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We consider the speed of propagation of a continuous-time continuous-
space branching random walk with the additional restriction that the birth rate
at any spatial point cannot exceed 1. The dispersion kernel is taken to have
density that decays polynomially as [x|72%, x — 0. We show that if « > 2,
then the system spreads at a linear speed, while for o € (%, 2] the spread is
faster than linear. We also consider the mesoscopic equation corresponding
to the microscopic stochastic system. We show that in contrast to the micro-
scopic process, the solution to the mesoscopic equation spreads exponentially
fast for every o > %

1. Introduction. We analyze the truncated pure birth model introduced in [6] on the
subject of the speed of space propagation. Our aim is to approach the question from the
microscopic probabilistic as well as the mesoscopic point of views. It turns out that the scaling
significantly changes the behavior of the system: while the microscopic model grows linearly
in time provided the exponent is larger than four, the mesoscopic model spreads exponentially
fast.

The limiting behavior of the branching random walk has been extensively studied. For an
overview of branching random walks and related topics, see for example, [48]. The asymp-
totic behavior of the position of the rightmost particle of the branching random walk under
different assumptions are given in [17] and [16], see also references therein. A shape theorem
for a one-dimensional discrete-space supercritical branching random walk with an exponen-
tial moment can be found in [7]; [8] contains further comments and extensions, in particular
for a multidimensional branching random walk. Further results and references on the branch-
ing random walk with the focus on the position of rightmost particle can be found in [9].
More refined limiting properties have been obtained recently, such as the limiting law of the
minimum or the limiting process seen from its tip or the asymptotics of the position of the
minima of a branching random walk, see [1-4]. For maximal displacement of branching ran-
dom walks in an environment see for example, [20, 38] and references therein. A branching
random walk with a fixed number of particles is treated in [5], where asymptotic properties
are obtained both in time and in the number of particles. In [19], conditions for the survival
and extinction of different versions of the Bolker—Pacala model are given.

Among asymptotic results for other stochastic models, Blondel [10] proves a shape result
and an ergodic theorem for the process viewed from the tip for the East model. A continuous-
space set-valued stochastic growth model with the related shape theorem was given in [15].
The results have been extended in [28]. The agent based model we treat in the present
manuscript shares some features with this set based models.
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The transition from the microscopic probabilistic models to macroscopic deterministic
evolutions is a subject of several works, see for example, [13, 24]. Equations similar to those
considered in the present paper appear in [12] during the analysis of the rightmost particle
of the Branching random walk. Convolution with a probability density is often considered
in biological and ecological models to describe a nonlocal interaction [14, 36]. Evolution
equations involving convolution terms naturally appear as a limiting behavior of rescaled
stochastic processes [18, 21, 35, 41, 45]. We do not give a formal derivation of the macro-
scopic model here, however we show that the microscopic and macroscopic models may have
qualitatively different asymptotic growth rate when the underlying geographic space is not
compact. This phenomenon can also be deduced for other models (see Remark 2.10).

The main results are Theorems 2.1, 2.7 and 2.8. Theorem 2.1 states that the birth process
with the birth rate given by (1) and (2) below propagates not faster than linearly if « > 2. We
give a proof for the negative direction only as the proof for the opposite direction is identical
due to symmetricity. Of course, Theorem 2.1 also applies to any stochastic process dominated
by the birth process defined in Section 2, see Remark 2.6 for more detail. Theorem 2.7 shows
that when o < 2 the birth process does in fact spread faster than linearly. In combination with
Theorem 2.1 it allows us to conclude that &« = 2 is a critical value for the birth proces defined
by (1) and (2). On page 1097 two heuristic arguments are given on why one could expect the
critical value to be two. In contrast to the linear speed in the stochastic microscopic model for
o > 2, Theorem 2.8 shows that the solution to the respective mesoscopic equation propagates
exponentially fast. Let us note that the effect is different for the models without restriction:
a dispersion kernel with polynomially decaying tails gives exponentially fast propagation for
both the rightmost particle of the branching random walk (as shown in [17]) and the unique
solution to the corresponding mesoscopic equation (see [11, 23, 26]).

The paper is organized as follows. The models we consider, assumptions and results are
collected in Section 2. Proofs of the main results, Theorems 2.1, 2.7, and 2.8, are contained
in Sections 3 and 5, 4 and 5, and 6, respectively. Sections 3 and 4 are devoted to the discrete-
space version of the birth process. Section 6 also contains a remark on heuristic connection
between the microscopic and mesoscopic models.

2. The model, assumptions and results. Let I'g be the collection of subsets of finite
number of points in R!,

FO(RI) ={nc R!: | < oo},

where |7| is the number of elements in 7. Let also b : R! x I'g — R_. be the birth rate

(1) b(x,n):lA(Za(x—y)), x eR,nely(RY
yen
with
Co
(2) a(z) = m, ZE R,

where o > % and ¢, > 0 is such that [y a(z) dz = 1. The time evolution can be imagined as
follows. We denote the state of the process at time ¢ by 1, € I'g. If the state of the system is
n € To, then the rate at which a birth occurs in a bounded Borel set B is [ b(x, ) dx, that is,
the probability that a new particle appears (a “birth”) in a bounded set B € Z(R') over time
interval [z; t + At]is

At/Bb(x,n)dx+0(At).
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More details can be found in [6]. Note that the birth rate without restriction

b(x,m) =) alx—y)

yen

corresponds to a continuous-space branching random walk.

THEOREM 2.1. Assume that o > 2. For the continuous-space birth process (1;),>0 with
birth rate (1) and initial condition ng = {0} there exists a constant C,, > 0 such that a.s. for
sufficiently large t,

3) N C[=Cqt, Cytl.

REMARK 2.2. Asis the case for many shape theorems for growth models, Theorem 2.1
holds true for any initial condition ng € Io(RY). Also, the upper bound in (1) does not have
to be 1, it can be any positive constant.

REMARK 2.3. In fact, analyzing the proof of the shape theorem in [6], we can obtain a
stronger result for the one dimensional continuous-space birth process with birth rate satisfy-
ing

b(x,m) < Ch A (cb S atx - y)),
yen
for some constant Cp, > 0, provided that certain additional conditions are satisfied (mono-
tonicity, translation and rotation invariance, and nondegeneracy as defined in [6]). Specifi-
cally, there exists a constant A > 0 such that for every ¢ > 0 a.s. for sufficiently large ¢ both

4) ne C[—A(1 +e)t, A(1 + &)t ]

and

(5) Ux = Lx+112[-20 — &), A(1 — &)t]
XEN;

hold true. In particular, (4) and (5) hold for b defined in (1) and (2). Note that such b does
not satisfy Condition 2.1 from [6], however Condition 2.1 from that paper is only used to
establish that the growth is at most linear, which we do in a different way in Theorem 2.1.

REMARK 2.4. Theorem 2.1 can be compared with the result of Durrett [17], which
shows that we observe an exponential growth for the maximal displacement of a branching
random walk with polynomially decreasing dispersion kernel. A related result for a branch-
ing random walk with dispersion kernel satisfying certain semiexponential conditions can be
found in [25]. Semiexponential kernels in [25] satisfy

P{Y >t} =1(r) exp(—L(1)t")

for ¢ sufficiently large, where Y is a random variable distributed as displacement of the off-
spring from the parent, r € (0, 1), [ and L are slowly varying functions, and L(r)/t'~" is
nonincreasing for large ¢. The spread rate for a branching random walk with such a dis-
placement kernel is given in [25] explicitly. The system grows faster than linearly; for some
choices of L the spread rate is polynomial. For Deijfen’s model of a randomly growing set,
Gouéré and Marchand [28] give a sharp condition on the distribution of the outburst radii for
linear or superlinear growth (i.e., faster than linear).
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REMARK 2.5. In the language of statistical physics, Theorem 2.1 means that our model
exhibits the directed percolation (DP) class properties while having longe-range interaction,
see for example, [40], Section 6.7 and elsewhere, [27, 30, 43].

REMARK 2.6. As noted in the Introduction, Theorem 2.1 also applies to any stochastic
process dominated by the birth process with birth rate (1). In particular, the statement holds
true if every particle is removed after an exponential time with mean 8!, that is, if each
particle also has a death rate equal to §.

The next result shows that the condition @ > 2 in Theorem 2.1 is sharp. The system exhibits
a superlinear spread rate when o < 2.

THEOREM 2.7. Assume that o € (%, 2]. Then (n;) grows faster than linearly in the sense
that for any Ko, K1 > 0,

(6) P{n: C[—Ko — K11, Ko + K1t] for sufficiently large t} = 0.

Put differently, (6) means that any Ko, K1 > 0 the set
{t:n:\[-Ko— Kit, Ko+ K1t] # @} C [0, 00)

is a.s. unbounded.
A mesoscopic approximation of the point process (1;);>0 is given by the following evolu-

tion equation:
du

7 5 (x,1) = mm{/Ra(x —yu(y,t)dx, 1} xeR, 1t e€(0,00),
u(x,0) =ugx) x € R,

where a is defined by (2).

It turns out that the mesoscopic model shows a very different behavior. No matter how
large o > % is in (2), the speed of propagation is faster than linear as we see in Theorem 2.8
which states that the solution to (7) propagates exponentially fast. Moreover, solutions with
roughly speaking “monotone” initial conditions (case 2) propagate faster than solutions with
“integrable” initial conditions (case 1).

THEOREM 2.8. Let 0 <ug e L°°(R) and u = u(x,t) be the corresponding classical so-
lution to (7) with a(x) defined by (2). Then, for any ¢ € (0, 1), n > 1, there exists T = 1(¢g, n)
such that the following inclusions hold:

1. If there exists C > 0 such that ug(x) < Ca(x), x € R, and there exist u > 0, xg € R,
such that ug(x) >, x € [xo — i, xo + ul, then forall t > 7,

(8) {x:u(x,t)e[%,n“c{x;elz;a8’5|x|§elz%’}‘

2. If there exists C > 0 such that ug(x) < Cfxooa(y) dy, x € R, and there exist 1 > 0,
p € R, such that ug(x) > u, x < p, then forallt > 1,

I+e

1 A=y ey
9) {x:u(x,t)e [—,n“c{x:e@al) <x <el«D'}
n

REMARK 2.9. We use the term “mesoscopic approximation” here instead of “macro-
scopic approximation”, even though some authors might use the latter to describe (7). We
follow here [45]; see also [34], [47] for discussions of microscopic, mesoscopic and macro-
scopic descriptions of complex systems.
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REMARK 2.10. Remark 2.6 can also be contrasted with the spread rate of the system
driven by the equation

(10) uy=Jxu—u-+ f(u),

where J is the dispersion kernel, ||J||;1 =1, and f : [0, 1] — Ry is some differentiable
function with f(0) = f(1) =0 and f’(0) > 0, and certain other mild conditions. It is shown
in [26] that the solution to (10) has level sets moving faster than linearly. We note that since
the solution to (10) takes values between O and 1 (provided that the initial condition lies
between 0 and 1; see [26]), we have J xu < 1, and hence (10) can be written as

(11) uy=min{l, J xu} —u+ f(u).

Notation and conventions. Let Ry =[0,00), R_:=(—00,0]land Zy ={m € Z :m >
0}. For processes indexed by R (which represents time) we will use (X;) as a shorthand
for (X;);>0 or {X;,t > 0}. For a Poisson process (N;), 0 <a <b, N(a,b] = N, — N, and
N({a}) =N;, — N,—. Fora,b e R, a; =max{a, 0}, a v b=max{a, b}, a A b=min{a, b}.
Concening the operation order, we take fora, b,c e R, —aAnb = —(a Ab),ab Ac = (ab) Ac,
and the same rules for V. Cov(X, Y) and Var(X) denote the covariance between X and Y and
variance of X, respectively. 1 is an indicator, for example

1 ifx>0,
I{x = 0} = e
0 ifx<O.
Throughout the paper, C denotes different universal constants whose exact values are irrele-
vant. Even in the concatenation

F<CG=CH,

where F, G, and H are some expressions, two occurrences of C may have different values.
We set B, (x) ={y € R||x — y| <r}and B, = B,(0). For simplicity of notation we will write
“x € R” instead of “a.e. x € R” for the elements of L>°(R). We denote

LEYR)={feL®)|f(x)=0,x eR;

(12)
38 > 0,x0 €R: f(x) =38, x € Bs(xp)}.

