The Annals of Applied Probability

2019, Vol. 29, No. 2, 875-930
https://doi.org/10.1214/18-AAP1396

© Institute of Mathematical Statistics, 2019

A SHAPE THEOREM FOR THE SCALING LIMIT OF THE
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In this paper we give a complete characterization of the scaling limit of
the critical Interacting Partially Directed Self-Avoiding Walk (IPDSAW) in-
troduced in Zwanzig and Lauritzen [J. Chem. Phys. 48 (1968) 3351]. As the
system size L € N diverges, we prove that the set of occupied sites, rescaled
horizontally by L%/3 and vertically by L3 converges in law for the Haus-
dorff distance toward a nontrivial random set. This limiting set is built with
a Brownian motion B conditioned to come back at the origin at a; the time
at which its geometric area reaches 1. The modulus of B up to a; gives the
height of the limiting set, while its center of mass process is an independent
Brownian motion.

Obtaining the shape theorem requires to derive a functional central limit
theorem for the excursion of a random walk with Laplace symmetric incre-
ments conditioned on sweeping a prescribed geometric area. This result is
proven in a companion paper Carmona and Pétrélis (2017).
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1. Introduction and results. Deriving the scaling limit of a polymer model
at its critical point is a difficult issue that had been tackled so far in Deuschel,
Giacomin and Zambotti (2005) or in Sohier (2013) for wetting models and in
Caravenna and Deuschel (2009) for a Laplacian pinning-model. With the present
paper, we display the scaling limit of the critical-IPDSAW. It is a Shape Theorem
whose limiting object is a truly 2-dimensional random set.

1.1. The model. The interacting partially directed self-avoiding walk (IPD-
SAW) is a self-avoiding random walk on Z? that only takes unitary steps upwards,
downwards and to the right. Thus, the set of allowed L-step paths is

Wp = {w = (w,-)iL:O € (Np x Z)L+1 two =0, w;, —wp_1 =—,
Wit —w; €{H,{,—>}V0<i<L-—1,
w; #w;Vi < j}.

Any nonconsecutive vertices of the walk though adjacent on the lattice are called
self-touchings and an energetic reward 8 > 0 is assigned to each trajectory for
each self-touching. Thus, every random walk trajectory w = (wi)iL:0 e Wy is as-
sociated with the Hamiltonian

L
(1.1) Hp(w):= Y Ljuw—w,|=1}-
i,j=0
i<j—1

which allows us to define Py g the polymer law in size L as

eBHL(W)
(1.2) PLg(w)=——, weWr,
Z1.8

where Z; g is the normalizing constant known as the partition function of the
system. The exponential growth rate of the partition function is captured by the
free energy of the model, that is, f(8) =lim;_, % logZy .

The IPDSAW undergoes a collapse transition at some S, that is explicitly known
[see, e.g., Brak, Guttmann and Whittington (1992) or Nguyen and Pétrélis (2013),
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Theorem 1.3] and the phase diagram is partitioned into an extended phase £ =
[0, B.) inside which the free energy is larger than 8 and a collapsed phase C =
[Bc, 00) where the free energy equals 8. The asymptotics of the free energy close
to criticality are analyzed in Carmona, Nguyen and Pétrélis ((2016), Theorem B),
where the phase transition is proven to be second order with a critical exponent
3/2, thatis, f(B. —¢&) = B — e +ye3/> +0(3/%) where the pre-factor y is closely
related with a continuous model built with Brownian trajectories that are penalized
energetically depending on their geometric area.

In Carmona, Nguyen and Pétrélis (2016) and Carmona and Pétrélis (2016),
a rather complete description of the main geometric features of a typical path sam-
pled from Py g is provided inside the extended phase (8 < fB.) and inside the
collapsed phase (8 > B.) (see the discussion in Section 1.3 below). However, the
scaling limit of the model at criticality (8 = B.), which is the most delicate case,
was still to be derived and this is the object of the present paper.

Some important variants of IPDSAW have been investigated over the years. One
can indeed perturb the collapse transition by taking into account another interac-
tion between the polymer and the medium around it. This is the case for instance
when the polymer is pulled horizontally or vertically at its endpoint by an external
force [see, e.g., Brak et al. (2009) and Nguyen (2013), Chapter 5] or when the poly-
mer is confined above a hard wall at which it is adsorbed [see, e.g., Foster (1990)
or Foster and Yeomans (1991)]. In both cases, a new phenomenology is induced by
this additional interaction and some more phase transitions are observed. It is also
interesting to consider a semi-continuous version of IPDSAW, that is, with vertical
steps of continuous length. Such model was investigated in Brak, Owczarek and
Prellberg (1993) and its free energy displays similar asymptotics at criticality.

1.2. Main result: The limiting shape of IPDSAW at criticality. We identify
each w € Q7 with a connected compact subset of R? denoted by S(w) that extends
the sites of Z? occupied by w to squares of length 1, that is,

L 1

2
U wi + [—% ﬂ } wew,.

i=0

(1.3) S(w) = :

For (v1, v2) € (0, 00)2, we let Ty, v, be a rescaling operator that acts on & the set
of closed subsets of R? endowed with the Hausdorff distance. For S C R2, the set
Ty,,v,(S) is obtained after rescaling S by vy horizontally and by v, vertically, that
is,

(1.4) Ty, (S) = {(i 1): (x,y) € S}.

v 2

For (a1, a2) in [0, 1], we denote by Q7'¢? the law of Tper 1« (S(w)) seen as a

random variable on & endowed with its Borel o -algebra and when w is sampled
from Pp g.



878 P. CARMONA AND N. PETRELIS

With Theorem A below, we prove that, at criticality, the IPDSAW rescaled in
time by L?/3 and in space by L'/3 converges in distribution toward a nontrivial
random set, built with the help of two independent Brownian motions.

THEOREM A (Shape theorem). For 8 = B, we have

(1.5) 0

I~ QI

3 d
% E) Serit(B, D)

with Suit(B, D) a random subset of R2 defined as

B B
(1.6) Suit(B, D) = {(x,y) €[0,a1] xR: D, — | 2x| <y<D;+ | 2x| }’

2
. . . . o
where B and D are independent Brownian motions of variance aé and Tﬂ, re-

spectively [defined below (2.1)], where a; is the time at which the geometric area
described by B reaches 1, that is, [y |B,|du =1 and with B conditioned on the
event B, =0.

