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We consider uniform random permutations of length n conditioned to
have no cycle longer than nP with 0 < B < 1, in the limit of large n. Since in
unconstrained uniform random permutations most of the indices are in cycles
of macroscopic length, this is a singular conditioning in the limit. Neverthe-
less, we obtain a fairly complete picture about the cycle number distribution
at various lengths. Depending on the scale at which cycle numbers are stud-
ied, our results include Poisson convergence, a central limit theorem, a shape
theorem and two different functional central limit theorems.

1. Introduction. Uniform random permutations are among the oldest and best under-
stood models of probability theory. One of their most prominent properties is that almost all
indices are in macroscopic cycles: for all € > 0, the probability that a given index of a uniform
permutation of length n is in a cycle of length less than ne converges to & as n — oo. Classi-
cal results about uniform random permutations include the convergence of the renormalized
cycle structure towards a Poisson—Dirichlet distribution [17, 22], convergence of joint cycle
numbers towards independent Poisson random variables in total variation distance [2], and a
central limit theorem for cumulative cycle numbers [12].

Going beyond uniform random permutations, natural models are those where the proba-
bility measure is still invariant under conjugation with a transposition, that is, it depends only
on the cycle structure. One variety of such models are those with cycle weights, including the
Ewens model [15] with applications in genetics, or more general cycle weight models [7, 9,
13, 14] with applications in quantum many body systems [5, 6]. Another variant is to condi-
tion on the absence of cycles of a given length. When the set A C N of forbidden cycle lengths
is independent of the permutation length n, this goes under the name of A-permutations [23,
24]. The case where the forbidden set of cycle lengths depends on 7 is less well understood.
We treat a fairly natural class of such models in the present paper.

Let S, denote the group of permutations of length n, and P, the uniform probability
measure on S,. Each o € S, can be decomposed into disjoint cycles, and for m <n we
write C,,, = C,,;,(0) for the number of cycles of o that have length m. For any sequence
o = (x(n)),en of nonnegative integers, let us write

Sp.a={0 €Sy:Cp=0forallm > a(n)}

for the set of permutations having no cycle longer than «(n). The object of our study will
be the (joint) distribution of the random variables (Cy, ) <q(n) under the uniform probability
measure P, , on S, 4.

All of our results hold under the following global assumption: We demand that there exist
ai,az € (0, 1), such that

(1.1) n <a(n) <n®.
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Under this condition, we find the following picture as n — oco: cycles much shorter than
a(n)/logn behave under P, , just like they would under PP, in the sense that their joint dis-
tribution converges, in total variation distance, to a suitable sequence of independent Poisson
random variables; see Theorem 2.2. So in this regime, the conditioning that distinguishes
P,  from PP, has (asymptotically for large n) no effect on the distribution of cycle lengths.
This effect starts to emerge when we study cycles with length of order a(n)/logn. We can
see this quite explicitly for the special case a(n) = nf with 0 < B < 1 (see Section 2.2), and
more generally in Theorem 2.3. Finally, for cycles with length ca(n), 0 < ¢ < 1, the influence
of the restriction becomes clearly visible; for instance, if a(n) = 0(4/n), the number of cycles
of length ca(n) is tending to infinity for ¢ sufficiently close to 1 and a central limit theorem
holds, see Theorem 2.4. This behaviour is new and cannot be observed for classical random
permutations.

A further striking difference between P, and PP, o is that under the latter, asymptotically
almost all cycles have size of order «(n). We make this precise in Theorem 2.5 where we
find the relevant limit shape for the cumulative cycle numbers on this scale. Moreover, we
find in Theorem 2.6 that the fluctuations around that limit shape satisfy a functional central
limit theorem. Interestingly, the correct limiting process is Brownian bridge, and not the more
usual Brownian motion that appears, for example, for unrestricted permutations at a suitable
scaling, see [12] and equation (2.13).

The proofs of our results are based on the saddle point method of asymptotic analysis. In
particular, we benefit from the precise estimates given by Manstavicius and Petuchovas [18]
for the probability that an unconstrained permutation has no long cycles. While it is clear that
such results must be useful for our purposes, it is surprising that they, and extensions of the
methods by which they are proved, provide such a complete picture of the situation.

Let us give an outline of the paper. In Section 2, we state and discuss our results. Section 3
introduces the relevant saddle point method in our context and presents a general asymptotic
equality which is at the base of almost all proofs of our main results. Section 4 then contains
those proofs.

2. Main results.

2.1. Notation and standing assumptions. Let us recall that we require (1.1) for all of our
results. Recall S;,, S o, Py and P, o from the Introduction, and write E, and E,  for the
expectations with respect to P, and P, ,, respectively. Recall also that C,,, = C,,(c) denotes
the number of cycles of length m in the cycle decomposition of a permutation o. The index
m will often depend on n and «(n), but we sometimes omit this dependence when it is clear
from the context.

When two sequences (a,) and (b,) are asymptotically equivalent, that is, if lim,—, o a;/
b, = 1, we write a, ~ b,. We also use the usual O and o notation, that is, f(n) = O(g(n))
means that there exists some constant ¢ > 0 so that | f (n)| < c|g(n)| for large n, while f(n) =
0(g(n)) means that for all ¢ > 0 there exists n. € N so that the inequality holds for all n > n..

2.2. Cycle counts. The most basic characteristics of the C,, are their expected values.
Let x,  be the unique positive solution of the equation

o

@.1) n=>xl,.
j=1

and define

m
Xn,a

(2.2) M (1) =
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PROPOSITION 2.1. For all sequences m = (m(n)),en with m(n) € N and m(n) < a(n),
we have

IEn,ot(n) [Cm(n)] ~ Um(n) (n)

as n — oo. Furthermore,

1 1 n n loglogn
(2.3) —log(mu,;,) =logx, o = —|log — +loglog — + (9(
m o o o logn

for large n.

An example illustrates the amount of information that we can already extract from Propo-
sition 2.1. Recall that for uniform permutations, E,[C,,] = % forallm <n [1], Lemma 1.1.
We fix B € (0, 1) and let a(n) = n”. Equation (2.3) then reads

log(m ) =mn=P((1 — B)logn + loglogn + log(1 — B) + o(1)).
We now have the following asymptotic regimes:
(1) Form(n) = o(nﬁ/ logn), we have limy,_, oo () (n)m(n) = 1. Thus we have
1
24 E C ~——=E,[C .
( ) n,oe(n)[ m(n)] m(n) n[ m(n)]

In particular, the limiting behavior is independent of 8. We call this the classical regime.
(2) For m(n) = ynf /logn with y > 0, we get lim,—, 0o tm(n) (n)m(n) = e*1=F) Thus

(2.5) En,ot(n) [Cm(n)] ~ = ey(l_ﬁ)En [Cm(n)]-

m(n)
So in this regime, the number of cycles converges to zero more slowly than in unconstrained
permutations. We therefore see that the constraint becomes visible in this region. Explicitly,
we get

logn
~ y(1-8)
Mm(n) (1) P e .