We will write for fi, f, € L°(R), A CR,

i) S L(x), xeA,

if there exists ¢ > O such that fi(x) <cf2(x),x € A.For pe[l,00l, || - llp:= Il - [lLr(R)-

A very brief outline of the proof of Theorem 2.1. The proof of Theorem 2.1 is split across
Sections 3 and 5. The main bulk of the proof is carried out in Section 3, where we prove the
equivalent of Theorem 2.1 for the case when the underlying “geographical” space is discrete
7' rather than continuous R'. This equivalent is given in Theorem 3.12, and Sections 3 is
entirely devoted to the proof of Theorem 3.12. The main idea of the proof is a coupling of the
process seen from its tip with a simpler process. Some of the ingredients are the strong law
of large numbers for dependent random variables, a form of the strong law for martingales,
and Novikov’s inequalities, or Bichteler—Jacod’s inequalities, for discontinuous martingales.
A brief outline of the proof of Theorem 3.12 and Section 3 can be found on Page 1098. In
Section 5 we finally prove Theorem 2.1 by coupling the continuous-space process with the
discrete-space process from Section 3.
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3. Lattice truncated process. Linear growth for o > 2. In this section we introduce a
discrete-space equivalent defined by (13) and (14) for our continuous-space process defined
by (1) and (2). We prove in this section that this discrete-space process spreads not faster than
linearly (Theorem 3.12).

We consider the birth process on Z% with the birth rate

(13) bDx,mp)=1n (Z n(y)a(x — y)), xeZ' nerk,
VeZ
where
1
14 D)= ————
(14) a™(x) v )

(for convenience we consider a slightly modified a in this section compared to (2)) and the
initial condition

nok) =1{k =0}, keZ.

Thus, if the state of the system is 7, the birth at x € Z (i.e., the increase by 1 of the value
at x) occurs at rate '@ (x, 7). In this section we denote the resulting birth process by (1;).
The process is constructed from a Poisson point process as a unique solution to a certain
stochastic equation as described below.

Note that since a‘@ (x) < 1 for all x,

(15) b D(x,n)=1 ifnx)>1.

Our aim now is to show that the process propagates not faster than at a finite speed if o« > 2.
Throughout this session we assume « > 2. To this end we introduce the process (&;);>0 as
(n:)r>0 seen from its left tip.

DEFINITION 3.1. Define & (k) = n,(tip(n;) + k), k > 0, where

tip(n) = min{n : n(n) > 0}.

Note that (&) takes values in Z%. Now we introduce another process taking values in

Z_Zf. We will see later that this process dominates (§;) in a certain sense specified below.

DEFINITION 3.2. Let () be a process on Z%“ evolving as follows. The process starts
from ¢o(x) = 1{x >0} and

e atrate 1 the configuration is shifted to the right by 1 and a particle is added at zero; that is,
if a shift occurs at r and &;_ € Z_Zj is the state before the shift, then

Gk)y=¢-(k—1), keN,

and ¢ (0) = 1.
e between the shifts, ¢;(k), k € Z, evolves as a Poisson process. The Poisson processes are
independent for different k and of shift times.
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Some heuristics on why the critical value o, is two. As was noted above, Theorem 2.1
and Theorem 2.7 allow us to conclude that for the birth process with rate given by (1) the
critical value of « is two. In this section we prove that the growth is linear for the discrete-
space equivalent model and o > 2. Before describing the proof, we take a brief pause and
give a few heuristic arguments on why the critical value is 2. We give here two arguments,
the first one being shorter and possibly more straightforward, while the second one relying
on a heuristic comparison to other models.

We start from the following observation. Since we take a minimum with 1 in (13), it is
to be expected that, provided that the spread is linear, 1, seen from its tip satisfies for some
c>0

(16) E& (k) ~ck, keN,
or at least
1 rt
17 ;/ &, (k) ~ ck, k€N, t— oo,
0

We now proceed with the first shorter argument. If the system spreads linearly in time, then
we can expect that (16) holds. Let X; = —tip(n;) be the distance from the leftmost occupied
site to the origin. The rate at which X; jumps by k is

e.¢]
Je@®) = jk=>_aD(—k — )E_ ().

i=0
For the speed of propagation to be finite we need the sum Y 22 | kji to be finite (more pre-
cisely, the time averages of > 72 kjx need to be finite and growing not faster than linearly
in time; note that X, — fot Y r2 kjk(s—)ds is a martingale). Substituting &_ (i) by ci as in
(16), we get

3
(18) ijk— ZZ 20 Z 2a Zk(m k) Zm—Zoz’
k= 110(l+k) m=1"" m=1""

where ~ means that two series have the same convergence/dlvergence properties. We see that
the sum in (18) is finite if and only if @ > 2, hence one could expect that the critical value
o = 2.

To make the first heuristic argument rigorous we would have to prove something like (16)
or (17). However, to prove (16) or (17) we would probably need to prove the linear spread rate
first. In the actual proof that o = 2 is critical we dominate (&;) by another process satisfying
a weaker version of (16). This auxiliary process helps us derive an inequality giving an upper
bound for certain time averages of (&), see Proposition 3.9.

The second argument is of purely heuristic nature. We introduce two more birth rates,

(19) b(d’])(x,n):a(d)(x—tip(n)), xeZ' nez?,
and
0
(20) b x,m= Y aPux-y)., xeZ'neZf.
y=tip(n)

Denote by (nt )) the respective birth processes, i = 1,2, and by X; @) _ —tip(n@)) the
distance from the leftmost occupied site to the origin. For n € ZZ with tlp(n) well defined,
let the “essential parts” of the configuration be

74D (k) = 1{k = tip(n)},
7920 =1k € {0, ~1,....tip(m)}}.
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Note that
1) b0, ) =b"D (x, 74P), xeZ'.nezf i=1.2,

so to determine the spread rate of (nfl’i) it is sufficient to know only (f],(d’i)).
From the definition of @1 (x, ) we see that X(®'1 is a continuous-time discrete-space
random walk with jumps by n € N occuring at rate a‘® (). Therefore, for 5?1 the critical

value separating linear and superlinear growth is o = aél) =11in (14).
Now, it is not as straightforward to determine the critical value aéz) for (n,(d’z)). We note

however that (ﬁ,(d’z)) is a discrete-space equivalent of the Deijfen’s model [15, 28]. It was
shown in [28] that in one dimension the critical exponent in the kernel is three. Hence it

should hold ) = 3.
Let us come back to (n;) with birth rate (13) and compare (n,(d‘l)), (n,(d’z)), and (n;). We

start by noting that all three processes are related because they are defined in terms of a‘@.

The essential part of (n,(d’ 1)) is a single site ﬁt(d’ D We can roughly say that the essential part

of (nt(d’l) ) has dimension zero. The critical exponent for (nt(d’l)) is two, which corresponds

to the critical value (xél) = 1. The essential part of (nt(d’z)), namely ﬁ,(d’z), can be thought of

as a growing interval. Thus, informally, the essential part of (n,(d’z)) has dimension one. The
respective critical exponent is three, corresponding to the critical value aéz) = %

Now, the essential part of 7; is 7, itself, since every site affects the birth rates beyond the
tip. The number of occupied sites for (n;) grows at least linearly with time. According to (16),
the number of particles at each occupied site also grows linearly. Thus, roughly speaking, the

essential part of (1;) has two dimensions. We can then conjecture that the critical exponent

for (1;) should be one more than that for (nt(d’z)), to compensate for the one more dimension
(see also Table 1), and hence o, = 2.

Of course, for the above heuristic argument to work it is necessary also to assume that the
restriction in b given by (13), that is, taking minimum with 1, does not affect the sites beyond
the tip too much. This seems to be plausible, at least for the sites far away from the tip, while
the sites near the tip should not affect the critical value too much.

Knowing that the guess . = 2 is correct, we can go a little bit further and conjecture that
for this kind of model

(22) Critical exponent = Dimension of the essential part + 2.

Note that this is compatible with the results of [28] as the ‘“essential part” of their d-
dimensional model would have dimension d as well. Let us add that (22) is also compatible
with the discussion of the DP regime for the one-dimensional long-range contact process in
[27], Page 6 and elsewhere, because the “essential part” of the contact process conditioned
on nonextinction has dimension one. For the birth process in d dimensions with birth rate as
in (13), (22) would mean that the critical value is

_d+3
==

o

TABLE 1
The critical exponents and the essential dimension

The process Dimension of the essential part Critical exponent Critical value of o
d,1

(nﬁd’2)> 0 2 |

i) ! 3 3

(1) 2 77? 77
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A brief summary of the section. As mentioned above, this section is devoted to proving
that the distance (X;) from the origin to the leftmost particle of (1;) does not grow faster than
linearly in time, as formulated in Theorem 3.12. We rely on the representation X; = Q; + M;,
where (Q;) is a suitable increasing process, and (M;) is a local martingale later shown to be
a true martingale, see (36), (37), and Lemma 3.8.

We then proceed to show that a.s. (Q;) grows not faster than linearly in time as stated
Proposition 3.9. To prove Proposition 3.9, we introduce in (40) a sequence of random vari-
ables {Y,},en dominating {Q,},en. The sequence {Y;},en is closely related to (&) while
{Onlnen is related to (&), and we make use of the fact that the process (¢;) stochastically
dominates (&) in the sense made precise below, see Definition 3.3 and Proposition 3.5. We
then proceed to show that {Y,},cn grows not faster than linearly with n. A key point in
this step is a certain decorrelation property (43), which we establish using properties of (¢;).
Thanks to (43) we are able to apply to {Y,},eN a strong law of large numbers for dependent
random variables, concluding the proof of Proposition 3.9.

Then, using representation (35) for (X;) and Novikov’s inequality for discontinuous mar-
tingales, we obtain a moment estimate for (M;) in Proposition 3.10. This moment estimate
allows us to apply a strong law of large numbers for martingales formulated in Theorem 3.11.

By that point we have practically shown that (Q;) grows at most linearly in time and
% — 0, n € N. This allows us to conclude in Theorem 3.12 that X; = Q; + M, does not
grow faster than linearly either.

DEFINITION 3.3. We say that a random element R, taking values in Z_Zﬁ stochastically

dominates a random (again Z_Zﬁ -valued) element R; if a.s. forevery k =0, 1, ...
k k
(23) Y Ri() <) Ra(i).
i=0 i=0

We will say that a process (Z}) stochastically dominates another process (&) if a.s. for every
tandevery k=0,1,...

k k
(24) Y EG) <Y ).
i=0 =0

The following lemma is a straightforward consequence of Definition 3.3.

LEMMA 3.4. Let {a;}icz, be a nonincreasing sequence of nonnegative numbers. If R,

stochastically dominates Ry, both are Z_Zf-valued random elements, then

(25) EY aRi()<E ) aiR().

i€Z+ i€Z+
In particular, if the right hand side of (25) is finite, then so is the left hand side.

Construction and coupling of (n:), (&) and (¢;). Here we construct the processes (1),
(&) and (&) in such a way that (¢;) stochastically dominates (&;). We start with (17;), which
in this section is the discrete space birth process with birth rate given by (13) and (14), and in
whose behavior we are interested in. The processes (§;) and (¢;) are auxiliary processes we
need to analyze the position of the leftmost occupied site of (7;).

Let N be a Poisson point process on R x Z x [0, 1] with mean measure ds x # x du,
where # is the counting measure on Z. Then (#;) can be defined as the unique solution to the
equation (see [6], Section 5)

26 k:f L p@ i N(ds didu) + no(k).
(26) n: (k) eI ()X [0.1] [o,bU)(,,,]S_)](M) (dsdidu)+ no(k)
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Define a filtration of o-algebras {.%;, t > 0} as the completion of
27 ﬂo o{N(B; x {k} x By), B € #([0,1]), k € Z, B> € %([0, 1])}.

The filtration {.%;, t > 0} is right-continuous and complete. All the stopping times we con-
sider in this section are with respect to this filtration.
Let (N} jez be a collection of independent Poisson processes indexed by Z defined by

NP =N([0, 1] x {j} x [0, 1])

and let {u Ej )} j.ieN be a two-dimensional array of independent uniformly distributed on [0, 1]
random variables uniquely defined by

where ti(j) =inf{r > 0:N([0, ¢] x {j} x [0, 1]) = i}. Note that the processes {N(j)}jez and
{ul(] )} j.ieN are mutually independent.

The evolution of (£;) can be described in terms of {N )} jez and {ulgj )} j.ien as follows.
Shifts by m € N to the right occur at moments ¢ when

N(tip(n)—m)<{t} % |: Z (kgfl- (k))za:D =1,

k>0

and a particle at zero is added. Between the shift times, the number of particles at a site j

grows according to NUP+7) for (¢,); however, an increment by 1 at time ¢ at the site j

actually occurs if not only Nt(tip(n)ﬂ ) N,(t_ip(n)ﬂ )

=1, but also additionally
(tip(m)+/) & (k)

29 ! ) < o=

(29) ”N;np(n)ﬂ) = Ig) (v [k—jp

If (29) is not satisfied, then the value stays the same: é(np m+/) S(t_ip M+, Thus, (&) is

az” 4" -valued process started from £y(k) = 1{k = 0}, k € Z, that can be described by the
following list of events:
&1 (k)
(k—i—m)zo‘ . .
particle is added at the origin (this event occurs at moments ¢ when N (WPM=m) ({r} x
_(k
[0, im0 giessa ) = 1;
e the number of particles at a site j increases by 1 at rate 1 A D 4~ % (the in-

(tip(m)+J)
(llp(n)+1) —

e for m € N, shifts by m occur at rate } ;- Whenever a shift occurs, a single

crease by 1 occurs at the jump times of N WP +/) provided that additionally u

§—(k) .
Zk>0 aAVk— j‘)Za) . .
e The above events happen independently, and no two events occur at the same time.

