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We prove a stochastic representation formula for the viscosity solution
of Dirichlet terminal-boundary value problem for a degenerate Hamilton—
Jacobi-Bellman integro-partial differential equation in a bounded domain.
We show that the unique viscosity solution is the value function of the asso-
ciated stochastic optimal control problem. We also obtain the dynamic pro-
gramming principle for the associated stochastic optimal control problem in
a bounded domain.

1. Introduction. Stochastic representation formulas establish natural connec-
tions between the study of stochastic processes, and partial differential equations
(PDEs) or integro-partial differential equations (integro-PDEs). First formulas of
this type appeared in the works of Feynman [14] and Kac [21]. Since then, the so-
called Feynman—Kac formula has been extended and generalized in different direc-
tions. Most notably, the dynamic programming principle and the theory of regular
and viscosity solutions established rigorous connection between stochastic optimal
control problems and fully nonlinear Hamilton—Jacobi—Bellman (HJB) equations,
thus providing representations for solutions to HIB equations as value functions
of the associated optimal control problems. Such techniques found applications in
many areas, such as finance, economics, physics, biology and engineering. Various
results on stochastic representation formulas for regular and viscosity solutions to
HIJB and Isaacs PDEs in bounded and unbounded domains and their connections to
stochastic optimal control problems can be found, for instance, in [10, 15, 16, 22,
25-29, 33, 36, 43, 45-48] and the references therein. The literature on the subject
is huge.

There are also many existing results for integro-PDEs. Viscosity solutions to
HJB integro-PDEs and their stochastic representation formulas as value functions
of the associated stochastic optimal control problems were originally investigated
in [41, 42]. Stochastic optimal control of jump-diffusion processes and various re-
sults about the associated HIB equations are discussed in [35]. The presentation
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in [35] focuses more on applications, and is not always completely rigorous. A HIB
obstacle problem on the whole space R” associated to the optimal stopping of a
controlled jump-diffusion process was studied in [38], where the value function
is proved to be the unique viscosity solution of the obstacle problem. However,
the proof of the dynamic programming principle is only sketched there and some
other arguments are left without full details. Stochastic optimal control problem
in the whole space, which also included control of jump diffusions, was consid-
ered in [13] and the dynamic programming principle was proved there. A spe-
cial two-dimensional HJB integro-PDE associated to an optimal control problem
with jump processes originating from mathematical finance was studied in [19].
The unique viscosity solution was identified as the value function, and the full
proof of the dynamic programming principle was presented. The Dirichlet prob-
lem for stable-like operators and corresponding stochastic representations were
studied in [2]. Stochastic representation formulas based on backward stochastic
differential equations for different types of integro-PDEs were obtained in [3, 9,
23, 34]. Value functions of stochastic differential games for jump diffusions, the
dynamic programming principle and the associated Isaacs equations were studied
in [6, 7, 9, 24]. There are many other related results. For instance, results for ob-
stacle problems for integro-PDEs related to optimal stopping and impulse control
problems with jump-diffusions can be found in [17, 40]. A time-inhomogeneous
Lévy model with discontinuous killing rates was investigated in [18], and stochas-
tic representation formulas for the associated integro-PDE was derived. Feynman—
Kac formulas for regime-switching jump-diffusion processes driven by Lévy pro-
cesses were also obtained in [49]. A proof of the dynamic programming principle
and the representation formula for a viscosity solution to a HJB integro-PDE in an
infinite dimensional Hilbert space is contained in [44].

In this article, we consider a stochastic optimal control problem for a gen-
eral class of time- and state-dependent controlled stochastic differential equations
(SDEs) driven by a general Lévy process. Our main focus is a stochastic represen-
tation formula for the unique viscosity solution to the Dirichlet terminal-boundary
value problem for the associated degenerate HJB integro-PDE (2.6)—(2.7) in a
bounded domain. This is a classical problem which is very technical and whose
full details are often omitted or overlooked, especially for problems in bounded do-
mains. We identify the unique viscosity solution to (2.6)—(2.7) as the value function
of the associated stochastic optimal control problem. We make mild assumptions
on the regularity of the domain and the nondegeneracy of the controlled diffusions
along the boundary to guarantee the existence of a continuous viscosity solution
and thus the continuity of the value function. These assumptions are needed to ap-
ply the integro-PDE results of [30]. Instead of proving directly the continuity of the
value function and the dynamic programming principle, we start with the viscos-
ity solution of the HIB integro-PDE, which can be obtained by Perron’s method,
and show that it must be the value function. Our method is similar to that of [15].
Similar methods have been also used for Isaacs equations and differential game
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problems in [24, 43]. We approximate our HIB integro-PDE by equations which
are nondegenerate, have finite control sets, more regular coefficients, and smooth
terminal-boundary values, and are considered on slightly enlarged domains. Such
equations have classical solutions for which the representation formulas can be
obtained. We then pass to the limits with various approximations. The main diffi-
culties come from the fact that we are dealing with a bounded region and hence we
need a lot of technical estimates involving the analysis of the behavior of stochastic
processes and their exit times. We also need precise knowledge about the behav-
ior of the viscosity solutions of the perturbed equations along the boundaries of
their domains, which are obtained by comparison theorems and the constructions
of appropriate viscosity subsolutions and supersolutions. We use regularity and
existence results from [30, 31]. The approximations using finite control sets, more
regular coefficients and smooth terminal-boundary values are needed to employ a
regularity theorem from [30]. Enlarged domains are used to handle exit time es-
timates. We remark that making the HJB integro-PDE nondegenerate by adding
a small Laplacian term to the equation corresponds to the introduction of another
independent Wiener process on the level of the stochastic control problem, and
hence to possible enlargement of the reference probability space. As a byproduct
of our method, we obtain the dynamic programming principle for the associated
stochastic optimal control problem. Moreover our method provides a fairly explicit
way to construct e-optimal controls using approximating HJB equations.

The paper is organized as follows. Section 2 contains the setup of the prob-
lem and some preliminary estimates, which will be needed throughout the paper.
Section 3 establishes the stochastic representation formula and the dynamic pro-
gramming principle for the solution to the HIB integro-PDE terminal boundary
value problem (2.6)—(2.7). The results are first obtained in Section 3.1 for the clas-
sical solution to (2.6)—(2.7), and are then extended, in Section 3.2, to the viscosity
solution to (2.6)—(2.7) with a finite control set. Using various approximation argu-
ments, in Section 3.3, the representation formula and the dynamic programming
principle is finally proved for the viscosity solution to (2.6)—(2.7) when the con-
trol set is a general Polish space. Section 4 provides a construction of viscosity
sub/supersolutions to (2.6)—(2.7).

2. Preliminaries.

2.1. Setup and assumptions. Throughout this article, let 7 > 0 be a fixed ter-
minal time, let # € [0, T) be an arbitrary fixed time, and let d, m, m, € N be fixed
positive integers. Let O C R¢ be a bounded domain. Let I/ be a Polish space
equipped with its metric dys. Let Q :=1[0,T) x O, and let Q0 =[0,T) x RY. Let
v be a Lévy measure, that is, a measure on B(Rj?), where Rj)? := R™2 \ {0}, such
that

/H;mz(|z|2 A1)v(dz) < +o0.

0
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We say that u = (Q, %, Z.,P,W, L) is a generalized reference probability
space if it satisfies the following conditions:

o (Q2,.#,P) is acomplete probability space, and {.#/ }sef;, 7 is a filtration of sub-
o -fields of .# satistying the usual conditions;

e W is an m;-dimensional standard .%!-Brownian motion on (2, .%#, P);

e L is an mp-dimensional v .#!-Lévy process on (2, .Z,P) independent of W.
That is, £ is an F!-adapted stochastic process with P-a.s. cddlag trajectories,
such that for all t <#; <t < T, the random variable L£(t;) — L(¢1) is indepen-
dent of .7/, and

E(ei(ﬁ(tz)—ﬁ(tl))Z) — e—(IZ—fl)l//(Z)’ z€R,
where

Y(z) = /Rm2(1 — "V + Ly <nyiz - y)v(dy).
0

Note that we do not assume here that YW (¢) =0 or £(z) = 0. The jump measure of
L (defined on B([t, T]) ® B (Ry?)) is denoted by N (ds, dz), with its compensated
measure N (ds,dz) := N(ds,dz) — dsv(dz). For more details on Lévy processes,
we refer the reader to [1, 5, 37]. Finally, we denote by A, the set of all ﬂg -
predictable I/-valued processes on [t, T'], and let A, := 1 A, where the union
is taken over all generalized reference probability spaces u on [z, T'].

For any generalized reference probability space u = (2, %, f;,]?, W, L),
any control U € A,,, and any x € R9, consider an R?-valued stochastic process
X (s;t, x), governed by the following controlled SDE:

X(s;t,x)zx+/Sb(r,X(r;t,x),U(r))dr
t
@.1) +/Sa(r,X(r;t,x),U(r))dW(r)
t
' X(r—: N T).
+ /Rg,zy(r, (r—3 1,20, U(), )N (dr.d2), 5 €[1,T]

ASSUMPTION 2.1. Throughout this article, we make the following assump-
tions on the coefficients in the SDE system (2.1).

() y:09xU xR™ — R is a measurable function.
(i) b: 0% xU — R% and o : Q9 x U — R4*™1 are uniformly continuous
functions.
(iii) There exist a universal constant C > 0, a modulus of continuity = : Rt —
R* with lim,_. @ (r) = @ (0) = 0, and a Borel measurable function p : Rg” —R
which is bounded on any bounded subset of Rglz, and which satisfies

(@ inf p(z)>0, Vr>0; (b) M:= A‘gmz p*(2)v(dz) < 00,
0

|z|>r
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such that for any u, u,us €U, s € [0, T), (s1, y1), (52, y2) € @, and any 7 € R;"2,
|b(s, y1,u) = b(s, y2, )| + | (s, y1,u) — o (s, y2,u)
< Cly1 — »2l,
|y (s1, y1,u1,2) — y(s2, y2, 42, 2)|
< Cp(2)(w (du(ur, u2) + |s1 — s21) + [y1 — »21),
C,

(2.2)

1611 e g2y + 110 1 e ey <
”‘y(’ ) Z)‘ ”LOO(@XZ/{) = C/O(Z)'

To avoid cumbersome notation, from now on, we will be writing ||| L (0014’

”O—l’lLf’O(@xu.)’ e'tc., for ”|b.|||L°°(@xZ/{).’ I “G””Lw(@xu)’ etc., that is, we will be
omitting the inside norms in the notation for the supremum norms of vector and
matrix valued functions.