Let us say a few words about the 4 main challenges that we faced to prove
Theorem A. Thanks to the representation Theorem B, everything boils down to
studying a random walk V conditioned on having a prescribed large geometric
area. To be more specific, we need to consider the joint convergence of a couple of
processes: the profile | V| (corresponding to |B| in Theorem A) and the center-of-
mass walk M (corresponding to D in Theorem A). The main steps are as follows:

1. Proving the convergence of time-changed discrete processes with an implicit
time-change to corresponding time-changed continuous processes.

2. Handling the fluctuations of the center-of-mass walk M on the excursions of
the profile |V|. The main difficulty is that these are not independent at fixed time
horizon, although we shall prove that they are asymptotically independent.

3. Extending the pioneering work of Denisov, Kolb and Wachtel (2015) to ob-
tain local limit theorems for a 3 component process, that is, an excursion of the
profile conditioned on having a large extension, the associated center-of-mass walk
and the geometric areas. This issue is settled in Carmona and Pétrélis (2017).

4. Adapting to our needs the reconstruction procedure introduced in Deuschel,
Giacomin and Zambotti (2005).

1.3. Reminder: Scaling limits in the noncritical regimes. In the present sec-
tion, we will explain why the shape Theorem stated above completes the picture of
the scaling limit of IPDSAW initiated in Carmona, Nguyen and Pétrélis (2016) and
Carmona and Pétrélis (2016). To that aim, we need first to recall the stretch rep-
resentation of the model, and then to associate with every configuration its profile
and its center-of-mass walk, from which the occupied set in (1.3) can be recon-
structed. With these tools in hand, we will briefly recall the scaling limits obtained
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in Carmona, Nguyen and Pétrélis (2016) and Carmona and Pétrélis (2016) con-
cerning the extended and the collapsed regime of IPDSAW. We will terminate this
section by explaining why the critical regime (that is the object of the present pa-
per) is more delicate than the others.

Stretch description of a path. There is a natural representation of any path in Wy,
as a collection of oriented vertical stretches separated by one horizontal step. Thus,
we set Qp = szl Ly 1, where Ly 1 is the set of all possible configurations
consisting of N vertical stretches that have a total length L, that is,

N
(1.7) ,cN,L={leZN:Z|l,,|+N=L .
n=1
A one to one correspondence between €27 and W[ is obtained by associating with
a given [ € Qy the path w; of Wy that starts at 0, takes |/1| vertical steps north if
[1 > 0 and south if /; < 0, then takes one horizontal step, then takes |/2| vertical
steps north if /5 > 0 and south if /; < O then takes one horizontal step and so on...
For N e{l,...,L} and [l € Ly, 1, the Hamiltonian associated with w; can be
rewritten as

N-1
(1.8) Hy(w)=Hp(, ..., In) = Y UnAlng1),
n=1
where
~ .f Ov
19 Ry WAL ity <
0 otherwise.
Thus, the polymer measure in (1.2) becomes
oBHL(w)
(1.10) PLgl)=——, leQr.
VAN

We recall (1.3) and we denote by S(/) the occupied set associated with any [ €
Qr [i.e., S(I) = S(w;)]. We observe that S(/) can be fully reconstructed with two
auxiliary processes, that is, the center-of-mass walk M; and the profile |I|. To be
more specific, we associate with each [ € Ly, the profile |I| = (|/; |)f-V:J61 (with
In+1 = 0 by convention) and the center-of-mass walk M; = (Ml,,-)f\': *(')1 that links
the middles of each stretch consecutively, that is, M; o =0 and

l.
(1.11) Ml,,-=11+---+z,-_1+5’, iefl,...,N},

and My yy1 =l +---+In.

Farticularities of the critical regime. A consequence of the fact that the occu-
pied set S(/) associated with [ € 21 can be recovered from its profile and center of
mass walk is that for every («1, @) € [0, 117 the scaling limit of the rescaled occu-
pied set Tpe re2(S(/)) (with [ a typical path sampled from Py g) can be derived



880 P. CARMONA AND N. PETRELIS

from the scaling limit of (|/|, M;) rescaled in time by L' and in space by L.
This is the strategy adopted in Carmona, Nguyen and Pétrélis (2016) for the col-
lapsed regime and in Carmona and Pétrélis (2016) for the extended regime. In the
extended regime (i.e., 8 < B.), the horizontal extension of a typical path follows a
law of large number of speed L (i.e., «; = 1), the vertical fluctuations of its center-
of-mass walk are of order ~/L (i.e., ap = 1/2) whereas its vertical stretches are of
finite size. Therefore, once rescaled vertically by +/L the profile vanishes whereas
the center-of-mass walk displays a Brownian limit. In other words, once rescaled
vertically by +/L and horizontally by L and in the limit L — oo the upper and
lower envelopes of TL’ ﬁ(S (1)) coalesce into a continuous trajectory whose law is
that of a Brownian motion. One can straightforwardly deduce from Carmona and
Pétrélis ((2016), Theorem 2.8) that

LY a
(1.12) QL% —— {(s,cpBy): s €10, epl},
P L—00

where cg and eg are explicit constants and B is a standard Brownian motion.

In the collapsed regime (i.e., 8 > B.) the fraction of self-touching performed
by a typical trajectory equals 1 4 o(1), which forces the vertical stretches to be
long and with alternating signs. As a consequence the typical horizontal extension
of a path sampled from P, g is much shorter than its counterpart in the extended
regime and follows a law of large number of speed +/L (i.e., &y = 1/2). The typical
length of vertical stretches is +/L as well (i.e., s = 1/2) and the profile rescaled in
time and space by ~/L converges toward a deterministic Wulff shape. The center-
of-mass walk, in turn, fluctuates with an amplitude L4 and, therefore, vanishes
when we rescale it in time and space by +/L. Unlike the extended regime, inside
the collapsed phase the scaling limit of 7' /7 7(S(1)) is driven by the profile only
and we recall Carmona, Nguyen and Pétrélis ((2016), Theorem D) which states
that

11
(1.13) Qi s — Sp,

where Sg is a deterministic Wulff-Shape, symmetric with respect to the x-axis.

In Carmona and Pétrélis ((2016), Theorem 2.2) we proved that, at criticality, the
horizontal extension of a typical path follows a central limit theorem with speed
L?/3 and a limiting law corresponding to that of the random time a; at which the
geometric area swept by a Brownian motion (of variance O'é) reaches 1 condi-
tioned on the fact that the Brownian touches 0 at a;. Thus, the last pending issue
concerning the scaling limits of IPDSAW was to derive the scaling limit of the full
path at criticality. This is the object of the present paper but let us insist on the fact
that this is also the hardest issue. The reason is that, unlike the extended regime or
the inside of the collapsed regime, at criticality the profile and the center-of-mass
walk display vertical fluctuations of the same order (i.e., L!/3).
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2. Organization of the proof. The present section is an extended outline of
the proof of Theorem A. In Section 2.1, we settle some notation to state Theorem B
which sheds light on the fact that the critical-IPDSAW can be studied indirectly
with the help of an auxiliary random walk conditioned on sweeping a prescribed
geometric area. Then, in Section 2.2 we state Theorem C which provides the scal-
ing limits of the properly rescaled profile and center-of-mass walk for a typical
configuration sampled from Py, g. Theorem C actually implies Theorem A but we
will not prove Theorem C directly. As exposed carefully in Remark 2.2, we will
rather apply a time change on both profile and center-of-mass walk to state Theo-
rem D which implies Theorem C but turns out to be easier to prove.