The right-hand side above is minimal for y = 1/(1 — B) and then has the value 1t,,(n) (1) ~

e(1—pB) l(;lgﬁ" . Also, we have that () (n) is increasing as a function of y for y > 1/(1 — B).
(3) The next regime occurs when we put m = cn® for 0 < ¢ < 1. Then

log um = (c(1 — B) — B)logn + cloglogn + clog(1 — B) —logc + o(1).

We see that w,, — 0 when ¢ < 8/(1 — B), and u,, — oo when ¢ > 8/(1 — B). So on this
scale, the transition from finite cycle counts to infinite ones occurs. However, the case of
infinite cycle counts can only occur if there exists ¢ € (0, 1] with ¢ > /(1 — 8), which means
that 8 < 1/2. This can be explained intuitively as follows: Since the maximal cycle length is
nf.,a permutation o € S, , has (at least) n/nﬂ =nl=-P cycles. If 8 > 1/2 then nP > n'=P and
thus there are significantly more cycle lengths available than cycles. Therefore, for any given
0 € Sy.a> Cn (o) must be equal to zero for the vast majority of m < «(n), and in absence of a
convincing reason for concentration effects under P, , we should expect to find u,, — 0, as
we indeed do.

The situation is reversed when 8 < 1/2. We have in this case n® <« n'~#, and thus there are
always more cycles than available cycle lengths. The pigeon-hole principle now implies that
at least n'=# /nf = n'=2 cycles have the same length. Since 8 < 1/2, we have n' =2 — oo
and thus max,, C,, > n'!=2# — 0o. Note that Theorem 2.4 and equation (2.15) below imply
that in particular Cy(,) — 00, except on a set with exponentially decaying probability.
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We will now investigate the joint distributions of the random variables C;. We start with
the strongest result, which also has the most restrictive assumptions. Recall that the total
variation distance of two probability measures IP and P on a discrete probability space € is

simply given by [P — Pllry = Y,cq(P(w) — P(w))+.

THEOREM 2.2. Let b = (b(n)), be a sequence of integers with b(n) = o(«(n)(log n)~h.
Let Py p(n),a be the distribution of (Cy, ..., Cpn)) under Py, o, and let ]13’1,(,,) be the distribution
of independent Poisson-distributed random variables (Z1, ... Zp)) with I~Eb(,,)(Z_,-) = % for
all j <b(n). Then there exists ¢ < o0 so that for all n € N, we have

a(n) logn
1Pn.bn),e — IP’b(n)IITV<C<—+b( ) 51))

Let P, p(n) be the distribution of (Cy,...Cp(,)) under P,. Then it was proven by Arra-
tia and Tavaré in [3], Theorem 2, that [P, 5,) — Iﬁ’b(n)HTV — 0 iff b(n) = o(n). Thus the
cycles of lengths o(x(n)(log n)~1) have a similar behaviour under P, and under P, «. Fur-
thermore, Arratia and Tavaré show in [2], Theorem~2, that there exists a function F with
log F(x) ~ —xlogx as x — oo so that |P, pn) — Py lltv < F(n/b(n)). Thus this total
variation distance is converging to zero superexponentially fast as a function of n/b(n). This
fast decay rate is currently only known to occur for the uniform measure; all other known
results (including ours, but see also see [21] for the Ewens measure) on convergence in to-
tal variation distance for measures of random permutations only come with algebraic decay
rates.

We can slightly relax the condition b(n) = o(a(n)(log 7)) in Theorem 2.2 if we only
consider convergence of finite-dimensional distributions. What is more, we can in this case
apply a ‘tilt” as we would do in large deviations theory in order to get a better understanding of
those cases where i, — 0 in Proposition 2.1. For v € R, consider the tilted cycle numbers

;" with distribution

1{& ev
P[ (Vl)_llw-- ,Sf,f)—lk]=2<n lj) }’lOl[le_llv"' mk—lk]
j=1V;
for all /1, ...,y € Ng, where Z is a normalizing constant.
THEOREM 2.3. Let (m1(n))y, ..., (mg(n)), be sequences of integers with my(n) < o (n)

forall n and m;(n) # m(n) fori # j. Assume that for all j <k,

(2.6) lim sup Mmj(n)(n) < 0.
n—oo

Then, as n — 00,

(C(llml)’ C(M”’k)) d (Zl,...,Zk)7

where the Z are independent Poisson distributed random variables with parameter 1.

From equation (2.3) and our assumptions on «(n) in (1.1), it follows that a sufficient
condition for (2.6) is that m (n) < ca(n) for some ¢ < % with ay as in (1.1). The case
when m j(n) converges to a limit is already covered by Theorem 2.2. The most interesting
applications of Theorem 2.3 are in the situation when f,,; converges to a limit while m j —
oo as n — oo. For instance, if u,, — 0, C,, converges in distribution to the trivial Poisson
distribution with parameter O, but just like it is the case in large deviations theory, the tilt
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allows us to extract much more information about this convergence. We have in particular
that for all j € No, the probability P, o[C,, = j] decays like M;J .

We now treat the case of diverging expected cycle numbers. Here, the standard rescaling
leads to a central limit theorem.

THEOREM 2.4.  Let (m1(n))p, ..., (mi(n)), be sequences of integers withm j(n) < a(n)
foralln and all j and m;i(n) # mj(n) for i # j. Assume that [y ;(n)(n) — 00 as n — oo for
all j. Assume finally that in (1.1), we have a; > 1/7. Define

&, = S s,
Tom;

Then
(Conpoeoes Con) =5 (N1, ... N) asn— oo,

where (N j)l;=1 are independent, standard normal distributed random variables.

The condition «(n) > n7% is a technical one, and making it allows to avoid significant
technical complications. A forthcoming paper will show that the theorem holds under condi-
tion (1.1).

2.3. Cumulative cycle numbers. Let
m
K, = Z Cj,
j=1

be the number of cycles with lengths less than m. Since no cycle can be larger than o« (), the
total number of cycles Ky (,) is at least > n/c(n). In [4] it is shown that Ky (,) ~ cle_n)’ and so

gives the fraction of cycles that have length up to m(n). We now

m(n)

the random variable

n/a(n)
define
a(n)
2.7) bi(n) := max{a(n) + {log(t)—nJ,O}, 0<t<lI.
log(5Gy)

We have the following limit shape of the random function # > Kj, (4):

THEOREM 2.5. We have for each € > 0,

K
(2.8) Pn,a[ sup |2
t€[0,1]

n/o(n)

—t‘>ei|—>0 asn— oo.

When we choose t = 1 in Theorem 2.5, then b;(n) = a(n) and we recover the result in [4].
Furthermore, if we define

K
(2.9) vs = lim —2

n—oo K

foré > 0,

a(n)

then vs can be interpreted as the limit as n — oo of the fraction of cycles smaller than bgs(n).