For any fixed ¢ € [0, T) and any generalized reference probability space u, let

H be the space of all .7/ -adapted cadlag processes Y such that

2\ 1/2
1Y% :=(E( sup |Y(s) < 00.
(B 2,7 F))
The next result provides the existence of a unique strong cadlag solution to (2.1).
The proof is quite standard and is thus omitted here. The reader is referred to, for
example, [1], Section 6.2, [35], Section 1.3, or [44], where the proof of existence
in the case of a similar controlled SDE in a Hilbert space is provided.

THEOREM 2.2. Let Assumption 2.1 be satisfied and let U € A,,. Then, for
every x € R?, the SDE (2.1) admits a unique strong solution X (s; t, x) in the space
H. Moreover, there exists a constant K1 = K1(C, T, M) > 0, depending on C, T,
and M, such that

(2.3) IE( sup |X(s;t,x)|2> < Ki(1+x?).
s€lt,T]

We notice that, when x € O, which is a bounded subset of R?, the right-hand
side of (2.3) is bounded by a constant independent of x. For any (¢, x) € QO, let

t(t,x) :=inf{s € [t, T]: (s, X (s;2,x)) ¢ O},

with the convention that inf @ = T'. Throughout this article, when there is no con-
fusion of initial condition, we will skip the initial data (¢, x) in the expressions
of SDE solutions and exit times, and write X (s) and t instead of X (s;#,x) and
7(¢, x), respectively. Clearly,

(, X (1)) € 9p 0 := ([0, T) x O°)U ({T} x RY).
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Define the cost functional as
T(t,x)
Ju(t,x;U):=E</ I(s, X(s;2,x),U(s))ds
(2.4) !
+ W(z(t,x), X(z(,x); t,x))).

ASSUMPTION 2.3. Throughout this article, we make the following assump-
tionson I" and W.

G v :@ — R is a bounded continuous function.

(i) T: QY x U — R is a bounded uniformly continuous function.

We will consider the stochastic control problem by first taking the infimum of
the cost functional (2.4) over all U € A, that is,
2.5 V,(t,x):= inf J, (t,x;U),
@.5) u(t2) 3= inf T 05 U)
and then by taking the infimum of (2.5) over all generalized reference probability
spaces, that is,

V(t,x):=infV, (t,x)= inf J, (¢, x;U).
(t,x) in (%) UIQA,“(X )

The corresponding HIB equation is then given by

(2.6) inZE(M”W(t,x)—I—F(t,x,u)):O in Q,
uec

with terminal-boundary condition

(27) W(tax)=lp(tvx)’ (tax)eal‘poa

where

oW 1
AW (t,x):= W(I’ x) + 5tr(a<z,x, u)D2W (1, x))

+b(t,x,u) - DyW(t,x)
(2.8)
+ [élnz (W(t’x + )/(f, X, U, Z)) - W(t,x)

0
- DXW(t’x) : )/(t»x, u, Z))U(dZ),

and where a(t, x,u) ;=0 (t,x,u)o L (1, x, u).

We now introduce the assumptions about the bounded domain O. Since O
is bounded, Assumptions 2.1 and 2.3 are quite standard. However to apply the
integro-PDE results of [30], we will need extra conditions on O and o, Assump-
tions 2.4 and 2.6. More precisely, these two assumptions allow to construct viscos-
ity sub/supersolutions of various approximating equations having uniform modu-
lus of continuity in Section 4. They are used to apply the existence and regularity
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o]

N(O,x)

F1G. 1. An n-prox-regular set.

results for solutions to our nonlocal HIB equations (see Theorem 3.5 and the dis-

cussion after the proof of Theorem 3.6) and to obtain uniform convergence of

solutions of various approximating equations (see Lemmas 3.8, 3.13 and 3.15).
For a set O C R?, we define the proximal normal cone to Oatxe€do by

N(O,x) = {ne R? : there exists £ > 0, such that x € P(O, x +€n)},
where
P(0,y)={z€90: inf |p—y| =1z - yI}.
pe0

The set O is said to be n-prox-regular for some n > 0 if, for any x € 90 and any
unit vector n € N(O, x), we have

Bn(x+nn)05=®,

where, and hereafter, B, (y) (respectively, B,(y)) denotes the open (respectively,
closed) ball in R? centered at y with radius r > 0. We refer the reader to, for ex-
ample, [8, 11, 12, 39], for the properties of n-prox-regular sets. Figure 1 illustrates
an n-prox-regular set.

ASSUMPTION 2.4. Throughout this article, we assume that O is n-prox-
regular, for some fixed 0 <n < 1.

THEOREM 2.5. If O is n-prox-regular for some n > 0, then, for any 0 < § <
n/2, the set Oz := {y € R? : dist(y, O) < 8} satisfies the uniform exterior ball
condition with a uniform radius n/2, that is, for any x € 0 Os, there exists yx € Oy,
such that By 2(yx) N Os = {x}.

PROOF. For any x € 0 Os, there exists X € dO such that |x — X| = §, and thus

x —x € N(O, x). Since O is n-prox-regular, we have x € En(i +n(x—%)/8)N0O
and B, (x +n(x —x)/8) N O = @. It is then easy to see that

Fn/z(i+<2+8) 5 )ﬂOS—{X}

which completes the proof. [J
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Throughout this paper, we make the following parabolicity assumption along
the boundary 9 0O.

ASSUMPTION 2.6. There exists a constant A > 0 such that, for any x € 00
andny, € N(O, x),

nyo(t, x, u)aT(t,x, u)nz >) foranyte[0,T)andu €U.

Throughout the paper, we will use the following function spaces on cylindrical
regions Q = [a, b) x O, where a < b and O is an open subset of R?. USC(Q)
(respectively, LSC(Q)) is the space of upper (respectively, lower) semi-continuous
functions on Q. C(Q) (respectively, C (Q))is the space of continuous functions on
Q (respectively, Q). Lip(Q) denotes the space of Lipschitz continuous functions
on Q. C12(Q) is the space of functions ¢ : Q — R such that ¢, ¢;, D¢, and D)%go
are continuous on Q. C'2(Q) is the space of functions ¢ € C 1.2(Q) such that o,
@1, Dyg, and D¢ extend continuously to Q. C!'T%/2:2+%(Q) where « € (0, 1), is
the space of functions ¢ € C12(Q) such that

lollzoe(o) + @l + I D@l + [ D3¢ (o)

+  sup (e, x) — (s, y) —@(s, ) —5)
(t,x),(s,)€Q
(t.2)#(5,)

(2.9) — Dyp(s,y) - (x —y) — (x — ) D2o(s, y)(x — ¥)/2|)
/(1 = s+ |x = y?)+/?)
< Q.

If ¢ € C1He/2.24 (0 then ¢, ¢;, Dyg, D2¢ extend continuously to Q0 and (2.9)
is satisfied with @ = Q° replaced by Q = QO To emphasize that functions in
C1+e/2.24a (00 are defined on Q0, we will denote this space by C!+e/2:2+e (0)
Cllota/ 221 (9) is the space of functions ¢ : Q — R such that, ¢ € C I4e/2. 240 5)
for any cylindrical region @ CC Q. Finally, the space USC,(Q) (respectively,
LSC(Q), C1(Q), C1(Q), Lip,(Q), C4*(Q), C4*(Q)) consists of functions in

USC(Q) (respectively, LSC(Q), C(Q), C(Q), Lip(Q), C'*(Q), C1*(Q)) which
are bounded on their respective domains.

To conclude this subsection, we recall the definition of a viscosity solution to
(2.6).

DEFINITION 2.7. A functionu € USC;,(QO) is a viscosity subsolution to (2.6)
if, whenever u — ¢ has a maximum over QY at (1, x) € Q for some test function

9 eCy (Y,
in{{(;z%”(p(t, x)+T(t, x,u))>0.
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A function u € LSC;,(QO) is a viscosity supersolution to (2.6) if, whenever u — ¢
has a minimum over QY at (¢, x) € Q for some test function (NS C;’Z(QO),

inf (7“@(t,x) + (1, x,u)) <0.
ueld

A function u € C,(Q") is a viscosity solution to (2.6) if it is both a viscosity
subsolution and a viscosity supersolution to (2.6).

2.2. Preliminary estimates. In this subsection, we prove various estimates for
strong solutions to (2.1). The proofs of these results follow rather standard lines of
arguments however, since we could not find exact references, we equip them with
short proofs for completeness and for the reader’s convenience.

LEMMA 2.8. Let Assumption 2.1 be valid. For any (t,x) € Q°, any general-
ized reference probability space u = (Q, F, FL,P, W, L), and any U € A,,, let
X (s;t,x) be the unique strong cadlag solution to (2.1). Then, for any t < {] <
6O <T,

E( sup |X(s6,0 = X(0131,0) < Ka(la — 1),
selly,47]

where Ko = K2(C, T, M) > 0 is a constant depending on C, T and M.
PROOF. By Assumption 2.1, Cauchy—Schwarz and Burkholder-Davis—Gundy

inequalities, there exists a universal constant A1 > 0, such that, denoting X (s) =
X(s;1,x),

E( sup [X(s) = X(t)[)
s€ll,42]

)

/@ o (r X (1), UH) W)

1

< 3E< sup
S€[ly,£2]

/; b(r, X(r), U(r)) dr

1

)

fe /Rmz y(r. X(r=),U(r),z)N(dr, dz)
]

+ 3IE( sup
s€[ly, 2]

)

£ L
53TE<[€ 2|b(r,X(r),U(r))\2dr)+3A1E</e 2”0(r,X(r),U(r))||2dr)

+ 3IE( sup
selly,£2]

J4
+ 3A1E</£12 /Rg'z ly(r, X(r—),U(r), Z)|2v(dz) dr)

<3CHT + Ay + A M)l — £7).
Letting K := 3C2(T + A1+ A M) completes the proof of the lemma. [l
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Letl;:@xZ/IeRd,G:@xueRdxm',and?:@xeRmeRd.
For any generalized reference probability space u = (2, %, Z!,P, W, L), any
control process U € A, and any x € R4, consider another controlled SDE

X(sit,x)=x+ /S 5(7’, X(rit, x), U(r))dr
t
(2.10) +/S5(r,)~((r;t,x),U(r))dW(r)
t
+/ts /Rg’j(r’ X(r—:t,x),U(r),2)N(dr.dz), selt.T].

