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APPROXIMATION SCHEMES FOR VISCOSITY SOLUTIONS OF FULLY
NONLINEAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
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The aim of this paper is to develop a general method for construct-
ing approximation schemes for viscosity solutions of fully nonlinear path-
wise stochastic partial differential equations, and for proving their conver-
gence. Our results apply to approximations such as explicit finite difference
schemes and Trotter—Kato type mixing formulas. The irregular time depen-
dence disrupts the usual methods from the classical viscosity theory for creat-
ing schemes that are both monotone and convergent, an obstacle that cannot
be overcome by incorporating higher order correction terms, as is done for
numerical approximations of stochastic or rough ordinary differential equa-
tions. The novelty here is to regularize those driving paths with nontrivial
quadratic variation in order to guarantee both monotonicity and convergence.

We present qualitative and quantitative results, the former covering a wide
variety of schemes for second-order equations. An error estimate is estab-
lished in the Hamilton—Jacobi case, its merit being that it depends on the path
only through the modulus of continuity, and not on the derivatives or total
variation. As a result, it is possible to choose a regularization of the path so as
to obtain efficient rates of convergence. This is demonstrated in the specific
setting of equations with multiplicative white noise in time, in which case the
convergence holds with probability one. We also present an example using
scaled random walks that exhibits convergence in distribution.

1. Introduction. We construct numerical schemes to approximate viscosity solutions of
fully nonlinear pathwise stochastic partial differential equations, and prove that they con-
verge under quite general assumptions. Among the approximations that we study are finite-
difference schemes and Trotter—Kato type product formulas. The former raise the possibility
of numerical implementation, which we justify with precise error estimates in the first-order
setting.

More precisely, given a finite horizon T > 0, we consider pathwise viscosity solutions of
the initial value problem

W du=F(D*u, Du)dt+ ) H'(Du)odW' inR? x (0,T]and
: i=1

u(-,0) = ug in RY,

where W = (WL, W2, ..., W™) :[0,T] — R" is a continuous path and the initial da-
tum ug : RY — R is bounded and uniformly continuous. The precise assumptions on H =
(Hl, H? ...,H™): RY > R™ and F : S x RY — R, where S¢ is the space of symmetric
matrices, are specified later. We emphasize here that F is assumed to be degenerate elliptic,
thatis, F (X, p) < F(Y, p) whenever p € R and X, Y € §¢ satisfy X <Y.

The technical assumptions and theorems are stated in full generality later in the paper.
First, we describe the main results in a simplified context to provide a flavor for what is to
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follow. Afterwards, we provide some background on the notion of pathwise viscosity solu-
tions, the history of the study of the equation, and its applications. The Introduction concludes
with a description of the organization of the rest of the paper.

We note that, in the sequel, the term “classical viscosity theory” refers to the Crandall—
Ishii-Lions [10] theory of viscosity solutions, which applies to (1.1) when W is continuously
differentiable, or to the theory of equations with L'-time dependence put forth by Ishii [16]
and Lions and Perthame [22] for Hamilton—Jacobi equations, and by Nunziante [28] in the
second order case, which includes (1.1) when W has bounded variation.

1.1. The main results. Assume for now that d =m = 1, F and H are both smooth, and
F depends only on u,, so that (1.1) becomes

(1.2) du=F(uyy)dt +H(uy)odW inRx(0,T] and u(-,0)=ug inR,
or, in the first order case, when F =0,
(1.3) du=H(@uy)odW inRx (0, T] and u(-,0)=ug inIR.

Here and throughout the paper, the solutions of equations like (1.1), (1.2), and (1.3) are to be
understood in the pathwise, or stochastic, viscosity sense (see Definitions 3.1 and 3.2 below).

The approximations are constructed through the use of a scheme operator, which, for 4 >
0,0<s<t<T,and ¢ € C([0,T]; R), is a map S;(¢,s;¢) : BUC(R) - BUC(R), whose
properties will be made more precise in Section 4. Here, BUC(RY) is the space of bounded,
uniformly continuous functions on R?.

Throughout the paper, the symbol P denotes a partition of [0, 7] and |P| its mesh size,
that is,

,,,,,,

Given such a partition P and a path ¢ € C([0, T']; R), usually a piecewise linear approxi-
mation of W, we first define the function vy, (-; ¢, P) by

v (+,0;2,P) :=uy,
(1.4) v (158, P) i= St tys vp (-, tn; £, P)
forn=0,1,...,N —1landt € (¢, th+1]-
The strategy is to choose families of approximating paths {W},};~¢ and partitions {Py},~0
satisfying
(1.5) lim [[W, — Wl =0= lim |Pp],
h—0t h—0t

in such a way that the function
(1.6) up(x,t) :=vp(x, 15 Wy, Pp)
is an efficient approximation of the solution of (1.1).

As an example of the types of schemes studied in this paper, we consider here the following
adaptation of the Lax—Friedrichs finite difference approximation, a formulation for which can
be found in the work of Crandall and Lions [11] in the classical viscosity setting.

For some ¢, > 0, define

u(x+h)—ulx—nh)
S(r.5: Ou) =)+ H - )e® =)
n <F<u(x +h)+ulx—nh)— 2u(x)>
h2
u(x+h)+ulx—nh)—2ux)
€n W2 (t—y9).

(1.7)
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The first result, which is qualitative in nature, applies to the simple setting above as follows:

THEOREM 1.1. Assume that, in addition to (1.5), Wy, and Py, satisfy

2 h—0

and €, :=h||Wplloo —> 0.

|Ph| <
1 F/ |l oo

Then, as h — 0, the function uy, defined by (1.6) using the scheme operator (1.7) converges
locally uniformly to the solution u of (1.2).

We obtain explicit error estimates for finite difference approximations of the stochastic
Hamilton—Jacobi equation (1.3). The results below are stated for the following scheme, which
is defined, for some 6 € (0, 1], by

u(x—+h)—ulx—nh)
2h

Suaxzwur=uu>+H( yan—c@»

(1.8) 9
+ E(u(x +h) 4+ u(x —h) = 2u(x)).

Note that this corresponds to choosing €, := sz_ZS) in (1.7).

The main tool for proving rates of convergence is the following pathwise estimate. For the
remaining results in the Introduction, it is assumed that, for some L > 0, the initial datum uq
is Lipschitz continuous with ||u()||oo <L.

THEOREM 1.2. There exists C > 0 depending only on the Lipschitz constant L such that,
ifh>0,¢eC(0,T],R) is piecewise linear over the partition P such that

m.E}?’(N_1|§([n+1) — ()| <

h,
n=0,1, 1H oo

and v solves (1.3) with the path ¢, then, for all € > 0,

sup  |op(x, 152, P) — v(x, 1)
(x,1)eRx[0,T]

| N1 R
=- Z(tn+1—tn)2+Cth+ max {C{;(S)_g(m_ | | }
€ .20 5,1€[0,T] e

The rates of convergence are then established by choosing families of paths {W}~0 and
partitions {Pp},~0 in order to optimize the estimate from Theorem 1.2.

We do so first for an arbitrary, fixed continuous path W with modulus of continuity w :
[0, 00) — [0, 00). For h > 0, define p;, implicitly by

_ o' Poen'™) 0
h 1 H lloo”

(1.9 A

and let the partition P, and path W}, satisfy

Pui={non A Thieng, M= (on)™""?],
(1.10) and, for k € Ny andte[thphv(k‘i‘])Mhph),
W((k+1)M, — W(kM
Wi (t) := W (kMy,pp) +( ((k + 1)Mp pn) (kM pn)
My pn

)U—Mhm)
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THEOREM 1.3. There exists C > 0 depending only on L such that, if uy is constructed
using (1.6) and (1.8) with P, and Wy, as in (1.9) and (1.10), and u is the pathwise viscosity
solution of (1.3), then

sup  |up(x, 1) —u(x, )| < C(1+ T ((on)'?).
(x,1)eRx[0,T]

When W is a Brownian motion, we study the problem from different points of view, de-
pending on whether the focus is on almost-sure convergence or convergence in distribution.

As a special case of Theorem 1.3, the approximating paths and partitions may be taken to
satisfy (1.10) with p; given by

_ (pw)*llog oy 6

(1.11) A .
h 1"l

Alternatively, the constructions may be achieved through the use of certain stopping times:

h1/3
To :=0, Tis1 :=1infit > Ty : W) —-WwW SIS
’ ! m{ > T, max W) =W |1ogh|2/3}
W(Ti+1) — W(Ty)
Wi (t) == W(Ty) + ha (t —Ty) forte[Tk, Tesr),

) Tt — Tk
(112 dag, = [& ,
(h|logh|)?/3

) ) Tiv1 — Tk
and Pp:= i1, = Tk—f—(n—th)T.th§n<(k—f—1)Mh,
h

keNp;.

The various definitions for P, and W}, above, while technical, are all made with the same
idea in mind, namely, to ensure that the approximation Wj, is “mild” enough with respect to
the partition. In particular, for any consecutive points #, and ¢, of the partition Py, and for
sufficiently small 4, the ratio

|Wh(tht1) — Wh(ta)l
h

should be less than some fixed constant. This is a special case of the kind of Courant-Lewy—
Friedrichs (CFL) conditions required for the schemes in this paper, which are discussed in
more detail in the following sections.

THEOREM 1.4. Suppose that W is a Brownian motion, and assume either that Py, and
Wi, are as in (1.10) with py, defined by (1.11), or Py, and Wy, are as in (1.12). If uy, is con-
structed using (1.6) and (1.8), and u is the solution of (1.3), then there exists a deterministic
constant C > 0 depending only on L and A such that, with probability one,

lim sup sup . 1) —ulx, 1)l <C(+T)
>0 (r.yerixpo.r] PV3logh|l3 T

The final type of result involves convergence in distribution in the space BUC(R? x [0, T']).
Here, the paths W}, are taken to be appropriately scaled simple random walks. More precisely,



1788 B. SEEGER

for some probability space (A, G, P),

(pn)*/* 0 ~12
A= < , My, == (o)~ "2,
h 1 H' || oo L J

Pr = {tudno = (100 A Thneny
{&a)02, : A— {—1,1} are independent,

PE=D=P& =-1= W(0)=0, and

(1.13) 1
%9
k
Wi (t) := Wp(kMpypp) + (t — kMy,pn)
 Mp, pp
fork e Ng,t € [th,Oh, (k+ I)Mhph).

THEOREM 1.5. If uj, is constructed using (1.6) and (1.8) with Wy, and Py, as in (1.13),
and u is the solution of (1.3) with W equal to a Brownian motion, then, as h — 0, uj, con-
verges to u in distribution.

1.2. Background for the study of (1.1). When W is continuously differentiable, or of
bounded variation, the symbol d Wiin equation (1.1) stands for the time derivative % Wi(t) =
Wi(t) and “o” denotes multiplication. As already noted, the classical viscosity theory applies
in this context.

The problem becomes more complicated when W is merely continuous, and therefore,
possibly nowhere differentiable or of infinite variation. In many examples of interest, W is
the sample path of a stochastic process, such as Brownian motion, and then the symbol “o” is
regarded as the Stratonovich differential. More generally, W may be a geometric rough path,
a specific instance being a Brownian motion enhanced with its Stratonovich iterated integrals.

The notion of pathwise viscosity solutions for equations like (1.1) was developed by Lions
and Souganidis, first for Hamiltonians depending smoothly on the gradient Du [24], and
later for nonsmooth Hamiltonians [25]. The comparison principle was proved in [26], and
equations with Hamiltonians depending nonlinearly on # were considered in [27]. The theory
has since been extended to treat Hamiltonians with spatial dependence, as by Friz, Gassiat,
Lions, and Souganidis [12], or by the author [29]; these papers use techniques developed by
Lions and Souganidis for more general settings that appear in forthcoming works [23]. An
alternative existence result relying on Perron’s method can be found in the work of the author
[30]. Many more details and results are summarized in the notes of Souganidis [31].

The setting in which H depends linearly on the gradient has been explored from the point
of view of rough path theory by many authors, including, but not limited to, Caruana, Friz,
and Oberhauser [8] and Gubinelli, Tindel, and Torrecilla [14]. The semilinear problem was
also studied by Buckdahn and Ma [5, 6] using the pathwise control interpretation.

