we see that the mappings {v}2, t ¢
[0, T}, {v!, t € [0, T]} and {v?2, t € [0, T}, defined at (3.4) and (3.6), are
A+ (R??)-valued solutions of the evolution equation for (.7 + A, Z); that is,

(4.5) V}2f=v32f+[)ty;2(Jf+ﬁf)du Vte[0,T], ¥ fed,
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with identical relations for v!! and v2? in place of v12. In order to prove Lemma

3.5, it remains to show that (4.5) holds not only for f < 5, but for each f in the
larger domain span{l C(R24)}. That is, it must be shown that the mappings
{v!?, t € [0, T}, {v!!, t € [0,T]} and {v?2, t € [0, T]} are .#*(R%%)-valued
solutions of the evolution equation for (o7 + &, span{1, C®*(R?%)}). To this end
we need the following result, whose proof is deferred to Section 5:

LEMMA 4.3.  Suppose Conditions 2.18-2.20 hold. Then the closure of the
relation {(f, 7F): f € I} in the supremum norm of B(R%?) x B(R2?) contains
the relation {(f, o/f): f € CX(R¥)}.

From Lemma 4.3 and the notions of bp-closedness and bp-closure of a relation
(see foot of page 111 of [3]), we see that

(4.6) {(f, ZF): [ e CPR*)} c bp-closure {(f, Zf): f eI}
Now put

S .= {(f, g) € B(R*) x B(R??): v12f
4.7
_V02f+/ v2(g+hf)dsVtelo, T]}

and observe that S'2 is a linear relation. By (3.5) we have

sup v2(R*) < oo,
0<t<T

and therefore, since A € B(R??), it follows from the dominated convergence
theorem that the linear relation 812 is bp-closed in B(R??) x B(R2?). Since
the .#*(R2?)-valued mapping {v}?, ¢ € [0, T]} solves the evolution equation

for (o7 + h, Z), we have {(f, o7f): f € 9} C S'2, and therefore, from the
bp-closedness of S'2 and (4.6), we have
(4.8) {(f, of): f e C(R¥)} c S™2.

Next, observe from (3.15) and Problem 4.11.12 of [3] that the operator
(o7, C¥ (R2?)) is conservative, and hence (see page 166 of [3]) we have

(4.9) (1,0) € bp-closure {(f, o7f): f € C¥(R%)}.
In light of (4.8), (4.9), and the bp-closedness of S'2, we then get
(4.10) (1,0) € S2.

Now (4.8), (4.10), and linearity of the relation S'2 shows that
{(F, 77 f e spanf{l, CER¥))} € S¥,

which, in view of (4.1) shows that {v!?, ¢ € [0, T]} is an .#*(R??)-valued
solution of the evolution equation for (.27 + &, span{l, C*(R?%)}). Defining
S as in (4.7), but with »!! in place of v'2, we can similarly show that
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{v!}, t € [0, T} is an .#*(R??)-valued solution of the evolution equation for
(o7 + h, span{1, C*(R?*?)}), and likewise for {#??, t € [0, T]}. O

5. Proofs of technical results.

PROOF OF FACT 3.2. Fix some a € (1, o). Since &, takes values in 2(R?),
we see from (2.16) with ¢ = 1 that

5,1 = 1+ft dz( )(&sl)d?f.

This gives (see Exercise IV.3.10(1) of [12])

d rohk o
(5.1) &;:&(Z(T—-Y’a» :
—\ 0l ,

k=1
and hence
- ala—1) & t|~shk|2
|, 1] _Mtexp<Tk§1/0 1 ds
(5.2)
< M, exp(gnhnﬂ") vtelo,T],
for

—_ d rs5hE o
M, =&[a) (— . Yk) and | &| := sup |A(x)|.
r=1 O']. . xeRd
Now Condition 2.20 ensures that the processes {(athk)/((rtl) t €[0,T]} are
uniformly bounded (by ||hk||) and therefore {(M £ ,/t) t €[0,T1]} is a contin-

uous martingale on (Q 7, Q) with M o = 1. Taking Q -expectations in (5.2)
then gives

(5.3) E9[)5,1]°] < exp(@”h”T) v ¢elo,T].

