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NONLINEAR LARGE DEVIATIONS: BEYOND THE HYPERCUBE
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By extending (Adv. Math. 299 (2016) 396-450), we present a framework
to calculate large deviations for nonlinear functions of independent random
variables supported on compact sets in Banach spaces. Previous research on
nonlinear large deviations has only focused on random variables supported
on {—1,+1}", and accordingly we build theory for random variables with
general distributions, increasing flexibility in the applications. As examples,
we compute the large deviation rate functions for monochromatic subgraph
counts in edge-colored complete graphs, and for triangle counts in dense ran-
dom graphs with continuous edge weights. Moreover, we verify the mean
field approximation for a class of vector spin models.

1. Introduction. Large deviations theory for the linear function of i.i.d. random objects
has long been studied, see [13] and references therein. Since the linear function is the sim-
plest class of functions to analyze and only accounts for a small subset of functions people
usually study, it is of natural interest to explore a corresponding theory for nonlinear func-
tions. Recently, a nonlinear large deviations framework was built by Chatterjee and Dembo
[7], where the authors deal with the large deviation principles for nonlinear functions of i.i.d.
Bernoulli random variables. The main theorem in [7] gives error bounds of the mean field
approximation of log[E [e/ (X1---Xn)] where p is the uniform distribution on {—1, 4+1}". The
error bounds consist of two parts: the complexity terms which involve the covering number
of V f, and the smoothness terms which involve the first two derivatives of f. Motivated by
[7], Eldan [14] comes up with a different nonlinear large deviations framework to deal with
nonlinear functions of i.i.d. random variables supported on {—1, 4+1}". In [14], instead of
the covering number of V f, a different notion of complexity called Gaussian width of the
discrete gradient of f is introduced, and there f is not required to have the second deriva-
tive. In [7] many exciting applications are presented, suggesting the strong power of the new
framework. Using the different method, Eldan [14] gets stronger results for the examples in
[7]. However, all of the examples in [7] and [14] concern random variables with distributions
supported on {—1, +1}", a small subset of random objects people usually study in probability
theory. Therefore, it is natural to research whether a similar nonlinear large deviations regime
works for random objects with more general distributions, and we can expect it since the
Bernoulli random variable should not be special. Indeed, a framework similar to [7] is used
by Basak and Mukherjee [4] to verify the universality of the mean field approximation on the
Potts model.

In this work, we extend the framework of [7] to independent random variables compactly
supported on Banach spaces. Similar to [7], our main result (Theorem 1) gives error bounds
for the mean field approximation of log[E, [ef X1 X)) while =y X - -+ X fu, could be
more general than [7]. Our result has considerable flexibility in applications, because: (1) u;’s
could be defined on general Banach spaces, and thus there is no dimension constraint on the
supports of w;’s; (2) u;’s are not required to be discrete; (3) X1, ..., X, are not required to
be i.i.d.—only independence is needed. To show this flexibility we provide examples with
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high dimensional and continuous random variables, including an example in which the di-
mension of the support of w;’s is increasing with n; previous methods do not work on these
examples. While we take the same approach as [7] in proving our main result (Theorem 1),
in [7] special calculations for the product Bernoulli distribution are used, and we find general
arguments for Banach spaces. While our result works for general problems, we propose that
for specific problems the error bounds in Theorem 1 could be improved by using the partic-
ular structures of the problems. As an example, we extend the result of [4] by verifying the
mathematical rigor of the mean field approximation for a larger class of vector spin mod-
els. Note that it will also naturally be of interest to extend the framework in [14] for general
distributions. However, when proving theorems for distributions supported on {—1, 1}", [14]
constructs a Brownian motion running on [—1, 1]”, such that whenever a facet of [—1, 1]” is
hit the corresponding coordinate stops moving. In this way the Brownian motion ends up at
{—1, 1}" uniformly, and one can change the distribution of the ending point by adding a drift
to the Brownian motion. It is not clear what the corresponding objects should be for general
supports.

After the first version of this paper, recently there has been some work in the area of
nonlinear large deviations. In the work of Cook and Dembo [11], by providing quantitative
versions of the Szemerédi’s regularity lemma and the counting lemma, the authors make im-
provements to the large deviations of subgraph counts problem for sparse random graphs.
In the independent work of Augeri [2], by applying convex analysis, the author gets new
error bounds for the mean field approximation of log £, [ef X1 X)) where f is a continu-
ous differentiable function and w is a compactly support measure on R". She then provides
improved estimates on several applications. In the work of Austin [3], the author considers
w(dx) oc e/ ©n(dx), where A(dx) is the product Borel probability measure on general prod-
uct spaces, and f is a bounded and continuous function on that product spaces. He shows
that if the covering number of V f is small, then @ can be approximated by a mixture of other
measures, most of which are close to product measures.

1.1. The main result. Our goal is to find the leading term of log Eu[ef X1, X0)] | for
X1, ..., X, following a product measure u supported on a compact subset of Banach spaces
and f a twice Fréchet differentiable functional (see Definition 1). As demonstrated in Sec-
tion 1.2.1 and Section 1.2.2, such leading term provides us with the large deviation rate func-
tion. It further plays an important role in statistical physics, as shown in Section 1.2.3. In
Theorem 1, we provide error bounds for the mean field approximation (introduced below) of
log E, [e/ X1:-+Xn)] (1.2), in terms of the covering number of the gradient V f and the norms
of the first two derivatives of f. One should then show on a case by case basis that the error
terms are of a smaller order than the mean field approximation. In Section 1.2 we provide
three examples, demonstrating how the latter task is achieved.

For two probability measures &1, & on the same space €2, denote by D(&; || &) the
Kullback-Leibler divergence

d
D | &) = /Q log(d—2<y>)sl<dy),
d&;

where > % (+) is the Radon—-Nikodym derivative, and we set D(&; || §2) = oo when the Radon—
Nikodym derivative does not exist. From the Gibbs variational principle, we have the follow-
ing identity:

(1.1) log E, [ef X1 Xn)] =max{E,[f(X1,.... X)| = D@ I w}.
v

The maximum on the right-hand side of (1.1) is taken over all measures with v < u, which is
difficult to analyze. Restricting v to be a product measure leads to the previously mentioned
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mean field approximation:
log E}L [ef(X] sssss Xn)]
~ max {Eo[f (X1, . X)] = DO || w1},

VKU, V=V] XV X+ XVp

(1.2)

which is much easier to deal with.

We next introduce some definitions needed for stating our main result. Let [n] :=
{1,...,n}. For each i € [n], we consider the probability space (V;, B;, ii), where V; is a
Banach space (over the field R) equipped with norm || - ||y;, B; is the Borel o -algebra gen-
erated by V;’s open sets, and u; is a probability measure on the measurable space (V;, B;).
We assume that for each i, there exists a compact convex set W; C V; such that u; (W;) = 1.
Consider the product probability measure u supported on the product space W in V where

U= X - X [y, W:i=W; x--- x W, V=V x---xV,.
Write the element in V as x = (x1, ..., x,) where x; € V;. Set the norm || - ||y on V as
(13) lxlly == max{llxilly,}, VxeV.
ie[n]

For two Banach spaces E| and E;, and some g : E1 — E>, we say g(r) = o(r), if there
exists a mapping ¢ : E1 — E3 such that lim”,HElﬁo le(r)lg, =0,and g(r) = ||r||g,e(r). We
introduce the definition of twice Fréchet differentiability as follows.

DEFINITION 1. A functional f(-) : V — R is twice Fréchet differentiable on V, if
(1) For each x € V there exists a bounded linear functional f/(x)(-) : V — R such that

(1.4) f4+r) —fx) = fx)@) =o@r).
For each i € [n], we define the partial differential f;(x)(-):V; — R as
i) (i) = ), ..., ri,...,0),

where (0, ...,r;,...,0) € V is an element with the ith coordinate r; € V; and O otherwise.
(2) Moreover, Vz; € Vi, fi(-)(z;) : Vi = R is Fréchet differentiable. That is, Vx € V there
exists a bounded linear functional f/(x)(z;,-): V — R such that

filx +1)(zi) = fi() (@) — £ ) @i r) = o(r).

Similarly, Vi, j € [n] and z; € V;, we define the twice partial differential f;;(x)(z;,-): V; —
R as

fij () (zi,rj) = f{(x)(zi, 0, ....rj, ..., 0).

For more properties about Fréchet differentials, see [10]. We define the operator norms of
the first two partial derivatives of f(x) as

| fi)| == sup |fi(x)(ri)

lIrily; <1

I fij | = sup | fij () (ziv 7))

max{|r; v lzillv; 1=<1

’

, Vi, jeln].

Denote by | f(x)| the absolute value of f(x). We assume that there exists a, b;, ¢;j > 0 such
that Vx € W,

f)| <a, I fi )] < b, | fij | <cij, Vi, jelnl.
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Since W;’s are assumed to be compact, we can find M > 0 such that each W; satisfies
n @ 1 2
(1.5) vell P ewi, |20 -7y, <M.

Denoting by m(v;) € V; the mean of v;, namely the unique point / such that
(1.6) / h(z)dv;(z) = h(m), V bounded linear functional 2 : V; — R.
v

The existence of m(v;) is guaranteed by the fact that u; is supported on the compact set W;;
for example, see [19], Chapter 2. Then, for any product measure v =v; X vy X --+ X v, on
W, let

(1.7) m) = (my),...,m(vy)).
Fixing some € > 0, assume that there exists a finite set D(e) = {d® = (dl(a), ey d,ﬁ“)), o€
I} (where I is the index set, and for each @ € 1, i € [n], di(a) is a bounded linear functional
from V; to R) such that for any x € W, there exists ad = (dy, ..., d,) € D(e) satisfying
n
2
(1.8) YA —di|* < en.

i=1

Denote by |D(¢€)| the cardinality of D(¢). Following is the main theorem, which gives upper
and lower bounds of the mean field approximation for logE,, [e/®)] where X ~ u.