2.1. Random walk representation of IPDSAW at its critical point. The stretch
representation of IPDSAW (displayed in Section 1.3 above) was initially used in
Nguyen and Pétrélis (2013) to develop an alternative probabilistic approach of the
model. This new approach involves an auxiliary random walk that we describe be-
low before stating Theorem B which enlightens the particular relationship between
this random walk and the model at criticality (i.e., at 8 = .).

We let Pg be the law of the random walk V := (V},),en starting from the origin
and whose increments (U;);en are i.i.d. and follow a discrete Laplace law, that is,

o= 5Kl 1 4e B2

Vk € Z with cg := ————=
p with cg := -7

2.1 Ps(Ui=k) =

and we set og :=Varg(Uy).For LeNand N € {1, ..., L} we set

N
(22) Vn.p-n:={V: GN(V)=L—=N,Vyu1 =0}  withGy(V)=) |Vil,
=0

and we denote by T the one-to-one correspondence that maps Vi —n onto Ly, 1
as

(2.3) Tv(V)i=(=D"'v;  forallie{l,...N}.

Forn e Nand for V = (V;){2, € ZN, we define K, (V) :=n+Gyn(V) = Yoo 1+
| Vi| and its pseudo-inverse

(2.4) £ =inf{i >0: K;(V)>s},  s€[0,00).

We note incidentally that (2.4) implies K; = max{n > 1: §, = j} for j € Ny. With
a slight abuse of notation (and for random walk trajectories V only) we will call
K, the geometric area swept by V up to time n although it would be more correct
to call it geometric area plus extension.

With these notation in hand, we state the fundamental Theorem B below. With
this theorem, we claim that at criticality, studying the model IPDSAW is com-
pletely equivalent to studying the V random walk conditioned on sweeping a pre-
scribed geometric area.
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(a) Center of Mass Walk (b) Profile (c) Enveloppe of IPDSAW

FI1G. 1. Critical IPDSAW, length L = 60,000, exact simulation.

THEOREM B (Random walk representation at criticality).
(2.5) Prg.(e€)=Pg (T, (V) €|V, 41 =0,Ke, =L).
This theorem will be proven in Section 3.3.
2.2. Center-of-mass walk and profile. With every [ € Qp, we associate 1\71, L

and |[| the cadlag processes on [0, co) obtained by rescaling the center-of-mass
walk M; and the profile |/| by L?/3 horizontally and by L'/ vertically, that is,

~ 1
(2.6) M, 1(s) = 713 My \s1253 0N, s € [0, 00),
~ 1
(2.7 L) = Ty lse2m)am s s €10, 00),

where N; is the number of vertical stretches composing [ (i.e.,l € Ly, 1).

We denote by R g the law of (|l| L, Ml ,.) with [ sampled from Py g and we
state Theorem C which claims that the rescaled profile and center-of-mass walk
of a typical configuration of the critical-IPDSAW converge simultaneously toward
independent Brownian motions stopped at some particular random time. This theo-
rem is illustrated with Figure 1, where an exact simulation of the critical IPDSAW
is provided in length L = 60,000.

THEOREM C. At criticality (B = B.), we have

d
(2-8) RL,/S > (|Bs/\al|’ Ds/\al)
L—o00

s€[0,00)’

. . . . 2 Ué
where B and D are independent Brownian motions of variance oj and —, respec-
tively, where a is the time at which the geometric area described by B reaches 1,
that is, foal |By|du =1 and with B conditioned on the event B, = 0.

We will prove in Section 4.2 that Theorem C implies Theorem A. For this rea-
son, the target of the present paper will become to prove Theorem C, but let us
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first recall Theorem B which allows us to view R}, g as the law of two other cadlag
processes built with the V random walk. In this spirit, for a given random walk
trajectory V, we define M = (M;);2,, the counterpart of the center-of-mass walk
introduced in (1.11) as

i .
(2.9) M= (=1 % i €N,
j=1

and with My = 0. We let VL and M, 1, be the cadlag processes obtained after rescal-
ing V and M by L?/3 in time and by L'/3 in space and stopped at &; [recall (2.4)],
that is,

_ [0,00)=>R
Vi . and
L3V,

(2.10) TR e

__ [0,00)—>R

ML . 1

S = L_§MLSL2/3J/\§L.

A consequence of Theorem B is that

2.11) Ry g =Law (IVL], ML)

with V sampled from Pg, (| Vg, +1 =0, K¢, = L). In the proof of Therorem C (see
Section 4.3 below), we will use the representation of Ry, g, in (2.11).

Renewal structure. We introduce a renewal structure which roughly consists of
the excursions of the V random walk away from the origin and turns out to be a
fundamental tool of our analysis. To that purpose, we define a sequence of stopping
times (7x)xeN similar to ladder times by the prescription 79 = 0 and

(2.12) Ty =inf{i > 7p : Vi_y Z0and V;,_V; <0},
so that the length of the kth excursions is given by

(2.13) M =% — Th—1 (k>1),

and the area swept

(2.14) W = Vo |4+ +Veotl (k= 1).

For each excursion, we consider the sum of its length and its geometric area. For
this reason, we define the quantity X; = 91; + ; for i € N and, with a slight abuse
of notation, we will call X; the geometric area swept by the ith excursion. We set
So=0and S, = X1 +---+ X,, for n > 1 so that we can define X a random set of
points on Ny as

(2.15) X ={Sy.n e Np}.

We will also need to consider v;, the number of excursions that have been com-
pleted by V when its geometric area reaches L, thatis, vy :=max{i >0: §; < L}.
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REMARK 2.1. It turns out that it is sufficient to prove Theorem C with V
sampled from Pg_ (-|L € X) instead of Pg, (-|Ve, +1 =0, K¢, = L). Understanding
this last point requires to define, for every L € N, the random variable y; which,
for V sampled from Pg_ (-|Ve, +1 =0, K¢, = L), records the length along which V
sticks to the origin before &; + 1, that is,

ypi=max{k >0: Vg, 41 =---= Vg 41 =0}.