Let us now define (¢;) in terms of {N Gy jez- Recall that the initial configuration is gy (k) =
1, k € Z4. A shift by 1 occurs at time moments ¢ when NEPM=D {1y = 1. Between the
shift times, the number of particles at a site j grows according to N WP(=)+7) for (¢,), that
is, £,(j) — & (j) = 1 if and only if NS PO _ yRtn)+0)

Let us now list some of the properties of the processes (¢;) and (&;) which are used later
on. They follow from definitions and construction of (¢;) and (&;).

1. As.forallt >0, &/(0)>1and (0) > 1.
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2. Every shift for (&) is a shift for (&) too, since form =1,

&r— (k)
S s ()2 L.
k=0 (k + m)>
3. If a shift occurs for () ((&)) at time ¢, then ¢ (0) =1 (§&(0) = 1 respectively).
4. If (&(j)) is increased by 1 at time ¢, j € Z, then so is (¢;(j)) (but not necessarily
vice versa by (29)).
5. The processes (1), (&), (&) are Markov processes with respect to {.%;, t > 0}.

Let (¢r)ren be the shift times of (&), that is, 7 € {¢ }xen if and only if for some m € N

N

k>0

or alternatively if for some m € N

P —m) _ (tipG=m) _ Cip(n)-m) _ §~ §— (k)

and uN,(ﬁp(m)_m) = (k n m)_Z(X .

k>0

Denote by (N,) the Poisson process such that N, — Nt, =1 for those t when Nttip (=1 _
N,u,p(n’)_l =1, so that (N;) is the Poisson process whose jumps are exactly the shift times for
(&). Letoy =inf{t > 0: ]\7; = k} be the jump times of the process (1\7,), thatis, ¢t € {0} }ren if
and only if N, — ]\7,_ =1.Letalso gy =0, =0fork=0,—1,-2,.... Note that {0} }ren C
{¢r}ren since every shift for (&) is a shift for (&) too. The process (¢;) has the following
representation (let us stress here that we do not use this representation in the proofs): for r > 0
let n € N be such that t € [¢,, ¢,+1), then

n

Giy=1+ 3 NN (g g Al e Ly
ke(0.1,....n}:
ka+J>N</Jn

PROPOSITION 3.5. (&) stochastically dominates (&;).

PROOF. Let us show that (24) is satisfied for every k =0, 1, ... if we take ét =& and
& =&

We use induction on k. For k = 0 (24) is clear since by construction every shift of (£;);>0
is a shift for (&;);>¢ too, while every time (&;(0));>¢ is increased by 1 (¢;(0));>0 is increased
too.

Fix n € N and assume that (24) holds for k =0,...,n — 1. Att =0 (24) with k =n
holds. Let 6 < oo be the first moment when (24) with k = n does not hold; note that 6 is
well defined since a.s. there are only finitely many shifts up to any time moment, and finitely

many increments at sites 0, 1, ..., n took place. Thus we have
n n
(30) D&)< L)
i=0 i=0
but

31 D &) > tpi).
i=0 i=0
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If (&) got shifted by m at 6, then, at 8, (£;) got shifted by 1 or did not change; in either
case

n n—1 n—1 n
Y e <1+ &) <1+ -() <> .
i=0 i=0 i=0 i=0
If on the other hand (&;) got increased by 1 at a site j, 0 < j <mn, at 6, then (&) got

increased by 1 at the same site too. So, (30) and (31) cannot both be satisfied for a finite 6,
and thus we have a contradiction. [

We now introduce another Z_Zf -valued process defined by
(32) G (k) =1+ N"" oy 1], 1€ (0n 0us1l,

which is equal in distribution to (¢;) by the strong Markov property of a Poisson point process,
see the appendix in [6]. It is a little bit easier to work with, so we will use it in the estimates
below.

Denote the distance from the leftmost occupied site for (#;) to the origin by X;, so that

Xt = —tip(n).
Note that (X;) allows the representation
Xp=2 m L10,6@ tip(ry ) -m.n, ) (N PP (ds du),
(33) men 7 O11x[0.1]
t>0.

To represent X; as an integral with respect to a Poisson point process, for 0 < a < b and
m € N define the set

T(a,b,m)={(s, k) e Ry x Zla < s < b, tip(ns—) + m =k}
and the point process
N ((a, b] x {m} x U)
=N(T(a,b,m)xU), O0O<a<b,meN,U e HB[0,]1].
Note that for 0 <a < b a.s.
N ((a,b] x (m} x U)L{tip(na) = tip(1p)}
= N((a, b] x {tip(na) +m} x U)1{tip(ns) = tip(ns)}-

It follows from the strong Markov property for a Poisson point process (as formulated in
the appendix in [6]) that NX) is a Poisson point process; also, NX) is equal in distribution
to N. It follows from (33) and (34) that

(34)

(35) X :/ milyg prr o 1 @N® (ds dmdu).
! (0.1]xNx[0.1] [0,6'D (tip(ng—)—m,ns-)]

The process

t
om = [ it i
meN

(36)
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is therefore a local martingale with respect to {.%;, t > 0}, see for example, (3.8) in Section 3,
Chapter 2 in [32]. We will see in Lemma 3.8 below that (M;) is a (true) martingale. We
denote by Q; the second summand on the right hand side of (36), so that

(37) M, =X; — Q.

In the remaining part of this section we prove that (X;) grows at most linearly (Theo-
rem 3.12). First we prove that (Q;) grows at most linearly (Proposition 3.9), then we show
that the martingale (M;) has some nice properties (Proposition 3.10) which allow us to apply
a strong law of large numbers for martingales in the proof of Theorem 3.12. The following
lemma collects some relatively straightforward properties which are used multiple times in
the rest of this section.

LEMMA 3.6. Let B, X and Y be nonnegative random variables with finite third moment.

1) if BL(X,Y) (B isindependent to (X,Y)), then
Cov(BX,Y)=EBCov(X,Y);

) if X | BLY|B (that is, X and Y are conditionally independent given B) and
E[X|8] =E[Y|B] = B, then

Cov(X, Y) = Var(B);

(iii) if E(X | B) = B, then

Cov(X, B)=Var(B),  EBX =EB%;
(iv) FEX|B)=EY |B)=Band X | B LY | B, then

Cov(BX,Y)=EB> — EB’EB;
V) ifE(X|B)=B.E(X*|B)=p>+Band Y L (X,B), then
Cov(B(X +Y), (X +Y))=EB>+EB> — EBEB + EY Var(8) + Ef Var(Y);

(vi) if N is a Poisson process independent of 3, then

E[N(B)IB] =B

PROOF. The proof is based on the properties of conditional expectation. The proofs of
(1)—(v) are done by conditioning on . We give the proofs for (ii), (iv) and (vi) only; the others
are similar to (ii) and (iv). For (ii),

Cov(X,Y)=EXY —EXEY = EE[XY|B8] — (EB)?
= E(E[X|BIE[Y|B]) — (EB)* =EB* — (EB)* = Var(B).
For (iv),
Cov(BX,Y)=EBXY —EBXEY
=EE[BXY|B] — EBEE[BX|B]
=EBE[XY|B] — EBE(BE[X|B])
= E(BE[X|BIE[Y |B]) — EBES*> =EB° — EBEA’.

To prove (vi) we use the disintegration theorem for regular conditional probability dis-
tribution, see for example, Kallenberg [33], Theorem 6.4. To adapt to the notation in the
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preceding reference, let S = D ([0, +00), R) (the Skorokhod space) equipped with the cylin-
drical o-algebra, and 7 = Ry equipped with the Borel o-algebra, and consider N and B
as random elements in § and T respectively. Note that since N and 8 are independent, the
regular conditional probability distribution of N given 8 is simply the distribution of N in S,
which we denote by v. Define f(s,t) =s(t),s € S,t € T. For every g > 0,

fsv(ds)s(q) =EN(q)=q,

hence by the disintegration theorem a.s.
B[/ (V. B)IB] = [ vds)f 5. B) = [ vids)s(B) =p. O

REMARK 3.7. Concerning item (vi), note that the conditional distribution of N (8) given
B is Pois(pB), where Pois(q) is the Poisson distribution with parameter g > 0.

LEMMA 3.8. The process (M;) is a true martingale.
PROOF. By Lemma 3.6 for every ¢ > 0,

—  &-(k)

meN

1+EN(n k)(Un ks S1{op—k <t}
D> ds

2
meN k=0 (m + k)=

I+ E(s —on—i)+
_f n% ,(X(:) AT ds

X 1+4s
/ Wg Z:(m—i-k)zo‘

<z(z+1)Z Z

meN

=1(t+

il
meN =k’

and hence for every ¢ > 0

Esup M| < E|X;| + E[Q;] =2E|Q;] < oo.

s<t

The statement of the lemma now follows from Theorem 51 in Protter [46]. [

The following proposition is a key step in the proof of the main result of this section,
Theorem 3.12. We establish here that (Q;) grows at most linearly with ¢.

PROPOSITION 3.9. (i) There exists C > 0 such that a.s. for sufficiently large t,

(38) /t_od >R o

k€Z+
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(1) There exists C > 0 such that a.s. for sufficiently large t,
Q; <Ct.

PROOF. First we show that (i) implies (ii). Indeed,

— & (k)
0= /Zm<1/\z(m+k)2°‘>

meN

<[ Tm Zi;a;’?

meN
_y / Z%‘s ®
0

1
meN m&=
so that (i) yields (ii).
The rest is devoted to the proof of (i). By Lemma 3.4 and Proposition 3.5,
! 1 t 1
(39) [Lds Y ga®s [ as ¥ o,
=0 ez, =0 ez,

Define 6(—i) =0,i € N, and

1+ N©®=h (On—k» On+1l
k< '

(40) V=3

k€Z+
Recall that the process (;:t) was defined in (32). Clearly

(41) Y, > ) —Ct(k) 1 € (O, Ont1]-

kEZ+

Combining (39) and (41) and recalling that (&;) 4 (¢;) result in the observation that it is
sufficient to show that the strong law of large numbers holds for (Z,,),enN, Where

Zy = (0pnt1 —0on)Yy.

As jump times of a Poisson process, 0,11 — 0, are independent unit exponentials, in par-
ticular

E((0nt1 —on)*) =k!, keNl.
Note that for every n ¢ N

EZH_E[(GHH o) Y k"‘N(n “ (0n- k,an+1]]+ Z =
k€Z+ k€Z+

1 _
= Y Bl = o) NP (o 0]
kEZ+
(42)

+ 27 —E [(©Ont1 — o) N0 (04, 0311]]
k€Z+

Y =Y et Y

k€Z+ k€Z+ k€Z+
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and the last two sums are finite. Thus [EZ,, is bounded in n. In (42) we applied Lemma 3.6(iii).
In this proof we make use of Lemma 3.6 in multiple places.

The random variables {Z,}, <N are not independent, however the covariance is small for
distant elements: we are going to show that there exists a constant Cz > O such that for
n,meN.