It is of particular interest to have a way to analyze (1.1) when H is nonlinear and not
necessarily C!, because of the application, via the level set method, to the theory of the
propagation of fronts with a stochastically perturbed normal velocity. For example, if, for
t>0,T'; c R? is a smooth, (d — 1)-dimensional surface moving with normal velocity

(1.14) V=—k+4+adW,

where « is the mean curvature of the surface, @ € R is a constant, and d W is white noise in
time, and if I; is the O-level set of some function u(-, t), that is, I'; = {x € R? : u(x, 1) = 0},
then, formally, u solves the equation

Du D
(1.15) du = <Au —<D2u - —”>> dt + «|DulodW inRY x (0, T].
|Du|" |Du|



APPROXIMATION SCHEMES FOR FULLY NONLINEAR SPDE 1789

This is a special case of (1.1) for which F is singular. The stochastic viscosity interpretation of
(1.15) has been used by Souganidis and Yip [34] to exhibit stochastic selection principles for
some examples of nonuniqueness in mean curvature flow, and by Lions and Souganidis [23]
to establish a sharp interface limit for the Allen—Cahn equation perturbed with an additive,
mild approximation of time-white noise. For the latter problem, it was proved that, for some
a € R, the limiting front has a normal velocity as in (1.14).

As far as we know, the results in this paper on approximation schemes for stochastic vis-
cosity solutions are the first of their kind. We are also aware of a work by Hoel, Karlsen,
Risebro, and Storrgsten [15] using numerical methods to study a related class of equations,
namely, stochastic scalar conservation laws.

1.3. Organization of the paper. Section 2 begins with a discussion of the theory of mono-
tone approximation schemes in the classical viscosity setting, as well as the difficulties faced
for pathwise equations. In Section 3, we recall some definitions and results from the theory of
pathwise (stochastic) viscosity solutions. Some of the material may be found in [24, 25], or
[31], while other facts, whose proofs are given here, are developed by Lions and Souganidis
in a forthcoming work [23].

In Section 4, we make the notion of the scheme operator S, more precise, and use the
method of half-relaxed limits to prove that, for an appropriate family of partitions {P}r>0
and paths {Wj}1,-0 as in (1.5), if uy is defined by (1.4) and (1.6), then u;, converges locally
uniformly to the solution of (1.1). Various examples are presented to which the general con-
vergence result may be applied.

Section 5 lays the framework for the quantitative analysis of schemes for stochastic
Hamilton—Jacobi equations by proving a generalization of the pathwise estimate in Theo-
rem 1.2. This result is then used in Section 6 to obtain explicit rates of convergence, such as
those stated in Theorems 1.3 and 1.4, as well as the result on convergence in distribution as
in Theorem 1.5.

1.4. Notation. Throughout most of the proofs in this paper, the symbol C will stand
for a generic constant that may change from line to line, and whose dependence will
be specified or made clear from context. C®!(R¥) is the space of Lipschitz continu-
ous functions, and ||Du|~ is the Lipschitz constant for a function u € C%(RY). For
a € (0,1), C*([0,T]) denotes the space of «-Holder continuous paths on [0, 7], and
[Wlq. T is defined to be the Holder seminorm of W € C*([0, T]). Given a continuous
path W and s,t € [0, T], the maximum oscillation of W between s and ¢ is denoted
by

osc(W,s,1):= max |W(r)) — W(r2)|=max W —min W,
ri,r2€ls Is; Is

where I, := [min(s, 1), max(s, 1) ].

The spaces of upper- and lower-semicontinuous functions on R? x [0, T are respectively
USC(R? x [0,T]) and LSC(R? x [0, T]), and (B)UC(U) is the space of (bounded) uni-
formly continuous functions on a domain U'.

Fora € R, |a] and [a] denote respectively the largest (smallest) integer k satisfying k < a
(k > a). The mesh-size of a partition P={0=1y<t1 <fp <--- <ty =T} of [0, T] is de-
fined by |P| := max,=0.1.2,.. . N—1({En+1 — ). S9 is the space of symmetric d-by-d matrices,
and, for X, Y € 59, the inequality X <Y means § - X§ <& - Y& forall £ R?. The set of
positive integers is written as N, and Ng := N U {0}.
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2. Monotone schemes for viscosity solutions.

2.1. The classical viscosity setting. It is well known that viscosity solutions of the non-
linear degenerate parabolic equation

2.1) u; = F(D*u, Du) inRY % (0,T] and u(-,0)=ug inR?

satisfy a comparison principle. That is, if # and v are respectively a sub- and super-solution
of (2.1), then, for all t € [0, T'],

(2.2) sup (u(x, 1) —v(x, 1)) < sup (u(x,0) — v(x, 0)).

xeRd xeRd

In particular, if u(-,0) < v(:, 0), then u(-,t) < v(-, t) for all future times ¢ > 0.
Moreover, (2.1) is stable under local uniform convergence. That is, if, forn > 0, ug ,, ug €
BUCRY), F,,, F € C(R?%), u,, e BUC(R? x [0, T]) solves

(2.3) n = Fy(D*uy, Duy) inRY x (0,71 and  u,(-,0) =uop, inRY,
and, as n — o0,
2.4) upn, — uo and F, — F locally uniformly,

then, as n — oo, u, converges locally uniformly to u, the viscosity solution of (2.1).

These and other properties can be summarized in terms of the solution operators for (2.1),
which are, for ¢ > 0, the maps S() : BUC(R?) — BUC(R?) for which the solution u of 2.1)
is given by u(x,t) = S(t)ug(x). Forall s, >0, ¢, € BUC(R?), and k € R, these satisfy

(@ SO =09,
(b)) Sit+s)=5@)S(s),
(2.5) ©) St)(¢+k) =St)p+k and

(d)  sup(S()¢p — S(OY) < sup(¢ — ).
R4 R4

Property (2.5)(c) implies that (2.5)(d) is equivalent to the monotonicity of S(¢). That is, if
¢ <, then S(t)¢p < S(¢)y forall r > 0.

The stability property above can be rephrased as saying that, if (2.4) holds and if S, (¢) :
BUC(RY) — BUC(RY) is the family of solution operators corresponding to (2.3), then, as
n — 00, Sp(H)ug ,(x) = S(t)uog(x) locally uniformly. The philosophy behind the creation
of approximation schemes is to generalize this result, by constructing, for 2 > 0 and p > 0,
suitable operators S;,(p) : BUC(RY) — BUC(R?) that satisfy properties similar to those in
(2.5). In particular, for all ¢ € BUC(R?) and k € R, and for some increasing function & — py,
satisfying limj_,q o5 =0,

@ Sy (@+k)y=S,t)¢p+k forallh,t>0,
(b) su}a(Sh (0)p — Sn(p)¥r) < su})(d) - V)
R R

(2.6) whenever h > 0and 0 < p < p;, and
S _
(¢) lim sup Snlp)p =@ _ F(D2¢, D¢)|=0 forall ¢ e C(RY).
h_)00</3§ﬂh o

Given a partition P, satisfying |P),| < pp, the approximate solution u;, : BUC(R? x [0, T1)
is assembled by first setting uy (-, 0) := ug and then iteratively defining

2.7) up(-, 1) =S — tyup(-, ty) forn=0,1,2,...,N—1land? € (t,, ty+1].
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One example of particular interest is the class of finite difference approximations, for
which Sy, (p)u depends on the function u only through its values on the discrete lattice hZ<.
A major consideration for such schemes is to establish a relationship between the resolutions
of the discrete grids in time and space, that is, to choose the map / — pj, in such a way that
the properties in (2.6) can be attained. Such a relationship is known as a Courant—Friedrichs—
Lewy (CFL) condition [9], and various examples will be studied throughout the paper.

As is well known, solutions of (1.1) are generally not C 2 on all of R? x [0, T], evenif F,
H, and ug are all smooth, and so (2.6)(c) alone is not enough to prove the convergence of uy,
to u as h — 0. It is here that the monotonicity of Sp(p), which is implied by (2.6)(a) and (b),
is vital, since it allows the scheme operator to be applied to the smooth test functions coming
from the definition of viscosity solutions.

A finite difference scheme operator Sy, in its simplest form, when d = 1 (the last assump-
tion here made only to simplify the presentation), is given, for some Fj, € C%!(R x R x R),
by

u(x +h)+ulx—h)—2ux) ulx+h)—ulx)
h? ’ h ’

&wmuw=mm+pm(

ulx) —ulx — h))
h .
The scheme (2.8) automatically satisfies (2.6)(a), while (2.6)(b) holds if the function

(2.8)

_=2 — —Uu_
(u,u_,u+)|—>u+th(u++u U Uy —u u—1u )

h? " h T h
is nondecreasing in each argument when 0 < p < pp,, which, in turn, calls for
(2.9) on = Ah?

for some sufficiently small constant A > 0. In the case of first-order equations, that is, for the
equation

(2.10) u;=H(Du) inRYx 0, T] and u(-,0)=uy onR?,
the CFL condition becomes
(2.11) on = M.

The function Fj, is related to F through a consistency requirement, which here means that,
forall X e Rand p € R,

(2.12) Nim Fy (X, p.p) =F(X.p) and sup|[DFyje < o00.
g h>0
Property (2.6)(c) can then be readily verified by using Taylor approximations to estimate the
finite differences of functions ¢ € C 2(RY).
An instructive example in the first-order setting is the following analogue of the Lax—
Friedrichs scheme for scalar conservation laws. Let €;, > 0 and define, for x € R,

Sp(p)u(x) :=u(x) + ,O{H(u(x +h)2—hu(x — h))
u(x +h)+ulx —h) —2u(x)
6h< 7 )}

(2.13)

Here, Hj, is given by

Ptq

Hp(p,q) =H< >

)+%m—w.
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The final term in (2.13) is a discrete analogue of the method of vanishing viscosity, and is
used here to inject monotonicity into the scheme. Indeed, if, for some fixed 6 > 0 and A > 0,
the small parameter €, is defined by

Oh
227
then (2.6)(b) is satisfied as long as (2.11) holds with § <1 and A < ﬁ.
In [11], Crandall and Lions found explicit error estimates for this and and other explicit
finite difference schemes for homogenous Hamilton—Jacobi equations. More precisely, it was

proved for the above example that there exists a constant C > 0 depending only on || D H ||,
|| Dugllso, and A such that, if uy, is defined as in (2.7) and (2.13), and if u solves (2.10), then

sup  Jup(x, 1) —u(x, )| < C(14+T)h'/2.
(x,1)eR? x[0,T]

(2.14) €p =

This same rate was later established by Souganidis [32] for both explicit and implicit fi-
nite difference schemes for equations with Lipschitz spatial and time dependence, and the
same method was applied to study other approximations such as max-min representations
and Trotter—Kato product formulas [33].

Barles and Souganidis [4] considered schemes for second order equations, using a shorter,
qualitative proof of convergence relying on the method of half-relaxed limits. Kuo and
Trudinger [20, 21] also investigated such schemes in great detail and constructed several
examples. The question of estimating the rates of convergence for such approximations of
second order equations was analyzed from many points of view. Barles and Jakobsen [1-3]
achieved algebraic convergence rates for stochastic control problems, taking advantage of the
fact that F' is convex in that setting. Jakobsen [17, 18] and Krylov [19] also established rates
of convergence for nonconvex problems under some restrictions on F. If F is uniformly ellip-
tic, then rates of convergence can be found under very general assumptions using techniques
from the regularity theory for fully nonlinear, uniformly elliptic equations, as exhibited by
Caffarelli and Souganidis [7], and later by Turanova [35] for inhomogenous equations.

2.2. Difficulties in the pathwise setting. The lack of regularity for W complicates the
task of constructing scheme operators for (1.1) that are both monotone and consistent.

