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In this paper, we give an explicit bound on the distance to chi-square
for the likelihood ratio statistic when the data are realisations of independent
and identically distributed random elements. To our knowledge, this is the
first explicit bound which is available in the literature. The bound depends on
the number of samples as well as on the dimension of the parameter space.
We illustrate the bound with three examples: samples from an exponential
distribution, samples from a normal distribution and logistic regression.

1. Introduction. One of the most celebrated theorems in theoretical statistics is Wilks’
theorem, which states that under appropriate conditions, 2x a log-likelihood ratio statistic
is approximately chi-square distributed. This result is very useful when testing the null hy-
pothesis Hy : @ € ®¢ against the alternative hypothesis Hj : @ € ®, where ®¢ C O, using a
generalised likelihood ratio test. Such tests arise, for example, in the area of model reduction,
with the aim of finding a relatively simple model which explains the data reasonably well;
see, for example, Chapter 6.5 in [6]. For this test, the number of degrees of freedom of the
asymptotic chi-square distribution under the null hypothesis is r = dim(®) — dim(®y); see
[25], as well as Chapter 12 in [16] and Chapter 16 in [23] for more details. This test is intrigu-
ing because of its generality; in [8] the term Wilks’ phenomenon is coined for the fact that
the asymptotic distribution of the likelihood ratio statistic does not depend on the “nuisance”
parameters of the particular random mechanism which underlies the observations.

For any generalised likelihood ratio test, there are only finitely many observations avail-
able. The quality of the approximation will depend on the number of observations, and also
on the distribution of the observations under the null hypothesis. As noted, for example, in
[24], the quality of the chi-square approximation for a small sample size is unknown. To
date, bounds on the distance to the chi-square distribution are only available in special cases.
This paper addresses the problem through the use of Stein’s method. The key ingredients are
[10], where Stein’s method for chi-square approximation is developed, and [1], where the
distance to normality for maximum likelihood estimators is bounded using Stein’s method
for multivariate normal approximation. We shall apply these results in order to obtain our
main theorem, Theorem 2.3. This theorem gives an explicit bound on the distance between
the log-likelihood ratio statistic and the corresponding chi-square distribution.

Our results are the first ones which give an explicit bound to the chi-square distribution in
Wilks’ theorem under a general setting. These bounds are not optimised with respect to the
constants. Their importance is of theoretical nature, but they can also be viewed as indicative
of situations when the chi-square approximation does not hold. To illustrate this point, if d
is the dimension of the parameter space ®, r the number of degrees of freedom and n the

. . 1
number of observations, then our bounds tend to O as n — oo when d is o (n 18) when r

is fixed, and when d is o (nz%> when r is allowed to be of the same order as d. Hence the
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dimension of the parameter space is allowed to increase with n, but only very slowly. In
particular, in the regime considered in [22], that d grows linearly with n, our bounds will
tend to infinity with increasing sample size, as they should in this case. In the special case of

logistic regression, [19] reported that the chi-square asymptotic is still valid whend = o (n 3 )

While the criterion d = o (n%) is not as strong, our bound is explicit and is derived in a more
general setting.

This paper opens up some avenues for further research. The first avenue relates to the order
of the bound. In [10], for the Pearson chi-square statistic with fixed number of cells, a bound
to the chi-square distribution of order n~! is obtained, through making use of the quadratic
form of the chi-square statistic. In contrast, Theorem 2.3 gives a bound of the order n~!/2 for
fixed d, with no clear possibility of improving the bounds. It has been suggested in the past
that Pearson’s chi-square statistic is closer to a chi-square distribution than the corresponding
log-likelihood ratio statistic; see, for example, the chapter on historical perspective in [20].
It is probable that including a Bartlett correction in the log-likelihood ratio statistic as in
[26] will improve its asymptotic performance; see Chapter 6.11 in [6]. In future work, it will
be interesting to explore the discrepancy between the two tests. As a related question, in
[22] it is shown that when the ratio d(n)/n — k > 0, a scaled chi-square statistic provides
a good approximation for a class of logistic models; it would be interesting to explore this
approximation further. Moreover, the bounds which are derived in this paper are not claimed
to be tight—indeed the Cauchy—Schwarz inequality is repeatedly used. Obtaining tighter
bounds remains an open problem.

A second avenue concerns the assumptions. In this paper, the observations X are assumed
to be independent and identically distributed. As our proof is mainly based on Stein’s method,
generalisations to weakly dependent observations are straightforward in principle; see, for
example, [4] and references therein. For simplicity of exposition, this paper concentrates on
the classical i.i.d. case.

Moreover, for convenience in this paper we assume throughout that ® is open, and ®y is
either open or a one-point set. In [25], it is assumed that ®¢ is a hyperplane in the Euclidean
space ®. This assumption is weakened in [5], but an essential assumption for the chi-square
asymptotics to hold is that the sets ®g and ® are (locally) equal to linear spaces (see [23],
page 228); open sets, for example, satisfy this condition, but half-lines are not locally linear
at their boundary points. A key assumption is that the true parameter does not lie on the
boundary of the parameter space. This assumption is not easy to verify; when it is violated,
then a rather different asymptotic behaviour can occur; see, for example, [5, 9, 21] and [11].
Allowing for more general parameter spaces is another item for further research.

The third avenue for further research concerns the method used for the proofs. This paper
relies heavily on Stein’s method. The conditions in our paper are such that the log-likelihood
is locally linear, and hence resembles a quantitative approach to locally asymptotically nor-
mal models in the sense of Le Cam [14]. In contrast to Le Cam’s general theory, instead
of considering any small perturbation around the true parameter, we restrict attention to the
maximum-likelihood estimator. This restriction allows to apply results from [2]. Expanding
the results to provide a quantitative framework for Le Cam’s theory will be part of future
work.

The paper is structured as follows. Section 2 gives the general result. The proof is presented
in modular form as a collection of lemmas, because the different steps in the approximation
may be of independent interest. The proof also relies on Theorem 2.1 which is of interest in
its own right as it gives an explicit bound on the distance to chi-square (in terms of smooth
test functions) for a general standardised chi-square-type statistic based on score functions.
Section 3 illustrates the result in three examples. First, we consider an example with a one-
dimensional parameter, namely the exponential distribution. The second example is that of
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the normal distribution with two-dimensional parameter (i, o). The last example is logistic
regression. Finally, Section 4 gives the proof of Theorem 2.1.

2. The general result. Before stating the general result, we introduce some notation. Let
Cp, (R) denote the space of bounded functions on R with bounded kth order derivatives for

k <n.ForheCy,welet||h]l,, = max{|li® ], k=0,1,...,n}. Let V= (55, i=1,....d)T

. 2 . .
denote the gradient operator, so that VVT = (ﬁ)i, j=1,....a 1s the Hessian operator. The
1 J

third-order tensor V®) := V ® V ® V is so that (V®); ; x = % fori, j,k=1,....d
and for d x 1 vectors u, v, w,
d d d 53

(3) = .
V¥ flu, v, w —ZZZ”f”kw“aejaekaesf

=lk=1s=1

is a scalar, while the vector V® f[v, w] is glven by

VO v, w] = ZZZ ot Sae 966,

j=lk=1s=1

Let X = (X1q, ..., X;) be independent and identically distributed (i.i.d.) observations from
a distribution with probability density function f(x|@), where @ = (01, ...,04)T € ©® C R?.
The test problem is

Hy:60,;=0, j=1,...,r

against the general alternative Hj : € ®. Here, © is open, and ®y is either open or a one-
point set. Assume that dim(®) =d;then @) ={# € ©® : 6y j =0for j =1, ..., r} has dimen-
sion d —r. Writing @ = (01.], 0[r+1.41)7 where 0[1.,] is the vector of the first 7 components
of 6 and 0, 1.4) is the vector of the remaining d — r components of 8, the null hypothesis
translates to Hy : 09 (1., = 0.

Let L(6; x) =[]/, f(xi|#) denote the likelihood function. Set

6" (x) = argmax L(8; x) = (0111, 0,14 (®))"
(ASCN}

@,, (x) =argmax L(0; x);
0c®
under the conditions which will be specified, these quantities exist. The log-likelihood ratio
statistic is
A ATECS
2.1) —2logA = 210g<£> with 7y = L0y O @)
I L(6o; x) L(6o; x)

with 6y the unknown true parameter. Thus, 77 is the likelihood ratio for testing the simple
null hypothesis that # = 6y against the alternative that § € ®, whereas 7 is the likelihood
ratio for testing the simple null hypothesis that § = 6y against the alternative that § € ©.

