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We consider a simple Markov model for the spread of a disease caused
by two virus strains in a closed homogeneously mixing population of size N.
The spread of each strain in the absence of the other one is described by the
stochastic SIS logistic epidemic process, and we assume that there is perfect
cross-immunity between the two strains, that is, individuals infected by one
are temporarily immune to re-infections and infections by the other. For the
case where one strain is strictly stronger than the other, and the stronger strain
on its own is supercritical, we derive precise asymptotic results for the dis-
tribution of the time when the weaker strain disappears from the population.
We further extend our results to certain parameter values where the differ-
ence between the basic reproductive ratios of the two strains may tend to O as
N — oo.
In our proofs, we illustrate a new approach to a fluid limit approximation
for a sequence of Markov chains in the vicinity of a stable fixed point of the
limit differential equation, valid over long time intervals.

1. Introduction. Mathematical models of epidemics provide important tools for under-
standing the spread of many diseases relevant to public health, and may help health organi-
zations develop measures to prevent and manage epidemic outbreaks, as well as control the
emergence of new infections.

The vast majority of mathematical models of epidemics view infectious diseases as caused
by a single pathogen strain; such models tend to be more tractable but inappropriate for
predicting the long-term evolutionary dynamics of pathogen populations, see Humplik et
al. [10], or for analysing pathogen infections where host susceptibility may be altered due to
infections by other pathogens. For instance, it is known that pathogen strains which are suffi-
ciently antigenically similar may induce a (partial) cross-protective immune response, so that
hosts infected by one of the strains may acquire different degrees of temporary or permanent
immunity to re-infections and infections by antigenically similar strains. Thus, if a certain
closed population of hosts is affected by a particular virus strain and a number of individuals
infected by an antigenically similar strain are introduced, then the different pathogen strains
may interact as if competing for susceptible individuals in the host population.

A long-standing principle in ecology known as the competitive exclusion principle
(Levin [14]) predicts that, when species sharing the same ecological niche compete for lim-
ited resources, the one with even the slightest advantage will eventually outcompete the others
and become dominant. In the context of infectious diseases, for instance, it is shown by Bahl
et al. [3] that viral gene flow from Eurasia had led to replacement of endemic avian influenza
viruses in North America; moreover, the authors argue that the most likely mechanism for
that was competition for susceptible hosts.
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In this work, we consider a simple Markov model for the spread of a disease with stochastic
susceptible-infective-susceptible (SIS) dynamics caused by two different virus strains with a
perfect cross-protective immune response, so individuals infected by one strain are temporar-
ily immune to re-infections and infections by the other strain. We focus on the case where one
of the virus strains has some advantage over its competitor (a higher basic reproductive ratio),
and competitive exclusion occurs. Starting with positive but otherwise arbitrary proportions
of infected individuals of each virus strain in a large host population, we track the long-term
evolution of this process, so as to obtain the distribution of the time until competitive exclu-
sion occurs, that is, the extinction time of the weaker virus strain.

The simplest stochastic model for a disease with SIS dynamics is the stochastic SIS logistic
epidemic model. In that model, each individual within the population is either susceptible or
infective. We assume a population of size N, and let A > 0 denote the infection rate. Each
infective individual encounters a uniformly chosen member of the population at rate A (as
is standard, contacts with oneself are allowed); if the encountered individual is susceptible,
then he/she becomes infective. Also, each infective individual recovers at rate ;& > 0 and,
once recovered, becomes susceptible again.

Let Yy (z) denote the number of infective individuals in the population at time ¢; then
(Yn(1))r=0 is a continuous-time Markov chain on {0, 1, ..., N} with transition rates from
state Y given by

Y—->Y+1 atrate AY(1 —Y/N);
Y—>Y—1 atrate uY.

The extinction time ty is defined as ty = inf{t > 0: Y5 (¢#) = 0}, and, since the state space
is finite, Ty is a.s. finite. The following theorem summarises asymptotic results for the dis-
tribution of ty in the case where the initial epidemic infects a positive proportion of the
population, see Andersson and Djehiche [1], Brightwell, House, and Luczak [6], and Fox-
all [9].

THEOREM 1. Let A, i, o > 0, and suppose that Yn(0)/N — o as N — o0.

(i) (Supercritical case; Andersson and Djehiche (1998), Foxall (2018).) If A > u, then,
as N — oo, iy /E(tn) — Z in distribution, where Z is an exponential random variable with

parameter 1. Furthermore,
2w A
E(ty) ~ | e,
N (A —p)

as N — oo, where v =log(A/p) — 1+ &.
(1) (Subcritical case; Brightwell, House and Luczak (2018).) If A < u, then, as N — oo,

(u— 1)ty — {loger +log N +log(1 — A/p) —log(1 + A/ (n — A1)} = G

in distribution, where G is a standard Gumbel random variable.

When A = u (i.e., the basic reproductive ratio equals 1), for most starting states the time
to extinction is of the order N!/2, see Nésell [17]. Brightwell, House and Luczak [6] also
consider more general initial conditions, as well as determine the extinction time when A =
AN), u = p(N) satisfy u — A — 0 and (u — MN2 5 0o (the barely subcritical case).
Foxall [9], Theorem 5, includes the barely supercritical case, where A = A(N), u = u(N),
A—p—0and (A — pu)NY? - oo, extending the formula of Andersson and Djehiche [1].

The stochastic SIS logistic competition model describes the spread of a disease in a ho-
mogeneously mixing population via two different virus strains, say types 1 and 2, which are
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sufficiently antigenically similar to induce a cross-protective immune response. An individ-
ual infected with strain i (i = 1, 2) stays infected for an exponentially distributed time with
rate u; > 0, and, during the infectious period, each such individual independently makes an
infectious contact to a uniformly random individual according to a Poisson process with rate
A; > 0; if the contacted individual is currently susceptible, then he/she becomes infected with
strain i as a result. The dynamics can thus be described as a two-dimensional continuous-time
Markov chain (Xn (#));=0 = (Xn.1(t), Xn.2(t))i=0, where Xy 1(¢) and Xy 2(¢) denote the
numbers of individuals infected with strains of type 1 and 2 respectively, at time ¢. The state
space is {(X1, X)T X, X2 €Z",0< X; + X, < N}, and the transition rates from state
(X1, X») can be written as follows:

(X1,X2) = (X1 +1,X,) atrate A1 X (1 — X1/N — X2/N);
(X1, X2) — (X1, X2+ 1) atrate A\aX>(1 — X1/N — X2/N);
(X1,X2) = (X1 —1,X>) atrate 1 Xy;
(X1,X2) = (X1, X>—1) atrate urXo.

We note that, in the absence of one of the strains, the other strain evolves according to the
basic stochastic SIS logistic epidemic model described above.

Let Rp,1 = A1/p1 and Ry 2 = A2/ 2 denote the basic reproductive ratios of the two strains.
We assume that Ry 1 > Rp2,and Rp.1 > 1, and that X 1(0)/N — o and X 2(0)/N — B as
N —> o000 <a,pB,a+ B <1). Informally, the assumption Ry 1 > Ry means that strain 1 is
more infectious than strain 2. Since Ry 1 > 1, Theorem 1(i) implies that the stronger subtype,
in the absence of its competitor, would stay endemic in the population for a time that grows
exponentially in the size N of the population.

Surprisingly, competing SIS epidemic dynamics was first studied in a spatial context by
Neuhauser [18], with infectious interactions occuring ‘locally’, along the edges of the lattice.
The model with ‘global’ infectious interactions, defined above, was proposed by Parsons
and Quince [19, 20] as an extension to the Moran model for a haploid population studied
in Moran [16]. They assume that both alleles (strains) are supercritical, which in our setting
translates to assuming also that Ro > > 1. Parsons and Quince [19] consider the case where
one of the alleles is weaker (the case considered in the present paper), while Parsons and
Quince [20] consider the case where both types of allele have equal fitness (basic reproduction
number), that is, Rog,;1 = Ro,2, the case not studied here. Parsons and Quince [19] study the
probability that the weaker strain replaces the stronger one for various starting conditions, in
finite populations, using approximations and numerics. They also study the extinction times
of both the weaker and stronger strains numerically. Also, Humplik et al. [10] study, using
approximations and numerics, the probability that the stronger strain replaces the weaker
one, assuming that initially the weaker one is in quasi-equilibrium and there is one individual
infected with the stronger one. They focus mainly on finite populations, as well as what
happens when the basic reproduction numbers of the strains may tend to infinity, and do not
consider the time taken by the strains to reach extinction.

For a closely related model with K > 2 types, Parsons, Quince and Plotkin [21] obtain
analytic approximations for the expected time until competitive exclusion occurs, which turns
out to be linear in the population size when all the alleles have the same (supercritical) basic
reproductive ratio. These authors further conjecture that a similar result should hold for the
model considered in our paper, and Kogan et al. [12] have argued, using an approximating
“perturbation method”, this is indeed the case for K = 2 strains of equal strength.

Theorem 2 below concerns the case where there is a dominant, supercritical, strain and
each of the two strains initially affects a positive fraction of the population. Under these
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conditions, competitive exclusion of the weaker strain by the stronger occurs with high prob-
ability (i.e., with probability tending to 1 as the population size N — 00). Our result shows
that, with high probability, the extinction time for the weaker type scales logarithmically as
the population size grows large, with randomness asymptotically Gumbel distributed. On the
other hand, the time to extinction for the dominant strain grows exponentially with population
size.

The corresponding deterministic SIS logistic competition model is among the simplest
epidemic models for infections caused by multiple pathogen strains. It is represented by the
pair

dx (1)
dt
dxs(1)
dt

of differential equations, and is thus a particular instance of the deterministic Lotka—Volterra
system—see Lotka [15], Volterra [25], Zeeman [27]. In the context of epidemics, this type
of deterministic Lotka—Volterra system is considered, for instance, by Kirupaharan and
Allen [11] (see also references therein), generalised to allow births and deaths; these authors
also consider SDE versions of such systems. When births and deaths are allowed, there are
parameter values for which several strains can coexist in the deterministic system, although
the authors’ numerical studies suggest that this is unlikely in the corresponding SDEs.

Let ky =inf{r > 0: Xy 2(¢t) = 0}, the time when the weaker species goes extinct. Let also
kny =inf{t > 0: Xy 1(¢) = 0}, the time the stronger species goes extinct. We now state our
main result, concerning the distribution of ky, Ky in the case when initially both strains are
already established in the population, each infecting a positive proportion of its size.

=xx1 () (1 = x1(2) — x2(0)) — prx1 (1),

(1) = Xx2 () (1 — x1(t) — x2(1)) — paxa(1)

THEOREM 2. Suppose that Ro1 > Ro2 and that Ro1 > 1. Suppose further that
XN.1(0)/N - aand Xy 2(0)/N — B as N — oo, where o, B > 0 and o + B < 1. Then, as
N — o0,

R R R 1-R;!
(1= 22 e~ 2)) B =)
Ro,1 Ro,1 Ro, 1141 o

in distribution, where G is a standard Gumbel random variable.
Furthermore, as N — 00,

2 R
Een) ~ | = ——o—se",
N wi(Ro1 —1)

as N — oo, where vi =logRog1 — 1 + RO_%, and ky /E(kn) — Z in distribution, and Z is
an exponential random variable with parameter 1.

Theorem 2 thus shows that, if initially strain 1 infects around e N individuals and strain 2
infects around B8N individuals, then the extinction time « of strain 2 (the weaker strain) can
be written as

logN 4+ Gy
KN = =" Ros.’
2l = 22

where G is a random variable with a bounded mean and variance, while the scaled extinc-
tion time K of the stronger strain asymptotically has the same distribution as if the weaker
strain was absent to begin with.
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The long-term behaviour of Markov population processes is of considerable importance
in applications. In epidemic models, long-term phenomena include extinction of certain
pathogen strains, or replacement of a dominant pathogen strain in the host population by
another more adapted pathogen strain introduced into the host population, for example, due
to mutation or migration. Mathematically, these phenomena are related to the behaviour of
the scaled process near fixed points of its approximating differential equation, including ab-
sorbing boundaries for one or more coordinates.

Recently, Barbour, Hamza, Kaspi and Klebaner [4] have shown that, under appropriate
conditions, a density dependent Markov population process that starts near an absorbing
boundary and manages to escape from it, still can be well-approximated by the determin-
istic solution as described by the standard theory but with a random time shift, and that the
time to escape from such a boundary is random and of order O (log N), see Theorem 1.1
in Barbour et al. [4]. Also, similar to the phenomenon we investigate in the present work,
they describe in a very general setting the behaviour of a class of population processes near
a fixed point at which one or more coordinates of the process have value 0, that is, they are
extinct, and derive the limit distribution for the extinction times for such processes as a stan-
dard Gumbel random variable, after scaling and centering, see Theorem 1.2 in Barbour et
al. [4]. In both results, the randomness when the process is escaping or reaching an absorbing
boundary is captured by a branching process approximation. However, at their level of gener-
ality, the formulae they obtain contain nonexplicit constants, and their bounds on the rate of
convergence are too weak to investigate near-critical phenomena. Also, rigorous justification
of such a general approximation, based on an abstract coupling of Thorisson (see Theorem
7.3 in Thorisson [24]), is quite involved.

In the present work, we develop a related but more direct and precise approximation to
prove an explicit formula for the extinction time of the weaker virus strain in the stochastic
logistic SIS competition model. Like the approach of Barbour et al. [4], our approach is
based on decomposing the drifts of the process into linear and nonlinear parts, and using a
variation of constants formula. However, we additionally take full advantage of the fact that
the nonlinear parts are small in the neighbourhood of a fixed point, and provide more refined
bounds on the deviations of the martingale transform appearing in the equations. Similar
ideas were also used in a different context in discrete time by Brightwell and Luczak [7].

Unlike the approach of Barbour et al. [4], the precision of our approximation facilitates
study of near-critical phenomena, and we extend Theorem 2 to a near-critical case where
Rop,1 = Ro,1(N) and Rp2 = Rp2(N) are such that Ry ; — Rp2 — 0, while Ry ; — 1 may or
may not tend to O but satisfies (Rp,1 — Ro.2)(Ro,1 — 1)_1 — 0 as N — oo. As is argued in
Brightwell et al. [6]—see Section 1.1 and Appendix A, as well as references therein—there is
evidence from data that near-critical phenomena may manifest themselves in large finite pop-
ulations. Also, there is evidence that many real-life epidemics are in a sense “near-critical”,
corresponding to scenarios where, for instance, a mutating pathogen or waning population
immunity pushes the basic reproductive ratio just above 1, or where control measures such as
mass vaccination push the basic reproductive ratio just below 1.