Cz
ma—l :

(43) Cov(Z,, Zn+m) =<

We have
Cov(Z,, Zn+m)

0, — 0, :
= Cov ( Z WN(n_l)(O'nfi, Un+1]’
l

i€Z+

On+m+1 — On+m —j
(44) Z j—aN(n+m ])(0”+m—j’ Gn+m+1]>
JELy

1 .
= Y ——Cov((ons1 —o)N" (o4, 0n11l,
ijezy
On+m+1 — O'n+m)N(n+m7j) (Gn+m—ja Un+m+l])~
Let us denote by COV (i, j) the covariance in the last sum of (44). Recall that we defined
or =0fork=0,—1,-2,.... We can split the interval (0, 4/m—j, Ontm+1] as follows:

(Un-i—m—j s Ontm+1]

(Un+m—js On—i] U (0n—i, 0n] U (00, on+11U (Ont1, Ontm+1]
if j>m+1i,

(Un+m—ja onl U (00, 011U (On+1, Ontm+1]
ifm+i>j>m,

(On, ont11U (041, Opgm1]  if j=m,

(O'n—&—m—j, On+m+1] it j <m,

or, alternatively,

(6n+m—j s Ontm+1]

Ontm—j»> On—il Y (Ontm—j)vn—i)» onl U (04, ont1]
U (0 (n+m—j)v(n+1) Ontm+1] if j>m+i,
(45) _ J Gorm—jyvi—iy» on1 U (0n, 0n11]
B U (O (4m—j)vnt1)> Ontm+1] itm+i>j>m,
00, ont 11U (O(rtm—j)vn+1)s Ongm+1]  if j=m,
(O (nm—j)v(n+1) Ontm+1] if j <m,

and hence (with convention that (a, b] = g if a > b)
((Ongm—j,On—il # D
and (0pqm—j, On—il C Ongm—js Onims1l) & j>m+i,
(46) ((Cttm—jyv(n—iys Onl # D
and (0(utm—j)vn—i)s onl C (Ontm—j, Ongm+11) < j>m,

(on,ont1]1 C (O'n-i—m—j, On+m+1] & j=m.
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We now proceed to estimate COV(i, j). Using (46) we get
COV(, j)
= Cov ((on+1 = o) [N (04-i, 001 + N (03, 0111},
(Ot = Onn){LL > m AN D (0, 0]
(47) + 14 > MmN (O m— jyvin—iy» Onl
+1{j =2 m}N"" " (o, 0411
+ N (G0 m— v i1y Ontm11})
=511+ 512 + 513 + 514 + 521 + 522 + 523 + 524,

where s,,, u € {1,2}, v € {1, 2, 3, 4}, stands for the covariance of uth and vth summands in
the decomposition in (47), for example

§23 = COV((Gn+l - O'n)N(nii)(O'na Un+l],
Ontm+1 — Onym)1{j > m}N(rH»mij) (on, Gn—i—l])-

Let us estimate each of s,,. To start off, s1; = s21 = 514 = s24 = s22» = 0 as the covariance
of independent random variables. In particular,

522 =1{j > m} Cov((ont1 — o) N (0p, o111,
(On+m+1 — O'n+m)N(n+m_j)(O'(n+m7j)v(n7i)a Un]) =0.

To other terms we apply Lemma 3.6. Assume first that n — i # n + m — j. We have by
Lemma 3.6(1), (i1), and (vi),

s12 = 1{j > m}Cov((ont1 — o) N (0, 0u],
(Ontms1 = Ontm) N D0t v n—iys Onl)
=1{j > m}E(oy+1 — 00)E(0ntm+1 — Ongm)
x Cov(N" D (0y_i, 0l N (0 m—jyvin—iys on))
<1{j > m}Cov(N" " (0,_i, 0], N"*" 1 (0,,_;, 04])
= 1{j > m} Var(o,, — 0,,—;) = il1{j > m}.
Applying Lemma 3.6(iii), we continue
s13="1{j > m} Cov((ont1 — o) N" " (05, 0u],
Ontm+1 — Ongm) N (0, 0011))
=1{j > mEOn4mt1 — Onsm)EN" " (0_;, 0]
Cov((Op41 — 0n), N (0, 041)
=1{j > m}i Var(oy41 — 0n) = 1{j > m}i.
In the same spirit by Lemma 3.6(iv)
523 =1{j = m}Cov((ons1 — )N (00, 0u11],

(On+m+1 — O'n+m)N(n+m_j)(O’nv Gn-i—l])
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=1{j = ME@n+m+1 = Outm) CoV((@n1 — o) N (0, 00111,
N0 0y, 011])
=1{j = m}[E(0n+1 — 04)* — E(0nr1 — 0n)*]
= 3! =2D1{j =z m} =41{j = m}.
The computations started from (47) imply that
(48) COV(i, j) = Qi +H1{j = m}

provided j #m +1i.
If j =m +i then

COV(i, j) = Cov((Gnt1 — a) N (04_i, 0ns1],

(@ntm+1 — Ongm) N (0, Ontm+1])

= Cov((ont1 — o) N (04, 0up1 ],

“9) (Ontmt1 = Ontm) N (00—, 0ng1]) +0

= Cov((ont1 — o) N (0n—i, 011, N (00—i, 0ps1))

= CoV (041 — o) {N " (0n—i, 0] + N (0, 011},
N (0, 0]+ N (04, 00t11})

=24+6—-2+4+i4+2i=3i4+6

by L@mma 3.6(v) where we can _take B =041 —04, X = N(”*")(an,onﬂ] and Y =
N (o, _; 0,]. Note that EN "~ (0, _;, 0,] = E(0, — 0—i) =1,

E[(N"D (0, 00 +1])*1(On Onr11] = (@1 — 00)* + Ong1 — 0,
and
Var(N(”_i)(Gn_i, onl)
=E[(N"(0n—i, 0u))’|0w — 0n—i] — (E(N" ™ (04—, 0u]))°
= E((0n — 0n—i)* + 00 — 0n—i) — (E(@n — 0n—i))’
=E(o, — 0,_;) + Var(o,, — 0,,—;) = 2i.

In conjunction with (48), (49) allows us to estimate Cov(Z,, Z,+.,). Recalling (44), we
get

1 .
CoV(Zn, Znm) = ), == COVG, j)
i,jeN
Qi +4)1{j > m) 3i+6
(50) = X o jo Ziia(i Fm)e
i,jeN,i#j ieN

2i+4 31 1 3i+6
=2 i FT i
ieN j=m J ieN

Since Z?":m ]ia = O(ma]_ 1) as m — o0, (50) implies (43). The statement of (i) follows from

(43) and the strong law of large numbers for dependent random variables, see for example,
Hu, Rosalsky, and Volodin [31], or Corollary 11 of Lyons [37]. [
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Let AM,, = My, +1 — M,,, and let AX,, and A Q, be defined in the same way. In the follow-
ing proposition we establish finiteness of a moment of the martingale difference AM,,. Later
on this allows us to apply a strong law of large numbers for martingales to M,,.

PROPOSITION 3.10. Let pe (1, (¢ —1))N(1,2]. Then E|AM,|? is bounded uniformly
inn.

PROOF. By (35),

_(k
se(n,n+1],meN,ucR (k + m) o

(51) keZ,

X N(X)(ds dmdu).

Note that for every k € Z and s > 0, En, (k) < k + 1 because (1, (k) — no(k))s>0 is dominated
by a Poisson process, and consequently also

E&_(k) <k +1.

Novikov’s inequalities for discontinuous martingales (also known as “Bichteler—Jacod’s
inequalities”; see Novikov [42], or Marinelli and Rockner [39] for generalizations and his-
torical discussions) give

E|AM,|P
=E|AX, - ﬁe(n,n—l—l],meN, ml
MER+
_(k p
X {u <1A Z L)ztx}ds#(dm)du
vez, kK+m)
&s— (k)
< CE |\ cuns1pmen. mp]l{ufl/\ > m}ds#(dm)du
(52) ueRy keZ
E&_(k
—C/ dsZmp<1/\Z§s4(2)a>
meN keZ (k+m)
k+1
sc[asy ey S
men kez, kK D¥m
Z 1
-1
meN keN ke

Hence
E|IAM,|P < C < o0,
where C does not depend on n. [J
We are now ready to prove the main result of this section. We will need the following form

of the strong law of large numbers for martingales, which is an abridged version of [29],
Theorem 2.18.
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THEOREM 3.11. Let {S, = Y7_, xij,n € N} be an {F,}-martingale and {U,},en be a
nondecreasing sequence of positive real numbers, lim,,_, o U, = 00. Then for p € [1,2] we
have

lim U7'Ss, =0

n—oo

a.s. on the set {372, Uy "E[|x;|P|Fi_1] < oo}.

THEOREM 3.12 (Linear speed). There exists C > 0 such that a.s.
(53) X, <Ct

for sufficiently large t.

PROOF. Note that a.s.

]E(|AMn|p|fn—l)
<0
npb

2

9’

since by Proposition 3.10

(54) E> >

Then Proposition 3.10 and Theorem 3.11, where we take S, = M,,, U, =n, and p = % A2,
imply that a.s.

E(AM|P|Fac1)
np -

E|IAM,|P
<0
npb

My
(55) — —>0, neN.
n

Hence Proposition 3.9(ii), yields that a.s. for large n

X M
(56) Ko My On gy,
n n n
where Cx > 0 is independent of n.
Since X; is nondecreasing, (56) holds for continuous parameter too if we increase the

constant: a.s. for large ¢,

Xi
(57) “rsCx L .

4. Superlinear growth for « € (%, 2] in the discrete-space settings. Our aim in this
section is to prove the discrete-space equivalent of Theorem 2.7. This is done in Theorem 4.3.
In Section 5 we use Theorem 4.3 to prove Theorem 2.7. The idea of the proof of Theorem 4.3
is to find a certain system growing slower than our system, and then estimate the probability
of births outside an interval linearly growing with time.

Let (1,) be the birth process on ZZ with birth rate (13), (14), but with « € (3,2]. As in
Section 3, (1;) can be obtained as the unique solution to (26). We focus here on the positive
half line because it is sufficient for our purposes.

The next lemma has an auxiliary character and is a straightforward application of the large
deviations principle.

LEMMA 4.1. Let x be a Poisson random variable with mean A > 0. Then for large A,

N>

(58) P(x < %) <o b,
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PROOF. Assume first that A € N. Then

d
X=X1+t"+ X
where x1, x2, ... are i.i.d. Poisson random variables with mean 1. The cumulant-generating

function of y; is A(u) = e — 1, and the corresponding rate function

A*(x) =sup(ux — A(w))=xInx —x+1, x>0.
uelR

By the large deviations principle, see for example, [33], Theorem 27.5,

1< 1 2—1n3
limsupk_llnIP —Z}g <-]<— inf A*(x)=-— 1 .
A—>00 A i=1 3 x€l0,5] 3

Hence for large A

IIP< <’\)< 27103, oy <=2
n —)<- <—=
X=3)=""73 ¢ i

which gives the desired result for A € N. The statement for A ¢ N follows by considering a
Poisson random variable with mean | 1| and noting that for large A, % > %. O

In the next lemma it is shown that 1, dominates a “rectangle-like” configuration, at least
for large ¢.

LEMMA 4.2. A.s. for sufficiently large t

(59) @) > f—o

forall x e ZN1O, i].
PROOF. Let (y;) be another birth process with birth rate
(60) PP,y =1Am@x) +nx—D—1),, xeZ' neZ,
where k4 = max(«x, 0), and the initial condition yy(k) = 1{k = 0}, k € Z. Alternatively,

1 ifnx)+nkx—-1)>0,

61 b (x,n) =
1) (x.m) {O otherwise.

The process (y;) can be obtained as a unique solution to (26) with the birth rate b instead
of b4,
We have

(62) b (x,m) <6 P(x,m), xeZnelZl.
Using (62), it is not difficult to show that a.s. for all ¢ > 0,
(63) Ve <1

In the continuous-space settings, the fact that (62) implies (63) is proven in [6], Lemma 5.1.
In our case here we can take exactly the same proof.
Let (n) :=inf{t : y;(n) > 0} be the time when n € Z becomes occupied for (y;). Note

that a.s. 7(1) <t(2) <---. Let X,(y) :=max{n : y;(n) > 0} be the position of the rightmost
occupied site for (y;). The process (X ,(y)) is a counting Markov process (that is, having unit
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jumps only) and with jump rate constantly being 1. Therefore (X ,(V)) is a Poisson process
whose nth jump time coincides with 7(n). By the law of large numbers, a.s. for large n,

(n) >
TW;m) < —n.
4

Therefore, a.s. for large n for x € {0, 1,...,n}, t € [%n, 2n], we have b (x, n:) = 1. By
(26) (recall that the birth rate for (y;) is b instead of 5(?)

Yon(x) — y%n(x) =N([§n, 2n:| x {x} x [0, 1]), x=1,...,n,

hence a.s. for large n

5
(64) yzn(x)ZN<[Zn,2n} x {x} x [0, 1]), x=1,...,n.
The random variables a),(cn) = N([%n, 2n] x {x} x[0,1]),x =1,...,n, are i.i.d Poisson with
mean %n. By Lemma4.1 forx=0,1,...,n,

]P’{a))(c”) < E} < e_ﬁ,
4

hence

n _n
(65) P{w;"><Zforsomexe{1,...,n}}gne 5.

Since ), N ne”§ < oo, by the Borel-Cantelli lemma the event in (65) happens a.s. finitely
many times only, therefore a.s. for sufficiently large n

n
wﬁ")zz, xell,...,n}.

By (63), (64), and the definition of a))(cn), a.s. for sufficiently large n,

n
By taking n = I_%J — 1 in (66) we get a.s. for large ¢
t t
(67) nt(x)ZE, xe{lv-’\\EJ_l}’

and the statement of the lemma follows. [J
Now we are ready to prove the main result of the section.

THEOREM 4.3. For every Ko, K1 > 0 the set

{t Y ) > 0}

xX€Z,
x>Ko+Kt

is a.s. unbounded.