THEOREM 1. Under the above setting, for any € > 0 we have

f@
e el me { (mv) ZDm I i)
where
n
B :=4(M2(a2c” Zb2> + M3 Z bicij
=1 1
(1.10) ’ h=
n n %
M4(a Z C?j-f- Z b,‘bjC,'j)) ,
i,j=1 ij=1
n
Bz::4<Zbl~2+€2n> (M3<Zc”> +M2nze>
~
(1.11) ’n
+ZM2Cii + Mne.
i=1
Moreover,
fx)
tog [ e/ du) = u<<u,v:£‘3§’ézx.-.wn{ () ZDm I }
(1.12)

MZ"

} Cii-
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Theorem 1 is an extension of [7], Theorem 1.5. If w;’s are Bernoulli distribution with
parameter % Theorem 1 is merely [7], Theorem 1.5, with slight modifications. The main
challenge here is to avoid the special properties of the Bernoulli distribution and the hyper-
cube, whiclNl are used in the proof of [7], Theorem 1.5. For example, letting /i be a measure
such that Z_Z (x) el ™ in[7], preceding Lemma 3.1, the authors utilize the explicit formula
for )A(i = Ej[X; | Xj, j #i]in case of Bernoulli {X;} when bounding f(X) — f(ff). Lack-
ing such a simple formula here requires a more sophisticated analysis of the error induced by
approximating f(X) by f(X). For another instance, in [7], for any point p in the hypercube
one has a product Bernoulli measure v? such that v” < u and m(v?) = p. Lacking such ex-
plicit description of v? for all p € W, we instead manage to carry the proof while restricting
to v? for p in a finite subset of W, for which the explicit description of v” exists. See detailed
discussions on the difference from [7], important part in this extension, and the outline of the
proof of Theorem 1 in Section 2. The full proof of Theorem 1 is given in Section 3.

1.2. Applications. We provide three applications of our framework. The first two are
large deviations of subgraph counts in random graph, and the third is the mean field approxi-
mation for vector spin models.

1.2.1. Monochromatic subgraph counts in edge-colored complete graphs. The edge col-
ored complete graph is an important object in combinatorics; for example, see Ramsey’s
theorem. People have studied this kind of graph from different perspectives; for example,
see [1, 18] and [9]. On the other hand, the large deviations for subgraph counts in random
graph has been studied a lot in probability; for example, see [5, 15] and [6]. In this example,
we consider the large deviation for the monochromatic subgraph counts in an edge colored
random graph. More precisely, we consider a complete graph G with N vertices, and assume
that each edge of G has a color which is i.i.d. uniformly chosen from / different colors. Take
any fixed finite simple graph H. We investigate the large deviation of the number of homo-
morphisms of H into G whose edges are of the same color. We formulate this problem as
follows: consider a random vector X = (X;;)1<;<j<n, Where X;;’s are i.i.d. chosen from the
set A :={(1,0,...,0),(0,1,...,0),...,(0,0,...,1)} (where there are / elements in A and
the length of each element is /). Regard each element in A as a color, and regard X;; as the
color of the edge {i, j}. Then X corresponds to a coloring on G. Let m be the number of
edges of H, A be the maximum degree of H, and k be the number of vertices of H. For
convenience we let the vertex set of H be {1, ..., k}, and denote by E the edge set of H. For
X = (xij)1§i<j§1v where Xij € Rl, define

l
(1.13) Tx:= > > Il xaas

q1,92,---qk €[N s=1{r,r'}eE
where Xgrq,s is the sth coordinate of Xg,q, (recall that Xgrq, €A is a vector with length /),
x;j is interpreted as x;; if i > j, and x;; is interpreted as the O vector in R! for all i. It is

easy to check that for coloring X, 7'(X) is the number of homomorphisms of H in G with
same color edges. Denote by o(1) a quantity which goes to 0 as N goes to co. We show the
following large deviation result for 7 (X).
THEOREM 2. For T(X) as above and any u > 1, as N — 0o we have
P(T(X) > uE[T(X)]) <exp(—i(u)(1 +0(1))) whenl < N/198m+214)
and

P(T(X) > uE[T (X)]) = exp(— (u)(1 + o(1))),
when | < NY/@ATm+2) (o0 N~
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where
Yi(u) = inf{ Z qus tXij € Wo,
I<i<j<Ns=l1
(1.14)
T((xij)1<i<j<N) = ME[T(X)]},
and
I
(1.15) Wﬁ={@b“”m%§:a=LmZOWGU4.
i=1

Theorem 2 provides the large deviation rate function for 7'(X) via the variational prob-
lem (1.14), in the case that the number of colors / not increasing with N faster than certain
polynomial speed. We give the proof of Theorem 2 in Section 4.1.

Besides the edge-colored complete graph, one can also apply Theorem 1 to calculate the
large deviations for the monochromatic subgraph counts in the edge-colored Erdés—Rényi
random graph G (N, p), by making X;; the zero vector with probability 1 — p. For the edge-
colored random regular graph the case is different, since the edges are dependent there.

1.2.2. Triangle counts with continuous edge weights. The large deviation principle for
the triangle counts in random graph has been studied for a long time. People study this prob-
lem for both dense Erd6s—Rényi random graph G (N, p), in which p is fixed [8], and sparse
Erd6s—Rényi random graph G (N, p), in which p goes to 0 as N goes to oo [7, 12, 14-16,
20]. See Chatterjee [6] for more discussions and references. Here we consider the continuous
version of the triangle counts problem in the dense random graph. That is, let G be a com-
plete graph with N vertices. Let X = (X;;)1<i<j<ny Where X;;’s are i.i.d. from U (0, 1), the
uniform distribution on [0, 1]. For each 1 <i < j < N, we assign a weight X;; to the edge
{i, j}. For x = (x;j)1<i<j<n, we define

T(.X) = Z XijXjkXkis
i,j,ke[N]
where we interpret x;; = xj; if i > j, and x;; =0 for all i € [N]. Then T (X) is the number
of weighted triangles in G for weights X. For any a € (0, 1), we denote by v the truncated
exponential distribution on [0, 1] with mean a, that is, the distribution whose density p,a(-)
is
Aa —Aaz

pva(z) =

1
1—oTe for z € (0, 1), with A, such that / pva(2)dz =a.
— a 0

By direct calculation, the KL divergence between v and U (0, 1) is
1), e X Age ¥
D(v[|U(0, 1 =/ . 1 (a >d
(U ©. 1) = [ T log( [ ) d

Age e Xa
=—1+——+1 — .
+ 1 — e—)\.a + Og(l — e—)\a)

. Ay e i Ayij
Uy, (u) = 1nf{ Z (—1 + 7_)% + 10g<7_)%>) D )ij € ©, 1),

l<i<j<N l—e

T((ij)i<i<j<N) = ME[T(X)]}-
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We show the following.

THEOREM 3. Let X = (Xjj)1<i<j<n where X;;’s are i.i.d. from U(0, 1). For T (X) as
above and any 1 < u < 8, we have

P(T(X) > uE[T(X)]) =exp(—¥n@)(1 4+ 0(1))) as N — oo.

We give the proof of Theorem 3 in Section 4.2. One can also consider the weighted trian-
gle counts problem for sparse random graphs, for which the challenge is to show that after
approximating the upper tail probability using Theorem 1, the errors are of a smaller order
than the mean field approximation term.

REMARK 1 (of Theorem 1). The bounds in Theorem 1 are not guaranteed and have no
reason to be optimal; they could be improved case by case by utilizing particular structures
of specific problems. We provide the following example to show this.

1.2.3. Mean field approximation on a class of vector spin models. Mean field approxima-
tion is an important method derived from Physics, and it has been applied to many different
fields. See [21] or [4] for an introduction to this method. Like other methods in statisti-
cal physics, its mathematical rigor is not guaranteed and needs to be verified for specific
models. In [4] the universality of the mean field approximation for a class of Potts model
is verified. Our next theorem extends the result in [4] to a more general setting. We intro-
duce some notation first. Let X;’s be i.i.d. random variables with corresponding distributions
w;’s supported on a compact set W; in RY for some N > 1. Define the product measure as
W= X -+ X uy. Let J be areal symmetric N x N matrix, & be a real vector with length
N, and for each n € Z* let A, be a real symmetric n x n matrix. Define the Hamiltonian
H7"() : RN)" — R such that for any x = (x1, ..., x,) € (RY)”

(1.16) H,{”“(x):— Z An(i, J)fox/JerTh
z] 1

For a sequence {c,},>1 and a positive sequence {a,}, we say ¢, = o(ay) if lim, o ¢y /a, =
0, and ¢, = O(ay) if limsup, _, o |cq|/a, < 0o. We have the following theorem.

THEOREM 4. [fthe sequence of matrices A,, satisfies

(1.17) tr(A2) =o(n) and sup Z A, (i, pxj|=0Mm),
X€l0.11 jen)' jeln]
then
lim —|lo "'h(x)d (x)
n—o0o p g H
(1.18)

_ J, h _
v<<u,v:1€?>e§2><m><vn {H m(v) ZD(Ul ” i }:| 0.
REMARK 2 (of Theorem 4). If we let w;’s be the uniform distribution on {(1,0, ..., 0),
.,(0,0,...,1)} (each element belongs to RN for N > 2 and has a unique nonzero entry),
then we get the Potts model, and Theorem 4 is merely Theorem 1.1 in [4].