Theorem 2.5 now shows that vy — § for all 0 < § < 1. Since bs(n) = a(n)(1 + o(1)) for all

8 > 0, we immediately get that almost all cycles live in a scale of the form « (1) (1 4 o(1)).
A theorem similar to Theorem 2.5 can be proved for the number of elements in the cycles

with size smaller than m. If we set S,,, = ZT: 1 JCj, then trivially S, = n, and we can show

that

(2.10) Pn,a[ sup
ref0,1]

Sbin)
n

t’>e}—>0 asn — o0.
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The proof, which is similar to the proof of Theorem 2.5, can be found in [20], Theorem 2.7.2.
In the next theorem we take a closer look at the fluctuations around the limit shape of K, ().

THEOREM 2.6. Let

b,(n) _ Z t(n) xn'a
Jn/a(n)

Then (L;(n))se[0,1] converges in distribution to the standard Brownian bridge in DIO0, 1],
where D|0, 1] is the space of cadlag functions on [0, 1], endowed with the Skorohod topology.

(2.11) L:(n) .=

REMARK 2.7. (1) As above, we can do the same construction for the indices instead of
the cycles. With S, being as in the remark after Theorem 2.5, we have that

converges to the Brownian bridge in D[0, 1]. The proof is similar to the one of Theorem 2.6,
so we refer to [20], Theorem 2.7.6.

(2) When ¢t =1 in Theorem 2.6, the variance of the limit is zero. However, it has been
shown in [4] that there exists a different rescaling so that the Gaussian fluctuations persist in
the limit: We have

Ka(n) - Z(jxgll) xn =2

F g

Of course, no such statement can hold for Sy (,) since Sy () — Z‘;("l) Yo = Sany —n =0.
(3) For unrestricted permutations, Delaurentis and Pittel [12] show that the stochastic pro-
cess

(2.12) —>N(O 1).

n']
1 Cj—1t1
2.13) (Z t Og(n))
tef0,1]

Vlog(n)

converges in distribution to the Brownian motion in [0, 1]. Interestingly, this holds for re-
stricted permutations as well, and we have already shown it! Indeed, the convergence in total
variation distance from Theorem 2.2 is strong enough to show that for all # < a; (cf. (1.1)),
convergence to the Brownian motion also holds when the C; in (2.13) are those of con-
strained permutations. Hence, in the case of constrained permutations, we actually have two
functional central limit theorems: one for “short” cycles and one for the ones very close to
the maximal cycle length.

(4) The asymptotic behaviour of the longest cycles in a random permutation is one of the
most frequently asked questions and is in particular still open for random permutations with
polynomially and logarithmically growing cycle weights. We denote by £1 (o) the length of
the longest cycle in a permutation, £,(o) the length of the second longest cycle in a permu-
tation and so on. We have for each k ¢ N

1
(2.14) R Y 7S R L T TURE 0
a(n) _—
k times

Further, if o« (n) = O(n'/?) and a(n) > n%M for some § > 0 then
(2.15) Ppo[(l1, 82, ..., 8) # (x(n),...,a(m)] — 0 asn— oo.

These statements follow immediately from Theorems 2.4 and 2.5.
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3. Generating functions and the saddle-point method. Generating functions and their
connection with analytic combinatorics form the backbone of the proofs in this paper. More
precisely, we will determine formal generating functions for all relevant moment-generating
functions and then use the saddle-point method to determine the asymptotic behaviour of
these moment-generating functions as n — o0.

Let (an)nen be a sequence of complex numbers. Then its ordinary generating function is
defined as the formal power series

f(Z) = Zanzn-

n=0
The sequence may be recovered by formally extracting the coefficients
[Z"]f(2) :=an

for any n. The first step is now to consider a special case of Pélya’s Enumeration Theorem, see
[19], Section 16, page 17, which connects permutations with a specific generating function.

LEMMA 3.1. Let (g;) jeN be a sequence of complex numbers. We then have the following
identity between formal power series in z,

3.1) exp(Z q’f ) Z ¥y 1‘[q, ,

j=l1 k=0 ! oeSt j=1

where Cj = Cj(o0) are the cycle counts. If either of the series in (3.1) is absolutely convergent,
then so is the other one.

Extracting the nth coefficient yields

n - q,-zj 1 - Cj
(3.2) ["]exp| Y -1~ =— [1q,
Toes, j=1
Setting g = 1{j<q(n)} WE Obtain

o
(3.3) Zno = [Sn.q] = [z"]exp(Z ZT)

!
n. =1

For distinct integers 1 <mj <a(n), 1 <k < K withk, K e Nand 51, ..., sx € R, we obtain

K 1 K ka a(n) Zj
G4 Bl = — [Z"]‘”‘p@(esk - ”m_k> exp(? 7)'
’ k=1 j=1

This equation follows immediately from the definition of E, , and (3.2). Similarly, for 0 =
to <t <-- <ty <tp+1 =1, we have

mo b @ swo
m . ! e—t=i+1 EZ]
9 Bl Len(y S ST
i=0 j=by, (m)+1 J

At this stage, all parameters can depend on the system size n. A way to extract the series
coefficients from expressions such as (3.4) and (3.5) is the saddle point method, a standard
tool in asymptotic analysis. The basic idea is to rewrite the expression (3.2) as a complex
contour integral and choose the path of integration in a convenient way. The details of this
procedure depend on the situation at hand and need to be done on a case by case basis.
A general overview over the saddle-point method can be found in [16], page 551.
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We now treat the most general case of the saddle point method that is relevant for the
present situation. Let ¢ = (g,n)1<j<a(n),neN be a triangular array. We assume that all g; ,
are nonnegative, real numbers and that for each n € N there exists a j such that g; , > 0. We
then define x, 4 as the unique positive solution of

o (n)

(3.6) n=Yqjnx} .
j=1

Let further
a(n) ‘
Apn ' =Apnag = Z qj,njp_lx,{,q,
j=1
where p > 1 is a natural number. Due to equation (3.6),
(3.7) Apn < n(a(m))?™!

holds for all p > 1.
Let us write a,, & b,, when there exist constants c¢1, ¢y > 0 such that

c1by < ay < c2by
for large n. We further say that
fu(@®) =0O(g,(t)) uniformlyinz €T,

if there are constants ¢, N > 0 such that sup, . {| Z g; |} <cforalln>N.

We will call an array g admissible if the following three conditions are met:

(1) We have
n
3.8 1 ~log —.
(3.8) a(n)logx, g 2
(i1)) We have
3.9 Aan X na(n).

(iii) There exists a sequence n — b(n) with b(n)/a(n) < (1 —§) for some § > 0, and such
that gj , > ¢ > 0 for all j > b(n) and some constant ¢ > 0.

Note that condition (i) implies in particular that lim,, , o0 X,,¢ = 1.

Let B,(0) denote the circle with center 0 and radius r in the complex plane. Let 6, K,
N > 0. Given an array ¢q, we will call a sequence of complex-valued functions f;, (5, K, N)-
admissible if the following three conditions are met:

(i) For all n, f, is holomorphic on By, ,+5(0).
(i) For all n > N, we have

(3.10) sup | fu(@)] < 0% | fuCrng)l-
z€0 By, 4 (0)

(iii) Let
(3.11) 6 = n*'%(a(n))‘llz-
For
| 1 (xn g€
(3.12) I fulln :=6n sup ——————,

101<6, | fn(Xn,g)l

we have lim,—, o || 2 [l» = O.
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We refer to (f,) as admissible if there are 8, K, N > 0 such that (f;,) is (§, K, N)-
admissible. We are now in the position to formulate our general saddle point result.