When the coefficient functions b, &, and ¥ satisfy Assumption 2.1, for any pu =
(Q, 7, ZLPW, L), U c A, and x € R4, Theorem 2.2 ensures that there exists
a unique strong cadlag solution X (s; ¢, x) to (2.10). For any (¢, x) € QY let

T(t,x) :=inf{s € [r, T]: (s, X(s;1,%)) ¢ Q).

LEMMA 2.9. Let the coefficient functions b, & and ¥ satisfy Assump-
tion 2.1. For any (t,x) € Q°, any generalized reference probability space p =
(Q, 7,7 ,P,W,L),and any U € A, let X(s:t,x) (respectively, X (s; t, x)) be
the unique strong cadlag solution to (2.10) (respectively, (2.1)). Then, there exists
a constant K3 = K3(C, T, M) > 0, depending only on C, T and M, such that

IE( sup |X(s;t,x)—)~((s;t,x)}2)
s€lt,T]

~ 0 ~n2
< K36 = bI7 o gm0 T 1 =15 e 0,0
~ 2
=+ K3 \/Rglz ||J/(’ BN Z) — y(, B Z)HLOO(QOXZ/{)V(dZ)'
PROOF. We denote X(s) = X(s;f,x), X(s) = X(s;¢,x). By Cauchy—

Schwarz and Burkholder-Davis—Gundy inequalities, there exists a universal con-
stant Ay > 0, such that for any £ € [t, T],

E X(s)— X))
(g fx0 = %)
l ~
< 6TIE</ |b(r, X (r), U(r)) — b(r, X (r), U(r))|2dr>
t
l ~
4688 ( [ o, X, U0) ~ 0. X1, U )

0 ~
+ 6A2E</t /]Rglz ly(r, X(r—=),U(r),z) — y(r, X(r—), U(r), Z)|2v(dz) dr)
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+6T2|b—b|> +6A,T |lo — 6|

LOO(QO xU) LOO(QOXM)

~ 2
+ 6A2T /l%gu ||y(v Ty Z) - y(v Ty Ty Z) ||L00(@Xu)v(dz)'
Therefore, by Assumption 2.1(iii),
]E( sup | X (s) — )?(s)|2)

s€(t,l]
¢ -

<6(T + A)C3(1 +M)/ E( sup |X(s) - X()[*) ar
t s€e(t,r]

+1lo =517 o g0

~ 2
+6T(T + Ay) /Rglz [y G ) = 7 Con s D o gy P (@2)-

The result follows from Gronwall’s inequality with K3 := 6T (T + A2) X
OCPA+M)T+ANT [

+ 6T (T + A2)(lIb — 19||L00(Q0 1)

The next lemma provides an estimate for the cost functions.

LEMMA 2.10. Let Assumptions 2.1 and 2.3 be satisfied. Let T be a uni-
Jormly continuous real-valued function on 00 x U, such that DT is a bounded

continuous function on Q0 x U. For any (t,x) € Q°, any generalized reference
probability space u = (2, 7, ﬁ’, P, W, L) and any control process U € Ay, let

X (s) := X(s;t,x) (respectively, X (s) := X (s; t, x)) be the unique strong cadlag
solution to (2.1) (respectively, (2.10)). Then,

(/ IT(r. X (), U) = F(r, X ). U(r))|dr)

< =11 = Pl o

+ K4|| D, T b—b]

Lo(Q0x1) (' L@ 10 =8l goany

1/2
~ 2
ottt Hogptn) ]

where K4 = K4(C, T, M) > 0 is a constant depending only on C, T and M.
PROOF. Note that for any s € [t, T],
IT(s, X(s5), U(s)) — (s X(s), U(s))|

< I =Tl o oz + 125 Tl oo goasy Jup [X(5) = X).
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So the result follows immediately from Lemma 2.9 and Cauchy—Schwarz inequal-
ity. O

3. Representation formulas and dynamic programming principle. This
section is devoted to the proof of the stochastic representation formulas and the
Dynamic Programming Principle. Recall that Assumptions 2.1, 2.3, 2.4 and 2.6
hold throughout the paper. For any (, x) € Q°, any generalized reference prob-
ability space pu = (Q,.Z, #.,P,W, L), and any U € A, let X(s;1,x) be the
unique strong cadlag solution to (2.1).

For any generalized reference probability space u = (2, %, Z!, P, W, L) and
any U € A, we choose an .7/ -stopping time 0y, with 6y € [¢, T] P-a.s. Let JZ(M
be the collection of all such pairs (U, 6y7). We also define fT, =U M -/Z/u where the
union is taken over all generalized reference probability spaces w on [¢, T'].

3.1. Smooth value function. We first establish the Dynamic Programming
Principle when there exists a classical solution to (2.6) with terminal-boundary
condition (2.7).

THEOREM 3.1. Let Assumptions 2.1 and 2.3 be satisfied. Let W € Cl’z(@)
be a solution to (2.6) with terminal-boundary condition (2.7). Then, we have
(31) W(l‘,x)=V(l‘,x)=VM(l‘,x), (t7-x)€§’

for any generalized reference probability space ., and

GUA‘L'
W(t,x)= inf _ E(f I(s, X(s;2,x),U(s))ds
(3 2) (U,6y)eA, t

+ Wy AT, X Oy AT; 8, x))>.

PROOF. Since W € Cl’z(@), by 1to’s formulg and (2.8), for any generalized
reference probability space i, and any (U, 0y) € Ay,

W(t,x)= W(QU AT, X Oy A ‘L’)) — /QU/\T JZ%U(S)W(S, X(S)) ds

t

QU/\T
(3.3) _/, Dy W (s, X(5)) -0 (s, X(s), U(s)) dW(s)

GU/\T
-] /Rgu(W(s’ X(s=)+y(s, X(5-), U9, 7))

— W(s, X(s—)))N(ds, dz).
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Taking the expectation of both sides of (3.3) gives
W(t, x)= E(W(QU AT, X0y AT)) — /GUM szU(s)W(s, X(s5)) ds).
This, together with (2.6), yields t

Oy AT
Wi(t, x) < ]E(W(QU AT, X0y A T)) —i—f Y I(s, X (s), U(s))ds).
t

To prove the reverse inequality, let us fix any « > 0. Since W € C 1’2(@) and

I'(-, -, u) is uniformly continuous on 09, uniformh/ for u € U, there exists § > 0
such that, for any #1,t € [t, T] and any x1, x> € O, with |t — 2| < § and |x] —
x2| < 8, we have

| 7" W (t1,x1) + T(t1, x1,u) — LW (t2, x2) — T (2, x2,u)| < £
(3.4) 2

for any u e Y.

Let M € N be sufficiently large so that (T —t)/ M < §. We partition [¢, T'] into
M, subintervals [fo, 11], fo =1, and (¢;,1j11], j =1,..., M) — 1, of length (T —
t)/Mj. Moreover, let O = O1U---U Oy, where Oy, ..., Oy, are disjoint Borel
sets of diameter less than §/2 and M> € N. Foreachk =1, ..., M>, we fix x; € O
arbitrarily. Foreach j =0,..., My —land k=1, ..., M3, since W satisfies (2.6),
there exists u jx € U such that

AW (L, xp) + T (), X, uji) < %

Together with (3.4), for any (s, y) € [¢,7j11] X (Bs(xx) N 0),
3.5) AW (s, y) +T(s, y, ujr) <k.
Define it = (ito, . .., ip,—1) : R — UM by

iij(y) = {”J"’ Bye Ok o Mi—1k=1..... M
ug, ifyeo,
where ug € U is arbitrarily fixed. We define a Markov control policy and the cor-
responding solution to (2.1), as follows. For s € [¢, 1], let X (s; ¢, x) be the unique
solution to (2.1) with control U (s) = ug(x). By induction, for j =1,..., M| — 1,
assume that X (-; ¢, x) and U (-) have been constructed on [z, ¢;]. For s € (¢;,1;41],
let U(s) =u;(X(tj;t,x)),and let X (s; t, x) be the associated solution to

X(s,t,x)=X(t;;t,x) + Sb(r,X(r;t,x),U(r))dr
j
+ Sa(r,X(r;t,x),U(r))dW(r)

1

* / /R y(r. X(r=;1,2), U(s), )) N (dr. d2).
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Thus, U(s) = itg(x) fors € [¢t,#;] and, for j =1,..., M; — 1,
U(Gs)=ujr ifse(tj,tj;1] and
X(tj;t,x) € O, k=1,..., M.

(3.6)
By (3.3), we have

Ou Nt
W(t, x)= E(/ ! [(s, X(s),U(s))ds + WOy A1, X(Ou A 1:))>
3.7) '

_ E(/GUAT(@%U@)W(S, X(9)) +T(s. X(s), U(S)))ds)'
t

For j =0,...,M; — 1, let

Q= {weQ:|X(s/\r/\9U)(a))—X(tj/\r/\QU)(a))| < g

for all s € [z, tj+1]}.

By (3.5), (3.6), and the fact that | X (z;) — x| < 6/2 if X(z;) € O, for any s €
(tj tj+1), s <T Ay,

(3.8) AVOW (s, X (5)) + (s, X(5), U(s)) <k inQ;.