NONLINEAR LARGE DEVIATIONS: BEYOND THE HYPERCUBE 819

Theorem 4 covers a large class of models in statistical physics. In the simple case of
An(i, j) = 1/n, it is easy to verify that condition (1.17) holds, and N =1, 2, 3 correspond
to the mean field Curie—~Weiss model, XY model and Heisenberg model respectively. The
validity of the mean field approximation for these mean field models has long been known;
for example, see [17] and [13]. The more difficult case is when A, (i, j) are not same; see
examples and discussions in [4], Section 1.3. A direct application of Theorem 4 is letting
w; be the uniform distribution on the unit sphere SV~!, which is often studied in statistical
physics and is not covered by [4].

If we directly apply Theorem 1 to the setting above, we will find that (1.18) is stronger than
what we can get. In order to prove Theorem 4, we need to incorporate the special properties
of H/ & 'We give the proof of Theorem 4 in Section 4.3.

We give the proof outline of Theorem 1 in Section 2 below, including detailed discussions
on the differences from [7] and important parts in our extensions. The full proof of Theorem 1
is provided in Section 3. The proofs of three applications are given in Section 4.

2. Proof outline of Theorem 1. We proceed to sketch the key part of Theorem 1, namely
proving the upper bound (1.9), together with the differences from the proof in [7] (see Sec-
tion 3.1 for the much easier proof of the lower bound (1.12)).

(1) We define a measure i supported on W such that

dp e/ )
2.1 — X)) =—F=——— VxeW.
@ du( ) Jw e/ @ du(x)

We define X; (-) : V. — W; and X(-) : V — W, such that for every x = (x1,...,x,) €V,

~ fW- Zief(xl,.,.,xi_l,z,-,x,-+1,..,,xn) d,u,' (Zi)
Xi(x) = fl FOT ki 102 Tt 1) an
W e Tsees Xi—1530 s Xj415+045 n dMl (Zi)

2.2)
X(x) = (X1 (x), ..., X (x)),

where the integral in the numerator of X; (x) is the Bochner integral. Another way to define
X; (x) is to let it be the expectation of the distribution of X; conditioned on X ; = x; for j #1i,
where the expectation is defined at (1.6). The existence of the conditional expectation is due
to the fact that W; is compact. One can verify that indeed the two ways to define X; (x) are
same here.

For simplicity, we write X and X; for X(x) and X; (x). Obviously X € W since W; is convex.
We first do the approximation

(2.3) fx) = f).

In this sketch we write L = R if under /& with high probability |L — R| is controlled, we will
not bother to make rigorous the meaning of ~.

In [7], since each u; is supported on {0, 1}, X has the good expression [7], the expression
above Lemma 3.1,

1

@ N e AT
where A; f(x) is the discrete derivative defined as follows:

Al]c(‘x) = f(xlv "’9xi—17 lvxl+l’ "'7x}’l) - f(xl’ "'9xi—170,xi+17 ...,Xn)-

In our case we do not have a good expression as (2.4).
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(2) The next step is to construct a covering set D’'(¢) of {xX : x € W}, such that for each

x € W, there exists some p* = (py,..., p;) € D’(e) which is close to x. Consequently we
have
(2.5) f&@ = f(p*).

In [7], the covering set D’(¢) is constructed by applying a function u(x) = 1/(1 4+ e™¥)
on each point in D(e) ([7], 3 lines below (3.16)). This makes sense because D(¢) is the
covering set of the gradient of f(x), and X; has the expression (2.4). Special properties of
this explicit construction is used in [7], such as |u’(x)| < 1/4. In our case we construct D’ (¢)
in the general setting.

(3) Next, for each i and p = (p1, ..., pn) € D'(¢) we construct a measure v supported
on W;, such that vip < Wi, m(v.p ) = pi, and the followmg approximation holds:

2.6) —ZD P ) +Zlog( (x))

In [7], p; is Bernoulli(i) (the Bernoulli distribution with parameter %). Therefore, for

any y = (y1, ..., yn) € [0, 1]", the unique measure viy with viy <« ;i and m(viy) = y; is just

Bernoulli(y;). Hence one can write down the explicit form of the KL divergence between viy

and u; as

D(vi || wi) = yi log yi + (1 — yi)log(1 — y;) +log2.

In this way, — Y7, D(v || wi) + 20 du (x) becomes [7], (3.13), which has a good

form to analyze. In our case, we build the measure vip in Section 3.2.2, and we show several

general properties of this kind of measure, which help us to prove our approximation.
(4) Combining (2.3), (2.5) and (2.6), we get the following approx1mat10n

(x))

In [7], to bound the error of the above approximation, the authors decompose the error into
f(x) — f(X) and [7], (3.13), which does not work in the general case here. In our proof, we
find the decomposition (see (3.30) and (3.31)) that works in general

2.7 fo=f ZD P ) +Zlog<

(5) Note that if we fix y € W, then by the fact that |, W,

d;; i(x) =1 we get

y_'.gp.!’y,-Jr'.Q]dL u v
[ T R O G ) ) = £ () = Y DO )
Therefore, with above approximations we have that

X\y__\n Px . n ﬂ
log/W ef(x) d,bL(X) =10g/W ef(P V=i DO lwi)+321_ log du; () d[,L()C)

—+ error terms

<log Z <f(p) —ZD(vip I u,)) + error terms
=1

peD'(e)

VKU, V=V] XV X=Xy

< max { (m(v)) ZD(W Il i }

+log|D'(€)| + error terms,
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where in the last inequality we use the fact that m(vip ) = pi. The above inequality leads to
the desired upper bound.

3. Proof of Theorem 1.

3.1. The lower bound part of Theorem 1. The idea to prove the lower bound is first
to use the Gibbs variational principle ((3.1) below) on any product measure v, and then to
approximate the first term on the right-hand side of (3.1) by f(m(v)) (m(v) is defined at
(1.7)), where the error is controlled by the norms of the second derivatives of f.

PROOF. Forany v=v; X vy X -+ X vy, by the Gibbs variational principle, we have

3.1) log /Wef ) dp(x) > /W fx)dv(x) =D || w).

Because v and p are both product measures, we have the following decomposition
n

(3.2) D | w) =)Dl w.
i=1

Next we approximate [y, f(x)dv(x) by f(m(v)). Forx € V,i €[n] and z; € V;, define

(3.3) XD = (R Xim 1 T KL )

Fix 6 = 1,...,0,) € W. For t € [0, 1], by the deﬁnition of m(v;) (1.6) and the fact that
fitxg) +(1=Dm1)) () is linear, we have [y fi (tx) + (1= 1)m(v)) (x; —m(v;)) dv(x) =0,
which implies that

‘fw f,-(tx + (1= t)m(v))(x,- — m(vi)) dv(x)

_ V (F(tx + (1 = Hm())
(3.4) v

— fi(exg) + (1 = ym))) (x; — m(vy)) dv(x)

< /Wcii X |ltx; — t6;|ly; X ||xi —m(vi)”Via’v(x) <tciM?.

By (3.4) and the expression f(x) — f(m(v)) =", fol fitx+ (A —=t)mW))(x; —m(v;)) dt,
we further get

n 1 M2 n
(3.5) /W(f(x) — f(m))dv(x) > — Z/O teiiM? dt = - > cii.
i=1 i=1
Plugging (3.2) and (3.5) into (3.1), we get
A n M2 n
log [ ¢/ du) = fm() = Y- DOl ) = - Y
i=1 i=1

Taking the sup over {v:v=1v; X 1 X --- X v, V<K u} completes the proof. [

3.2. The upper bound part of Theorem 1. In this subsection we prove the upper bound
of Theorem 1. In Section 3.2.1, we construct the covering of {x: x € W}, which plays an im-
portant role in our approximation. In Section 3.2.2 we show several properties of the measure

vP" | which is described in (2.6) and is defined at (3.27). We provide the error bound for the
approximation (2.7) in Section 3.2.3, and we summarize and finish the proof in Section 3.2.4.
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3.2.1. The construction of D'(¢). In order to construct the covering of {X: x € W} (de-
fined at (2.2)), for any d = (dy,da, ...,d,) € D(e) we construct a corresponding p(d) =
(p(d)1, p(d)2, ..., p(d),) € W in the following way: recalling that d; (-) is a bounded linear
functional from V; to R, let

Jw, 21 d i (z;)
Jw, €@ dpi(z:)

The existence of p(d) is guaranteed by the fact that W; is compact, and obviously p(d) € W
since W is convex. Define

(3.6) p(d); = and  p(d):=(p1, ..., p(d)n).

D'(e):={p(d) :d € D(e)}.
For each x, we choose a d* such that
n
(3.7) d* e !d eD(© st Y | fitx) —di||* <€nt,
i=1

where if the set on the right-hand side contains more than one element, we just choose any
one in it and fix the choice. Using (3.6) we can further define

(3.8) p = (pl.p3,...,py), where p} = p(d¥), Vi € [n].

In the following we show that D’(¢) is a good covering of {X : x € W}, by bounding the term
Y X —pf ”%/;' Recall that d;" (-) is a linear functional from W; to R. Let

f 21T EDFA=D4 @D gy oy
I G ENFA=D @D gy

Then p;(¢) is an interpolation between p} and X;, since it is easy to verify that

p;(t) =

(3.9) pi 0) = p;, pi () =Xx;.
Let
X — pt
(3.10) e(x,i) = —1PDi Vi = {ke(x,i) ik € R).

1% — pfllv,
Then clearly V, ; is a 1-dimension subspace of V;. Define a linear functional go : Vy; — R
as

3.11) go(ke(x,i)) =k,

and then obviously | go|| = 1. By the Hahn—Banach theorem, we can extend gg to g, a linear
functional from V; to R such that

(3.12) 8(zi) =go(zi) Vzi € Vai, gl =1llgoll = 1.

