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We compute the large-scale limit of the free energy associated with the
problem of inference of a finite-rank matrix. The method follows the prin-
ciple put forward in Mourrat (2018) which consists in identifying a suitable
Hamilton—Jacobi equation satisfied by the limit free energy. We simplify the
approach of Mourrat (2018) using a notion of weak solution of the Hamilton—
Jacobi equation which is more convenient to work with and is applicable
whenever the nonlinearity in the equation is convex.

1. Introduction. We fix an integer K € {1, 2, ...} once and for all, and let (X x)1<k<k,
..., (XN k)1<k<k be N independent and identically distributed random vectors taking values
in RX. We denote the law of one of these vectors by P, and use the shorthand notation
Py := P®V to denote their joint law. In the inference problem we consider, we observe the
matrix

t
(1.1) Y = /N)E)Et—I—WERNXN,

where 1 > 0, W = (W;;)1<;, j<n is an N-by-N matrix of independent standard Gaussians,
and x' denotes the transpose of X = (Xik)1<i<N.1<k<K € RN *K  The matrix W should be
thought of as noise that perturbs the observation, and we aim to recover information about
the matrix xx!, whose rank is at most K, given the observation of Y.

The estimation of a low-rank matrix from noisy observations is a basic model in statistical
inference, with a variety of applications. One of the key properties of this problem, which can
be recovered from the results presented here, is that there exists a threshold value 7. > 0 such
that for ¢ < t., asymptotically no information can be gained about xx' from the observation
of Y; while for ¢ > ¢., the information gain is bounded away from O uniformly as N — oo
[12]. This problem, being “replica-symmetric”, is also an excellent training ground for the
development of robust mathematical techniques that one may hope to later extend to models
with “replica symmetry breaking”.

In order to understand this inference problem, it is of particular interest to study the con-
ditional law of x given Y. This conditional law is the Gibbs measure associated with the
quantity

2

’

(1.2) Hy(t,x) = ix-Wx—i—L{xt)E|2—L|xtx
' NSV N N 2N
where x € RV XK and where for any two matrices A and B of the same size, we write

(1.3) A-B=t(A'B) and |A|=(A-A)? =,/tr(AlA).

Denoting by PP the joint law of x and W, this means that for any bounded measurable function
f:RVN*K R we have

e £ exp(HS (1 x)) dPy (x)
1.4 E Y] =
(14 O = e e exp(Hg (1 1)) 4Py ()
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As in problems of statistical mechanics, it is highly informative to understand the large-N
limit of the denominator in the expression above, which we may call the “partition function”.
Indeed, this quantity is essentially a moment-generating function. We aim to tackle this prob-
lem by proceeding in three steps: (1) we enrich the “energy” in (1.2) by adding a simpler
term where the quadratic interaction term x - Wx is replaced by a linear term; (2) we find a
relationship between the derivatives of the logarithm of the enriched partition function, up to
error terms; (3) we show that the effect of the error terms becomes negligible in the large-
N limit. We refer to the discussion of the Curie-Weiss model in [14], Section 1, for a more
concrete illustration of this plan, and for further motivations.

As we enrich the energy in (1.2), it will be of fundamental importance for the analysis
of the problem that we preserve the inference structure evidenced in (1.4). We thus define
the enriched model indirectly by considering that we observe, in addition to Y in (1.1), the
quantity

(1.5) Y :=ivh +z e RVK,

==V, 1 =R =

independent of (x, W), and £ is a fixed K-by-K symmetric positive semidefinite matrix. The
conditional law of x given the observation of Y and Y’ is the Gibbs measure associated with
the quantity defined, for every x € RV*K by

1
Hy(t,h,x):=Hy(t, x) +vh-x'z+h-x'% - Eh cxtx.

The proof of this fact is recalled in the Appendix. As explained above, our goal is to study
the large- N limit of the “free energy”

. 1 Hy (t,h,x)
(1.6) Fn(t,h):= Nlog(/RNxK e dPN(x)>,
or of its expectation (with respect to the variables x, W and z)
(1.7) Fy(t,h) :==E[Fn(t, h)].

To state the main result, we introduce some definitions. First, notice that F, v (0, h) does not
depend on N; we denote it by

Vv (h) := Fn(0, h).

We denote the set of K-by-K symmetric matrices by SX, and write Sf and Sf . for the
subsets of positive semidefinite and positive definite matrices respectively. For any open set
U c SX and smooth function f : U — R, we define the gradient of f, which we denote by
Vf:U — SX, to be the unique mapping such that, for every 4 € U and a € SX, we have

lir%s_l(f(h +ea) — f(h) =V f(h)-a.

This gradient has a formal adjoint in L?(SX), which we denote by —V-, and we set A :=
K(K+1)

V - V to denote the corresponding Laplacian. The set SX can be identified with R~ 2~ after

the choice of an orthonormal basis, and these differential operators on SX then match the
K(K+1)

standard definitions on R~ 2. We will most of the time encounter functions defined on
R, x SK_ in which case the operators V and A are understood to act on the second variable
only, keeping the first variable fixed, which we interpret as a “time” variable. Here is the main
result of the paper.
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THEOREM 1.1 (Convergence to HJ). Let f: R4 x Sf — R be the unique weak solution
of the Hamilton—Jacobi equation

(1.8) Wf—2IVfIP=0 inRyxSK

with initial condition f (0, h) = (h). For every M > 1, there exists a constant C < oo such
that for every N > 2 and t € [0, M],

_ C
(1.9) f \Fy — fle hydh < ———.
|h|<M log N

In (1.9), the variable of integration is implicitly understood to range in SX; the notation
dh stands for the W—dimensional Lebesgue measure on this set. The convergence of

Fy to f in (1.9) can easily be improved to, say, convergence in Ly (Ry x Sf ), using that
the functions Fy are Lipschitz uniformly over N. Using the local semiconvexity of Fy, see
Definition 2.1 and (3.37) below, one can also obtain the convergence of the derivatives of Fn
to those of f at every point of differentiability of f.In particular, calculating the large- N limit
of 8, Fy(z,0) allows to identify the asymptotic minimum mean-square error of the original
inference problem, see [12]. Using Lemma 3.7, one can also obtain the convergence of the

random free energy Fy to f, for instance in the sense that (1.9) can be replaced by

213 ¢
E[(/|h|§M|FN_f|(t’h)dh) ] = logN~

I do not know if the rate of convergence in (1.9) is sharp. In the special rank-one case
K =1, the proof given below simplifies in several ways, most importantly in relation with
Remark 3.5 below, and yields an algebraic instead of logarithmic rate of convergence.

As the proof reveals, the constant C in (1.9) can be chosen to be a power of the rank K and
the cutoff M. The result thus allows to let K diverge slowly with N. Also, the independence
assumption on the rows of x can be relaxed: what we really need is that Fy (0, -) converges
in L] _(SK). i

Although it appears there in a different formulation, the qualitative convergence of Fy to
f was already proved in [12]. Besides the fact that Theorem 1.1 gives a quantitative estimate,
the main contribution of the present paper is to provide an alternative proof of this result,
which I view as simpler and more “conceptual” than the original proof. The argument is sim-
ple enough that obtaining a rate of convergence essentially comes without additional effort.
The driving idea is similar to that in [14], in that we first show that Fy satisfies the Hamilton—
Jacobi equation (1.8) approximately, and then pass to the limit. However, compared with [14],
one important difference is that we use here a notion of weak solution of the Hamilton—Jacobi
equation which differs from the notion of viscosity solution used in [14]. The precise defini-
tion of weak solution we rely on is given below in Section 2. We also explain there why this
notion of solution is more adapted to the purpose of proving Theorem 1.1.

The primary ingredient for proving Theorem 1.1 is the following result. We denote the
condition number of a matrix h € § f by

_|InlpY ifhe SKL,

(1.10) ke (h): +o0 otherwise.

PROPOSITION 1.2 (Approximate HJ in finite volume). There exists C < oo (which de-
pends only on K and on a bound on the support of P) such that for every N > 1 and uniformly
over Ry x § f ,

(1.11) 0<8Fy —2|VEy|* < Cx(h)N*%(AFN + C|h’1{)‘l‘ + CE[|[VFy — VFy/[*].
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In (1.11), we understand that the notation |2 ~!| stands for the mapping (¢, h) — |h1,
and that the right side is infinite whenever h € S f \ S f 4. In (1.11) and throughout the
paper, whenever a statement of the form “P(x%) holds” appears, with o € (0, 1), the
statement should be understood as “x > 0 and P(x%) holds”. For instance, the fact that
AFy 4 Clh™'| = 0 is implied by (1.11).