PROOF. Without loss of generality we assume that K| > 1. Let ¢ be defined by ¢ (k) =
| {5/1{0 < k < £}, hence by Lemma 4.2 a.s. for large ¢,

(68) & <1y
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Provided that ¢ is sufficiently large, the rate of a birth occuring inside [Ko + K1t + K1, 00)
at time 7 is

o Dz Y 694

X€EZL: X€Z:
x>Ko+Kt+K x>Ko+K1t+K;
>1A > > ¢k)a' (x k).
x€Z: k=0
x>Ko+Kt+Ky
Note that
L) L) L) ¢ 1
(70) aD(x —k _ H
kg(:) ( ) kX(:) |x k|2a — Z |x|2“ 4 |x|2“

hence for large ¢

L]
Z Z a® (x —k)

xX€Z: k=0
x>Ko+Kt+K
(71) > H y
— |4 |x|2a
xX€Z:
x>Ko+Kt+K
t 1 C

> — X > .
5 2Qa—D|Ko+ Kt + Ky + 1|21 T f20-2
Since ¢ (k) = [ {51,k €0,1,..., [ 4], by (69) and (71),
) t C c
(72) > b ’7)>1A(L10Jt2a2>21/\,2a3’

XeZ:
x>Ko+Kt+Kq

where ¢ > 0 is a constant depending on Kg, K1, «, but not on time ¢.
Let L; be the number of jumps for (7;) that have occured prior ¢ to the right of a growing
interval [0, Ko + K;s] for some s < ¢, that is,

L, =#{(s, k) :s € (0, 1], k € (Ko + K5, 00) N Z, ny(k) — ns_ (k) = 1}

(73)
= (5, k,u):5€(0,1], Lo, b k., _y) (@)N(ds dk du).
ke(Ko+K1s5,00)NZ,uel0,1])

Let n € N. We have

Lovi=La= | (G kwsemnrn,  Tob@ @k n@Nds dkdu)

74) ke(Ko+K15,00)NZ,ucl0,11}

> (skn)se(untl], 110,6@ (k,p,y) WN(ds dk du).

ke(Ko+K1n+K1,00)NZ,uel0,1]}

Define the sequence of independent random variables { F}, },en,

(75) Fn ::/ (hwsemntll,  L0b@ g WNEs dkdu).
ke(Ko+K1n+Ki,000NZ,uel0,11)

By (68) and (74), a.s. for large n
(76) Ly+1—L, = F,.
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Since ¢, is a nonrandom element of Z%, F,, is a Poisson random variable with mean

me= Y. b ).

X€EL:
x>Ko+Kn+Ky

As we saw in (72), m,, > 1 A cen— (203 large n. Hence, at least for large n,

(77 P(F,>1}=1—¢"">1—exp{—1 Acn @I},
Recall that for c1, c2 € R, —c1 A co = —(c1 A ¢2). The series
(78) Z(l —exp|—1 Acen™ @73}

neN

diverges since 2o — 3 < 1. Hence by the Borel-Cantelli lemma and (77),

(79) P{F,, > 1 for infinitely many n € N} = 1.
Finally, by (76) and (79),
(80) P{L,+1 — L, > 1 for infinitely many n € N} = 1.

Recalling the definition of L,, in (73), we see that our theorem is proven. [J]

5. Continuous-space model. We now return to the continuous-space model with the
birth rate (1) described in the Introduction. To prove Theorem 2.1 and Theorem 2.7, we
couple the continuous-space process with the discrete-space process from Sections 3 and 4
and make use of Theorem 3.12 and Theorem 4.3.

The continuous-space birth process defined by (1) and (2) can be obtained as a unique
solution to the stochastic equation

81 In: N B| = /(.O 1% Bx[0,00) ]l[O,b(")(x,ns_)](”)N(C) (ds,dx,du)

+noNB|, t>0,BeARY,

where (1;);>0 is a cadlag I'g-valued solution process, N (© is a Poisson point process on
Ry x R!' x R, the mean measure of N© is ds x dx x du, and no = {0}. Equation (81) is
understood in the sense that the equality holds a.s. for every bounded B € Z(R!) and ¢ > 0.
In the integral on the right-hand side of (81), x is the location and s is the time of birth of
a new particle. Thus, the integral over B from O to ¢ represents the number of births inside
B which occurred before ¢ (see [6] for more details). The birth rate »©) is as in (1) with a
defined in (2).

In this section we denote the solution to (81) by (n,(c)) with the upper index “(c)” standing

for “continuous”. We compare (n,(c)) to the solution (nt(d)) ((d) for “discrete”) of another
equation

82 k:/ 1 | ND(ds di du) + 1P k),
(82) n: (k) O (EIX[O.1] [o,cab(d)(,,ns,)](u) (dsdidu)+ny -~ (k)
which is of the form (26) but with the birth rate multiplied by C, > 0:

(83) Cab (. = Cun (Ca D n)a e = ). xeZner,
yeZ

with a@ as in (14) and n(()d) (k) = 1{k = 0}, and with the driving Poisson point process

ND([0, 1] x {k} x [0,u]) = N© ([0, 1] x (k — % k+ ﬂ x [0, u]).
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Note that (nt(d)) is the process from the previous section evolving C, times faster in time
(or slower if Cy < 1), and Theorem 3.12 applies to (n,(d)) too.

Define also the discretization of the continuous-space process (n,(c)) as the process (nﬁdc))
taking values in Z_% and

(84) i (k) = keZ.

2 2

Recall that for ¢q, ¢p, c3 € R, c1c2 V ¢3 = (c1¢2) V ¢3, and the same for A.

. 1 1
n[(L)m(k__ak+_] )

PROPOSITION 5.1.
(1) Let Cy > cy2% Vv 2. Then a.s. forallt >0
(85) 0w <P, kel

(ii) Let Cy <cod™@ A % Then a.s. for allt =0

(86) ) =@ k), ke

PROOF. We start with (i). The proof will be done by induction on the birth moments of
(1'). Let {6¢} be the moment of kth birth for ('), 8 = 0. For ¢ = 6, (85) is satisfied. For
x € R, let here round(x) is the closest integer to x, with convention that round(m + %) =m,
m € Z. It is sufficient to show that if a birth occurs for (17,(6)) at time 6 at x € R, then a birth
also occurs for (r]t(d)) at 6 at round(x). Assume (85) holds for k < n € N and let x,, be the
place of birth at time 6,,. Since (nt(c)) solves (81), we have a.s.

NO({66) x {xa) x [0, (5. i) ) = 1.

1v| round(x)|2*
(14x?)®

(87) a(x) < cy2%a (round(x)), x €R,

Since < 2% for x € R, we have

and hence by the induction assumption a.s.
d
b (xn, 1)) < Cab® (round (), ).
Consequently, we also have a.s.
N(d)({ek} x {round(x,)} x [0, Cyb®D (round(xy), n(gf)))) =1,
and so we also have a birth for (nt(d)) at time 6 at round(x,) since néfi) =< néf)_ and thus (85)
holds at 6,, as well.

The proof of (ii) can be done by induction on the birth moments of (nt(d)), following exactly
the same steps as the proof of (i), so we omit it. We just point out that the counterpart of (87):

a(x) = cg4 %aP (round(x)), x eR. O

PROOF OF THEOREM 2.1. The statement of the theorem follows from Theorem 3.12 and
Proposition 5.1(1). [

PROOF OF THEOREM 2.7. The statement of the theorem is a consequence of Theo-
rem 4.3 and Proposition 5.1(ii). U
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6. Mesoscopic equation. In this section we study the long time behavior of nonnegative
bounded solutions to the following nonlinear nonlocal evolution equation

(88) ot

a—u(x, 1) =min{(a *u)(x,1),1} x eR, 7€ (0,00),
u(x,0) =ugx) x eR.

Here u € C(R4, L®(R)) N C'((0, 00), L*(R)) is a classical solution to (88), ug €
L*®(R,Ry) is an initial condition; the function a € L'(R) := LY(R,dx) is a probability
density, that is, a(x) > 0 for a.a. (almost all) x € R and

(89) A;a(x)dx =1

the symbol * stands for the convolution in x on R, that is,

(axu)(x,t):= /Ra(x —yu(y,t)dx.

An informal scaling and link between the microscopic and mesoscopic models. Here we
describe the heuristic arguments which connect the birth process defined by (1) and (2) and
the solution to the equation (88). We follow here the line of thought from [24], Theorem 5.3.
Let us stress that we do not in any way give a rigorous proof of the link.

For a bounded measurable function ¢ : I'o — R consider the birth rate

(90) b =n A (at— )

yen

and the corresponding spatial birth process (}!);>o.
Fort >0, let vi' be a random purely atomic measure on R defined by

v (A) = [nf NA|.

The intuition is that considering (n});>0 and (v}');>0 we increase the birth rate but then
we are going to rescale the process by multiplying by % to compensate for the increase in
the number of particles. Let .# (R) be the space of finite nonnegative measures equipped
with the vague topology. Assume that if %v(’} (dx) converges in law to a deteministic mea-

sure o(dx), then the measure valued function %th (dx) converges in law in the Skorokhod
space D([0, T, # (R)) to a deterministic .# (R)-valued function t — ;. Since (92) below
is a martingale with a vanishing quadratic variation, this limiting measure-valued function
should then be a unique solution to the integral equation written in the weak form:

O) )=t s+ [ as [ reominf1, [ et Vus(an | dx.

Assume furthermore that 1y has a density with respect to the Lebesgue measure provided
that the initial condition does: |1o(x) = ug(x) dx. We denote the density of u; by u(t, x), so
that s (dx) = u(t, x)dx. Denote u; = u(t, -), (uy is a function on R). Then we have

1
— ) alx —y) = (axu)(x)

yen!
and hence, assuming that u is differentiable,

du(t, x)

1
— Tim (™) n
(t,x)_hr{nnb (x, )
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=liml[n/\ (Z a(x—y)>:|

n n ‘
YEN;
. 1
= 11,£n1 A (; y%]:?a(x — y)) =1A ((a*u)(x)),

which coincides with (88).

The proof that the limiting measure is indeed the unique solution to (91) would have to rely
on the martingale properties of the spatial birth processes. The generator of the birth process
with the rate (90) is

(L"¢)(p) = /R b (e [ (7 Ux) — ()] d.

As in [24], one could show that for any bounded measurable f : R — R

e . |
M= /R FEw @ - - [R FOovo(dx)

_ %/Ot/R[nA/Ra(x_y)vy(dy)]f(x)dxds

is a cadlag martingale with the quadratic variation

(M"’f)t:n—Z/OI/R[n/\/Ra(x—y)vf(dy)}fz(x)dxds.

92)

Hence

. n
|/ P = e, < LTI

where || f|| = sup,cg f(x). Thus IE|Mtn’f|2 — 0 a.s. uniformly on any finite interval [0, T],

n— oQ.

The proof of Theorem 2.8 falls naturally into two parts. First, we obtain an estimate of
the solution u# from above (see Proposition 6.11), which implies that u propagates at most
exponentially. Second, we construct subsolutions (114) to (88) in order to estimate “small”
level-sets of the solution from below. Then, locally uniform convergence of u to infinity
(Lemma 6.6) demonstrates that the solution does not propagate slower than exponentially.

We start with general properties of the solutions to (88).

DEFINITION 6.1. We call an operator G in L°°(R) monotone, if for all i1, hp € L (R),
hi(x)<hy(x), x€eR = Ghi(x)<Ghy(x), xeR.

We call an operator G in L°°(R) Lipschitz continuous, if there exists K > 0, such that for all
hi,hy € L (R),

IGhy — GhillLo®) < Kllho — hillLoow)-

REMARK 6.2. Gu = min{a * u, 1} is a monotone and Lipschitz continous operator in
L°°(R) with the Lipschitz constant K = 1.

Since G is Lipschitz-continuous in the Banach space L°°(RR), well-posedness of (88) is
easily shown by a Picard iteration scheme (see, e.g., [44], Chapter 6, Theorem 1.2, Theo-
rem 1.7). For completeness we provide the details (cf. [49]).
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PROPOSITION 6.3. Let G be Lipschitz continuous on L*° (R) and ug € L°°(R). Then for
any T > 0 there exists a unique classical solution u € C(Ry, L*(R)) N C1((0, 00), L®(R))
to the equation,

M 6,1 =G, 1) 1€ (0,00),x € R!
93) a7 x,t) = (Gu)(x, €(0,00),x e R,
u(x,0) =ugp(x) xeRL

PROOF. For0<t <Y <o0,veC(r,T],L2°R)), w e L®°(R), we define,
t
(94) (Pypv)(x,t) :=w(x) +/ (Gv)(x,8)ds, te[r, Y], xeR.
T

Let [[vllz,x := sup;e[r,v) lv(-, 1) lo- Then, one easily gets, that || Py, v|,y < 0o and
|Pyv1 — CDwUZHI,T <K —1)]v — UZ”I,T,

where K is the Lipschitz constant of G. Therefore, &, is a contraction mapping on

C([z, Y], L®°(R)), provided that T — t < % Fixing any & € (0, %), one gets that there

exists the limit u of (®,)"v, n — oo, for any v, on time intervals [k§, (k + 1)8], k € NU {0},
with the corresponding w(x) = u(x, kd). Therefore, for any 0 < t < Y, we have that
uecC(r, Y], L®(R)) and

ulx,t) = (Qy nu)(x,1), telr, Y]

Since G is Lipschitz continuous, then it follows that u € C(Ry, L*(R)) N C 1((0, 00),
L*(R)) and it solves (93). The proof is completed. [J

We introduce the following operators:
(95) Zyv(x)=v(x —y), vel®R),yeR,
(96) Q[U(.x):u(x,t), IEOaXER,

where u(x,0) = v(x) and u solves (93). Thus Z, is a shift operator in R, and Q; is the
semiflow generated by (93). The following important property follows form the proof of
Proposition (6.3).