By Lemma 2.8, for some constant K5 > 0 depending only on C, T and M,

c 8 4K
P(Qj):P sup |X(S/\‘L’/\(9U)—X(tj/\t/\9[j)| ZE <6—2(lj+1 —tj).

s€ltj,tjt1]

Hence, (3.8) leads to

Oy AT
E(_/ (%U(S)W(S,X(s))+F(s,X(s),U(s)))ds)
t

_ Oy NLjLIAT
-y IE(/ (FYVOW (s, X(5)) + T (s, X (s), U(s)))ds)
j=0 LiNT
Mi—1
<k(T—1t)+ Z HJZWW+F||L°O([;,T]x6xu)(tj+1 — 1)P(Q5)
=0

AKs5(T —1)?
82M,
Since « and M are arbitrary, this, together with (3.7), gives us

<k(T —1)+ | "W + FHLOO([:,T]xeu)

Oy AT
W(,x)> inf _ ]E(/ T(s, X(s),U(s))ds +W(0y AT, X0y A 1:))),
(U,0y)eA, t
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which completes the proof of (3.2). Finally, by choosing the constant stopping
times 6y = T in (3.2) and noting that (3.2) is independent of the choice of a gen-
eralized reference probability space, we obtain (3.1). [J

We point out that the construction of almost optimal controls in the proof of
Theorem 3.1 applied to the case of Section 3.2, together with the uniform con-
vergence of the value functions for the approximating control problems, provides
a recipe how to construct e-optimal controls for the original stochastic optimal
control problem associated with our equation.

3.2. Finite control sets. In this subsection, we assume that I/ is a finite set,
which will be relaxed later by an approximation argument. For any 6 € (0, n/2),
recall that O5 = {y € R? : dist(y, O) < §}. We define Qs := [0, T) x Os. In the
sequel, og (1) denotes any function of & € R which converges to 0 as § — 0.

Using Assumptions 2.1, 2.3, 2.4, 2.6, and Theorem 2.5, we can construct se-
quences of functions b, : Q0 x U — R?, 6, : Q0 x U — R™1_y, - 00 x U x
R™ — R? and I, : Q0 x U — R, n € N, satisfying the following assumptions.

ASSUMPTION 3.2. (i) There exists a universal constant C > 0, and for any
n € N, there exists a constant C,, > 0, depending only on n, such that for any
(t1,x1), (12, x2) € Q9 z e R™ andu € U,
|bn (11, x1, 1) — b (12, X2, w)| + 00 (21, X1, ) — 03 (12, %2, u0) |
+ |Tu(t1, x1, u) — Ty, x2, )|
< Cu(Iti — 12| + 31 — x2)),
Yt X1, 1, 2) = Yu(t2, 32,1, 2)| < Cop @) (It1 — 12| + |31 — x21),

[1Dn | + 1T <C,

r@an T1onll Lo igoay Lo(Q0x)
||y}’l('= REIRE) Z)HLOO(@XU) =< 5/O(Z)
(i1) As n — 00,
maX(”b - bl’l”Loo(@Xu)’ ”U —On ”LOO(@XZ/{)’ ”F - Fn”Loo(@Xu)) = 01/1’!(1)’

2
/R;;z [y G2 = e D gy V(@0 = 01 (1),

“Dan”LOO(@XL{) : max(||b - bn”LOO(@XL{)’ ”G - O—””LOO(EXU)) = 01/11(1)’

12
2
||Dxrn||LOO(Q0XZ/,)(/R,,l2 ||V(-,-,-,Z)—Vn(',-,-,z)||Loo(Q0Xu)v(dz)) =o01/n(1).
0
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(iii) For any sufficiently small § > 0 and any x € d Os, there exists a unit vector
nys € N(Os, x), such that By >(x + nny 5/2) N Os = {x}. Moreover, for any ¢ €
[0,T],u €4, and any n € N large enough,

M| >

ny.son(t, x, w)a! (t, x, M)ﬂf,a z

Next, for each arbitrarily fixed 7 € [0, T'), we consider an extended generalized
reference probability space n) = (2, #, ZL,P, W, W, L), where the probabil-
ity space is large enough to accommodate another standard d-dimensional Fl-
Brownian motion WV, which is independent of W and L. Let A, be the collection
of all .%/-predictable ¢/-valued processes on w1, and let Af :=J,,, Ay, where
the union is taken over all extended generalized reference probability spaces 1.

REMARK 3.3. If u; =(Q, %, 33:, P,W, W, L) is an extended generalized
reference probability space, then u = (2, %, 5‘;’ , P, W, L) is a generalized refer-
ence probability space, and clearly we have 4, = A,,. On the other hand, given
a generalized reference probability space p = (2, Z, ﬁs’, P, W, L), consider a
standard d-dimensional .7 -Brownian motion }V defined on a filtered probability

space Q, .7, FL, P). For (w, &) € Q1 := Q x Q, let
Wi(s)(w, ®) = W(s)(w), Wa(s) (@, &) = W(s) (@),
Li(s)(w, @) = L(s)().

Then

ni=(Q,.F @7, 7 PRP, Wi, W, Ly),

where .Z ® .Z is the augmentation of the o-field . ® F by the P ® P null

sets, and F| :=,.;F! ® :9:;’ ,1s an extended generalized reference probability
space, and any element U € A, can be regarded as an element in A, . Thus we
have Af = A;.

Let {e,}neny be a positive sequence of real numbers such that ¢, — O,
as n — oo. For any extended generalized reference probability space w; =
(Q, 7, Z ,PWW,L), any U € Ay, any x € R4, and any n € N, consider
an R?-valued stochastic process X, (s; ¢, x) which is the solution to the following
controlled SDE:

X,(s;t,x)=x+ /s b (r, Xn(r;t,x), U(r))dr
t
+ / o Xu(ri 1,2), UR) dW() + f C e W)
t t

+/S/R'"2 Vu(r, Xn(r—; 1, %), U(r), 2)N(dr,dz), selt,T].
t 0
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A similar argument as in Theorem 2.2 ensures that the above SDE has a unique
strong solution X, (s; ¢, x) with P-a.s. cadlag sample paths. For any § € (0, /2)
and (1, x) € QY let
15 =15(t,x) :=inf{s € [t, T]: X (s;¢,x) ¢ Os)2},
Ts.n = Ton(t, x) :=inf{s € [t, T1: X, (551, x) ¢ Os)2},

with the convention inf @ =T .

LEMMA 3.4. Let Assumption 2.1 be satisfied. Let {b,},eN, {on}nen and
{Vilnen be the sequences satisfying Assumption 3.2(i) and (ii). For any x € O,
let

Ssn=Ss.u(t,x) = {a) €Q: sup |X(EA(tsVT5.0);t,x) (@)
Celt,T]

1)
— Xp(EA(T5 V T5.0)5 1, x) ()| > 5}

Then, we have
3.9 P(Ss5.,) >0 asn— oo.

C
Moreover, for any w € S5

(3.10) T(w) A Ts50(w) =T (W).

PROOF. Convergence (3.9) is a direct consequence of Lemma 2.9, Cheby-
shev’s inequality and Assumption 3.2(ii), while (3.10) follows from the definition
of Ss.,. O

We first assume that W is more regular, that is, ¥ € C!+*/2.2+¢(Q0) for some
a > 0. We will remove the regularity assumption on W at the end of this section.
We obtain the following existence, uniqueness and regularity theorem using a re-
sult proved in [30].

THEOREM 3.5. Let U be a finite set, and let Assumption 2.4 be valid. Let
{bn}nen, {0n}neN, {(Vnlneny and {U,}nen be the sequences satisfying Assump-
tion 3.2(i), and let W € C1+°‘/2’2+°‘(Q0) for some o > 0 small enough. Then, there
exists a unique viscosity solution

Ws.n € Cr®/21 (05 M Lip,, (Q0)

loc

to

3.11) inf (e, Wa.n (1, %) + Dat,x,w) =0 in Q5.
ue
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with terminal-boundary condition
Wé,n(tax):\p(t’x)’ (ta-x)eaana’
where for every u € U,

WS,n

0
'Q{nuW(S,I’l(tix) = 8t

(t’x) +bn(t,x,l/i) : DxWS,n(t,x)

1
+ Etr((an(t, x,u) 4 €, 1) D> Ws (2, x))

+ '/];Rm2 (Wé’n(t, X + yn(t7 X, U, Z)) - W(S,n(l‘, .x)
0

- DxW(S,n(t’x) . Vn(t»xv u, Z))U(dZ),

and where a,(t,x,u) .= o, (t, x, u)onT(t, x,u).

PROOF. Since § € (0, n/2), by Theorem 2.5, Os satisfies the uniform exterior
ball condition with a uniform radius 1/2. It is easy to verify that all the coefficients
by, 04, vn and the boundary data W satisfy the same regularity and boundedness
conditions as required in [30], Theorem 5.3. Since a, + €,1 = onanT +e,1 >¢,1,
the operator A} is uniformly parabolic in Q. The result follows immediately from
[30], Theorem 5.3. [J

THEOREM 3.6.  Under the assumptions of Theorem 3.5, for any x € R?,

T(t,X)ATs, (1, X)
Wsn(t,x)= inf IE(/ Ch(s, Xn(s;t,x),U(s))ds
t

UeAy,
+ W(S,H(T(t’ x) AN T(S,l’l(ta x)7 Xn(t(tv x) A r&,n(ty x)’ t’ x)))

PRrROOF. By Theorem 3.5, Ws , € Cll(:ga/z’er“(Q(g) N Lipb(@) is a classical

solution to (3.11). Then, there exists a sequence of functions { Ws ;. }men such that

Ws nm = Ws n in [0, T] x Q35/4, Ws nm — Ws, , uniformly in 0Y% as m — oo, and
Ws.pm € C1H/2.242([0, £] x R?) for any fixed £ € (¢, T). We notice that W,
satisfies a different equation, which is

in{{(%”W,g,n,m(t, X))+ Thm(t, x, u)) =0 in[0,T) x Os)2,
ue
where

1ﬁl’l,m(tv -xv u)

= Fn(tsxs l/[) +/}~%m2(W5,n(tvx +Vn(t,x,u’ Z))
0



REPRESENTATIONS FOR NONLOCAL BELLMAN EQUATIONS 3289
- WB,n,m(t’ X+ Vn (tv X, U, Z)))V(dZ)

=0, x,u)+ m |Ws.n(t, x + yu(t, x,u,2))
{zeRy %:|yn (t,x,u,2)|>8/4}

- WS,n,m(t,x + Vn(t»x’ u, Z))’V(dZ)

Since Ws . € CHa/2.24 ([0, ¢] x RY), applying Theorem 3.1 with 8y = 75 , AL,
we have

TATs p AL
Ws.nm(t,x) = inf E(/ Com(s, Xn(s;1,x),U(s))ds
t

€Ay,

+ Wsnm(t ATsn A Xn(T ATs 0 AL T, x))).