@

i
(1 2 m_ @

(3.13) 8(z;") =8z ) =z — = Hvi'

Using the fact that f(-) is bounded and Fréchet differentiable, and W; is compact, it is easy

to see that g(p; (1)) is differentiable with respect to 7. By the definition of p? (¢), after some
algebra we arrive at

Thus for any zl-(l), Z ) e W; we have

(i) X (.
dg(p;\j(t)) B <le g(Zi)etf(Xzi )+(1—[)dl~ (zi) sz (Zi))/

) AT (s
dt Sy, €T CEDHATDEEED gy ()

=By [(f(xy)) — ¥ (Z0)(e(Z) — Ey[2(Z0)])],

t

(3.14)
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where the expectation is taken with respect to Z;, which obeys the measure qbf & i defined
as

d¢i G HI=0d @)

(zi) == 8] " :
dpi fiy, €T CEDTADECD gy, ()

Recall that 6 = (01, ..., 0y) is a fixed point in W. It is easy to check that
(fex® + (1 = 0)x) = d (rzi + (1 = )8;)),
= (filtx? + (1 = Dxg)) — d¥) (@i = 6).

Therefore, writing the following difference as the integral of derivative, we can see that for
any z; € W;,

£ (D) = dF @) — (f(x5)) — dF )]

i

1 . .
) i+ (= 0?) = )G — 6

1 . .
(3.15) 5/0 |(fi(ex®D + (1= 0xP) = fi(0)) @i — )] dt

1 X
+ [ 100 =) =60 de

<ciiM* + | fi(x) — d¥ | M.
Noting that E(ﬁ lg(Z) — E# [g(Z)H]]1 =0, we have

(3.16) By [(f(x§)) — d 00)(g(Zi) — By [8(Z0)])] =0.

From (1.5) and (3.13) it is clear that for each zfl), zfz) € W; we have Ig(zgl)) - g(z,@)l <M,
which implies that

(3.17) Ey[lg(Z) — By [g(Zn]|] < M.
Subtracting Ed)} [(f(x(gf)) —dF (0))(g(Z;) — E(p; [g(Z;)])] from the right-hand side of (3.14),
with (3.15), (3.16) and (3.17) we have

‘dg(pf (1))
dt
and consequently by (3.10), (3.11) and (3.12) we see that

|%i = pillv, = 8 — pi) = g(pi (1) — pj (0))

<ciM® + | fi(x) — d¥ | M*.

(3.18) <ciM? + | fi(x) — d¥ | M?,

(3.19)

Therefore, from (3.7), (3.19) and the basic inequalities (a + b)? < 2a% + 2b2, (a* 4+ b*)'/2 <
a + b, we have

n 3 n 3
(2ot ot 15) = (Dt + Lo — )
(3.20) i=1 i=1

1

n 2
=< \/§M3<ch~2i> +«/§M2n%e.

i=1
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3.2.2. The construction and properties of the measure vP. Before constructing the mea-
sure v”, let us take a look at the term

(3.21) max !f(m(v)) ~Y D | m}.
i=1

VKU, V=V XV X X Uy

In order to achieve the maximum, a natural question one might ask is: when (m(v)) is fixed,
what is the minimum value of Y7, D(v; || u;)? Forevery y = (y1, ..., y») € W, we consider
the following problem:

n
min{ Y " D(v; || i) :
i=1

(3.22)

v is a product probability measure with v < w and m(v) =y ¢.

In this subsection, we show several properties of the minimizer of (3.22). We prove that

PROPOSITION 1. Ifa measure v¥ = vly X v2y X -+ X v satisfies that for each i € [n],

y y dviy R;(zi)
v, L i,  m(v;)=y;, and (zi) =™

(3.23) dui

for a linear functional R;(-) : Vi = R,

then vY achieves the minimum in (3.22).

PROOF. For each i, assume that viy satisfies (3.23). For any other measure ﬁiy with

y
m(il.y) =y; and iiy < i, since log Z;Uf,- (+) is linear by (3.23), we have

dv; ~y dv} y y
(3.24) / log U (2) dv? (1) = / log (2 dv? (z) = DO || i)
w, o du; Wi dp

Combining (3.24) and the fact that D(¥; || v;') > 0, we have

av?
~ dv! 7 (2i) ~
0= D@ 1) = [ S-@log B duie) = D I wi) - DO 1L )
Wi Gt au; (i)

and it completes the proof. [

Now let us consider the properties of v? satisfying (3.23). From (3.23) we can see that
VZi € W,',
dvl-y

d i
Recalling that E y[Z;] = m(viy), by (3.23) and (3.25), we see that

(3.25) log —=(zi) = R (zi)-

dviy

dui

dv?
DO} ) = [ T Gotoe G itz
(3.26) PEr

- fW_ Ri(zi)dvi (zi) = Ri(m(v})).
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Note that we did not prove that for any y € W there exists a measure v” satisfying (3.23).
For each p € D'(¢), we construct v” = P Lovens vh) directly at (3.27) below, and show that it
satisfies (3.23), and hence it shares the property (3.26). For each p = p(d) € D'(¢), recalling

that d; is a linear functional from V; to R, we can define vip , a measure on V;, as

dv P d‘(Zi) Mp)ids (2)
3.27 Uz = = M PITA
( ) ( i)i= f edi (Z’)dﬂz(zz)

where A(p;) is a normalizing number satisfies that M) = (le_ ¢4 @) dui(z))~ L. From the
construction of p(d) in (3.6), it is easy to see that

/ zidvf (i) :/ 2" P dpi () = pi.
W; W;

The same approach we used in (3.26) can be applied here to show that

(3.28) D/ |l i) = A(pi) + di (i),

and consequently

n

(3.29) > (P + ¥ () = Y DO I i) de ri)
i=1

i=1

3.2.3. The approximation (2.7). Due to (3.29), for the approximation (2.7) it suffices to
bound

+de — [ = A1+ Ay,
where
(3.30) Ap=|f@) - f0)]+ Zﬁ o) G — x|
i=1
=f® = 1P+,
(3.31) N

n

S(dF — fi(x )G — x|,

i=l

+

So the proof of the approximation (2.7) consists of the bounds for Aj and Aj, which will be
given separately below.

Bound for A1. Recall the definition of /& from (2.1). We show the following proposition.

PROPOSITION 2. Let all notation be as in Theorem 1. We have the following bound

Ex[(f(X) = f(X)) <M2(a2c,,+2b2>

(3.32)

n n
+M4<a Z ci2j+ Z b,‘bjC,'j).

i,j=1 i,j=1
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PROOF. Let
h(X) = f(X) = f(X),
and then clearly
(3.33) |h(X)| <2a.

From the definition of X in (2.2), we have
fW Z] f( zj )d,l,L](ZJ)

/‘ f(xzj)duj(zj)

Note that X (-) is a functional from V' to Vj. We claim that X (-) is Fréchet differentiable (in
(1.4)) we just define the notion of Fréchet differentiability for real-valued functional. We can

define it for vector-valued functional similarly; see [10], Chapter 2. For r € V we let
réj) =01, 7j—1,0, 741, . ).

Define ¢ (x)(-) : V — V; as

(3.34) % (x) =

. . )
Jw, 2 8 @ O du 2

b (0)(r) = —
fW, D dpzp)

fW z,e & dMJ(ZJ)fW (Xzf))(réj))ef(xz’)dﬂ (ZJ)

(ije J d,UvJ(Z]))z

By writing out X;(x + r) and X (x) according to their definitions and calculating their dif-
ference, due to the fact that W; is compact and f(-) is bounded and Fréchet differentiable,
we can check that X;(x 4+ r) —X;(x) — ¢;(x)(r) = o(r). We define the partial differential

dx’(x)() Vi— Vjas
dx
S0 =95 (O O).
Recall the definition of fi (2.1). From the definition of ¢;(x)(-) we can write that for j # i,
dx;(x) ~ .
dx () =Ea[X; fi(X)() =% fi(X)() | Xk = xx for k # j]
(3.35) =Eu[(X; =)A= fi(X§) () | Xe = xi for k # j]

Eal(X; =) fi(X§)) () | Xi = xi for k # j].
By the definition of X; we have that for any r € V
(3.36) Ba(X; — %)) £i(Xg) () | X =i for k # j]=0.
Due to the fact that
600 = AENOT=| [ itex+ 0= 0X)6, X5 - ar| ey

we have

(3.37) IEa[(X; =) (A0 = fi(XE)) )| Xe = x for k # j]| < cijM
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Combining (3.35), (3.36) and (3.37), we see that for j # i
dx;(x)
dx )

Obviously %(-) =0.Fort €[0,1] and x € W, we define a linear functional u; (¢, x)(-) :
Vi — R as

(3.39) ui(t,x)(-):= fi(tx + (1 = X)) ().
Then it is clear that

(3.38) ‘ <ciiM>.

1 n
(3.40) h(x):/O D ui(t,x)(x; —Xi)dt.
i=l1

Following the same idea from [7], (3.3), to the end of the proof of [7], Lemma 3.1, we can
verify that

B[ (i (, X) — uit, Xé’)))(x X; )h(X(’))]|

3.41
(341 §2aM<fMCii+(1_t)M3ZCi2j>
j=1
and
Bz [ui (0, X)(X; — X (h(X) — h(X))]|
(3.42) 3w
< biM<Mbi +M Z bjCij>-
j=1

Due to the fact that Ej[u; (1, X, (l) )(X X Yh(X (l))] = 0, we have the following decomposi-
tion

E[ui (1, X)(X; — X)h(X)]
= Ep[ (i (1, X) — i (1, X§))) (Xi = Xh(Xy,))]
+Eglus (6, X)(X; — Xi) (h(X) — h(X{)))].
Thus by (3.40), (3.41) and (3.42), using the above decomposition we have

Ex[h*(X)] = f Z]E i (t, X)(X; — X;)h(X)]dt
n n n
M2<CZZC,',' + szz) + M4(a Z Cl-zj + Z b,‘bjcij).
i=1 i=1 i, j=1 i,j=1
We provide the following proposition, which is also needed for bounding A.