PROPOSITION 3.2. Let q be an admissible triangular array, and (f,) an admissible
sequence of functions. Then, as n — o0,

o(n) Gin
[z”]fn(Z) exp(Z JJn Zj)

(3.13) J=l

= fuln a%(l +O(E2)) 1+ O(1A )

Moreover, if we fix §, K, N > 0, then the error terms in (3.13) are uniform in all (6, K, N)-
admissible sequences (f,).

PROOF. Let (f;) be (8, K, N)-admissible for some &, K, N > 0. Cauchy’s integral for-
mula gives

a(n) Gin ; 1 a(n) Qjm dz
314 M = Zn Z)€EX —:Z] =—/ z7)ex _.’Z]
(3.14) ni=[2"]fa (@) p(Z ; ) 27t by o) 1@ p(Z ; )Zm

j=1 j=1

for any r such that f; is holomorphic on B, (0). Condition (i) on f,, guarantees that we can
take r = x, 4. We then rewrite

L 0) (NS din (o
M, = / Sn(xn.g€' exp( — (xn.q€" —in@) do.
=gy | a0 e

For the remainder of the proof, we will write x instead of x, 4 and « instead of «(n) for
lighter notation. We define

el/f —1

o
(3.15) gn(0):=> qjn x/ —inf
j=1
and obtain
exp(Z R

n

x4
Ey— / fn(xe®) exp(g,(0)) d0
Note g,(0) = 0 and, by (3.6), g.(0) = 0. Similarly, [g\”’ ()| < A,., and g (0) =iP %, for
p=2.

For |0 < 6, (see (3.11)), equation (3.7) implies that A, , 0|7 < (n/a)!=>P/12, Therefore
a Taylor expansion around 0 gives

A A
2n(0) = —"220% 123293 1 O(3y,,6%)
2 6
and
—exp( =292 (1 = i23m 9 2 6 4
(3.16) exp(gn(0)) = exp 5 07 )(1—1i 0 6° + O(23,,0°) | (1 + O(r4.,07)),

where the error terms are uniform in 6 € [—0,, 6,]. As for f,, we have

. 0 . .
fu(xe) = £ (x) +i/0 fr(xe'¥)xe'? do.
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Estimating the modulus of the integrand in the second term by its maximum and using as-
sumption (3.12), we find that, uniformly in 6 € [—6,,, 6, ],

Fa(xe®) = £, (1+ Ol £ullln))-

Here, the implicit constant in O(]|| f»|l,;) is independent of ( f;,),. Putting things together, we
have

A

6n On 02
/_ fn(xe) exp(g.(0)) d0 = £, (x) / > (14 O(3,6° + 14,,6%)) d6

+ ) [ e O ulla) 40

By (3.9), )»2,,19,% ~n!/0q=1/6 which diverges as n — 00. The standard estimate on Gaussian
tails gives that for all m € N,

P T J2
/ e 1 do =/ e Ao+ 0T = T+ 0T,

—6, —c0 ’ VA2,
A scaling argument, (3.7) and assumption (3.9) give
O g, /2 /2
f k3n|9| a0 <15 3”: ”0(3)
—9,, VA )\, VA2.n n
and
6n A ,n92 2 A 2
/ e T haal0ltdo <3 LT N ”0(5).
—b, VA2n Ay, VAan \n

Altogether, we find that

6, i0 _ 27T o
| () exp(sn @) = o) | (1 4 0(;)) (1+ Ol fyll)).

What remains to be shown is that
3.17) / " (xel?) exp(g,(6)) d§ = (’)( (X)) ——— )
s fu(xe) exp(gn(6)) f Tz -

where the implicit error term only depends on (f;), via K, N. We have —Ng,(0) =

‘J’-‘:l q-;:” (1— cos(j@))xj. For 6, <0 < m/a, due to —dyig,(0) > 0, we have

, /6
(3.18) “ga(0) = ~Ngu0) ~ 622~ ()

by assumption (3.9). For 6 > %, let us first assume that g , > ¢ > 0 for all n and j, that is,
b(n) =1 in assumption (iii). We use that

o o
\ qj.n ¢
—Ngn(®) =) f] (1 —cos(j6))x == Z 1 —cos(j6))x’/ =: cr,(6)
j=I1 j=1
and
0 1< x%—1 %( o x%elfe — 1))
12 = —\| X — 2 -
" a\l x—1 xei? —1
(3.19)

J2 xotl 62 2x
“nla(x—1)(x—-D2462 akx-1)
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The calculations for the final inequality can, for example, be found in [18], Lemma 12. By
(3.8), there exist c¢j,cy > 0 with ¢jlog? < alogx < cylog?. Thus x ~ 1, and x — 1 ~
logx > L log Z. So the second term on the right hand side of (3.19) converges to zero. For the
first term, we use that 62 J((x — 1)2 +62) is monotone increasing in 8, and find an asymptotic
lower bound of the form

2 X% a+l1 7'[2(1 -2 2 xa—l—l

3.20 .
(3.20) n? calog % 32 (log )2 4+ w202 cg (log %)3

Since x% > (g)cl, and using condition (3.10), we conclude that when 6 > 6, and n > N,

| fn (xe?)esn@| < pK e8| vanishes faster than all powers of 1/n. This shows the claim in
the case b(n) = 1. For the case of general b(n), we have

—Mgn(0) = - qu (1= cos()))x? = cry(0) + — Z(q, n — ) (1 = cos(0)))x’

Jj=1 ] 1
(3.21) bo)

2o @)~ 23 3 crn(9)<1 _ bew),

i ()

By assumption, b(n)/a < 1 — 8 for some 8 > 0, and then x?(W~¢ < (! = < (g)_cla.
Thus, by applying (3.20), the bracket on the right hand side of (3.21) converges to 1 as
n — 00, and the proof is finished. [J

4. Proofs of the main results. We establish most of our results by computing moment
generating functions. In the cases we consider, it is a consequence of [25] that pointwise
convergence of the moment generating functions in the sector (Rar )¢ is sufficient to establish
convergence in distribution of d-dimensional random variables. The first result shows that
the triangular array g with g; , = 1{j<q(n)} s admissible.

LEMMA 4.1. Let x, o be defined by equation (2.1). We have, as n — oo:

0 syl ) o)

ot(n)

In particular, x, o > 1, lim,_ o0 Xp.o = 1 and xp log(a(”)) Furthermore,

a(n)
a(n)

4.2) Z jx,{,a ~ na(n).

The first part of the lemma is a reformulation of Lemma 4.11 in [4], which in turn follows
[18]. In the latter reference, the claims are shown for more general functions «. Equation (4.2)
has been proved in Lemma 9 in [18]. It may also be derived as a special case of Lemma 4.5.