As a proof of concept, we consider the following special case where pu; = ur =1,
AM=MAMWN)>x=x1xm(NN)>1,and A; — Ay > 0 as N — oo (while A; is bounded, and
may or may not tend to 1). This may model a real-world scenario where a slightly more
infectious strain emerges during an outbreak, for instance, via a mutation, and we want
to know the time it takes to supplant the weaker one in the population. We assume that
(A = 22)(A — D71 = 0; this implies that, at least for large N, A> > 1, and so the weaker
strain is also supercritical. Also note that we do allow A1 — 0, but our assumptions imply then
the separation of both Ry ; and Ry > from the critical value 1 is, asymptotically as N — oo,
greater than the separation between Ry 1 and Ry 2.
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We further assume that
2 N (11 = 22)° (41 = 17!/ loglog(N (A — 12)*) — oo.

The initial conditions are as in Theorem 2, that is, Xy 1(0)/N — « and Xy 2(0)/N — B as
N — oo, where o, § >0and o + 8 < 1.

THEOREM 3. Under the above assumptions,
A (A1 — Dy —M)ﬂ) )
= 10 N - G ’
N AM— A ( g< X% o tOowN

where Gy converges in distribution to a Gumbel random variable G.
Furthermore, as N — 00,

By ~ | 25— M Noghi—1437h
VUVN -2 ’

as N — o0, and kn /E(kny) — Z in distribution, and Z is an exponential random variable
with parameter 1.

This means that the formulae for the distribution of «y and k¥ in Theorem 2 extend
to this near-critical regime. The exact form of the technical condition (2) is an artefact of
our proof technique, and does not define the transition to criticality. We believe that, given
A = A1(N), Ay = A2(N) bounded and such that (A — A1)(A — 1)_1 — 0, imposing the
additional condition N(A; — Az)z — 00 is necessary and sufficient for Theorem 3 to hold
in this case. Note that, if N(A\; — A2)>(A; — 1)1 > oo and (A] — 22)(A; — D~! — 0, then
N — )»2)2 — 00. We conjecture that there is a further regime, with a different distribution
of the randomness (not Gumbel), where N (A — A2)(A; — 1) = oo but N(A; — A2)? does
not tend to infinity. A discussion of this as well as of what happens when condition (2) is
not satisfied is included in Section 7.1. In particular, it seems feasible to refine our proof
technique by splitting the differential equation approximation phase into subphases, possibly
with enough precision to go all the way to what we believe to be the critical window; however,
in the interest of clarity, we do not explore such improvements in the present paper.

Clearly, we do not cover the entire spectrum of near-critical behaviours: the example con-
sidered is meant as a proof of concept, and a full investigation will be carried out system-
atically in future work. One challenge of such an investigation will be to understand the
behaviour of the approximating deterministic process in various near-critical regimes. In par-
ticular, in future work we intend to study cases where the strengths of the two strains are even
closer to identical than considered in the present paper. A further project is to rigorously study
the probability that the stronger strain wins, starting with only a small number of infected in-
dividuals relative to the number of infectives of the weaker strain, in particular in near-critical
scenarios, where there is likely to be a delicate interplay between initial conditions and the
asymptotic differences between the strain strengths.

We will further work to extend our results to competition of more than two strains. Away
from criticality, the fact that the randomness of the extinction time of the weaker strains has
an approximate Gumbel distribution as the population size grows large follows from Theo-
rem 1.2 in Barbour et al. [4], however obtaining an explicit formula does not seem straight-
forward. With one strain (the stochastic SIS logistic epidemic process), an explicit solution to
the deterministic system is available, see Brightwell et al. [6] and references therein, as well
as equation (19) in the present paper. With two strains, we are able to draw on the following
formula satisfied by any solution x () = (x1(¢), x2 )T to (1):

1O _ @O
(2™ (x2(0)™

This is easy to verify by differentiating x (1) /X2 (). However, we are not aware of anal-

forall ¢ > 0.
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ogous properties for systems with three or more strains, which makes it more challenging to
study near-critical behaviour.

The rest of the paper is organised as follows. In Section 2, we present some preliminaries
concerning the stability of fixed points of the deterministic logistic SIS competition model.
Furthermore, we give an overview of the strategy used to prove Theorem 2. The idea is
that the stochastic SIS logistic competition process follows closely the corresponding deter-
ministic process for a long time, until the latter one is close to its attractive fixed point at
(A1 —p1) /21, 0)”. From there on, the time to extinction for the second species is short, and
well approximated by a linear birth-and-death chain, with the randomness captured by the
Gumbel distribution. We break up the analysis of the process into phases, similarly to the ap-
proach of Brightwell, House and Luczak [6] used to prove a general version of Theorem 1(ii).
We analyze each of these phases in the subsequent sections. In Section 6, we combine the
results from the preceding sections to prove Theorem 2. In Section 7, we prove Theorem 3.

Throughout our proofs, we treat X v (#) and x(¢) as column vectors.

2. Preliminaries. In this section, we discuss the deterministic Lotka—Volterra system.
For suitable choices of parameter values, this model becomes the deterministic logistic SIS
competition model, and approximates the stochastic logistic SIS competition model over cer-
tain timescales.

We further outline the proof of our main result, Theorem 2.

2.1. A deterministic version of the competition model. The deterministic competitive
Lotka—Volterra system represents a community of £ mutually competing species described
by equations

dxi (1) - .
(3) C;[ =xi(t)<bi_zaijxj(t) , i=1,...k,
Jj=1
where x; (t) denotes the population size of the ith species at time ¢. It is assumed that b; > 0
for all i, and a;; > O for all 7, j. For each i =1,...,k, species i would by itself, in the

absence of all the other species, exhibit logistic growth, with its growth rate decreasing as its
population increases near the carrying capacity of the environment. Mathematically,
dxi(t)
dt
This equation has two fixed points: 0 and b;/a;;, the latter being the carrying capacity of
species i. Also, dx; /dt decreases in x; near the carrying capacity.

The following result of Zeeman [27] gives simple criteria on the parameters b; and a;; of
(3) which guarantee that, for all strictly positive initial conditions of (3), all but one of the
species is driven to extinction, while the one remaining species stabilizes at its own carrying
capacity.

We recall that a fixed point x* of a system of ordinary differential equations is globally
attractive on a set U if and only if its basin of attraction is equal to U. In other words, x* is
globally attractive if every solution to the system with initial condition in U converges to x*
as t — o0.

=x;(t)(bi — aiixi(t)), bj,a;ii >0.

THEOREM 4 (Zeeman 1995 [27]). Suppose that the parameters in (3) satisfy

b .
L <L Vi<,
ajj - dij
bj b .

4 — > — Vi>j.
ajj  dij

Then fixed point (%, 0,...,0)7 is globally attractive on the interior of R]—i'
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Clearly, if conditions (4) are satisfied, and x; (0) = O for some i > 1, then the solution x(¢)
still converges to (:Tll’ 0,...,007 as t — oo, as this case amounts to eliminating species i
from the equations.

In the case A1/u1 > Aa/uo2 > 1, the stochastic competition model defined in the Intro-
duction can be naturally associated with a particular two-dimensional instance of (3) with
bi =X; —p; fori =1,2, and a;; = A; for i, j = 1,2, which is precisely system (1). In epi-
demic modelling, x;(¢) and x> (¢) represent the proportions of individuals who at time ¢ are
infected by strains 1 and 2 respectively, in a closed homogeneously mixing population.

By Theorem 4, all solutions with x1(0) > O converge as t — oo to (%, 0)7. We claim
this still holds even when Ay /2 < 1 (corresponding to the case by < 0). First of all, using (1),

d (x0T x@k B A2 A
E(xl(t)m)_mule(t)w(l *1(®) Xz(f))(uz M1)<O’

so xp(1)*1/x1(¢)*? is decreasing in ¢. Hence, one can see that % >0 if x1(¢) < ¢, for
& > 0 small enough: we can choose ¢ such that ¢ + (8/)61(0))”2//‘l <1 — u1/r1, and then,

from (1) again,
dxi(t m2/ 1
XI()ZMX1<1—&—8—( ° ) )ZO
dt A x1(0)

Now consider the Lyapunov function

1 M1>2 <M2 m)
,x2) = = —14+ L B2,
¢ (x1,x2) 2(X1 + x2 + )»1 + x2 A,

This function is nonnegative, and is zero only at the fixed point (1 — %, 0)”. The derivative
is given by

d
—¢(x1(1), x2(1))

dt
ur (dxy dX2> (Mz M1>dX2
= S I I (et it L Bt
<xl+x2 +k1)(dt+dt LA ST
2
M1 w2\ dxo
=—A —14 — — 14+ 2= ==
1x1<x1+xz +)»1) +(x1+x2 +A2> ar
2 2
=—)»1x1<x1+x2—1+ﬂ> —)»2x2<x1+xz—1+&> ,
Al )

and is nonpositive everywhere; furthermore, for any 0 < & < 1 — uy/Aq, it is zero in
{(xl,xz)T :x1 > &,x2 > 0,x1 + x0 <1} only at the fixed point (1 — ’A‘—:,O)T. Since
dx1(t)/dt = 0if x((t) < ¢, the set {(x], ) x> e,x0>0,x1+x2 < 1} is invariant for the
deterministic logistic SIS competition model. As ¢ can be taken arbitrarily small, the claim
will follow from a standard Lyapunov stability argument—see, for instance, Chapter 3 of
Arrowsmith and Place [2]—as follows.

Take any solution x(¢) with x1(0) > 0. Note that there is some ¢ > 0 so that x{(¢) > ¢
for all . As ¢(x1(2), x2(¢)) > 0 and decreasing, it converges to some nonnegative limit.
From the mean value theorem, there is a sequence (#;) of times such that #x — oo and
%gb(xl(tk), x2(#)) tends to zero. Using that and the fact that x;(#;) is bounded away from
zero, it follows that x(fx) 4+ x2(tx) = 1 — w1 /A1. This then implies that x (tx) + x2(tx) /4
1 — p2/Xs and so xo(#x) — 0 and x1(fx) — 1 — p1/A1—in other words, x(#;) approaches
the fixed point. Now we can conclude that ¢ (x1(#), x2(tx)) — 0. As ¢ (x1(¢), x2(¢)) is de-
creasing, it tends to 0. From the formula for ¢, it follows that x,(#) tends to 0, and then that
x1(t) = 1 — p1 /A 1—in other words, x(¢) approaches the fixed point.
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It is easy to check that each solution x () = (x1(¢), x2())T to (1) satisfies
102 _ 10D sy
G2 O

This can be used to calculate the time #._, 4 spent by x (¢) to travel from a point ¢ = (¢, )T
to another point d = (d;, d>)” on the same trajectory:

5) forall ¢ > 0.

%) Al
(6) lesg = ———log(d;/c1) — log(da/c2).
- WoAl — (A2 s MoA] — A2 g
The Jacobian of (1) at (M;—ll“, 0)7 is given by
=21 —p1) —(A1 —p1) )
7 A - )
@) ( 0 — (12 — A2p1 /A1)

and thus has eigenvalues —(A; — 1) and —(up — Azp1/A1), which are real and strictly
negative under the assumptions that A1/ > 1 and A1/p@1 > A2/p2. By standard theory, the
speed of convergence is determined by — min{i; — 1, 2 — Az1/A1}. Indeed, by Chapter
VII §29, Theorem VII in Walter [26], for any 0 < 0 < mln{)q Wi, o — Aap1/ A1}, there
exist n > 0, C > 0 such that, if || (x1(0), x2(0))T — ()‘l ’“ ,0)7||> < n, then

A — T
(x1(2), xz(t))T — ( ! ; i ,O> <Ce %" forallt>0.
1 2

In Section 2.2 below, we will give a stronger bound, as well as a lower bound on the speed of
convergence.

2.2. Convergence to fixed point. We now give quantitative upper and lower bounds on
the speed of convergence. Let n; = A1 — w1 and 1y = wo — Ay /A1, so that —ny, —ny are
the eigenvalues of A. Let

(8) =1-Z

m’
and assume that a # 0, that is, 7> % 1. When a = 0, the matrix (7) has repeated eigenvalues.
We will consider this case at the end of this subsection.

We introduce new coordinates x1(¢) = x1(¢) — A‘ “ L4+ xz(t) and X, (1) = x(¢), and let
(@) = (X1(1t), %2(t))T . In the new coordinates, the dlfferentlal equation (1) is expressed as

: _ < (N2
dxdl(t) i E1 ) — ME ()2 — n2(A1 —A2) (X2(t))
1 1 a

+<M /\2+A7‘7£) ()xm)
1

i
® x;t(f) = —mX2(t) — AaX2(DX1(1) + _@ =

Note the diagonal form of the linear terms in the equatlon, reflecting the fact that (1, 1/a)
and (0, 1) are the left eigenvectors of the matrix A, with eigenvalues —n; and —n respec-
tively.

2(1).