In order to prove Proposition 1.2, one needs to find an upper bound on the variance of the
K -by-K matrix x'x, see Lemma 3.4 below. Compared with the rank-one case, an additional
difficulty appears, since the generalization of the rank-one argument only gives information
about the symmetric part of the matrix x'x. For general spin glass problems, this difficulty
was resolved in [15, 16] using relatively involved combinatorial arguments of Ramsey type.
In the simpler setting of inference problems, a more direct approach was discovered in [1],
and we will essentially follow the same line of reasoning here.

Previous works on the problem, be it rank-one or more general, include [2-4, 6, 8, 12, 13].
We refer to [12] for a precise description of these results.

The rest of the paper is organized as follows. In Section 2, we define the notion of weak
solution of (1.8) and show well-posedness of this equation. We next prove Proposition 1.2
in Section 3, and Theorem 1.1 in Section 4. In order to make the paper self-contained, we
provide a proof of (1.4) and its generalization to the enriched model in an Appendix.

2. Weak solutions of Hamilton—Jacobi equations. In this section, we define precisely
the notion of weak solution appearing in Theorem 1.1, and prove the well-posedness of the
Hamilton—Jacobi equation (1.8). We also discuss, in relation with the specific features of our
problem, the advantages of this notion compared with that of viscosity solution.

2.1. Definition of weak solution. 1In order to make the structure of the equation more
salient, we give ourselves a function H € C (S K. R), and consider equations of the form

2.1 % f—HVf)=0 inRy xS¥.

We will always assume that the function H is convex. In view of the statement of Theorem 1.1,
we are mostly interested in the case when H(p) = 2|p|>. In order to state the definition of
weak solution of (2.1), we introduce, for every é§ > 0,

(2.2) SKs=81x + SK,

where Ix denotes the K-by-K identity matrix. In words, the set S f s 18 the set of symmetric
matrices with spectrum in [§, +00).

DEFINITION 2.1.  We say that a Lipschitz function f : Ry x Sf — R is a weak solution
of (2.1) if the following conditions hold:

e the relation (2.1) holds almost everywhere in Ry x S f ;

e for every t > 0, the mapping h — f(t, h) is nondecreasing;

e for every § € (0, 1], there exists Cs < oo such that for every ¢ € [8, 8], the mapping
h> f(t,h) + Cs|h|* is convex on the set {h € SX, : |n| <571},

We refer to the second and third conditions in Definition 2.1 as the monotonicity and
local semiconvexity conditions, respectively. Let us clarify the meaning of the monotonicity
condition. For every A, B € § K we write A < B if and onlyif B—AeS f . This defines
a partial order on SX. We say that a function g : Sf — R is nondecreasing if, for every
h,h' e Sf, we have

(2.3) h<h' = gh) <g(n).
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Recall that by the Rademacher theorem, a Lipschitz function is differentiable almost ev-
erywhere. In view of the second part of the following elementary lemma, if f is Lipschitz
and satisfies the monotonicity condition, it then makes sense to ask about the measure of the
set of points where (2.1) holds.

LEMMA 2.2. (1) Let a € SX. We have
(2.4) aeS¥ — wresk, a-b>o0.

) Let f:S f — R be a Lipschitz function. The function f is nondecreasing if and only
if, for almost every a € SX, we have V f (a) € Sf.

PROOF. Ifa,be SK, thena-b=|/av/b* >0, and thus the direct implication in (2.4)
holds. For the converse implication, without loss of generality, we can assume that a is a
diagonal matrix, in which case the result is easily derived by considering diagonal matrices
for b. For part (2), by approximation (see e.g., (2.7) and (2.9) below), we can assume that the
function f is smooth. For every ¢ >0 and a,b € S K we have

0<e ! (fla+eb)— f(a)),

and the right side tends to V f(a) - b as ¢ tends to 0. Using also (2.4), we obtain the direct
implication in part (2). The converse statement follows by writing, for every a < b € SX,

1
f(b)—f(a):/(; (b—a)-Vf(a+sb—a))ds,

and using again (2.4) to conclude. [

The monotonicity condition in Definition 2.1 is only really used in a neighborhood of the
set Ry x (Sf \ Sf +), and plays the role of a one-sided boundary condition of Neumann
type. We will combine this with the additional assumption that H is nondecreasing to obtain
the uniqueness of solutions. In the case of domains without boundary, say & € SX, then
both conditions can be dropped (assuming then that we are given a convex H defined on the
entirety of SX, not just on § f ). Moreover, as will be seen in the proof of uniqueness of
solutions given below, these conditions can be weakened significantly. Roughly speaking, we
need that VH(V f) - n sK < 0 almost everywhere on 9.5 f, where n sK is the unit outer normal

to Sf (seen as a subset of SX with Lipschitz boundary).

While this monotonicity condition on weak solutions can be weakened significantly, it
cannot be dropped altogether without losing the uniqueness of weak solutions. For an ex-
ample with K = 1, for any p € R, the function (¢, h) — (H(—p)t — ph)4 satisfies (2.1)
almost everywhere, is convex in /, and is constant equal to 0 at + = 0. Similarly, the local
semiconvexity condition cannot be dropped without losing the uniqueness of weak solutions.

2.2. Well-posedness and comparison with viscosity-solution approach. The next propo-
sition shows that the notion of weak solution introduced in Definition 2.1 indeed ensures the
uniqueness of solutions. The proof essentially follows the classical approach of [7, 10, 11],
see also [5] and [9], Theorem 1.3.3.7, that we adapt to our particular setting (in particular in
relation with the boundary condition).

PROPOSITION 2.3 (Uniqueness of weak solutions). Let H € C2(SX,R) be convex and
nondecreasing. If f and g are two weak solutions to (2.1) such that f(0,-) = g(0, ), then

f=g.
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PROOF. We decompose the proof into three steps.
Step 1. We identify an equation satisfied by the difference w := f — g. The following
identities hold almost everywhere in R x Sf:

dyw=20;f —0rg
=H(Vf)—H(Vyg)

_ /01 8. (H(@V f + (1 — a)Vg)) da

1
_ / Vw-VHaVf + (1 —a)Vg) da.
0

Setting

1
b :=/O VH(@Vf+ (1 —a)Vg)da,

we thus have that
(2.5) dw—b-Vw=0 ae inR; x SK.

Let ¢ € C°°(R) be a nonnegative smooth function that will be specified in the course of the
argument. We set v := ¢ (w), and multiply (2.5) by ¢’(w) to obtain that

oov—b-Vv=0 a.e.inRerSf.

Step 2. Roughly speaking, the idea of the proof is to observe that the “local mass” of v
cannot increase much, using integration by parts and the fact that V - b is bounded below.
Since V - b is not well-defined pointwise, we first regularize f and g.

Let £ € C°(S K be a smooth function with compact support in {4 € SX : |h| < 1} and
such that [gx ¢ = 1. For every & > 0, we set

_ K&+ .
(2.6) Lei=e 2 ¢ <—)

&

We define the mollified functions on Ry x SX,

2.7 fei=f*¢ and g.:=gx*x,

where * denotes convolution in the A variable only. Explicitly, for every t >0 and h € S fg,
Folt ) = fK Fle b — 1) () di,
S

where on the right side, the notation di’ stands for the W—dimensional Lebesgue mea-
sure on SX. The definitions of f, and g, make sense since whenever |h'| <& and h € § fg,
we have elx — h' € Sf and thus h — h' € Sf. Moreover, in the case when i € st for some

Se2e,1],wehave h —h' € S f s - By the local semiconvexity assumption on f and g, there
2

exists a constant Cs < oo such that for every & < % andt €[8,871],

{hesk:in <57} >R

h f.(t,h) + Cs|h|? is convex,

(2.8) the mapping

and the same property holds with f; replaced by g.. (Indeed, this property is preserved under
convolution.) We also have that

(2.9) limVf, =V, lim Vg, =Vg ae.inRy x ¥
e—0 e—0
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(see e.g. [9], Theorem C.7, for a proof), as well as

(2.10) ||Vfa||L00(]R+Xsfg) = ”Vf”L"O(]RerSf)’ ”VgsHLOO(RJrXst) = ||Vg||L00(R+X5J1§)-
For future reference, we introduce the shorthand notation

(2.11) L= max(“Vf||L°°(R+><Sf)’ ||Vg||L°0(R+xSf))~

Throughout the proof, we enforce without further mention that § > 0 is sufficiently small that
K 1)
s> L. Identifying (S, |- |) with the Euclidean space R™ 2 HE , we denote the Hessian of a

function f defined on an open subset of SX by V2f f . For the purposes of this proof, we think
of V2 f as being a K(KH) -by- K(KH) symmetric matrix. By (2.8), we have, for every ¢ < 2,
tels, s~ ]andheS with |A| 53 L

K(K+1) K(K+1)