PROPOSITION 3. [fwe denote

G(x) —Zﬁ )i — %),

i=1
then

n n
Ez[G*(X)] < MY b7+ M? > bi(cji +bjcjiM).
i=1 i,j=1
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PROOF. Taking derivative of G and using (3.38), we have
oG (x)
10

0x;

(3.43)

=|filx (l) ()+§;<th )(xj =%, )+f1( )<_%§)())>H

n n
<b; + Z(CﬁM + bjCjiMz) <b; + Z(CjiM + bjCjiMZ).
J# J
Following the same idea from [7], (3.11), to the end of the proof of [7], Lemma 3.2, we finish
the proof. [J

Next we combine the above two propositions. Denote
1

n n n n 7
Bl,l = <M2<aZC”+Zb12> +M4<a Z Clzj+ Z blbjclj>) )

i=1 i=1 i,j=1 i,j=1
(3.44)
n n %
Bia:= (Mzzbl-z+M3 Z bi(cji +bjCj,'M)) .
i=1 ij=1
And let
Ap = { — f(®@)| <2B11},
Ay = {x eW, (xl —-X;) §2B1,2}.

Define A := A;N A;. Then with Proposmon 2 and Proposition 3 it is easy to see that P;; (A) >
%. Therefore, with the fact that 2(B;1 1 + B 2) < B (defined in (1.10)), we have

log/ el ™) d,u(x)flog/ e dp(x) +1log?2
w A

st Oy

(345) < log/Aef(xH_Z":l ft(x@i ) (x;i XI)d/L(X)

+ B + log?2.
Bound for Ay. For | f(X) — f(p*)|, rewriting it as

1 n
PO = £ = [ X A0F+A=0E = p)E - p)ar
i=1
by (3.20) and Cauchy’s inequality we have
n
@ = £(p") = 2 bil% = pilly,

i=1

(3.46)

= (Xn:b12>§ (\/EM3<Xn:ci2i>§ + «/EMzn%e).
i=1 i=1

For | Y7 (fi(x (l)) —d)(x; — x;)|, using (1.8) and the Cauchy—Schwarz inequality we have

n

D (fite) —df) & — xi)

i=1

< Mﬁ(ZHﬁ'(X) —de2>2 < Mne,

i=1
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and thus by decomposing f; (xe —d as f; (xel)) — fi(x) and f;(x) —d;" we get

Z(fi (x(gf)) dx)(xl — Xi)

i=1

< Z(ﬁ( D) — fi(0) @ —x)

i=1

+Do(fi ) —dF) @ — x)

i=1

(3.47)

n
< ZMZCU + Mne.
i=1
For the last term | Y7, d¥ (% — p7)|, noting that 7, |d¥]|> <237, b? + 2¢n, by (3.20)
and Cauchy’s inequality we have

> df (% - p))
i=1

(3.48)

1 1
n 2 n 2
s@X}%@&O(ﬁM124>+%m%h)
i=1

i=1
Recalling the definition of Aj, with (3.46), (3.47), (3.48) and the definition of B, in (1.11),
it is clear that

(3.49) Ar < B».
3.2.4. Proof of (1.9).

PROOF. By the definition of A (3.31) it is easy to verify that

@ - +Zﬁ ) (x,—x,)—de )| < As.

Define
Cld):={x:xeW,d"=d}.
Using (3.45) and (3.49) we have
1og/1ef“>ducm
w
(3.50) <log2+ Bi + B

+log 3 ‘/ o (P FEI disi=p (@) g ().
deD(e) '¥€C@)

From (3.27) it is clear that
/ e §l=1)»(P(d)i)-i-Z?:]di(xi)d,u(x) —1.
w
Combining the above equality and (3.28), we get the following bound
/ o F PENFTI =P @) g ()
xeC(d)
(3.51) < o/ P@D) =21 di (p(d)i) =3 Mp)i)

— oS P@)=2i, DO V)
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Plugging (3.51) into (3.50) and noting the fact that for any d € D(¢)

f(p(@)) ZD PO ) < max ! (m(v)) — ZD(v, ||u,}

1 VKL, V=V XV X X Uy
i=

we finish the proof of the upper bound. [J
4. Proofs of applications. In this section we give the proofs of our examples.

4.1. Proof of Theorem 2. In this subsection we prove Theorem 2. Throughout the proof,
C will denote any positive constant that does not depend on N. Recall the definitions in
Section 1.2.1, and write n = (1;/) for the total number of edges in G. Write T(x) as the
normalized version of T (x), that is,

T(x):=T(x)/N*2.

For u > 1, by the above definition we see that

~ . E[T (X)]
4.1) T(x)>uE[T(X)] <= Tk =tn, witht=———"u
nN*—
Thanks to the choice of r we have v (1) = ¢;(¢), where
¢1(t) :=inf Z szjs leEWO» ((xij)l§i<j§N)Ztn .

l<i<j<Ns=1
Similar to the proof of [7], Theorem 1.1, for K, § > 0 to be determined later we define
g(x) :=nKh(((T(x)/n) —1)/8),
where h(x) = —1ifx < —1, h(x) =0if x > 0, and for x € [—1, 0]
4.2) h(x) =10(x + 13 = 15(x + D* +6(x + 1)° — 1.

By our choice of 7 we can see that it is negative on (—1, 0), with bounded first and second
derivatives. Denote by u;; the measure of X;; for 1 <i < j < N, and u the measure of X.
Using the definition of g(-) we further see that

(4.3) P(T(X) > tn) < / e du(x).

W
For s € [1], let e; be the length [ vector with sth coordinate 1 and other coordinates 0. Recall-
ing that p;; is the uniform distribution on {ey, s € [[]}, we see that for any y;; € Wy, the only
distribution with v;; < u;; and m(v;;) = y;; is v;j(es) = yijs for all s € [[]. Therefore, it is
easy to see that

mx  Aelne)iz) = X Doyll)]

VKU, V=V] XV X+ X Vy l<i<j<N

! ..
- max {g((yij)15i<JsN)_ 2 Zyijslogil;;}'

vij€Wo,1si<j=N l<i<j<Ns=1
Let K = ¢;(¢)/n. We claim that
!
Yijs
max g((ij)i<i<j<N) — Yijs 1og
(4.4) yff€W0’15i<15N{ (Gip1si<s=n) 15i§5N§ RV

< —¢i(t = 9).
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This is because, for y = (yij)1<i<j<n, if T(y) > tn, we have g(y) =0, and thus

Yijs
g(y) — Z Zyl]s 1/l Z Zyzjs 1/]l

1<i<j<Ns=1 1<i<j<Ns=1
<—¢i(t) = =it —93).
If T(y) < (t — 8)n, we have g(y) = —Kn, and then

l
gy — Y. ) ijslog y”; <—Kn=—¢(t) < —¢1(t = 5).

I<i<j<N s=l1 1/
If T(y) = (t — 8")n for some & € (0, §), we have
1 I
Yijs Yijs
g = 3 Dovyslog == >0 D vislogi
I<i<j<Ns=l1 / I<i<j<N s=l1 /
<—¢i(t =&)< —¢i(t = ).

Observe that if we denote by D(e€) a y/ne-covering for the gradient of T (x) in the sense of
(1.8), then D((8¢)/(4K)) is a \/ne-covering for the gradient of g(x). Applying Theorem 1
for g(-), with (4.3) and (4.4) we get

4.5) log]P’(f(X) >tn) < —¢(t —8) + Bi + By + log2 + log| D((8€)/(4K))|.

Next we analyze the right-hand side of (4.5). First we bound ¢;(¢) — ¢;(t — §).

4.1.1. Upper bound of ¢;(t) — ¢;(t — 8). Obviously ¢;(¢) > ¢;(t —6). If ¢1(t) = ¢1(t —
8), then 0O is an upper bound. Now we consider the case that ¢; () > ¢;(t — &), and by the
definition of ¢, the only possibility is that ¢;(t — &) is achieved on some x* = (x7 J)1<,-< j<N
with x . € Wy and T(x*) € [(t — 8)n, tn). Note that in addition we can assume x"

- > x g forall 1 <i < j < N,since when ({x}"

l]l ;}2 z
1 112’ - z]l})1§l<]§N is fixed, the choice
x? =X ]2 > >x o achieves the maximum of T(-) by the rearrangement inequality. Thus
if this decreasing relation is not satisfied, we can choose another x’ satisfying it with T(x) >
T (x*), and ¢ (1 — 8) is achieved on x’ too, and we must have T (x') € [(r — 8)n, tn) otherwise
di1(t) =it —9). _

For any x = (x;j)1<i<j<n Withx;; € Wo, T (x) = (t — §")n for some & € [0, 8], and x;;1 >
Xjj2 > -+ >x;j forany 1 <i < j < N, we consider y = (y;j)1<i<j<n, Where for some
y > 0 to be determined later,

vij i = —=y)xij+yer, e =(1,0,...,0).
By the definition of y and 7 we have
NI () - T W)

= Y <]_[ (xq,qr,1+yil:xqrq,./s>

(4.6) 41 €INT \(r. /)€ E =2

[ [
0" T swae-3 1 )

s=2{r,r'}eE s=1{r,r'}eE
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Next we show that
N(T(y) - T(x)
1

> (m—1)y? Z < Z ] 1_[ xqrq,/1>

q1.92,.-.qk€[N] Mr,r'}eE Xqrgy1 {r.r'}eE

(4.7)

We fix (91,92, ...,9k) € [N1¥ for our analysis. Denote by

1
L)

{r.,r'}eE s=2

Z 'xr /
—(m—l))/2< > S22 drdnt I1 xq,q,/1>

{r,rYeE Xgrg,1 {r,r'}eE

For each [’ € [[], we let

My = { 1_[ Xqrqrs, 0 (Sr,r’){r,r’}eE e [I1", max Sr,r! =/ ]

(r,r')eE {r,r'}eE

By the decreasing assumption on x, we see that each term in My is greater than or equal to
[1¢r./1eE Xq4,q,17- By direct calculation, one can check that, for 2 <1’ <1, in the expansion of

[y ryee(gg.1 +v Zézz Xg,q,.s)> the summation of the coefficients of those terms in M,/
is go(l") where

o) =0+ -1)y)" =1+ -2)y)".
Similarly, for 2 <1’ <1, as y <m™!, one can check that in the expansion of 1, all the co-
efficients of terms in M are positive, and the summation of them is go(I’) — m(m — 1))/2.