The Fisher information matrix for one random vector is denoted by [ (6p), which again
is assumed to exist. We write £(6; x) = Y7, Ly, (0) with £y, (0) = log(f(x;]0)). The score
function for 6y is

_ _ ey — (0o, x)
22) S(B0) = S(60.x) = Vlog L G0 x) = v (5 ()
with column vectors &€ = (&1,...,&)T e R" and n = (11, ..., n4—r)T € RY™". We omit the

arguments x and @ when they are obvious from the context. In the sequel, expectations are
taken under the true parameter 6y unless otherwise indicated; [Eg signifies that the expectation

is taken under f(x|6@). We often abbreviate 9*(x) = 9;4_11” (x).
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2.1. The assumptions on the probability density function. We write
A B
23) 160= (g ¢):

where forany r € {1,2,...,d}, A= AT e R, Be R"™*@=") and C = CT e RU—*xd=7)
We assume that the submatrices in (2.3) satisfy that C is invertible and that A — BC AN
positive definite. We make the following assumptions:

(C.1) Identifiability: the densities defined by any two different values of @ are distinct;
(C.2) £(8; x) is three times differentiable with respect to the unknown vector parameter, 6,
and the third partial derivatives are continuous in ;
(C.3) for any 6y € ® and for X denoting the support of the data,
(a) there exists €1(fp) > 0 and functions M, (x) (they can depend on 6y), such that
for @ = (01,0;5,...,04) and r,s,t,j=1,2,...,d,
83
‘ 06, 06,00,
with E[M,s;(X)] < oo;
(b) there exists €2(fp) > 0 and functions M JoE (x), such that for all k*, j*,I*, j €
{1,2,...,d —r} it holds that for all x € X, if |0;.‘ — 04, j| < €2(0p) then

£(0; x)‘ <Myu(x) VxeX |0; -0l <ei(bo),

83
‘ 80k*+r 89j*+r801*+r
In addition, E[M/f*j*l* (X)] < o0;
(C.4) forall @ € ©, Eg[lx,(0)]=0;
(C.5) 1(#) is finite, symmetric and positive definite, and forr,s =1,2,...,d,

3 el ’
n[1(9)],, = Ea{a—erﬁ(fi; X)a—esﬁ(é’; X)} = _Eo{ 90, 90,

This condition implies that n/ (@) is the covariance matrix of V(£(0; x));
(C.6) fork =2,4,

£(0%, x)

< M;:*J*l*(x)

£(0; X)}.

E((Mkjv(X))K”én(x)(m) — 00.4m)| < €) < 00,
E((Mgs o (X)) 1]04(X) n#) — 0.0 | < €) < 00,

where My, (x) and M**/-*U* (X) are as in (C.3);

(C.7) the random variables Y; ;(0) = 8% log f (X ;10) have finite absolute moments up to 8th
order.

Assumptions (C.1), (C.2), (C.3)(a), (C.4) and (C.5) are classical regularity conditions that
were formulated mainly in the 1940s in order to make informal derivations mathematically
thorough. Even though these conditions could be relaxed, mainly with respect to requirements
related to the partial derivatives of the log-likelihood function, they are still of great interest
because of their simple nature which can lead to simple and easy to understand proofs. Under
these conditions, [7] proves that

Vn(0a(X) —00) = [160)] 2,

. . . . d
where for d fixed, 17«4 is the d x d identity matrix, Z ~ Ny (0, I7x4), and — denotes con-
vergence in distribution. Under the same conditions, [1] gives an explicit upper bound to the
distance of the distribution of the MLE to the normal for i.i.d. random vectors.
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There are different sets of assumptions available which ensure existence and asymptotic
normality of the MLE. In Theorem 5.39 of [23], the asymptotic normality of the MLE is
proven under weaker assumptions; mainly a Lipschitz condition on the Hellinger distance,
but without an explicit bound on the rate of convergence. Furthermore, [23] proves similar
results for the asymptotic normality of the wider class of M -estimators; the explicit bounds
in [1] have not yet been extended to such conditions.

Let the subscript (m) € {1, 2, ...,d} denote an index for which the deviation |én (X)(m) —
80, (m)| 1s the largest among the d components;

.....

and similarly (m*) € {1, 2, ...,d —r} is defined with 6y replaced by 0* = (6« 1, ..., O a—r)-

2.2. A chi-square approximation. First, we give a general chi-square approximation re-
sult which may be of independent interest and which is crucial for our overall bound; the
proof is found in Section 4.

THEOREM 2.1. Let Z; j,i=1,...,r, j=1,...,n be mean zero random variables such
that Z; j is independent of {Zy e,k =1,...,r,£ # j} and Z; j has the same distribution as
Zig, fori=1,...,r. Moreover, assume that Z; j has moments up to order 8 so that

(2.4) BI) = E(]‘[ zi,l),

iel

for I a multiset of indices in {1, ..., r}, exists for |I| <8. Let
1 n
Zi=—— Zii, i=1,....r, and Z=(Z,...,Z)7.
i \/ﬁg i,] ( 1 r)

Let t; y = Cov(Z; 1, Zk,1) and assume that the r X r matrix T = (T; k)i k=1,....r IS invertible.

Let U =1"" and let T = ZTUZ. Then for all functions g € Cg’ (R),

.....

16llgll3
[E[e(TD] - Elg(n]| = = 7= R()
with
B 4 1 5
R(r) = 7 + mE(W )
+V/Bi(r,n)
(2.5) 3
X <£+§J Z Ui,kUu,bUE,fIB(i’a’b):B(k’e’ f)+ﬁ>
2 2. n
i,k,a,b,,e, f=1
By(r,n) (1 -1
+ L LBV + V) + EW I 02 21,

where W =371 Uik Zi1 Zg 1,

4rn

Bi(r,n) =
n—1

1
~E(W?
+ (W?)
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and
1(1
By(r,n) = 96E(W?) + — <—E(W4) + 24E(W?)
n\n
.
+32 > UapUikUcqUe gBGi,a,c,e,b)B(c.k, f)
a,b,ik,c,d,e,f
r
+16 Y UapUikUcaUe, Bl a,c,e)B(b.d,k, f)).
a,b,ik,c,d,e,f
REMARK 2.2.

1. If E(W¥) is of order r* for k = 2, 3, 4, which is the case when U is diagonal with
entries of order 1, and Z/ ;S being of order 1, then By = O (r + é), B,=0 (r2 + ’n—g> and

the overall bound tendsto O as n — co if r =0 <n§>. As the proof of Theorem 2.1 involves
repeated applications of the Cauchy—Schwarz inequality, we do not expect this bound to be
tight.

2. Theorem 2.1 can be applied to the score-test like statistic

() oo™ ().

which is closely related to the classical score test statistic in which 7(yp) is replaced by
1 (é). Using Taylor expansion to assess [/ (6?0)]*1 — I (OA)]*I, it is straightforward to obtain
a bound on the distance to the appropriate chi-square distribution for the score test. Due to
space issues, we do not pursue this application here.

2.3. A bound on the distance to chi-square for Wilks’ statistic. The main result of this
paper is as follows.

THEOREM 2.3. Let X1, X2, ..., X, be iid. R'-valued, t € Z", random vectors with
probability density (or mass) function f(x1|0), for which the parameter space © is an open
subset of R?. Assume that the MLE exists and is umque and that (C.1)—(C.7) are satisfied.
Then for —21log A as in (2.1), h € C} 5 (R) and K ~ X, , it holds that

|E[h(—2log A)] — E[h(K)]|

_ 16li7lls
(2.6) = n R(@r)
+ ﬁ(”h/H(Kl(ao) + K (60)) + K2(8) + K3 (6y)),
where R(r) is given in (2.5) in Theorem 2.1 with
a d—r a
@7 Zi.j =5 108(f (X;100) = 3 S(BC™Y), 50— log(f (X j160)).
i k=1 +d

In addition, for 0 < € < e€(fy),

2 1

K1(00)23nzd:2 E(020})] [ (Mjaeklogf(XlI()o))]z

j=lk=1
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d d

2.8) +3 3 (1 00] ',

I=1m=1

d 32
X Z Z Var(ae 801

log f (Xa60) ) [E(Q5)E(QDE(TS)]*
j=lk=1

and

K>(6o)

2||h||f <i 0 )
7
3

—

=

=

d d .
+ Vs Y Y SR 0F 0 [EL(M (X))@ | < €]]

d
j=1k=11=1

J

d
ZZ| 1(60)]”

n=1k=1

d d

> 22 VE(QFOF 0BT 11 Qom| < €)]
1/=1s=1

x [E((Mqs1 (X)) 10| < €)]1

ZZZZZZI 100)] '], /E(Q} 020%07)
b 1k=1

s=1g=1I=1 j=1

/
al

<|

2.9

X
M=~
B

~.
I

X [E((Mastc (X)) 11 Q| < €)13 [E((Mt (X)) Q)| < €)]3

and K (0p), K5 (0o) are the versions of K1(0y) and K>(0y), respectively, under the null hy-
pothesis. Here,

Q = 6,(X) — b; Q =(0%....05 )T;
T =(Ti,j)i,j=1....d5 T*:(Tijkj)i,jzl ..... d—r
with
Q%= Q%5(X.0,):=0"(X); —0] Vj=12....d-r
2
2100 Tj;=T;(80. X) = €O0: X) +n[I1(60)],;. j.le({l.2,....d},
36,06, j
2
T =T"0),X)=————€(@6y; X)+nCy;, jle{l,2,....d—r}.
b 064 0041 i

REMARK 2.4. The differentiability assumptions for Theorem 2.3 are made for conve-
nience rather than for mathematical requirement. Indeed in [15] the classical assumptions for
asymptotic normality of maximum likelihood estimators are weakened by replacing differen-
tiability requirements with Hellinger-differentiability conditions; see also [18]. This avenue
of research will be part of future investigation. Further discussion about alternative assump-
tions for Wilks’ theorem can be found in Chapter 12 of [16].
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REMARK 2.5. (1) At first glance, the bound seems complicated. However, the examples
that follow show that the terms are easily calculated.
(2) For Q; as in (2.10), to see that IE(Q?) = O(%), from the asymptotic normality of the

MLE, it follows that /7E(6,(X) — 6p) —— 0and Cov (/a1 (80)12 (02 (X) — 6p)) —

Igxq. Therefore, for j =1,...,d,E(Q;) =0 (ﬁ), and

n[1(00))* Cov(Bu (X))[100)]* —— luxa.