COROLLARY 6.4. If Z, and G are commutative for all y € R, then the operators Z,
and Q; are commutative, namely,

97) ZyQi=0:Zy, yeR,1=0.

PROOF. Following the notation of the proof of Propostion 6.3, we have for v €
C([Oa S]a LOO(R))y MO e LOO(R)7 y E Ry

(ZyDugv) (¥, 1) = (D2,00Zy0) (x, 1), x €R, 1 €[0,3].
Hence, we have, for r € [0, 8], y € R,
ZyQuug=Z, nll)néo @’;Ov = nll)néo CID’})VMOZyv = Q/Zyuy.
Repeating the same argument on [§, 28], ..., [kd, (k + 1)8], ..., finishes the proof. [J
We denote, for u € C([0, T], L>°(R)) N C'((0, T, L>®(R)),

3
(98) Fu(x.1) :za—b;(x,t)—Gu(x,t), xeR.t>0.
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PROPOSITION 6.5 (Comparison principle). Let G be monotone and Lipschitz on L*° (R),
T € (0, 00) be fixed and functions uy, us € C([0, T1, L*°(R)) N C'((0, T], L*®(R)), be such
that, for any (x,t) € R! x 0,71,

(99) Fui(x,t) < Fua(x,t),
(100) 0<ui(x,t), 0<ur(x,t)<c, ui(x,0) <wuz(x,0).

Then uy(x,t) <uy(x,t),forall (x,t) € R! x [0, T']. In particular, u; < c.

PROOF. Define the following functions for x € R!, r € (0, T], w € L®(R):

(101) flx,t):=Fua(x,t) — Fui(x,t) >0,
(102) F(x,t,w):=Gw+uy)(x,t) — Gui(x,t)+ f(x,1),
(103) v(x,t):=ux(x,t) —ui(x,1).

Clearly, v € C([0, T], L*(R)) N C'((0, T], L*(R)), and it is straightforward to check
that

0
(104) 5v(x,t)=F(x,t,v(x,t)),

for all x € R', 1 € (0, T]. Therefore, v solves the following integral equation in L (R):

v(x,t) =v(x,0)+ /t F(x,s,v(x,s))ds (x,1)€ R!x(0, T],
0
v(x,0)=uy(x,0) —ui(x,0) xeRl,

where v(x, 0) > 0, by (100).
Consider also another integral equation in L°°(R):

(106) D, 1) = (W) (x,1), (x,1)eR! x(0,7T],

(105) l

where

107 (Yw)(x,t) :=v(x,0)+ /(;t max{F(x, s, w(x,s)),0}ds,

w e C([0, T], L (R)).
It is easily seen that 0 < w € C([0, T], L*°(R)) yields
0<YweC([0,T], L*[R)).
Next, for any T < T and for any wi, wy from C ([0, f’], L*®(R,R.)), one gets by (107) that
(108) IWwi = Wwall; < TK [z — will7,

where K > 0 is the Lipschitz constant of G and we used the elementary inequality
|max{a, 0} — max{b,0}| <|a —bl, a,b € R. Therefore, for T < K1, W is a contraction on
C([0, T1, L*°(R, R4)). Thus, there exists a unique solution to (106) on [0, T]. In the same

way, the solution can be extended on [T, ZT], [ZT, ST], ..., and therefore, on the whole
[0, T]. By (106), (107),
(109) v(x,1) > v(x,0) >0,

hence, by (107),

(110) v(x,t) =v(x,0)+ fot F(s,0(x,s))ds =: 2()(x,1).
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Since 0 < v € C([0,T], L*°(R)) and G is monotone, (110) implies that ¥ is a solu-
tion to (105) as well. The same estimate as in (108) shows that E is a contraction on
C ([0, f"], L*°(R)), for small enough T. Thus ¥ = v on R! x [0, T], and one continues this
consideration as before on the whole [0, T']. Then, by (109), v(x,¢) > 0 on R! x [0, T, and
the statement of the proposition follows. [

Let us recall that B, denotes the interval [—o, o] and LS (R) is defined by (12).

LEMMA 6.6. Suppose there exists o > 0 such that a(x) > o, x € B,. Suppose also that
ug € LY (R) and u be the corresponding solution to (88).
Then for any r > 0, the following limit holds:

(111) lim inf u(x, ) — oo.
[—>00xeB,

PROOF. By assumptions of the lemma,
d(x):=0lp, (x) <a(x), xelR.

Since ug € LE(R), there exist § > 0, xo € R, such that ug(x) > vo(x) := 81 g;(»,) (x), x € R.
Let v satisfy

g—lt)(x, H=(dx*xv)(x,t), xeR,t>0; v(x,0) =vo(x) < up(x).

We define Df :=d * f. Since for any r| <r»,

(]]-Bzrl * ]]‘B2r2)('x) = r1132r2+,«1 ()C), X e Ra

the following estimate holds:

. il t/ DI vo(x)
J —
5 Z(mln{(S, a}) 2}.—}.!]13“0]./2()6) < Z f =v(x,t), xeR,r>0.
Jj=0 Jj=0
Hence, for any r > 0, r > 0,
v = inf v(x,t) > 0.
XGBFHT
Let us define,
T :=inf{r >0, |v(-,1)|, =1} > 0.

By Proposition 6.5, applied with Gu = min{a * u, 1},
u(x,to) > v(x,f0) > vy, x€Brys,10€(0,7).
Since u > 0, then by (88), u(x, t) is nondecreasing in ¢. Thus for all r > 19, x € B,,

ou
ot
As aresult, (111) holds. The proof is completed. [

(x,t) =min{(a *u)(x, 1), 1} > min{(a * u)(x, 10), 1} > min{mz)to, 1} > 0.

From now on we study the case when a(x) is defined by (2), with o > %

LEMMA 6.7. Let a(x) be defined by (2) with o > % and ug € L°(R). Then there exists
R > 0 such that the following statements hold:
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1. Forall |x| > R,
(112) X7 S a(x) < (a*up)(x).

2. If there exist u > 0, p € R, such that ug(x) > u, x < p, then for all x > R,

(113) x T2t < Ooa(y)dyg(a*uo)(x).

X

PROOF. We start with the first part of the lemma. Without loss of generality we may
assume that ug € L' (R).

By (12), there exist § > 0 and x¢ € R, such that ug(x) > 8§, x € Bs(xp). Since for any
r > |xol, a(x) ~a(|]x| +r) as |x| — oo, then there exists R > 0 such that the following
estimate holds, for all |x| > R,

x| 72 Sa(x)

Sa(lx| —I—r)/

uo(y)dy
lyl<r

< / a(x — yyuo(y) dy < (@ o) (x).
lyl<r

Now we prove the second part of the lemma. By the assumptions on ug, there exists decreas-
ing smooth vy € LY (R) such that vo(x) — 0 as x — 0o, vg < ug and % < 0 is compactly

supported. Then by the first part of the lemma applied to —% instead of uq, there exists

R > 0 such that
d
x 7 <akx) < —(a * ﬂ)(x), x> R.
0x
Hence, for all x > R,

2 [Tamay s = [ (o T 01y = @5 @) < @ o)),

X

The proof is completed. [

LEMMA 6.8. Let a be defined by (2) with o > %, and we define
(1) h(x, 1) =1g_(x) +min{l,x 2 1= ¢ ) ()},
g(x, 1) =min{1, |x| 21791},

Then, for any ¢ € (0, 1) there exists 1o = t9(¢) > 0 such that for all | > 0O the functions

1t
H(x,t,]) :=7/ h(x,s)ds,
t
a15) 1 i+
G(x,t, )= 7'/. g(x,s)ds,
t

are sub-solutions to d;u = a * u on [1y, 00), namely (cf. (98)), for all | > 0,

G
E(-x9tal) = (a*G)(-xat’l)a

oH
E(x,t,l) <(axH)(x,t,]), xeR,t>r1.

In this case one can understand g and h as “weak” sub-solutions to o;u = a x u.
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PROOF. We denote r; = exp(5-=7). Note that h(x, 1) =1 < x <r;. Since 1 — h(x, 1) is
absolutely continuous, then for all x e R and almost all ¢ > 0, we have

(116) —%(x, H+@xh)(x,t)=—0—e)h(x,t)Ly>, + (@xh)(x,1).
Note that
oH hx,t+1)—h(x,t) I+t 8h
(117) y(x,t,l) ; l/ x,s8)ds
1 i+t
(118) (axH)(x,t,])= ?/ (axh)(x,s)ds.
t

Hence, by (117), H € CR4, L*R)) N C'((0, 00), L*®(R)). Moreover, by (117) and (118),
d:h <axh,forall x € R and almost all r > 0, yields 0, H <a x H, for H as a vector valued
function. Thus, it is sufficient to check that the right-hand side of (116) is nonnegative.

Take § € (0, 1). There exists xg = x¢(8) > 0, such that

(5
X

(119) sup
lyl=sv/x
Let T > 0 be such that r; > x¢, t > 7. By (116), in order to show that % is a subsolution, it
is sufficient to prove that there exists o = fo(e, §) > 7, such that

2—1
) >1-48, x>=>xp.

(axh)(x,1) nt
(120) —=> —8)/ a(y)dy
h(x,1) —Jr
for all x € R and ¢ > #3. Note that,
(121) (a*h)(x,nzfr' a()h(x — y.1)dy
—«/ﬁ

forxeRand? > 7.
1. Let x € (=00, 7, — 4/17), t > T. Since h(x,t) = 1, for x <r;, then we have

(axh)(x,1)  [ga(y)h(x —y,1)dy
h(x,t) h(x,t)

> fR a() Ly yr, (v) dy

(122) -
=/_ a(y)dy

o0
> f a(y)dy,
—Jrt

and (120) holds.
2. Letx €[r; — \/r1,71), t > 7. Note that h(x,t) =1,and h(x — y,t) =1fory >x —r;.
Then (121) yields, that

(a*h)(x,1) r x—ry reo o\
(123) el Z/x_,,“(”"y*/_w—,“(”(x_y) dy.

Next, for the considered x, —/r; <y <x —r; yields 0 <x — y — r; < /77, and hence, by
(119), there exists #; > T such that for all # > ¢y and x € [r; — /r;, 1)

( Iy )20{1 _( re )20{1
xX—y A\t @—y—r)

r 20—1

t

> ( ) >1-3,
ry —+ Tt

that, together with (123), implies (120).
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3.Letx >r, t > 1. Then, by (121),

(@xh)(x,t) xx2 b rn x=r;
(124) hr.) = elon /x_rla(y)dwr/_ﬁ a(y)(

200—1
) dy.

Next, e(1=8) = p2=1 < x2e=1 for t > ¢ The latter also implies that (x — y)2¢~1 < x2e~1 jf
0 <y <x — ry. Finally, by (119), there exists #, > 1, such that x2*~! > (1 — §)(x — y)>*~!,
ifonly —\/r; <y <0,x >rs, t > 1. As aresult, (124) implies (120), which is proved hence

for all x € R and ¢ > 5. The proof for g(x, 1) with r, = exp('52*) is similar. ]

XYy

LEMMA 6.9. Let a be defined by (2) with o > % Then for any y € (ﬁ, 1) the following
limit holds:

axa’(x)
(125) —~ 1, |x|—> o0
a¥(x)

PROOF. Take arbitrary § € (0, 1),y € (i, 1). Let us consider, for x such that |x| > 2|x|°,
a disjoint decomposition R = D1 (x) U Da(x) U D3(x), where

Dy (x) :=[—Ix[°, 1x]°],

Da(x) i= (—% —|x|5) U (|x|5, %)

Ds3(x) = <—oo, —%] U [%, oo).

Then, &40 _ [, (x) + I(x) + I3(x), where

a? (x)

Heo=[ a )(H—'X'Z)Wd =123
J T Dj(x) y 1+|X—y|2 Y, J=145.