From the above analysis we have that

(48) 1= [] wgit 3 [(go(s>—m<m—1>y2) I xq,q,/s].

{r.r'}eE 2<s<l {r.r'}eE

It is direct to check that go(-) is increasing on Z+-. Note that we can rewrite

l
(- V)m Z 1—[ Xgrq,rs — Z l_[ Xgrq,rs

s=2{r,r'}eE s=1{r,r'}eE
4.9)
1_[ Xgrg11 — gO(l)Z 1_[ Xqrq,rs-
{r,r'}eE s=2{r,r'}eE

Combining (4.8) and (4.9), and using the monotonicity of go(-), we see that

l l
I+ -py)" Z 1_[ Xgrqs — Z l_[ Xqrq,rs

s=2{r,r'}eE s=1{r,r'}eE

> (g0 —m(m — Dy*—go()) > ] %gq.s =0

2<s<l{r,r'}eE

where the last inequality is due to the fact that go(2) — m(m — 1))/2 — go(1) > 0. Summing
over all possible (g1, q2, ..., qx) € [N]¥ leads to “4.7).

For any A > 1/[, we denote by N (A) the number of homomorphisms of H in G whose
edges all satisfy x;;1 > A. Note that x;;; > 1// always holds since x;;1 > x;;; for any s € [/].
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Denote by C(N, H) the total number of different homomorphisms of H in a N vertices
complete graph. Then we have

o 1

N T = ) [T xgq12 NOA" +(CN, H) = NO)
q1,92.--qk €[N {r,r'}€E

which with the fact T(x) = (t — &§')n implies that

(4.10) N <((r— 5/)Nk/2 —C(N,H)/I'"™) /(A" = 1/1™).

We denote by I'; the set of homomorphisms of H in G who have at least an edge with

xjj1 < A. Since x;;1 < A implies that (1 — x;;1)/x;;1 > (1 — A1)/, we have

1_ ’
) (Z 1~ Xgrg01 ul xqrq,d)

01,020 gk €IN1 N eE - Y4rarl ek
1—A

= ) [T x4

(q1,92+--qx) €l {r,r'}€E

4.11)

where in the right-hand side we use (g1, ¢2, - .., qx) € I'1 to represent those (g1, g2, - - -, qk)
with corresponding homomorphism H (i.e., the homomorphism with vertices (g1, ¢2, ...,
gr)) in T'1. Note that

!
! > [T x4q1= > > I xaas

(41,92, qi) €Ty {r.r'}€E (91,92,--qi) €Ty s=1 {r,r'}eE
> T()NF2 - NQG).
Combining above inequality and (4.10), we get
) [T x40
(@1.92,--qK) €T {r.r'}€E
> N[ = 1/N)(t = 8)/2
—((r—=38")/2—C(N, H)/(Nkl’”))/()u’" —1/1"M)]/1.

Due to the fact that C(N, H)/N¥ converges to a positive constant as N — oo, and that 7 is
of order 1/1™~! by (4.1), we can choose A = 1 — ¢/[ for some constant ¢ > 0 such that

(4.12) > [1 xqq1=CNI~ D,
(q1.92.--qr) €l {r,r'}eE

Combining (4.7), (4.11) and (4.12), we see that T(y) — T'(x) > Cy>N21="*2_ Thus if
we choose y = Co8'/21m+2)/2 for a suitable C( > 0, we have T(y) — T(x) = én and thus
T (y) = tn. From the convexity of x log x, we have

I
Yijs
di(t) < Z Zyijsl()g o

I<i<j<Ns=l1 l/l

l ..
4.13) <({1-y) Z injslog?—j;—i-ynlogl
I<i<j<N s=1 /

< @it —8) + CoN28'/21"M+2/2 10g],

where in the last inequality we let x = x*.
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4.1.2. Upper bound for ¢;(t). Denote by [t'/¥N7 the smallest integer greater than
tY/kN. Choose r = C; [t'/*¥N7, and let x = (Xij)1<i<j<Nn Where

e, ifl<i<j<r,
Y7 layte, ... 170, otherwise.

Then it is easy to check that for a suitable C| > 0 we have f(x) > tn for all N. Thus

(4.14) ORI Zx,,s <Ct2/kN210gl
I<i<j<Ns=l1

4.1.3. Final calculation. We give the proofs of the upper bound and lower bound of
Theorem 2 separately below.

PROOF OF THE UPPER BOUND IN THEOREM 2. Recalling that K = ¢;(¢)/n, with (4.14)
and the fact that 7 is of the order I~™~D we can see that

We work with the L norm in this problem. It is easy to verify that for g(x) we have

9 CKb.
(4.15) gw| <nk. | s 2%
0x;; )
4.16) ‘ 9%g(x) H - CKciju 4 CKbj by,
’ 0x;j0xp né? '
where
CN™', if|{i, j k1) =20r3
4.17 Y ’ T ’
“.17) ' ikl {CN_z, otherwise.

Denoting the /ne-covering set in [7], Theorem 1.2, as D(e). Since we are working with L1
norm and each x;; is / dimensional, it is not hard to observe that for any € >0,D() =

D(€' /1) x -+ x D(€' //) (the product of [ sets) is a \/ne’-covering of the gradient of T (x)
in the sense of (1.8). Therefore, by [7], Lemma 5.2, we get

3 K4

(4.18) log|D((8¢)/(4K))| < c! (log N).

§4et

Now we bound the right-hand side of (4.5). It is clear that in this example M < 2. Using
(4.15), (4.16) and (4.17), by some algebra it is easy to check that under the conditions that

(4.19) N§>>1, k/§>1, NSe/K >1, e<l,
we have
(4.20) Bi=CN2K>5~',  By=CN2Ks .

Thus with (4.5), (4.13), (4.18) and (4.20), we see that
log P(T'(X) = tn)
(4.21) < —¢y(t) +log2 + CN26V2MD 2100 4 CNIK IS
g g

PBNK*
+CN?eKs '+ C——— i —(log N).
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Denote by T; (X) the number of homomorphisms of H in G whose edges are all of color i, and
let YN}(X ):=T;(X)/N k=2 Then obviously 7;(X) has the same distribution as the number of
homomorphisms of H in G(N,[~')—the Erdés—Rényi random graph with probability !,
and thus by [15], Theorem 1.2 and Theorem 1.5, we have

(4.22) —logP(T;(X) > tl~'n) = CN?I72.

Due to the fact that P(T (X) > tn) = P(Xl_, T;(X) > tn) < Y\_ P(T;(X) > tI~'n), from
(4.22) we further get

(4.23) —logP(T(X) > tn) = —logIP(T;(X) > tI~'n) = CN* 72 —logl.
Choosing € = N_1/53_3/5K3/513/5(10g N)I/S, § = N—(2A+m+2)/(19+8m+21A) % (IOg N)_4,
with (4.22) and (4.23) it is directly to derive that

m+2A+2

t m
e <1+ CN- s "5 (1o 1) (log N) 2
—logP(T > tn)

1 3m—1)—

Ak 3 4
— (logl)2(log N)

m+2A+42
+ C N 1+8m+21A

8§ _m42A42 3

+ NS Ba 3 S A (log 1) S (log N) S + o(1).

Using above equation and the fact that (m — 1)/k < A/2, we can check that if [ <
N1/(9+8m+218) " then the right-hand side goes to 0 as N — oo, and it is directly to verify
that condition (4.19) holds. Recalling that v; (#) = ¢;(¢), we finish the proof. [

Next we show the lower bound.

PROOF OF THE LOWER BOUND IN THEOREM 2. Fix any z € W such that T(z) >
(t 4+ &p)n, with §p to be determined later. Recall that ¢, is the /-dimension vector with 1 on
the sth coordinate and O on others. Let Z;;, 1 <i < j < N be independent random vectors
withP(Z;; = e5) = Zijs and denote by it the measure of Z = (Z;;)1<;<j<n. Let I" be the set
of x € Wy such that T (x) > tn, and let ' be the subset of I' where

[
1
Z Z(xijk log zjjk — xiji log 7 ik log(lZijk)> < eon.
l<i<j<N k=1
Then we have
P(F(X) = tn) = / 1dpu(x)
r

(4.24) > | oXizicj=n Tiot (Fxijklogzijktxiji log ziji) du(x)

= .
> ¢lijk lOg(lZijk)_fo"lPﬁ(Z c F/).
Denote
I
Hx):= Y Y (xijrlogUzijr) — zij log(lziji))-
I<i<j<Nk=1
Obviously Ez[H (Z)] = 0. By direct calculation we have

! ! 2
(4.25) Varg(H(Z))= Y [Z zijk log(zijk) — (Z Zijk 10g(Zijk)) ]
k=1

1<i<j<N Lk=I
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Noting that

‘l l
10g(7) < Z zijklog(zijx) <0,
k=1
with (4.25) it is clear that
Varz (H(Z2)) < Cn(logl)?.
Thus by choosing €g = Co N -1 (log!) for a suitable C, > 0 we have
C (logl)2 1
(4.26) Pa(|H(Z)| > eon) < ——5—— = .
€n 4
Let S(x) := T(x) — T(z). Using the similar approach as in [7], (4.3)—(4.4), we can verify that
Ex[S?] < CN2.
Thus by choosing §o = C3 N ~1 for a suitable C3 > 0, we get

~ CN> 1

Using (4.26) and (4.27) we see that P;(Z € I'") > 1/2, therefore, with (4.24) and by taking
the sup over z we get

log P(T (X) > tn) = —¢y (1 + 80) — €on — log2
> —¢y(t) — CN?8y/ 1" *+P/210g1 — CN(logl) —log?2.