We will prove in Section 4.1 that (y;,) 1N forms a tight family of random variables
and, therefore, it is sufficient to consider the events y; = k for finitely many k.
Moreover, for k € N, the event y;, =k yields that L —k+1€ X and Vg, _,,, =0,

so that the trajectory (V,-)fif)k“ has for law Pg (-|L —k+1e€ X, Vg, ., =0). We
conclude by noticing that the symmetric Laplace distribution of the increments of
V yields that (V,-)fi{)k and (Mi)fif)" have the same law when V is sampled from
Pg (|IL—k+1€X, Vg _,., =0)aswhen V is sampled from Pg (-|L —k+1 € X).

REMARK 2.2. Our strategy to prove Theorem C is reminiscent of the strat-
egy used in Deuschel, Giacomin and Zambotti (2005) to derive the scaling limit
of a particular polymer model, that is, the critical wetting model. To be more spe-
cific, the authors prove that, at criticality, a 1 4+ 1-dimensional L-step random walk
pinned at an horizontal hard-wall, constrained to start and end at the wall and
rescaled in time by L and in space by ~/L converges in distribution toward the
modulus of a Brownian bridge. To achieve this result, they display a smart recon-
struction of the path under the polymer measure using the following 4 features of
their model:

(i) the Hamiltonian only depends on |A; | where Az :={0, y1,...,y,, =L}
is the set of pinned sites of a given L-step random walk path. Moreover, under the
critical polymer measure, %AL converges in law toward A := {s € [0, 1]: B; =
0} with (Bs)se(0,1] @ Brownian bridge,

(i1) under the a priori random walk law P and once conditioned on Ay :=
{0, y1, ..., yn, = L} the excursions of the random walk are independent and their
respective length are prescribed by the inter-arrivals of Ay,

(iii)) a random walk excursion of length N rescaled in time by N and in space
by /N converges in distribution toward a standard Brownian excursion,

(iv) under the critical polymer measure, the inter-arrivals of Ay, that is, (y;1+1 —
¥i)i>0 are almost surely finite and heavy-tailed random variables.

Their technique consists of using (i) in combination with Skohorod’s representa-
tion theorem to first sample A7 under the polymer measure and Ay such that
%AL converges almost surely toward As. Then, with (iv) they claim that it suf-
fices to consider finitely many inter-arrivals (and therefore excursions) of Ay to
reconstruct a fraction of the path arbitrary close to 1. Finally, they use (ii)—(iii) in
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combination with Skohorod’s representation theorem to sample random walk ex-
cursions on the longest inter-arrivals of .A;, and recover the modulus of a Brownian
bridge.

Let us briefly describe the four features of IPDSAW (a)—(d) which can be sub-
stituted to (i)—(iv) above in order to adapt this reconstruction technique to our
context:

(a) Theorem B implies that the Hamiltonian of IPDSAW is somehow absorbed
in the auxiliary random walk law Pg(-|L € X). The sequence of cumulated geo-
metric areas Xy := X N[0, L] ={0, x1, ..., xy, } [recall (2.15)] plays the role of
Ayp and %% L converges in distribution toward X, := {s € [0, 1]: B,, = 0} where
B is defined as in the statement of Theorem C.

(b) Under the random walk law Pg and once conditioned on X, Proposi-
tion 3.1 below guarantees that the excursions (in modulus) are independent and
their respective geometric area are prescribed by the interarrivals of X .

(c) With Theorem F, we claim that, once conditioned on sweeping a geometric
area NV, a random walk excursion and its associated center-of-mass walk rescaled
in time by N%/? and in space by N!/3 converge toward a Brownian excursion
normalized by its area and an independent Brownian motion.

(d) Under Pg, the interarrivals of X, that is, (z;41 — z;)i>0 are almost surely
finite and heavy-tailed random variables.

Although the statements (a)—(d) constitute the skeleton of our path reconstruction
[borrowed from Deuschel, Giacomin and Zambotti (2005)], adapting this method
to the context of critical-IPDSAW raises two major additional challenges that are
addressed in the present paper. The first difficulty comes from the fact that we
consider simultaneously the random walk V; and its associated center-of-mass
walk M . If the random walk comes back very close to the origin at the end of
its excursions this is not the case of the center-of-mass walk. Therefore, one needs
information on the position of My, at the beginning of every long excursion of V.
This requires to control the fluctuations of M;, on the “short” excursions of V, and
it will be the object of Propositions 2.4 and 2.5 in Section 2.3.

The second difficulty comes from the fact that the system size L provides a
conditioning on the geometric area rather than on the length of the paths taken
into account. To be more specific, in the wetting model the paths are constrained
to complete their last excursion with a total length that equals L whereas in the
present model there are no constraint on the total length but the paths must com-
plete their last excursion with a total geometric area that equals L. This is the
reason why we perform below a time change on V. and M, so that the resulting
random processes are defined on [0, 1] and that for s € [0, 1] they are observed at
the time at which the geometric area swept by V equals sL. Operating this time
change allows us to state Theorem D whose proof is simpler although it is equiva-
lent to Theorem C.
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We recall (2.4) and we define the time-changed cadlag processes Vi and M as

_ [0,1]-=R
\% 2 X and
s L73Ve,
(2.16)
_ [0,1]=R
My : .
s L 3Mg, .

We will need to perform the same type of time change for the standard Brownian
motion B, that is, for s > 0 we denote by A, the geometric area swept by B up to
time s, that is,

)
2.17) As=/ |B,|du.
0

The continuity and strict monotonicity of A allows us to define a as the inverse
of A, thatis, A, = s for s € [0, 00). For B and D two mdependent Brownian
motions, we define the continuous processes B, B, D and D as the Brownian
counterparts of VL, VL, M 1. and M, L, respectively, that is,

. [0,00) > R -~ [0,1]1—- R
(2.18) B: and B:
§ = Byna s+ By,
_ [0,00) >R - [0,1]—> R
(2.19) D: and D:
s+ Dgpg, st Dy,

We denote by IsL,ﬂ the law of (| \7L|, ML) when V is sampled from~PﬂCS;|L € %~)
and we state Theorem D which is the counterpart of Theorem C with V;, My, B, D
instead of \7L, M L, §, D. In Section 4.3, we will display an explicit link between
those quantities with equations (4.4) and (4.5) and we will prove that Theorem C
is a consequence of Theorem D.