Using the inequality |x — y| > |x| — |y| > |x| — |x|® for ye Di(x), |x| > 21=% one has

1+ |x|?
1+ (Jx| — |x]%)?

ay
h(x)s( ) / ay)dy — 1, |x| = oo.
Di(x)

Next, we evidently have, for any |y| < % that 1 +|x — y|> > 14+ (x| — [y])? > %(1 +1x%);
therefore,

Lx) < 4“7’/ a(y)dy — 0, |x|— oco.
{Iy|=1xI%}
Finally, a(y) < —“4— for y € D3(x), hence
A+
1 2\ay 1
B =qat T | —dy
@4+ |x[9)* Jps) (14 [x — y[5)*Y
(1+[x])7\®
< cacay4“<w> -0, |x|— oo,

where ¢, is the normalising constant defined in (2). As a result (125) holds. The proof is
completed. [
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LEMMA 6.10. Let a be defined by (2) with a > %, y € (%, 1). Then, for any § € (0, 1),
there exists A = A(S, y) > 0, such that
(@a*w)(x) <(1+8w(x), xeR,
where

(126) wy(x) ;== min{A,a” (x)}, xR

PROOF. For any A > 0, we define the set
(127) Q= Q(y) =[x eR 1a”(x) <A}

By (126), for an arbitrary A > 0, we have w, (x) <A, x € R'; then (a * wy)(x) <A, x e R!,
as well. In particular (cf. (126)),

(128) (a*wy)(x) < wy(x), xe]Rl\SZA.
Next, by Lemma 6.9, for any § > 0 there exists A = A(8) € (0, 1) such that
Y
(axa’)(x) <143

xeQ, a¥(x)
in particular,
(axa”)(x) <(1+8)a”(x)=1+dwy(x), xeQ;.
Therefore, for all x € ;,
(129) (axw)(x)=(axa”)(x) — (a*(a¥ —w))(x) < (1 + 8wy (x),

where we used the obvious inequality: a” > w;,. By (128) and (129), one gets the statement.
g

For a function w : R! — (0, +00), we define, for any f :R! — R,

(130) [ fllw := sup EACN

xeR! w(x)

[0, oc].

PROPOSITION 6.11 (cf. [22], Propostion 3.1). Let a be defined by (2) with o > %,func—

tion w : R! — (0, +00) be such that a * w is well-defined (for example, let w be bounded)

and, for some v € (0, 00),
(131) @xo)®) _, R,
w(x)

Let 0 <ug e LR and ||ugll, < 00; let u = u(x, t) be the corresponding solution to (88).
Then

(132) JuC-.0)], < luollwe™, ¢=>0.

PROOF. Forany f:R' — Ry, with || f|l» < 00, we have
min{(a * f)(x), 1} _ (a* f)(x)

w(x) - wlx)
a()ox —y) | fx—y)l
(139 o e e ®
a*xw(x)
<—fllo-

w(x)
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By Proposition 6.3 and (94), for any 0 <t < T, we have that
ulx, 1) =(Qu)(x,1), relr,T],

where ® = ®,,(. ;). Suppose that for some 7 = (N —1)5,5 € (0, 1), N € N, we have |[u,|l, <
luollwe”. Take any v € C([r, Y], LC(R,Ry)), t € [t, Y], T:i=7 +4, 0 <ur € L2(R)
such that

(134) oG, D), < luollwe™, elz, Y]
We will check the following inequality:
[(@v)(. D], < lluollwe™. €[z, ]

By (94), (133), (134), one gets, for t € [T, Y],

0 < (dv)(x, 1)
- wlkx)
< U (x) (ax*xv)(x,s) ds
w(x) T w(x)

t

t
< luolloe”™ + uollo | ve™ ds = luolloe™.
T

Since, by the proof of Proposition 6.3, u is the limiting function for the sequence ®"v,n € N,
and u,(x) = u(x, 7), one gets the statement. [

PROPOSITION 6.12. Let a be defined by (2) with o > %, up € LYR), and u is the
corresponding solution to (88). Then for any &€ > 0 the following statements hold:

1. Ifup(x) S a(x) for x € R, then there exists to, such that for all t > t,

(135) u(x,t)Se 3, xe(—o0,—em)U(e: !, 00).

2. Ifup(x) < [°a(y)dy for x € R, then there exists ty, such that for all t > 0,

et

(136) ulx,r)Se 2,

xe(e2la+—81’,oo).

PROOF. We start with proving the first statement. Recall that w; (x) = min{a? (x), A},
xeR, fory e (%, 1). By Lemma 6.10 and Proposition 6.11, for any § € (0, 1) there exists
A > 0 such that, for w := w;,,

u(x, 1) < lluolloe' ™ minfa?, 2}, xeR,t>0.

l+e I+e
Then for 7y, such that aV(echto) < A, and for all > 1g, |x| > eTaFI,

(14+8)t

(I+8—ey—y)t
9

u(x,t) <cqlluollew < cqlluollwe

1+st

(1+e7= ")y
where the first inequality holds by (2). Hence it suffices to choose

<ty 2<(e(2)

£
and redefine 7o such that cg ||ug||,e!! YV < 1.
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To prove the second statement we note that, by Lemma 6.10, for any é € (0, 1), there exists
A > 0, such that for w; (x) = min{, a¥ ()}, ®(x) = [ wr(y) dy,

(a %)) =/xoo(a*wx)()’)dy

<a +5)/oowx()’)dy — (1 +8w@), xeR.

Hence Proposition 6.11 may be applied. The rest of the proof is analogous to the first part.
The proof is completed. [

Now we can prove the main result.

PROOF OF THEOREM 2.8. We prove the first part of the theorem. Let v solve (88)
with v(x,0) = vg(x) = min{ug, %}. By Proposition 6.5, for fixed tp € (0, T), T := inf{¢ :
[v(, DHlleo = 1},

il Al

!

vo(x) =v(x, 1) <u(x,tp), xeR,

@xv)(x) S

j=0

where Af :=a * f. Hence, by the first part of Lemma 6.7 applied to vy, and since u(x, ) is
increasing in ¢, there exists R > 0 such that

(137) X7 Sule,0), x| = Rt =10,
By (137) and Lemma 6.6, there exists t; > fg such that
min{1, |x|72“e(17%)(r"+1)} Su(x,t1), x€R,
where 1¢ is defined in Lemma 6.8. Hence, by Proposition 6.5 and Lemma 6.8, there exits

A € (0, 1), such that

1 rt+
Ag(x,t+ 10) 2111_13(1)7/1 rg(x,s+to)ds
=1limAG(x,t + 10,1)
[—0

<u(x,t+71), xeR,t>0,

where g is defined by (114) with % instead of ¢ and we used, by the monotonicity of g in ¢,
AG(x, 10, 1) <Agx, 790+ 1) <u(x,t1),x €R, 1 €(0,1).

By Lemma 6.6 and (97), for any n > 0 there exists ¢, such that ug(x) > A, for x € By (xp),
yields u(x,t +t,) > n, for x € Bi(xp), t > 0. Hence, for t > z_gi(rl +t,),

u(x,t+7t+t)>n, xefx: x| 72— TIH) > 1},
since {x : |x| 21—+ > 1}« {x: Ag(x,t + 10) > A} = {x : [x| 2% 72" > 1}. On
the other hand by Proposition 6.12 there exits T > t, 4+ 71 such that

1
u(x,t) < —, x¢€fx:fx] 2T < 1),
n

As aresult (8) is proved.
Let us prove (9). Let v solve (88) with vg(x) := v(x,0) # 0 such that vg € C*®(R) is
decreasing and vy < min{uo, %}. As before,

(a *vo)(x) Sv(x, 10) <u(x,tg), xeR.
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Similarly to (137), by the second part of Lemma 6.7,
(138) x 2 <y, ), x>=R,t>10.

By Corollary 6.4 and since vy is decreasing, then v(-, ¢) is decreasing in x, for all # > 0.
Therefore by Proposition 6.5 and Lemma 6.6, for any r € R,

(139) oo = lim infv(x,?) < lim infu(x,1?).
=00 X<r =00 X<r

By (138) and (139) there exists 1 > fg, such that
Ig_(x) +min{1, x 22+ =D+ D1 ()} <u(x, 7)), xeR.
Hence,
Mx,t +719) <ux,t+71), xeR,r>0,
where # is defined by (114) with % instead of ¢. The rest of the proof runs as before. [J

Acknowledgements. Viktor Bezborodov (VB) is thankful for the support of the Uni-
versity of Verona. Pasha Tkachov (PT) wishes to express his gratitude to the “Bielefeld
Young Researchers” Fund for the support through the Funding Line Postdocs: “Career Bridge
Doctorate—Postdoc”. VB and Tyll Krueger (TK) are grateful for the support of the ZIF Co-
operation group “Multiscale modelling of tumor evolution, progression and growth”, and
Wroclaw University of Science and Technology, Faculty of Electronics. TK is grateful for
the support of the University of Verona during his visit. TK is also supported by the National
Science Center in Poland (NCN) through grant 2013/11/B/HS4/01061: “Agent based model-
ing of innovation diffusion”. The authors would like to thank the anonymous referee for the
valuable comments which helped to improve the manuscript.

REFERENCES

[1] ADDARIO-BERRY, L. and REED, B. (2009). Minima in branching random walks. Ann. Probab. 37 1044—
1079. MR2537549 https://doi.org/10.1214/08- AOP428

[2] AIDEKON, E. (2013). Convergence in law of the minimum of a branching random walk. Ann. Probab. 41
1362-1426. MR3098680 https://doi.org/10.1214/12- AOP750

[3] AIDEKON, E., BERESTYCKI, J., BRUNET, E. and SHI, Z. (2013). Branching Brownian motion seen
from its tip. Probab. Theory Related Fields 157 405-451. MR3101852 https://doi.org/10.1007/
s00440-012-0461-0

[4] ARGUIN, L.-P.,, BOVIER, A. and KISTLER, N. (2013). The extremal process of branching Brow-
nian motion. Probab. Theory Related Fields 157 535-574. MR3129797 https://doi.org/10.1007/
s00440-012-0464-x

[5] BERARD, J. and MAILLARD, P. (2014). The limiting process of N-particle branching random walk with
polynomial tails. Electron. J. Probab. 19 22. MR3167886 https://doi.org/10.1214/EJP.v19-3111

[6] BEZBORODOV, V., DI PERSIO, L., KRUEGER, T., LEBID, M. and OZANSKI, T. (2018). Asymptotic
shape and the speed of propagation of continuous-time continuous-space birth processes. Adv. in Appl.
Probab. 50 74-101. MR3781978 https://doi.org/10.1017/apr.2018.5

[7] BIGGINS, J. D. (1995). The growth and spread of the general branching random walk. Ann. Appl. Probab.
5 1008-1024. MR1384364

[8] BIGGINS, J. D. (1997). How fast does a general branching random walk spread? In Classical and Modern
Branching Processes (Minneapolis, MN, 1994). IMA Vol. Math. Appl. 84 19-39. Springer, New York.
MR1601689 https://doi.org/10.1007/978-1-4612-1862-3_2

[9] BIGGINS, J. D. (2010). Branching out. In Probability and Mathematical Genetics. London Mathematical
Society Lecture Note Series 378 113—134. Cambridge Univ. Press, Cambridge. MR2744237

[10] BLONDEL, O. (2013). Front progression in the East model. Stochastic Process. Appl. 123 3430-3465.
MR3071385 https://doi.org/10.1016/j.spa.2013.04.014
[11] BOUIN, E., GARNIER, J., HENDERSON, C. and PATOUT, F. (2018). Thin front limit of an integro-

differential Fisher-KPP equation with fat-tailed kernels. SIAM J. Math. Anal. 50 3365-3394.
MR3817762 https://doi.org/10.1137/17M 1132501


http://www.ams.org/mathscinet-getitem?mr=2537549
https://doi.org/10.1214/08-AOP428
http://www.ams.org/mathscinet-getitem?mr=3098680
https://doi.org/10.1214/12-AOP750
http://www.ams.org/mathscinet-getitem?mr=3101852
https://doi.org/10.1007/s00440-012-0461-0
http://www.ams.org/mathscinet-getitem?mr=3129797
https://doi.org/10.1007/s00440-012-0464-x
http://www.ams.org/mathscinet-getitem?mr=3167886
https://doi.org/10.1214/EJP.v19-3111
http://www.ams.org/mathscinet-getitem?mr=3781978
https://doi.org/10.1017/apr.2018.5
http://www.ams.org/mathscinet-getitem?mr=1384364
http://www.ams.org/mathscinet-getitem?mr=1601689
https://doi.org/10.1007/978-1-4612-1862-3_2
http://www.ams.org/mathscinet-getitem?mr=2744237
http://www.ams.org/mathscinet-getitem?mr=3071385
https://doi.org/10.1016/j.spa.2013.04.014
http://www.ams.org/mathscinet-getitem?mr=3817762
https://doi.org/10.1137/17M1132501
https://doi.org/10.1007/s00440-012-0461-0
https://doi.org/10.1007/s00440-012-0464-x

1128

[12]

[13]

[14]
[15]
[16]
(17]
(18]
[19]
(20]

(21]

(22]

(23]

[24]

[25]
[26]
(27]

(28]

[29]

(30]

(31]

(32]
(33]
(34]
[35]
(36]

[37]

BEZBORODOV, DI PERSIO, KRUEGER AND TKACHOV

BRUNET, E., DERRIDA, B., MUELLER, A. H. and MUNIER, S. (2007). Effect of selection on ancestry: An
exactly soluble case and its phenomenological generalization. Phys. Rev. E (3) 76 041104. MR2365627
https://doi.org/10.1103/PhysRevE.76.041104

CHAMPAGNAT, N., FERRIERE, R. and MELEARD, S. (2008). From individual stochastic processes to
macroscopic models in adaptive evolution. Stoch. Models 24 2-44. MR2466448 https://doi.org/10.
1080/15326340802437710

COUSENS, R., DYTHAM, C. and LAW, R. (2008). Dispersal in Plants: A Population Perspective. Oxford
Univ. Press.