(2.12) V2 fu(t, h) +2Cslkuen €S, and  V2g.(r,h) +2Cslkuen €S,

We set

1
b, := / VH(aV fe + (1 —a)Vg.)da
0
and observe that
dv—b.-Vv=(b—b,)-Vv ae inRy x S5,
that is,
(2.13) ov—V - (bgv)+vV:-b,=(b—b,)-Vv ae. inRy x Sfe

Moreover,
1
V.-b. = / @V fo + (1 —a)V?g) - V’H(aV f. + (1 — a)Vg,) da,
0

where, as for V2 f, and V?g,, we think of V2H as being a
K(l;—l—l) by- K(1§+1)

K (Igﬂ) -by- K (Iéﬂ) symmetric

matrix V2H(p) is positive semidefinite for

matrix. Since H is convex, the
every p e S f . It thus follows from (2.4) and (2.12) that for every ¢ < 3 we have

1
/ @V f. +( —a)v2g5+zcalk(g+n).VZH(aner(l —a)Vg:)da>0 on[8,86 '] x &
0

Hence, by (2.10) and (2.11), we get that for every ¢ < %,

Vb, > —2Cssup{|V*H(p)| : Ip| <L} on[8,87"] x SK;.
Up to a redefinition of Cs < 0o, we may thus assume that for every & < %
(2.14) V-b.+Cs>0 on[8,8 '] x 5K

Step 3. We are now ready to implement the argument announced at the beginning of Step 2.
Denote

R :=1+sup{|VH(p)|: Ip| < L}.
We fix T > 1 and define, for every ¢ € [0, %],
(2.15) Bs(t):={h e SXs: |h| < R(T — 1)},
(2.16) 34 Bs(t) :={h e SK : |h| = R(T — 1)},
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and
(2.17) doBs(t) := {h € E)Sfa t|h] < R(T — t)}.

We assume without further mention that § > 0 is sufficiently small that §~! > RT. Notice
that the boundary of Bs(¢) is the disjoint union of 04 Bs(¢) and dgBs(¢). We aim to obtain a
Gronwall inequality for the quantity

T
(2.18) Js(t) = '/BN) v(t, ) =stm v(t, h)dh (t € [0, E])

The function J; is Lipschitz, and for almost every ¢ € [0, %], we have
o= [ By~ R u(t, ),
Bs(1) 94 Bs(t)

where the second integral is a boundary integral (with respect to the W—dimensional
Hausdorff measure on d4 Bs(¢)). Using (2.13), (2.14), and that v > 0, we get that for almost
every t €[4, %],

0rJ5(t) = /B(g(t)((b —be) - Vv—vV-b.+ V- (bv))(t,-) — R/23+B,g(z) v(t, )

< CsJs(t) + /B (@b )

+ ((be -m— R)v)(1,-) + (vbe -m)(2, ),
94 Bs(t) doBs (1)

where we denote by n the unit outer normal to Bs (7). Using (2.9) and the dominated conver-
gence theorem, we see that the first integral on the right side above tends to 0 as ¢ tends to 0.
The first boundary integral on the right side above is nonpositive, by the definitions of b, and
R, and (2.10). We now show that

(2.19) / (vbe -m)(z,-) <O0.
do Bs (1)

We first notice that —n € Sf almost everywhere on dgBs(#). By (2.4), in order to show

(2.19), it suffices to verify that b, € S f . This follows from the assumption that H, f and g
are nondecreasing and an application of Lemma 2.2. Summarizing, we have shown that for
almost every ¢ € [, z],

(2.20) 9 Js(t) < CsJs(t).
Finally, we observe that

W@, ) =(f = 26,1 <8[%(f = oo, st
Selecting ¢ = ¢s € C*°(R) in such a way that, for every x € R,

$p(0) >0 = |xI>8]8(f — &) om, x5

ensures that Js(§) = 0. Combined with (2.20) and the fact that Js > 0, this yields that for
every t €[4, %],

Js(@) =0,
and in particular, for every t € [, %] and almost every h € Bs(t),
’(f - g)(t, h)’ =< 8||8t(f - g)||L°°(R+><SJIS)'
Letting § tend to O yields the desired result. [J
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As long as the assumptions of monotonicity and convexity of H are satisfied, the notion of
weak solution in Definition 2.1 turns out to be much more convenient to work with than the
notion of viscosity solution employed in [14], as we now explain.

To start with, the monotonicity condition on the solution allows to circumvent the rela-
tively cumbersome treatment of the viscosity-solution interpretation of the Neumann bound-
ary condition used in [14], replacing it with a straightforward verification of the fact that
h — Fy(t, h) is nondecreasing for every N.

More significantly, as was shown in [14], Section 4, the proper treatment of odd-degree
tensor versions of this problem no longer involve one-sided estimates of the general form
0<dFy —H(Fy) < N"'AFy + ---, but rather two-sided estimates of the form |3; Fx —
H(Fn)| < N"'AFy + --- (whether or not the right-hand side is raised to a power « € (0, 1)
is irrelevant to this discussion, so we ignore it). In principle, this is a worrisome situation,
since viscosity solutions are meant to “remember the sign of the Laplacian” in the vanishing
viscosity limit. The reason why the proof could still be successfully carried out in spite of
this is precisely by leveraging on the additional information that Fy is locally semiconvex.
Arguments based on the notion of weak solution use this property in a much more transparent
way.

Finally, arguments based on weak solutions are more adapted to the type of error terms
that appear in the right-hand side of (1.11). The proof of convergence of Fy will be a more
quantitative version of the argument in Proposition 2.3: instead of showing that two weak
solutions must be equal, we will show that two “almost weak solutions” must be almost
equal. This proof is most suited to accommodate for error terms that are estimated in an
LZOOL}l—type norm, see for instance the definition of Js in (2.18). The error terms on the right
side of (1.11), in particular |V Fy — VFy|? (but also N~' A Fy), can be estimated in such a
norm in a straightforward way. On the other hand, the notion of viscosity solution handles
most naturally errors that are estimated in L7°L7°. While this problem can be (and has been)
circumvented by appealing to local convolutions, the approach based on weak solutions is
more straightforward and easily yields quantitative estimates.

To conclude this section, we give the Hopf-Lax formula for weak solutions to (2.1), which
in particular proves the existence of solutions to (2.1). Except for the treatment of the bound-
ary condition, the argument is classical. We denote by H* the convex dual of H: that is, for
each g € SK ., we set

2.21) H*(¢) :== sup (p-q —H(p)).

peSf

PROPOSITION 2.4 (Hopf-Lax formula). Let H € C(S K. R) be a convex function such
that H(p) depends only on |p|. Let ¥ : Sf — R be a nondecreasing Lipschitz function
satisfying the following local semiconvexity property: for every & > 0, there exists a constant
Cs < oo such that

SK >R

(2.22) the mapping { +}‘i s U (h) + Cs |2 is convex.

Foreacht>0and h € SX, we define

(2.23) f(t,h):= sup (w(h/)—tH*(h/t_h>>,

nesk

with the understanding that f (0, -) = . The function f is a weak solution of (2.1).
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REMARK 2.5. The local semiconvexity assumption (2.22) of the initial condition is used
to show that the mapping /& — f(¢, h) is locally semiconvex. This property can also be ob-
tained by assuming instead that H is uniformly convex, see [9], Lemma 3.3.4. However, it
is convenient to state Proposition 2.4 in this way because the explicit local semiconvexity
property of f as stated in (2.33) below will be used later to obtain a quantitative rate of
convergence in Theorem 1.1. The assumption that H(p) depends only on |p| simplifies the
consideration of problems related to the presence of a boundary. It can certainly be weakened
significantly, but I do not know whether it can be removed altogether.

PROOF OF PROPOSITION 2.4. We decompose the proof into five steps.
Step 1. In this first step, we use that ¥ is nondecreasing and the symmetry assumption on
H to assert that, forevery ¢t >0and h € S K.

/

(2.24) ft, h)= sup{W(h’) - tH*(h — h) heSKsth > h}

(2.25) =sup{z//(h+h/) —tH*<h7/> h'e Sf}.

For every h € SX, we write /1, to denote the image of 4 under the mapping x — max(x, 0).
In a basis where 4 is diagonal, this means that we replace the negative eigenvalues by zeros.
We first show that, for every h € S K.