Again, by (5.1) and uniform-boundedness of the processes {(5,h*)/(5,1), t €
[0 T]} we see that {(a,1, Jt) t € [0,T]} is a continuous martingale on

(Q 7, Q) which, in light of (5.3), is L,-bounded. Thus, by Doob’s inequal-
ity, there is some y(a) € (0, c0) such that (3.2) holds. O

PROOF OF LEMMA 4.1. Fix f,,fys € CX(RY). Since {Q,7,{%}, Q)
(6/,Y,)}, i = 1,2 are weak solutions of the unnormalized filter equations,
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we have

. ] t

&tlfi:&()fi-i-/o i (/) du

(5.4) o i

+Y [ Gt @) dTE, =12
3 0

Expand the product of semimartingales {(}f1)(2f5)} by It&’s formula, and
note that each stochastic integral in this expansion is with respect to a

é standard Wiener process {(}7}"/ 9“7)} k=1,2,...,d,. Fact 3.2 ensures that
these stochastic integrals are genuine Q martmgales and therefore have

Q -expectation identically zero. Upon taking Q -expectations on each side of the
resulting expansion of {(6}f1)(¢2f5)} and using (4.3) and (3.7), we get (4.2).
The corresponding identities for »!! and v?? are similarly obtained. O

PROOF OF LEMMA 4.3. Fix arbitrary ¢ € (0,0) and g € C*(R??). Put
By :={x € R¥: |x| < R}, R €0, 0),
and fix R such that supp(g) C Bg. Also fix some g € C(R?) such that

(5.5a) lall < 1;
(5.5b) g(2)=1 VzeR? with|z| <R;
(5.5¢) q(z)=0 VzeR? with |z > RV2.

By Proposition 7.1 in Appendix 7 of [3], there exists a polynomial p: R>? — R
such that

(5.6a) max |g(x) — p(x)| < &
x€Byp

(5.6b) max |d;g(x) — J; p(x)| < € Vi=1,...,2d;
x€Byp

(5.6¢) max |9;0;8(x) — d;0;p(x)| < & Vi, j=1,...,2d.
X€bsg

Since g(x) = 0 when x ¢ Bg, we note from (5.6a) that

(5.7) sup |p(x)| < e.
x€Byp\Bpg

For all x € R%?, put x := (x1, x3), X1, X5 € R%, and define

q(x) := q(x1)q(xz),
f(x) :=q(x) p(x).

Since ¢ € C*(R%) and p(x) is a polynomial in x = (x1, x,), it follows that
f € 9 [recall (4.4)]. From (5.5), we have ¢(x) = 0 when x & Byp and g(x) =1
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when x € Bg. Thus

If = &l = sup [q(x)p(x) — g(x)] = max |g(x)p(x) — &(x)|

xcR2d

= max|p(x) — g(x)|+ sup [q(x)p(x) - g(x)],

x€Byp\Bpg
hence (5.6) and (5.7) give
(5.8) If —gll<e+ sup [p(x)|<2e.
x€Byp\Bg

Next, consider ||.&/f — .o/ g|. From (3.14) we have
(5.9) A [f(x) = §(2)o7 p(x) + p(x)74(x) + (Vp(x))" a(x)VG(x).

By the choice of R we have g(x) = 0 and therefore o/ g(x) =0, V x ¢ Bjp.
Moreover, from (5.5¢), we have g(x) = 1, and therefore Vg(x) = 0 and .2/ q(x) =
0,V x € Bp. Similarly, g(x) = 0, and therefore .27/q(x) = 0, V x & Byp. Then,
it follows from (5.75) that

|/ f — o/g| = sup |q(x)o/ p(x) + p(x).7G(x)

xeByp
+(Vp(x) a(x)va(x) — o/ g(x))|
< sup |q(x).7 p(x) + p(x)7q(x)

xeBg
(5.10) +(Vp(x)Ta(x)Va(x) — o7 g(x)|

+ _sup, |G(x)o7 p(x) + p(2)7q(x) + (V p(x)) " a(x)Vq(x)]

= sup |/ p(x) — /g(x)| + sup (|G(x)o/ p(x)|

xeBp x€Byg\Bpg
+|p(x)7q(x)| + [(V p(x)) " a(x)Vg(x)))-
Since @ and b are locally bounded, we have
2d 2d
x€Byp \j=1 i,j=1
Also let

Cy =gl +>_19:ql + >_19;9,q] < oo.
i i,j
Then by (5.6),
(5.11) sup |/ p(x) — o g(x)| < Ce.

xeBp

Similarly, by (5.6) and the fact that g(x) =0, Vx € Byr\Bg, we obtain
|9; p(x)| < &,

_ Vx € Bop\Bp,
|57 p(x)| < C; &, 2RATH
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and hence, from these bounds and (5.7),

sup  (|g(x)o7 p(x)| + | p(x).7G(x)] + [(Vp(x))" a(x)Vq(x)])
(5.12) ~<Ber\Br
< 8Cl + 8ClC'2 + SC]_Cz.

Now, upon combining (5.10), (5.11) and (5.12) we have
(5.13) |7 g — Zf| < 2e(Cy + C1Cy),

and the result follows. O
6. Proof of Theorem 3.6.

REMARK 6.1. In view of Remark 1 on page 345 of [2], with no loss of
generality we suppose that A € B(R?) is a nonnegative mapping, and that the
constant K in (3.17) is such that 0 < A(x) < K, Vx € RY.