We claim that I';, ,, — I';; uniformly in @ x U. We first notice that

82
_ v(dz 5/ 5 2(2)v(dz
16C? /{zeRgz:&p(z)z(SM} (@2) {zeRg”Z;Cp(z)zm}p (@)v(dz)
< [, P,
Ry?

where C is from Assumption 3.2(i). Using the above inequality and Assump-
tion 3.2(i), we have for any (¢, x,u) € [0, T) x Os/2 x U

/ s |Ws.n(t, x + vu(t, x,u,2))
{zeRy “:lyn (. x,u,2)|>8/4}
- WS,n,m(t, X + Vn(t, X, U, Z))|U(dZ)

<

/ my ~ |W5,ﬂ([vx+yn(t7X,u,Z))
{zeRy2:Cp(2)>8/4}

— Wsnm(t, x + yu (2, x, u,2))|v(dz)

16C2

< o1/m(1) vd2) o1 [, V(2.
0

{zeRy2:Cp(2)=5/4)

Letting m — o0 in both sides of the dynamic programming equality we thus get

TATs u AL
Ws.n(t,x)= inf E(/ (s, Xn(s;t,x),U(s))ds
t

€Ay,
+ Wsn(t Atsn A Xn(T ATsn AL T, x))).

It remains to use Lemma 2.8 and let £ — T to conclude the proof. [J
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It is well known that, under Assumptions 2.1 and 2.3, comparison principle
holds for equation

(3.12) inf (/" Ws(¢,2) + (0. x,1) =0 in Qs
ue

with the terminal-boundary condition
W(S(tsx):\p(t’x)a (tvx)eaan(S-

Moreover, under Assumptions 2.4 and 2.6, the above parabolic Dirichlet problem
admits a unique viscosity solution Ws € C,(QV). The same results hold when Q;
is replaced by Q. We refer the reader to, for example, [4], Theorem 3, and [20],
Theorem 3.1, for proofs of comparison principle, and to, for example, [31], Theo-
rem 3.2, and [32], Theorem 5.1, for proofs of the existence results.

For any (¢, x) € QY, let

~ 1 1
Ws(t, x) .= kl_i)n;osup{W(g,n(s, yy:n>k,s€[0,T]N [t e t+ z],

yEEI/k(X)},

~ 1 1
W‘S(t,x) = lim inf{Wsn(s,y) n>k,sel[0, T]N [t ——,t+ —},
k— 00 ’ k k

y EFI/k(x)}-

LEMMA 3.7. Let the assumptions of Theorem 3.5 be satisfied. Let {b,},eN,
{Un}neN’ {Vnlnen and {T}nen also satisfy Assumption 3.2(ii). Then, the function
Ws (respectively, Wd) is a viscosity subsolution (respectively, supersolution) to
(3.12).

PROOF. We will only present the proof for Wi; as the proof for W9 is similar.
Suppose that VNVg — ¢ has a maximum (equal to 0) over @ at some (fg, xg) € QOs,
for a test function ¢ € C ;’2(@). By appropriate approximation and modification
of ¢, we can assume, without loss of generality, that the maximum is strict and

sup  (Ws(t,x) —(t,0) = sup  (¥(t,%) —(t,x)) <co <0,
(t,x)€dnp Qs (#,x)€np Vs

for some constant cg < 0. Hence, there exists a modulus of continuity @ such
that, for any & > 0,

sup (Ws(t, x) — ¢(t,x)) < —a1 () <O.
(t,x)€BE (19,x0)N Q0
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Next, for any (¢, x) € Qs, by the definition of Wj, there exists ko(z, x) :=
ko(t, x; €) € N, such that for any n > ko (¢, x),
—~ w(¢)
Sup Wa,n(s’)’)_WS(t»x)< .
s€l0, T Is—11<1/ko(t,x) 4
ly—x[<1/ko(t,x)

Since ¢ € C 1’2(@), @ is uniformly continuous in [0, T] x 07 with a modulus
of continuity @7. Hence, there exists 1o := no(¢) > 0 such that, for any (7, x) €
Qs \ Be(10, x0) and any n > ko(z, x),
sup (Ws.n(s, y) — @(s, )
s€[0,T1,Is—]<(1/ko(t,x))Ang
ly—x[=(1/ko(t,x))Ano
< sup (Ws.n (s, y) — Ws(t, x) + W (t, x)
s€[0,T],Is—11=(1/ko(t,x))Ano
ly—x|=<(1/ko(t,x))Ano

—@(t, x) + o(t, x) — (s, ))

< G“f) — @1(e) + wa(no) < wlf) — o) + wlf)
__wi(e)
),

Since Qs \ B:(tp,x0) is a compact set, and since {B1/k(t,x))nno (1,
)} x)es\Be(t0.x0) 1S @ cOver of 0;s \ B:(to, x0), there exist N = N(¢) € N and
(si,yi) = (si(e),yi(e)) € Qs \ Belto,x0), i = 1,...,N, such that
{B(1/k(si,yi))ano (Sis yi)}lN:1 is a finite cover of Qg \ B:(fg, x9). Hence, for any
n > maxj<;<n k(s;, y;) and any (¢, x) € Qs \ Be (1o, X0),

w1(e)

Wsn(t,x) —(t,x) < — >

Finally, by the definition of W& for any positive sequence {e¢}sen With g4 | 0,
as £ — oo, there exists (¢, x¢) € Qs N Bg, (fo, X0) and ny > maxj<;<n(e,) k(si (&¢),
vi(&¢)), where ng 1 oo as £ — oo, such that

@1(&p)
o

W n, (te, x¢) — @(te, x¢) = I%%X(WS,W (t,x) —p(t,x)) > —
Therefore, we have

12

igbf{(%ufﬂ(tz, x¢) + Lo, (20, x¢,u)) > 0.
u

Letting £ — oo, we have

inf (7" (10, X0) + I'(t0, X0, 4)) = 0,
ue

which completes the proof of the lemma. [
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LEMMA 3.8. Let U be a finite set, and let Assumptions 2.1, 2.3, 2.4 and 2.6
be valid. Let {b,}neN, {0n}neN, {Vnlnen and {I'y}nen be the sequences satisfy-
ing Assumption 3.2, and let W € C'1t%/22+2(Q0) for some o > 0. Then, both
(3.11) and (3.12) have the unique viscosity solutions Ws , and Ws, respectively,
and ||Ws.,, — W5||Loo(@) — 0,as n — oo.

PROOF. By Lemma 4.4 there exist functions s and ¥® which are respectively
a viscosity subsolution and a viscosity supersolution to (3.11) and ¥s = ¥ =
in 0hp Os. We have s < W5, < ¥?, for any n € N, by the comparison principle.
Next, since s, ¥° € C(Q0), it follows that 5 < Ws < ¥ and v < WO <y By
Lemma 3.7 and the Cornparlson principle, we have Ws < W8, By the definitions of

W5 and W‘s, we also have W5 > we. Hence, we obtain W = W5 =Ws e C(QO).
It is now standard to notice that |Ws , — Ws|| L(g0) 0, as n — oo. Oth-

erwise, there would exist an g9 > 0, {nx}reny C N with ng 4 00, as k — 00, and
{(tk, xi) }ren C Qs, such that

| Wi g (B, xi) — Wi (8, xi0) | > 0.

Without loss of generality, we can assume that there exists (7, xo) € Qs, such
that (¢, xx) — (to, xo) as k — oo. Letting k — oo, we have either W5 (tg, x0) —
Ws (to, XQ) > &g or W (t0, x0) — W5 (10, x0) < —&o, which contradicts with the fact
that Ws = W% = Ws in Q0. [

The next result provides a representation formula for Ws with a finite control
set.

THEOREM 3.9. LetU be a finite set, and let Assumptions 2.1,2.3,2.4, and 2.6
be valid. Let ¥ € C1+“/2i+“(QO) for some small o > 0. For each t € [0, T], let
w1 =(Q, 7, ZLP,W, W, L) be an extended generalized reference probability
space and set p = (Q, F, FL,P,W, L). Then, for any x € O,

T(t,x)
Ws(t,x) = inf E(/ t I(s, X(s;2,x),U(s))ds
UeAy, t
(3.13)

+ Ws(z(t,x), X(t; t,x))).

PROOF. Let {by}neN, {0On}neN, {¥nlnen and {I';},en be sequences of func-
tions satisfying Assumption 3.2. By Theorem 3.1, we have

T(t,x)ATs p(t,x)
Ws.n(t, x)—Ulnf IE(/ Lu(s, Xn(s32,2),U(s))ds
ceA
(3.14) S
+ W (2 (t, ) A 50 (8, %), X (T(t, %) A T30 (8, %) 1, x))>'
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Notice that, by Assumption 3.2(i) and the construction of the HIB equation (3.11),
there exists a constant K > 0, independent of 7, such that

SUp 10l oo @y xeey + SUP 1 Wanll oo oy = K-
neN "L Q0D neN "L
By Lemma 2.10 and Lemma 3.4, for any U € A,

“(

/rAta,n Fn(s, Xn(s), U(S)) ds — /T F(s’ X(S), U(S))ds
) t

)

. ( /m,n T (s, Xn(s), U(s)) = T(s, X (5), U(s))| ds
t

+ ! |F(s,X(s),U(s))|ds>

TATS,n

< (T =n[IT —T] + K4[| Dyl

L(00 xU) L®(QOxU)

x (16— byl + llo — ol

L (Q0xU) Lw(@xu))]

+ K4(T - t)”DXFn”Loo(@Xu)

12
2
% (Aglz “V(’ 5520 =¥l 2) ”Loo(QOXu)V(dZ))

+E<13&n /: I (s, X (s), U(s))|ds>

/\Td,n
<o1/a(l).
Similarly, by Lemma 3.4 and Lemma 3.8, we also have
E(|Ws.n(t Ats.0, Xn(t ATs.0) — Ws(t, X(1))])
<E(|Wsn(t A tsn, Xn(T ATs0)) — Ws(T AT, Xn(T ATs,0))])
+E(|Ws(t A ts.00 Xn(T ATs.0)) — Ws(z, X(7))])
< 1Wsin = Wsll oo o, + E(Lsg, [Ws (7. Xa(2)) = Ws(r. X (1))])

+ 20 Wsll o (0, P(S5.n)

< o1/n(D) +E(|Ws(, Xa(7)) — Ws(7, X (1))])
< o1n(D) +E(@s(|Xa(7) — X (1)),

where @ is a (concave) modulus of continuity of Wy in @. By Jensen’s inequality
and Lemma 2.9, we thus obtain

E(|Ws,n(t A 50, Xn(T A Ts,0) — Ws(T, X(1))]) < 01/a(1).
Therefore, (3.13) follows immediately by letting n — oo in (3.14). U
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REMARK 3.10. By almost the same arguments we can prove, under the as-
sumptions of Theorem 3.9, the following version of the Dynamic Programming
Principle

Oy AT
Ws(t,x)=  inf _ E(/ I(s, X(s;7,x),U(s))ds
U.opei, \i

+ Ws(6u AT, X0y AT t,x))),

for any generalized reference probability space u = (2, %, Z!, P, W, L) which
comes from an extended generalized reference probability space i1 = (R, %, .7/,
P, W, W, L), and any (¢, x) € Q.