4.1. Proof of Proposition 2.1. Equation (2.3) follows directly from Lemma 4.1. We apply
equation (3.4) with K = 1, differentiate with respect to s, set s = 0 and obtain

1 Zm(n) a(n) Zj
_ n
IEn,ot[Cm(n)] = [Z ]m(n) exp(; 7)

Z

We may now apply Proposition 3.2 with f,(z) = ( ) and qjn = 1{j<a(n))- The array q is
admissible by Lemma 4.1 and m(n) < a(n) = 0(0,, 1) shows admissibility of ( f;;). The claim

then follows from E,, o [Cinny] ~ [ (Xn,er)-
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4.2. Proof of Theorem 2.2. We follow the ideas in [2], where the case of uniform per-
mutations is treated. Let (Z;)x be independent random variables with Zj ~ Poi(%) forkeN
and let

2

(4.3) Topy = Y kZk.

k=b1+1
Let Cp = (Cy, Ca, ..., Cp) the vector of the cycle counts up to length b, Z, = (Z, Z», ...,
Zp), and a = (ay, az, ...,ap) a vector. A corner stone for investigating the classical case of
uniform random permutations is the so-called conditioning relation [1], equation (1.15),
4.4) P,[Cp=a]l=P[Z, = a|Ty, =n].
Since Py ¢ = Pul. - |Cymy+1 = --- = C, = 0], an analogue of equation (4.4) holds for b <
a(n):
4.5) Py, a[Cb =al=P[Z, = alTOa(n) =n].

Let L(a) := Zb( )kak For a € N°® with L(a) =r, independence of the Z; gives

PlZpin) = alP[Tpyam)y =n — 1]
]P)[TOC{(}’I) =n] ’

PlZpin) = alToan) =n] =

Define P, y(n).« and Pp(,) as in Theorem 2.2, and let dp(n) = [|Py.b(n).ee — PomyllTV- By (4.4),

- P[T}, =n—r]
dpin) = Z Z PlZpu) = a](l — P(';“(”) — >
r=0a:L(a)=r [ Oa(n) = n] +

P[T, e
Z [Tobn) =7 (1 _ PlTymyam =n r])

Pnb(n)
PlTy(myam) =n —r]
<P|[Topn) = pnb(n) + 1|+ PlTopn) = r](l — ) ,
[Tov(n) = pn ] rZZO ) PlToamy =nl /4

where p, > 0 is arbitrary for now. In [2], Lemma 8, it is shown that

—Pn
P Topen) = pub(n)] < (%)

So P[Topn) > log(n)b(n)] decays faster than any power of n. The proof is then concluded by
plugging p, = logn into the estimate of the lemma below.

LEMMA 4.2. Let (b(n))nen be an integer sequence with b(n) = o(lg‘g(?,z)) and p, =
O(log(n)). We then have

PlTy(n)an) =n — r]) (04(") b(n) )
1— =0
152227(:1)( P[Toan) = nl + n ) a(n ) osr)

asn— oQ.

PROOF. We have E[z/#1t2] = exp(z ij_l ). Therefore,

J=bi+1

a(n) -1 a(n)
4.6)  PlTomam =n —r]=[" " JeXi-bw+1 T =e =

1 ZOI(") i
j=bm)+1 J'[Z”]zre j=bm+1 "}

and

a(n) b(n) zJ a(n) 'l‘
(47) P[TOOZ(I’Z) = n] —e ZJ =b(n)+1 ] [Z ]erzl fez j=b(n)+1 j
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Since the factors exp(— Z(;(”Z(n) 417 1y will cancel in the quotient of the two terms, we see

that we are in the situation of Proposition 3.2. We have g, = 1{p(n)<j<a(n) in both (4.6)
and (4.7). Thus the relevant saddle point x, o is the unique positive solution of n =
27(’2(’1”1 X3 .o With Xy o 1= X 0,0 defined by (2.1), we easily see that X, o < Xnpa < Xy %
for large n. So Lemma 4.1 shows « logx, .o ~ log ﬁ and Ay, & na(n). Thus g is admis-
sible.

In (4.6), we have f,(z) = f")(z) = z" for all n in the context of Proposition 3.2. Then,
£O fulfils (3.10) with N = K =1 for all r € N, and || f ||, < r6, = O(O,b(n)log(n))
uniformly in r < p,b(n). By the assumption on (b(n)), f ") s (8,1, 1)-admissible for all
6> 0.

b J_ b(n)— i
In (A7), fa(2) = fon(@) = exp(70) E=1). We have Il foulln < 60 X000 %) 0 <

9nb(n)xb(") and thus obtain

n,b,a

_bm) n _
4.8) bn)log 0~ o g(%)) —o(1)

by the assumptions on (b(n)). Thus, (fp ), 1S admissible. We conclude
P[T; =n-—
(4.9) [ b(n)a(n) =N r] _ Jr(Xn,ba) <1+O( an )+9 b(n)logn))
P[Town) = nl Jo.n(Xn,b.a)

uniformly in 1 <r < p,b(n). Now, f ) (Xn.b.a) = 1 since x;, p.o > 1. On the other hand, we
find

b(n) 1

bn) _
0<10g(fbn(xnb(x) :Z(xnba) ! f Z dev

< (Xnba — 1)b<n><xn,b,a)”<">.

By (4.8), (Xn..0)"™ = O(1), and 50 (xXy p.a — Db() (X p.0)"™ = O(2% Togn). We con-
clude that 1 < fp ,(x) <1+ (’)(Mlogn). Hence,

a(n)

£ b(n)
1+0(—=1

fom) — T < ) 2" )

The claim now follows by inserting this into (4.9). [

4.3. Proof of Theorem 2.3. Write |1 := Mom ; and CM_/' = C,S,“jj). Let s; > 0. We have

s,-lj>1P>[ém, =1,...,Cn, =Ig]

j=1
1 & o K exp(sili +uj)
:EZZH$ na[le—h,... mk_lk]
L=0 =0 =1 wi
exp(z

- Z Zl_[expl (s] log/’l“])] na[Cm]=ll,...,ka=lk]

=0  [=0j=1

exp(Xk_ 1 k
:% na[exp(z 1Ogﬂj)cmj>i|-
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Here, the normalization Z depends on n. By equation (3.4), the last expectation is given by
Z,;tl)l[z”]fn (2) exp(Zf‘(nl) Zl ), with f,(z) := exp(zk 1(e‘f—10gﬂj 1)2 s ). We are thus in the
framework of Proposition 3.2, with g , = 1{j<q(n)). By Lemma 4.1, it only remains to check
J
admissibility of (f;). For (3.10), note that | f,,(z)| < eXp(Z§:1 |esi—log(n)) llx’;—:“) and thus

et Io8) | = (e57108U) — 1) 4 2(1 — e TIoB)) | < (eS8 — 1) 42,

J
_ Xna

Since ;= " by definition and Ko =sup{u; :n € N, j < k} < oo by assumption (2.6), we

immediately get

(4.10) | [2(2)] < K1 fu(Xn.a)
if |z| = Xy, for all sy > 0, with K1 = exp(2kK). For computing || f;ll», a direct calculation
together with (4.10) gives

@
Jn (xn a)l

k

s,
<K Z|e5f—log<u,> 1|x,’,“,{[l <K, Z(Z—] + 1)Mjmj
J

j=1 j=1

k
K (Z e’ + kK())O[.

j=1

So, [l fullx < K1 (Z’J‘.Zl e’ +kKo)6,a(n) =o(1), and (f,,) is admissible. By Proposition 3.2,

we obtain
k ~ eXP(Zk'—1 Mj) Hk‘—l exp(e’/)
E[CXP(Z Sijj>:| ~ %fn(xn,a) = %
j=1

By setting s; = 0 for all j, we may deduce Z — ek

as n — 00, and the claim is proved.
4.4. Proof of Theorem 2.4. We now turn to the case of diverging expectation. The fol-
lowing proposition states the most general result in this regime.