Hence

Var(én(X)j):O(%), Vjie{l,2,...,d)
and
(2.11) E(Q3) = Var(6,(X);) + [E(Q)H] = O(%)

(3) With Tj; as in (2.10), using (C.5) and the fact that X1, X», ..., X, are i.i.d. yields
E(1}) = E(ae’ zejz(oo; X)+ n[1(00)]lj)2
32
(2.12) = Var(ael aejz(oo; X))
2
= nVar<891 5, 10g(f(X1|00))>,

showing that E(7}3) is O(n).

(4) For fixed d, the upper bound we give in (2.6) is O (n_l/ 2). The expression for R(r)
given in Theorem 2.1, is O(1). In addition, using (2.11) and (2.12) it can be deduced that

K1(6p) = O(1), Ki(0o) = O(1), K>(0p) = O(1), K3 (80) = O(1).

Hence, the upper bound in Theorem 2.3 is O (n_l/ 2).

(5) If the dimensionality of the parameter is not fixed but if the entries of I(6y) are of
order 1, the entries of the matrix U are of order O ((d — r)2). In addition, Z; ; as in (2.7)

are also of order O((d — r)?), and hence W in (2.5) is of order O(r2(d — r)®). Therefore,
the first term of the bound is O(v/r>(d — r)13n—1) which is of maximal order O(v/d?3n—1).

This term is small when d = 0(n217). For fixed r, the term is small when d = o(nﬁ). Using
(2.11) and (2.12), the second and third terms (related to K1 (6p) and K ()) of the bound are
of order d’n~1/2, while the fourth and fifth terms (related to K> () and K3 (6o)) are both
O(d3n~1/2). Hence, the overall order of the bound in the chi-square approximation for the
likelihood ratio test is at most of order d>3/?n~!/? when both r and d are not fixed and the
chi-square approximation is justified when d = o(n'/??). The proof of Theorem 2.3 involves
repeated applications of the Cauchy—Schwarz inequality, and hence we do not expect this
bound to be tight.

(6) Due to the smoothness assumptions in this paper, the bound in Theorem 2.3 is not
given in a standard probability distance. Instead it could be re-phrased in terms of the integral
probability metric

d(p,v) = sup [ER(X) — Eh(Y)]
heCh®R):[[|h]]3<1

where X ~ u and Y ~ v. For more details on such metrics see for example [27] and [12].
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2.4. Investigation of the rate of d with respect to n. Remark 2.5 indicates that our bound
still goes to zero even when both the number d of the explanatory parameters as well as the
number r of the restricted parameters under the null hypothesis are allowed to grow at a quite
low rate with the sample size. In order to investigate further how large d (and also r) can
be for the x? approximation to be valid, we run some simple simulations from the specific
example of the multivariate Student’s ¢-distribution with v degrees of freedom; from now on,
this is denoted by f,. As in [17], n independent draws from the multivariate #, distribution
with mean vector g and covariance matrix X are realised as the product Y;ri,i =1,...,n,
with

Yilp, S, r SN, £), fori=1,2,....n,
r,-|vi"i\ldGamma(B,E), fori=1,2,...,n.
22

When both ¥ = (Y1,Y>,...,Y,) and r = (r1,rp,...,r,) are considered observed, then
Y1, Ya2,...,Y,, 11,12, ..., 1) comprise the complete data. Therefore, the complete-data like-
lihood function can be factored into the product of two distinct functions: the likelihood of
(p, X) corresponding to the conditional distribution of Y given r, and the likelihood function
of v corresponding to the marginal distribution of r. In this case, the maximum likelihood
estimators for g and X are

YizitiYi

W= Q=
i=1"i

(2.13)

M>

1 n
== riYi =¥ — )T

i
Consider the test problem Hy = p = 0 against the general alternative where both g and X are
unrestricted. Using (2.13), the MLE under the alternative is é,, X) =, ﬁ)T, while under
the null, £, = 1 5™ | 1, ¥; Y. The log-likelihood ratio statistic is

n
(2.14) —2log A =2(E(fL, T|Y, r) — £(Z4|Y, 1)).

Below we investigate the behaviour of the log-likelihood ratio statistic through some simula-
tions.

Results from simulations. First, we generate 100 trials of n random independent ob-
servations, x, from the standard multivariate f;o distribution with dimension d. We take
n = 50, 100, 500, 1000 and in all cases d = 0.1n,0.2n, ..., 0.8n, resulting in 4 vectors of
length 8 each, and consider the test for the null hypothesis g = 0. In general, there are d> +d
(d? for T and d for i) quantities to be estimated and under the null we restrict d parameters.
At each trial, we evaluate —2log A as in (2.14), which in turn for each combination of n and
d, as above, gives a vector of 100 values. In two different experiments, we apply to these
values the funcEions hi(x) = x and ho(x) = (x2 +2)~!. Then, for j =1,2, we calculate the
sample means E[/;(—21log A)] and the relative differences

RDy, = (B 2108 VLB GON

E[h;(K)]
where K ~ X@% and E[h j(K)] is the approximation of [/ ;(K)] up to three decimal places.
To gauge the quality of the approximation, for each of the 4 vectors we find m;’* (n), which
for each n denotes the smallest value of d such that RDy, P> c*, where j = 1,2 and c¢*
takes values in the set {0.1, 0.3, 0.5}. The behaviour for these values of d was monotone in
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our simulations. For m% = (m’(50), m* (100), m*, (500), m* (1000)) the fitted slope against

log(n) for the results related to m(1)'3 , m‘l)'5 and mg's is equal to 1, while the slopes related to

m‘l)’l, mg'l and mg'3 are, up to 3 decimal places, equal to 0.956, 0.986, 0.943, respectively.

Additionally, for i the median of the observed absolute deviations of (estimated) expec-
tations was 22.18. For each of n = 50, 100, 500, 1000, we found the first d such that the
absolute deviation exceeded this median; in the coarse grained setup, we obtained, in order
of n, d =35, 60, 200, 300. A log-log fit resulted in a slope of 0.8554.

This set of simulations assumes independent observations. As an example for dependent
observations, we use the z-distribution but now with covariance matrix ¥ = AT A, where
A has i.i.d. uniform[0, 1] entries. We use the same test function /| and 4 replicas each for
n =50, 100, 250, 500, 750 with d = 0.1n,0.2n, ..., 0.8n; giving 160 observations. To gauge
the distance, for each of the 4 observation vectors for each n we found the first d = 0.1 x n
such that the difference between the estimated expectation and the corresponding chi-square
expectation exceeds the median (16.41) of these differences. We then fitted a slope in the
log-log plot of log d against logn. (We also considered /5 in this simulation but the absolute
difference decreased with increasing n, and for the relative difference there was no variation
in the value of d, and hence we did not fit a slope.) The fitted slope for exceedances of
the median was 0.837. This result indicates that in the presence of dependence, d should
not grow as fast as n. The estimated slopes indicate an exponent n? of y > %, where % is
the value obtained for the logistic regression case. However, the function considered is very
special, and hence we cannot draw a general conclusion. Keeping in mind that the simulations
are only indicative, they would however suggest that d could grow much faster with n than
the theoretical results ensure.

2.5. Proof of Theorem 2.3. The log-likelihood ratio statistic can be expressed as in (2.1).
The expected Fisher information matrix is given in (2.3); with C~! assumed to exist. From
now on, we will use the notation introduced in (2.10). The different steps are disentangled into
results which hold for every realisation x, and results which hold when taking expectations
over test functions.

2.5.1. Approximation for 2log Ty and for 2log T,. The first step in the proof is to derive
an approximation for 2log 7.

LEMMA 2.6. Under the assumptions of Theorem 2.3,
2log T = n(8,(X) — 00)"1(00) (B (X) — 60) + Ry + R2,
where using the notation in (2.10),
Ri=Ri(X,00)=—-0"TQ

and
1 -~ =
Ry=Ry(X,6p) =V 200 X) - 6 X)}[Q, Q. 0]
for some 0 , 0 between é,, (X) and 6.

PROOF. The regularity condition (C.2) and a third-order Taylor expansion of £(fy; x)
about 0, (x) yield

£(00; x) = £(0,(x); x) — QTVL(B,(x); x)

+ % QTVVT(£(6,(x); x)Q — év@e(é; x)[0, 0, 01,
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where @ is between 6y and 9n(x). As VZ(@H x);x)=0,
2log Ty = = QTVVT(¢(f,(x); x) @ + %v@’e(é; X)[Q. Q. Q]
=nQT1(80) @ — QT{VVT(¢(0,(x); X) —nl (60} Q
+ V@ X010, 0. 01
Then, a first-order Taylor expansion of VVTE(én (x); X) about gy gives
2logTi =nQT1(6p)Q + R1 + R
= (6 (X) — 89) 1 (60) (0 (X) — 60) + R1 + Ro.
This completes the proof. [

From Lemma 2.6, the next approximation of the log-likelihood ratio is almost immediate.
Using (2.1), Lemma 2.6 and its analogous expression for 2log 7> with 6,(x) replaced by

~ATES

0 (x),
—21og A = n(6,(X) — 09)T1(89) (6, (X) — 0y) + R1 + R>
— n (07 (X) — 0p)TC (0 (X) — 6p) — R} — R3,

where R and R; are as in Lemma 2.6 and R} and R are the corresponding expressions with
én (x) replaced by 0 (x).