3.3. General control sets. In this subsection, we consider the general con-
trol space, that is, U is a Polish space. Let {v;};icy be a countable dense sub-
set of U. For each n € N, let Uy, := {vy, ..., vy}, and for each extended gener-
alized reference probability space u; = (Q,.Z, ZL,P,W, W, L), we set u =
(Q, 7, ZL,P,W, L), and let AZ be the collection of all .%]-predictable U,-

valued processes on [t, T]. For any U, € A} and any x € R?, we denote by
X, (s; t, x) the unique strong cadlag solution to

X,(s;t,x) =x + fs b(r, X, (r;t,x), Uy(r))dr
t
(3.15) —I—/sa(r, X, (r;t,x), Uy(s)) dW(s)
t

+/s/Rm2y(r,7n(r—;t,x),Un(s),z)ﬁ(dr,dz), selr, T
! 0

For any 8 € (0,7/2) and (¢, x) € Q°,
Tsn=Tsn(t,x):=inf{s € [t,T]: Xu(s;1,x) ¢ Os)2},

with the convention inf @ =T .

LEMMA 3.11. Let Assumptions 2.1 and 2.3 be satisfied. Let 1] = (2, %, f;,
P, W, W, L) be an extended generalized reference probability space, and let
w=(Q,F, FLP,W,L). For any U € A, there exists a sequence of control
processes {Uy, }ken, where Uy, € AZ" for each k € N, such that for any x € R4,

T
(3.16) EUI |F(S’X(S"’x)’U"k(s))—F(S,X(s;z,x),U(s))Ist>
=o1/k(l), k— oo.
Moreover,

317)  E( sup [X(E1,0) = Xu (61, 0) =o1x(1), k- 0.
Lelt,T]
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PROOF. By Assumption 2.1(ii)(iii) and Assumption 2.3(ii), for each k € N,
there exists 8 > 0, such that for any u, up € U with dyy(uy, uz) <oy,
1
(3.18)  |b(s, y,ur) —b(s, y,u2)| + o (s, y, u1) —o (s, y,u2)| < 2

)

(3.19) ly (s, y,u1,2) —y(s,y,u2,2)| < p

1
(320) |F(S»)’»M1)_F(S,y,u2)|§z,

for any (s,y) € [t, T] x R4 and any z € Rg’z. Next, since {v;};cN 1S a countable
dense subset of U, clearly, U C ;< Bs, (vi). It follows that, for any U € A, we
have [t,T] x Q C U;en U -1 (Bs, (v;)). Thus, there exists an increasing sequence
of integers {nj}ren, with ng 1 0o as k — oo, such that, defining for each k € N,
A= ([t, T1 x 2\ UL, U71(Bs, (v;)), we have

1
Leb ® P(Ax) < ©

Fix any arbitrary element uo € U. For each k € N, define the control policy U, via

i—1
Un (5)(@) = v, ifU(s)(w)e Bsk(vi)\<U ng(vj)),i =1,...,n,

j=1
ug otherwise.

Clearly, foreach k e N, Uy, € .,47}, and
du(Unk(s)(a)), U(s)(a))) <é; for(s,w) e ([t, T] x Q) \ Ag.

Hence, by (3.20),
T
E(/ |F(S,X(S;I,X), U"k(s))_F(SvX(S§t,x),U(s))|2ds)
!
T
<B( [ 106 X051, Up ) = (5, X5 1,60, UG) 1, ds
t
T
+IE(/ |F(S,X(s;t,x),Unk(s))—F(s,X(s;t,x),U(s))}zlAzds>
t
2 r _4 2 T

Lo (QOxU) k2 = k" L0y g2

Letting k — oo in the last inequality above completes the proof of (3.16).
Moreover, for any x € RY, se[t,T], keN, by Burkholder—lzavis—Gundy and
Cauchy—Schwarz inequalities, there exists a universal constant A; > 0 such that,
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setting X (s) = X (551, x), X, () = X, (551, %),
E(Zzﬁg1|X(z) ~ X (0
< 3TIE(/ts|b(r, X(r), U(r)) = b(r, X, (r). Unk(r))|2dr)
+ 3K1E(/ts lo(r, X (r), U(r)) — o (r, X, (r), Un, (1)) ||2dr)

vamie( [ ngnJy(r,X(r),U(m,z)

— (1 X, (), Un (). 2)|Pv(d2) dr>.

By Assumption 2.1(iii) and (3.18),

E( /ts|b(r, X(), U@)) = b(r, Xn, (r), Un, 1)) dr)
< 3E</S|b(r, X(r), U@)) = b(r, X, (r), U(I’))|2dr)
t
b(r X Y 2
+3]E( [ 1600 %02, U )) = b0 Koy ), U )P d,,)

+ 3E(/t {b(i’, Ynk(r)’ U(T')) — b(r, Y”k (I’), Uﬂk(r))|21Ai dl”)

< 3C2/SE(|X(r) — X (D) dr + 12T b . —  Leb®@P(Ag) + il
- p "k L (QOxU) k2
12C*T 3T

)
<3C2/E X)) — X, (O dr + + =
R

Similarly, by Assumption 2.1(iii) and (3.18) again,
N —
E(/; lo(r, X(r), U(r)) — o (r, Xn, (r), Un, (r))“zdr)

s — 12C*T 3T
53c2/ E( sup |X () — X, (O)]*) dr + -
1 <€e[t,r]| m ()| ) k k2

and by Assumption 2.1(iii) and (3.19),

E(f | /R |y (r, X (1), U(r), 2) =y (r, X (r), Ung (), z)!2u<dz)dr)
0

s - 12C?MT  3MT
§3c2M] E( sup | X (€) —Xnk(€)|2> dr + + =5
t el k k
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Therefore, we obtain

E( sup [X(0) = X (0)%)
Lelt,s]

\)

2 ~ ‘ - 2 4C°T T
<9CA(T+ A2+ M) / E( sup | X (€) — Xy, (0)] )dr+ +).
t Lelt,r] k k

and (3.17) follows immediately from Gronwall’s inequality. [

Let U € C!+%/22+%(00) for some small & > 0. From the arguments after the
proof of Theorem 3.6, under Assumptions 2.1, 2.3, 2.4 and 2.6, we know that the
equation

(3.21) inf (7" Wsn(t,x) +T(t,x,u)) =0 in Qs,

uely,

with terminal-boundary condition
(322) W(S,n(t:x):\lj(tax), (t?x) Eaan(Sa

agnits a unique viscosity solution Ws,n € Cb(@). Moreover, the functions
{Ws.nlnen are uniformly bounded by the construction in [31], Theorem 3.2. Sim-
ilarly,

(3.23) in{{(wm(z, X)+ T, x,u))=0 in Qs,
ue

with terminal-boundary condition (3.22), admits a unique viscosity solution Ws e
Cp (@). Notice that the existence results in [30] allow for a general (infinite) con-
trol space .

For any (¢, x) € @, let

_ _ 1 1
Ws(t,x) = kl_i)ngosup{Wg,”(s,y) n>k,sel[0, T]N |:t — %,t—i— E]

yGEl/k(X)},

_ _ 11
W(t,x):= lim inf{Wan(s,y) n>ksel0,T]N [z Lt —},
k— 00 ’ k k

NAS El/k(x)}-
LEMMA 3.12. Let Assumptions 2.1, 2.3, 2.4 and 2.6 be valid. Let WV €

Clte/2.2 e (@) for some o > 0. Then W (respectively, Wa) is a viscosity subso-
lution (respectively, supersolution) to (3.23).
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PROOF. The proof is similar to the proof of Lemma 3.7, and we only sketch
it for Ws. If Ws — ¢ has a strict global maximum over @ (equal to 0) at some
(t0, x0) € Qs for some test function ¢ € C 2’2(@), repeating the arguments from
the proof of Lemma 3.7, we obtain for any positive sequence {&;}¢cN, With g, | 0
as £ — oo, points (t¢, x¢) € Qs N Bg, (to, x0) and ny € N, satisfying ny 1 oo as
£ — 00, such that

inf (,qu(p(tg, xe) + T(te, x¢, u)) >0.

uel, ng

Letting £ — oo completes the proof of the lemma. [

The following result is an analog to Lemma 3.8 above. The proof is very similar
to that of Lemma 3.8, and is thus omitted.

LEMMA 3.13. let Assumptions 2.1, 2.3, 2.4 and 2.6 be valid, and let ¥ €

clta/2. 2+"‘(QO) for some o > 0 Then, both (3.21) and (3. 23) have the unique
viscosity solutions W(; n and Wg, respectively, and ||W5 n W3|| Loo(g0) 0, as
n— 00o.

The following theorem provides a representation formula for Ws.