LEMMA 1. Suppose that a # 0. Let L = min{ny,n2} and L1 = (A1 + |7 — kﬂ)%.
Suppose x(0) is such that

y(0) = max{|%1(0)[, #2(0)/lal} < L/2L;.
Then, for all t > 0, |%1(t)] <2y(0)e™"L, and %»(t) < 2|a|y(0)e~"L.
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PROOF. We write, as is standard, x(¢t) = x(0) + f(; F(x(s))ds, where, from (9),

m( —A2) [x2)? Am2\ X2
—nxy — A — (22 (A — o+ ) =
(100  F(x)= 1 i o a
—mx2 — Axox| + —— %
an

We then decompose F(x) = A <;C;) +F (x), where
i_(—m O )
11 A=
(1) ( 0 —m

and
A — A 2 s
_Mxlz_ﬂz(l 2)();_2) +<M ot 1772>le
1

12 F(x)= n n
(12) (x) am
—k2x2x1+—n— 5

1

Then, treating (9) as a perturbation of a linear system, see Chapter 6 of Pazy [22], the solution
X (t) satisfies

~ t ~
£(1) = 45(0) + / 1=DAF (3(s)) ds
0
or, equivalently,
O\ _ (e E1(0)
%o(1)) ~ \e"Mxy(0)

e t=om [—)»1)?1(S)2 _ m@—22) (iz(S))2+ (A Y Mﬂ) 1(s)52(8)]
+/0 m a ds

ujl a
e—(t—S)ﬂz[ Azxz(s)xl(s)—"

Let y; () = |1 ()[eX, let y,(t) = xz(f) et and let (1) = max{y1 (1), y2(1)}. Then, from the

above,

Ao nzx 5 (5) }

' sl /E 5
yl(;)§y1(0)+/0 eLS[A1i1(s)2+n2| 1,71 2|(x26§s))

X2 (s )]

+‘?»1 )»2+1—772’| 1(8)]

—A
<y1(0) + <)»1 + 772':7—2| + A — Aol + 717—772> /0 y(s)2e I ds
| 1

= y1(0) + 1

n2 ! 2 —Ls
()»1+|)»1—)»2|)/0 y(s)2e S ds

t
— 1(0) + Ly / V()25 ds,
0

and also
n+n2

t
y2(1) =32(0) + 42 / y(s)2e ™ ds <y2(0)+L1/ y(s)2e 5 ds,
so that

t
() < y(0) + Ly /0 y(s)2e L ds,



2890 F. LOPES AND M. LUCZAK

Now, the equation z(t) = z(0) + L fé z(s)%e~ L% ds is solved by
Lz(0)
L+ Liz(0)(e Lt —1)

for all ¢, as long as z(0) < L/Ly, and, if z(0) < L/2L1, then z(t) < 2z(0) for all 7. Now
a standard argument, considering the difference z(r) — y(¢), shows that y(¢) < z(r) < 2z(0)
provided that y(0) < z(0) < L/2L. Hence, |X1(#)| < 2max{x;(0), %}e‘“ and x> (¢) <

2|a| max{x;(0), %}e‘“ for all ¢, as required. [

z(t) =

LEMMA 2. Suppose that a #0. Let L, L be as in Lemma 1. Suppose X (0) is such that
y(0) = max{|%1(0)[, ¥2(0)/|al} < L/8L,.

Then, for all t >0, x»(t) < 2x2(0)e™ "2, and x,(t) > %xz(O)e_”’z.
PROOF. Defining y(¢) as in the proof of Lemma 1, and using that lemma,

t A t
x2(1) < x2(0)e ™" + 1y / e TP %1 (s)|xa(s) ds + ﬁ@ / eI ()2 ds
0 ajny Jo

<x2(0)e™" + 2 %e—’%(m /0 t xa(s)e* e 5L ds.
Letting y,(¢) = x2(2)e'"?, and using the fact that Ay < Ay + |1 — A2],
7200 = 50 +2L1y0) [ Bt as,
s0, by Gronwall’s inequality,
720 = 2O exp(2L13(0) [ €L ds ) <00 exp(2L1YO)/L),

and so y2(t) < 2y,(0), for all ¢, as required, since y(0) < L/8L.
Furthermore, for all ¢, using the upper bound on x> (¢) derived above,

t A t
x2(t) > x2(0)e” "M — )»2/- e_(’_s)"2{)?1(s)|xz(s)ds — ﬁ@/ e~ =9Mm 5, () ds
0 ajn Jo

t
> x2(0)e "™ — 2L1e 2 y(0) / x2(s)e’ e L ds
0
t
> x2(0)e ™" — 4L y(0)x2(0)e ™ / e L ds
0

> x2(0)e " — 1y ©)
- L

1
x2(0)e” "2 > Exz(O)e_““. 0

In the case n; = 12, we work with the original variables x1(¢), x3(¢), and write

A — M1 Al — 11
(xl(t) iy ) A (x1(0) iy ) +/teA(t—s)ﬁ(x(s))ds
0

) x(0)
A —
_ (x1<0>— lkl“l)
x2(0)

A — w2 Al — W
ro —M(M(S)— ) —)»1(X1(S)— )xz(S)
+/ A=) A A
0

)\’ —
a1 = a0) ()’

ds,
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where

A e TR (g — py)reT TR
e 0 et Ga—n1) :

Since, in the near-critical scenario we consider, the eigenvalues are always distinct, we
settle below for a fairly weak bound on the speed of convergence. Let y(r) = e/ *17#1)/2 x

max{|xy(r) — (A1 — p1)/A1l, x2(0)}.

LEMMA 3. Suppose that a = 0. Assume that y(0) < (A; — p1)/32(A1 + A2). Then, for
all t >0, |x1(1) = (b1 — 1) /at| < 4y(0)e™ P17ED/2 and xy (1) < 4y (0)e ™ 11D/,

PROOF. Using the inequalities A2[(A1 — 1)t + A1 /Aple tR1=1#D/2 < 2% + Xy) and
(A — )t + 1]e TR 1=1)/2 <2 we have

[x1(t) = (A1 — p1) /1]
<2y(0)e " M1THIZ L 40y 4 ag)e D/ / ' (s)2es =2 g
0
and
xo(t) < y(0)e " MTHIZ g 2ppe ! BT/ /t y(s)2e S R1=1D/2 g
0
It follows using the same argument as in the proof of Lemma 1 that

t
V(1) < 2y(0) + 4(h1 +22) / y(s)2e—S 1=/ g
0

)
(A1 —p1)y(0)
(A1 — 1)/2 4 8(h1 +212)y(0) (e~ P1=m1/2 — 1)

Thus if y(0) < (A1 — 1)/32(A1 + A2), then y(r) < 4y(0), and so |x1(r) — (A1 — u1) /M| <
4y(0)et*1=1D/2 and x, () < 4y(0)e ' *1=11)/2 a5 required. [

y() <

LEMMA 4. Suppose that a = 0. Assume that y(0) < (A1 — (1)/32(A1 + A2). Then, for
all t >0, xp(t) < 2x2(0)e ™' P171D and x5 (1) > 3xp(0)e~ F1=10).

PROOF. Letting (1) = x2(t)e*1 ~#D! we have, using Lemma 3,

t
$2(1) < 52(0) + 422(0) / Fa(s)e > F1=RD2 g
0
SO

F2(1) < 52(0) exp(8r2y(0) /(A1 — 1)) < 252(0),
since y(0) < (A1 — f1)/32A2, and 50 x2(f) < 2x2(0)e~!*1=H1) Finally,

t
y2(1) = 32(0) — 422y(0) / Fa(s)e S 1=m1/2 g
0

'
> y2(0) — 8X2y(0)x2(0)/0 e S 1=11)/2 g¢

> x2(0) — 16A2y(0)x2(0) /(A1 — 1),
50 y2 (1) > Axp(0)e 1= O
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2.3. Proof strategy. As we mentioned in the Introduction, we break up the analysis of
the competition process into phases as follows.

Initial phase (“burn-in” period): By standard theory, see for instance Kurtz [13] or Darling
and Norris [8], for large N, Xy (t)/N, is well approximated by the solution x (¢) of (1) starting
from the same (or nearby) initial condition, at least over a fixed length (i.e., independent of
N) interval [0, ty]. We will choose ty such that x;(fg) is close to MA;I’“ and x> (tp) is very
small. (This is possible by Theorem 4 and the discussion following it, since the fixed point
(A1 — 1) /21, 0)7 is stable.)

Intermediate phase: After time ty, we linearise (1) and its stochastic analogue around
(A1 — 1) /A1, O)T, and use this to show that xy(#) = Xy (¢)/N follows the solution x(¢)
to (1) for quite a long time after #p. Our approach here is a variation on standard martingale
techniques adapted to exploit the proximity of a stable fixed point.

We choose the time #x 1 as the time when x(¢) drops down to N /4 (50 X N 2(t) will be
around N3/4).

Final phase: This phase starts with Xy 1(¢) near MA_—’“N and Xy 2(¢) near N 3/4 From
then onwards, “logistic effects” can be ignored, and the path of Xy >(¢) can be sandwiched
between the paths of two subcritical linear birth and death processes also starting near N3/4.
Since the time to extinction of a linear birth and death process is well known, we obtain the
distribution of the remaining time until the extinction of Xy 2 (¢).

Theorem 2 follows by adding up the times spent in each phase.

3. Initial phase.

LEMMA 5. Setxy(t)=Xn(@)/Nand L =501+ i+ u1+u2). Lettg > 0,1let 0 <5 <
(logd)tpl, and let x(t) be a solution to (1) such that ||xy(0) — x(0)||; <38. Then

P(sup”xN 0 —x@®)], > 25e‘f’0) < 48N/l
=1
PROOF. We use a general method described in, for instance, Darling and Norris [8]. In
the next section, we will develop a variant adapted to the case where the solution x(¢) is in

the neighbourhood of a stable fixed point.
As is standard, we write

t
x(t) = x(0) +/0 F(x(s))ds,

where F : R? — R? is given by
F(x) = (Fl (x)> _ ()»1X1(1 —X] —Xx2) —M1X1)_

F>(x) Apxp (1 —x1 — x2) — pax2
Also, xy () = Xn(t)/N satisfies

t
xn(@) =xn(0) +/(; F(xN(s)) ds + Mpy(2),

where (My (¢)) is a zero-mean martingale.
We can take ¢ = 5(A1 + A2 + 1 + p2) for a Lipschitz constant of F with respect to || - |1
in the subset of R? given by {x = (xl,xz)T :0 <x1,xp <1}. Then for r <19,

1
o) =x @], = ey @ =x O, + [T ) = Fe) | ds + suplatv o,
=l

fo
< [xn(0) = x(0) +€/ sup|lxy (u) — x ()|, ds +sup[ My (D),
0 u<s t<to

< (len ©) = 2@, +sup| My @] )e®,
t<to



EXTINCTION TIME FOR THE WEAKER OF TWO COMPETING SIS EPIDEMICS 2893
so, by Gronwall’s inequality,

(13) sup|lxn (1) = x(@®)]; < (|en(©) = x(©)], + sup [ Mu (1) ).
1<ty 1<ty
For 6 € R2, let

d T
ZN(I,H):eXp(QT(xN(t)—xN(O))—/O dSZQN(xN(S),XN(S)—{—y)(eQ y_1)>
y

T ! 6T T
:exp(@ MN(t)—‘/(; dquN(xN(s),xN(s)+y)(e Y—-1-6 y)),
y

where gy (x, x 4+ y) denotes the rate of y jumps (i.e., jumps resulting in an increment by a
vector y) of xy (¢) when in state x. Then (Zy(#, 6)) is a mean 1 martingale. Note that, for our
model, the jumps y are of the form (+1/N, 0)7 and (0, :i:l/N)T, and F(x) = Zy gn(x,x +

)y
Using the identity e* — 1 — z = 72 frlzo e"*(1 —r)dr, Zn(t,0) equals

t 1
exp(67 M) = [ w16+ )O3 ([ e = ryar ) as).
y
As the jumps y are of the form (+1/N,0)” and (0, £1/N)7,
1 1
/ Y1 —r)dr < —e
0 2
for [|0]]» < y N. It follows that, for all 7,

1 t
Zn(t,0) > exp(eTMN(t> -3¢ /0 Yoan(xn (), xn(s) + y)(GTy)zds)-
y

In particular, let 61, 6, € R, and let 0! = 6;e; (where ¢; is the unit vector with 1 in the ith
coordinate). Then, for all ¢, for i =1, 2, with My ; () denoting the ith component of My (¢),

i 1 Y2 1
ZN(Z,Q)ZeXp eiMN,i(t)_Ee eit()‘l'—i_'u“i)ﬁ .

For § > 0, let T (8) = inf{r > 0: My ;(t) > 8} and let T* (8) =inf{t > 0: My ;(t) < —3}.
By optional stopping and Markov’s inequality,

; 1 1
P(TL(5) <10) < exp<—el-a + Eeve}meﬁ).

Choosing y =log2, ; = N&/(2tpf), we have 0 < 6; < y N, as long as § < (log4)tpf. We
then obtain, fori =1, 2,

P(TL(8) < 19) < e~ "N/(0b),
Arguing similarly about negative &, we see that, fori =1, 2,

P<SUP’MN,1'(1‘)| - 5) < 26_82N/(4ZOZ)-
t<ty

Then the lemma follows from (13). U
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4. Intermediate phase: Long-term differential equation approximation. As in the
previous section, we use xy(¢) to denote Xx(¢#)/N. The aim of this section is to show
that xn (¢) stays concentrated around the solution x(#) of the deterministic system (1) for
a long time, provided xy(0) and x(0) are close to each other, and to the fixed point
(A1 — )/, 0.

We will treat in detail only the case where the eigenvalues of matrix A are distinct, so
that a # 0. By analogy with the notation in Section 2.2, we let Xy 1(t) = xn,1(¢) — M;% +

%xN,z(t), Xn2(t) =xy.2(t), and we let Xy (¢) be the column vector with components X 1 (¢)
and Xy 2(1).
As in Section 2.2, L = min{n, n2} and L1 = (A1 + |1 — Azl)%.

la|+1
|al

Additionally, we let b = ,C= %(M + w1+ A2+ o), and L= max{ny, n2}.

LEMMA 6. Suppose 0 < w < 4(log2)>Nc/b?. Let
S (@) = max{[in1 (1) = 21O, [Fy 2(0) — 220)lal ™'}, 1=0,

and suppose that

’

i 12
Fn(0) < %%) .

Suppose also that y(0) := max{x(0), la|~1%,(0)} < L/8L1. Then
. 1/2
IP’( sup  fn(r) > 8eF (%) ) <8¢~ /8,

1=<[e/%]
The proof of Lemma 6 will follow shortly. By standard theory,

t
v () = v (0) + /0 Fin () ds + My(0),

where (My(¢)) is a martingale, and F(x) is the drift of (Xx(¢#)) when in state x, given as
in (10). Analogously to the deterministic process x(¢),

(14) i) = eMiy (0) + fo t A F(Xy(s)) ds + fo , A=) AM (s),

where A is as in (11) and F is as in (12). (This formula is proven in the same way as the
“variation of constants” formula in Lemma 4.1 in Barbour and Luczak [5].)