2.5.2. Approximation for the score function. From now on, let
T
G=60=(;) @] (§)-nc

It is straightforward to simplify this expression to give

G=(—BC 'n)T(A—BC'BT)' (- BC'n).

LEMMA 2.7. Under the assumptions of Theorem 2.3,

1 (6 (X) — 00)T1(80) (2 (X) — 69)

(6 v 5

— (R3 + Ry)T(R3 + Ry) + 2/n (6, (X) — 00)T[1(00)]%(R3 + Ry),

with
1 _1
R3 = R3(X, 00) = —=[1(80)] 2 QT(VVT(€(8y; X)) +n[I(8y)]).
(2.15) Vi
1 _1
R4 = R4(X, 69) = m[1(00)] 2(VOO; X)lp—g3) Q. Q]

for some 0y between 0y and 9,,(x).
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PROOF. For 03‘ between 6y and én(x), similarly as in [1], the regularity condition (C.2)
allows to expand the vector

1
nl (60) @ =VE@o; x) + T Q + S (VIB; x)lg=g;)[ 2, O]

and, therefore,

| PN

ﬁ[l (00)] 2 (0” (x) — 00)

1 _1
= ﬁ[l(ﬁ’o)] 2{V(€(80; x)) + QT(VVT(£(8o; x)) +nl(80)}

1 _1
n m[1(490)] 2{(VOL(©; x)lgg2) Q. O1}.

Using the score vector notation (2.2),

L A _1
(2.16) Vil 0] 6 00— 60) = [160] 7 (F) + Ra+ R,
where R3 and Ry are as in (2.15). Using (2.16) and that / (fp) is a symmetric matrix leads to
n (64 (X) — 60)71(60) (B (X) — b9)

£

i
n) [160)]" (i) + (R3+ Ra)T(R3 + Ra)

(2.17) = (

i
+2(5) @] Rat R,

However, from (2.16),
(i)T [1(00)]_% = /(0. (X) — 00)T[I(00)]% — (R3+ Ry)T,
so that
(';)T [1(80)] > (Rs + Rs) = /i (6u(X) — 86)T[1(60)]? (R3 + Rs)

— (R34 Ry)T(R3 + Ry).
Using this in (2.17) yields the assertion. [
A similar result holds for 7. Following exactly the same steps as for Lemma (2.7), but
now with 6* instead of 6y,

2log T =9"C™'n — Rf + RS — (R} + R})"(R3 + R})
2.18) )
+ 241 (0.(X) — 6,)TCZ (R + RY).

Combining (2.1), Lemma 2.6 and (2.18) with the notation (2.5.2) gives
(2.19) —2logA =G + Ra, + Ra, + Rp, + Rp,,
where
Ra, = Ry — R3TR3 + 2/n(0,(X) — 6p)T[1 (00)]%11’3,
Ra, = —Ri* + (R})TR: — 2/n(0.,(X) — 0,)TCIRY,
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Rp, =Ry — R4T(R3+ Ry) — R3"Ry
(2.20)

+2/7(82(X) — 80) T[1 (60)]? R,
Rp,=—R; + (R})T(R3 + R4") + (R3)" R}
—2/n(6,(X) — 8,)TCIR.

Here, R{, Ry are as in Lemma 2.6 and R]", R;‘ are their respective versions under the null
hypothesis. Furthermore, R3 and R4 are as in Lemma 2.7, and R3* and R4* are the corre-

sponding remainder terms from Lemma 2.7 with én(x) replaced by 9res(x). Note that Ry,
and Rp, contain the terms that are obtained through 21log 77, whereas R4, and Rp, contain
the quantities that are due to 2log 7>.

2.5.3. Bounding the remainder terms. In this section, we shall bound expectations of the
log-likelihood ratio statistics under smooth test functions. Let i € (Ci (R) and K ~ sz. Using
the triangle inequality and (2.19),

|E[h(—21og A)] — E[A(K)]|
= |E[h(G + Ra, + Ra, + Rp, + Rg,)] — E[1(K)]|
<|E[h(G + Ra, + Ra, + Rp, + Rp,) — h(G + R, + Rp,)]|
+ [E[A(G + Rp, + Rp,) — h(G)]| + [E[1(G)] — E[a(K)]|.

The terms to bound are hence

(2.21) |E[7(G + R4, + Ra, + Rp, + Rp,) — h(G + Rp, + R3,)]|
and

(2.22) |E[h(G + Rp, + Rp,) — h(G)]

as well as

(2.23) IE[1(G)] — E[h(K)]|-

The bound for |E[h(—21log A)] —E[A(K)]| is split into the above three terms in order to help
in the understanding of this proof. The quantity in (2.23) will be bounded using Theorem 2.1,
while we distinguish between (2.21) and (2.22) because the terms R4, and R 4, are uniformly
bounded, whereas Rp, and Rp, are not (some conditioning on the distance between the MLE
and the value of the parameter will be needed in order to treat Rp, and Rp,). We now proceed
to bound these three terms in (2.21), (2.22) and (2.23) in order to complete the proof of
Theorem 2.3.

1. Bounding term (2.21). For some #(X) between G + Ra, + Ra, + Rp, + Rp, and G +
Rp, + RBp,, a first- order Taylor expansion yields

2.21) = |E[h’(t(X))(RA1 + RAz)]| < ||h’||IE[|RA1| + |RA2|].
We start by bounding E|R 4, |, where

Bj—

(2.24) E|R4,| <E|R ||+ E|R; R3| + 2\/EE|(0A,,(X) —00)"[1(60)]? R3]
With the notation in (2.10),as Ry = —QTT Q,
d d

EIRi| <Y S EIQ; 0Tyl

j=lk=1
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1 1

d
(2.25) Z E(Q% 002 [E(T)]?

2 1

i E(0203)] |:Var<aejaeklogf(X1|00)>]2-

d
d
Using Holder’s inequahty twice,
E{R3TR3|

d d d
=-> 2l 1(00)]_1]1;11 > > EIQ;QuTij Tkl

I m=1 j=lk=1

~

(2.26)

d 02 1
Yy J Var(ael 37, o2 /Xy |00)> [E(Q%)E(Q)E(TS,)]°
Moreover,

2VE| (B0 (X) — 00)T[1(60)]* R3]

d d
(2.27) <2) Y ElQiQ,Til

=1 j=1

<2IZZ /E(Q7Q \lVar(ae %, logf(X1|90))

=1 j=1

Combining the results in (2.24), (2.25), (2.26) and (2.27) yields

1
E|RA,| £ —=K1(6y),
|Ra,| < NG 1(6o)
with K1(6p) as in (2.8). In order to bound E|R4,|, we follow exactly the same process that
was followed to bound [E| R4, |, but now under the null hypothesis, to conclude that E|R 4, | <
ﬁ K (6y) and, therefore,

(2.28) (221 < [(K1(00)+K1(00))

2. Bounding term (2.22). The terms in R, and Rp, of (2.20) may not be uniformly bounded
in 6. The triangle inequality leads to

(2.29) (2.22) < |E[h(G + Rp, + Rp,) — h(G + Rp,)]|
(2.30) + [E[R(G + Rp,) — h(G)]].

Bound for (2.29). Let 0 < € < €(fp). With Q) as in (2.10), the law of total expectation,
the Cauchy—Schwarz inequality and Markov’s inequality yield

(2.29) <E|h(G + Rp, + Rp,) —h(G + Rp,)|
<2/AIP(1Qm| =€)
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+ IE3[|h(G + Rp, + Rp,) — h(G + Rp,)[I|Qm)| < €]P(1Q(m)| <€)

h

A first-order Taylor expansion gives
E[|h(G + Rp, + Rp,) — h(G + Rp,)|||Qm)| < €]
< W' [E[IR, 1 Q| < €]
< |W|E[(IR2] + | RaT(R3 + Ra)| + | R3" Ry
A 1
+2/1](0(X) — 00)T[1 (00)]? Ra|)|| Qmy | < €].