Consider, for example, modifying the Lax—Friedrichs scheme (2.13) for the stochastic
Hamilton—Jacobi equation

(2.15) du=H@uy)odW inRx(0,T] and u(-,0)=ug inR.
If W is sufficiently regular, then it is reasonable to define a time-inhomogenous scheme op-
erator by
u(x+h) —u(x — h)>
Wi)—Ww

7 (W) (5))
ux—+h)+ulx—~h)—2ulx)
€h (t—s).

hz
Proceeding as in the previous subsection, a simple calculation reveals that Sy (¢, s) is mono-
tone for 0 <t — s < py, if p; and €, are such that, for some 6 € (0, 1],

Sp(t, Hu(x) :=u(x) + H(
(2.16)

Oh?
€ =
R Y,
and
2.17) o= max SWes D, O

lt—s|<pn h | H'|| 0o
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On the other hand, spatially smooth solutions @ of (2.15) have the expansion, for any s, €
[0, T] with |s — t| sufficiently small,
D(x, 1) =D(x,s) + H(Dy(x,5))(W(t) — W(s))
(2.18) / 2 2 3
+ H'(@x(x, ) Py (x, ) (W) — W(s))" + O(|W@) — W(s)|),

so that, if 0 <t — 5 < pp, for some C > 0 depending only on H,
Sup| 8y (1, ). 5) = (. 1| < € sup]||D2q><., Do ([W @) = W) +47)

rels,t

(2.19) 5 .
<C sup |D°®(,r)|(1+r5)h"

rels,t]

Therefore, in order for the scheme to have a chance of converging, p;, should satisfy
(2.20) lim — =0.

Both (2.17) and (2.20) can be achieved when W is continuously differentiable, or merely
Lipschitz, by setting
M

IWlloo

More generally, if W has Young—Holder regularity, that is, W € C*([0, T']) with o > %, and
if

(2.21) (pn)* ==

then both (2.17) and (2.20) are satisfied, since

hZ B <[W]a,Th2a1 ) l/a h0

Ph A
However, this approach fails as soon as the quadratic variation

N-1 )
0, 7], W):= lim Wit — W
Q([0. 71, W) := lim_ n;' (ta1) — W ()]

is nonzero, as (2.17) and (2.20) together imply that Q([0, T], W) = 0. This rules out, for in-
stance, the case where W is the sample path of a Brownian motion, for which Q([0, T], W) =
T with probability one.

Motivated by the theory of rough differential equations, it is natural to explore whether the
scheme operator (2.16) can be altered in some way to refine the estimate in (2.19), potentially
allowing (2.20) to be relaxed and pj, to converge more quickly to zero as A — 0T. More
precisely, the next term in the expansion (2.18) suggests that, for W € C*([0, T'], R) with
o> % (or more generally, W with p-variation for p < 3), one should define

Sp(t, s)u(x)

Pon

Mh
[W]ot,T ’

0.

::u(x)+H<u(x+h)2_hu(x_h))(W(t)—W(s))
1 (u(x+h)—ulx—nh) 2ru(x +h) +ulx —h) —2u(x)
(2.22) +§H< 5 ) ( 2 )

x (W (1) — W(s))?

+ g(u(x +h) +ux — h) = 2u(x)).
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As can easily be checked, (2.22) is monotone as long as (2.17) holds,

0
< ! 2 < <

I1Dulloo <L, O+ [H A= 1 and A< omm— o —

On the other hand, the error in (2.19) would then be of order h? + |W () — W(s)|3, which
again leads to (2.20). This seems to indicate that we should also incorporate higher order
corrections in (2.22) to improve the order of the error in the A variable. However, this will
disrupt the monotonicity of the scheme in general. This is due to the fact that such terms
involve the discrete second derivative of u, and, thus, will counter the effect of the term

g(u(x +h) 4+ u(x —h) — 2u(x)),
which is included precisely for the purpose of creating monotonicity.

For this reason, we develop a more effective strategy that works for any continuous path.
Namely, rather than modifying the scheme itself, we regularize the path W. If {Wj};-0 is a
family of smooth paths converging uniformly, as # — 0, to W, then Q(W,, [0, T']) = 0 for
each fixed & > 0, and therefore, W), and p;, can be chosen so that (2.17) and (2.20) hold for
Wy, rather than W. Various methods for implementing this procedure, both qualitative and
quantitative, are explored throughout the paper.

3. The definition of pathwise viscosity solutions.

3.1. Assumptions on the nonlinearities. The nonlinear function F : §¢ x R — R is as-
sumed to be Lipschitz and degenerate elliptic; that is,

FeC%(s9 xR and

3.1
G- F(X,p)<F(Y,p) whenever peR?and X <.

The results of this paper may be extended to the case where F has additional dependence on
u, x, or t, in which case F requires additional structure in order for the comparison principle
to hold. To simplify the presentation, we take F as in (3.1). One consequence is that the solu-
tion operator for (1.1) is invariant under translations in both the independent and dependent
variables.

In order for (1.1) to be well-posed for all continuous W and uniformly continuous ug, the
Hamiltonians need to be more regular than what is required in the classical viscosity theory.
As explained in [25] and [31], it is necessary to assume that

(3.2) H = Hli — Hé for convex Hf, Hé :R? - R with Hf, Hé >0.

The nonnegativity is imposed here only to simplify some arguments in what follows, and the
setting can be reduced to the general case by transforming the equation appropriately.

Letting H depend additionally on u or x makes the question of well-posedness for (1.1)
highly nontrivial. Indeed, there is no pathwise theory for equations of the form

m
du=F(D*u, Du)dt+ Y _ H'(Du,u,x)odW',
i=1
except for some special cases, for instance, if the dependence of H on Du is linear.

Under certain assumptions, (1.1) is well-posed for H depending nonlinearly on both Du
and x. In this case, the lack of uniform regularity estimates for the solutions becomes an
obstacle in the construction of schemes for (1.1). These issues will be the subject of a future
work.
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The homogeneity of H in space allows us to forego difficult questions about regularity,
because the spatial modulus of continuity for the solution of (1.1) is retained for all time. In
particular, throughout much of the paper, the initial condition u is fixed and satisfies

(3.3) uo € C*'(RY) and [|Dugllcc <L,

and therefore, H (p) may be redefined for | p| > L without affecting the solution. Since (3.2)
implies that H is locally Lipschitz, we may then assume that

3.4) forsome C =Cy >0, |[DH]|c =Cr < o00.

Note that (3.4) implies that H grows at most linearly as | p| — +00.

In some parts of the paper, to allow for a more flexible solution theory, especially when we
discuss schemes for second order equations, the hypothesis (3.2) is replaced with the stronger
assumption

(3.5) H e CKRI,R™) forsome k=2,3,....

If H satisfies (3.5), and therefore H € C1:!1(R?, R™), then (3.2) is satisfied on every bounded
set of gradients.

3.2. Smooth solutions of the Hamilton—Jacobi part of (1.1). The definition of pathwise
viscosity solutions relies on the existence of local-in-time, smooth-in-space solutions of the
Hamilton—Jacobi part of equation (1.1). More precisely, for 7o € [0, T] and ¢ € C11(R?), the
goal is to find an open interval I C [0, T'] containing g and a solution ® € C(/, C LI(R?Y)) of

m
(3.6) dd=) H'(D®)odW' inR!xI and ®&(,f)=¢ inR"

i=1
Such solutions are defined through a density argument, that is, the solution operator for (3.6)
for smooth paths extends continuously to continuous paths. This is justified with the com-
putations below, and is consistent with the cases where W is a Brownian motion or, more
generally, a geometric rough path.

When H and ¢ are smooth, the construction of such solutions can be accomplished for

any smooth ¢ by inverting the characteristics associated to (3.6). Because H is independent
of x, this amounts to inverting the map

(3.7) x> X(x,t):=x— Y DH' (Dpx))(W' () — W' (t0)).
i=1

The continuity of W implies that there exists an interval / > #y such that

1
sup|W () — W(t)| < ,
ze]| | ID2H |0 | D*¢ |l oo

whence (3.7) is invertible for all ¢+ € I. The solution is then given by ®(x,?) :=
Z(X Y(x,1),1), where

m
(3.8) Zx,t):=¢x)+ Z(H’ (D¢(x)) — Dp(x) - DH' (D¢ (x)))(W' () — W' (10)).

i=1
This can be confirmed with a simple calculation when W is smooth. For general continuous
paths, the formula holds by a density argument, since all expressions depend only on the
values of W, and not on its derivatives.

Notice also that the regularity of ® improves with that of H and ¢. Indeed, differentiating

(3.8) leads to the relation D® (X (x,t),t) = D¢ (x,t), and therefore, in view of (3.7), the
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solution ® belongs to C({, Ck(Rd)) aslong as H € CKR?, R™) and ¢ € C*(R?) for some
k=2,3,.... Furthermore, if D/¢ is bounded for some j =0, 1, 2, ..., k, then, shrinking /
if necessary,

sup|| D/ @ (-, 1) o, < 0.
tel

This strategy breaks down when H is only assumed to satisfy (3.2), since such Hamilto-
nians are not even continuously differentiable in general. In this case, only very particular
smooth solutions of (3.6) can be constructed. Assume 7 : R? — R is strictly convex, and, for
8 > 0, define

(3.9) ®(x,1):= supd{p-x—n(p)—sZ(H{<p>+H£<p))+ZH"<p>(W"<z>—W"<ro>) :
pER i=1 i=1

LEMMA 3.1. Let H satisfy (3.2) and (3.4). If the open interval I > ty is such that
sup max |W'(t) — W' (1)| <38,
m

tel l:1,2 .....

then the function ® defined by (3.9) belongs to C(l, CYY(RYY), and is a solution of (3.6)
with

(3.10) D, 10) = (x) = SUp P X — n(p) =8 (Hi(p)+ Hzi(p))]-
peR i=1

PROOF. Forall x € R? and ¢ € I, the function

m m
p=>n(p)+38 Y (Hi(p)+ Hy(p) = Y H' (p)(W' (1) = W' (1)) — p-x
i=1 i=1
is strictly convex, and therefore attains a unique global minimum. The smoothness of @ in x
then follows from the implicit function theorem.
Now, fort € R, let S'(¢) : UC(R?Y) — UC(R?) be the solution operator for the equation
us=H'(Du). If yr e UC (R?) is convex, then the Hopf formula gives

S' Y (x) = sup {p-x —y*(p) +tH (p)},
peRd

and so (3.9) can be rewritten as

m
D, ) =[] (W' @) — W (10))o(x)
i=1
with ¢ as in (3.10). If W is smooth, then the fact that ® is a solution of (3.6) is justified by
the regularity of @ and a simple calculation. The result holds for continuous W by a density
argument. []

As in the classical viscosity theory, many quantitative arguments involve doubling vari-
ables, and it is therefore important to have a smooth solution of (3.6) that behaves like the
penalizing “distance function”

Ix — y|?
28

In the present setting, this is accompished with a function ®; : R4 x [0, T]*> x C([0, T],
R™) — R that is equal to a particular choice of (3.9) near the diagonal {(z, #) € [0, T1?}, and
such that ®5(x — y, s, t; W) exhibits similar growth as (3.11) when |x — y| is large.

(3.11) (x,y) —
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Define the neighborhood Us(W) by
Us(W) :={(s,1) € [0, TT* : osc(W, s, 1) < 8},

let the projection 5(W) : [0, T1*> — Us(W) be such that 75 (W) (s, t) is the element (5, 7) €
Us(W) closest to (s, t) on the line § +7 = s + ¢, and set

Ds(x,s,t; W)

sup {p x - —|p| —52 (H{(p) + H5(p))
(3.12) peR? i=1
+ Z H' (p)(W'(s) = W’(r))} if (s, 1) € Us (W),
i=1
Ds(x, w5 (W) (s, 1); W) if (s,t) ¢ Us(W).

LEMMA 3.2. Assume H satisfies (3.2) and (3.4), and let g be defined as in (3.12). For
some C =Cyp > 0and forall 5 > 0and W € C([0, T]; R™), the following hold.

(a) Forallx e RY and (s, 1), (§,1) € Us(W),
|Ds(x, 5,15 W) — Ps(x, 5,6 W)| < C(l + )|W(s) W)
(b) Forall (s,t) €0, T]2, Os(-, s, t; W) is convex and semiconcave with constant %. That
is,
0< D2CI>5 (x,5,t; W) < %Id in the sense of distributions.
(c) Forallx e R? and s,t € [0, T,

1
——|x|? = C8 < Ds(x, 5, 1; W) < —|x|*.
2(C +1)8 25

(d) For any fixed y € R? and t € [0, T), the functions
(x»s)'_)q)é(x_y,&f; W) and (x?s)|_>_q)6(y_xat5s;w)
are C(I, CH1(RY))-solutions of (3.6), where I :={s € [0, T]: 0sc(W, s, 1) < 8}.