PROPOSITION 4.3.  Letmj:N— N for 1 < j <k such that m j(n) < a(n) and m;(n) #
mj(n)

mj(n) for i # j. Further, let ji, (n)(n) as in (2.2). If,umj(n)(n) — 00 and 6, 22— — 0

s j n
. ,/.umj (n)(n)
forall j, then

k ko2
Cm~(n) - Mmj(n)(n) S5
[T exp(s) =L | —exp( 3
j=1 ,umj(n)(n) j=1 2

forall s; > 0 and with 6, as in (3.11).

lim EW[
n—o0

Note that Theorem 2.2 in [10] shows that it is sufficient to compute the Laplace transform
in Proposition 4.3 for s; > 0 to prove Theorem 2.4.

PROOF.  Write f4j := m;n)(n). Applying equation (3.4) with si replaced by s;/, /17,
we are in the framework of Proposition 3.2. Again g; ,, := 1{j<q(n)}, SO ¢ is admissible, and
k

(ool ) ) el

j=1

fa@) = exp[
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For admissibility of (f;;), we compute

wp ) i( ( )_l)xmj<n>1
ceBy @ | fa(ZD] = 5 /,uj(n) e

By our assumption on (1), (f,) is admissible and we may apply Proposition 3.2. Again
the case s; =0 for all j deals with the normalizing constant, and so, from

Faina) = f( s +o(7s3 )) ()—Z \/7(}
n(Xn,« —eXp_j:l Mj(n) 2#}'(”) (lu (n)) Mnjn Sy Hjn

> (1vo(n >
=exp = 1+O( —)>—>exp|: —:|,
= () =2

we then conclude the claim. [

PROOF OF THEOREM 2.4. We check that we can apply Proposition 4.3. We have
Mm;(n)(n) — oo by assumption. Furthermore, we get with the definition of 4 in (2.2) and

Lemma 4.1 that
= Jmjmxa” < ety =0 ( nlog( ?)))

m] (n)
Using the definition of 6, in (3.11), we obtain

Mj(n

og™ s ! n
6, —= =n Ra) 12—= :O( Ra(n)~ 1210g< ())):0(1)

Jmj(n) V()

since we assume there is a § > 0 such that - ) =0m~ 7 ~%). The claim is proved. [

4.5. Proofs of Theorems 2.5 and 2.6 and equation (2.10). We begin with equation (3.5),
where we plug in s; /y (n) instead of s; for a real-valued sequence (¥ (n)),eN. In the terms of

m S
Proposition 3.2, this means that f, =1and g; , = e2=i) 70 where

i(j):=min{l <l <m:b,(n) > j}.

Intuitively, any index [ with b; (n) > j contributes a factor of exp(s;/y (n)) to q; , since the
number of cycles of length j is counted in Kp, (n) in this case. The saddle point of this
problem is given by the unique positive solution x,(s) := X, «,y,¢(s) of

m 5 by () .
4.11) n=Y eX=iyn 3" (x,(9) .
i=0 Jj=by, ()+1

Note that x,(0) = x, . Lemmata 4.4 and 4.5 show that ¢ is admissible and provide de-
tailed information which will be useful for investigating the moment generating function
more closely.

LEMMA 4.4. Let y(n) — oo with y(n) > log(n) and t = (t;)1<i<m With0 =19 < t] <
<ti< o<ty <tp+r1=1ands; =0 forall 1 <i <m. Then
(10g(10g(n)) )
log(n)
locally uniformly in s. In particular, lim,_, » X, (s) = 1 locally uniformly in s.

4.12) o (1) log(xn () = log( :‘ )> +0
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) =

PROOF. Let X,(s) be the unique positive solution of nexp(—Y /- ly(n)

Z“(n)( t.(s))/. Since s; > 0 for all i, comparing equations (2.1) and (4.11) yields
(4.13) Xn(s) <x,(s) < Xn,a(n)-
By a slightly more general version of Lemma 4.1 (cf. [18], Lemma 9), we also have

nexp(—y_ i 1y(n))) (log(log(n)))
O = =
) O\ oz

v ol

locally uniformly in s due to y (n) — oo. Equation (4.12) then follows from (4.13) together
with Lemma 4.1 and equation (4.14). [

a(n)log(x,(s)) = log(
(4.14)

LEMMA 4.5. Let y(n) — oo with y(n) > log(n) and t = (11, ..., ta)T with 0 <11 <
-+ <ty <1 form € N. Then, locally uniformly in s = (sy, ..., sm)T € [0, o)™,
M., =na(n) + O(na(n) )
’ log(n)

PROOF. W.lo.g,let 0 <t <1 and m = 1. As the following calculations will show,
larger values of m pose no particular problem since they only produce additional terms of
similar structure and b, (n) ~ a(n) for all kK > 1 in this case. Moreover, let x := X o,,.¢(5).
Then, using that y (n) > log(n), we obtain

bt] (n) a(n) ' o (n) . 1
—eV<") Z jxl+ oo jx = <ij1><1 +(’)( ))
j=1

J=bi, (+1 log(n)

- e+l x(xa(n) -1 1
= (a(n) —1 (x — 1)2 ><l + O(log(n)>>'

Since x — 1 as n — oo, we have x — 1 =log(x) + O((x — D3?). Using this together with
Lemma 4.4 completes the proof. [J

Having proved that ¢ is admissible, Proposition 3.2 yields, for y(n) > log(n), t =
(t1,....tn)! and fixed s = (s, ...,5m)! €[0, 00)™,

Moy () = E i = explh)](1+0()
,m,s = LBy o €XPp (I’l) bt (n) —Zn’a\/mexp n(S o y

17

where Z, o is the normalizing constant in (3.3) such that M), ,,(0) =1 and

by, () .
. . < YL /. < (xn,oz,y,t(s))J
(4.15) hu($) i= hn oy o (s) =y jei=i v 37 R — nlog(Xna,y . (5)).
i=0 J=bi; (M+1 J

The next step is to extract more information by investigating the functions 4,,. The proofs
will rest on a Taylor expansion of #,, about 0, so we need expressions and asymptotics for the
derivatives of h,,. We will prove in Section 4.6 for y (n) > log(n):

(i) s+ h,(s)is inﬁnitely often differentiable,

by, <n) i

(i) 05,7, (0) = y(n) Z 5= fim(l +0(1)),
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(i) 0,00, 1 ®) =11 = 10) grfs (1 + o(D) for iz <,
@iv) asl2 iy h,(s)= O(W) locally unlfor.mly in s.,
v) 8713 siy ‘11 h,(s) = O(m) locally uniformly in s.