The following analysis of the martingale transform fot eAU=5) d My (s) is general, and ap-
plicable to any finite-dimensional jump Markov chain. We will use it to prove Lemma 6. In
what follows, the matrix norm we use is the operator norm induced by the vector || - |2 norm.

LEMMA 7. Let (X (1)) be a Markov chain with state space X C R¥, where k is a positive
integer. For x,y € R¥ such that x,x +y € X, let §(x, x + y) denote the rate of jump y from
x, and assume that there is a bound B > 0 such that ||y||2 < B for each possible jump y.
Suppose further that, for each x € X, the drift F(x) :=}_,, yq(x,x +y) at x can be written
in the form

F(x) = Ax + F(x),

where A is a k x k matrix with nonpositive eigenvalues. Let (M (t)) be the corresponding
Dynkin martingale, that is,

X(1)=X(0)+ /OZ(AX(S) + F(X(s)))ds + M(t).
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Given a vector e € RF with |le||, = 1, let Me(t) = f5 el e =) dM(s). For 8 > 0, let T, (§) =
inf{r > 0: Me(t) > 8} and let T, (8) = inf{r > 0: Me(t) < —8}. Let Te(8) = T,H(8) A T, (8),
the infimum of times t such that Me(t) exceeds § in absolute value.

Further, given vector e € R* and u e Ry, let ve(x,u) = Zy Gx,x +y)ele A”y)z, and,
for K >0, let Se(K) =inf{t > 0: fé Ve(X(s5),t —s)ds > K}. Let S;(K) = Se; (K), where €;
is a unit vector with 1 in the ith coordinate.

There is a constant D dependent on matrix A such that the following holds. Suppose e
is a unit left eigenvector of A with eigenvalue —n, where n > 0. Then, given K, o > 0, and
0 < w <4(log2)’K/(BD)?,

P(Te(e”"VwK) < o[e?8] A Se(K)) < 4e™ /3.

Given numbers K1, ..., Ki > 0, let o satisfy 0 < o < 4(log2)?K; /(BD)? for each i.
Then, for a unit vector e,

- k
P(Te(e“*‘“za /wZK,-) <ofe”¥] A (/\ Si(Ki)>) < dke™ /5.
i i=1

IfA~ is diag0~nal, then we may take D = 1; in general, D = max{lle‘&tllz 1t > 0}, which is
finite, since A has negative eigenvalues.

REMARK 1. The function ve(x, #) defined in the statement of the lemma is a measure

of variance of jumps in direction e for a time-inhomogeneous Markov chain with transition
rates G (x, x + y), where jump y at time u gets transformed by the matrix e?*.

PROOF. Fix atime 7 > 0, and consider M given by
INT -~
M (1) = / AT dM (s)
0
INT -~
= / AT (dX(s) =Y yq(X (), X(s)+y) ds>.
0
y
Then (M*(¢)) is a zero mean martingale. Also, for each ¢ > 0,
t -
/ A dM () = M (1).
0

We now define

YT(r) = /OW AT E (X (s)) ds + M7 (1)
= / WZeA“ DyG(X (s), X () +y)ds
+ / A=) (dX<s> — Y yq(X(s), X(s) +) ds)
y

INT ~
_ / AT X (s).
0

The process (Y (¢)) is a time-inhomogeneous Markov chain, stopped at 7.
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For € R¥, let R7(z, 6) be defined by

R (t,0)=¢"7"0
INT T A(t—r T
- /o D G(X @), X () + y) (e O Y0 gy,
y
Then (R*(¢,6)) is a martingale. Also, for & € R¥, (Z* (¢, 6)) given by
T OTYI(I) AT ~ GTE’&(I_S)))
Z'(t,0)=e exp( — D G(X(9), X(s)+ y)(e —1)ds
0
y

is a mean 1 martingale, since, for all ¢, using integration by parts to obtain the first equality,

Z7(t.0) =" 7O
! AT - eTeg(rfs)y QTYT(r)
+ A exp| — A Zq(X(s),X(s)—i—y)(e —1)ds )de
y
InT 0T Y™ (r) - oT pA(t—r)
_,/0 e Zq(X(r),X(r)—I—y)(e Y —1)
y
x exp| — TS X(s), X 070y —1ds|d
pl= ) 2aX®. X +y)(e )ds | dr
y
AT rAT _ GTe“i(’_s)y
=1+ el - D G(X (). X(s)+ y)(e —1)ds
y

x (4170 = PG @) X @)+ )OI Y0 gy )
y

AT rAT T A(t—s
=1 [Mewn(= [T R a0, x00) +3)( N 1) as ) dr" 00
y

Note that Z7 (¢, ) can be written as
INT ~ )
Z%(t,0) =exp(9TYf(z) —f > G(X(s), X () +y)9TeA(H>yds)
0
¥
ine ~ GTe’i(I_‘Y) T A(r—s)
X exp —/ Zq(X(s),X(s)—l—y)(e M y)ds
0
¥
= exp(QTMT(t)
AR T A9y T A(t—s)
—/(; Zq(X(s),X(s)-i-y)(e —1—-0"e y)ds ).
y

Since ¢¢ — 1 —z =72 frlzo e"*(1 —r)dr, we see that Z* (¢, 0) equals

exp(eTMf(z)

AT A 1 T A(r—s
- ft Zé(X(s), X(s) + y)(@TeA(t_s)y)z(f 0" )y(l —7) dr) ds).
0 y 0
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Recall that each jump y satisfies ||y|2 < B, and set D = max{lleA”HzN: u > 0}: as A has
negative eigenvalues, the bound D is always finite, and is equal to 1 if A is diagonal. Since
s < t, it then follows that, for |6, < T,

1 ~ ~
/ erGTeA(T"‘)y(l —r)dr < leBFIIeA(T"Y)Ilz < leBFD.
-2 -2
Hence, for all ¢,
1 tAT -
Z%(,6) > exp(@TMf(t) — EeBFD/ D G(X(s). X(s) + y)(eTeA<f—s>y)2ds>.
0
y
Writing 6 = ||6|2e, for a unit vector e € R¥,

1 INT
Z°(t,0) > exp<||9||2eTMf(t) — EeBFDnen%/O ve(X(s), T — s)ds>.

Since (X (¢)) is right-continuous, for K > 0, time Se(K) defined by Se(K) = inf{r > 0:
fé ve(X (s),t —s)ds > K} is a stopping time. Given u > 0, let

SE(K) :inf{t 20:/Mu Ve(X (), u —s)ds > K}.
0

Then, using continuity of the integral, necessarily either S¢(K) < u or S¢(K) = oo. Note
that, if Se(K) > 7, then fé Ve(X (s),t —s)ds < K forallt <t so S{(K)=o0forallt <t.
For ¢ > 0 and unit vector e, let M{ (1) = el M7 (1). Also given § > 0, let Tr"(8) =inf{r >
0: MZ(t) > 8}, and let T," "~ (8) =inf{r > 0: MZ(t) < —8}. Then TZ*(8) <t or T7£(8) =
0.
Given K > 0, on the event {T,>T(8) <7 A ST(K)},

1
25 (TFF (), 10 ]126) = CXP(||9||25 - EeBFDneu%K).
By optional stopping and Markov inequality,
1
P(TF () <t ASL(K)) < eXP<—||9||25 + EeBFDneuéK).

Choosing [|0]l> = 8/¢BTP K, and assuming 8 < 'K e8P so that ||6]], < I, we obtain
P(TST(8) <t AS{(K)) < o0 12KT

and, similarly,
P(TF~(8) <t ASL(K)) < o2 /2K PP

Letting 7 (8) = 7, (8) A T (8), it follows that
P(T (8) <7 A SE(K)) < 2e57/2Ke™™

Choosing T' = (BD) 'log2 and § = VwK, with 0 < w < 4(log2)?>K /(BD)?, we have
012 <T,so

(15) P(TF (VoK) <t A ST(K)) <2e /4,

Note that, for t < 7, M'(t) = eA(’_’)M’(t), and so M[(t) = eTeA(’_’)M’(t). In particu-
lar, if e’ is a left eigenvector of A with eigenvalue —n (n > 0), then M.(t) = ML(t) =
"D MI(t). In general,

Me(w) =" MIMT (@) < [ A M0, < 0 M 0]
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Choosing 0 < o < 7, if e’ is a left eigenvector of A with eigenvalue —7, then

sup | ML(1)| <€’ sup |Mg(1)].

T—0<t<t T—0<t<t

For a general vector e,

sup  [M{(0)] < "B |MT(@0)]),.

T—0<t<T

Applying (15) to all times 7j =0, 172 = 20, ..., Tj, = joO, Tjy+1 = Se(K) A [e*/¥]0,
where jo < [¢®/3] — 1 is the largest j such that jo < Se(K) A [e®/3]0, we see that

PAj <jo+1:Te' (VoK) <tjASe (K)) <de /8

As noted above, t < Se(K) implies S (K) = oo for all u <t, and so, for each j < jo + 1,
we have Séj (K)=o00 5
So, for e’ a left eigenvector of A with eigenvalue 7, we obtain from the above that

P(Te(e”"VwK) < o[e?/8] A Se(K)) < de™/3.

In general, given numbers K1, ..., Kx > 0, and a vector e, we similarly obtain

IP(T( "AzaJ@) <ole”?] (/\ Si (K; ))) < dke /8. -

PROOF OF LEMMA 6. We will apply Lemma 7 to the chain (X (¢)). The possible jumps
y of (Xn(1)) are of the form +(1/N,0)7 and £(1/(aN), 1/N)T, so ||y|» < B :=b/N.
We let v; (Xn (s), u) = ve; (Xn (5), u), where ve is defined in the statement of Lemma 7. We

first bound fé vi(Xn(s),t —s)ds = fé Zy gN@XN(s), XN (s) + y)(efi(’_s)y)i2 ds:
t A !
| oGy =syas < f v (8)(1 = xn,1(5) — Xy 2(9))e ™2 g
0
t
/ xN.1(s)e” =9 g¢ +N 2/ xsz(s)e_zm(’_s)ds

A t
+ N—zz/o xn2(8) (1 —xn.1(5) — xn.2(s))e M) ds

t
<N“'O4 +u1)/ e 2= g
0

LN (A +2M2) /t o=2m=s) gg
0

-1 ~1 -2 <.
<N~ [ +p1) +a (K2+M2)]§N,

t )\’ t )
fo v (in (), 1 —5)ds < 2 fo xn2() (1 — x.1(5) — xy.2(s))e 2120 g

t
+ &/ XN72(5)6—2712(I—S) ds
N Jo

?»2+M2 ¢

t
< N—l A / —27]2(I—S)d < N—
=N (A2 +u2) )¢ §= 2 N
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Using (14), (11), (12), and the definition of fy (¢),

t
[En2(t) — %2(0)] < e 3N 2(0) — F2(0)| + \ /0 e UM d My 5 (s)

Ay M2
Lham

t
[ a(0) — (Ba(0)) s

t
+ / e~ Ty | ()TN (s) — F1(5)Fa(s)| ds
0

t
< e ™a] iy (0) + ] [ e emamy e

A2
+_’7
n

t
+/0 e U=, #n () (F2(s) + lal fa (s) + |al|Z1(s)]) ds

/O t e™ UM £y (5)(23%2(s) + |al fi (5)) ds

and

|Xn,1(8) — X1(0)|

t
< e |Ey.1(0) — 1 0)] + ' [ et amyae

t
A / e~ 5y 1 (5)2 — 1()%|ds
0

2|lA1 — A2
+n| |

t
o [ e (67 = a5 ds

1 MmN\ [T o= - PR
4 (= ol 4 22 fo eI |Zx L (9)FN 2(5) — B (5)F2(5) | ds
1

t
ey /0 eI fu(5) Q2151 ()| + fv(5)) ds

. M /te_(t_s)mfN(s)<2w + fN(s)> ds
n 0 lal

t
< e iy (0) + ' [ e eomamyae

; -
+ <|)»1 — A2+ %)/{) e_(f—s)mfN(s)(XZ(S) + fn(s) + |)Z1(S)|) ds.

lal
Then, by Lemma 1, and since L1 = (A1 + |A1 — X2))(m1 +1n2) /11,

- ) ) LI o
a0 - %] < ”“fN(O)+m’ /O e~ Gy 5 (s)

' 2 ~(—s)m —L [
Ly [ (@) e R ds +4Ly @ [ fus)ds

and

t
[Fn1(0) — X1 ()] < e fy(0) + ‘ /0 e UM dMy 1 (s)

+ L, /Oteasm (fn(s))*ds +4L1y(0)e " /Ot Fn(s)ds.

Let T be the infimum of times ¢ such that for eitheri =1 ori =2

(wci)l/z 7
> e,
N

t
/ e "IN dAMy i (s)
0
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where c; =c and ¢, = c/bz. On the event t < T7,

[Fx () = 20 _

—tm 0 L ! —(t—s)n 2d
o 712 iy (0) + lfoe (fw ()2 ds

t | 12
+4L1y(0)e—fL/ fN(s)ds+—<%> o
0 lalb\ N

and

[En,1(0) = F1(1)] < e fiy (0) + Ly /Oz =TI (fi(s)) ds

e we 12 m
+4L1y(0)e A fn(s)ds + N e,

Hence, fort < 77,

! t 12
fN(t)fe_thN(O)-i-Ll/O e_(t_s)L(fN(S))zds+4L1y(0)e_tL/O fN(S)ds+<%c) el

Let To =inf{r : fy(t) > IOeZ(%)I/z}. Then on the event 1 < T A T»,

100e2L 1, t 12 .
f@) = e f(0) + ———- 2 +4L1y(0)e / Fus)ds + <%) oL
0

so, for N large enough,
12

t
Fu(0) <e™'L fy(0) + 4L y(0)e 'L /0 fN<s)ds+z<%) oL

Letting gy (£) = fn (t)e't, we see that, for large N, on the event t < T A T3,

4 wc 1/2
gN(t)SgN(O)+4L1y(O)/O e—SLgN(s)deefL(W) oL

By Gronwall’s inequality, for large N, fort < T1 A T3,

- 172N 41,50
g () < (gN(0> +2efL+L(%> )ei‘ ,
s0,if y(0) < L/8L; and fy(0) < el (we/N)'2, then

i 12 i 12
) < 2<fN(o> + 2eL<%) ) < 6ol (%) .