We first show that the evolution equation for (¢ — A, 2(¢)) has uniqueness
in the class of .#*(R?)-valued solutions over the interval [0, o0). Thus, let
{u;, t €[0,00)} be such a solution, hence

61 mf =pof + [ m(6f ~AP)ds  Vie[0,00)V f e A(O)

Since (1, 0) € ¢, it follows from (6.1) that

t
(R = po(RY) = [ pohds V1 €[0,00)

and therefore p,(RY?) € [0,1], V ¢ € [0, c0) [since w, is a probability measure
and, by Remark 6.1, A(:) is nonnegative]; that is, each u, is a subprobability
measure on #A(R?).

REMARK 6.2.  We are going to use Theorem 6.4 (which follows) to establish
uniqueness in the class of .#*(R7)-valued solutions of the evolution equation
for (¢ — A, 2(¢)). However, Theorem 6.4 provides uniqueness in the class of
probability measure-valued solutions of an evolution equation (recall Remark
3.1), and we have seen that, for an .#*(E)-valued solution {u,, ¢ € [0, c0)} of
the evolution equation for (¢ — A, 2(¢)), the u, are only subprobability mea-
sures on R?. We shall therefore use an idea of Bhatt and Karandikar (see page
344 of [2]), and add a “point at infinity” to get a one-point compactification R7*
of RY. Then the subprobability measures u, on R? are extended to probability
measures u; on R?* [see (6.2)], and it will be seen that the resulting func-
tion {u;, t € [0,00)} is a P(R?*)-valued solution of the evolution equation
for an operator &* C B(R?*) x B(R?*) which is an “extension” of the operator
(¢ —)) Cc B(R?)x B(R?) (see (6.4)]. Theorem 6.4 will then be used to establish
uniqueness in the class of &(R%*)-valued solutions of the evolution equation
for £*, and this in turn will yield uniqueness in the class of the .#*(R%)-valued
solutions of the evolution equation (6.1), as required.
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We use A to denote the point at infinity in the one-point compactification R?*
of RY. Also, members of B(R%*) and operators on B(R?*) will be superscripted
with “«”, and, for f* € B(R?%*), we write f*|g, to denote the restriction of f* to
the domain RY.

Using the postulated .#*(R?)-valued solution {u,, ¢ € [0, c0)} of the evolu-
tion equation for (¢ — A, 2(¢)), define u; € 2(R?), V ¢t € [0, 00), as follows:

(6.2) wi(0) == pu (FNRY) + (1 — u,(R))I(A) VI e B(RT).
Next, define the linear operator ¢*: 2(¢*) Cc C(R?*) — B(R%*) by
(6.3a) 2(¢") :=A{f" € C(RT): [*|ps — [*(8) € CT(RI)},

(6.3b) £ f (x):=C(f*|pe — [F(A))(x) VxeRI, V[ eg(c),
(6.3¢c) €*f*(A):=0 VYV [f*eg(e¢”).

Finally, define linear operator &*: 2(£*) c C(R?) — B(R?*) by

(6.4) G (x) = €7 (x) = Mx)(f"(x) — [7(4))

) VxeRIY f*e g(L*):=9(¢").
From (6.2) and (6.1) one easily checks that {u}, ¢ € [0, c0)} solves the evolution
equation for (£*, 2(#£*)), namely

t
65) wif =mpf + [ Wi f)ds  Vie[0.00). ¥ fie (),

REMARK 6.3. We clearly have the following: if the evolution equation for
(£*, 2(£*)) has uniqueness in the class of Z(R%*)-valued solutions over
[0, 00), then the evolution equation for (€ — A, 2(£)) must have uniqueness
in the class of .#(R?)-valued solutions over [0, 00). It therefore remains to
establish the former type of uniqueness, and for this purpose we shall use the
following special case of Theorem 2.7(c) from [9].

_ THEOREM 6.4.  Suppose that F is a compact metric space, A%: Z(A°) C
C(R?*) — C(R?* x F) is a linear operator, and m is a transition function from
R?* to F. Define

A9,10*(95) = /F A (x, y)n(x,dy) VY x € RY,

V£ e 9(A) = (AD).

(6.6)

Suppose also that (i) 2(A°) is closed under multiplication and separates points,
(i1) Ag f* = A%Ff*(., v) is a pregenerator for each y € F, and (iii) A?, satisfies
the following separability hypothesis: there exists some countable {g},} C 9(&9])
such that the graph of A?, is included within the bp-closure of the linear span of
{(g7, Ag &1)}. With these conditions we have the following: if uniqueness holds
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for the martingale problem for A% then the evolution equation for (A?], Q(Ag))
has uniqueness in the class of 2(R%*)-valued solutions over the interval [0, co).