THEOREM D. For 8 >0,

~ d
(2.20) Rip—= (IBa . Day)sepo. 17

2
. . . . o
where B and D are independent Brownian motions of variance ag and Tﬂ, respec-

tively, where a is the inverse function of the geometric area swept by B, and where
B is considered under the conditioning {B,, = 0}.

2.3. Outline of the proof of Theorem D. Our proof of Theorem D relies on
the renewal structure introduced in (2.12)—(2.15) above and it may be divided into
three steps:
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1. Handling small excursions of random walk with Proposition 2.4, of Brown-
ian motions with Proposition 2.5.

2. Handling large excursions with Theorems E. F and G,

3. Reconstructing the limiting process with Proposition 2.6.

Here the geometric area of each excursion will be of particular importance. For
k € N, we will indeed truncate the rescaled profile |VL| and the rescaled center-
of-mass walk M. 1, (resp., the time-changed Brownian motions |§| and 5) outside
the excursions of V' (resp., B) sweeping a geometric area larger than L/k (resp.,
1/k) to obtain |VL x| and M L.k (resp., |Bk| and D¥ ). Then the proof of Theorem D
will be organized as follows. With Proposition 2.4 (proven in Section 5.2), we
state that provided k and L are large enough, ||ML — ML Klloo + ||VL — VL tlloo
is arbitrary small in probability. With Proposition 2.5 (proven in Section 5.3) we
prove that, provided k is large enough ||§ — B¥ loo + I D — D* |loo also is arbitrar-
ily small in probability. Finally, with Proposition 2.6 (proven in Section 5.1), we
provide a simplified version of Theorem D by substituting the truncated processes
(|X7L,k|, ML,k) to (|‘7L|, ML) and (E", 5") to (|§|, 5), respectively. Those three
propositions imply Theorem D.

REMARK 2.3. For the sake of conciseness, we will display the proof of The-
orem D under the law Pg ;,, instead of Pg. The only difference between those two
laws is that, under Pg ;,, the law of Vp is ug [defined in (3.1)] which is symmetric
on Z with an exponential tail. Proving Theorem D under P4 is not more difficult
but (and this is explained in Proposition 3.1 below) it would force us to consider
separately the very first excursion of each path from all the other excursions. This
distinction is not necessary anymore under Pg ,, and this lightens the proofs a
little bit.

Truncation of the profile and center-of-mass walk. We recall (2.9) and we ob-
serve that the center-of-mass walk can be written as

Vi—V,_
__ 9 j—-1ry "yt
M= +]ZI( 1) 2
(2.21)
_Z( /7 4 (1) Vi i eN.
j=0

We recall (2.12) and for every r € N, we let M“*°(r) be the contribution of the rth
excursion to the center-of-mass walk, that is,

7, —1

(2.22) M™@)y= > (=D,

I=Tp_|
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For x € N, we truncate V outside the excursions of geometric area larger than
X to obtain (Vx+ (i))ienujoy [see (2.23) below]. Similarly, with the help of (2.22)
we define the discrete process (M x+ ())ienufo; which remains constant outside the
excursions of geometric area larger than x and follows the center-of-mass walk
elsewhere, that is, forevery t e Nand i € {t;_1,..., 7 — 1}:

t—1

M) =) M) (x,2x)

r=1

i—1 :
(2.23) +[ > (—1)'i_le+(—1)i_1%}1{&2x}’

J=Ti—1
+N o Y
Vi () := Vilix,>x)-

For k e N, we let VL, k jnd M L.k be the cadlag processes obtained from V /; and
My i as we obtained My, from My, that is,

~ 1
Mpi(s) = TaMipEe),  sel0 1],
(2.24)

~ 1
VL k(s) = mVEL/k(SsL), s €10, 1].

Truncation of Brownian motion. As in the discrete case, we truncate Band D
outside the excursions of B sweeping a geometric area larger than 1/k to obtain
B¥ and DF, that is,

D¥(s) = © dD,
s (s) /0 1r, () d Dy,

B¥(s) = By1r,(s),

where I'y := {u > 0: Aq, — Ag, > 1} with d, = d,(B) := inf{t > u : B, = 0},
gu =sup{t <u: B; =0} sothatd, — g, (resp. Ay, — Ag,) is the length (resp., the
geometric area) of the excursion straddling u.

With these truncated processes in hand we can state Propositions 2.4 and 2.5 in
order to compare the time-changed profile |Vz| and center-of-mass walk M; and
the time-changed Brownian motions B and D with their truncated versions.

PROPOSITION 2.4. For every € > 0,

(226)  lim limsupPg ,, ( sup |Vi(s) = Vi i(s)| = | L € X) =0,
k=00 1 500 s€[0,1]
(227)  lim limsupPg, ( sup |Mp(s) — My ()| > e| L € X) =0.

k=00 1500 s€[0,1]
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PROPOSITION 2.5. Forevery e > 0,

(2.28) Jlim P( sup |B(s) ~ B*(9)]z¢) =0,

k=00 N\,

(2.29) lim P( sup \D(s) - Dk)| 2 ¢) =0,

k=00 Nselo,1

where B and D are defined as in Theorem D.

Theorem E, proven, for instance, in Caravenna, Sun and Zygouras ((2016),
Proposition A.8), claims that once rescaled by L and when sampled from Pg(-|L €
X), the set XN [0, L] converges in law (in the space of closed subsets of [0, 1] en-
dowed with the Hausdorff distance) toward 51 /3 :=C1,3 N[0, 1] conditioned on
1 € Cy/3 where Cy/3 is the 1/3-stable regenerative set. This is a consequence of
(3.2) below which guarantees that X is a renewal process with tail exponent 1/3.

THEOREM E. For L € N, we let X be sampled from Pﬁ,M(~|L € X), then

. XnNIo, L] ~
(2.30) lim T =Law C1/3.

L—o00

Theorems F and G below are proven in a companion paper Carmona and Pétrélis
(2017). With Theorem F, we state that a random walk excursion (together with its
center-of-mass walk) conditioned to have a prescribed area L, properly rescaled
and subject to an ad hoc time change converge toward a Brownian excursion nor-
malized by its area (together with an independent Brownian motion) also subject
to a similar time change.

THEOREM F. We consider V sampled from Pﬁ’ij (:|X1=L), then
(2.31) lim (|V,
L—oo

)se[O,l] —Law (gasa Bas)se[O,l]a

where & is a Brownian excursion normalized by its area and a is the inverse func-
tion of this area and where B is a standard Brownian motion independent of £.