Fix 0 <19 < e®/3. Let T3 = inf{r : fy(t) > 8eL(%)1/2}. We now apply Lemma 7 to (xy(?)),
with matrix A as in (11) and F asin (12), B=b/N, o = 1. We take n to be equal to n;, D =
1, K tobeequal to K; = ¢;N~! etobe equal to e;, for i = 1, 2, and note that we have shown
that P(f§ vi (Fn(s),t —s)ds < K;,i = 1,2,¥t < [e?/87}) = 1, and so P(S; (K;) = 00) = 1
fori = 1,2. Lemma 7 then implies that P(T} < [¢®/8]) < 8¢~¢/8,

Also, since jumps are of size O(1/N), P(T, < T3) = 0 for large N. Furthermore, we
showed above that P(T3 < T1 A T>) = 0. Then we can only have 73 < Ty if 73 > T>, and
hence P(T5 < T7) = 0. It follows that

P(T3 < [e”/%]) <P(T1 < [e“/3]) + P(T5 < T1) < 8e™/",

which completes the proof of Lemma 6. [J
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REMARK 2. In the case when a = 0, the matrix A has a repeated eigenvalue, and
is not diagonalisable. We work with the original variables xy 1(f) and xy 2(¢), and let
Sn(t) = max;=12|xn,;(t) — x;(¢)|. Using Lemmas 3 and 4, and the fact that, for all ¢,
hoe” PImHUI2[(3y — )t + A1 /A2] < A1 + A2, we show that

t
fn (@) <2e”P1=ROU2 £0.0) 4 2(0 4 A2) fo e”MTHDU=I2 £ (5)2 ds
t
+ 1601 + 22)y(0)e~Gr=mi/2 / fu(s)ds + M,
0

where

M=max{

/Ot (eA(t—s)dMN(s))l ’ '/(;t(eA(t_S)dMN(S))Z

JiA _ (e—u()\l—/ll) —(A — Ml)ue—u(?\l—m)>
0 9

I

e—M(M—M)

y(0) = max{|x;(0) — (A1 — 1) /A1], x2(0)}. The remainder of the analysis can then be carried
out in a way analogous to the case with distinct eigenvalues. We apply Lemma 7, taking e = e;
for i = 1,2. We further take B =1/N, K1 = Ko = N~'2n)~ (A1 + 1 + A2 + p2), where
n =mn1 =n2=A1 — u1. Also, using the fact that the operator-induced norm || - ||> of a matrix
is at most its Frobenius norm, we can take D = v/2.

Then we can bound the martingale deviation M by e2*1—=11) / %, and hence
we can show that, for large N, with probability at least 1 — 8¢~¢/8,

fu@) <8AFTTIINTY2 o (hy + puy + 22+ p2)/ (ht — 1),

over an interval of length [e®/%], provided w < 4(log2)?(A1 + A2 + w1 + w2)n~ ' N, and
provided y(0) < (A1 — p1)/64(A1 + X2), and

() < FTIONTI2 Joo (G + g 42+ p2) /0 — ).
5. Final phase.

LEMMA 8. Forw € R, let
tn (v, w) = (2 — Aap1 /A1)~ (log y + log(1 = Aapa1 /A1 p12) + w).
Let 0 < & < 1/4. Suppose that |xy.1(0) — M;%| < N~¢ and |xy2(0) — N~1/4 < N~1/3,

Then, the weaker species extinction time k satisfies P(ky <ty (N 3/4, w)) — e " as N —>

Q.

Let (Y (¢)):>0 be a subcritical linear birth and death chain, with birth and death rates A
and u, where > A. Let T¥ =inf{r > 0: Y (¢r) = 0}. It is a well known fact (see, e.g.,
Renshaw [23]) that, for ¢ > 0,

v B o (u— k)e_(“_)‘)t Y (0)
P(T" <t)=P(Y(t)=0) = (1 R p=r=T

Assume that Y (0) = y, and let

_logy +log(n —2) —logu +w

t(y, w) =
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for y and w such that ¢ (y, w) > 0. Then e~ #~2!0W) — o= /(L — A)y, 5O
—w y
P(TYgt(y,w))z(l— e /y > .
L —he ™ /(w—2)y
Now, consider a sequence (Y (¢)) of linear birth and death chains with birth rate A = A(N)

and death rate © = w(N), where w(N) > A(N). Assume further that Y (0) = y(N), where
y(N)(u — A) = oo. Then, as N — o0,

“Y/y(N) v
P(T'™ <t(y(N), w)) = <1 1= Aeiw/{lyi - )»)y(N)>
eiw y(N) —w
= (1 - - ) e_e ‘
Y(N) — e /(L —2X)

In other words, the following holds for the asymptotic distribution of the extinction times of
a sequence of subcritical linear birth and death chains.

LEMMA 9. Let (Yn(t)) be a sequence of subcritical linear birth and death chains with
birth and death rates L(N) and ((N), respectively, where w(N) > A(N). Suppose further
that Yy (0) = y(N), where y(N)(i — 1) — oo. Let TV =inf{r > 0: Yn(t) = 0}. Then, as
N — o0,

(W(N) = A(N)) TV — (log y(N) + log(i(N) — A(N)) — log w(N)) — G,

in distribution, where G has a standard Gumbel distribution.

PROOF OF LEMMA 8. Let x1(0) = xx,1(0) and x2(0) = xy 2(0), 50 |x1(0) — 24| <

N~¢ and x,(0) < 2N /4,

By Lemma 2, for large enough N, for all ¢+ > 0, x2(¢) < AN—Y4, Also, by Lemma 1, if N
is large enough, for all # > 0, |x1 () — (A1 — p1)/A1| <4N7E.

Let Zy be a linear birth and death process defined as follows. The death rate is u», the
birth rate is

Al — 11 _ ) A2 i1
M1 — 5N~¢ ) =
2( Al * Al
and Zy (0) = N3/4 + N?/3, By Lemma 9, as N — oo, in distribution,

A
(Mz—i—’“—sx N- >TZN
1

+ 51N "¢,

— (log(N3/4 + N?/3) —|—log<

_8> — loguz) — G,

where G has a standard Gumbel distribution, and so, for w € R,

log(N3/* + N2/3) + 1o “’“ — 50N E) —logur +w Y
]P’(TZN - g( ) g('u; 2N~°) g U2 ) g
wo — 2#1 5)» N—¢

This means that

IP(TZN <

Al

log N3/4 + log(ua — 2#«1) —logus +w+ 0(1)> e
—e ,
M2 — i)

and so also

A A
(,uz - i—ﬁ“)TZN — <log N34 +log<uz - i—ﬁ“) —log Mz) - G.
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Let Wy be a linear birth and death process defined as follows. The death rate is u», the
birth rate is
Al — A
A2<1 _aTH 6N—8) =20 6N,
Al Al

and Wy (0)=N 3/4 _ N2/3, By Lemma 9, in distribution,
A
(m - i—“‘ + 6/\2N—8)TWN —log(N**(1 — N~1/12))
1

A2t
Al
where G has a standard Gumbel distribution. As above, it follows also that

A A
(Mz — i—ﬁ“)TWN — (logN3/4 +log(uz - i—/l“> - 10gM2) - G.

— log<,u2 — + 6k2N€> +logur — G,

Let fn(¢) be as in Lemma 6, and let £y (¢) be the event that fiy (s) < N3 forall s <.
For N large enough, on the event Ey (¢), for all s < ¢,

A —1

5N <xy.1(s) — <5N°°,

1
and, furthermore,

0<xyo(s) <AN“V*4 NTIP <N7E
Therefore, on the event Ey (), we can couple Zy, Wy and Xy » in such a way that, for s <t,
Wn(s) = Xno2(s) < Zn(s).

It follows that, on the event En(¢), TZN < ¢ implies ky <t, and ky <t implies TN <.
Also, by Lemma 6 (with any @ = w(N) such that o (N)/N'/3 — 0), P(Ey (1)) — 0 as long
ast < e®’3. So, choosing w(N) = N4 fort < e®/8,

PT*Y <t} NEn@)) <P({ky <t} NEND)) <P(IT"™ <t} N ENCD)).

Hence, for any fixed w,
P(ky < t(N¥*, w)) <P(TY¥ <1(N3*, w)) + P(En(t(N3/4, w))) = e~ "
and

Py < (N4, w)) = P(T?N < t(N3*, w)) — P(En (t(N3/4, w))) = e ",

which completes the proof of Lemma 8. [J

6. Proof of Theorem 2. By assumption, xy (0) = (ay, ,BN)T, where oy — « and Sy —
B as N — o0o. We let x(0) = xx(0) as the initial condition for (1). By Theorem 4 and the dis-
cussion following it, if A1 /1 > Ap/p2 and A1 /1 > 1, then the fixed point x* = (M;%, 0’
of (1) is globally attractive, so that there exists #9 > 0 such that, with L = min{n, 2}, L1 =
(A + A1 —X2])(n1 + 12) /01, as defined in Section 2.2, max{|x (to)], la| "% (10)} < L/8L;.
It is also not hard to see that we can choose a finite #y that works for every value of N, for
N -dependent initial conditions as above.

Let ty = inf{t > 19 : xp(t) < N_1/4}. Lemma 2 implies that, as N — oo,

1
tn=-—IlogN+0(Q).
4m
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It then also follows from Lemmas 1 and 2 that there exists 0 < & < 1/4 such that, if N is
large enough, then

Al — W1 | -
IN) — <-N"°.
x1(tn) o152
By Lemma 5 with § = N~%/12 and Lemma 6 with @ = N/, if N is large enough, then
with probability at least 1 — e~ e
1 1
suplxn 1(0) —x1 ()] < SNTP < SNTF
1<ty 2 2
113
(16) sup [xy 2(1) —x2(t)| < =N~ /°.
1<ty 2
By (6), the length #q of the first phase can be written as
%) Al
log(x1 (#0)/x1(0)) — log(x2(t0)/x2(0)),
M2A1 — [(L1A2 el ) M2A1 — (L1A2 el )
and the length ¢y — t of the second phase can be written as
"2 og(x1(tn)/x1 (1) — ———— log(xa(in) /x2(10))
——log(x1(ty)/x1(f0)) — —————log(x2(in)/x2(%0)).
WoAl — A2 g H2A] — 1A2 £

When (16) holds, we take xy 1(ty) and xy 2(fy) as initial values in Lemma 8. On the
event £ that (16) holds, by Lemma 8, the length of the third phase is

A A A
—1<logN3/4 —|—log<1 _ M 2)) LM G
H2AL — [1A2 A2 HoAl — U1A2

where G y converges in distribution to a standard Gumbel variable G. Hence, on the event £,
the total time «n until the extinction of Xy 2 is

A2 Al —1/4
log(x1(ty) /an) — log(N "4/
H2A] — [1A2 ( ) H2A] — (1A ( )
Al ( 3/4 ( Mlkz)) Al
+—|1lo N3/ +log| 1 — + Gn.
MoA] — A2 ¢ ¢ WA WoAl — Wi1A2

Since P(g) — 1, ay = o, By — B as N — 00, and, for large N, |x1(ty) — (A1 — 1) /11| <
N~¢, we conclude

Al — 1A A A 11— A
(17 Mokl — i ZKN—<logN,B<1—M 2>+—210g( mi/ 1))—>G,
Al M2Aq Al o

in distribution, with G a standard Gumbel, so the first part of Theorem 2 follows. The second
part of Theorem 2 then follows from Theorem 1, since, after the extinction of the weaker
species, the stronger species evolves as a single supercritical logistic epidemic, and we have
shown that « is with high probability negligible in comparison with k.

7. Near-critical phenomena. In this section, we will prove Theorem 3, showing that the
formulae for the extinction times «y and Ky of the weaker and stronger species in Theorem 2
extend to near-criticality.

Recall that u; = up = 1, and Ay = A (N), Ap = A(N) are such that Ay > Ap, Aq iS
bounded, and (A — 22)(A; — 1)~1 — 0. Recall from (2) that we further assume that

NQa =223 — 1)/ loglog(N (A1 — 12)?) — oc.
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We believe the last condition is not best possible, and we only need N (1| — A2)> — oo for
Theorem 3 to hold—see Section 7.1.

Note that under our assumptions (A — 1)(A] — D~! = 1. Also, the quantity a defined
in (8) satisfies 0 < a < 1 for N large enough, and converges to 1 as N — 0o. As before, we
assume that xy 1(0) = N_IXNJ ©O) =an, xy200) = N_IXN’Q(O) = By, where ay — o >
Oand By — B > 0.

The idea of the proof is as follows. The sum Xy 1(¢#) + Xn 2(¢) behaves approximately
like a single stochastic SIS logistic epidemic process with recovery rate 1 and infection
rate somewhere between A, and A;. (The difference between A, and A; is smaller than
the difference between either A1 or A, and the recovery rate 1.) Initially, we track the sum
Xn.1(t) + Xy .2(¢) by sandwiching it between two SIS logistic epidemics, until it reaches
near (A1 — 1)/Aq; it will then stay near there for a very long time with high probability. Si-
multaneously, we track the ratio Xy 1(t)/ Xy 2(¢), which has a positive but slow drift and
stays close to X 1(0)/ X 2(0) for a time almost as long as (A; — )L

Subsequently, we show that the transformed variables Xy () = xn.1(¢) — }”A—:l +
alxN’z(t), Xn.2(t) = xn2(t) follow closely the deterministic process for a long time, until
An2() = N_IXN’Z(Z) is o(A1 — Ap) and N_IXNJ(Z‘) =xn1()+ % — %)EN,Q(I) is within
distance o(A1 — Ap) of its carrying capacity (A; — 1)/A;1. From then on until extinction, we
approximate X y 2(¢) by a linear birth-and-death chain with birth rate A» /1 and death rate 1.

The first lemma compares X 1(¢) + X 2(f) to single stochastic SIS logistic epidemic
processes with suitable parameter values.

LEMMA 10. Let Yn(t) denote the number of infectives in a stochastic logistic SIS epi-
demic with infection rate Ly and recovery rate 1. If Xn 1(0) + Xy .2(0) > Yn(0), then
Xn.1(t) + XN 2(t) stochastically dominates Y (t).

Let Zn(t) denote the number of infectives in a stochastic SIS logistic epidemic with infec-
tion rate A1 and recovery rate 1. If Xy 1(0) + Xn 2(0) < Zn(0), then Xy 1(t) + Xn2(2) is
stochastically dominated by Z(t).