(2.26) H*(h) =H*(hy).
This statement is equivalent to

(2.27) sup (p-h —H(p)) = sup (p-hy —H(p)).

peSf peSf

Since h < h, the statement (2.27) with the inequality < in place of the equality is clear by

(2.4). Conversely, for every p’ € SX, we may choose p := |Zﬁ|p/| e S, so that

h-hy
Ayl

Since we assume that H(p) depends only on |p|, and since p’ - hy < |p’||h|, this proves the
inequality > in (2.27), and therefore (2.26).
Using (2.26), we get that for every h, h’ € Sf,

(1) —tH*(h/t_h) — ) —w%@)

<Y+ (W —h),) - m*(

lpl=|p/| and p-h=|p/| =|p'[Ih4l.

h+(h’—h)+—h>
l’ 9

where we also used that A" — h < (b’ — h)4 and that ¥ is nondecreasing in the last step. The
identities (2.24)—(2.25) thus follow. From (2.25), it is clear that the mapping & +— f(¢, h) is
nondecreasing.

Step 2. We prove the dynamic programming principle, that is, for every s, > 0 and & €
sk,

(2.28) f(t+s,h)= sup <f(t,h’) - sH*(h/ — h>)

h'esk §
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Since H* is convex, we have, for every s, >0 and h, h’, h" € SK,

W —h t (W =N s (W —h
(2.29) H( )5 H( )+ H( )
t+s t+s t t+s )
and thus
W —n" W' —h
(2.30) f@+s,h)y> sup (glf(h') — tH*< ) —sH*( ))
W h"esk t s
h' —h
(2.31) > sup (f(t,h”)—sH*( ))
h’esk §

Conversely, for each fixed i’ € S f ,weselecth” :=h+ e (h' — h). Notice that 4" lies on the

segment joining /# and /', and since S f is a convex set, we deduce that 1" € S f . Moreover,
we have

W—h W—h" B —h

t+s t s
and thus the general inequality in (2.29) becomes an equality. This implies that

sup (w(h/) - tH*(h/ . h”) —sH*(h// - h)) > (1) — —I—s)H*(h/ - h).

/’l”GSf N t +S

’

Notice also that the two terms on the right side of (2.30) and (2.31) are equal. Taking the
supremum over h’ € Sf in the display above thus completes the proof of (2.28).

Step 3. We show that f is Lipschitz continuous. It follows from (2.25) that for every
h, h1 esS K .

f@ h)< f@t, h)+IVylirelh — hil,
and by symmetry, that
(2.32) |f(t,h) — £, hD)| < IV liLeolh — Ryl

This shows that f is Lipschitz continuous in the 4 variable. For the regularity in time, we
recall that (2.28) also holds with the additional restriction A" > h, and appeal to (2.32) to
write, for every s, t > 0,

f@. 1) —sH0) < f(t +s.h) < sup (f(z,h) + VY|’ —h —sH*<h s_h>>

h'>h
Recalling the definition of H* in (2.21), we see that H*(0) > —H(0). Moreover, testing the
supremum in this definition with p = )‘IZ;+ZI esS f for some A > 0 to be determined, we
obtain that for every k' > h € § f ,

W —h B —h
H* > AW —h|— H(ki).
g ( s )-' R T

Selecting A = ||V || L, we conclude that
0< f(t+s.h)— f(t.h) <ssup{H(p): p € S¥.|p| < IV ).

This shows in particular that the function f is Lipschitz continuous in the ¢ variable.
Step 4. We show that for every r > 0 and § > 0,

K
(2.33) the mapping { Sias —~ R

[N f(l,h)+C5|h|2 1S CONnvex,



HAMILTON-JACOBI EQUATIONS FOR FINITE-RANK MATRIX INFERENCE 2245

where C; is the constant appearing in (2.22). Reproducing the argument in the previous step
with A =14 ||V | L, we see that the supremum in (2.24) is attained. Fix t > 0, h € sza,

and denote by h' € S f a point realizing the supremum in (2.25):

/

ram =yt 1) - ()

for every 1" € SK sufficiently small (in terms of 8) to guarantee that 1 — 4" and i + k" belong
to st, we have

fh+h")+ ft,h—h")=2f@, W)=y (h+h +h")+y(h+h" —h") =2y (h+1).
(This follows by writing (2.25) for f(t,h + k") and f(¢,h — h") and testing the supremum
at h’.) Recalling that A’ € S f and using (2.22), we deduce that

F h+0")+ f(t,h—h") = 2f(t, h) > —2Cs|n"|.

This proves (2.33).

Step 5. Since f is Lipschitz continuous, it is differentiable almost everywhere. In this final
step, we show that for every t > 0 and & € Sf 4, if (¢, h) is a point of differentiability of f,
then the equation (2.1) is satisfied at (¢, #). We fix such (¢, &), and for every g € SK ands >0
sufficiently small, we use (2.28) to write

ft+s,h)= f(t,h+sq) —sH (q).
Letting s tend to 0, we infer that
(2.34) O ft,h)—q-Vf(t,h)+H"(q)=0.

We may view the function H as defined on SX, by setting H(p) = 400 whenever p ¢ Sf .
This function is convex and lower semicontinuous, and thus, for every p € § K

(2.35) H™(p) := sup (p-q —H*(q)) =H(p).
qeSK

Taking the infimum over ¢ in (2.34), we thus conclude that
(2.36) (0 f —H(V ), h) > 0.

(Since f is nondecreasing, we already knew by Lemma 2.2 that V f(t,h) € S f .) There re-
mains to show the converse inequality to (2.36). Let &’ € S f be such that

fa. hy=y (1) —zH*(h/:h).

For every s > 0 sufficiently small, we have

t—s

f(t — s, h+ ;(h/_h)> > () — (1 _S)H*(h/—h - %(h/—h))

zf(t,h)—i-sH*(h/t_h).

Letting s tend to 0, we obtain that

/

J(h —h
3 f(t,h) — -Vf(t,h)—I—H( t )50.

Together with (2.35), this yields the converse inequality to (2.36) and thus completes the
proof. [
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3. Approximate Hamilton—-Jacobi equation and basic estimates. The main goal of
this section is to prove Proposition 1.2. We will also record basic derivative and concentration
estimates that will be useful in the next section.

3.1. Nishimori identity. We start by presenting the Nishimori identity, a simple but cru-
cial property which allows to avoid facing a never-ending cascade of new replicas as we
differentiate the free energy. We denote by (-) the Gibbs measure associated with the en-
ergy Hy(t, h, -). That is, for each bounded measurable function f : R¥V*K — R, we set

3.1 (f(x):=

where

1 Hy(t,h,x)
) /R L Fe dPy(x),

Zn(t, h) :=/ NI 4Py ().
]RNXK

Note that although the notation does not display it, this random probability measure depends
on t, h, as well as on the realization of the random variables x, W and z. We also consider
“replicated” (or tensorized) versions of this measure, and write x, x’, x”, etc. for the canon-
ical “replicated” random variables. Conditionally on x, W and z, these random variables are
independent and each is distributed according to the Gibbs measure (-). With a slight abuse of
notation, we still denote this tensorized measure by (-). That is, for every bounded measurable
function f : (RV*K)2 5 R, we denote

N 1
)= o

and so on for more than two replicas.

As discussed in the Introduction and shown in the Appendix, the measure (-) is the con-
ditional measure of x given ) := (¥, Y’). That is, for every bounded measurable function
[iRVE SR,

(3.2) (f))=E[fO)IV].

In particular, we have

/ » 2f(x’x/)eHN(t,h,x)—i-HN(t,h,x/) dPy (x)dPy (x),
(RY>R)

E(f0))=E[f(®)].

Using the conditional independence between replicas, we also have, for any bounded mea-
surable functions fi, f> : RV*K - R,

E(f1(x) f2(x")) = E[{f1(x0)){ f2(0))]
=E[(f1(x)) f2(3)].

By the monotone class lemma, this implies that for any bounded measurable function f :
(RN x K )2 — R,
(3.3) E(f (x,x")) =E(f (x, X)).
This identity can be generalized to more than two replicas: for instance,

E(f (x,x", x")) =E(f (x, x", X)).
This relation, regardless of the number of replicas involved, is often called the Nishimori
identity. This property will be the crucial ingredient allowing us to “close the equation” and

show that the system stays in a replica-symmetric phase. We will repeatedly use it without
further mention. Notice that we can also incorporate dependencies in ), that is:

E(f (V. x,x")) =E(f (Y, x, %)),

and so on with more replicas.



HAMILTON-JACOBI EQUATIONS FOR FINITE-RANK MATRIX INFERENCE 2247

3.2. Matrix square root. We record here some elementary properties of the matrix square
root that will be useful in the sequel. Denote by D _; the differential of the square-root func-

tion, seen as a mapping from Sf 4 to SK . at the point 1 € Sf .. This differential is a linear
mapping on SX which satisfies, for every & € Sf L anda € Sk,

D j(a)= g%g—l(\/h +ea—Vh).

Notice that
h+ea=(Vh+ea)* = (Vh+eD ga) +o(e))’
=h+e(vVhD /(@) + D s(a)V'h) + o(e),
and thus
(3.4) VhD si(a)+ D g@)Vh=a.