THEOREM 3.14. Let Assumptions 2.1, 2.3, 2.4 and 2.6 be valid, and let V €
C'+e/2.24¢(Q0) for some a > 0. Let t € [0, T), let ) = (2, F, FL, P, W, W, L)
be an extended generalized reference probability space, and set u = (2, 7, FL, P,
W, L). Then, for any x € O,

- T(t,x)
Ws(t, x) = Ulenf E(/ I(s, X(s;1,x),U(s))ds
/.l, t

(3.24)
+ Wg(r(t, x), X(t(t, x); ¢, x)))

PROOF. For any 1 > 0, there exists U" € A,,, such that

]E(/ I (s, X7(s), U"<s))ds+m(f",x"(w)))
(3.25) !
< inf IE(/ T(s, X(s), U(s))ds + Ws(‘[, X(r))) +n,
t

UecAy,

where X"(s) = X" (s; t, x) is the unique strong cadlag solution to (2.1) with con-
trol process U", and where (with inf g = T')

tT=1"(t,x) :=inf{s € [t,T]: X"(s; 1, x) ¢ O}.
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By Lemma 3.11, there exists a sequence of increasing integers {n}ien, and a
corresponding sequence of control processes {U,?k}keN, where for each k € N,
U;Zk € .AZ", such that,

IE( sup [X(EAT" AT, ) =X, (EATIAT] nk)]2> =o1/k(1), k— o0,
£e[t,T] '
where sz (s; t, x) is the unique strong cadlag solution to (3.15) with control pro-
cess U, , and where (with inf@ = T')
7], =Ty, (t.x)=inf{s €[t,T]: X, (sit.x) & Os2}.
By Remark 3.10, we have

Won o0 <E( [ 06 X0 00, U3, 00) ds
(3.26) !

F Wong (2 AT, X0 (2 AT,) )

We need to take the limits in both sides of (3.26), first as k — oo (for fixed
n > 0) and then n — 0. We have

<

n

/t /\?&V,k (s Xﬂ (s) (S))ds _/‘[ F(S’XU(S), U'](S)) ds
: t

SE(‘/: A?(;_,k| (s XU (s) (s)) ( X1(s), U (S))|ds>
+E</,T P (s x7(5). U e (9) = (S»Xn(s)’Un(s)”ds)

—HE(/:W ID(s. Xs), U"(s))us).

INTY

By Assumption 2.3(ii) and Lemma 3.11, for fixed > 0, as k — oo,

E(/; 8an| (s, X’7 RONY (s)) [(s, X"(s), U, (s))|ds> =o1/k(1),

r"A?”n
]E(/ bk IT(s, X"(s), U] (5)) = T(s, X" (s5), U"(s))]| ds) =o01/k(1).
t
Moreover, using a similar argument as in the proof of Lemma 3.4, if we set

Si = {a)eQ: sup [X"(EA (" VT, ) ()
£e[t,T] ’

— 8
— X, (en(c" vTi L)) ()] > 5},
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then

(3.27) (W) ATY, (@) =T"(), forallwe (S;,)°,
and by (3.17) and Chebyshev’s inequality,

(3.28) P(Sy;) — 0 ask— oo.

Hence,

E(/rr” |F(s,X"(s),U”(s))|ds>

’?/\fgnk

=IE</:W,7 [T (s, X"(s), U”(s))|1§g’k ds>

"TATg g

<T|T| P(S3,) >0 ask— oo.

L®(Q0xU)
Therefore, we obtain that, as k — oo,

“

r”/\?gynk —n
/t L(s, X, (), U] (s))ds

(3.29) )
T
—/ I(s, X"(s),U"(s))ds
t
Next, by Lemma 3.13,
E(Wan (v7 AT, X0 (27 ATL,0)) = Wa(e, X7(2)))

) — o1(1).

<E(Wonm (2" AT 0 X (27 AT )

= Ws(t" AT X (2 AT L))

+E(Ws (" AT, X (AT ) = Wo (. X7 (7))
< I Ws.me = Wsll o o),
+E(Ws (" AT, X (AT ) = Wo (2, X7 (7))

= Ol/k(l) +E(|W5(‘L’n /\?g,nk’yzk(rn /\?g’nk)) - Wg(l’n, XU(T}?))

).

k — oo.
Moreover, by (3.17), (3.27), (3.28), and the uniform continuity of W\a on @,
E(|Ws (" ATY,, X0 (2 ATL,)) — W@ X))
= B(Ws(c" ATY, X (2 ATY,)) = Wa(e?. X)) |15y )

+ E(|W5 (-[77 A ?g,nk ’ sz (Tn A ?g,nk)) - /W\S (TU’ Xn(rn))“(gg k)”)
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<2[|Ws| S3 ) FE(Ws(z", X, (") — Ws(x", X"(z"))])

Lw@)P(
<o1k(1) +E(ws (X, (t7) — X"(7)])
< o1/x(1) + @5 (E(1X,, (") = X"(2")]) = 01/x(1),  k — o0,

where @ is a concave modulus of continuity of Ws in QY. Therefore, we obtain

W =0 3N —n
(3.30) E(|Wf’k (T ATs 0 X, (T A T5,))
= Ws(z", X(z"))]) = 01/x(1), Kk — o0.

Combining Lemma 3.13, (3.25), (3.29) and (3.30), and taking limits, as k — oo,
in both sides of (3.26), we thus have

Wis(t, x) < E(/T T(s, X"(s),U"(s))ds + /VVS(I", X"(r")))
t

< UienfftuE(/tr [(s, X(s),U(s))ds + Wg(r, X(r))) + .

Since n > 0 is arbitrary, this implies
_— T _—
Ws(t,x) < inf IE(/ [(s, X(s), U(s))ds + Ws(z, X(‘L’))).
UeA, t
On the other hand, by Remark 3.10,

W (t,x)= inf </, F(s,Ynk(s),Unk(s))ds+W5,nk(r,7nk(r)))

n
Uny €A

> inf (/T (s, X(5), U(s)) ds + W, (z. X(t))).
t

UeA,

Letting k — oo above and using Lemma 3.13 provides the reverse inequality, and
hence completes the proof of the theorem. [

LEMMA 3._15. Let Assumptions 2.1, 2.3, 2.4 and 2.6 be valid, and let ¥ €
C1+e/2.242 (00 for some o > 0. Let W be the viscosity solution to (2.6) with
terminal-boundary condition (2.7). Then

|W — WgIILm(@) =o0s(1) asé—0.

PROOF. In view of Lemma 4.4, there exist a uniformly continuous viscosity
subsolution v and a uniformly continuous viscosity supersolution Wa to (3.23)
such that Wa =v¥s=Won Onp O, where the modulus of continuity of Ja and V¥
are independent of 8. Therefore, since W € C!T%/2.2+2(Q0) we have

as:=  sup  |Ws(t,x) — W(t,x)| =o0s(1) asé— 0.
(t,x)€QsNonp Q
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Since Wg —ag and Wg + as are viscosity solutions to (2.6), and since
W(S —as < W< WS +as ondnp0,

the lemma follows immediately from the comparison principle. [J

We can now state a representation formula for W with smooth terminal-
boundary condition and a general control set.

THEOREM 3.16. Let Assumptions 2.1, 2.3, 2.4 and 2.6 be valid, and let V €

CHe/2242 (00 for some o > 0. Let W be the viscosity solution to (2.6) with
terminal-boundary condition (2.7). Let t € [0, T], let p1 = (2, F, FL,P,W, W,
L) be an extended generalized reference probability space, and set u = (2, %,
FLP,W,L). Then, for any x € O,

T(t,x)
W(t,x) = i :
(t, x) UlenjuE(/t (s, X(s;2,x),U(s))ds
(3.31)

+ W(t@t, x), X(t(t,x); 1, x)))

PROOF. The result follows by taking § — 0 in (3.24) and using Lemma 3.15.
g

Finally, we show that W € C!+%/22+%(Q0) is not needed for establishing the
representation formula for W. In fact, we only need Assumption 2.3(i).

THEOREM 3.17. Let Assumptions 2.1, 2.3, 2.4 and 2.6 be valid. Let W be the
viscosity solution to (2.6) with terminal-boundary condition (2.7). Let t € [0, T],
let w1 = (2, F, 5‘;’, P, W, W, L) be an extended generalized reference probabil-
ity space, and set n = (2, F, FL,P,W, L). Then, (3.31) holds for any x € 0.

PROOF. Foreachn €N, let ¥, € C1Fo/22+« (09), for some small o > 0, be
such that ¥,, — W uniformly in Q° as n — oo. Also, for each n € N, let W,, be
the viscosity solution to (2.6) with W = W, on 9y, Q. By Theorem 3.16,

T(t,x)
W, (t, x) = Uierlj E(/t‘ I(s, X(s;1,x),U(s))ds
m

+ Wy (t(t,x), X(z(t,x); ¢, x)))

A comparison argument like the one used to prove Lemma 3.15 ensures that W,, —

W uniformly in Q0 as n — co. Taking limits on both sides of the above quality, as
n — 0o, completes the proof. [J

We conclude this section with a remark and a corollary.
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REMARK 3.18. Straightforward modifications of arguments of this section
also establish the following version of the Dynamic Programming Principle. If the
assumptions of Theorem 3.17 are satisfied, ¢ € [0, T'] and a generalized reference
probability space i is as in Theorem 3.17, then for any x € O

Ou AT
W(t,x)= inf _ E(/ [(s, X(s;2,x),U(s))ds
w.ened, \Ji

+ Wy AT, X0y AT; 8, x))).

__ COROLLARY 3.19.  Under the assumptions of Theorem 3.17, for any (t, x) €

0,

Oy AT
W, x)= inf E(/ (s, X(s;t,x),U(s))ds
(t, x) wanEU (s, X( ), U(s))

+ WOy AT, XOu AT t,x))).
In particular, taking Oy = T for every U, we obtain that, for any (t,x) € Q,

W(t,x)zUig‘ E(/ITF(S,X(S;I,X),U(S))dS'i‘W(‘L’,X(‘E;l,x))).

PROOF. The corollary follows from Remarks 3.3 and 3.18. [

4. Construction of viscosity sub/supersolutions. In this section, we con-
struct continuous sub/supersolutions to various equations. We will only discuss
the case of equation (2.6) with all details since the construction for other equa-
tions is the same as they satisfy the same uniform conditions. The construction
of sub/supersolutions is very similar, and essentially is the same as that in [30] in
many respects. We present it here for the sake of completeness.