Due to M, , (0) = 1, for fixed s we therefore arrive at

(4.16) My, (s) = exp(th(()) s+ O(%mz))(l +o(D)

and

417 M, (s) = expl i, 0) -5+ s, Hy @)+ 0 1513 ) ) (1 + o1
(4.17) 16 = exp((Vha(O) 5+ Sfs. Hi, O)s] + (VTam ))( +o(D)).

So, by equation (4.16),

. NS
(4.18) nlggoEna [exp(é nja(n) Kbti(”)>:| = 11 . (s) exp(?s,t,),

and, by equation (4.17),

m by () j
lim E, O(|:exp< 7(1(1;,[(”) -y xnfa)>]
(4.19) =1 v/ =7

j=1

1
= lim M, /7a67(8)exp(=Vh,(0)-s) = exp<§<s, A(t)s)),

n—>oo
where A(t) = (A, ;,) is symmetric with A;, ;, =1;,(1 —1;;) for ip <iy. Note that A(#) is the

covariance matrix of the Brownian bridge. We can now give the

PROOF OF THEOREM 2.5. We apply arguments of the proof of Corollary 3.4 in [11].
Lete >0 and choose 0 =1y <t <---<fy=1suchthats; ;| —1; < % Then, due to mono-

tonicity, I,gzé’:) — t| > € for some ¢ € [0, 1] implies the existence of an index j such that
Kb, )
|a7aq — 1jl > §. Then,
! K
K by (n) €
(4.20) Pn,a[ sup | —o) —z‘ >e:| 3 B, [ T —] 2% 0
refo,171n/a(n) - n/o(n) 2

j=1
by equations (4.18) and (4.19). O

Equation (4.19) establishes the convergence of the finite-dimensional distributions of the
fluctuations to those of the Brownian bridge. In order to show that, under P, ,, the fluc-
tuations (L;(n));e[0,1] defined in (2.11) converge as a process to the Brownian bridge, we
also have to prove tightness. We will apply the criterion that there are N € N, ¢ > 0, and a
nondecreasing continuous function H on [0, 1] such that

(4.21) Eno[|Li(n) — L, (0)|*|Liy (n) — Li()|*] < c|H (1) — H(ty)|*

forall0 <t <t <t <1andall n > N, which is an instance of [8], equation (13.14).

PROPOSITION 4.6. The sequence of processes (L;(n))ic[0,1] under Py, o is tight in
Dlo, 1].
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In this paper we only prove tightness of (L;(rn))s¢[s,1] for 0 < § < 1 since the proof of
the general case (in particular suitably generalizing Lemma 4.7 below) is very technical. The
main reason for this is that one has to deal with the divergence of (log(7))’ = % ast — O inthe
definition of b;(n). The proof of the general statement can be found in [20], Theorem 2.7.5.
We are going to need

LEMMA 4.7. Let0 <68 < 1. Then there are N € N and ¢ > 0 such that

by, (n) j
n,

2

J=br, (m)+1

n
— <c——(r—1)
J a(n)

foralln > N and § <t <ty <1 satisfying by,,(n) — b, (n) > 2.

PROOF. The definition of b;(n) in (2.7) implies that there exists Ny such that bs(n) >
a(n)/2 for all n > Nj. Similarly § <t < tp implies bs(n) < b;,(n) < b, (n). Thus we get

by (1) ; bey () —by, (1) —1 by, (n)—bs, (n)
2 xé,a < 1 by (n)+1 2 A i < 2 a(n)+1xn2x SRR |
2T Shwtt 4 SeSamte T
J=by (n)+1 h j=0 n,a

Inserting the definition of by, (n) and by, (n) then gives

by (n) ‘ a(n)(log(t2)—log(t1)) _
ZZ: xijl,a < 2 xa(n)+1 exp(log(xn,a)[ log(n/oc(n)) + 1]) 1

= n,o _
j=br, ()+1 J a(n) Xn,a 1

By Lemma 4.1, log(xn,a)k)g(‘,’;(/% — 1 as n — oo. Moreover, log(y) — log(#) <
§ Nty — 1) <871 and a(n)(log(n/a(n))) "' (log(t2) — log(r1)) > 1 by assumption. Hence,

there are N > Ny, ¢1 > 0 such that

a(n)(log(tr) —log(z
exp<1og(xn,a)[ (n)(og(rz) — logtr)) 1}) <1+ c1(log(ra) — log(1))
log(n/a(n))
c1
<1+ E(tz —1).
Thus, by Lemma 4.1,
btz(n) i a(n)+1
2 1
y e s%—x”’“ H—m=c L —
j:btl (n)+1 J Ol(f’l) xn,a - Ol(n)

forsomec>0. O

PROOF OF PROPOSITION 4.6. We prove equation (4.21) with H =id for§ <t <t <.
By definition,

Iy =Eno[|Li(n) = Ly, )| Liy(n) — Li()]*]

b (n) i o
. Koy = Kby ) = 2755 a1 55\ 2
(4.22) - a|:( Jnja(n) >
biy (n) X

y (Kb,z(n) — Ko = 2 j2p, 41 7)2]
njo(n) .
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We only have to deal with #1, t such that b,,(n) — b;,(n) > 2 because I, = 0 otherwise.
Consider the moment generating function

Kb, () = Kb, (n) Kp, (1) = Kby (n) )]

Jn/o(n) 52 Jnja(n)

Fu(s1,52) =Ky« [GXP(Sl

by (n) - by (n) i

1 L J a(n J

— [Zn] exp( E Z_ +eVon ) g E Z_
Zpo iz j=bi, m+1 7

bt2(n) H a(n) i
/a(n ] Z]
+e 52 Z —+ Z —)
j=bim+1 =y
Then F), is differentiable and
Kp,(n)y — Kb, i) \™ [ Kb, (1) — Kb, (n) \"2
429 B ( WOE0) ) ( nTa )| = R sl o

holds. By linearity of the expectation, we can expand the product in equation (4.22) and then
apply equation (4.23) to each summand. A calculation then yields

0((1’1)2 a(n) Zj
I =——5[2"]| Gun.1 (@D Gnin@exp Y =] |,
Zn,al j=1 J
where
by(n) j J by(n) j
7/ —x z
Gn,i(2) = ( Z 7’”) + Z -
j=bym+1 j=by m+1 7