Define the compact metric space
Fi={y=(y1,72,55)€ST/xRIxR: |y]|<K, |y} <K, 0<y; <K},
and, motivated by Example 3.4 of [11], for each y € F define the linear oper-
ator .7, on C(R?) by
L (@) = XA+ [2]) yh 0, (x) + 5 (L + ) 37 0;0;£ ()
(6.7) i i J
VxeRY, feg(s):=CIR?).

Also, put 2(A°) := 9(¢*) (see [see (6.3)] and
A F(x, y) == Ly (FFlre — FH(A))(%) = y3(f*(x) = [*(A))

(6.82)
Ve 2(A%, V(x,y)eRIxF,

(6.8b) A’ F*(A,y):=0 V fre2(A%, VyePF.

This defines a linear mapping A%: Z(A°%) ¢ C(R?*) — C(R?* x F). Next, fix an
arbitrary y € F, and define a transition function n from R? to F' by

(6.92)  n(x,T) 1= 8(qx)/14x[2,b(x)/ 142 (D) xeRY, T'e #B(F),

(6.9b)  n(A,T):=85(I), e %(F).

Putting together (6.4), (6.7), (6.8) and (6.9), we get

(6.10) =AY,

[where A?, is given by (6.6) in terms of the operator A° in (6.8) and the transi-
tion function 7 in (6.9)]. We next check the conditions of Theorem 6.4 for A° and
7 given by (6.8) and (6.9): (i) From (6.3) it follows that Z(A°) := 9(¢*) is closed
under multiplication and separates points. (ii) Fix y € F and v* € #(R%*), and
define the linear operator ./ on C(R?) by 2(£)) := 2(¢*) and

Ly (x) = L(Flpe = [FAN(x) YV x e RE, A7f7(A):=0V f* e 9(A)).

Clearly 7, given by (6.7) satisfies the positive maximum principle, thus
Theorem 4.5.4 of and [3] gives existence of a solution of the Dp,.[0, c0)-
martingale problem for (£, v*).

Then, for the linear operator A) on C(R%) given by Z(A) := Z(¢*) and

ASF(x) 1= £ F*(x) = y5(F*(x) = 7 (8))  Yax e RT, V f* e 2(A)),

it follows from Theorem 4.10.2 of [3] that there exists a solution of the
Dpe.[0, oo)-martingale problem for (Ag, 8,), V x € R?, and therefore Ag
is a pre-generator (see remark at foot of page 4 in [9]). (iii) From Remark
2.5 of [9] there is a sequence {g,} C CX(RY) such that the graph of ¢ is
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included within the bp-closure of the linear span of {(g, € g;)}. Now define
8hq(x) = gp(x)+q, VxR, g} (A):=¢q,k=1,2,..., qrational. From (6.4)
it follows that the countable set {gk gy s a subset of 2(£*) and the graph
of £* is contained in the bp-closure of the linear span of {(g} ,. <" 8} )}
In view of (6.10) we have thus verified condition (iii) of Theorem 6.4. Finally,
note that uniqueness holds for the martingale problem for .£*. Indeed, observe
from Theorem 8.1.7 of [3] that the martingale problem for ¢ is well posed, from
which it easily follows that the Dpg,.[0, co)-martingale problem for £* is well
posed, and hence Theorem 4.10.2 of [3] shows that the Dg..[0, co)-martingale
problem for #* is well posed. Now it easily follows from Theorem 4.3.6 of [3]
that uniqueness holds for the martingale problem for £*. We thus conclude
from Theorem 6.4 and (6.10) that the evolution equation for (£*, 2(£*)) has
uniqueness in the class of #?(R?*)-valued solutions over [0, c0), and hence (see
Remark 6.3) the evolution equation for (£ — A, 2(¢)) has uniqueness in the
class of .#*(R?)-valued solutions over [0, c0).

It finally remains to establish that the evolution equation for (¢ — A, 2(¥))
has uniqueness in the class of .#*(R?)-valued solutions over the finite interval
[0, T]. Let {u;, ¢ €[0, T']} be such a solution. Extend w. from [0, T'] to [0, c0)
by defining

w0 = [ B, [Ir(wt)exp( [ —A(%)ds)}wux)

Vte[T,o0), VI eAB(R?),

where P, € P(Cgr[0,0)), x € R?, is the probability measure on the space
CRre[0, 00) (of continuous functions from [0, co) into R?) which solves the mar-
tingale problem for (¢, 8,), and w. denotes a generic element of Cp.[0, o)
(existence and uniqueness of P, follow from Theorem 8.1.7 of [3]). It is easily
checked that the mapping {u,, ¢ € [0, 00)} is an .# T (R?)-valued solution of the
evolution equation for (¢ — A, 2(¢)), and therefore the evolution equation for
(€ — A, 2(€)) must have uniqueness in the class of .#*(R?)-valued solutions
over the finite interval [0, T']. O
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