Note that the local regularity given by (a) also applies to the second time variable, in view
of the identity ®s(x, s, t; W) = ®s(x, t,s; —W).

PROOF OF LEMMA 3.2. To prove (a), we first show that there exists C = Cr > 0 such
that, for any x € R? and (s, t) € Us(W), the unique maximum p* achieved in the definition
of ®; satisfies §|p*| < CS + |x|. Indeed, if

J(p)=p- x——|p| —62 H{(p) + H(p)) +ZH<p> (Wigs) — W),
i=1 i=1

then, for any ¢ € R¢, (3.4) and the inequality J (p*) > J (p* + ¢) imply that

sp* - i - —|q| < x| + C8.

Setting g = tlﬁ—; and sending t — 0 yields the claim. The time-regularity estimate in (a) is
then immediate.
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As a pointwise supremum of affine functions, ®; is clearly convex, while the semiconcav-
ity follows from elementary convex analysis and the convexity of

pr> 8 (H{(p)+ Hy(p) = Y H' (p)(Wi(s) = W' ().
i=1 i=1

The estimate in (c) can be deduced from Young’s inequality and the fact that, for some C =
Cr > 0and for all p € R? and (s, 1) € Us(W),

0<8> (H{(p)+ Hy(p)) = > H' (p)(Wi(s) — W' (1)) < C5(1 + | pl).

i=1 i=1
Finally, (d) is a consequence of Lemma 3.1. [J

The following definition for solutions of (1.1) relies on the existence of solutions of (3.6)
that are C2, and, in particular, is only valid if H is at least twice continuously differentiable.

DEFINITION 3.1. A function u € USC(R? x [0, T]) (resp. u € LSC(R¢ x [0, T])) is
called a pathwise viscosity sub-solution (resp. super-solution) of (1.1) for H satisfying (3.5)
if u(-,0) < ug (resp. u(-,0) > ug) and, whenever ¥ € C'([0, T1), (xo, 1) € R? x [0, T,
[ 51y, ®eC,CEHRY)) is a solution of (3.6) in R? x I, and

u(x, 1) — d(x, 1) —y()
attains a local maximum (resp. minimum) at (xo, f9) € R¢ x I, then

¥/ (o) < F(D*®(xo, t0), D (x0, 1))

(resp. ' (to) > F (D*® (xo, to), D®(x0, 10))).

A solution of (1.1) is both a sub- and super-solution.

(3.13)

If ® € C(I, C1(R?)) is a solution of (3.6), then it is not possible to make sense of (3.13),
since D>® may not be defined at every point. The following definition is made to comply
with the case when H only satisfies (3.2).

DEFINITION 3.2. A function u € USC(R? x [0, T]) (resp. u € LSC(R? x [0, TY)) is
called a pathwise viscosity sub-solution (resp. super-solution) of (1.1) if u(-, 0) < ug (resp.
u(-,0) > ug) and, whenever I C [0,T] and ® € C(I, C"'(R?)) is a solution of (3.6) in
R9 x I, the function v : R? x I — R defined by

v(&,1) = sup {u(x,1) — (x — &,1)} (resp. v(E, 1) =

xeRd

is a classical viscosity sub- (resp. super-) solution of the equation
v = F(D*v, Dv) inR? x I.

A solution of (1.1) is both a sub- and super-solution.

{u(x, 1) + &(x — &, t)})

inf
xeRd

When H satisfies (3.5), Definition 3.2 is equivalent to Definition 3.1. In the first-order
setting, that is, when F = 0, Definition 3.1 may be used even if H is not smooth, because it
is not necessary to evaluate D>® at any point.

With either definition, (1.1) satisfies the following comparison principle, a proof for which
can be found in [26] or [31]: if u € USC(Rd x [0,T]) and v € LSC(Rd x [0, T]) are respec-
tively a sub- and super-solution of (1.1), then, for all € (0, T'],

(3.14) sup (u(x,1) — v(x,1)) < sup (u(x,0) — v(x,0)).

xeRd xeRn
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A variant of the proof of the comparison principle gives the following path-stability estimate
[31].

LEMMA 3.3. Assume that H satisfies (3.2). There exists C = Cp > 0 such that, if ug €
CO1(R?) with ||Duollec < L, W', W? € C([0, T],R™), and u',u? € C([0, T], C%1(R?))

are the solutions of (1.1) with respectively the paths W' and W?, then

sup  |ul(x, 1) —ut(x,0)| < C max [Wl(r) — W(0)|.
(x,1)eRI%[0,T] t€l0,T]

It can be shown that, when W € C'! ([0, T']), the above notions of pathwise viscosity so-
lutions are consistent with the standard definitions from the classical viscosity theory. Fur-
thermore, solutions of (1.1) are stable under uniform convergence. Therefore, the estimate in
Lemma 3.3, which is proved first for smooth paths, also establishes the existence of pathwise
viscosity solutions. Lemma 3.3 can then be seen to hold for arbitrary continuous paths via a
density argument.

Although the class of test functions defined by (3.9) is rather restrictive, it is enough to
prove both the comparison principle and the stability estimate. Indeed, only the “distance
function” ®; in (3.12) is used in both proofs. When H € C2(R¢), any initial condition
(-, 1) € C*(RY) with bounded second derivatives yields a solution as in (3.6). In partic-
ular, by adding quadratic functions to ® (-, tp), it may be assumed that the test functions in
Definition 3.1 satisfy

D(x,1) )
=400 or lim

Q(x,1)
1m =
[x|>400  |x] lx[—>+oo  |x|

= —oo uniformly forz € ].

Thus, as in the classical viscosity theory, the maxima and minima in Definition 3.1 may be
assumed to be strict without loss of generality.

Finally, we remark that, if H satisfies (3.5), then it is enough to use functions ® €
C (I, CK(R?)) in Definition 3.1. The argument is almost identical to one from the classical
viscosity theory, and it uses the fact that the solution operator for (3.6) is contractive.

4. The general convergence result and applications. The constructions in this paper
rely on the properties of a family of scheme operators, indexed by # > 0, s, ¢ € [0, T] with
s <t,and apath ¢ € C([0, T], R™):

Su(t,5:¢) : (BUC(RY) — (B)UC(RY).
We assume throughout that S, commutes with translations in both the independent and de-
pendent variables, in order to reflect the corresponding translation invariance of (1.1). That
is,
4.1) Sp(t,s; ) (u+k)=S,(t,s;)u+k forallkeRandu € (B)UC(Rd),
and
4.2) Sp(t,s;8)oty=1y08,(t,5;¢) forallve R?, where Tu :=u(-+v).

For a Hamiltonian H satisfying (3.5) and a fixed continuous path W € C([0, T], R™), we
consider a family of paths {W},},~0 C C([0, T], R™) and a partition width p;, > 0O satisfying

4.3) h +— pp is increasing, lim ||Wj, — W]so =0 = lim pp;
h—0 h—0

44 ifu; <upands,t €0, T]satisfy0 <t —s < pp,
‘ then Sy, (1, s Wip)uy < Sp(t, s; Wp)uz;
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and
if I CR, ®), € C(I, C¥(RY)) is a solution of
m
ddp =Y H' (D®;)odW) inR? x I,
i=1
“s) swtn € 1,0 <t — s, < pp, ¢ € CK(RY), R > 0, and

}}i_IH)H 5 (. 5n) — & cr gay =0,

then lin}) Sitns sh3 Wh)q};’(" s;,)(x) — Pnlx, sn) = F(D?*¢(x), Do (x))
h— h —Sh

uniformly for x € RY and ; _max ||DJ ?|

.....

The integer k in (4.5) corresponds to the level of regularity of H in (3.5). In Sections 5 and 6,
we obtain error estimates for schemes for first-order equations with Hamiltonians satisfying
the weaker condition (3.2), in which case the assumptions on the scheme operator will be
modified.

The scheme operator is used to build approximate solutions as follows. For a fixed path
£ eC(0, T]; R™), partition P={0 =19 <t; <--- <ty =T} of [0, T], and initial datum
uo € BUC(RY), define

Uh(,o;é‘,P) ‘= up,
(4.6) v (- 158, P) i=Sp(t, tn; Ovn (e, tn; &, P)
forn=0,1,...,N —1landt € (t,, t,+1]-

THEOREM 4.1. Assume ug € BUC(]Rd), 3.1), (3.5), and Sy, Wy, and py, satisfy (4.1)—
(4.5). Let {Py}n>0 be a family of partitions of [0, T] such that |Py| < pp for all h > 0, and
define up := vy (-; Wy, Pn). Then, as h — 0, uy, converges locally uniformly to the pathwise
viscosity solution u of (1.1).

The proof of Theorem 4.1, which, as in [4], makes use of the method of half-relaxed limits,
will be postponed until the end of this section. In the following sub-sections, we demonstrate
its utility in a variety of contexts.

4.1. Finite difference schemes. Define, for x € R¢ and y € Z4\{0}, the discrete deriva-
tives

u(x +hy) —u(x) _ u(x) —u(x — hy)
D" u(x):= , Dy u(x):= and
By hlyl By hlyl
_ ulx+hy)+ulx —hy) —2u(x)
D%,y”(x):: D;fth’yu(x)z > h?|y|? : '

(4.7)

Observe that there exists a universal constant C > 0 such that, if u € C*'(R9), h > 0, and
y € Z4\{0}, then

4.8) H Dff yu— Du - = H < C|D%u| h
’ [y oo
and, if u € C*(RY),

sup | D%u(x1) — D*u(xy)|.

(4.9) HD u— Du H
hy |y| Iyl m_mh
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For some fixed N € N, define

+ . +
74, = {yeZd:iJn?x d|y,-|§N}, Dj y '={Dh,y}y€Z‘fV

Dj.y = (D} yD, y) and
2 ._[n2
Dy = {Dh,y}yez;fv\{oy
Then, for some given functions
H, € C0,1(R(2N+1)d—1 « RCN+DI-1 R) and

Fy e CO’I(RZNH)L1 x RON+DI=1 o R(QNH)LI),

the scheme operators for finite difference approximations take the form
(4.10) Su(t, 53 Ou(x) :=u(x) + Fy(Dju(x), Dyu(x))(t — ) + Hy(Dpu(x), £(1) — £(s)).

Properties (4.1) and (4.2) are immediate, while the question of whether (4.10) satisfies (4.4)
or (4.5) is reduced to routine calculations involving Fj and Hj,.

4.1.1. Hamilton—Jacobi equations. We first study the first-order setting, for which F' =
F;, =0, and assume, in addition to (3.5), that

for some C =Cy >0and all 2 > 0 and A € R"™,
m
and Hy(p, p. As) =) H'(p)(A7)

i=1
forallh >0, p e R(2N+1)d_1, and Az € R™.

@.11)

In order for monotonicity to hold, the Lipschitz bounds in (4.11) are made more precise. Let
elements of R(2N+l)d_l be labeled by {py}yeZ‘I{,\{O}’ and assume that, for some C = C, > 0,
6 €10, 1],and A9 > 0,

| (0H, OH,\ 1-0
3 ﬁ(ah_ah>§ ——1AZ|+6h and
(4.12) yezgyo) 0D O ’
OH, 0H A
O 2 zc(h—ﬂ> for all y € Z4,\{0}.
dgy  Ip—y 2o

LEMMA 4.1. Suppose that H satisfies (3.5) and Hy, satisfies (4.11). Then there exists
C = Cyr > 0 such that, whenever ¢ € C([0, T],R™), osc(¢, s,t) < Aoh for some s,t € I, and
® e C(I, CHV(RY)) is a solution of

do=>Y H(D®)od¢" inR?xI,
i=1
then
IS4Gt 5: )@, 5) = @(.0)| o < C[ D@ 17,

If, in addition, Hj, satisfies (4.12), then, whenever uy, u> € (B) UCRY) with uy < us and
osc(¢, s, 1) < Aoh,

Sn(t,s;O)uy < Sp(t,s;8)us.
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Motivated by the above result, the schemes for first-order equations in Sections 5 and
6, for which we obtain explicit error estimates, will be assumed to satisfy the conclusions of
Lemma 4.1. In fact, the smoothness assumption (3.5) is not needed in the proof of Lemma 4.1,
and the quantitative convergence results in those sections can be proved under the more gen-
eral hypotheses (3.2) and (3.4).