PROOF. The process Xy, 1(t) + Xn 2(¢) jumps by 41 at rate at least Ao (X 1 + Xy 2) X
(1 —Xn.1 — Xn.2) and jumps by —1 atrate X 1 + X 2. Thus we can couple Xn 1 + Xy 2
and Yy (¢) so they always jump down together as much as possible, and jump up together
as much as possible, and otherwise each jumps on its own with any excess rate in either
direction. With this coupling, Xy 1(¢) + Xy 2(¢) = Yn(¢). The second part can be proved
analogously. [

Next, we establish concentration of measure for the supercritical stochastic SIS logistic
epidemic, showing that it follows the deterministic epidemic for a long time. We will use
this to show that X 1(¢) + X 2(¢) rapidly arrives near the carrying capacity of the stronger
species.

LEMMA 11. Let Yn(t) be the number of infectives in a stochastic SIS logistic epidemic
with infection rate .. = A(N) and recovery rate 1t = w(N), where A > u > 0. Let y(t) denote
the proportion of infectives in the corresponding deterministic SIS logistic epidemic. Suppose
that \, u are bounded, and () — ,u)ZN — 00 as N — o0. Let w = w(N) > 0 be such that
N —u)?/w— 0o as N — oo.

We assume that 0 < y(0) < 2(. — w)/A, and that IN~'Yy(0) — y(0)| < 1,/220H0) f
v(0) > (A — w)/A, then, for N sufficiently large,

200
IP’( sup  [NTYN () — y(1)] > 42 M) <4018,
t<(A—p)~le®/8 NA



2906 F. LOPES AND M. LUCZAK

If y(0) < (A — ) /A, then, for N sufficiently large,

20w 2w (A
IP’( sup [N TIYN () — y(0)| > de HO M) < 418,
t<(—p)~lewsd Na

PROOF. Since A > u, the solution y(¢) to

dy(t)
dt

converges to (A — u)/A as t — oo.

Let y(t) = y(t) — (A — u)/X and let yy(¢) = Nlyy@) — (h = w)/A. Then

t t
56 =50) — O — u)/o F(s)ds — A/O 5(s)2ds

(18) =ay(O)(1 = y(0) — uy(),

and
t t 2
&Nm:yzv(m—(x—m/ Ms)ds—x/ v ()2 ds +my (),
0 0

where (my(t)) is a zero-mean martingale. Treating this equation as a perturbation of a linear
equation, see Chapter 6 of Pazy [22], cf. Section 2.2 and equation (14) in the present paper,
it follows that

y(0)=e”*T50) — & fo I3 d
and
T = ¢ =k [ e B I5y 6 ds + [ ),
Letting fn() =1y() —yn(@)| = |y(@) — N~1Yn(7)|, we thus have

fn (@) < fy(0)e™ A=W 4y /O t e A== (£ (5))  ds

t t
+2/\/ e~ A=) 1y () |5(s) | ds + V e~ AU g (s)).
0 0

Let yy () = N*IYN(t), and 71 = inf{¢ : yy(t) > 2y(¢)}. To estimate the deviations of the
martingale transform f(f e~ A=) dm (), let v(y, u) = e 2A=WUN=TOy(1 — y) + wy),
and note that, on the event ¢t < T7,

t . )\’ t B B )
/ v(INn(s),t —s)ds = —/ yn () (1 —yn(s))e 2= (1=5) ¢
0 N Jo
R~ —20—p)(t—s)
+ yn(s)e ds
N Jo

< 2()» + M) /I e—2(kfu)(tfs)y(s) ds.
N 0

As is well known, the solution y(#) to (18) above satisfies

y(O)(A — )
19 = ,
(1% o Ay(0) + /\e—@—ﬂ)f(k_T“ —y(0))

and so y(t) = y(t) — (A — )/ satisfies

F(0)e 0
¥(0) 52 (1 — e Gty 4 g~ Gmrorr”

(20) y(1) =
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Assuming first y(0) > (A — ) /A, we have (A — ) /A < y(t) < y(0) <2(A — p)/A. It follows
that, on the event ¢ < 77,

! 2(A + )
/0 v(In(s),t —s)ds < TAM

Given w = w(N) > 0, let T, be the infimum of times ¢ such that

20+ p)
Nx

t
‘/ e A== g ()| > 3
0

By Lemma 7 applied to (yn(¢)), with k=1, B=1/N, A= —(A—wn),D=1,0= lu

n=ir—u, K= Z(HM) , we see that, if v < 8(log 2)2N(x + w)/A (which holds for N large
enough if N(A — u) /a)—) o0) and 1o(N) < [e®/3]/(1 — w), then

P(Tr < Ty Atg) < de ®/?

Also, by the above, and using the assumption that fy (0) < ,/ 2“’(“”‘) , on the event ¢ <
T\ AT,

fa(t) <A /0 t e~ O (f(5))  ds + 20 /0 t e=AmWU=9) £y (5)|5(s)| ds

N 7 o+ 1)
2 Nx

Let T3 be the infimum of times ¢ such that fy (1) > 5¢%,/ % Then, if N is large enough,
ontheeventt <71 ATh A T3,

A 50e8w (A + 1) o~ Gm)=5) 7 2000+ 1)
i = T +2xf0 0D fu ) 5@ ds + )| <o

Since N(\ — M)z/w — 00, then, for N large enough,

A 508w+ 1 2w()\+u)
A—u N —2\/ NA

and so, for N large enough, on the event t < 71 A Tp A T3,

20+ )

t
fn@)e? =" <2 / e [y (5)|5(5)| ds + 4e " S
0

From (20), y(¢) < e*(A*“)li(O) < e*()‘*“)’(k — ) /A, so, by Gronwall’s inequality, for ¢ <

T\ AT, AN T3,
Rw6.+w ,
1) <4, ———e".
In@) = NL €

Hence, if T4 is the infimum of ¢ such that fx (¢) > 4,/ We“, then
P(Ty <t9) <P(T1 ANTo ANT3 < Ty A 1),
and so, since P(73 < T4) =0 and P(T1 < T4) =0 for N large enough,
P(Ty <10) <P(Ty < Ty) + P(T3 < Tw) + P(T2 < Ty Atg) < de™ /%,
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and so, as claimed, for N large enough,

20
IP’( sup [NTYn () —y()| > 464‘/M) < 4e@/8,
10— e8] Na

The case 0 < y(0) < '\_T“ is similar. Here we use that, from (19), y(0) < y(z) < A_T“ and,
from (20),

FOIC = 1) o

5] = SOR 0

LEMMA 12. Let Yn(t) denote the number of infective individuals in a stochastic SIS lo-
gistic epidemic with infection rate A = A(N) and recovery rate ;1 = uw(N). Let y(t) denote the
proportion of infectives in the corresponding deterministic SIS logistic epidemic. We assume
that . = A(N) and it = w(N), where A, u are bounded, A > . > 0, and (A — M)ZN — 00 as
N — o0.

Let yn(t) = N=YYn (), and assume that yv(O0) > 2(A — w)/A and y(0) = yn(0). Let
T =1(N) be such that y(t) =2(A — u) /1. Then, for large N,

P(fggm () —y(@)| > 4N — M)2)1/16 %’:)’“) <2~ NG=w)'¥/8

PROOF. We have
t )
yn (@) = y(t) = (yn(0) — y(0)) — )»/0 (yn(s) — y(S))(yN(S) +y(s) — T) ds +mp(s).

Foralls, y(s) > (A—pu)/x,s0o yn(s)+y(s) —(A—u)/A > 0. By Lemma 3.2 in Brightwell,
House and Luczak [6],

fgplyzv(t) — ()] <2|yn(0) — y(0)| + 2§gp|mzv(s)| = 2§1<1p|m1v(s)|.

From (19),

PCE DL N 20-w
2y(0)
Arguing as in the proof of Lemma 3.1 in Brightwell, House and Luczak [6], using standard
martingale techniques (as in the proof of Lemma 5), and the fact that

t
/0 y(s)ds = %mg(xy(m(e(*—“)’ — 1)+ 0 —w) - %mg(x — ),

we see that, if ¢ = ¢(N) < N/2, then

P(suplyn (1) = y(1)] > 4\/yn O O+ ) /NG~ ) <27

and so, taking ¢ = (N (A — u)?)1/8,

P(fglﬂyw(t) — ()] > 4N G — w1 %) < 2o~ (NG=))' /8, .

Next we consider the ratio Q(Xy(#)) = Xn.1(¢)/ Xn2(t). We will show that the value
of Q(Xn(t)) does not change very much over a time period of length “nearly” (A1 — A)~ L
Recall that N_IXNJ(O) = ay and N_IXN,z(O) = BN, whereay - aand By — Bas N —
0.
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LEMMA 13. Suppose that X 2(0) > 2N (A1 — A2). Let Y = Y (N) — o0 in such a way
that (A1 — M)Y — 0as N — oo. Let tg = (A — Az)_llﬁ_l. Then, for N large enough,

1/2 52
IP’(sup Xna@®) _ Xni©)| 21ﬁ_1/4> < 2~ e 4 4e—VNO2-D),
i<iol Xn2(2) XN 2(0)
PROOF. Let Tp =inf{r > 0: Xy 2(¢) < 1}. Given a vector X = (X1, X»)T with integer
components, such that X| >0, X, > 1 and X + X» < N, the drift gy (X) in Q(X) is

+X( ! 1>xx(1 X1 X2)+X< ! I)X
Nx+1 x,)7%2 N N Nx, -1 x,)7?
_( X X2)<?»1X1 A Xy ) Xy X1

1l—-— == — — + .
N N X7 X, +1 X, Xp-—1

Clearly, we see that gy (X (¢)) > 0 for all r < Ty. Also,

X)) =L k)+AX<1 ! ) X(l ! >

&N _Xz 1 2 241 X, Xo+1 1 X, X,—1
X1 X2> < Ao )»1)
L2y -
+<N+N N1 x,

<X A)+AX<1 ! ) X(l ! )

- X ! 2 241 X2 Xo+1 ! X2 Xp—1

X1 %) 1
_X_2<A‘ By +X2—1)‘

Let Ty = inf{t > 0: Xy () — I < N(A; — A2)}. Then, since N (A| — A2)> — oo, we have
0<gn(Xn() <30(Xn(@))(A1 —Ap) fort < Ty A Ty, if N is large enough.

We write Q(Xy(t)) = Q(Xn(0)) + fé gn(Xn(s))ds + Mp(t), where My (t) is a martin-
gale. Let Ry (X) be given by

)»1X1< X1 X2> X1 2( 1 1 )2 < X1 Xz)
— - ——-—= —+X —— ) LX)l ————
X2 NN Tt N T )

We denote gg := Q(Xn(0)) = an/By. Let T» be the infimum of times ¢ such that
Q(Xn (1)) > 2qo. It is easily seen that, for t < Ty A T1 A T», if N is large enough,

Ry (XN (1)) <4q0(1 4+ o) (A1 — 12).

Letting 7(§) = inf{t > 0: |[My(t)| > 6}, a standard exponential martingale argument, as in
the proof of Lemma 5, shows that, if § < fg and N is large enough, then

]P’(T((S) <toNANToNANTI A Tz) < 26_62/16t0q0(1+q0)0”1_)”2).
By Gronwall’s inequality, on the event tg < Ty A Ty A To AT (),

sup Q(Xn (1) < (qo + st<1p|MN (t)|)e3<k1—kz>fo < (go + §)dP1—Mio
1<ty

1<ty
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Furthermore, on the event 1o < To A T1 A T2 A T(8), inf;<;, Q(Xn(1)) > qo — 8. In other
words, on the event 7o < Top ATy A To AT (6),
sup| Q (X (1)) — go| < 87417720 4 go(XH17H20 1),
t<to
Let § = ¢ (N)~ /4, 50 8 < 1y for N sufficiently large. It follows that, for N sufficiently large,
ontheeventto < To ATI ATh A T(w_1/4),
sup| Q(Xn (1)) — qo| <2y~ /%
t<to
Let T3 = inf{r > 0: |Q(Xn(1)) — gol > 2¥ (N)~V/4}. Clearly, P(T> < T3) = 0 and P(T <
T1) =0 for large N. Then, from the above,
P(T5 <1y < ]P’(T() ANTI AT A T(lﬁ_l/4) <t A T3)
<P(T(y ) <toAToATI AT) +P(Ty <19 A T)
<2~V MW'2/(6a0(1+a0) L (T, < 10 A T3).

Let Ty =inf{t > 0: Xy 1(¢) + Xn2(t) < N(A; — 1)/4}. Then, if N is sufficiently large,
P(T; <to AN T3) < P(Ty4 < ty), since /28 < qo < 2a/B. We will use Lemma 10, and

Lemma 11, with A = A2, = 1, @ = 8/N (2 — DZ. Note (hy — 1)~ leVNGR2=D? > () —

)\2)*1 > to for large N, since
N(ipy—1)2 2\1/2
NN 5 o) S (M) P_h-l
- N(A — 22)? Al — A2
Hence P(T4 < 1y) < 4e_‘/ﬁ 2= and the result follows. [

After time (A — Az)_lw_l, we approximate vector Xy (¢) by the solution X(¢) to (9).
When 1 = ur = 1, equation (9) takes the form:

dii (1) 3 _ o a=a)? (B))\?
T =1 = Dx1 (1) — A x1(0)” — O — 1)< p )
(A1 —2A2)A1 . X2(2)
+ - x1(1) o
d)?z(t)__)q—k2~ - - QM—XL 2
21 TRy X2(1) — X2 (1)1 (1) + a1 x(1)".

The next lemma gives what seems to be the best possible error for X 1 (), with magnitude
close to the corresponding martingale transform.

LEMMA 14. Assume that
NG —1D/A —Nhy < Xn1(0) + Xn200) <2N(A — 1) /0

for some function hy such that hy /(A1 — 1) = 0, and that X§.1(0)/ Xy 20) =0ao/B + en,
where ey — 0 as N — o0o. Let x;(0) = N_IXNJ‘(O) fori=1,2. Let o(N) — 00 be such
that N(A — Az)z/a)(N) — oo as N — 00. Let

A —1
Al — Ao

In(@) :max{ |Xn1(2) = X1(0)], [ XN, 2(1) — X2(2) } t>0.