Let Y be distributed as (| By, |)o<s<1 conditioned by B,, = 0. Then Y is dis-
tributed as ((%pt)zﬁ,t € [0, 1]) where (pr):c(0,1) 1s a Bessel bridge of dimension
6=4/3. Welet Z(Y) be the set of zeros of Y, thatis, Z(Y) ={s €[0,1]: Y(s) =
0}. We let also ¥ be the law of an excursion of ¥ renormalized by its extension
and let yg be the law of &, defined in (2.31) above.

THEOREM G. The following equalities in distribution hold true:

(2.32) Z(Y) =taw Cij3 and 7" =y
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Propositions 2.4 and 2.5 are of key importance, because they reduce signifi-
cantly the level of complexity of Theorem D. It becomes indeed sufficient to prove
Proposition 2.6 below which is a simplified version of Theorem D to the extent
that the profile and center of mass walk are replaced by their truncated version. We
let ﬁi,ﬁ be the joint law of (|‘7L,k|, ML,k) under Pg s (-|L € X) and B and D be
independent Brownian motions as defined in the statement of Theorem D.

PROPOSITION 2.6. Foreveryk e N,

(2.33) RY 5 —2 (BX, Y.
In Section 5.1, we prove Proposition 2.6 subject to Theorems E, F and G.

3. Preparations. In Section 3.1 below, we give a complete description of the
renewal structure introduced in (2.12)—(2.15) and consisting of excursions of the
path away from the origin. We recall some facts from Carmona and Pétrélis (2016)
concerning the geometric area and extension of those excursions and we go further
by giving a method to reconstruct a trajectory V of law Pg ,, with the help of
independent excursions. In Section 3.2, we justify the use of Skorokhod lemma for
those cadlag processes considered in the present paper. In Section 3.3, we prove
Theorem B.

3.1. More about the renewal process. We recall (2.12)—(2.15), we let g be a
probability law on Z defined as

1—e P2 _B _
(3.1) upk) = ————e" 2 Mgz + (1= e 7P2) 1),

and we let Pg  be the law of the random walk starting from Vy = x € Z and
Pg i, be the law of the random walk when Vp has distribution pg. In Carmona
and Pétrélis ((2016), Lemma 4.6), the tail distribution of X is displayed as well as
a renewal theorem for the set X. To be more specific, for x € {0, ug} there exists a
¢x,p > 0and dy g > 0 such that

c d
(3.2) P,g,x(Xlzn):’;—’/g(l+0(l)) and Pﬁ,x(neX)zng—’/i(Ho(l)).

Note that Lemma 4.6 in Carmona and Pétrélis (2016) is stated under Pg ., but
holds true under Pg as well.

In the present paper, we need to go further in the analysis of the renewal. With
the help of (7x)x>0, we divide any random walk trajectory V into a sequence of ex-
cursions (& )x>0 and we also denote by (|€|x)«>0 the same excursions in modulus,
that is, for k e N,

(3.3) €=, Vielyom—1y and €= (i, |Vi])

T€{Th—1,-mes —1}"
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We will consider this sequence under Pg and Pg ,,,. It is not true that the excur-
sions themselves are independent because the sign of any excursion depends on
the sign of the preceding excursion. However, when considered in modulus, those
excursions are independent.

PROPOSITION 3.1.  Under Pg the random processes (|€|i)x>1 are indepen-
dent and the sequence (|€|y)k>2 is i.i.d. The law of |€|1 is that of the first excursion
(in modulus) of a random walk of law Pg o and for k > 2 the law of | €| is that of
the first excursion (in modulus) of a random walk of law Pg ;..

Under Pg ., the random processes (|€|x)x>1 are i.i.d. The law of | €|y is that of
the first excursion (in modulus) of a random walk of law Pg ;..

PROOF. We note that V is a Markov chain, that 7; is a stopping time (for
k € N) and that for every x € Z the law of |€|; under Pg , equals the law of |€[;
under Pg . Therefore, the proof of Proposition 3.1 will be complete once we
show (by induction) that for every k € N, the random variable | V7, | is independent

of the o-algebra o (&, ..., €, 1¢) and has the same law as |T'| with 7" a random
variable of law 1g.
We pick 1j < <--- <t € N and (vg,...,v,—1) € Z* that are compatible
with the event
Mi={€ =, ..., v=1)s ... k= (Vg_;, .., V=D }.

We set x € No and we compute C :=Pg (M N {| Vg, | = x}) as
C=Pgu,(Vo=v0,..., Vy—1=1y-1, Vi = —sign(vy—1)x)
(3.4) =Pg ., (Vo=v0,..., Vo1 = 04— 1)Pp 1y (U1 = x + |vg—11)

Pg s (Ur =x + |vg—1)
Pg s (U1 = |vg—1)

=Pg 115 (M)

The ratio on the RHS in (3.4) is equal to (1 — e_g)e_%’“ which is exactly P(|T| =
x) when T has law ug. This completes the proof. [

Random walk reconstruction. Proposition 3.1 will allow us to reconstruct a ran-
dom walk of law Pg ,, with a sequence of independent excursions (in modulus).
With Definition 3.2 below we give the details of this construction.

DEFINITION 3.2. Let (g;);en be an ii.d. sequence of symmetric Bernoulli
trials taking values 1 and —1. Let also (W, W1, ..., Wy,) be the first excursion of a

trajectory W with law Pg 5 Independently from (¢;);en, let {(Vl.j )l.
1} be a sequence of independent copies of (Wy, W1, ..., Wy, _1) and set 1o = 0 and
Tj =1;_1 + 7{ for j > 1. Finally, define V as follows:
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e Vi=Vl6ie{o,....,t1 — 1},

o for j >2if Voj #0then V; = —sign(ij_l—l)lVij,Tj_ll foreveryi € {tj_1,...,
Tj —1},

e for j >2if VOJ =0 then V; :8j|vij—rj,l| foreveryi e {tj_1,...,7; — 1}.

The resulting stochastic process V' is a random walk of law Pg ;.

REMARK 3.3. The construction in Definition 3.2 will be used in Section 5.2
and we note that, by construction, the sequence of signs (&;);cN is independent of
the modulus of the trajectory (| V;]);en, and also independent of (7;);cn,-

With Definition 3.4 below we display an alternative construction in order to
generate a random walk of law Pg ,, (-|L € §). This construction will be used in
Section 5.1.

DEFINITION 3.4. Let (g)ien be an i.i.d. sequence of symmetric Bernoulli
trials taking values 1 and —1. Recall (2.15) (and the definition of v; below) and
independently from (&;);cn sample a random set

%:{07X19'~"X1+X2+"'+XUL—17L}
under Pg(-|L € &). Independently from (g;);eny and X, sample for every j €

.....

and 7, =71 + 7J for j > 1. Finally, define V as follows:

e Vi=Vlie{o,...,71 -1},

e for j >2if Voj # 0 then V; =—sign(V,j7]_1)|Vl.j_Tjil| foreveryi € {t;_1,...,
‘L’j—l},

e for j >2if VJ =0 then v,-:e,|vl.f_rj71|foreveryie{r,-,l,...,rj—l}.