From now on, we denote

(2.31)

3

2.32 Ay = A X, 0)=——
( ) qsl qsl( o) 89q 36, 06,

¢(6y; X)

and we bound the terms in (2.31) in turns.
Bound for E|Ry|. With R, as in Lemma 2.6, it is straightforward that for Ay, as in (2.32),

4 d d d
E(RIQm| <€) < §ZZZE|Q,Qst iksl1Qomy| <€)
j=lk=1s=1
<fifi E(Q% 07 02)[E((M ks (X))*11 Q)| )]%
_3'1k11 SRR e i =
j=lk=ls=

Bound for E(|R4TR3|||Q m)| < €) and E(|R3T R4|||Q (m)| < €). With Ay asin (2.32) and
Tj; as in (2.10), using Holder’s inequality and [1], Lemma 4.1, we obtain that

E(|R4TR3||1Q(m)| <€)

(2.33)

1 d d .
< 37 2 L@
d d d .
x Y ¥y JE(Q2 07 QN[E(TS Q) < €)]

< [E((Mymi (X)) 111 Q| < €))%,

Since R3TR4 = R4TR3, E(|R3TR4|||Q(m)| < €) can also be bounded by (2.33).
Bound for E(|R4T R4|||1Q(m)| < €). Again with [1], Lemma 4.1, and the Cauchy—Schwarz
inequality, and with A, as in (2.32),

E(|R4TR4||1Q(m)| <€)
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Q01 Apsk Agjilll Qmy| < €]

E[|0x0
EEEt L,

11=1 j=1

(2.34)

x /E(0}020207)
X [E((Mpst (X)) 11 Qmy| < €)* [E((Mjt (X)) 11 Q| < €))7

Bound for E(2ﬁ|(6n (X) — 00)T[I(00)]%R4| [|Qm)| < €). A similar process as the one to
obtain the bounds in (2.33) and (2.34) yields

E(2/n] (6, (X) — 00)T[I(00)]%R4|||Q(m)| <€)
d d d

(2.35) ZZZE |QleQqujq|||Q(m)|<6)

=1 j=1g=1

d d ]
33 VE(07 0% 02)[E((Mijq (X)) Q)| < €))7

1j=1¢=1

IA
M:_

l
Combining (2.29), (2.31), (2.33), (2.34) and (2.35),

1
(2.36) (2.29) < ﬁKz(Oo),

with K7 (6p) as in (2.9).
Bound for (2.30). With Q’(“m) asin (2.10), the law of total expectation, the Cauchy—Schwarz
inequality and Markov’s inequality yield

(2.30) < IE|h(G + Rp,) — h(G)|
<2[|h|IP(|Q},| =€)
+E[|h(G + Rp,) — (G ||| QT | < €]P(|QF)| <€)
Finding an upper bound for this expression follows the same arguments as the one to bound

(2.29) and, therefore, it will not be repeated; the result is

1
(2.37) (2.30) < ﬁlq (0),

where K7 (6y) is the version of K>(6y) under the null hypothesis.
3. Bounding term (2.23). With Z; ; as in (2.7), and the notation of Theorems 2.1 and 2.2,

E[ZTZ]=E[(§ — BC 'n)T(§ — BC"'p)]

=A—BC'BT.
Thus Z; ;,i =1,...,r, j=1,...,n satisfy the assumptions of Theorem 2.1 with
(2.38) t=A— BC BT,

which is assumed to be positive definite; hence its inverse U exists. Applying Theorem 2.1
gives the bound

16]|172]l13

(2.39) [E[R(G)] - E[r(K)]| = — NG

R(r)
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with R(r) given in (2.5). The results in (2.39), (2.28), (2.36) and (2.37) conclude the proof of
Theorem 2.3. [

The next section gives three examples to illustrate the approach. First, we consider an
example with a one-dimensional parameter, namely the exponential distribution. The second
example is that of the normal distribution with two-dimensional parameter (i, '%). The last
example is logistic regression.

3. Examples.

3.1. Single-parameter-case example: The exponential distribution. Here, we apply The-
orem 2.3 in an example from a single-parameter distribution. We highlight that in the single-
parameter case the interest is on assessing the asymptotic X12 distribution of 2(/ (é,, (X); X)—
1(6p; X)), where 6 is the true value of the unknown parameter 6. The log-likelihood ratio
in (2.1) reduces to —2log A = 2log T1, so that there is no need to introduce 7> as defined in
(2.1) and the terms K| (fp) and K3 (6p) in the expression of (2.6) vanish.

To illustrate the single-parameter case, we consider an example from the exponential dis-
tribution with mean 6y. For X ~ Exp(é), 0 > 0 the p.df.is f(x|0) = éexp{—g}, for x > 0.

COROLLARY 3.1. Let X1, X», ..., X, bei.id. random variables that follow the Exp(%)

distribution. The MLE exists, it is unique, equal to 6, (X) = X and the regularity conditions
(C.1)~(C.7) are satisfied. For h € C3(R) and K ~ x?,

}E[h(Z(E(én(X); X) — (60; X)))] — E[r(K)]]|

3.1)
<8|Ihll+16llhllz( 17 4 4n +9(7+1>
-on Vno \2yn n—1 n\2 n
864n2 4 10,472n + 14,833
+\/ n n3/2n (1+M))
1
IIh/II{ \/ 6 \/ 130 120(1120 3203 + 6 +4>
6,/34+—+ 15+ —+ = n
* Fo S (5 N
3.2)
| 6400 105+2380+7308+5040}
NG n n? nd J

REMARK 3.2. (1) The upper bound in (3.1) is O(\/Lﬁ).
(2) The bound does not depend on the parameter 6.

PROOF. It is easy to check that the assumptions of Theorem 2.3 hold. Here, we choose
€(60) = 360 and with ¥ = 1 3™ | x;,

96 16 9%6n/ _ 1

Miji) =M1 1(X) ==Y xi+—= —4<3x + —90)-

00 i=1 90 o 2

In addition, straightforward calculations lead to 6, (X) = X. The expected Fisher information

number for one random variable is 1 (6y) = 9%. We start with the calculation of the first term
0

of the bound in (2.6). With d =1 and r = 1, the W = (&, ) reduces to & = ﬁ Z?:] Y,
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where Y (60) = 35 log f(X;l00) = ’ 90 . In addition, since I (6p) is now a scalar and equal
0

to giz, the matrix t as in (2.38) is also equal to 9—2 which means that U = 7! = 93. In
0 0

addition, D = BC~!' =0 in this example and Z; ,j = Zj =Y;(6p). Therefore, in our example
W = UZ2 9322 and the aim is to bound R(r) as in (2 5). Wlth

E(W?) =605E(Z]) = EE(Xl —0o)* =
o

1
E(W3) = OSE(Z?) = EE(XI — )% =265,
0

1
B(W*) = 63E(Z}) = 5E(X1 —60)° = 14,833,
0
then in this example

4n 9
By (r, n)— Tt

14,833
By(r,n) =864 + —
n

S(32E(Z))E(Z3) + 161@2(2;‘)))

+ 6360 + 2816 + 1296)

14,833
=864 +

(5
%(14 ,833
(5

10,472).

In addition, simple steps lead to

J Y UikUapUe sBG.a.b)B(k,e. [)=2

i,k,a,b,.e, f=1
Therefore,
R() = 4 9 4n L 9 (7 4 1)
r (14
(3.3) f 2[ n—1 2 n

864n2 + 10,4721 + 14,833 ;
+Y e (14+V9n~2 +3).

The next task is to bound K (6p) as in (2.8), for d = 1. Using the definition of Q; in (2.10),
Q1= X —6p. The moments of Q) are calculated using standard results from [13] along with
the fact that X ~ G (n, g’—o), giving

a2 : 6
4 e
(3.4) 30y E(Q1) [Var( 5 log f (X |00))] =6,/3+ -

For the second quantity in (2.8), with the definition of 77 in (2.10),

i(éo) [V (;922 log (X 1|90>)] (B0 [E(rs !

1 X 674
(3.5) — 2[E(X — 60)°]° [E(_Zn_3X n 2_”) ]6

05 60

——3,/ (X — 60)6 = \/15 0
0
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Combining (3.4) and (3.5),

|6 4 130 120
(3.6) Ki(6p) =6 3+—+—\/15+—+—2.
n \/ﬁ n n

We proceed to find a bound for K»(fp), as defined in (2.9). The calculation of the first term
is straightforward:

7] 20h162

J/ne?

The second term of (2.9) requires the calculation of conditional expectations related to
Mi11(X). For e = l00,

7 1
a5 E@)[E[(Mii (0) 11011 < €]
A 96212/ - 1 \2 - 1 172
— Valh ||§,/E(x_90)6[1@[ - (3x+590) \|x_90|<§9()ﬂ

4481111673 130 120 1
< ”—4”0\/15+ —+ —2<290+ —90)
36 n n 2

1120 130 120
=——|n|,/15+ — + —-.
20,501 5+ 30 12

2[ E(X — )% =

Bounding the third term of (2.9) requires the calculation of conditional expectations related to
T11 of (2.10) and M111(X). Itis easy to see that 77 can be written as a continuous, increasing
function of Q. Therefore, employing Lemma 2.1 of [2], leads to

”%’ﬁ 2(09)|2(i01 < %90>]£[E<(M111(X))4||Q1| < %eo)}i

12803 |1’ 130 120\, - 15
< ﬂ\/ <15 =4 —2>[E(X — 0014 260
60 n3 n 2

An upper bound for the fourth term of (2.9) is found in a similar way. Collecting these bounds
give

1 1
120 1120  3203)% /2 3
K(9)<M+|hH\/15 < + ©) (—+1))
3 Jno\n
(3.7
n 6400|117/ || 105 + 2380 n 7308 4 5040
Jn n n? n3

Combining the results in (3.3), (3.6) and (3.7) yields the assertion. []

REMARK 3.3. We chose €(6p) to be the mid-point of the interval (0, 8y) as there is a
trade off on its choice for K7(fy). A more systematic choice of €(6y) based on numerical
solutions of inequalities could be of interest in principle. As our bounds are not optimised
with respect to the constants, for space reasons this systematic choice is not carried out.