Then, for N large enough,
A —1
]P’( sup  fn () > 9" /%e”@lg“)) < 12¢7/8,

1=(n—1)~lew/8 A=Az
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PROOF. From the integral form of (21) and its stochastic analogue, noting that n; =
A1 — 1,2 = (A1 — A2)/A1 and that 1 > n; for large N, we obtain

t
En.1(6) — X1 (0)] < |F.1(0) — Z1(0)]e™"™ + ‘ /0 M) dMy 1 (s)

t
+ A1 /O e MU ZN () — F1(9)||Tn.1(5) 4+ F1(5)| ds

)\’ _)\‘ 2 t
ﬁ /0 e En2(5) = B2(9)| (R 2(5) + Fa()) ds
A —AA [
ﬁ [T i () = B 0)] 2 (5) ds
Al — M)A [
% [ iy a(5) = B2 () s

and
|Xn2(t) — X2(1)]

t
< |¥n,2(0) — %2(0)[e™"™ +)»2f0 e 1T gy o (s) — Xa(s) [T 1 (5)| ds

t t
+,\2/0 e—“—”’nm,l(s)—)zl(s)|£2(s)ds+’/O e~ IM A My 5(s)

—Az A=A —(t—=s)m |z ~ ~ -
1 € AN 2(s) — X2(s)|(Xn,2(s) + X2(s)) ds.
ma =1 Jo [En.2(5) — %2()| (En.2(5) + F2(5))

Letting gy (¢) = el f (t), we now have

A —1
AM— Ao

|Xn,1(2) — X1(r)] €™

t
< gn(0) +x1f0 ov()|Fn.1 () + F1(5)] ds

A=Ay [
22 [ an (o) + a0 ds
(A1 —2A2)Ap ! . A ! 3

+ L v ds + 2 [en@lfio)]ds
aGa—1) Jo < o
a—1 ’

+ ! e““f e_”‘(t_“)dMN,l(s)
Al — A2 0

and

|Xn,2() — X2(2)]e'™
Al — Ao
M —1

t t
< gn(0) + 72 /0 e ()|Fn.1 ()| ds + A fo N ($)Fa(s) ds

A AL — A [
Aa )»1—1 0

t
[ et anty a0
0

gn($)(Xn2(s) + Xa(s)) ds

+ el
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It follows that

i \le(r>—x1<r)|e”'2
Al —
<gN(0)+2M/ gN(S)|X1(S)|dS+u/ gn(s)?e " ds
200 — A —A
% an (8)Fa(s) ds + 11a22/ an(s)2e ™ ds
A — A2)A A)A
7(6,1@1 - )1)1 f en(Ta(s)ds + L2 [ 0 1_2)1)1 gn(s)2e ™ ds

A [ -1 t
| / N ()1 ()] ds + 2L g / e~ A My 1 (s)
a Jo Al — A2 0 '

and

|Xn (1) — X2 ()| < gn (0) +A2f gN(S)|X1(S)|dS+)»2 / gn(s)2e ™M ds

—1
A — o 3 2( 1= *2) :
A ds+——— 7 ¢
R e A gN(s)xz(S) s+ ar(ra —1) Jo gN(S)XZ(S) ’
Ay A=A (! t
A2 A=A gN(s)ze‘”l2ds+e“72/ eI AMy 5 (s)).
Ata Ay —1 0 |

So, since a — 1 as N — oo, for N large enough,

A
— Ixm(t)—xl(t)!ef”z
Al —
i 201 (A1 — A2)
5gN(0)+4Mf gN(s)\xl(s)|ds+%/ gn (9)F2(5) ds
40 (0 — A —1
1(172)_/ gn(s)’e S’72ds+ ”’2/ e M dMy 1 (s)
a—1 —kz 0 ’
and
Ino(t) — Fa(r)|e™
A2 (A

! A
< gy (0) + 12 / gn ()|F1(5)|ds + kiz) / gn ($)F2(s)ds
4r2 (A — A2) s tn
—)\_1 /g(s)e 2ds + '

/ e~ =M g My 5 (s)].
0

Hence, if N is large enough,

1 (M

t A
av() < gn )+ 401 [ gN(s)|il<s)|ds+—2) / on($)Ea(s)ds

A (A — A £
M[ gN(s)ze_S”st+e’"2M,
A —1 0

where
A —1
Al — A2

M=max(

t
/0 M) My 1 (5)]

t
’/(; e~ (t=)m dMpy (s)

)
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Let 71 =inf{r > 0: xy,1(¢) + xn2(t) > 4(X; — 1)/A1}. Analogously to the proof of
Lemma 6, on the event ¢t < T, for N large enough,

t ~
/(; Zq(iN(S)JZN(S)+)’)(€A(1—s)y)%ds
y

<8(M+1)/t“_1e2<”>mds 4ra+1) _ 8
= MN SN

and

t ~
/0 Zq(JZN(s), In(s) + y)(eA(t_s)y)g ds
y

A+ DG =D (A — M 2 gy < 4r(d -1

- N@R1—A) 0 M TN —2)
Let 75 be the infimum of times ¢ such that
t
'/ e~V gy ()] > 8.2
0 N
or
A —1
‘/ e ~(r=5) M2 )‘l dMNz(s) >6 w
0 N —A2)

Then on the event t < Ty A T», for N large enough,

40 (A1 — A2) /’
)\' —

t
v () < g (0) + 42 f en ()|71(s)| ds + N (5)F2(s) ds

4)\.1(}\.1 kz)/ 2 —sm p A —1 w
R ds+8em 1 —— |=.
+ 1 gn(s)“e s + 8e VN

Let T3 be the infimum of times ¢ such that
ey () = 10632018/ yim 1 = l [o
M—M VN
On the event t < T1 A T> A T3, for N large enough,

A — Az)f on ()26~ ds < 4003 2e8¥0pfarn =D ©
A—1 (A1 —A2)? N

<etr}2)\‘l—_1 2,
- AM—A VN

since we have assumed that N (A — 13)?/w — oo. It follows that, for N large enough, on the
eventt < T1 ATh A T3,

A0 (A — A t
D [ )i ds

t
an () = g (@) +411 [ en()[Er(o)]ds +
0 A

+9e”’27)q -1 /2
M—MVN

A —1 ! A1 (A A
s%tml—/% van [ gN(s)|f1<s>\ds+M f g (5)F2(s) ds,

Al —Ap
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since, by assumption, gy (0) = 0. By Gronwall’s inequality, on the event t < T1 A Th» A T3,
for N large enough,

() <9etm 11 /%6411%&16)ds+Wﬁ)iz(S)dS.

Al — A2
NOW’ by (S)a
B2(0) = 12(0) = (510) /11 ) ea @)™ T
(22) = (xz(O)/x1(0))K2/Mxl(l)xz/x,e—t%

A=A
t 2

A2 /A = A —1 4
:<é(1+0(1))> xi ()M TR < 4(B/a) 1A e,
o 1

where we have also used the facts that x1(0) 4+ x2(0) <2(A; — 1)/A1 implies x1(¢) + x2(¢) <
2(A1 — 1)/X1 for all ¢, and that (A; — A2) log(A; — 1) — 0 (and so x1(0)*2/* <3(n — 1)/A1
for N large enough). Thus

401 (A A
%/ X2(s)ds <1611 (B/a).

Also, while x1(¢) > 0, using (21), we have for N large enough,
dx(t) (A1 = A2)A1 ML
S0 < %100),
dt (A1 —Da
since Xp(t) = x2(t) < 2(A; — 1)/A1 for all t. On the other hand, if and when x(¢) be-

comes negative, and while |X1(¢)| < (A; — 1)/4A1, then for N large enough, using x,(#) <
4(/3/01))‘&_16_’0‘1_A2)/M,
1

< —fl(r)(oq -

da@ M-l ) — (A —22)? (fz(t)>2

dt  — 2 ! AM(Ar—1) a ’

s0, since —x1(0) =o(A; — 1) (as x1(0) + x2(0) = (A1 — 1) /A1 — hy),
ﬁZ

1)z =~ z(M o) 2e =)/

Since x1(0) < 4(A; — 1)/A; for N large enough, we see that, if N is large enough, then
4o f§1x1(s)] ds < 32.
It follows that if N is large enough, then on the event t < 71 A T2 A T3,

an(t) < 9e! F1—22)/A1 A —1 /ﬁe3z(x1ﬂ/a+1),
o M—MVN

and so

M-l o 32001 B/a+1)
t —. = .
IN0 =95 oV Ne

Let Ty = inflr : fiy (1) > 9ASL [#e2018/cD) Let 19 = 19(N) = (1 — 1)~ 'e®/%. By
the above, and since P(73 < T4) 0 for N large enough,

P(Ty <to) <P(Ti AT ATz < Ty Atg) <IP(Ty <to) +P(T2 < T1 A 1p).

By Lemma 10, and by Lemma 11 with A = A and u =1, P(T} <1tp) < 4e=/8 if N is large
enough. By Lemma 7 applied to (Xy (¢)), this time taking o = (A — DL K = 8/N, Ky =
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Ari(h — 1)/N (A —12), P(Th < Ti Atg) < 8e~“/8 Tt follows that P(Ty < 19) < 12¢=“/3, as
required. [J

The next lemma improves the upper bound on the approximation error |Xy 2(¢) — X2(¢)| by

a factor v(A; — A2)(A; — 1)~1, which allows us to get closer to criticality. (There is a second
term in our bound below, but it is always of order smaller than x;(¢).)

LEMMA 15. Let w1 = wi(N) — o0 as N — 00. Let the assumptions of Lemma 14 on
Xn(0) and x(0) be satisfied. Assume further that

N —)?

log( M 1 )e“)l/z

Fort>0,let fy(t) =|xXn2(t) — X2(2)|. Set

1 AM(Ar—1) w]
SN = (20 —212)7 o ‘/2<—) @1/ (t) + 8 7> DL 16(1+p/a)
N() <(1 2)" log [P x2(t) N Ne

Then, for N large enough,

IP’( sup  (fv(®)/Sn(0) > 1) < 16e1/8,
1< )‘l)h—])nz 0@1/8

PROOF. Let w; = log(=}; b= 1)) + w1, and note that N (A — 12)%/wr — o0.
As in the proof of Lemma 14 Wlth n =1 —A2) /A1,

In@) = |xn20t) — X2(0)|

t
< |En2(0) — B2(0)] e + 2 /O e~ =5 5(5) — Fa(s)||Fw.1 (5)| ds

t t
+ A2 / e—“—”"zm,](s)—xl(s)\)zg(s)dwr‘ / eI g My 5 (s)
0 0

Ay AL — A2
la A —1

Let gy (1) = fn(t)e'™. Let T} be the infimum of times ¢ such that

t
eI 5y 5 (s) — Fa(s)| (Fn.2(5) + Fa(s)) ds

w
|'55N,1(t) - i](f)| >0 _2632()L1ﬂ/a+1)‘
N
Let T, be the infimum of times ¢ such that

wiii(A — 1)

t
—(t=s)m
e amM s)| >6 .
Vo w2(s) N(hi — 22)

Then for t < T1 A T», if N is large enough,

t
v () < gn(0) + A fo an () [F1 ()] ds

@2 30, ﬁ/a—i—l)/t s = my [@1A1 (A — 1)
My, [ — 1 d 6 e
TN p & R e )

4(A — A2)

t 2(A1 — A ! )
/ N (©)a(s)ds + 221 22 / N (5)2e " ds.
ra—1Jo r—1 Jo
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Now, by (22),
A —1
x(t) < 4(ﬂ/a)17e‘t"2,
1

and, by (5) and (22), the fact that, for all 7, x{ () + x2(¢) > 1 )‘1 n Lif NV is large enough, and
the fact that x () /x2(¢) is increasing, also

1 A M- l—tn
(23) Xz(t)_4 B n %

Let 73 be the infimum of times ¢ such that

gn(t) > 10 MO =D fo [ 1604B/) ytm
A=A N

wi og1/2< M1 )616(1+ﬁ/a)€a)1/sz(t)etnz.
N = A2)? A=Az

Then for ¢t < T3, if N is large enough,

20 — A ! ,
- 200601)»% 3204B/) yimy 1024(8/a)* (M1 — Doy e32(+B/) 1o g( M- )ew1/4
(A1 =2)N N = 22)? At =22

wiAr(Ar — 1) n w] . 10g1/2( M1 >e”1/8x2(t)e”72,
N1 —A2) N1 —X2o) Al — A2

since our assumptions imply that

N — DA —A2)/w) — 00,

A —1
N(A1 — A2) /log(i)e“"/d' — 00.

Al — A2
So, for t < Ty A T A T3, if N is large enough and since gy (0) =0,

)
gn (1) <)»2/ gN(S)|x1(S)|dS+—2/ gn ($)X2(s)ds
W2 36, 8/a+1) P my [@1A1 (1 —1)
36,/ — 1 —(A =Dt +8 _
T35y o M e N =)

a—1
o 10g1/2<17>ew1/8x2(t)etn2.
Nk —22) A—22

By Gronwall’s lemma, on the event t < 71 A T2 A T3,

W2 30, pjat1) P my |@1A1(A = 1)
1) < (36,2232 Pog—1)t+8 it St Rk S
gN()_( N°¢ oM e e

A —1
LZlogl/z(li)ewl/gxz(t)emz)eHN(t),
N1 —2A2) Al — A2

where

HN(I)—)‘Z/ }xl(s)’ds‘i‘u/ X (S)ds<16(l+'3>
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for N large enough, since, as in the proof of the previous lemma, Aj fé |X1(s)|ds < 8. It
follows that for large N, on the event t < T1 A T> A T3,

W2 30, pjat1) P —tm wiA1 (A — 1)
) <|(36,/— 1 —(A — Dt 8 /———  ~
fN<>_( 2 D= e g [ AT
w1 1/2( A —1 ) w1/8 ) 16(14+-2)
71 - 1 t al,
" N(A —22)? o8 A — A2 erinl Je

Hence, from (22) and (23), for N large enough, on the event t < T1 A T» A T3,

o+ @2 30 B/a+1) wiii(A — 1)
1 < (1442TF 92 3204 xa(t)r + 8 | DA T )
fN()_( ” ~ 1x2(0)t + NGy — i)
W] 1/2( A—1 > o1/8 ) 160142y
—1 _— 1 t a’,
* N —A2)? o8 Al — A2 i) e

Hence, if also t < tg(N) := Mk—lkz e®1/3 then Sn (@) <én(t), where

2 A —1 A(Ar— DY o1 B
svi) = (—2 1 1/2(_) 0181 (1) + 8 ) @1 16(1+5)
v (xl—xz R C T L vy vy v

Letting T4 = inf{t : fn(t) > Sn(2)}, P(T4 < tp) is at most P(T7 A Tp A T3 < Ty A tg), which
is bounded above by P(T1 < 1t9) + P(T2 < T1 A t9) + P(T3 < T). By Lemma 14, P(T} <
1) < 12¢=2/8, By Lemma 7 applied to (Xy(¢)), this time taking o = (A} — )7L Ky =
dri (A1 — 1D /NAr— ), and n=n, P(T, < T A ty) < 4e=1/8 Also, clearly, for N large
enough, P(T3 < Ty) = 0. It follows that P(T4 < fp) < 16e~1/8, as required. [

We are now ready to prove the formulae for the distribution of the extinction times of the
two species.