Although we will not need this fact, it is interesting to note that this property characterizes
D ;. This tells us that any identity involving D _; is provable using only (3.4) as a definition

of D\/ﬁ

LEMMA 3.1 (Unique Jordan inverse). Let A € Sf Land B,C € RX*K be such that
(3.5) AB+ BA=AC+CA.
Then B=C.

PROOF. Without loss of generality, we can assume that C = 0 and that A is a di-

agonal matrix, with positive eigenvalues Ay, ..., Ag. The condition (3.5) then reads, for
B = (Bk1)1<k,i<K>

V1<k,I<K, Buhi+x)=0.
Since Ay + A; > 0, this implies that B=0. [

It follows from (3.4) that whenever b € SX, we have

S

a .
2

When b € REXX s not assumed to be symmetric, we can estimate the error in this relation
in terms of the size of the antisymmetric part of b. Recall from (1.10) that we denote by « (h)
the condition number of a matrix 4 € S f .

(3.6) (D jz(@)Wh)-b=(VhD /(@) b=

LEMMA 3.2. There exists C < oo such that for every h € Sf+, a e SX and b e REXK,
b b
Dﬁ(a)«/z-b — aT‘ + ‘«/i_zDﬁ(a) -b— aT < CVk(h)|al|b—BbY.

PROOF. We first show that
1
(3.7) D jp(@)| < Clal|h™"|2.

The proof is similar to that of Lemma 3.1. Without loss of generality, we assume that A is
diagonal, with positive eigenvalues 0 < A1 <-.-- < Ag. Denoting (d;)1<k i<k the entries of
the matrix Dﬁ(a), and a = (ak;) 1<k, 1<k , the relation (3.4) reads

di (VAk + V) = ag.
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We deduce that

1

(Sl

K Z
max |dg| <A;° max |ay| < (Z ?»;:2) max |ag/,
1<k.I<K 1<k.I<K 1<k.l<K

k=1

and thus that (3.7) holds, by equivalence of norms. The conclusion of the lemma then follows
using the decomposition

2D (@a)Vh-b=D s(@~h-(b+b)+ D j(@)Vh-(b—b,

and that by (3.6), the first term on the right side is a - b+TH =a-b,sinceac SK. O

3.3. Proof of Proposition 1.2. For convenience, we now record some identities that fol-
low from Gaussian integration by parts. Recall that z = (z; k)1<i<N.1<k<k 1S an N-by-K
matrix of independent standard Gaussian entries, independent of (x, W).

LEMMA 3.3 (Gaussian integration by parts). For every bounded measurable function
F: (RN*KY2 5 RNXK e have

(3.8) Elz- F(x, %) =E{(x — x')Vh - F(x, %))
and
(3.9) E((z - F(x,0)))) =E(((x —x')Wh- F(x,0)(z- F(x, %))+ E{|F(x, %)

while for F : (RN*K)3  RNxK

2>’

(3.10) Elz- F(x,x', X)) =E((x + x’ — 2x")vh - F(x, X/, X)).
Finally,
3.11) E(x-Wx) = \/%Eﬂxtx{z — ¥z %),

PROOF. We will use repeatedly the following simple “Gaussian integration by parts”: for
every g € CO1(R; R),

Y2 52
/ g(s)se" 2 ds =/ g (s)e” 7 ds.
R R
We write F' = (Fix)1<i<nN,1<k<xk and notice that, by the observation above,
E[zik(Fix (x, )] = B[y, (Fix (x, ©))]

= E(Fir(x, X)((x — x/)\/z)ik>'

Summing over (i, k), we obtain (3.8). The proof of (3.10) is similar: we write
Elzik{Fir(x, x', ))] = E[0, (Fik (x, x', ¥))]
— B[ (x5, ) (5 + 2 = 26" )VR), )

and then sum over (i, k). For (3.9), we calculate first, for any bounded measurable f :
(RN*KY2 5 R and any (i, k), (j,[) € {1,..., N} x {1,..., K} satisfying (i, k) # (j, 1),

Elzikzji{f (x, X))] = E[z10,(f (x, )]
=E[zjilf (x, 5)((x —x")Vh),,)]-
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When (i, k) = (j, [) this relation becomes
B[z (f (v D)) = Elziel f (e, D) ((x = x)Vh) )] + E(f (x. D).

Replacing f(x, x) by Fjx(x, x) Fj;(x, X) and summing over all indices, we obtain (3.9). Sim-
ilarly, we observe that

E(x - Wx) =E(W - xx!) = \/%E[(|xxt|2> — |(exY].
and since
') ? = et &) = (|x'%[),

we obtain (3.11). [

We next present an intermediate result towards the proof of Proposition 1.2, which is inter-
esting on its own in that it displays the relevance of the question of assessing the concentration
of the matrix x'x € RExX,

LEMMA 3.4. We have
_ _ 1
(3.12) O Fy —2|VFy|* = 2—N2E(’xti — E{x'%)).

Moreover, for every t > 0, the mapping h — Fn(t, h) is nondecreasing.

PROOF. Starting with the derivative with respect to ¢, we have

(3.13) 3 Fy (1, 1) 1< L w4 S e 1|‘}2>
. h) = —{———x - Wx+ —|x'x|" — —|[x'x|7).
N N\2VIN N 2N

By (3.11), we deduce that
. 1 12
(3.14) 8,FN(t,h)=2—N2E(|x x|7).
We also have, for everyheSf n and a € SK,
1 1
(3.15) a-VFN(t,h)zN<D«/E(a)-xtz-l—a-xt)E—Ea-xt >

By (3.8), we have
E(D (@) - x'2) =E(D s (a) - (x'(x — ©)vh))
=D j(@)Vh Elx'(x - ).
Since E{x'(x — %)) = E[(x'x) — (x)!(x)] is a symmetric matrix, we can use (3.6) to infer that
E(D s;(a) - x'z) = %E(a (e = 5)),
and therefore
(3.16) a-VFy= %E(a - x'x).
Since

E(x'%) = E[(x)"(x)] € SX,
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we obtain that

_ 1 _
(3.17) VFy = ﬁﬂxtx),

and, by Lemma 2.2, that the mapping & — Fy (¢, h) is nondecreasing. Combining (3.14) and
(3.17) yields (3.12). [

We are now ready to complete the proof of Proposition 1.2.
PROOF OF PROPOSITION 1.2. In view of Lemma 3.4, we aim to show that
—B{|x'x — E{x'z)})
(3.18) 2N?
— 1 —
< Cr(W)N~#(AFy + C|h"|)3 + CE[|VFy — VFy[*].

We decompose the proof of this fact into five steps.
Step 1. For every a € SX, we denote

1
H\(a,h,x):=D x'z4a-x'% — a-x'x.
y(a, h,x) ﬁ(a) xXz4+a-xx 2a XX

In this step, we show that, for every a € SX and 1 € Sf 4
E((Hy (a, h, x) — E(Hy (a, h, x)))*)
(3.19) <Na-V(a-VEy(t, h)+N*E[(a-VEy(E, h) —a-VEy(, h)*]
+ CNlal*|n7!.

In the expression on the right side, the quantity V(a - VFy (¢, h)) is the gradient of the map-
ping h+— a-VFyn(t, h), evaluated at h. In particular, V(a - VFy (¢, h)) € SK . To show (3.19),
we start from the variance decomposition

E((H}(a, h, x) — E(Hy (a, h, x)))*)
=E((Hy(a, h,x) — (Hy(a, h, x)))z) +E[((Hy(a, h,x))—E(Hy(a, h, x)))z].
By (3.15), we have
E[((H} (a. h, x)) — E(Hy (@, h, x)))*] = N?E[(a - VFy(t, h) —a - V Fy(t, h))*].

For every h € Sf+ and a, b € SK, we write

D2, b) = lim e~} (D p5(a) = D (@),
so that, by (3.15),
a-V(a-VFy(t,h))
(320) 1 , ) , 5 1 5 .
= (a0 = a0+ (D) -5

To see that (3.20) holds, one can start by noticing that for an arbitrary probability measure p
over R, and provided all the integrals are well defined,

. L exp()»s)dﬂ(s))
8} (log[exp(AS) dM(S)> = 3A( [ exp(hs) du(s)

_ [sPexpOhs) duls) (f sexp(xs>du<s>>2
~ [exp(hs)du(s) [exp(us)du(s) /
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This corresponds to the variance part on the right side of (3.20). Contrary to the “model”
calculation above, the quantity Hj, depends itself on /, and this is the reason for the presence
of the last term in (3.20). Differentiating the identity (3.4), we find that

3.21) 2(D (@) + VDY (a, @) + D*(a, a)Vh =0.
By Lemma 3.3, we also have that
E(D%/E(a, a)-x'z)= D%/z(a, a)Vh - E(x'(x — x')).