Consequently with (4.23) we see that

- t m
$u(0) >1-CN 25" log N + o(1),
—logP(T(X) > tn)

which completes the proof. [J

4.2. Proof of Theorem 3. In this subsection we show Theorem 3 in our second example
about continuous weighted triangle counts. Throughout the proof, C will denote any positive
constant that does not depend on N. We follow the routine of the above example. In the proof

we use the definitions in Section 1.2.2. Define the normalized weighted triangle counts T (x)
as

T(x):=T(x)/N.
Forany I <u <38, welets=u(N —2)/(24N). Since n = N(N — 1)/2 and by calculation
E[T(X)]=N(N — 1)(N —2)/48, we see that {T (x) > uE[T (X)]} = {T (x) > tn}. Define

_)\yij

Ay..€ Ay
ut) 1= inf{ 3 (—1+%+log(+’”))r
—e ij 1—e ij

1<i<j<N
vij € (0, 1) such that T'(y) > m}.

Obviously ¢, () = ¥, (u). Let g(x) = nKh(((T(x)/n) —t)/$) for h(-) defined in (4.2), with
K = ¢, (t)/n and § to be determined later. Then same as the argument of showing (4.4), we
have

{g(y) Y D | u,-,»)} < —gu(t —5).

max
y=0yij)1<i<j<N, Yij €0,1) i<
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Applying Theorem 1 for g(x) and some € to be determined later, we get
log P(T/(X) > tn) <logE[e$™]

(4.28)
< —¢n(t — 8) +10g2+ By + By + log|D(e)

’

where Bj, B, are as defined in Theorem 1, and D(¢) will be constructed later. Next we upper
bound the rightmost side of (4.28).

4.2.1. The upper bound for ¢,(t) — ¢, (t —5). Recall the definition of v in Section 1.2.2.
For A% > 0 we define f1(1%) :=E,«[X]. After calculation we have

PG p——

= T e

and we can check that on any bounded interval [—My, My], there exists cpz, > 0 such that
(4.29) fix) < —CMy-

For A% > 0 we define f>(1%) := D(v%||U), which after some calculation is
+1 < a )
0 .
g l—e*

fr(x) <0 when x < 0;

(4.30) fr(x) >0 when x > 0;

xe

1—e*

LX) =-1+

We can check that

| f2(x)| <Cp forsome Cp < oco.

We assume that + — § > 1/24, since later we will choose § — 0 as N — 0, and by our
choice t > 1/24 as N — 0. In order to bound ¢, () — ¢,(t — &), we use the same strategy
as Section 4.1.1. If ¢,(¢) # ¢, (t — ), we assume that ¢, (t — §) is achieved on some z =
(zij)1<i<j<n such that T(z) = (t — 8)n for some & € [0, §]. In addition we assume that
zij = 1/2 forall i < j, since otherwise according to (4.30) we can change those z;; < 1/2 to
1/2 without increasing }; _ ; D(v*/||U), which results in a bigger T (z), and we can consider
the new z instead. For some s € (1/2, 1) to be determined later, we define A(s) := {{i, j} :
zij = syand Vs (i) := [{k € [N]: zjx > s}| (here | -| refers to cardinality). Write B(s) as the set
of triangles whose three edges all belong to A(s). Observing that for each edge {i, j} € A(s),
the number of triangles in B(s) containing {i, j} is at least V(i) + Vs(j) — N — 1, we get
that

1
B&I=3 3 (@O+V()—-N-1)
{i,j}eA(s)
(S 2
(4.31) =32 (®) —[A@IWN =D
i=1
L(4AG)?
=2 (F5E - el =),

where the second equality is by the fact that each V(i) appears Vi (i) times in the summation,
and the last inequality is by Cauchy’s inequality and the fact that ZlNzl [Vs(@)| = 2|A(s)].
Since

(4.32) (1;]) >T(z) > |B(s)|(s® — 1/8) + E[T(X)],



838 J. YAN

with the fact that E[T'(X)] = N3/48 4 o(N?), substituting (4.31) into (4.32) we can verify
that there exist s € (0, 1) and ¢; > 0 independent of N such that |A(s)| < (1 — ¢5)n. We find
csn number of edges in A(s)€, and increase the weights on them by ¢ > 0 to be determined
later, getting a new weight vector 7 = (Z;j)1<i < j<n. Later we can verify thatc — O as N —
oo, and thus the weight-increasing operation is feasible, that is, Z;; < 1 for all {i, j}, as N is
large enough. Since for each edge there are N — 2 triangles containing it, after the operation,
with the fact that z;; > 1/2 for all {i, j}, each edge in A(s)C at least contribute o /5 more to
T (z). Therefore, we get

7@ -Tk) = "S;"",

which implies that we can choose o = ¢’ for some ¢, > 0 to make T(Z) > tn. Since for
N large enough we can find s1 < 1 such that s + o < 51, with (4.29), we see that for those
Zij ENA(S)C, we have |A%/ — )szfl < ¢;,0 for some ¢y, > 0, and thus with (4.30) we have
D% ||U) — D(v%i || U) < Cpcs, 0. Therefore, we have that

Gn(t) — n(t —8) <D DV || i) — Y DV | i)
i<j i<j
(4.33)
<Cpcson < CDcslcéé/n < CN?s.

4.2.2. Bound for K. In order to bound K, we just need to bound ¢, (7). Obviously we
can choose z;; = s; for some s; € (0, 1) such that T'(z) > tn for all n, and thus ¢, (1) < CN?2,
which implies that K < C since K = ¢, (¢)/n.

4.2.3. Final calculation. We give the proofs of the upper bound and lower bound of
Theorem 3 separately below.

PROOF OF THE UPPER BOUND IN THEOREM 3. From our choice of g, it is easy to verify
that

(4.34) B =CN3?s7 1 4+ CN5§72, By =CNS§ 2+ N25"e.

One can check that in the sense of (1.8), the \/nde/(4K)-covering of the gradient of T(x) is
a y/ne-covering of the gradient of g(x), by [7], Lemma 5.2, and the fact that K is bounded by
a constant, we have that for g(x), log|D(¢)| < CNSs e log N. Choosing € = N—38215,
by (4.28), (4.33) and (4.34) we get

log P(T (X) > tn)

(4.35) N3

< —¢o(t) + CN?s + CT +C
For any s* € (0, 1), based on the graph G and weight X, we construct a graph G’.(X) by
making those edges with weight > s* as connected and other edges as disconnected. Write
Ts+(X) as the number of triangles in G;* (X). Then it is not hard to see that we can choose
0<s, <land1 < u’ < 8 such that

N 9.8 1
8—2+CN58 5(logN)5s.

{T(X) > uE[T(X)]} C {T;,(X) = u'E[T;,(X)]}.

Since G;u (X) is just the Erd6s—Rényi random graph G(N, 1 — s,), with [15], Theorem 1.2
and Theorem 1.5, we see that

(4.36) —logP(T (X) > tn) > —logP(T;, (X) > u'E[T}, (X)]) = CN>.
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Choosing 8§ = N~1/10 and dividing both sides of (4.35) by —logP(T (X) > tn), we get the
desired upper bound. [J

PROOF OF THE LOWER BOUND IN THEOREM 3. Fix any z = (zjj)1<i<j<n With z;; €
(0, 1) and T (z) > (t + 80)n with 8¢ to be determined later. Consider Z = (Z;;)1<;i < j<n With
Z;; (i < j)independently from v%/. Denote by i, the distribution of Z. Denote

[ = {x=(x;j)1<i<j<n : xij € 0, 1), T (x) > tn}
and

—Ag..
Az e T
Z(—)\Zijx,-j — <—1 +—— ))' < eon},

r’ ;=Fﬂ{x=(xij)1§i<jSN: -
i<j I—e ™

for €g to be determined later. Noting that P(f(X) >tn)=E[lr]and " C T, we have
P(T(X) > tn)

Az; s i
Zt<J(_)“Z,]xlj+log( :i. ))_Zt<j(_)‘211xlj+log( :){Z )
l—e ~“U l—e "4 ]

(4.37) >E[lre
> ¢~ Li<j POV —enp, (7 1)
By direct integration, we can see that for some C4 > 0
A
A,..e i 2
e [(S( oz (1422 | <
i<j I —e ™
Thus by choosing €y = (4C4/n)'/? and using the Markov’s inequality, we get
Az
Az e Ci C 1
Pa. (Z(_)‘Zi'zij - (-1 + @7%)) > éon) <=
Nig ' 1—e ™ €n 4

Using the similar method as in [7], (4.4), by choosing §o = CN —!, we have that Pz, (f(Z ) <
tn) < 1/4.Thus Py (Z € ') > 1/2, and with (4.37) by taking sup over z we get
logP(T (X) = tn) = —¢, (1 + 80) — €on — log 2.
Combining above inequality and (4.33) we get
log P(T/(X) > tn) = —¢,(t) + CN —log2,
which implies the lower bound with (4.36). [

4.3. Proof of Theorem 4. In this section we show Theorem 4, which is an extension of
[4]. Throughout the proof, C will denote any positive constant that does not depend on n.
Note that in this example N is the dimension of Wy, and it has no relation with n. Recall the
definitions in Section 1.2.3. For convenience we define