DEUFEN, M. (2003). Asymptotic shape in a continuum growth model. Adv. in Appl. Probab. 35 303-318.
MR1970474 https://doi.org/10.1239/aap/1051201647

DURRETT, R. (1979). Maxima of branching random walks vs. independent random walks. Stochastic Pro-
cess. Appl. 9 117-135. MR0548832 https://doi.org/10.1016/0304-4149(79)90024-3

DURRETT, R. (1983). Maxima of branching random walks. Z. Wahrsch. Verw. Gebiete 62 165-170.
MRO0688983 https://doi.org/10.1007/BF00538794

DURRETT, R. (1988). Crabgrass, measles, and gypsy moths: An introduction to interacting particle systems.
Math. Intelligencer 10 37-47. MR0932160 https://doi.org/10.1007/BF03028355

ETHERIDGE, A. M. (2004). Survival and extinction in a locally regulated population. Ann. Appl. Probab.
14 188-214. MR2023020 https://doi.org/10.1214/a0ap/1075828051

FANG, M. and ZEITOUNI, O. (2012). Branching random walks in time inhomogeneous environments. Elec-
tron. J. Probab. 17 67. MR2968674 https://doi.org/10.1214/EJP.v17-2253

FINKELSHTEIN, D., KONDRATIEV, Y. and KUTOV1Y, O. (2010). Vlasov scaling for stochastic dy-
namics of continuous systems. J. Stat. Phys. 141 158-178. MR2720048 https://doi.org/10.1007/
$10955-010-0038-1

FINKELSHTEIN, D., KONDRATIEV, Y. and TKACHOV, P. (2019). Doubly nonlocal Fisher-KPP equation:
Front propagation. Appl. Anal. 98 756-780. https://doi.org/10.1080/00036811.2019.1643011

FINKELSHTEIN, D. and TKACHOV, P. (2019). Accelerated nonlocal nonsymmetric dispersion for monos-
table equations on the real line. Appl. Anal. 98 756-780. MR3908984 https://doi.org/10.1080/
00036811.2017.1400537

FOURNIER, N. and MELEARD, S. (2004). A microscopic probabilistic description of a locally regu-
lated population and macroscopic approximations. Ann. Appl. Probab. 14 1880-1919. MR2099656
https://doi.org/10.1214/105051604000000882

GANTERT, N. (2000). The maximum of a branching random walk with semiexponential increments. Ann.
Probab. 28 1219-1229. MR1797310 https://doi.org/10.1214/a0p/1019160332

GARNIER, J. (2011). Accelerating solutions in integro-differential equations. SIAM J. Math. Anal. 43 1955—
1974. MR2831255 https://doi.org/10.1137/10080693X

GINELLI, F., HINRICHSEN, H., L1vI, R., MUKAMEL, D. and TORCINI, A. (2006). Contact processes with
long range interactions. J. Stat. Mech. Theory Exp. 2006 POS008—P08008.

GOUERE, J.-B. and MARCHAND, R. (2008). Continuous first-passage percolation and continuous greedy
paths model: Linear growth. Ann. Appl. Probab. 18 2300-2319. MR2474537 https://doi.org/10.1214/
08-AAP523

HALL, P. and HEYDE, C. C. (1980). Martingale Limit Theory and Its Application. Academic Press [Har-
court Brace Jovanovich, Publishers], New York-London. Probability and Mathematical Statistics.
MRO0624435

HINRICHSEN, H. (2006). Non-equilibrium critical phenomena and phase transitions into absorbing states.
Adv. Phys. 49 815-958.

Hu, T.-C., ROSALSKY, A. and VOLODIN, A. (2008). On convergence properties of sums of dependent
random variables under second moment and covariance restrictions. Statist. Probab. Lett. 78 1999—
2005. MR2458009 https://doi.org/10.1016/j.spl.2008.01.073

IKEDA, N. and WATANABE, S. (1989). Stochastic Differential Equations and Diffusion Processes, 2nd ed.
North-Holland Mathematical Library 24. North-Holland, Amsterdam. MR1011252

KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

LAcHOWICZ, M. (2011). Microscopic, mesoscopic and macroscopic descriptions of complex systems.
Probab. Eng. Mech. 26 54-60.

LEBOWITZ, J. L. and PENROSE, O. (1966). Rigorous treatment of the van der Waals—Maxwell theory of
the liquid-vapor transition. J. Math. Phys. 7 98—113. MR0187835 https://doi.org/10.1063/1.1704821

LEVIN, S. A., MULLER-LANDAU, H. C., NATHAN, R. and CHAVE, J. (2003). The ecology and evolution
of seed dispersal: A theoretical perspective. Annu. Rev. Ecol. Evol. Syst. 34 575-604.

LYONS, R. (1988). Strong laws of large numbers for weakly correlated random variables. Michigan Math.
J. 35 353-359. MR0978305 https://doi.org/10.1307/mmj/1029003816


http://www.ams.org/mathscinet-getitem?mr=2365627
https://doi.org/10.1103/PhysRevE.76.041104
http://www.ams.org/mathscinet-getitem?mr=2466448
https://doi.org/10.1080/15326340802437710
http://www.ams.org/mathscinet-getitem?mr=1970474
https://doi.org/10.1239/aap/1051201647
http://www.ams.org/mathscinet-getitem?mr=0548832
https://doi.org/10.1016/0304-4149(79)90024-3
http://www.ams.org/mathscinet-getitem?mr=0688983
https://doi.org/10.1007/BF00538794
http://www.ams.org/mathscinet-getitem?mr=0932160
https://doi.org/10.1007/BF03028355
http://www.ams.org/mathscinet-getitem?mr=2023020
https://doi.org/10.1214/aoap/1075828051
http://www.ams.org/mathscinet-getitem?mr=2968674
https://doi.org/10.1214/EJP.v17-2253
http://www.ams.org/mathscinet-getitem?mr=2720048
https://doi.org/10.1007/s10955-010-0038-1
https://doi.org/10.1080/00036811.2019.1643011
http://www.ams.org/mathscinet-getitem?mr=3908984
https://doi.org/10.1080/00036811.2017.1400537
http://www.ams.org/mathscinet-getitem?mr=2099656
https://doi.org/10.1214/105051604000000882
http://www.ams.org/mathscinet-getitem?mr=1797310
https://doi.org/10.1214/aop/1019160332
http://www.ams.org/mathscinet-getitem?mr=2831255
https://doi.org/10.1137/10080693X
http://www.ams.org/mathscinet-getitem?mr=2474537
https://doi.org/10.1214/08-AAP523
http://www.ams.org/mathscinet-getitem?mr=0624435
http://www.ams.org/mathscinet-getitem?mr=2458009
https://doi.org/10.1016/j.spl.2008.01.073
http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
http://www.ams.org/mathscinet-getitem?mr=0187835
https://doi.org/10.1063/1.1704821
http://www.ams.org/mathscinet-getitem?mr=0978305
https://doi.org/10.1307/mmj/1029003816
https://doi.org/10.1080/15326340802437710
https://doi.org/10.1007/s10955-010-0038-1
https://doi.org/10.1080/00036811.2017.1400537
https://doi.org/10.1214/08-AAP523

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

GROWTH PROCESSES WITH LONG RANGE DISPERSION 1129

MALLEIN, B. (2015). Maximal displacement in a branching random walk through interfaces. Electron. J.
Probab. 20 68. MR3361256 https://doi.org/10.1214/EJP.v20-2828

MARINELLI, C. and ROCKNER, M. (2014). On maximal inequalities for purely discontinuous martingales
in infinite dimensions. In Séminaire de Probabilités XLVI. Lecture Notes in Math. 2123 293-315.
Springer, Cham. MR3330821 https://doi.org/10.1007/978-3-319-11970-0_10

MARRO, J. and DICKMAN, R. (1999). Nonequilibrium Phase Transitions in Lattice Models. Collec-
tion Aléa-Saclay: Monographs and Texts in Statistical Physics. Cambridge Univ. Press, Cambridge.
MR1687173 https://doi.org/10.1017/CB0O9780511524288

MELEARD, S. and BANSAYE, V. (2015). Stochastic Models for Structured Populations: Scaling Limits and
Long Time Behavior. Stochastics in Biological Systems. Springer. MRMR3380810 https://doi.org/10.
1007/978-3-319-21711-6

NoOVIKOV, A. A. (1975). Discontinuous martingales. Teor. Verojatnost. i Primemen. 20 13-28. MR0394861

ODOR, G. (2004). Universality classes in nonequilibrium lattice systems. Rev. Modern Phys. 76 663-724.
MR2116168 https://doi.org/10.1103/RevModPhys.76.663

PAzy, A. (1983). Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions. Applied Mathematical Sciences 44. Springer, New York. MR0710486 https://doi.org/10.1007/
978-1-4612-5561-1

PRESUTTI, E. (2009). Scaling Limits in Statistical Mechanics and Microstructures in Continuum Mechanics.
Theoretical and Mathematical Physics. Springer, Berlin. MR2460018

PROTTER, P. E. (2005). Stochastic Integration and Differential Equations. Stochastic Modelling and Ap-
plied Probability 21. Springer, Berlin. 2nd ed. Version 2.1, Corrected third printing. MR2273672
https://doi.org/10.1007/978-3-662-10061-5

SARAGOSTI, J., CALVEZ, V., BOURNAVEAS, N., BUGUIN, A., SILBERZAN, P. and PERTHAME, B.
(2010). Mathematical description of bacterial traveling pulses. PLoS Comput. Biol. 6 ¢1000890.
MR2727559 https://doi.org/10.1371/journal.pcbi.1000890

SHI, Z. (2015). Branching Random Walks. Lecture Notes in Math. 2151. Springer, Cham. Lecture notes
from the 42nd Probability Summer School held in Saint Flour, 2012. MR3444654 https://doi.org/10.
1007/978-3-319-25372-5

YAGISITA, H. (2009). Existence and nonexistence of traveling waves for a nonlocal monostable equation.
Publ. Res. Inst. Math. Sci. 45 925-953. MR2597124 https://doi.org/10.2977/prims/1260476648


http://www.ams.org/mathscinet-getitem?mr=3361256
https://doi.org/10.1214/EJP.v20-2828
http://www.ams.org/mathscinet-getitem?mr=3330821
https://doi.org/10.1007/978-3-319-11970-0_10
http://www.ams.org/mathscinet-getitem?mr=1687173
https://doi.org/10.1017/CBO9780511524288
http://www.ams.org/mathscinet-getitem?mr=MR3380810
https://doi.org/10.1007/978-3-319-21711-6
http://www.ams.org/mathscinet-getitem?mr=0394861
http://www.ams.org/mathscinet-getitem?mr=2116168
https://doi.org/10.1103/RevModPhys.76.663
http://www.ams.org/mathscinet-getitem?mr=0710486
https://doi.org/10.1007/978-1-4612-5561-1
http://www.ams.org/mathscinet-getitem?mr=2460018
http://www.ams.org/mathscinet-getitem?mr=2273672
https://doi.org/10.1007/978-3-662-10061-5
http://www.ams.org/mathscinet-getitem?mr=2727559
https://doi.org/10.1371/journal.pcbi.1000890
http://www.ams.org/mathscinet-getitem?mr=3444654
https://doi.org/10.1007/978-3-319-25372-5
http://www.ams.org/mathscinet-getitem?mr=2597124
https://doi.org/10.2977/prims/1260476648
https://doi.org/10.1007/978-3-319-21711-6
https://doi.org/10.1007/978-1-4612-5561-1
https://doi.org/10.1007/978-3-319-25372-5

	Introduction
	The model, assumptions and results
	Notation and conventions
	A very brief outline of the proof of Theorem 2.1

	Lattice truncated process. Linear growth for alpha> 2
	Some heuristics on why the critical value alphac  is two
	A brief summary of the section
	Construction and coupling of (etat), (xit) and (zetat)

	Superlinear growth for alphain(1/2, 2] in the discrete-space settings
	Continuous-space model
	Mesoscopic equation
	Acknowledgements
	References