PROOF OF LEMMA 4.1. Let ® € C(I, C1(R?)) be as in the statement of the lemma.
Then there exists C > 0 depending only on max|,|<z |DH (p)| such that, for all s, 7 € I,

O, 1) = D(,5)— Y H (DP(.9)(C (1) — ¢ (s))

< C|D*®| J¢(r) — t(s)).

Therefore,
[$1(t.5: )P, ) () = Dx, 0] < C[DP@| (1 + [2(1) = ¢ )| + |¢ (1) — £ ()
< C(1+xo + A5)h*.
Meanwhile, if S, : RN +D? 5 R is the map implicitly defined by
Sn(fulx +9)}yeza ) = Sut, 53 Ou(x),

then (4.12) implies that Sj, is increasing in each of its arguments as long as osc(¢, s, 1) < Aoh.
O

We now mention two specific examples. The first is the analogue of the Lax—Friedrichs
scheme for scalar conservation laws discussed in the Introduction. Here, Hj, is defined, for
some 6 € (0, 1], by

+ oh &
Hy(p,q, AY) = H(%)AC t2 > (g — po).
k=1

where the vector (p, g) € R? x R? stands for the discrete derivatives
+ + + - — —
p= (Dh,ep Dh,ezv cees Dh,ed)’ q= (Dh,el’ Dh,ezv cee Dh,ed)’
er:=1(0,0,...,0, 1 ,0,...,0) fork=1,2,...,d.
——

k
A calculation verifies that (4.11) and (4.12) are satisfied with Ay := ﬁ.
If d = 1, the different regions of monotonicity of H may be exp{oited to create upwind

schemes. As a simple example, assume that H > H(0) =0 and H is increasing for p > 0
and decreasing for p < 0, and define

Hy(p,q, A¢) :=[H(p+) + H(=q)|(AD)+ — [H(g4) + H(=p-)](AQ)—.

Then (4.11) and (4.12) hold with = 0 and A¢ := m.
As far as the approximating paths W), are concerned, Lemma 4.1 implies that (4.4) and
(4.5) will hold, with k = 2, if py and W}, satisfy

h2
(4.13) sup  |Wp(t) — Wi(s)| <Aoh and lim — =0.
0<t—s=<py h—0 pp

If W}, is smooth, then

sup Wi (1) — Wi(s)| < | Whlloopn-

0<t—s=<py
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Let w : [0, 0c0) — [0, c0) be the modulus of continuity for W. For many standard approxi-
mations of W, there exists some increasing function & +— ny, satisfying lim;,_, o+ ny = 0 and
some C > 0 such that

(4.14) Wil < €201,

NMh

For example, W;, may be the piecewise linear interpolation of W with step-size 7y, or the

convolution of W with a standard mollifier supported in an interval of radius 7. Then the

first part of (4.13) may be replaced with the slightly stronger assumption

Cw(n)pn -
hnp

To be more explicit, suppose that W € C%([0, T'], R™) and, for some y > 0, n, = (on)?.
Then (4.15) will hold if pj, is defined by

CIwW l—y+ay
3= [ ]oc,T(Zh) <o

(4.15) 0.

This yields

h2
_ ~ (ph)1—2V+20t]/’

so that (4.13) will be satisfied if
1

0 .
~V S0

If o« > %, then y is allowed to be 1, and in particular, it is natural to define Wy to be the
piecewise linear interpolation of W on a partition of step-size 1, = pp,. Notice also that paths
in C¢ for such « have quadratic variation equal to 0.

However, for o < % y is forced to be less than 1, and so we must make Wj, a milder

approximation. The work in the subsequent sections suggests that choosing y = % gives the
best rate of convergence regardless of the regularity of the path W.

4.1.2. A second order example. Verifying (4.4) and (4.5) is more complicated for finite
difference approximations of second order equations. Rather than stating very general as-
sumptions on Fj, or Hy, we perform these calculations for a specific scheme. More examples
can be formed by adapting the results of [20, 21].

Assume for simplicity that d = 1, H € C3(R, R™), and that F depends only on ., and
define, for some ¢ > 0,

Hy(p,q, AD) ::H(p—;rq)Ag and

Fr(X)=F(X) +€X for X =Dj juand (p,q) = Dy, u.

Note that the ellipticity condition (3.1) means that F is increasing, and so a routine calculation
shows that S, Wy, and py, satisfy (4.4) if

2 .
pni=Ah" with A <
2[1F' oo

and

€h

(4.16) [Willoo < —— - —.
T H o R
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Now let &, € C(I, C3(R)) and ¢ € C3(R) be as in (4.5). Observe that it is possible to find
such a solution because of the added regularity for H, and that

Sup(”q)h,xx ||oo + ”CDh,xxx “oo) < OoQ.
h>0

Then, for some C > 0 depending only on || H' s, and for all p € (0, Ah?),
m .
‘q)h(x, t+p)— Ppx, 1) = Y H (P (x, ) (Wa(t + p) — Wi (1))
i=1
< C(IPhxxllos. max [Wi(s) = Wi()[) < CAI®huxlloo(€n) -
1<s<t+p
The estimates (4.8) and (4.9) then imply that, for s;, and #; as in (4.5),
|Sh(tn, sns Wi) P (-, s1)(x) — Py (x, 1) — (tn — sp) F (¢ux (x, 1))
<Cpp - (”q)h,xx loc€n + | Ph,xxx lloch + ” Dy x5 80) — rx ”00)7
and so (4.5) holds if limy,_,¢ €, = 0. This, in turn, requires that
lim /2| W |loo = 0,
Tim AWl
or that W), satisfies (4.14) with n;, such that

_ ho ()
lim ——— =
h—0  np

0.

Taking W € C*([0, T], R™) and n;, = (pp)¥ = AY 27 for some y > ( as a concrete example,
this leads once more to the restriction
1

0 -
DA YT

4.2. Other approximations.
4.2.1. Stability for (1.1). The proof of Theorem 4.1 is a generalization of the argument

that (1.1) is stable with respect to perturbations in the data. In fact, Theorem 4.1 recovers
these stability properties.

Suppose that
u§ e COLRY), W, WecC(0, T];R™),
4.17) HE,HECZ(Rd;Rm), F€, F satisfy (3.1),
and  1im ([ug — oo, [WE = W, [H = H| 2 [ F€ = Fll ) =0,
€e—

and let u€ € BUC(Rd x [0, T']) be the unique solution of

m

du® = F€(D*u¢, Duf)dt + Y  H"*(Duf) odW"* inR? x (0,T]and
i=1

u (-, 0) = u§ on R?,

(4.18)

THEOREM 4.2. Assume (4.17) and let u€ and u solve respectively (4.18) and (1.1). Then,
as € — 0, u€ converges locally uniformly to u.
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PROOF. The comparison principle implies that the solution operator for (4.18) is con-
tractive, and therefore, it suffices to assume that ug = u¢ for all € > 0.

Fors <t, ¢ € C([0, T];R™), and h > 0, let Sc(z,s;¢) : BUC(RY) — BUC(R?) be the
solution operator for (4.18) driven by the path ¢ instead of W€. Properties (4.1) and (4.2)
are readily verified, and, letting p, = p be arbitrary and setting W), = W¢€, (4.4) follows
immediately from the comparison principle.

Finally, in view of the uniform bound for D?HE, for any interval I C [0, T'] and solution
® e C(I, C*(R?)) of (3.6), there exists a family of solutions &€ € C(I, C2(R%)) solving
(3.6) with the Hamiltonian H¢ and path W€, converging in C(I, C 2(RY)) to @ as € — 0.
This can be seen using the method of characteristics, as in Section 3. Therefore, (4.5) is a
consequence of Definition 3.1 and the local uniform convergence of F€ to F. Theorem 4.1
now gives the result. [

4.2.2. A mixing formula. It is also possible to derive general Trotter—Kato type mixing
formulas for (1.1). Here, we present a specific example. A different approach to the following
can be found in the work of Gassiat and Gess [13].

Assume, in addition to (3.1), that

FecC'(s?xRY) and HeC*R?R™),
and, for ¢ € C([0,T],R™), let Sg(r) : BUCRY) — BUC(R?) and Sy(t,s;¢) :
BUC(R?) — BUC(R?) be the solution operators for respectively
m
uy=F(D*u,Du) and du=) H'(Du)od¢'.
i=1
Define

Sn(t,s;8)=Sp(t —s)Su(t,s; 7).

THEOREM 4.3. For any sequence of approximating paths {Wp},~0 and modulus h — pp,
satisfying (4.3), the triple (Sy, Wy, pp) satisfies (4.1)—(4.5).

PROOF. Properties (4.1)—(4.4) are immediate from the definitions of the above objects.
Let C[0,T],sp,thel,®peC; CHRY)), and ¢ € C*(R?) be as in (4.5). Such a solution
® exists in view of the additional regularity assumed for H.

For any x € RY,

Sn(th, sns Wp) Pn (-, sn)(x) — @p(x, th) = Sk (th — sp) Pr (-, th) (x) — Pp(x, th).

Define ¢y, := @, (-, 1), which satisfies

R:= }Sllil()) ||¢h||c4(Rd) <oo and }}E}}) lpn — ¢||C2(Rd) =0,
and let

2n(x, 1) = @p(x) + tF (D> P (x), D (x)).

Then, for some universal constant C > 0, z, is a viscosity super-solution of

zhi = F(Dzn, Dzp) = ClIF llcrigayRon - inRY x [0, py],
so that, for all p € (0, pp),

sup (Sr(0)n(x) — zn(x, p)) < CIIF |l c1 ey Ronp-

xeRd
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A similar argument, using that z;, satisfies an analogous viscosity sub-solution property, gives
a lower bound, whence

|SF(th — s1) i (x) — ¢ (x) — (tn — sn) F (D’ @1 (x), D (x))| < CIIF | c1.1 ey Ron (th — 1)
Property (4.5) now follows, with k = 4, from the fact that
}}irr%) F(D?¢y, Dgp) = F(D?*¢, D$)  uniformly. 0

4.3. The proof of Theorem 4.1. Define

u*(x,r)=  limsup  up(y,s) and wu.(x,1)= liminf  up(y,s).
h—0,(y,s)— (x,1) h—=0,(y,s)—=(x,1)
The functions u* and u,, called the half-relaxed limits of uy, are respectively upper- and
lower-semicontinuous. Furthermore, u, < u* on R? x [0, T] and u(-, 0) < ug < u*(-,0) on
R?. The goal will be to show that u, = u*, which yields the local uniform convergence of uy,
and the fact that the limit u solves (1.1).
Step 1: Finiteness of u™ and u. Observe that, for any constant k € R, the function

@y (x, 1) =k+y_ H O)W; (1)
i=1

is a smooth solution of (3.6) for all (x, ) € R? x [0, T]. Therefore, in view of (4.4) and (4.5),

wp(x, 1) < luolloo + Y H O WJ (1) + T (F(0,0) + 1)
i=1

for all sufficiently small 4 > 0, and so u*(x, t) < oo for all (x,1) € R? x [0, T]. A similar
argument gives u, > —00.

Step 2: The solution inequalities. In this step, we demonstrate that u* and u, satisfy re-
spectively the sub- and super-solution properties in Definition 3.1 for equation (1.1). Only
the argument for u™ is presented, since the proof for u, is similar.

Assume that (xg, fg) € RY x (0, T1, I 3 to, ¥ € C'([0, T]), ® € C(I, CK(RY)) solves (3.6)
with

max sup||Dj<I>(-,t)||OO < 00,
= krer

3D yeeny

and u*(x,t) — ®(x,t) — ¥ (¢) attains a local maximum at (xg, #y). As discussed in Section 3,
it may be assumed that this maximum is strict in R¢ x I, and that

d(x,1)

im
Ix|>+o00  |x]|

(4.19) =400 uniformly forr € I.