Empirical results. Here, we study the accuracy of our bounds by simulations. We start
by generating 100 trials of n random independent observations, x, from Exp(é), where n =

1000 x j, j=1,2,...,1000 and 6 = 3. We evaluate the MLE, 6,(X) of the parameter in



BOUNDS FOR WILKS’ THEOREM 627

TABLE 1
Simulation results for the exponential distribution example

n On, (9p) Upper bound Error
104 0.009 5.934 5.925
109 0.007 1.516 1.509
100 0.001 0.443 0.442

each trial and then the log-likelihood ratio statistic, 2(/ (é,,(X ); X) —1(60; X)), which in turn
gives a vector of 100 values. It is easy to show that for this example

) 6\ X
2(1(60(X); X) — 1(60; X)) = 2n<log< > + o 1)‘
0
We apply to these values the function 4, (x) = (x> 42)~! and we calculate their sample mean,
denoted by E[h,(2(1(6,(X); X) —1(fo; X)))]. The function h, is a member of the class C; (R)
with

34/1.5
Al = 0.5, |n; | = BT
1] =05, s = oy/25 4+ 1115,
' v T8
We use these values to calculate the bound in (3.1). We define
(3.8) On, (B0) = [E[h: (2(1 (00 (X): X) — 1(80: X)))] — K[, (K)]]

where fE[ht (K)] =0.373 is the approximation of [E[/; (K )] up to three decimal places, where
K ~ X12- We compare Qp, (6p) with the bound in (3.1), using the difference between their
values as a measure of the error. The results for n = 10/, j =4, 5, 6 are presented in Table 1
and are based on this particular function 4, while our theoretical bounds hold for any test
function that belongs in the class C g (R).

The table indicates that both the bound and the error decrease as the sample size gets
larger. When at each step we increase the sample size by a factor of ten, then the value of
the upper bound drops by approximately a /10 factor, which is expected as the expression
in (3.1) is O(n~1/2). It is instructive to examine the contributions of each term to the bound.
For example, when n = 10%, where the bound is equal to 1.516,

110 gy — 0,300, iV ) = 0008, L Ka(d) = 1204
rn vn v

We see that the bound is mostly dependent on the quantity related to K2(6p) due to the large
and nonoptimised constants in (3.7).

3.2 Example: The normal distribution. Here, we apply Theorem 2.3 in the case of
X1, Xo,..., X, 1i.d. random variables from N(u, 02) with 0 = (u, 02) e R x RT. We con-
sider the test problem Hp: u =0 agalnst the general alternatlve It is well known that under
the alternative, the MLE is equal to 0 X)=(1,6)T=(X,1 i (X — X)H)T; see, for
example, [7], page 116. Under the null, simple calculations show that the MLE for o2 is
0,(X) = % X 12 In addition, the regularity conditions are satisfied.
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COROLLARY 3.4. Let Xi1,X2,..., X, be iid. random variables that follow the
N(, o) distribution. For the likelihood ratio test Hy : 1 =0 against the general alternative,
forh e (C?,(R) and K ~ X12, it holds that

|E[A(—2log A)] — E[h(K)]|

hil (8
< U(—2+32>
n o

+16||h||3< i [ +3(1+1>
Jno \2n n—1 n\2 n

V28812 +504n + 105 /1
+ . = . <Z(1+\/§)+\/3(n_%+1)>>

1A 13,527,826 2 o2
0 a8t + T
Jn N T

2
+860/1+648((3+02)2+ ) 83 oy
2 4 n? Jn \n? 16
N 1 ( >4+105)>i
Jn n4
3 o*\ i
% <21,984+23,616(—2+—) )

87,104 |3 o%* 38,512
Jn \n?2 16 Jn

\/1 +839 808((3 + 02>4+ 105))
X —+ — —
’ 2 4 n4

REMARK 3.5. (1) For fixed o2, the upper bound in Corollary 3.4 is of order ﬁ There

+

<16,086 +
(3.9)

1+ 839,808((

is no claim that the constants are optimal.
(2) The normal bound is only small when o
nl« o2« nll?

2 is neither too large nor too small, so that

PROOF. We will use the result of Theorem 2.3. In this case d = 2 and r = 1. The expected
Fisher information matrix for one random variable is

1
- 0 2
(3.10) 16=[°> | |. sothat [180] "= (" 0 ) .
0 -
204
The assumptions (C.1)—-(C.7) are verified for €(fy) < oo and
3

a
—4(0; X)| =0=: M111(X)
i

sup
0:10m —060,m| <€
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as well as
3
sup —(0; X)‘
01|9m*90,m|<6 86;
(3.11) = sup (Xi —01) ’
0:10m —6o.m | <€ 93 93 ;
n On ~ S
< 2 X_ 2 2 = M X .
_(02—6)3%_(02—6)4((7 T W) 22(8)
Moreover,
3
‘ £0: )|
8:16, 0. | <¢| 961 392
3
(3.12) = E(O;X)‘
0:16,—60,| <€ 063 061
<2 (X pl+e) = Min(X)
— — €)=
<oy m 122
and
3
sup | —5—£(0; X)‘
0:16,—60 | <e| 907 362
3
(3.13) = sup ( )‘
8:16,1 | <c| 062 892
< " =: M112(X).
= sup — 112
0: |9m_90 m‘<€ 92 ( - )2

We start with the calculation of the first term of the bound in (2.6). From (3.10), we have

that A = ﬁ, B=0,C= 2(17—4, so that T = ﬁ and, therefore, U = 02 and D = BC~! =

O Therefore, in our example for j =1,2,...,n we have that Z ; = Z; = Y1 ;(6y) =
70 log f (X 160) = (Xla 1 and
1
E(W?) = (X1 - ) =
1
E(W?) = —E((X1 - W% =15,
1
E(W*) = FE((xl — ¥ =105.
Therefore,
4n 3
Bi(r,n) = -
— n’

1/105
By(r,n) =288 + — — +360 + 320°E(Z])E(Z}) + 16081@2(2;*))
n n

(
51190 s00).
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In addition, because E(Zf) = #E[(X] —w?31=0,

J Z Ui,kUa,bUe,fﬂ(i’a’b)ﬂ(k’e’ f) =

ik,a,b,.e, f=1

and, therefore,

NETE TS ETIVET (P
g Jn o 2yn n\2 n

\/28811 —}:35/(2)4n+105< (1+\/-)+\/m)

which is then used to obtain an upper bound for the first term in the general expression of
(2.6). We now proceed to bound K1(6p) in (2.8). In regards to the first quantity, the expres-
sions for the partial derivatives of the log-likelihood and the fact that in the case of i.i.d.
random variables from the normal distribution, X and 62 are independent random variables
([3], page 218) lead to

(3.14)

Y Y[E020D) ! va (aefzgklogf(Xll%))]%

j=1k=1

=3nE(62 — 02)4\/Var(i6(X1 - M)Z)
(3.15) 7

+ 6n\/E()_( — 1)?E(62 — 02)2\/Var<$(X1 — M))

1608 | 2 o |1
<3n,|——,—< +6n,/2—,/ — =18v2.
<3n,/ 2 ,1084— n,/ nz,/06 V2

For the second quantity in (2.8), let G, ~ X,%Q then

6 = 6 o®
E(Q7) =E(X —w)° =15,

12
(3.16) E(Q9) =E(6? — 0%)° = Z-E(Gyo1 —n)f

12
940 114 945\ 1060
d (120+ >< ~a'2
n

Using now (3.10),

1
Bt =0, Elry) =E(rf) 5

=13
6 1 6
E(Ty) = 0_24E(Gn —n)’ =

o4 n2 o4

40n3 52 96 604013
(342 2 00
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With inequalities (3.10) and (3.16), this yields

22222: [[1(60)] Xi:Xi:JVar(

2

7 log f(X1 |00)>

I=1m=1 0,09;
(3.17) 1
x [E(QS)E(QD)E(T:)]®
212
<—.
T Jn
Combining the results in (3.15) and (3.17),
(3.18) K (0)<26—i—212
. 1(60p) < ﬁ

Following the same steps as in (3.15) and (3.17) under the null hypothesis u = 0, with
2) _1xyn 2

. (X) =1y, x2,

(3.19) K*(0)<33+@

We proceed to find a bound for K>(fy), as defined in (2.9). The calculation of the first term

is straightforward and
nhn nhn(o2 a4< 1))
E(Q — 4+ —2—--
Z 2 n + n n

2||hlo?
<
— /ne?

Using (3.11), (3.12) and (3.13), we are able to find an upper bound for the second term in
(2.9). Simple calculations yield

(3.20)

(1+202).

(Sl

fllhll—ZZZ (020} 02) P [E[(Mjin (X))1| Q| < €]

j=lk=1m=1
7 56+/20° |02
(3.21) = | '||{ gf" + 2 [T ye
(o (07 —¢€) n

L7 212006\/1+ 162 (( N 2)2+3o4>}
— — | (e+€2+0 — ).
3(c%2 —¢€)3 (02 —¢€)? n?