We begin with a preliminary lemma for which we need the following assump-
tion.

ASSUMPTION 4.1. (i) ¢ c R? is a bounded domain which satisfies the uni-
form exterior ball condition with a uniform radius r» > 0. That is, for any x € 00,
there exists y, € 0°, such that Erﬁ (yx) N O = {x}.

(ii) There exists a constant A» > 0 such that, for any x € 90, r € [0, T], and
any u €U,

_ _ T
Or = %) X)G(t,x,u)aT(t,x,u)i(yx *)
[yx — x| lyx — x|

By Theorem 2.5, under Assumptions 2.4 and 2.6, & = O; satisfies Assump-
tion 4.1 with some rg and Ay independent of §. Also & = O satisfies Assump-
tion 4.1.
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LEMMA 4.2. Let O be a bounded domain with smooth boundary 00. Let
r: QOXZ/{—>R b: 09 xU— RY, and o : QO x U — RY*™M be bounded,
and let y : Q0 x U x R" — R? pe B(R™2)-measurable with respect to z and
satisfy (2.2). Let Assumption 4.1 be valid. Then, there exist §g € (0, 1), k > 0, and
a Lipschitz function ¥ : R? — [0, 00) satisfying

Y=0 on0% Y=k omO_s: YeCO\O ),

where O_s, = {x € 0 :dist(x, 00) > &o}, such that for any (t,x) € (0, T) x (O'\
5_50) andu €U,

Y (t,x) < —«k,

where the generator /" is given by (2.8).

PROOF. Let dg(x) = dist(x, 0¢), x € R%. Since & has a smooth boundary,
let §; > O be such that ds(-) € Cz(@zgl) where, for any r > 0, 2, :={x € 0 :
de(x) <r}. Let

B(1) = f p(V(d2),
{Cp(2)=>t}

O@0) = fot2exp<—Ls —LfOS,B(Q)dO) ds—t, t>0,

where C > 0 is given in (2.2), and where L > 0 will be determined later. Clearly,
from the above construction, there exists a constant o = to(C, L; p) > 0, depend-
ing on the constants C and L as well as the function p, such that for any ¢ € (0, #p),
@'(r) > 1/2. Letting 8> := min(zg, 81)/2, we define v : RY — R via

O(dp(x)) if dp(x) < 82,

v = {@(&) it dp(x) > 8,

and set §o < 82/4 to be chosen later. It is easy to see that ¢ = 0 on £°, and that v
is a Lipschitz function on R? with Lipschitz constant 1. Moreover, it follows from
the above definition of v that there exists a constant « € (0, 1), such that ¢ > «
on U_g,, and that € Cc*(0\ 5_50). Forany x € 0\ ﬁ_(go, we have

Dyr(x) = ©'(do(x)) Ddo(x),
D*Y(x) = 0 (dp(x)) D*dg (x) + ©"(dp(x)) Ddy(x) ® Ddg(x).

Since dg(-) € C2(9251), ||D2dﬁ||Loo(§5l) < 00. In the rest of the proof, we will
denote by K any generic constant (the constant K may vary from one expression
to another). Notice however that the constant K will not depend L. We choose
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8o > 0 sufficiently small so that, by Assumption 4.1(ii), for any u € U and (¢, x) €
0,T) x(0\ O_s),

1 2 )"ﬁ 17
@ Etr(a(t,x, u)D*Y(x)) <K + 7@ (do(x)),

bt x.u) - DY ()] < K,

where we used the fact that ®” () < 0, for any 7 > 0, in the first inequality above.
Moreover, for any fixed u e U and (t,x) € (0,T) x (O'\ O_5,),

/Rmz(‘ﬂ(x + J/(t»xJi» Z)) - W(x) - Dw(-x) : y(t’xvu’z))v(dz)

0

= (W(x+)/(t,X,u,Z))—W(x)
ly (t,x,u,2)|<dg(x)

4.2) — Dy (x)-y(t,x,u,z))v(dz)

- '/|.V(f,x,u,z)|>dﬁ(x)(w(x +tytxu, Z)) —¥(x)

- Dl//(-x) : V(l» X, U, Z))V(dZ).
Since ®”(¢) <0 for any ¢ > 0, using (2.2), we have

/ (w(x+y(taxauaz))_w(X)

ly (t,x,u,2)|<d o (x)
— Dy (x)-y(t,x,u,2))v(dz)

1
- /(1—m
ly (t,x,u,2)|<dg(x) JO

4.3)
y(t, x,u, z)th//(x +ay(t,x,u, z))yT(t, x,u,z)dov(dz)

<K ly (1, x,u, 2)[*v(dz)
ly (t,x,u,z)|<dp(x)

< K/,,, P ()v(dz) < K.
R02
Furthermore, since v is a Lipschitz function in R?, by (2.2) again, we have
/ (W +y@E x,u,z2)—y¥x)

ly (t,x,u,2)|>dg(x)

— Dy (x)-y(t,x,u,2))v(dz)

(4.4) < [ (x +y(t,x,u,2) —¥x)

fCﬂ(z)>dﬁ(X)
— Dy (x)-y(t,x,u,z)|v(dz)
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=K p(2)v(dz) = KB(do(x)).
Cr@>dp(x)

Therefore, by combining (4.1)-(4.4), for any u € U and (¢, x) € (0, T) x (ﬁ\ﬁgo),
we have

A
A Y (1, x) < {@”(dﬁ(x» + K (B(do(x)) + 1)
A
< —TﬁL(ﬁ(dﬁ(x)) +1)®'(dp(x)) + K (B(do(x)) + 1)

<~ S0 (Bldo ) +1) + K (Blds) +1)

< —B(do(x)) —1<—-1< —«,
where we set L =4(K + 1)/Ag. O

LEMMA 4.3. Let W € C1T9/2.242(00) and Jet Assumptions 2.1, 2.3, 2.4 and
2.6 be valid. Then, there exist a uniformly continuous viscosity subsolution \ and
a uniformly continuous viscosity supersolution ¥ to (2.6) such that, v = U =w

on dnpQ, and such that the modulus of continuity of ¥ and v only depends on
various absolute constants, n, A and V.

PROOF. We first consider the case W = 0. We extend our nonlocal parabolic
equation by u; + AAu =0 on [0, T) x O€. We note that by Assumptions 2.4 and
2.6, 0 = O satisfies Assumption 4.1 with rs = n and A5 = 1. Now, by the bound-
edness of O, there exists a sufficiently large constant Ry such that, for any x € 90,
we have O C Bgr,—1(yx) \ By(yx). By Lemma 4.2, applied in Bg,(yx) \ By (yx),
there are 8y > 0, k¥ > 0, and a nonnegative Lipschitz function v/, on R? with Lips-
chitz constant 1, such that ¢/, = 0 on B (yx) UB,(x), ¥x >k on O\ Byis,(yx),

Yx € C*(0 N Byy5(yx)) and, for any (s, y) € [0, T) x (O N Byy.55(3x))s
inf (/Y (5, y) + D5, y,1)) < —x.
ue

It follows from the construction that the constants &g, « are independent of x € 0.

We take a sufficiently large constant K's > 1 such that Ksk > T'(||T°[| , @x1) +
1). It follows from the construction of the function v, that K5, is a viscosity su-
persolution to (2.6) in [0, T) x (O N By15,(yx)) and (||| + I)(T — )
is a viscosity supersolution to (2.6) in Q.

We define ¥, (s,y) := min{(||F||Loo(@Xu) + (T — s), Ksy,(y)}. Then,
Jx(s,x) =0 for any s € [0, T), JX(T, y) =0 for any y € R4, 1% >0 on Q°
and

L (Q0xU)

W
as

sup (10,5l oy + | ) <+oc.

x€d0 Lo(Q0)

It is easy to see that Jx is a viscosity supersolution to (2.6) in Q.
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We define 1//(s y) = 1nfxe30 1/fx (s, y). Then w is a nonnegative VISCOSIty Su-
persolution to (2.6) in Q, w(s y) =0forany (s, y) € [0,T) x 00, and 1//(T y) =
Oforany y € R4 Therefore,

U(s,y) if(s,y) €0,
0 if (s,y) € 0npQ

is a viscosity supersolution of (2.6) in Q and ¥ =0 on d,, Q.

Y(s,y):=

We now consider the general case when W is an arbitrary C 140/2. 24« (@) func-
tion. Consider the following HIB equation

(4.5) in{{(ﬂi”V(s, YWA4+T(s,y,u)=0 inQ,

with terminal-boundary condition
(4.6) V(s,y)=0 onady0,
where
L(s,y,u) :=T(s, y,u) + 7" U(s, y).

Since W e C1*+e/22+¢(00) it follows that ' : Q¥ x U — R is bounded. By
the first part of the proof, we know that there is a supersolution i to (4.5) with
terminal-boundary condition (4.6). We now define v := 1 + W. Then v is a vis-
cosity supersolution to (2.6) with ¥ = W on dpp Q.

Similarly, we can construct a viscosity subsolution to (2.6) with ¥ = W on
onpQ. 0O

LEMMA 4.4. Let W € C'1%/2242(Q0) Let Assumptions 2.1, 2.3, 2.4 and 2.6
be valid. Let {b,}neN, {0n}neN, {Vnlneny and {T'y}nen be the sequences satisfying
Assumption 3.2. Then, there exists 84 > 0 such that, for any § € (0, 84), there exists
a uniformly continuous viscosity subsolution s and a uniformly continuous vis-
cosity supersolution ¥° to (3.11) and to (3.12), such that ¥® = s = ¥ on Onp Qs
Moreover, for any § € (0, 84), there exists a uniformly continuous viscosity sub-
solution Vg and a uniformly continuous viscosity supersolution Wa to (3.21) and
to (3.23), such that WS =Ys=V on Onp Qs. The modulus of continuity of v,

Vs, Ja and V5 only depend on various absolute constants, n, A and ¥ (and are
independent of the parameters n and § there).

PROOF. We note that Assumptions 2.4, 2.6 and 3.2 imply that & = Oj satis-
fies Assumption 4.1 for sufficiently small § > 0, and withry =n/2 and A = 1 /2.

We then construct the functions %, s, Wa and v as in the proof of Lemma 4.3.
O
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