The definition of u* implies that there exist y;, € R? and s;, € [0, T such that
lim (i, sp, un(yn, sn)) = (xo, to, u™*(xo, t0)).
h—0

The method of characteristics and the fact that limy,—, o || W, — W|| s = 0 yield the existence
of a subinterval of I containing #g, relabeled as I for convenience, such that, for all # > 0,
there exists a solution ®; € C(I, C¥(R?)) of

m
ddy, =Y H (D®p)odW, inR?xI and ®u(,10)=P(,t0) inR
i=1
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that satisfies (4.19) uniformly in 4, and ®;, converegs to ® in C(I, CX(R%)) as h — 0. It
follows that

Mh(.x,t) - th(.X,t) - w(t)

attains a global maximum at (35, §;,) over R? x T such that {$;,},~0 is bounded. This gives,
in particular,

un(vn, sn) — Pon, sn) — ¥ (sn) <unGn, Sn) — Pr(Vn, Sn) — ¥ (Sh).

Let (%, f) be a limit point of the sequence {(9, §x)}x>0. Taking # — 0 along the appropriate
subsequence above results in the inequality

u*(xo, 10) — @ (x0, 1) — Y (to) <u™(R,7) — (X, 1) — ¥ (0).

The strictness of the original maximum then implies that limy,_. (35, $y) = (x0, f).

Because |Py| < pn h—ﬂ 0, it follows that, for sufficiently small 4, there exists t,, € P
such that f,, < §, <t,,1 and t, € I. Then, for all x € R¢,

(4.20) wp(x, tn) < up(Gn, Sp) + P (x, 1a) — Pu(Pn, Sp) + ¥ (tn) — Y (Sp).

Applying the operator Sy, (Sp, t,; W) to both sides of (4.20), using (4.4) and the fact that
0 <8, —t, < pn, and rearranging terms yields

Y (Sp) — ¥ (ty) - Sh(Shs tns Wi) P (. t2) On) — ©u(In, Sn)
Sp—ty B Sp—ty '

Sending & — 0 and using (4.5) gives ¥/ (fp) < F(D*®(xo, tg), DD (x0, 1)), as desired.

Step 3: Initial data. We now prove that u™(x, 0) = ug(x) = u4(x, 0). Only the first equality
is considered, and since u™(x, 0) > ug(x), it suffices to show that u*(x, 0) < ug(x).

Let ¢ € CK(R?) be such that

R:= D/
jmax DIy <00

and ug < ¢ on R?, and let I 50 and ® € C(I, C*(R?)) be a solution of (3.6) with & (-, 0) =
¢. Define ¢, € CO1(R? x [0, T)) as in (4.6) with initial condition ¢y, (-, 0) = ¢, path W}, and
partition Pj. Then (4.4) and (4.5) yield, for some C > 0 depending only on R and | D F || o,
and for any (y, s) € R? x I and sufficiently small &,

up(y,s) < op(y,s) < ®(y,s) +Cs.

Sending (y, s) — (x,0) and & — 0, this becomes u*(x, 0) < ¢ (x), completing the argument
since ¢ was arbitrary.

Step 4: The comparison principle. In view of the comparison principle (3.14), u*(x,t) <
uy(x,t) forall (x,t) € RY x [0, T]. Therefore u* = u,, and the result is proved.

5. The pathwise estimate. The remaining sections focus on deriving quantitative error
estimates for schemes in the first-order setting. We will henceforth always assume that H
satisfies (3.2) and uq satisfies (3.3) (and thus, without loss of generality, H satisfies (3.4)).
Also, in addition to (4.1) and (4.2), the schemes in this part of the paper will be required to
satisfy the following quantitative versions of (4.4) and (4.5): for some Ao > 0,

5.1 if uy <upandosc(e,s,t) <ioh, then Sy(t,s; uy < Sy(t,s; un,
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and
there exists C = Cy, > 0 such that, if ¢ € C([0, T],R™), ® € C(1, C"1(R?))
m
(5.2) {isasolution of dP = Z Hi(DCIJ) o d;i in RY x I, and osc(Z, s,t) < Aoh, then

i=l

[Sh (2,55 0@ (. 5) = DC.1)| o < C| D2® %
This is motivated by the properties obtained in Lemma 4.1 for the finite difference approxi-
mations discussed in Section 4.1.1.
Fix a partition
P={0=fn<ti<thh<---<ty=T}
of [0, T'], set (At),, :=ty+1 — ty, and let ¢ : [0, T] — R™ be any continuous path satisfying
¢(0)=0, ¢isaffineon[t,,1t,+1]foreveryn=0,1,2,...,N —1, and

tnt1) = £ (tn)] < Aoh.
n:O,lI,%:df(_,N_lk(n-i-l) é‘(n)|_ 0

(5.3)

In this section, we obtain an estimate for the error between the viscosity solution v of

m
(5.4) v=>» H' (D' () inRYx(0,T] and v(,0)=uy onR?

i=1
and the approximate solution vy (-; ¢, P) given by (4.6), which, for convenience, we define
again here:

vl’l(s()? é‘sP) =up,
forn=0,1,...,N—1andt € (t,, ty+1]-

THEOREM 5.1. Assume (3.2), (3.3) and (3.4). Then there exists C = Cy, > 0 such that,
if Sy satisfies (4.1), (4.2), (5.1), and (5.2), ¢ and ‘P satisfy (5.3), and v and vy, are as in (5.4)
and (5.5) with || Dugllco < L, then, for all €, h > 0,

sup  |vp(x, 154, P) — v(x, 1)
(x,1)eR4 x[0,T]

1 s — 1]2
- Aty)? h C -] - .
SEEO( 2+ CVN +S’trg[e(1)>’(ﬂ{ [£) = 2] = = }

Before proving Theorem 5.1, we state some regularity estimates for v and vj,. First, the
monotonicity of the scheme operator Sj,, the comparison principle for (6.1), and the transla-
tion invariance of the solution operators for each immediately yield the Lipschitz bounds

(5.6) [DV]lco, | Dvpllcc < L.

The regularity of v, and v in the time variable is established by the next result.

LEMMA 5.1. Assume (3.2), (3.3) and (3.4). There exists C = Cr > 0 such that, for all
(x,s,1) e RY x [0, T] x [0, T] with s < t,

5.7 |v(x,t)—v(x,s)| < Cosc(¢,s,t)
and, forallm,n €{0,1,2,..., N} withm <n,
(5.8) | (x, 10 £, P) — vp (X, B £, P)| < C(h/n — m + 0s¢(L, b, 1))
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PROOF. The bound (5.7) follows from the cancellation estimates presented in Propo-
sition 7.2 of [31]. To prove (5.8), observe first that, in view of Lemma 3.2(c), there exists
C = Cy, > 0 such that, forall z € R and § > 0,

Llz| < ®s(z, tm, tm; ¢) + C8.
Then (5.6) yields, for all x, y € R?,
vh('x’ tm» ;a P)

(5.9)
SV (Yotm; & P)+ Lix =y Svp(y,tim; &, P) + Ps(x — y, tins t; ) + C6.

Keeping y fixed, we then apply the operator ]_[Z;L Sh(tk+1, t; ¢, P) to the left- and right-
hand sides of the inequality (5.9), which is preserved because of the monotonicity of this oper-
ator implied by (5.1) and (5.3). According to (5.5), the left-hand side becomes vy (x, t,; ¢, P).
Iteratively using (5.2) to compare the right-hand side to ®5(x — y, ,, ;5 ¢, P) yields, in view
of Lemma 3.2(b),

vn(x, 103 &, P) < 0n (Yt & P) + @s(x — ¥, tny tn; £) + C(8+ (n —m)||D2<I>5||OOh2)

(n — m)h>
svm»MﬁaPy+¢xx—ym¢m¢y+C@+——7r—),

as long as osc(¢, ty,, t;) <§. Setting x = y gives
(n —m)h?
8

If osc(¢, t, ty) < h/n — m, then the right-hand side is optimized by choosing 6 = h/n — m.
Otherwise, setting 6 = osc(¢, t,, t,) gives the result, since in this case,

_ 2 _ 2
(n—m)h . (n—m)h < m,

§  osc(ltmitn) T

(X, 1058, P) —vp(x, 03 ¢, P) < Cinf{B + 18 > o0sc(g, tn, tn)}-

The lower bound for vy, (-, t,,; &, P) — v (¢, t; ¢, P) is proved similarly. [J

PROOF OF THEOREM 5.1. Throughout the proof, to simplify the presentation, we
set vy (x,1) = vp(x,1; ¢, P). Fix a constant C = Cy > 0 to be determined later, and let
a, i : [0, T] — R be the nondecreasing, lower-semicontinuous, piecewise constant functions
defined by «(0) = 1« (0) =0 and

a(s) —alty) :=[(AD,]* and u(s) — u(t,) = Ch?
forn=0,1,2,...,N —1and s € (¢,, t+1]-

Choose € > 0 and

— s — |2
(5.10) 8>max{2)»0h,&tn€1[%>’cT]{C]§(S)—g(;)|_ P ”’

and define the auxiliary function W : [0, T] x [0, T] — R by

s =1 pu(s)  als)
2e b €’

(5.11) W(s,t) = supd{vh(x,s) —v(y, 1) — Ps(x —y,s5,6; )} —
x,yeR

where ®; is the “distance function” given in (3.12).
Step 1: We first prove that, if C is sufficiently large, then

(5.12) max W = max| max W(s,0), max W(0,n}.
[0,7]? 5€[0,T] 1€[0,T]
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Assume for the sake of contradiction that, for some o > 0, W (s, ) — ot attains its maximum
in [0, T] x [0, T] at (§, ) with § > 0 and 7 > 0.

The first observation is that, for some M = My > 0, the supremum in (5.11) may be
restricted to x, y € R4 satisfying |x — y| < M. This is because, for any s, t € [0, T'] and for
some C' =C} >0,

sup {vp(x,s) —v(y, 1) — Ps(x — y,s5,2;¢)} > sup {vp(x,s) —v(x, 1)} — C',
x,yeRd reRd

while, if |x — y| > M, then (5.6) and Lemma 3.2(c) give, for some C = C > 0,
vp(x,s) —v(y, 1) — Ps(x — y, 5,15 ¢)

lx —yI
< supivp(x,s)—vx,H){+Llx—y|———+C$§
xeﬂgd{h( ) —v(x, 1)} + L|x — | 2C 1 D5

2

< sup {up(x,s) —v(x, 1)} — +(C+(C+1)L?)s

ceRd 4(C+1)
< sup {vp(x, ) —v(x,0)} = C'6,
xeR4
where the last inequality holds if M is sufficiently large.
As a result, if C is large enough, then (5, f) e Us ,2(W). To verify this, we rearrange terms

in the inequality W (5§, §) < W (3, 7) and use Lemmas 3.2(a) and 5.1 to obtain, for some C =
C L > 0,

5 =i

< sup {vn(y.8) —v(y, D)+ Ps(x —y,8,5; ) — Ps(x — y,5,7; )}
2e lx—y|<Ms

< Cosc(¢, §,1).

Consequently,

2e 2e

s —1]?
2¢

- - — s =1, 15—
Cosc(¢,§,t) < max jCosc(¢,s,t) — +
s,t€[0,T]

< max {515(5) -] -

} + Cosc(¢, §,1) <8+ Cosc(¢, §, 1),
5,1€[0,T]

so that

(¢,5,1) < ) ) if C>C+2

osc(¢,§,1) < = <- ifC> .

c-Cc 2

Now, if 7 €{0, 1,2, ..., N — 1} is the integer satisfying #; < § < 1,1, then the linearity of ¢
on [t;, t;41] implies that

l£(8) — ¢ (ty)

< .
=AM )

and so the triangle inequality yields (¢;,7) € Us(¢). This, in turn, means that (s, 7) € Us(¢)
for all s € [#;, 5].
We next use the definition of pathwise viscosity solutions to establish the inequality

§—1
(5.13)

> 0.

€
In view of Lemma 3.2(c), for any x € R¢, the function

va(yvt)_*—d)S(x_yvs\vt;;)
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attains a global minimum over R?. Definition 3.2 and Lemma 3.2(d) then imply that

t > 1nf{v(y,t)+<1>a(x—y 5,1;0)}
yeR

is nondecreasing on I := {r € [0, T]: (8, t) € Us(¢)}, and therefore, so is

o(t) = 1nf {v(y,t)—vh(x,§)+<1>,;(x—y,§,t;{)}.
x,y€

Since ¢ () + % + ot attains a minimum at 7 € I, (5.13) follows.
On the other hand, we obtain a contradiction by using (5.1) and (5.2) to show that

(5.14)

The first step is to prove that, for each y € R?, the function

a(s) := sup {vp(x,s) — Ps(x — y, 5,75 0)} — M((SS)
xeR4

satisfies

max a=al(t;).
[t tn+l]

Indeed, if this were not the case, then, for some s* € [#;, ;1] and sufficiently small g > 0,
a(ty) <a(s*) — B(s* — ).