The third term of (2.9) requires the calculation of conditional expectations related to 7y; of
(2.10) and M, (X), where k, j, g, m,l € {1, 2}. Itis easy to see that both T, and 7>, can be
written as continuous, increasing functions of Q1 and Q». Therefore, with Q) as in (2.10)
and for G, ~ X,f, employing Lemma 4.1 of [1], leads to

(3.22) E(T{H 11 Q)| < €) =0,
E(T7511Qom)| < €) = ( 16<Z(X M)) ‘|Q(m)|<6)
i=1
4 _ 3112
—EX ==,
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4
ll’l
MHWQWH<Q=E<&%_EEZX&—Mf>“Qwﬂ<%
i=1
4
<22 a2

1 125 4 60n?
= —E(G, —n)* = - (1+—>5 "
o n

16 o 16

Using the results of (3.11), (3.12) and (3.22), after simple calculations, we get for the third
term of (2.9) that

<33 SR GO I0ml <o)
(3.23) x [E(M_,, (X1 Qm)| <o)
e ())
. 27000° )| (1+ (52,488 ((E+62+02)4+ 10558»{

Jn(o?—e)3 o2 —e)t
To find an upper bound for the fourth term of (2.9), using (3.10), (3.11), (3.12),

2 2 2 2
ZZE;EEIW 1,0 1VE(Q} 0% 0% 07)

blkl

IIh I

1

X [E(Mpmi (X)) 11 Q| < €)]* [E((Mgj1(X)) 11 Q| < €))7

<||h/||{ 1308 N 147510 <3 +(e)4)%
— Jn l(02=e)*  (02—¢€)\n? o

(3.24) N 1361612 |3 +(e)4
) (02 =€)\ n? o
+<1+ 52,488 <( N )4+10508))3¢
6 o
(02 —€)* n*

( 120510 N 3690 12 ( 3, (e )4>i>
X —_— J—
(02 —¢€)5 (02 —¢€)0\n2 o
362,0960 2 52,488 4 10508
b 1 b 2 2 )}.
(02— e / +(o%—@406+6 T

The bounds in (3.20), (3.21), (3.23) and (3.24) depend on the constant € as defined in the
statement of Theorem 2.3. For the choice of €, (3.11), (3.12) and (3.13) require that 0 < € <
o2. There is trade off related to the choice of € between the expressions (3.20) and (3.24).




BOUNDS FOR WILKS’ THEOREM 633

We choose € = ”72 Using this value in (3.20), (3.21), (3.23) and (3.24), leads to

8| Al ,{ 2 o2 348
Ky(80) < 14202) + |7/ 128v6 + 448, /= + T 4 22°
2(00) = =5 (14 207) + /]| 28V/6 4448 =+ -+ =
+860\/1+648(<3 +02)2+ 3)+7416<3 +U4>i
2 4 n2 Jn \n?2 16
(3.25) ! (1+839 808((3 "2)4+105)>i
’ f 2 4 n*
3 ot le
21,984 +23.616( = +
X( * (n2+ 16) )
87.104 [3  o* 38512 3 o2\* 105
Py RS 1+839,808((5+%> +—>}

Jn Vn?2 16 Jn n4

It remains to find an upper bound for K5 (6p), which is the version of K(6p) under the null
hypothesis of p = 0. This requires the calculation of conditional expectations related to T}
of (2.10) and M7, (X) as defined in (C.3)(b). Simple calculations yield

n

n
MTII(X):(Gz_e) 6)4ZX T1*1=g——ZX,~

S}

Using the above results and Lemma 4.1 from [1], we obtain that for € = %-,
¥ 7]l 2
K5 (o) = 2ﬁ6—2E(Q1)

/ 7 * * *
2RO EL M, 002G < €]
2||n |o*
+

Jn
< [E((M{1, (X)) Q| < )3

4h /7
” ” \/E (M7}, (X)) |‘Q(m)}<6)

16||h|| L 13,527,046
< +15,958|| K| + ————
|| NG

Applying the results of (3.14), (3.18), (3.19), (3.25) and (3.26), to the expression of the gen-
eral upper bound in (2.6) yields (3.9). [

E(Q4) [E(T}) 1| Q| < )]
(3.26)

7]l

Empirical results. As in the exponential distribution example, we assess the accuracy of
our bounds by simulations. We start by generating 100 trials of » random independent ob-
servations, x, from N(u, 02), where n =1000 x j, j=1,2,...,1000and u =0,0 = 1. We
evaluate the log-likelihood ratio statistic, —21log A, in each trial, which in turn gives a vector
of 100 values. For this example, simple steps yield

noox2
—2log A =n(log| —==1"L__})).
g g\ =, 2
izl(Xi_X)
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TABLE 2
Simulation results for the normal distribution example

n Q}i Upper bound Error

10* 0.023 2960.752 2960.729
10° 0.020 323.226 323.206
100 0.016 40.924 40.908

We apply to these values the function A, (x) = (x242)! again and we calculate their sample
mean, denoted by E[/#;(—21og A)]. We define

(3.27) ON = [E[h;(—21og A)] — E[h,(K)]|.

where I~E[h,(K )] = 0.373. We compare Ql}i with the bound in (3.9), using the difference be-

tween their values as a measure of the error. The results for n = 10/, j =4, 5, 6 are presented
in Table 2 below. The table indicates that when at each step the sample size is increased,
then the value of the upper bound decreases. The values of the bound are quite large, but
this is due to the large constants in (3.9). Smaller constants are obtainable, but this, in our
understanding, will make the bound in (3.9) more tedious and difficult to present. Our main
purpose has been to show the order of the bound with respect to the sample size, 7.

3.3. Example: Logistic regression. In binomial regression, the data are i.i.d. observations
(X;,Y),i=1,...,n, where X; € R? and Y; € {0, 1}; see, for example, [23], page 66. The
binary regression model is that

Po(Yi=1|X; =x) = lﬂ(oTx)

for # € R4 and ¥ : R — [0, 1] continuously differentiable, monotone, with derivatives
bounded away from 0 and oo. For logistic regression,

1
VO =

and here we restrict ourselves to this case, although generalisations are straightforward. We
assume that the distribution of X is such that X has finite moments up to order 6. To ensure
that the MLE, é,, (X), for 0 exists and is unique, we assume that the X;’s do not concentrate
on a (d — 1)-dimensional affine subspace of R,

Consider as in [22] to test the simple hypothesis that 8y = 0 against the general alternative.
The likelihood in this case is

L(9§(xi,yi),i:1,.. 1_[ 0Tx y, w(ngl.))l—yi}

so that the score function is

y - w(oTx) /
S@) = Y (0Tx)x
v (@Tx)(1 — ¢ (0Tx)) (67x)
while the Fisher information matrix is 7 (8) = E[vy/ (0T X)) X XT]. For testing Hy : 0; =0, we
have for x = (x1, ..., x4),

E(x) = ( — ¥ (07x))x;

%\
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and

7 = %«yz YO, (v — Y (O7H))xp)T.

To check the assumptions on the third derivative of the log-likelihood, we calculate

33 eeTx(l + 620Tx _ 460Tx)
(0 (x.y) = -
80: 960, 00; (1+07x)

XiXjXk

so that
83

Wﬁ(": (e, )| < xixjxe] =: My j.i (x).

In particular, E(My, ;; (X)*) = E(X7 X7 X}) and E(My ;,;(X)*) = E(X] X X}).
In order to apply Theorem 2.1, we use the variables

0
Zij= ﬁ(yi log ¥ (0Tx;) + (1 — yi)log(1 — ¥ (07x;)) = (vi — ¥ (07x;i))xi
J

for i =1,...,n,j =1,...,d. Due to the binomial structure and the fact that |y; —
Y(0TX;)| < 1,itholds that E|Z; ;| < E|X; ;|.

Note that for logistic regression the MLE in general does not have a closed form. Hence
we cannot evaluate (2.10) explicitly, although with given data sets a numerical evaluation is
possible. For our purposes, it suffices to illustrate the applicability of the bound as well as its
behaviour in terms of d and n.

4. Proof of Theorem 2.1.

PROOF. Here is the proof of Theorem 2.1. The proof is based on Stein’s method, as
follows. From [10], a random variable X has the chi-square distribution with r degrees of
freedom if and only if

1
(4.1) E[Xf”(X) + 50— X)f/(X)] =0

for all twice differentiable functions f : R™ — R such that the expectations in (4.1) exist.
Moreover, if g is bounded and has three bounded derivatives, then the Stein equation

1
(4.2) xf”(x) + E(r —x) f'(x) = gx) — E[g(xr)]
has solution f which satisfies
4
(k) (k—1 (k—2)
(4.3) [ < = Cls™ T+ 1™

for k =2, 3, 4. Using (4.2) with solution f = f,, for any random variable 7',

1
4.4 E[g(D)] - E[g(x)] = IE[Tf”(T) +30- T)f/(T)]-

For T =ZTUZ, we expand

r r n n

1
T = ;ZZU,;,{ 3N ZijZks.

i=1k=1 j=l1¢=1
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Now, for any s,k =1, ..., r, from the definition of the inverse,
r r
(4.5) Y Uity =) Uritis =1(s =k)
i=1 i=1

and as T is a quadratic form, it has mean
(4.6) E[T]=trace(Ut) =r.