The additional terms of the form ZI;’ (7;7) ) +1 2 tesult from the product rule when calculating

the second derivative with respect to the same Varlable s1. We now proceed as in the proof of
Proposition 3.2 with g , = 1{j<q(n)}» Which is admissible. The functions G, ;, (2)Gy,1,1,(2)
would play the role of f;,, but they only satisfy (i) and (ii) (by Lemma 4.8). Since (iii) does in
general not hold, we will have to make some adaptations. As in the proof of Proposition 3.2,
by Cauchy’s integral formula, we write I,, as a contour integral along d By, _ (0) and introduce

Xn,a

the function g, (0) = Z‘;‘(:”]) Xino S Jj_l We then arrive at the expression

05(”) xn a)

a(n)? eXP(Z

Zn,al’l2 27'[)(7;11’0( —7T

n= Gn,tl N (xn,aeig)Gn,t,tz (xn,oteie) eXP(gn (9)) do

We also split the integral into two parts. The main contribution is again due to the interval
[—6,,6,]. By Lemma 4.8, literally retracing the steps in the proof of Proposition 3.2 shows
that

a(n) xn 01)

Ot(n)2 exp(Z

7 .2 ol e >(0]>8 Gn,tl,l(xn,aeia)Gn,t,tz(xn,ozeia)exp(gn(e)) do
n,ox n,a = n

vanishes faster than any power of 1/n. It poses no problem due to 1, — 1 > log(n/a(n))/a(n).
For |0| < 6,, apply lel/? — 1] < c1j0 for some ¢y > 0 for all j and le'/?| = 1. Then there is
¢2 > 0 such that

|Gn,t1,t (xn,aeie)Gn,l,tg (xn,oz) |

bi(n) 2 bi(n) J biy(n) 2 by j
j Xin,« j Xn,a
=cf |0 Z Yo | T+ Z ; 0 Z Yo | T+ Z ;

J=br, (W) +1 j=by m+1 J=bi(n)+1 j=bim+1 J
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for all n. Due to equation (3.16), we have |exp(g,(0))| < ¢3 exp(—%”@z) for some ¢3 > 0

and all |6| < 6, if n is large enough. By substituting v = /A3 ,6, we therefore obtain

k1

6 _
‘ / 0% exp(g,(0)) 0| < car,
-6, >

for some ¢4 > 0 and 0 < k < 4 because of the moments of the normal distribution. By linearity
of the integral as well as the definition of Z,, , and Lemmata 4.5 and 4.7, we conclude

L<c[t—t)?+t—t][(n—1>+ (1 —1)]<ctr—1)*

for some ¢/, ¢ > 0 and n large enough. The last step holds due to § <1 <t <n <1. O

4.6. Properties of h,. This section provides the proofs for five properties of &, and its
derivatives stated in Section 4.5. We are going to need the asymptotics presented in

LEMMA 4.8. Let0 <t <1. Then,

bin) bi(n) "
4.24 x;
(4.24) 2 . oo
hold.
PROOF. Since x, 4 > 1, we have
by () bin) by (m)+1 by(n)
(4.25) / x, o dv < Zx,{af/ x;jadUN/ x, o dv
0 ’ ; ’ 1 ’ 0
j=1

by (n) _
b= S

0< Z’ ((:l’)) <1 for n large enough, the first claim follows from equatlon (4.25) and

(na)” " =[x, )a(n)]';’((,'f; - eXp[bt((Z)) 10g<a?n) log(oz?n)))} - ta?_n) log(ﬁ)

oz(n) xna ~ _n
a(n)*

by Lemma 4.1. It therefore remains to be shown that | ~ tn. Since

which holds due to Lemma 4.1. It was proved in Proposmon 4.8 in [4] that Z

Consider Zb’("> x" The — Za(") X" o 27(’2[(”)“ Yie Dye to b;(n) ~ a(n) and the ﬁrst claim,
1 a(n) a(n) x,{ " 1 a(n) )
a(n) > Wa= ) i Shm+l 2 i
J=bi(n)+1 J=bi(n)+1 ! Jj=bi(m)+1

yields the second claim. [J

Let y(n) > log(n), t = (t1,....tm)T for m € N and h,(s) as in (4.15) throughout this
section. Set further fo = 0 and #,,.1 = 1. Property (i), which states that £, is infinitely often
differentiable in s, follows from the differentiability of the saddle point x; ¢, Which can be
shown by applying the implicit function theorem to the function

m b’i+l(n) m J
F(s,x):Z Z |:exp<z a )x] —n,

i=0 j=b,, (1)+1 1=t Y ()
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see (4.11). So we can compute the derivatives of h,. Fix i3 <i> <i; and let x,(s) :=
Xn,a,y,t(8). For the sake of brevity, we introduce the notations

i1—1 by () .
Ag}) : Z ellzitl 76 Z jp_l(xn(s))j
j bti(n)-l-l

sothat &), = )»%fl). We obtain

4.26 ha(s) = — A8,
( ) (s) ( ) On
(427) S S h ( ) 1 siZXn(s))\(il) 1 )\(iz)
2 y) xa(s) TN (y ()20
and
asi3 as,-z asil hl’l (S)

_ 1 Vlzx"(s)k(l3) 1 (as,-3 as,-zxn(s) _ as,-zxn(s) 8Si3xn(s)>k(i1)

(4.28) (Y xa(s) " ¥\ x(s) Xn(8)  xa(s) )M

1 Oy xn(s) 05, Xn(S) 1 05, Xn(8) ; 1 :
in i3 )\(ll) i3 (i2) (()13)‘
ym) xp(s)  xa(s) " (YD xa(s) M (y(n)3 0"

In order to prove properties (ii) to (v), we need to understand the derivatives of the saddle
point.

LEMMA 4.9. Fix iy <iy. Then,

B, () 1 A
Xn(S) y (n) )\2,71 .
Moreover,
8s,~1xn(s) _ O( 1 > and 8sizas;1xn(s) _ 8s,~2xn(s) 8si1xn(s) =O( 1 )
X (s) y (ma(n) X (s) xp(s)  Xn(S) (y (n))a(n)
hold locally uniformly in s.
ProoF. Differentiating equation (4.11) with respect to s;, yields 0 = )»(”) +

V(n)
8si1 Xn (8)

*n(s) )¥2,n » SO

By Xals) 1 AE{Q—O( 1 )
xu(8) oy raa  \y(ma(n)

by equation (4.11) and Lemma 4.5. W.l.o.g., let i; < i;. Differentiating once more, now with
respect to s;,, we obtain

By, O 00 (8) By, (®) By a () 1 A1 dy x(s) Ag))
X (5) Xn($)  Xa(s) ym)2 han () xals) Az
LAY 1 dgxas) ALY

T a2 T ) Ga?

Applying Lemma 4.5, equation (3.7), and the first result to each term, we conclude the last
claim. [J
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Property (ii) is now a direct consequence of equation (4.26) and Lemma 4.8, (iii) and (iv)
follow from equation (4.27) and Lemmata 4.9 and 4.8. Property (v) can easily be deduced
from equation (4.28) and Lemmata 4.9 and 4.8.
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