Combining the two previous displays with the fact that the matrix [E(x!(x — x’)) is symmetric,
we obtain that

a-V(a-VFEy(t, h))
(3.22) 1 / / 2 1 2t ’
= NE((HN(a, h,x)—(Hy(a,h,x))")— NE((Dﬁ(a)) cxt(x = x')).

By (3.7), this completes the proof of (3.19).

Step 2. We now aim to show that the variance of x'x is controlled by a finite sum over a of
variances of H I/\, (a, h, x) (or equivalently, by the supremum over |a| < 1 of these variances,
since a — H le (a, h, x) is linear). In this step, we show that there exists a constant C < co

such that for every a € S K
El(a - x'% — Ela - x'%))*
. { fa-5)) 2
< 4E((Hy(a, h,x) —E(H} (a, I, x)))7) + Cla|*« (h)Skew,
where Skew is a quantity measuring the skewness of the matrix x'x:
(3.24) Skew := N (E{|x'7 — 'x[%))?.
Since
Ela - x'x) = 4E(H} (a, h, x)),
it suffices to show that
(3.25) E((a - x'%)?) < 4E(H} (a, h, x)?) + Cla|x (h)Skew.
By Lemmas 3.3 and 3.2 and (3.7), we have
E(D (a) - x'z)7)
=E((D s(@h - x'(x —x'))(D (@) - x'2)) + E(|D gz(@)x[)

= E((Dﬁ(a)\/ﬁ xt(x — x/))(Dﬁ(a)ﬁ-xt(x +x" —2%))) +E<|Dﬁ(a)x|2>

1
> ZE((a xt(x = x))(a - x'(x + x’ = 2%))) — Clal*k (h)Skew.
The first term on the right side of the previous display can be rewritten as

%E((a xtx)?) — %]E((a x'x)(a - x'%)) — —E((a )% + E((a x'%)(a - x'x)).

Appealing again to Lemmas 3.3 and 3.2, we can also write
1
E<2(D\/ﬁ(a) -x'z) (a x'x — 54 -xtx>>
1
= E<2(Dﬁ(a)«/ﬁ xt(x - x/))<a x'x - 54 -xtx)>
1
> E<(a xt(x — x/))<a x'% — 4% x)> Cla|*V/ic (h)Skew,
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and the first term on the right side is equal to

—%E((a xtx)?) + ;E((a x'x)(a - x'%)) — E{(a - x'%) (a - x'x)).

Finally,

]E<(a x'x — %a -xtx>2> = %E((a xx)%) —E((a - x'x)(a - %)) + E{(a - x'7)).

Summing the previous displays, we obtain that
(3.26)  E(Hp(a,h,x)?) > %E((a xlE)%) — %E((a -x'%)(a - x'x')) = Clal?« () Skew.
By the Cauchy—Schwarz inequality,

IE((a - x'%)(a - x'x))| <E((a- xtx)2>.

Combining the two previous displays yields (3.25), and therefore also (3.23).

Step 3. There remains to control the skew-symmetric part of x'x. Following the approach of
[1], we decompose the argument into two steps. In this step, we find a convenient expression
for the second derivative of Fy, namely,

a-Va-VFy)
(3.27) 1

= 5 (El(a - x'9)*) = 2E{(a - x'F)(a - x'x) + Effa - 2'¥')).
Differentiating (3.16) gives
(3.28) a-V(a-VFy)= %E{(a -x'%)(Hy (a, h,x) — Hy(a, h,x"))).
Moreover, by Lemma 3.3,
E{(a - x'%)D s(a) - x'z) = E{(a - x'%) D sz (a)Vh - x'(x — x')),

while

E{(a-x'%)D (@) - (x)'2) = E{(a - x'T) D s (@~h - (x')'(x +x —2x")).
Observe that

xtr — (b + () %) — ()% + ()7 + ()

is a symmetric matrix. Using the symmetry between the replicas x” and x”, (3.6), and then
that a is a symmetric matrix, we thus obtain that

E((a .xtf)Dﬁ(a) (x— x/)tz)

= S8 xtF)a (ot =2t = () = @)+ () + (7))

1
= EIE((a x'%)a - (x'x — (x/)tx/ —2x'x’ +2(x )t ).
Combining this with (3.28) yields
_ 1
a-Va-VFy)= ﬁﬂi((a x'%)a - (=x'% + (x )tx” +xlx — (x/)ti)),

which is (3.27).
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Step 4. In this step, we show that

B

(3.29) Skew < CN%( sup (vvt) . V((vvt) . VFN)) )
veRKx1
[v|<1
For each pair of vectors v, w € RE*!, we look for an upper bound on the quantity
(3.30) E((vw!- (x'% — (x'x'))?) = E((vw! - (x'x" — (x'x")))?).
Since

Span({vw': v, w € REX1}) = REXK

and since the matrix (x'x’) = (x)'(x) is symmetric, knowing that the quantity in (3.30) is
small would indeed tell us that the antisymmetric part of x'x concentrates around 0. We will
make use of the fact that for every x, x" € RVN*K and v, w € REx1

(3.31) (vw'- xx)? = (ovtxl) - (ww'(x')").
This follows from
(vwt- xx)? = (xv - x'w)? = (vlxtx'w)?
= (v'x'xw) - (V'x'x'w) = (xvv'xl) - (Fww!(x))").
In particular,
(vw' - x'x')?) = (xvvlxt) - (rww'x!)
and
(vw' - (x'x')? = (oot (0)') - () ww' (x)).
We can thus rewrite the quantity in (3.30) as
E[{(vw' - x'x')?) = (vu' - (x'x'))°]
=E[[xvv'x") - (xww'x!) — ((x)vo'(x)!) - ((x)ww'(x)")]
= E[((xvv'x!) — (x)ov'(x)") - rww'x") + (x)volx)' - (rww'x!) — (x)ww'(x)")].
By the triangle and the Cauchy—Schwarz inequalities, we thus see that
Skew = N (E{|x'7 — #'xY)?

< 2N (B[|x'% — xx') )2

D=

<CN( s Blow' (x5~ ()7

v, weRKx1

[vl,lw|=<1

=

3
< CNi( sup E[|(xvu'x") — (x)vvt(x)t|2]) .
veRK x1
lv|<1
(Recall that the constant C is allowed to depend on K. Instead of the supremum over v and
w, it may be more natural to write first a sum over v, w € ¥V with V a finite set such that

{vw': v, w € V} spans RE*X ) Appealing again to (3.31), we see that
E[|(xvvx!)*] = Ef (o' - xtx")?),
E[|(x) ool (x)![*] = E[(vo! - xx')?].
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A minor variant of (3.31) gives that
(vv' - x'%) (vo' - x'x) = (xvo'x) - ()Zvvt(x/)t),

and thus

E[(xvv'x!) - (x)vo'(x)] = E{(xvo'x!) - (Rvo'(x')"))

=E((vv'- x'%) (vo' - x'x)).
Combining these identities yields that
E[|{xvv'x!) — (x)vvt(x)t|2]
=E((vv'- x'x)%) — 2E((vv' - x'%) (00! - x'x)) + Effvo' - ']

Using also (3.27) with a = vv! completes the proof of (3.29).
Step 5. We combine the results of the previous steps and complete the proof. Notice first
that, since Skew < CN?2,
E(jx'¥ — E(x'¥)|*) < C sup E{(a - x'% — Ela - x'z))?) + CN2(Skew)?
K
far=1
(3.32) < C sup E{(a - x'% — E(a - x'x))*) + CSkew.
aesk
la|<1
From (3.22) and (3.7), we see that, for every a € sk,
(3.33) a-V(a-VFEy(t, h)>—Clh Yal*

Writing the Laplacian explicitly as a sum of derivatives in an orthogonal basis that contains
a vector colinear to a € SX, we deduce that

a-V(a-VFEy(t,h) <lal*>(AFy(t, h) + C|h™1)).

In particular, we can replace a - V(a - VFEy(t,h)) by |a |2A}7“N(t, h) on the right side of (3.19),
up to a modification of the constant C, and rewrite (3.29) as

7 = ] 1
Skew < CN#(AFy +C|h™|)%.
Combining these estimates with (3.23) and (3.32), we obtain that
E(|x'z — E(x'%)|*) < C(NAN Fy + N?E[|VFy — VEy|?] + CN|h "))
+ Ci()NF(AFy +ClhY))4.