The resulting stochastic process V' is a random walk of law Pg ., (-|L € X).

3.2. Skorohod’s representation theorem for cadlag random functions. Along
the paper, we will often need to consider some piecewise constant cadlag processes
defined either on [0, co) or on [0, 1]. We will also need to consider the interpolated
versions of such processes. To that aim we define two sets of functions, that is, for
I €{[0, 1], [0, 00)}, we let (C;, d) be the set of continuous functions on /, endowed
with

d(f.g) = i 2_1]{1 Il f — gllino.k1.00 ’
o1 251+ f = gllino.k.00

and similarly we let (Dy, d) be the set of cadlag functions defined on [ also en-
dowed with the same distance. We recall that (Cy, d) is a Polish space whereas
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(Dy, d) is not. Therefore, one can a priori not apply directly the Skorohod’s repre-
sentation Theorem in (D, d) (see Billingsley (2008), Theorem 6.7). Let us explain
briefly below how this difficulty can be handled.

For n € N, we will only consider functions F that are piecewise constant and
cadlag, defined on I € {[0, 00), [0, 1]}, and such that all jumps of F occur at times
belonging to 1 N %. For such functions, we denote by F™ their interpolated ver-
sion, that is,

Fint . == Lsn] lsn| +1
s (1— {sn})F(—) + {sn}F(T)

n

We recall (2.1)—(2.4). All the cadlag processes considered in the rest of the paper

are built with the increments (U,-)fi | [resp., (U,-)f‘zl] of a random walk V of law

Pg . (-|L € X) [resp., Pg x(-|X1 = L)] with x € {0, ug}. Since §;, < L and 71 < L,
it is useful to define for o > 0

(3.5) A o:={Fie{l,...L}: |Uj| > alogL}.

With (2.1) and (3.2), we easily prove that there exists an « > 0 such that for x €
{0, up},

(3.6) lim Pp [, 4|L€X]=0 and lim Pg [A 4|X; =L]=0.
L—o00 L—o00

As a consequence, if we denote by Fp (resp., F iL“t) a generic cadlag random pro-
cess (and its interpolated version) build with the increments of V and rescaled
vertically by L* for some « > 0, we can deduce from (3.6) that for x € {0, ug}
and fore > 0

lim Pg . [d(FL, FI™)>¢|LeX]=0 and

L—o00

(3.7 :
Jim Pg . [d(Fr, F™) > ¢]X1 =L]=0.
— 00

Thus, for Fs € Cy, the convergence in law of (Fr)ren toward Foo in (Dy, d) is
equivalent to the convergence in law of Fim toward F in (Cy, d). Moreover, the
fact that F7, only jumps at times belonging to I N % allows us to reconstruct Fp,
from F iLm in an easy way. Therefore, Skohorod’s representation Theorem can be
applied in the present paper for convergence in (Dy, d) as well.

3.3. Proof of Theorem B. We recall the stretch description of IPDSAW in
(1.7)—(1.9) and we observe that the partition function can be rewritten under the
form

L

(3.8) Zip=Y Y TR,
N=1leln,L
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We note that Vx, y € Z one can write xAy = %(|x| + |y| — |x + y|) and, therefore,
the partition function in (3.8) becomes

L N '3 N
Zrp=), Y. exp (ﬂZIlnI—EZ|ln+ln+1|)
n=1

N=1 lely, n=0
lo=In4+1=0
(3.9 ; N N 5
_ . BL g exp (=5 |ln + ln411)
— cpe Z<eﬁ) S I : .
N=1 leLy n=0 B
lo=IN+1=0

At this stage, we recall the definition of the auxiliary random walk V in (2.1)—
(2.2) as well as the family of one to one correspondence (TN)xz1 between path
configurations and random walk trajectories (see 2.3). Since for / € L1, the incre-
ments (U)X of V = (Ty) ™' (1) in (2.3) necessarily satisfy U; := (—1)' "1 (l;_; +
[;), one can rewrite (3.9) as

L

. c

3.10)  Zpg=cpefL Y TpHNPsWn.1-n) Wlthl"ﬂ::e—/;.
N=1

The probabilistic representation of the partition function in (3.10) is a key tool
when studying IPDSAW. It allows for instance to spot quickly the critical point
of the model which turns out to be the solution in B of I's = 1. The present pa-
per being fully dedicated to the critical regime of IPDSAW, we will henceforth
always work at 8 = B. and, therefore, we remove the term I'g from the RHS
in (3.10).

Another useful consequence of formula (3.10) is that it provides us with a very
strong link between the polymer law P g and the random walk law Pg condi-
tioned on a suitable event. We recall (2.4), the fact that I's. = 1 and also that
the term indexed by N in the sum in (3.9) corresponds to the contribution to the
partition function of those path in Ly ;—n. Consequently, we can derive from
(3.9)—(3.10) that for every N € {1, ..., L},

P g(Ni=N)
=Pg(6L =N|Vg,+1=0,Kg, = L),
Ppg(le I[N =N)
=Ps(Tn(V) €& =N, Vys1=0,Ky =L).

(3.11)

Theorem B is a straightforward consequence of (3.11).
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4. Proof of Theorem A subject to Theorem D.

4.1. Tightness of (yL)ren (recall Remark 2.1). Let ko € N, recall that
Ps(U; =0) = 1/cp and observe that

Pg.(yL > ko, Ve, +1=0,Kg, = L)

L k
1
= Z <_) Pg Ve, 4 1-1#0, Ve 4 =0,Kegy =L —k+1)
k=ko+1
4.1
= Z <_> Pg(L—k+1eX, Vg ,,,=0)
ke=ko+1 P

_ <1 _ i) i (i)kPﬂc(L —k+leX).

CB/ j=kogt1 \CB

Note that (4.1) can also be written without the event {y; > ko} in the left-hand side
in (4.1) and with a sum running from k = 0 to k = L in the RHS. Therefore, we
recall (3.2) and we obtain that there exists a d > 0 such that Pg, (Vg, 11 =0, K¢, =

L) = #(1 + o(1)). As a consequence (since also c¢g > 1) we deduce from (4.1)
that for every ¢ > 0 we can choose kg large enough such that Pg (y; > ko|Ve, +1 =
0, K¢, =L) <eforevery L € N.