PROOF OF THEOREM 3. Let f; =t (N) = (A; — )"Y/?(A1 — 22)" /2. By Lemma 13
with ¥ = (A — 1)1/2()»1 — kz)*l/z, for N large enough,

P(‘XN’I(”) — Xn.100) > 2<)L1 _ Az)l/s) < 4e_~/ﬁ(?»2—1) —}—e_(k);]:xlz)l/g.
Xna2(t)  Xwnp200) Ar—1 -

Let x = min{xy 1(0) + xx.2(0), N~ [Ny — )(N (k2 — 1)?)!/8]}, and let T be the in-
fimum of times ¢ such that xx 1(t) + xy 2(f) = x. Note that 7 = 0 if xy 1(0) + xn2(0) <
N7UNG — DN — DH8 | = N~ N%8(x, — 1)7/4], which is an initial state up to
“just above” the approximate carrying capacity Ao — 1 of the single stochastic SIS logistic
epidemic process approximating xy 1(¢) + xy 2(f).

Lemma 4.1 in Brightwell, House and Luczak [6] is still valid for a supercritical stochastic
SIS logistic epidemic (Yy()), stating that N “IEYn () < y(t), where y(¢) solves (18), pro-
vided that N~1Yy(0) = ¥(0). So, by that lemma, combined with Lemma 10 in the present
paper and Markov’s inequality, for N large enough,

P(xn,1(t1/4) + xn2(t1/4) > x) <2(N(r2 — 1)?)

and so T < t1/4 with probability at least 1 — 2(N (A — H2H)~1/8,

Let y(¢) solve equation (18) with A = A and u =1, y(T) = x, and let z(¢) solve equa-
tion (18) with A = Ay and w =1, and z(T) = x. Let Yn(¢) and Zx(¢) be the corresponding
stochastic SIS logistic epidemics satisfying Yn (T) = Nx and Zy (T) = Nx respectively. Itis
easily seen from (20) that, if N is sufficiently large and 7" < t1 /4, then y(1/2) <2(A1—1)/ 1

~1/8
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and z(t1/2) < 2(A2 — 1)/A;. Furthermore, using (20) over the time-interval [#/2, t1], we see
that in that case

— Il
)\'1 16_2 A —A2

[y(t) = (G — D/ <

and
1 r—1
[2(t1) — (2 = /o] = 22 em0amvnz L2 2 L maiiss
%) A2

We will now apply Lemma 12 twice, both starting at time 7', once with A = Ay, u =1,
ending at time 71 = inf{r > T : y(¢) < 2(A; — 1)/XA1}, and the second time with A = Xy,
w =1, ending at time tp = inf{r > T : z(t) < 2(Ap — 1)/A2}. We further apply Lemma 11
twice, once to Yy (t), starting at time 71, with A = Aj, u =1 and w = y/N(A; — 1)2, and
once to Zy(t), starting at time 7, with A = A5, u =1 and w = /N (A, — 1)2. Additionally
applying Lemma 10, we see that, for N sufficiently large,

r =1 ANy — DHVA/ A+
P > 6e

A VN
< 12e W=D L o(N Gy — D)V <3(N(a — D)8,
In particular, we see that, with probability 1 — §x, event Ex 1 holds that (A; — 1)/A2 —hy <
xn,1(t) +xn2(t1) <2(A1 —1) /Ay, forsome hy = o(A1—1),and xy 1 (1) /xn 2(t1) = a/B+
en, where 8, ey — 0as N — o0.
Let w1 = w1 (N) — oo be such that w; < log(

xn.1(t) +xn2(t) — + A —M)

;\All—_;\lz) and let wp = 161og( ;\All—_xlz

H(N)=tH(N) + ﬁe“’l/g, and note that 1, — 1] < (A — 1)_1e‘”2/8.

Consider the solution x(z) = (x1(¢), x2(t))T to (1) subject to the condition xi(t1) =
N7 Xy 1(t1), x2(t1) = N~'Xn2(t1). Let also %(¢) = (%1 (¢), X2(t))” be the corresponding
solution to (9). For N large enough, by (22),

). Lett, =

A —1
x2(12) S 4(B /o) =BT,

and by (23)

x2(th) > 1 B M- le—(lz—n)(kl—kz)/)q.

4da+pB M
Note that w; can be chosen in such a way that (A — *2) " 1xa(t2) — 0: for instance, we
choose w, satisfying /8 = log( AAII__AZ) + ¢ for a suitable ¢ = ¢ (N) — oo such that ¢ <

10g(xkll—_xlz)' Since then x3(f2) > - —£- (A1 — 22)2(A1 — 1), we further have Nx; (1) (A1 —

4r a+p
)»2) — OQ.

Note that, since N(A; — k2)3 (A1 — D! > 00, conditions of Lemmas 14 and 15 are
satisfied. By Lemma 14 with w = w; and by Lemma 15 with the value of w; above, with
Xn.1(t1), Xy 2(21) as initial values, with probability at least 1 — 16e=1/8 — 12¢=22/8 5 |
as N — oo, the event Ey 2 holds that

~ ~ w2
i) = £y ()] <9, 22 eP0amat )

and
A —1

|Xn2(12) — %2 ()| < [2(?»1 — )7 ! 1og1/2(
A — A2

w [©L16(1+8/a)
N

)e”‘/gxz(tz) +8 7)”0” _ 1)]

M — A
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Hence, also using bounds on |X1(¢)| in the proof of Lemma 14, there exists a constant ¢1 such
that, for N large enough, on €y 2,

—1 _ Ar—1 A —1)
XN,I(IZ) — ‘ < [2()\.1 — )Lz) 110g1/2<—)\1 — A2>€w1/8x2(t2) + 10 ﬁ]
X/ %6‘32(”’3/“) + c1 (A — e G =R)/A1,
Note that

N —22)* (k1 — 7! /loglog(N (k1 — A2)*) — o0

implies that

N —2) (A1 —1)" " /loglog — OQ,
AM— A

and so we can choose ¢ satisfying ¢®1/8 = log(ﬁ) + ¢ so that

N =22 = D7 Ywe? - .

With such a choice of ¢, it follows that

—(fz—ll)ﬂ )»1 -1 w1
A —1 3 —,
(A1 = De PV TN

and so, on the event £y 2, both xx 1(f2) and xy 2(#2) are concentrated around (A1 — 1)/A;
and x;(#p) respectively, xy 1 (f2) with error of size o(A1 — A2) and xy 2(#2) with error of size
0(x2(12)) = 0(r1 — A2).

Let

10A
=1+ ——1log(N(h — A)2) <t + (A — 1)~ Les/8,
Al— A2
where w3 = 32log((A1 — 1)/(A1 — A2)) + 321loglog(N (A1 — 22)2). Note that w3 satisfies the
condition of Lemma 14, so we can apply this lemma on the interval [?1, £3].

For ¢t > 1, let Ex(t) be the event that, for all s € [1,, f],

A —1

xn,1(s) —

172 A —1
> ¢“18x5(12) + 20 M1 )]

—1
‘ < [4()»1 — )»2)_110%( M

Al — A2
X \/%632(14#3/00 + (c1 + 16B8/a) (A — l)e_(l‘z—ll)()nl—)ﬂ)/)hl’

and xy 2(s) < 2xy.2(f2). Note that on the event En(2), for all 1o <s <1, xy.1(s) is concen-
trated around (A; — 1)/A; with an o(A] — X\») error.

On the event €y >, and while Ey(7) holds, using a standard argument similar to the proof
of Lemma 8 and the proof of Lemma 2.1 in Brightwell, House, and Luczak [6], we couple
the subsequent evolution of Xy 2(¢) with two linear birth-and-death chains, each with birth
rate % + o(A1 — A2), and death rate 1, so as to sandwich it between two such chains. The
next event after time ¢ > #, in each of the three chains can be coupled together, as long as
event £y (¢) holds. Since N (A1 — A2)x2(f2) — oo, we have Xy 2(t2) (A1 — A2) — oo and so
Lemma 9 can be applied to show that the randomness in the duration of the final phase after
1 is approximately Gumbel distributed.
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If event Ey (k) holds, then the length of the final phase is

A A=A

(logN+1ogx2(t2)+log +o(1) —i—GN)

AM— A
Al

= (logN (i1 = 32)* = p(N) + O(1)),
1= A2

with high probability, where Gy converges to a Gumbel random variable G as N — oo.
Event £y (k) holds with high probability by Lemma 14 and by Lemma 2.2 in Brightwell,
House and Luczak [6], as extinction occurs before 73 with high probability. The details are as
in the proof of Lemma 8.

The length of the “fluid-limit” phase can be expressed as

A2
Al — A2

A
log(x1 (£2)/x1 (1)) — —— - log(a()/x2(1).

Al —

and the length of the first phase is 1 = (A1 — Az)_I\/(kl — M)/ (A1 — 1) =0((A1 — )~ h.
Hence, using the fact that (A; — X2) log(A; — 1) — 0, the total time to extinction is, with
high probability,

Al (log(N(M — D —22)B

+o()+ G )),
= 220 D+ G

thus proving the first part of Theorem 3.

The second part follows from Theorem 1 and its extension to the barely supercritical
regime due to Foxall [9]—see comments following the statement of that theorem. Also, our
assumptions imply that «y, which is of order (A — Ao)~ ! log(N(A1 — 1)(A1 — A3)), is neg-
ligible compared to exp(N (A1 — DHN-Y2(n; = 1)72, and so also compared to Ky; this
follows from the fact that, as N — oo, N~1 (A — 1)72 exp(N (A1 — 1)?) — o0, and hence is
much larger than N‘l/z()»l — )~ !, which tends to 0. O

7.1. Relaxing the assumption on separation from criticality. As stated above, we believe
Theorem 3 is in fact valid under the weaker condition N (A — A2)> — oo (still assuming
w1 =p2=1and (A1 — 22)(A1 — 1)~! — 00). Here is a sketch of how one might go about
proving such an extension. The differential equation approximation phase can be split into a
number of subphases, each corresponding to a refined version of Lemma 15 with a smaller
value of x 2(0) and thus a smaller bound on the deviation of the martingale transform term.
Roughly speaking the first subphase would have xx 2(0) of order A; — 1 and the martin-
gale transform term of order N V20— x)" Y2 = DY2. The first subphase would last
until xy 2(¢) is of size about N2 = )~ V200 — DY2w, for a suitable w(N) — oo,
and would thus take time just slightly less than (A1 — A2) "' log /N(A1 — 1)(A1 — A2). The
second subphase would have xy 2(0) of order N2 = )" V20 = DY2w and the
martingale transform term of order N 73/4(x; — A2) 73 /*(A; — D/4w!/2. 1t would last un-
til xy 2(?) is of size about N340 = )34 — 1)/%w, and would thus take time just
slightly less than (A1 — A2) ' log(N (A1 — 1)(A1 — A2))!/4. In the third subphase, xy 2(0)
would be of order N=3/4(x; — 22)3/*(x; — DY*w and the martingale transform term
would be of order N=7/8(x; — 1)~ 7/8(n; — 1)1/801/2. Tt would last until xn.2(t) is of size
about N~/ 8(k1 — Az)_7/ 8(k1 — 1)1/ 8w, and would thus take time just slightly less than
(A — A7t log(N(A1 — I)(A — AN/ And, in principle, one should be able to carry on
this process. The phases would be joined together using the end value of xy 2(¢) from the
previous phase as initial condition for the differential equation in the next phase, and the
various deterministic solutions with different random initial conditions can be shown to get
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closer and closer together over time, using techniques similar to those already used in this
paper.

As many phases would be used as needed to “reach” xy 2(¢) of order o(A1 — A), while
keeping the deviation smaller than the mean. Since the “limiting” error size in the above
process is N ™! (11 —A2)~!, this should in principle be possible as long as N (A; —A2)? — o0,
and as N(A1 — kz)z tends to infinity more and more slowly, the time spent in the differential
equation phase becomes closer and closer to (A — A2) ' log(N (A1 — 1)(A] — A2)).

After the condition N (A1 —A2)? — oo fails, one can still carry out the differential equation
phase from the time when x 7 is of order A1 — 1 through the various phases until it is of order
N~Y(1 = x2)~L, which takes time of order about (A] — 1)~} log(N(A1 —1)(A1 —Ap)). After
that, the fluctuations dominate, and the remaining time is about (1| — A2) "2 steps, translating
to a time of order N~'(A; — 22) ™2 = o((A1 — A2)~ 1), and the randomness is not Gumbel
distributed.

A differential equation approximation phase is possible as long as the order of the initial
martingale transform deviation, N2 — 22)" V20 — D2, is o(A1 — 1), which is as
long as N(A1 — 1)(A1 — A2) — oo. Our formulae above would suggest a critical window with
IN(A—1)(A1 —22)| = O(1),0or |[N(A; —A2)| = O(1) if A1 — 1 is positive and bounded away
from 0. This would join up our result nicely with that of Kogan et al. [12], showing that when
the two basic reproductive ratios are equal (but not close to 1), then the time to extinction
is of order N. We expect all the details above, while somewhat tedious, can be filled in to
yield a complete proof of the behaviour away from criticality. However, we leave this till a
subsequent paper, along with analysis of the behaviour inside the critical window.
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