Since the left side of this inequality is bounded, we can simplify this into (3.18), thereby
completing the proof. [

REMARK 3.5. Contrary to the rank-one case, I do not know whether the mapping 4 —
Fn(t, h) is convex. However, this mapping does satisfy a partial convexity property in the
direction of positive semidefinite matrices. (We will not make use of this fact.) To make this
point explicit, notice first that if y, y’, y” are three i.i.d. random vectors under (-), then

2 2
(3.34) () =2 Y-+ -y =o0.
Indeed, this follows from the fact that the left side of (3.34) can be rewritten as
2

") = )Y
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Recalling (3.27), we see that, for every a € sk,

a-Va-VFy)
= %E[((a .xtj)2> _ 2<(a -xt)?)(a _xtx/)> + <a -xtx/>2]
= %E[«xﬁ )E\/E)2> — 2(()(\/5 jﬁ)(xﬁ . X/\/E» i <x\/¢_l ' x’\/c_l)Q].

Viewing x./a as a vector with N K entries and applying (3.34), we obtain that this quantity is
nonnegative. However, since this reasoning requires that we take the square root of a, it only
applies to the situation when a € S f . (By symmetry, the case when —a € S f is of course
also covered.)

3.4. Derivative and concentration estimates. We next record simple derivative and con-
centration estimates. Recall that W = (W;;)1<; j<ny 18 an N-by-N matrix of independent
standard Gaussians. We denote

Wil g2 :=sup{|Wx|:x e RV x| < 1}.

LEMMA 3.6 (Derivative estimates). There exists a constant C < 0o such that the follow-
ing estimates hold uniformly over Ry x § f :

(3.35) 1 Fn|+|VFEN| <C,

1
ClWlle2 e Clz|lh~"2
3.36) hFN|<CH+ —F—— and |VFy|=CH+ ———.

Moreover, for every a € SX,

3
_ClaPlz|lh'2
JN

PROOF. The estimates in (3.35) and (3.36) follow from (3.14), (3.17), (3.13), (3.15) and
(3.7). (Recall that the constants are allowed to depend on K.) The first part of (3.37) is a
consequence of (3.22) and (3.7). To obtain the second part of (3.37), we see from (3.20) that
it suffices to establish that

(337)  a-V(a-VFy)>—Cla*|h™!| and a-V(a-VFy)=>

3
(3.38) \Dzﬁ(a,a)| < ClaP|n7!|2.

Up to a change of basis, we may assume that the matrix 4 is diagonal, with eigenvalues
0 < X1 <--- <Ak. Denoting by (dx)1<k.;<k and (d;d)lﬁkJSK the entries of the matrices
Dﬁ(a) and Df/}—l(a) respectively, we see from (3.21) that for every k,/ € {1, ..., K},

K
Ve + VADdy = =2 dimmr.
m=1
We thus obtain (3.38) using (3.7). U

We now turn to a concentration estimate. We simply state an L? estimate with a suboptimal
exponent, since this is sufficient for our purposes, but point out that it is classical to improve
upon this.
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LEMMA 3.7 (Concentration of free energy). There exists « > 0 and, for every compact
set V C R4 x Sf, a constant C < 0o such that for every N € N,

E[|Fy — Fyllfoeqy)] < CN 72

PROOF. The proof is essentially the same as that of [14], Lemma 3.2, so we only briefly
sketch the argument. First, using the Efron—Stein and the Gaussian Poincaré inequalities, we
verify that for every M > 1, there exists C < oo such that for every t < M and |h| < M,

E[(Fy — Fy)*(t,h)] <CN".

We next use (3.35) and (3.36) to assert that Fy — Fy is %—Hélder continuous, with a random
Holder seminorm that has finite moments of every order. We then write, for every ¢ € (0, 1],

E[ sup (Fy—Fy) ] <CVe+E[ sup (Fy =y m),
t<M,|h|<M (t,h)eA,

where A, is an e-net of the set {(¢, h) € Ry x Sf 1t <M and |h| < M}. We can choose A,
_I_K(K—H) .
2, and thus, by a union bound,

in such a way that |A;| < Ce

_ 19}
]E[ sup  (Fy — Fy)A(, h)] <CJe+Ce - F N
t<M,|h|<M

Optimizing over ¢ leads to the desired result. [J

4. Convergence to the weak solution. We now show how Proposition 1.2, together with
the concentration estimate in Lemma 3.7, implies Theorem 1.1. The argument is an adapta-
tion of the proof of uniqueness of weak solutions of (1.8), see Proposition 2.3. One minor
simplification comes from the fact that we can assert the local semiconvexity property uni-
formly in a neighborhood of the region # = 0. Indeed, the local semiconvexity of Fy given
by (3.37) does not degenerate as t — 0, and the corresponding property for the limit solution
f is provided by (2.33).

PROOF OF THEOREM 1.1. We decompose the proof into four steps.

Step 1. We set up the argument, find an approximate equation for the difference between
Fy and the candidate limit, and state elementary bounds, paralleling Steps 1 and 2 of the
proof of Proposition 2.3. Denote by f the weak solution of (1.8) with initial condition
£(0,) =1 = Fi(0, ). We set

wy:=Fy—f and Erry:=dFy—2|VFEy|’.
The following holds almost everywhere in Ry x S f :
dwy =2|VFN|> =2|Vf]> +Ery
=2(VEy + Vf)-Vwy +Erry.
We denote
by :=2(VFy + V).

Let ¢ € C*(R) be a nonnegative smooth function satisfying |¢'| < 1 and ¢(0) = 0, and set
vy = ¢ (wy). We have

vy —by - Voy =¢'(wy)Erry  ae.in Ry x Sf.
We define ¢, as in (2.6), f. asin (2.7), and
by :=2(VFy +V fo),
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so that
vy —by - Vuy=(by —by ) - Vuy + ¢’ (wy)Erry a.e.in Ry x S_[:.

By (3.37) with N =1 and (2.33), there exists C < oo such that for every § € (0, 1] and
e €0, 5],

Afe+C87'>0 onRy x 5K

By (3.37), there exists C < oo such that for every N € N and § € (0, 1],
AFy +cs7! >0 onR; x Sf(;.

We thus obtain that for every N € N, § € (0, 1] and ¢ € [0, %],

4.1 V-bye+C5'>0 onRy x K.

Step 2. We essentially reproduce the arguments in Step 3 of the proof of Proposition 2.3,
temporarily leaving aside the new error term Erry. We denote

R:=1+ 2||Vf||LOQ(R+XSi() + 2;";%(”VFN”LOO(R+><S5))’

which is finite by (3.35). We fix T > 1 and define, for every ¢ € [0, g], the sets Bs(t),
0+ Bs(t), and 09 Bs(t) displayed in (2.15)—(2.17), as well as

Js.n () = fB Lo

The function Js y is Lipschitz, and for almost every ¢ € [0, %],
0 Js, N (1)

— [ v, — R/8 on(t, )

By - Bs(1)

= (by,e - Vuy + (by —by o) - Voy + @' (wy)Erry) (2, ) — R un(t,-).
Bs(1) 34 Bs(t)

By (2.9) and the dominated convergence theorem, we have
lim ((by —bn ) - Voy)(,-) =0.
e—0JBs (1)

Integrating by parts, we see that
[ we Vo == onVobnow )+ [ by,
Bs (1) Bs (1) dBs (1)
where n is the unit outer normal to Bs(¢). By (4.1), we have
—/ (N V by e)(t, ) < C8™ s N (D).
Bs(t)
Recalling (2.15)-(2.17), we decompose the boundary integral into
[ owbyeme= [ vbym@ o+ [ by me).
dBs(1) 94+ Bs (1) 30Bs (1)
By the definition of R, we have

f (uwby W), ) <R on ().
94+ Bs(1) 0+ Bs(1)
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Since both Fy and f are nondecreasing in &, we infer from (2.4) that
| by m ) <0.
90 Bs (1)

Step 3. There remains to estimate the contribution of the error term Erry. By Proposi-
tion 1.2, and since |¢'| < 1, we have

/ (¢/(wN)EI‘I’N)(Z‘,~)EC(Si]Nf‘IT/ (AFN—FC(Sil)‘l‘(Z,-)
42) Bs(1) Bs(1)

+C E[|VFy — VEy|?](t, ),
Bs(t)

where we allow the multiplicative constant to depend also on R and 7. We estimate each of
these two integrals in turn. By Jensen’s inequality,

1

— 1 _ iy
/ (AFy + C(S*])Z(t, )< (cal + AFn(t, -)) ,
Bs (1) Bs (1)

and moreover, by integration by parts and (3.35),

AFy(t,) < C.
Bs (1)

Turning to the second integral on the right side of (4.2), we introduce the notation V :=
{(t,h) :t <T,|h| < RT}, and integrate by parts and use (3.35) again to get

/ \VFy — VNP, )
Bs(t)

= ((Fy — FN)V(Fy — Fy) -n)(t, ) — / ((Fy — FN)A(Fy — Fy))(t, )
9Bs(1) Bs(1)