Lemma 3.2(c) implies that the supremum in the definition of a(s*) is attained for some x* €
R4, and so it follows that, for all x € R4,

vh(-x’tﬁ) = vh(X*aS*) + (D(S(x - yatﬁ’f’ ;) - q)(S(X* _yﬂs‘*vi\; é‘)

(5.15) K\ 1 (4
p(s™*) — p(tp)
L il ]
In view of (5.1) and the fact that osc(¢, t;, s*) < Aoh, the operator S, (s*, t;; {) is monotone.
Applying it to both sides of the inequality (5.15), setting x = x*, rearranging terms, and using
(5.2) and Lemma 3.2(b) and (d) yield

Ch? 5%) — pu(ty Ch?
T‘HB( th) = W-Fﬁ(s*—fﬁ)fc”l)zq’”oohzf—-
This results in a contradiction as long as C > C.
As a consequence,
n(s)

W(S) = Sup {Uh()C,S) - U()’»ﬂ - (D(S(-x - )’»S’fQ ;)} -

x,yeRd s

ls—f1> a(s)

attains its maximum in [#;, #;,1] at #;, and therefore, because ¥ (s) — . attains a
maximum at §,
|5 —iI? Ol(t ) 5= a@ -1 a@)
v (ta) — "2 = <YB) - —<1ﬁ(tn)———
€ 2e 2¢ €

which, after rearranging terms, yields (5.14). Together with (5.13), this establishes (5.12).
Step 2: The next claim is that, for some C = Cy, > 0,

—1?
V<C@B++~Nh C 1) — .
{O}X[O,Tn]lg[)((),T]X{O} @+ )+ m[%X { {é(S) 3 )| 2e }
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Assume that W attains its maximum at (§, ), with either § =0 or 7 = 0.
If § =7 =0, then Lemmas 3.2(c) and 5.1 yield C = C;, > 0 such that

W(0,0) = sup {uo(x) —uo(y) — Ps(x —y,0,0; )}

x,yeRd
1 C+1L?
< s ftiemsi— e o] ooz (04 DL,
x,yeRd 2(C+1)8 2
Assume now that § = 0. Then, in view of Lemmas 3.2(c) and 5.1,
)
~ t
WO.H = sup fuolx) —v(y.5) = sx =y, 0,56)) = >
[x—y|<=M3 €
2
<C8+ sup {uo(y) —v(y, 1) — ®s(x —,0,7;0)} — %
[x—y|<M$ €
12 —t]?
<C8+ max (Cosc(;“ 0,1) — —) C8+ max <C|§(s) c@)| - )
2e tel0,T 2e
Finally, if 7 = 0, then Lemma 5.1 gives
a2
A A R §
U(S,00< sup fon(x, §) —uo(y) — Ps(x —v,5,0;0)} — —
lx—yl<M$ 2e
§2
<C8§+ sup {vp(x,§) —up(x)} — —
xeR4 2e

2
—1
<C@E+~Nh)+ m[%x {C];(s) c@)|— 5 | }
Step 3. Combining the previous two steps and rearranging terms yields, for all (x,¢) €
R? x [0, T1,
vp(x, 1) —v(x, 1)
N—1

1 5 Nh? ls —t]?
<—Z(Azn) +C<3+T+fh)+ max {C|{(s) {0 = — }

The inequahty is optimized by setting
2
—t
b) —maX{Cv Nh, m[%x <C|§(s) {(t)|— | )}
2e

for a sufficiently large constant C = C > 0, which clearly satisfies (5.10). This finishes the
proof of the upper bound for v, — v, and the lower bound is proved similarly. []

6. Convergence rates. In this section, the pathwise estimate from Theorem 5.1 is used

to obtain a rate of convergence for schemes approximating solutions of the Hamilton—Jacobi
equation

m

6.1)  du=)» H'(Du)odW' inR’x(0,7T] and u(-,0)=uo inR%
i=1

It will always be assumed, as in Section 5, that

{H and ug satisfy (3.2), (3.3), and (3.4),

6.2
©.2) and the scheme operator S, satisfies (4.1), (4.2), (5.1), and (5.2).
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We first examine the setting in which W is a fixed, deterministic path, and then some
extensions are presented in the case where W is a Brownian motion. Following Section 4, we
define uy, := v, (-; Wy, Pr), with vy, as in (5.5), for an appropriate family of approximating
paths {W},},~0 and partitions {Pj, }r~0. Let v be the viscosity solution of

(6.3) v=Y H'(Dv)W; inR?x(0,7] and v(,0)=ug inR"
i=1

The error u — u is then controlled by using Theorem 5.1 and Lemma 3.3 to estimate respec-
tively the differences u; — v and v — u.

6.1. A fixed continuous path. Fix W € C([0, T]; R™), and let w : [0, c0) — [0, c0) be its
modulus of continuity. Define pj, implicitly by
o (o))
A=
(on)"/

and set Py, := {npp A T},],v:o, where N is the smallest integer for which Noy AT =T.
Recall from Section 4.1.1 that taking W), to be the piecewise linear interpolation of W over
the partition P, may not, in general, yield a convergent scheme. Instead, we set

My, = [(on) "]

(6.4) < )\,0

and define Wy, by

W ((k + 1)Mppn) — W (kMp,pp)
My, pp

6.5) mmy=Wmew+< )O—Mhm)

for k € Ng and ¢ € [kM}, pp, (k + 1) M}y, pp,). Observe that the approximating path Wj, satisfies
(4.14) with n, = (pp) /2.
Now set up, := v, (-; Wy, Pp), with vy, as in (5.5), and let v be the solution of (6.3).

THEOREM 6.1. Assume (6.2) and let uy, and u be as described above. Then there exists
C =Cp > 0 such that

(6.6) sup  Jup(x, 1) —u(x,0)| < C(A 4+ T ((on)'?).
(x,0)eRIx[0,T]

As an example, assume that W € C¥([0, T'], R™) and set

(ph)(l+a)/2

A= [Wler A

Then, as long as A < Ao, the scheme converges with a rate of order (p;,)%/? ~ h%/(1+®),

PROOF OF THEOREM 6.1. First, notice that, in view of (6.4), W}, satisfies (5.3). In par-
ticular, for some C = Cy, > 0,

|s — 1]
max C|Wh(s) — Wh(t)| —
5,t€[0,T] 2e

2.2 2
Chioh
< Chxoh +max(anoh — m) < Chroh + %
€ 2(pn)

neNy
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Theorem 5.1 then gives, for any € > 0,

2
max  |up(x,t) —v(x,1)| < N (pn)* +th+m

(x,1)eRE x[0,T] € 2(pn)?
_T Choh)3e

Ton +C«/_ ( 0 )2

\/Ph 2(pn)

Upon choosing € = /T 2= ’1 , this becomes

(x,0)eRIx[0,T]

(6.7) max  |up(x,1) —v(x, )| < Cﬁ\/% = CVTo((pn)'"?).

Notice that the error term takes the form ,/z—h, which is consistent with the discussion in

Section 4.1.1.
Lemma 3.3 then implies that

sup  Jup(x, 1) —u(x, )| < C(VTo((pn) %) + o (Mypr)),
(x,1)eRI%[0,T]

and the result is proved in view of the choice of M;. U

6.2. Brownian paths. For the rest of the paper, we investigate schemes for which W is
a standard Brownian motion defined on a probability space (€2, F, F;, P). The expectation
and variance with respect to P are denoted by respectively E and Var. To simplify the pre-
sentation, it is assumed that m = 1, so that W is one-dimensional, although all three schemes
below can be adapted to the case when m > 1.

6.2.1. Regular partitions. Theorem 6.1 may be applied in this situation by using the fact
that oscillations of Brownian paths are controlled by the Lévy modulus of continuity. More
precisely,

6.8) ( IW(I)—W(I+5)|:1>=1.

P(limsup sup

§—>0 8<t<T—35 /28| log 8|
THEOREM 6.2. Assume (6.2), let pj, be defined implicitly by

3/4)] 12
6.9) . (on) IhOg/OhI <.

and let uy, Py, and Wy, be as in the previous subsection. Then there exists a deterministic
constant C = Cy, ; > 0 such that

P(limsup sup lun(x. 1) = ulx. 1)] <Cd+ T))

h—>0 (e.nerdxfo.r] (on)/4log py|l/2 ~

PROOF. Define M}, := [(px) /%] and K}, := | T /(Mppp)]. The definitions of W), and A
give
ma |Wh(npp) — Wi((n+ 1)pn)|
n=0,1,2,....N—1 h
|W (kMppp) — W((k+ 1)Mppp
=  max
k=0,1,2,....Kp Mph
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|W (kM pn) — W ((k + D)M}, pp)|

=A max
k=0,1,2..... Kp My (pr)3/* log pn|1/?

MAX || <(py)1/2 [W(s) — W()]
(o)'4(1 = (o) /?)|log pp| 112
Therefore, in view of (6.8), for any § > 0,
P( [Wh(npp) — Wr((n+ 1)pp)| 1+6
max <
n=0,1,2,...N—1 h 1 — (pp)l/?
Taking 6 € (0, Lo/A — 1), this implies that

~ Wi (npn) — Wi((n+ 1) pp)]
P{ lim sup max <o) =1,
h—0 n=0,1,2,...N—1 h

for sufficiently small h) =1.

so that, for some Ay > 0,
P(’Wh(nph) — Wh((n + 1),0;1)’ <Mhforall0<h <hpandn=0,1,2,..., N, — 1) =1.
Shrinking hg, if necessary, it may be concluded from (6.6) and (6.8) that

P sup  |up(x.1) —u(x, )| < CT(op)"/*|10g pp|'/? for all 0 < h < ho) —1.

(x,1)eRIx[0,T] O

log pp
logh

Observe that (6.9) implies that limj_¢
rem 6.2 can be rewritten as

= %, so that the convergence rate in Theo-

lun(x, 1) —ux, 1|

(6.10) lim sup sup <C(+T).

h—>0 (e.erixpo.r] Y3 1logh|!/3

6.2.2. Random partitions. For the next scheme, the partitions P, are defined using a se-
quence of stopping times adapted to the filtration F; of the Brownian motion W. By choosing
the stopping times carefully to control the maximal oscillations of the Brownian paths, it is
possible to recover the error estimate from Theorem 6.2.

For h > 0, define 1y, := h'/3|logh|~2/3, set Ty = To(h) := 0, and, for k € Ny,

Tit+1 = Ti41(h) :==inf{t > Ti(h) : osc(W, Ty (h), 1) > np} and

Tk1 = kg1 (h) := Ty 1 (h) — Ti(h).

Observe that {T;}72, is an increasing sequence of stopping times, and, for each fixed k,
h — Ty (h) decreases as h — 0. Therefore, by the strong Markov property for Brownian
motion, for each fixed &, {7x(h)};2, is a collection of independent, identically distributed
random variables. As a result, for any integer £ > 0, there exists a constant c¢¢ > 0 such that,
for all &,

E[t ()] = coe(m)*.

Indeed, it is well known that the first exit time of a Brownian motion from a bounded interval
has finite moments of any order. The exact formula follows from the scaling properties of
Brownian motion, so that

co :=E[inf{t > 0: 0sc(W, 0,1/ > 1}].
Let Wy, be the piecewise interpolation of W over the partition {0 = To(h) < T1(h) <
T>(h) < ---}. That is,
W (Ti1(h)) — W (T (h))
Tkt+1(h)
whenever Ty (h) <t < Tiy1(h).