1 n ) n
fx):=H " (x) = 5 > AnG, pxl Ixj+Y xlh
ij=1 i=1

and

~ 1 -
fx):= 3 > Al ] Jx;.

i,j=1
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Without the loss of generality we assume that p;’s are supported on the unit ball Byw (1) in
RV . Using the similar argument to [4], Lemma 3.1, we can further assume that

(4.38) max|A,(i, j)|=0(1) and A,(i,i)=0 foralli.
i,]
We work with the L| norm, and note that
sup x|z, =+/N.
xeByy (1)

By the definition of f and (1.17), it is direct to verify that
a= 0(n),

(4.39) b = 0<Z}An(i, j)|) +O0(),
J
cij = O(|An(i, )]).
Using (4.39) it is straightforward to verify that the lower bound part is implied by Theorem 1,
that is,

J.h
lim —[log/ B g (x)

n—o0o p

— _ max {H”‘ m(v)) ZD(W Il i >:|

VKU, V=D] X V) X=X Vy,

Next we consider the upper bound part. If we calculate By and B; in Theorem 1, then they are
of the wrong order. In order to show Theorem 4, we need to incorporate the special property
of f into the proof of Theorem 1. For f and f we have that

[0@ =Y 4G 0xl Tz 40Tz, Fo@ =Y A Dxl Iz,
J#i J#i
Defining i same as (2.1), we claim that
(4.40) Ex[(F(X) = F(X))*] = o(n?).

and

n 2
(4.41) Eﬁ[(Zﬁ(X)(Xi —)?i)) }=0(n2)-

i=1
We defer their proofs to a later place, and first show how to finish the proof with them. By
(4.40) and (4.41) we see that there exists o, — 0 such that P (€2,) > 1 where

Sonn}.

Given any € > 0, by [4], Lemma 3.4, it is not hard to see that we can construct a D(e) such
that log |D(€)| = o(n). For each d € D(¢), we consider

DY fiee —5)

i=l

Q, = {x € supp(u) : | f(x) —

Eq = {x e supp(u) : Y_[ fi(x) —d; ||2 Snéz} N€2,.

i=1
If E4 is not empty, we pick one element z; € E4 and fix the choice. Consider

D(e) :=|zq:d € D(e), Eq # ).
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Then for any x € €2, recalling the definition of d* from (3.7), we can find y, := z4» € 75(6),
such that by the triangle inequality

S = HO)P <A —dF P+ D )dF — fizan)|
(4.42) i=1 i=1 i=1
§2n62.

Obviously |5(6)| < |D(e)| by the construction of 15(6), and thus

(4.43) log|D(e)| = o(n).

Let yy = ()1, ---» (Jx)n), Where
(A) . ]Eﬂi [xier;ei Azz(i,j)XlTJ(YX)j+xlTh] B ]EM,‘ [xief,'(yx)(xi)]
i E,,, [e X Ant 5] T+ hy E,, [e/ 0000

Next we do the following approximation for x € €2,,:

)x

dv
f(x>~f(yx)—ZD ) +Zlog

i=1

(Xt)

More precisely, we show that for any x €

v
’f(x)—(f(yx)—ZD Ol ) +Zlog (x»)‘

(4.44) i1
<20,n 4+ 2+2Nne.
If (4.44) holds, then by (4.43) and the same method as Section 3.2.4, we see that
log / e dp(x)
wr

< max { (m()) — ZD(vl ||ul}

VKU, V=V] XV X+ X Vp

+ 20,1 + 2+/2Nne + log2 + log|D(e)|.

Dividing both sides by 7, and noting the fact that € is arbitrary, we complete the proof by
letting € — 0.
Now we show (4.44). Comparing the above equality with (3.23) in Proposition 1, by (3.25)
and (3.26) we see that for any z € R4
I

@ = DO L) = fi) (e~ G0,

log

Therefore, we have

‘f(x) - (f@:) —3 "D | i) )‘
i=1
(4.45) <|fx) = Fo|+|f ) — f(i;>|

RO — G0l

i=1

+ 1Y i (x —(yx),-)'+
=1
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where in the last line we replace f by f since it is easy to check that all the terms involving
h cancel in the first line. Recalling that y, € €2,,, by the definition of €2,, we see that

(4.46) |F ) = FOO]+ D A0 ()i = GR)i)| < 20un.

i=1

Thus it remains to bound | £ (x) — £ (yx)| and | 0 fi () (xi — (i) For | f(x) — F (o)l
we have

|f(x)—f<yx>|—‘ ZA(z DES T = G0g) + & = ol )T G0);)

i,j=1

1 ~
(4.47) < ‘5 S(F ) - Fo) i)

’ Y (i) = F00) )
7

~ ~ 1/2
= VNVA( S~ FoolP) " = vaNne
i
where the last inequality is by (4.42). For | >}, ﬁ (yx)(xi — (¥x)i)|, note that

Z A, D = 00T

i,j=1

=D (fi) = Fi30)om)|,
J
which we already bound in (4.47). Thus combining (4.45), (4.46) and (4.47), we get (4.44).

In the following we prove (4.40) and (4.41). We need the following two inequalities. By
(1.17) and (4.39), there exists n, = o(n), such that for any wy, wa, ..., w, € W/

Z||f,<wl>|| <C(n+Z(Z|A i, ]>|) )

i=1\j=1

(yx (yx (

448
(1:48) §C<n+n 3 |An(i,j)|2>

ij=1
2\ _ 2
<C(n+ntr(A;)) =nun~,
and by (1.17) again, there exists M, = O(1) such that for all x € W}

SIf)] < Z
i=1

i=1

ZA (i, j)JxJ
J#

(4.49)
<VN|Jle sup Y.

XG[O,I]” ie[n]

> Aul, )xj| < Myn.

Jj€ln]

PROOF OF (4.40). If we directly apply Proposition 2 for f , then we can see that only
Z?,j:l bibjc;; is of wrong order, which comes from (3.42). Let 6 = (0,0, ..., 0) in RV . Here
we show

(4.50) > Ealui(t, X)(Xi — X) (h(X) — h(Xg)))] = o(n?),
i=1
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which gives (4.40). Recall that
h(x)=f(x) = f®),  wi(t,x)= fi(tx + (1 = 0)3).

By arrangement we have

h(x) —h(xy)) = F(x) = Flxy) ZA 4, H &) J(xj—xél)J)

£ Al )T I
4.51) " .
= F) = Flef)) + ) Hi®E - )

3 Zfz )G - xf),).

‘We also have

Feo = Flxg)) ZA @, )Hx) Jx,——ZA @ ()T Ix
(4.52)

= ZAn(i, N Ixj = fi(x)(x:).
J#i

By Cauchy’s inequality we have

SE( A0l + 1 FE®DIFE ||)]\

i=1
- - 12, W 12

< (EZ||ﬁ<x>||2) + (Eanan) (Ezufmnz) _ o),
i=1 i=1 i=1

where the last line is by (4.48). Thus with (4.52) we see that

S Efuit, X)(Xi — X)(F(X) — (X (”))]‘
i=1
(4.53) =Y E[(t i)+ 1 -0 fi(X))(X: — X)(fi (X)(X»)]'

i=l

n
<N
i=1

(170l + |\f2<fc>||><||ﬁ<x>||>1| —o(n?)

Next we define Aj;(x) :=X%; — @j, and then by (3.38), (4.38) and (4.39) we see that for
any x € WY,

(4.54) max|Aj; (x)| < v'Nmax|A,(, j)| = o(1).
i,j i,



844 J. YAN

By (4.49), for any x € W[,

Y IA®@IA®]+]£®])

i, j=1
4.55 oo noo o
423 f(lefj@)ll)(leﬁ(x)ll+ZHﬁ<f>||)
i=1 i=1 i=1
§2M,%n2.

Noting that | f;(®)(A ;. ()T (i (t, x)(x; = X)) < [1.F; @ ALF O+ 11 £ @), with (4.54)
and (4.55) we see that

ZH:E[ui(z, X)(X; — )?,-)G > fiXX; - ﬁ)f)ﬂ’
J

i=l

(4.56)
‘ [Z Fr0( ,,(X>T)(ui<z,X><Xi—)?,->)”=o<n2).

i,j=1
Similarly we can show that

> [u t, X)(X; — X)( Zf(xm)( ﬁ),))]’:o(rﬂ),

and thus with (4.53), (4.56), (4.57) and (4.51), we get (4.50) and finish the proof. [

(4.57)

PROOF OF (4.41). Denote

G(x):=)Y_ fi(x)(x; — %).

i=1
Then by the definition of X, we have
Ex[G(XD) fi(XD)(X; — X»)] =
Noting that ﬁ(X(i)) = f;(X), it is enough to show that

(4.58) E; [Z Fi(xD)(X; — X)(G(X) — G(X(”))} =o(n’).
i=1
After some algebra we have

G(X) - G(x")

= Anl DXTTX; = X)) — (XD)T 1 (xD - X0
4.59) ,Zizz;’ DX (X;7) J(X; i)

= > B0, - X))+ RF 00 — FET)X.
J#i
By the definition of A ;, we have

n
Eg|:

YA X - Z)(Z FiOX; - )?%) H
i=1

i
< a max] 8,400 f(zuf (x0) ||)(Z||f,<x>||)} o).

(4.60)
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Also we have

(4.61) Eﬁ[

Y A& - X)(2fiX) - fi (XAO‘)))(XD)H

i=1

@62 <E; [Ninﬁ(x@)u IO+ 17®) ||>] — o(n?).

i=l

where the last line is by Cauchy’s inequality and (4.48). Combining (4.58), (4.59), (4.60) and
(4.62), we finish the proof. [
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