<|Fn— FNIlLOO(V)(C-i-/B (t)|A(FN — Fy)|(t, -))-
§

We can then write

f |A(Ey — Fx)|(2,)

Bs(t)

<Cs3 (1 n ﬂ) +/ A(Fy — Fy)+C873 (1 + ﬂ)‘(r, ).
~N Bs (1) ~N

We next observe that for C < oo sufficiently large, the quantity between absolute values
above is nonnegative, by (3.37). Integrating by parts and using (3.36), we obtain that

‘ Y]
/BMM(FN — Py, ) < Cs (1 N m)-

Summarizing, and using the Cauchy—Schwarz inequality, we conclude that

1

E[|VFy — VEy[?](t, ) < CS3E[|| Fy — Fy oo ]?
By () N N s ) = N Nllpeovyl™s
and thus, by Lemma 3.7, that there exists an exponent « € (0, 41_1] such that

/ E[|VFy — VEy[*](t, ) < C§TIN ™,
Bs (1)
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Step 4. We conclude the proof. Combining the results of the two previous steps, we obtain
that almost everywhere in [0, %], we have

ddns<C8 sy +CE N,
that is,
3 (exp(—C8~'1)Js.y) < Cexp(—C8~1)s N

Since ¢ (0) = 0 and wy (0, -) = 0, this implies that for every ¢ € [0, 7],
[ o= =cexp(css I,
Bs (1)

(Recall that we allow the constant C to depend on 7'.) We may as well absorb the term 573
into the exponential. Since this estimate is valid uniformly over nonnegative ¢ € C*°(R)
satisfying ¢ (0) = 0 and |¢’| < 1, we deduce that for every ¢ € [0, %],

/ |FN—f|(t,-)§Cexp(C8*1)N*“.
Bs (1)

Since the functions Fy and f are locally bounded, uniformly over N, and the measure of the
set Bo(?) \ Bs(t) is bounded by C4, this implies that for every ¢ € [0, .

/ |FN—f|(t,~)§C8+Cexp(C6_1)N_°’.
Boy(1)
We select § := Clog™! N, for a sufficiently large constant C, so that for every 7 € [0, %],

_ C
Fy — fl(t,) < ——.
/Bom'N 1169 = o

This completes the proof of Theorem 1.1. [

APPENDIX: COMPUTATION OF THE CONDITIONAL LAW

We denote

t
(A.1) y={(v, Y/)=( /Nﬁww,x«/ﬁﬂ).
In this appendix, we verify that the conditional law of x given ) is given by

eHN (1Y) d Py ()

A2 : .
( ) fRNxK eHN(t,h,x)de(x/)

(See also (3.2) for an equivalent statement.) For every bounded measurable functions f and
g, we can write E[ f(x)g()))], up to a normalization constant that depends neither on f nor
on g, as

2 2

with the shorthand notation dW :=[]; ;dW;; and dz :=[[; ; dzix. A change of variables
allows to rewrite the expression above as

/f(x)g(y) eXp(—%‘Y — \/%xxt

2 2
/f(x)g(/%xxt + W, x«/f_H—z) exp<—m - ﬂ) dW dzdPy (x),

2
_ %|Y’ —xﬁ|2> dY dPy (x).
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Denoting the exponential factor above by £(x, )), we thus obtain that the law of ) is the law

with

density given, up to a normalization constant, by

EQV) = / £(x, V) dPy (x).

and that, denoting by c the normalization constant,

(A3

The

Ex, ) 5
dpP dy.
) BLF@s] = e [ /007557 APrROIED) Y
conditional law of x given ) is thus the probability measure given by
£ gpy o,

EQ)

and this quantity can indeed be rewritten in the form of (A.1).

A

cknowledgements. [ would like to warmly thank Jean Barbier for stimulating discus-

sions and for telling me about the results of [1] prior to their publication. I was partially sup-
ported by the ANR grants LSD (ANR-15-CE40-0020-03) and Malin (ANR-16-CE93-0003)
and by a grant from the NYU-PSL Global Alliance.

(1]
(2]

(3]

(4]

(3]
[6]
(7]
(8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

REFERENCES

BARBIER, J. (2019). Overlap matrix concentration in optimal Bayesian inference. Preprint. Available at
arXiv:1904.02808.

BARBIER, J., DIA, M., MACRIS, N., KRZAKALA, F., LESIEUR, T. and ZDEBOROVA, L. (2016). Mutual
information for symmetric rank-one matrix estimation: A proof of the replica formula. In Advances in
Neural Information Processing Systems 29 424-432.

BARBIER, J. and MACRIS, N. (2019). The adaptive interpolation method: A simple scheme to prove
replica formulas in Bayesian inference. Probab. Theory Related Fields 174 1133-1185. MR3980313
https://doi.org/10.1007/s00440-018-0879-0

BARBIER, J., MACRIS, N. and MIOLANE, L. (2017). The layered structure of tensor estimation and its
mutual information. In 55¢th Annual Allerton Conference on Communication, Control, and Computing
1056-1063. IEEE, Piscataway, NJ.

BENTON, S. H. JR. (1977). The Hamilton—Jacobi Equation: A Global Approach. Mathematics in Science
and Engineering 131 Academic Press, New York. MR0442431

DESHPANDE, Y. and MONTANARI, A. (2014). Information-theoretically optimal sparse PCA. In /EEE In-
ternational Symposium on Information Theory 2197-2201.

DouGLIS, A. (1965). Solutions in the large for multi-dimensional, non-linear partial differential equations
of first order. Ann. Inst. Fourier (Grenoble) 15 1-35. MR0199542

EL ALAOUI, A. and KRZAKALA, F. (2018). Estimation in the spiked Wigner model: A short proof of the
replica formula. Preprint. Available at arXiv:1801.01593.

EvaNsS, L. C. (2010). Partial Differential Equations, 2nd ed. Graduate Studies in Mathematics 19. Amer.
Math. Soc., Providence, RI. MR2597943 https://doi.org/10.1090/gsm/019

KRUZKOV, S. N. (1966). Generalized solutions of nonlinear equations of the first order with several vari-
ables. I. Mat. Sb. (N.S.) 70 (112) 394-415. MR0199543

KRUZKOV, S. N. (1967). Generalized solutions of nonlinear equations of the first order with several inde-
pendent variables. II. Mat. Sb. (N.S.) 72 (114) 108-134. MR0204847

LELARGE, M. and MIOLANE, L. (2019). Fundamental limits of symmetric low-rank matrix estimation.
Probab. Theory Related Fields 173 859-929. MR3936148 https://doi.org/10.1007/s00440-018-0845-x

LESIEUR, T., KRZAKALA, F. and ZDEBOROVA, L. (2015). Phase transitions in sparse PCA. In IEEE Inter-
national Symposium on Information Theory 1635-1639.

MOURRAT, J.-C. (2018). Hamilton—Jacobi equations for mean-field disordered systems. Preprint. Available
at arXiv:1811.01432.

PANCHENKO, D. (2018). Free energy in the Potts spin glass. Ann. Probab. 46 829-864. MR3773375
https://doi.org/10.1214/17-AOP1193

PANCHENKO, D. (2018). Free energy in the mixed p-spin models with vector spins. Ann. Probab. 46 865—
896. MR3773376 https://doi.org/10.1214/17- AOP1194


http://arxiv.org/abs/arXiv:1904.02808
http://www.ams.org/mathscinet-getitem?mr=3980313
https://doi.org/10.1007/s00440-018-0879-0
http://www.ams.org/mathscinet-getitem?mr=0442431
http://www.ams.org/mathscinet-getitem?mr=0199542
http://arxiv.org/abs/arXiv:1801.01593
http://www.ams.org/mathscinet-getitem?mr=2597943
https://doi.org/10.1090/gsm/019
http://www.ams.org/mathscinet-getitem?mr=0199543
http://www.ams.org/mathscinet-getitem?mr=0204847
http://www.ams.org/mathscinet-getitem?mr=3936148
https://doi.org/10.1007/s00440-018-0845-x
http://arxiv.org/abs/arXiv:1811.01432
http://www.ams.org/mathscinet-getitem?mr=3773375
https://doi.org/10.1214/17-AOP1193
http://www.ams.org/mathscinet-getitem?mr=3773376
https://doi.org/10.1214/17-AOP1194

	Introduction
	Weak solutions of Hamilton-Jacobi equations
	Deﬁnition of weak solution
	Well-posedness and comparison with viscosity-solution approach

	Approximate Hamilton-Jacobi equation and basic estimates
	Nishimori identity
	Matrix square root
	Proof of Proposition 1.2
	Derivative and concentration estimates

	Convergence to the weak solution
	Appendix: Computation of the conditional law
	Acknowledgements
	References