As Z; j is independent of Zy ¢ for £ # j,k=1,...,r, T is a sum of locally dependent sum-
mands. For j,£=1,...,n, set

_ 1T
T/ = ; Z Z Z Z Zi,sUi,ka,t~

i=1k=1s#]1#]
Then T/ is independent of Z,,. jforalla=1,...,r. Moreover, using the symmetry of U,
. 1 r r
4.7 T—T/=—-% ) UikZi (Zk,j +23 Zk,s)-
i=1k=1 s#j
Next, Taylor expansion gives
1 r r n n
(4.8) E[Tf(T)] ==Y Uik D> E[Zi jZief (T7)]
Wilik=1 j=t1e=1
1.7 n o n ) )
(4.9) + =3 > Uik YD ElZi i Zpo(T - T7) f"(T/)]
Milk=1  j=1e=1
+ 2Ry,
with
[ ;
(4.10) Ri=_- > U Z [Zi Zio(T = T)? fO(T7 4 pT)]
ik=1 Jit=

for some 0 < p < 1. We shall return to this remainder term later. First, from the independence,
(4.8) yields

_ZZUthZE ZtJZkEf Tj)]

i=1k=1 j=1le=1

=YY UixtiiE[f(T)] + 2R,

i=1k=1
=rE[f'(T)] + 2R,

where we used (4.6) in the last step, and

(4.11) ZZU,kr,k< ; E[f —E[f (T)])

i=1k=1 j=1
For (4.9), with (4.7),

n n

—ZZU,kZZE Zi i Zio(T = T) f7(T7)]

k=1 j=l1¢=1
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> UikUasBl,k,a,b) Y E[f"(T7)]

n’ ik.a,b=1 =1
r n .
Y. UirUasB,a,b) (Z Y E[Zkef(T7)]
N kab=1 j=1e£]
n
2y ZE[Zg,sf”(T’)]>
j=1s#]
Z UlkUathaZZZE ZkEZgSf” T])]
i,k,a,b=1 j=1s#jl#]
—2R3+2R4+— Z UkaZZEZkEngf (T])
k,b=1 J=1s#jt#]

where we used (4.5) in the last step and put

1 r , - ;
(4.12) Ry=773 > UikUapBlikoa b)Y E[f"(T7)]
" ikab=1 =1
and
3 ! - ;
(4.13) Ri=o— 3 UikUapBli.a.0) 3 Y E[Zeof"(17)).
" kab=1 J=1e#£j
Thus for (4.4),

E[g(T)] —E[g(x)]
1 1 !
_ E[Tf (1) + 50 =1)f <T>]

MJ;
=

! Z UkaZE[Zuzgs( LGRS A )]

kb 1 s=1¢=1 j;éls

Il
-

4
=—> Ri+Rs+Rg
i=1

with
1
4.14) Rs = ;E[Tf”(T)]
and
(4.15) Z UkaZE[Zk tZgs Y (f"(D) —f”(Tj))]'

kb 1 s=14¢=1 Jj#L,s

It remains to bound the remainder terms. To this purpose, we carry out an ancillary calcula-
tion. With (4.7) and using the independence,

E[(T —17)’]

1
== Ua,,,Ui,kE[zi,jza,,(Zb,j+2ZZb,z>(Zk,j+2ZZk,sﬂ

= bik t#j s#]j
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1 .
= ; Z Ua,bUi,k(,B(a’ b,i,k)+4n — I)Ti,afb,k)
a,b,ik

1
— (T Veslinbla.b.ik)+40— 1)

a,b,ik
1
= Bl (l", I’l),
n
where we employed (4.5) and (4.6) for the last step and

drn 1
~E(W?
n—1 + n ( )
with W = er,k:l Ui,kZi,IZk,L Similarly,
E[(T —T7)*]

1
=i Y UaoUisleaUefB| 2020202,
a,b,ik,cd,e,f

X (Zb, it2y Zb,E) (Zk, it2> Zk,s)

U#] s#

X (Zd,j +2ZZd,t)(Zf;j —I-ZZ Zf,u)]

t#£j u#j

Bl (I’, I’l) =

=— Y., UwpUirUcaUes(B(a.b,c.d,e, f.i k)
N abikcde f

+248(,a,c,e,b,d)t(k, f)(n —1)+328(,a,c,e,b)B(c,k, f(n—1)
+16B(i,a,c,e)(B(b,d, k, fY(n —1) +6n(n — D)y atk, 1)

1
< —Ba(r,n)
n

with
By (r, n) = 96E(W?)
1/1
—( —E(W*) + 24E(W?
+- (n (W) +24E(W)
+32 Z Ua,bUi,kUC,dUe,fﬁ(i5a’C5e’b)ﬁ(csky f)
a,b,ik,c,d,e,f
$16 Y UnsUiiUealesBl.a.c.pb.d k. ).
a,b,i,k,c,d,e,f
Now the ingredients are in place to bound |R;|,i =1,...,6.

Bounding Ry. For Ry from (4.10) and the Cauchy—Schwarz inequality, using the notation
(2.4),

1 r n . )
Ri=_- 3 Uik 3 BlZijZio(T = T7) fO(17 4 pT))]
=1 =1
(4.16)

=Ri1+Ri2
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with
[Ri1| < —<|f(3>||ZE [IWI(T = T7)%]
j=1
1

= OBy E[W]

and
[R12] <—Hf(3)||ZE[ > UikZij Y Zie|(T = T7) }
j=1 i,k=1 L#£]
< 4n2 | £ 9NV B (r, n)z |:(Z UlkZ,]ZZ]M) :|
j=1 i k=1 L#£]

We calculate

r 2 r r
E|:< > UikZi, sz,z> }: D Uik Y. UapTiaTok

ik=1 4] ik=1 a,b=1
4.17)

=r
and thus

IR 2| < %nf@) |v/Ba(r, n).

Hence, for (4.16),

IR)| < %llf“) |VBa(r, ) (VE(W?) + 7).

Bounding Ry. For R, from (4.11), by Taylor expansion and the Cauchy—Schwarz inequality,

|R2|<—|\f”||ZZZUzkfzk (|17 —17]]
j=lli=1k=1
r 1"
- B .
< 5=l VB

Bounding R3. For R3 from (4.12), it is straightforward to bound

1
Rol =5 /]

" 1
Y UikUapBlik.a. b)‘ =5, 1 EW?).

i,k,a,b=1

Bounding R4. For R4 from (4.13), for £ # j we introduce

ZZZZZHU:kaz

i=lk=1s#jt#j,L

Then 7/-¢ is independent of Z, ¢ foralla =1, ..., r. Moreover, as for (4.7),
_7it = ZZU,kzlg(zkHz > i)
i=1k=1 s#£j, L

Thus, for £ # j,
E[Zk.ef"(T7)] = E[Zko(T7 = T7) fO @7 + (T4 = T7)]
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for some 0 < p < 1. Hence using the Cauchy—Schwarz inequality,

2

3 1 "

|R4|§§||f(3)||—[¢81(r,n) E[( > Ui,kUa,b,B(i,a,b)Zk,(z):|
n i ka,b=1

r

3 .
<51r® ||7¢Bl<r n) Y UikUapUe Bl a.b)B(k, e, ),
\ i.k.a,b.e, f=1

where we used (4.5).

Bounding Rs. Bounding Rs from (4.14) is straightforward using Lemma 2.1 from [10]
which states that for g bounded, the solution f of the Stein equation satisfies || xf” (x)| <

4llgll
1 4
IRs| = = [E[Tf"(D]| = = llgl.
n n

Bounding Rg. For Rg from (4.15),

418)  Rs Z Uin 3237 3 B[ Ze0 2, (T — T9) £ (19)]

kb 1 s=14=1 j#L,s
+— Z Uk.b
k,b=1
(4.19)
3 Y B2 Zou (T = T £+ p(T = T))]
s=14=1j#l,s

for some 0 < p < 1. Now, for j # ¢, s, with (4.7) and using the independence,

> Z U B[ Zi 0 Zp s (T — T7) fO(T7)]

s#Lk,b=1

——Z Z U Z Uc.at(c, DE[ZkeZp,s f O (T7)]

s;éﬁkb 1 c,d=1

_r 3 Z Uk vE[Zk.e Zp,s f O (T7)]

k=1

= r ZE|: i UkvZik o Zps (f(3)(Tj) _ f(3)(Tj,e))i|

e Lkb=1
so that

> Xr: U bB[Zko Zo s (T — T7) f(T7)]

sk b=1

r 2
- OB E[( 3 Uk,bzk,ezzb,s) }
n2

k,b=1 S#L

3

— 9] (£>2m
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where we used (4.18). Hence for (4.18), with the Cauchy—Schwarz inequality,

Y U XY ¥ B[zl - T’)f(”(T’)]‘

k.b=1 s=10=1j#l.s

= (%)2 | @ IVBi(rn).

For (4.20), again with the Cauchy—Schwarz inequality,

1
n2

1 r
i D UkaZ > E[ZieZoo(T =T/ fOTT + (T - Tf))]‘
k,b=1 s=1¢4=1j#L,s
1 n r 2 —
<1 3 8] (X v S Sz ) Vel -1y
n? &~ ~ e
j=1 k,b=1 SEJLFE]

‘We calculate

{(gozgen)

k.b=1 s#j U]

= (n — DE(W?) + (n — D*(r* +2r).

Hence,
1 r
2n2 2 UkaZ > E[ZkeZp (T — T/)?
k,b=1 s=14=1j#Ls
x f(4)(Tj+p(T—Tj))]‘
1
< PO NVB Y EW 412 427,
Thus,

Rol < | £9] (%wl o)+ VB Y E(W2)n3 412 42 ).

Collecting the bounds gives that
6
D IRi|
i=1
4
=-—ligl
n

1) B + B )

r

+||f(3)||< IJBl(r n)J Y UirUapUe rBli,a,b)B(k, e, f)

i,k.a,b,e, f=1
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v }m< B(W?) + ﬁ))

|}f(4) ||( VBi(r,n) + /By (r, n)\/]E W2)n~1 + 72 +2r>

Employing the bounds || f ®) < §||| gllz from (4.3) for the solution of the Stein equation
gives the assertion. [
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