Wi (1) := W(Tr(h)) + (t — T ()
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Define

Ul _
My = [_’ﬂ = [(oh*3110gn 231,
Moh

to =to(h) :=0, and, whenever k =0, 1,2, ... and kM, <n < (k+ )M},

th =tn(h) :=Tx(h) + (n — th)TkJFTI(h) and
h
Aty = Aty (h) :==ty1(h) — t,(h) = Tk—;;:h)'

Also set
Kp:=sup{k € No:Tx(h) <T} and Nj:=sup{neNy:t,(h) <T},

and note that 4 — K} increases as i — 0.
We have defined the path W},, which is piecewise linear over the partition

P ={0=10(h) <t1(h) < ty(h) <--- <1y, (h) < T},

in such a way that (5.3) holds for { = Wj,. Indeed, if n =0, 1,2, ..., N — 1 and k is such that
KMy <t, <ty4+1 < (k+ 1)Mj, then

[W(Tit1) — W(Ti) <3

h.
M, 0

|Wh(tn+1) - Wh(tn)| =
Finally, set uy, := v, (-; Wj, Pp) and let u be the stochastic viscosity solution of (6.1).

THEOREM 6.3. Assume (6.2), and let uy, and u be as described above. Then there exists
a deterministic constant C = Cr, > 0 such that

) lup(x, 1) —u(x, 1)l
P{ limsup max 173 173
h—0 (.neRixpo,r]  h'/3[logh|l/

SC(l—i—T)):l.

We proceed with a series of lemmas that indicate how to control the various terms appear-
ing in the estimate from Theorem 5.1.

LEMMA 6.1.

. 2 T
P(limsup Kpn;, < — ) =1.
h—0 1

PROOF. Fix « and B such that 1 < f2/3 < «, and define h,, := 8~"". Note that

1
lim Pt 2
m—00 qp Bl/3

The monotonicity of Kj and n; implies that

, aTl aT
(6.11) P sup  Kpnj, > — ) <P(Kp,,, > — ).
h Cl

m1<h<hy

Set
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so that
Nh 2 m—00
kmcm,% = aT(L“> 22X a7 3T > T,
m 77hm

and therefore, for any fixed y > 0 and all sufficiently large m, kmcm%m+l >0+ y)T.

Define 62 := ¢y — c%, so that Var(t;(h)) = azn;‘l for all £ and A. Continuing (6.11) and
applying Markov’s inequality yields, for some fixed positive constant C > 0 and for all suffi-
ciently large m,

k k,
aT m m
P(K,. > —77)=P(E:WmmH)ST)SP<ZXWUM+U—CWMH) —yT)
1M, k=1 k=1
2.4
- ko M1 < Cﬁ—zm/s
=T < :

The Borel-Cantelli lemma applied to the events
oaT
E, :={ sup Khnh>—}
hmr1<h<hy €1

gives

. 2 aT .

P(limsup Kpn;, > — | = P(hmsup Em> =0,
h—0 1 m—00

and we may conclude upon sending o — 1. [J

LEMMA 6.2.

1 A T
P(hmsuph— Z (Atn) —062> =1.

h—0 hnn = c

PROOF. Fix « and B satisfying 1 < 87/3 < « and set h,,, := B~ If, for some m, hy 41 <
h < h,,, then

Khm+l +1

Np—1 Kp+1 5 I
3 (At ())? < Zmﬁ”%m S )
n=0

TS E—

Fix mg € N and define the event

~ aT
Ep, = {Khm+1+1§Km :=[ 5 —‘forallmZmo}.
Clnhm+1

In view of Lemma 6.1, lim;;; s 00 P(E ) = 1.
Now, for any m > my,

Np—1 2

1 TA

P sup  —— (At (h))2 LA LEY S Epm,
hms1<h<h, P00 225 c1

K 2 2
Tcrh
o (§ i 2T )

=1 crhp
K 2 2
a“Tcrh A
=P( Y (tlhm)* — cam}), ) > 1oy — Kucatl
k=1 " Cthm !
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Iem 2 2 2
aTcan, (ahmi1(Mn,,,) M 4
<P (w(hm)* —cont ) > ’”( mil _ _Tm )—cznh :
<]; " m cl hom (N1,)? ﬂ%mﬂ "
Since
i1} n? @
. m+1 hm _ 2/3
mh—>moo< 2 2 ) =555 P >0,
hmny,, up B

m+1
it follows that, for some fixed y > 0, all sufficiently large mg, and all m > my,

1 Ni—1 OlzT)n()Cz
P({h sup Z(Atn(h))2>T N Em
n=0

m1<h<hy h Nh

K
< P(Z(fk(hm)2 —comp ) > )/77;%,,,)-

k=1

Seto?:=c4— c% > 0. Then Markov’s inequality gives, for some constant C > 0 independent

of m,
Np—1 2
1 Tx
P sup —— (At (h))2 Lrrmel Epm,
hm1=<h<hn M0 120 c1
K. o2n?
< T < ey <cpms,
y m
An application of the Borel-Cantelli lemma for the events
Np—1 2
2 a°Thpco
sup — (Aty(h))” > ———t N Ep,
hmp1<h<hy PR 120 c1
yields

Np—1
1 2T h
P( {timsup— Y (At ()’ > 222 E,, ) =0
h—0 hnn 1= ci

Sending mg — oo and then « — 17 finishes the proof. [J

LEMMA 6.3. For any deterministic constant C > 0,

2
( . maxq,ejo,71{CIW(s) — W ()| — 25153 4c4/3>
P( lim sup =
Y €1/3|loge|?/3 32/3

PROOF. Letl < 8 < a. If, for some § > 0,
T
(6.12) osc(W, k8, (k 4+ 1)8) < /288'/%|1og8|'/? forallk=0,1,2,..., [ﬂ

then

|s — 1|2
max 1C|W(s) — W()| —
5,t€[0,T] 2¢

2¢2
1)
< \28C8'?1og 1" + max] | 2pC8' 2l 1ogs 20 - "7
0
log|
—E€.

< /2BC8?|10g 8% + BC? ;
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Taking § := C2/33_1/3,81/362/3|loge|1/3 yields, for some deterministic function c(¢) Aina
0,

4c4

< <z B Plloge PP (14 c(e)),

|s — 1|
max C|W(s) — W(t)| —
5,t€[0,T] 2e

and, therefore, if € is sufficiently small,

|S—f|2} 4¢3 BRYERRVE 2/3
C|W(s) = W()| — < 1 /3.
S,PQ%’,‘T]{ W = WOl == =735 [ loge]
Define

2/3
e and 5 C2/3,81/3em/ |10g6m|1/3
m-— m -—

31/3 ’
and note that
lim em |10g6 |2/3 RV
n=% e 3 llogen 13
It follows that, for sufficiently large m,
P( up  MerenHCIWG) = W)| = P I 404/3a>
€1 <E<Em € /3|10g€|2/3 32/3

13
ls —t]? 4C4/3a6m/+1 |log €mt1]/3
= 32/3

§P( max {C}W(s)—W(m_
s,t€[0,T]

m

1/3 2/3
|s—t|2} 4C*B3aRey!” | Togep|

<P ClW(s)—W(@)|—

= (s}él[%’,‘n{ W) =Wol==2" > 3273 )

T
< P(osc(W, kS, (k + 1)8,) > /28812 10g8,,|'/? for some k=0, 1,2, ..., (—D
r /> 12
= [a—‘PO[BaI)](W I(r)nlr]lW> Bllog bl )
T 1
L /2
gzhmlp(?&%w > /28|10 8 )

2
<CT8 ' <CTa™™ fory = FB-1> 0.

The symmetry and scaling properties of Brownian motion, as well as the reflection principle,
were all used above. In particular, since the processes

{m—> max W(s)—W(z)} and |W|
[0,7]

NS

are identically distributed, so are the random variables

maxW —minW and max|W|= max{max W, —min W].
[0,1] [0,1] [0,1] [0,1] [0,1]

The Borel-Cantelli lemma implies that

’

412
- maxger{CIWE) = Wl = BEE)  4c4 e
P{ lim sup >
e—0 el3|loge|?/3 32/3

and sending o — 17 gives the result. [
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PROOF OF THEOREM 6.3. Let v be the solution of (6.3). Then Lemma 3.3 gives, for
some C =Cp, >0,

sup |v(x,t)—u(x,t)|§C|W(t)—Wh(t)|
(x,1)eRI x[0,T]

<C max _ osc(W, Ti(h), T+1(h))
h

k=0,1,2,...K
h1/3
C—.
= [logh|?/3
Next, define €, := IIOhW and recall the pathwise estimate from Theorem 5.1:
max  |up(x,t) —v(x,1)]
(x,1)eRYx[0,T]
1 Nt > s — 12
<— > (Aty(W) 4+ CVYNyh+ max {C\Wh(s) — Wi ()| — }
T, 5,t€[0,T1] 2¢p

From the definitions of Ny, My, and Kj,, and from Lemma 6.1, it follows that, for some
C = C > 0, with probability one, for all sufficiently small 4,

Cv/Nyh < CV(Kp + DMph < CTh'3|1ogh|'/3.

Meanwhile, Lemma 6.2 yields C = Cy > 0 such that, with probability one, for all suffi-
ciently small £,

1 Np—1 1 Np—1
— Y (M) = — Y (An)? -1 Plogh|'? < T3 logh '3,
€h n=0 h’?h n=0

In view of the definition of W},

max |W,(t) — W()| < ma osc(W, T (h), T; h)) <np,
OftfxT’ B (1) ()‘_kzo,l,z,).(..,Kh (W, Ti(h), Tiv1(h)) < np

so that, with probability one, for all /,

2
maxg, re[0,71{C|Wpr(s) — Wi(0)| — lszeil }
h1/3|10gh|1/3

2
- max; ef0, 71{C|W(s) — W(0)| — ‘SzeZ' J ¢
= h/3| log h|1/3 |loghl|’

while Lemma 6.3 implies that, with probability one and for all sufficiently small 4,

s —t]?

max ]{C|W(s) — W(t)| —

1/3 2/3 1/3 1/3
<C 1 < Ch'P110e k|1,
5.1€[0,T }— €, [logep|” < |log h|

Combining all terms in the estimate finishes the proof. []

6.2.3. Scaled random walks and convergence in law. The point of view for the preceding
approximations was pathwise; that is, the schemes converged for P-almost every sample path
of Brownian motion. Here, the strategy is to use independent Rademacher random variables
to build an object that converges to the solution of (1.1) in distribution. This construction has
the advantage that it is simple to implement numerically.
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Fix a probability space (A, G, P), not necessarily related to (2, 7, P), and let {£,}7° , :
A — {—1, 1} be independent and identically distributed with

1
P& =1) =P =—1)= 5.
Define pj, by

3/4
. (on)

< A0,

and, as before, set My, = [(pn)~'/2], Py := {t.}_y = {npn A T}_o, W,(0) = 0 and, for
k € Ny and t € [kMypp, (k + 1) My, pp),

&k
v My pp

The path W}, is a parabolically scaled simple random walk, and therefore, as is well known,
as h — 0, W}, converges to the Wiener process B in distribution. More precisely, if u is the
Wiener measure on X := C([0, T], R) and uy, is the probability measure on X induced by
Wi, then uy, converges weakly to u as 2 — 0, that is, for any bounded continuous function
¢: X - R,

Wi (t) := Wp(kMypn) +

(t —kMppp).

li duy = du.
hlg})jxcbuh fxaﬁu

Define uj, := v (-; Wy, Pp) € BUC(R? x [0, T]) and let v € BUC(R? x [0, T]) be the
solution of (6.3).

THEOREM 6.4. Assume (6.2) and let up, and u be as described above. As h — 0, uy,
converges to u in distribution.

PROOF. Observe first that

(Wi (tar1) — Wa(t)| = /A‘;—h < (pn)3* < roh,
h

so that W), satisfies (5.3). Then (6.6) becomes, for some C = Cy, , > 0,

(6.13) max  |up(x, 1) —v(x,0)| <CA+T)(pn)'/*=CU +T)h'3,
(x,1)eRIx[0,T]

Lemma 3.3 implies that the map
S:X=C([0,T],R) 3¢+ veBUC(RY x [0,T]) =: Y,

where v is the solution of (5.4), is uniformly continuous. Let v, and v be the push-forwards
by S of respectively w;, and u, that is, for any measurable ¢ : ¥ — R,

/)/¢dv=£¢o$du,

with the analogous relation holding for v;, and v. It is clear that D, converges weakly to v.
On the other hand, if vy, is the measure on BUC(R? x [0, T']) induced by uy, then (6.13) and
Slutzky’s theorem imply that, as &4 — 0, v;, converges weakly to v. [J
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