4.2. From the profile and the center-of mass walk to the occupied set, that is,
proof of Theorem A subject to Theorem C.

PROOF. By the Skorohod’s representation theorem, we can already assert that
there exists (hy, my)reN a sequence of cadlag processes and B and D two inde-

2
pendent Brownian motions of variance 0/% and %ﬂ respectively, all defined on the
same probability space (€2, .4, P) so that:

e P-a.s. it holds that for all K > O,
4.2) lim  sup [(hz(s), mz(s)) — (IBsna;ls Dsaay)| =0,

L—005¢0,K]
e forall L e N, (hy, my) has forlaw Ry g,.

Then we recall the definition of S¢ii(B, D) in (1.6) and we note that the random
set

Sp(hy, mp)
4.3)

<y=<mg(s)+

= {(s,y) €0.i,] x R: my(s) — 'hLZ(S” |hL2(S)| }

21
has for law QZ;3 with i, =sup{s > 0: ;15 + fo |hp(s)|ds < 1}.
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Then it remains to note that Sy (mz, hy) converges P-a.s. toward Seit(B, D)
for the Hausdorff distance. The almost sure convergence of (mg,hy) toward
(B.Aays D.aqy) implies that iy also converges toward a; almost surely and this is
sufficient to conclude. [J

REMARK 4.1. To be completely rigorous, we must note that, as it is defined
21

in (4.3), the law of Sy (hy, mz) is not exactly ng However, we recall (1.3) and
(1.4) and we observe that by enlarging Sy (hy, my) of 1/ Ll/ 3 vertically and by
shifting it of 1/2L%/3 horizontally we retrieve a set of Law Q : Fmally, since the
Hausdorff distance between those two sets is bounded above by 1/L'/3
with Sy (hy,mp) is sufficient to conclude.

, working

4.3. Time change, that is, proof of Theorem C subject to Theorem D. As ex-
plained in Remark 2.1, V; is considered under the conditioning {L € X} whereas
B is considered under the conditioning {B,, = 0}. We observe that, for s > 0,

K ~ -
44 Vo(s) = (%) and By = B(Aspa)),

and similarly

Kis123)08,
L

Therefore, by Billingsley ((2008), Lemma, p. 151), the proof of Theorem C will
be complete once we show that the following convergence in law holds true:

4.5) A?L<s>=A7L( ) and Dy = D(Aspa)).

) ~ ~ Ky ~ o~
(4.6) Ll;moo(wu, M. %) =Law (1Bl. D, Aray).

The following relations between & and V on the one hand and between a and B
on the other hand will be of key importance to get (4.6)

and

) 1 S
“=) 1B |d”:/ B
0 u 0 u
(4.7) @t

s 12/3
~ du
SsL = /0 1+|V§L| f L1534V

where the first equality holds true for s € [0, 1] and the second for s in the set Jr,
of hopping times of s — & .

Outline of the proof of (4.6). We will follow the scheme below:
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1. With the help of Theorem D, we infer the Skorohod’s repvresenﬂvtation th~eoreln
and state that there exists a sequence of cadlag processes | V] |, M; and |B’|, D’
defined on the same probability space (€2, A, P) such that for P-a.e. w € €,

@8 i [V~ Bl =0 and lim [, D] =0

and such that (|~\7£ | ,NM 7 ) has the same law as (| V1|, M) under the conditioning
{L € X} and (|B’|, D') are two time-changed independent Brownian motions of
2

variance ag and %’3, respectively, under the conditioning {B,, , =0}

2. We define for s € [0, 1], the quantity a’(s) with the LHS of formula (4.7) ap-
plied to B’ and for L € N the quantity &/, with the RHS of (4.7) applied to V.
Then we show

LEMMA 4.2. Forall e > 0,

SS/L /
L2/3 —da (S)

4.9) lim IP’( sup

L—oo  \s¢[0,1]

zs>=0.

3. Subsequently, we define the quantity A’ as the inverse of a’ and K’ as
K'(p=max{i>1: & =j},  j=<§

and we show the following convergence in probability.

LEMMA 4.3. Forall e > 0,
/
‘K LeL2PINE

(4.10) lim P( sup i3 end'(1)

L—00  \¢e[0,00]

Zs):O.

4. At this stage, (4.8) and Lemma 4.3 allow us to state that

/

K
~ .L2/3 ~
,M}J,iL [ JASL) =Law (’Bl

@.11) Jlim. <|v£ B A )
and this implies (4.6) by a straightforward application of Billingsley (2008),
Lemma, p. 151.

REMARK 4.4. We note that since we defined &” with the help of formula (4.7),
it is a continuous process and therefore it does not have the same law as & as
defined in (2.4). However this difference is armless because the set of times J; at
which &’ takes integer values has the same law as the set J; containing the hopping
times of & and moreover between two consecutive points of Jy, (resp., J; ) & (resp.,
&’) jumps by one unit exactly.
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At this stage, it remains to prove Lemmas 4.2 and 4.3 and we begin with the
proof of (4.9).

PROOF. We recall (4.7). The proof of (4.9) will be complete once we show
that for every ¢ > 0,
(4.12) Ii IP(/I‘ ! ! du > ) 0
. im ~ - — u>e|=0.
L0 o L7134+ V)| |B] -

We define for L € N and > 0 the three quantities

1 1 1
4.13) C 2/ ‘ ~ R
@B C= A v T IE

VB> m L1341 () >y 4

1

1
4.14) C :f — 1% du,
( ) 2 0 |B,;| {IB)|<n}

1 1
(4.15) C3=f0 L_1/3+|‘7£(u)|1{L—1/3+|‘7£(u)|§n}d“'

We immediately observe that (4.8) and the dominated convergence theorem yield
that for n > 0 and for P-a.e w limy_,» C; = 0. Moreover, (4.7) combined with
the fact that B and B’ have the same law and with the fact that a; < 0o yields that
for P-a.e w the function u — 1 /|l~5’;| is integrable on [0, 1]. This is sufficient to
conclude that for P-a.e w, lim,_,o C, =0.

Thus it remains to consider C3. Since Vi and V; are equally distributed, it
comes that

AL

C3 =law — _1
3 ™oL Jo I+ | Ve |yl {4 Vex

IETALE
(4.16)

Loy 13
< ol & vl =L Py,
Therefore, the proof of (4.12) will be complete once we show that for all ¢ > 0,

(4.17) lim limsupPg(|{j <&.: |V;| <nL'/}| > eL??|L € X) = 0.
=0 1500

To prove (4.17), we use some results obtained in Carmona and Pétrélis (2016)
under the same conditioning. We recall (2.12)—(2.15) and we denote by (X i );’i | the
order statistics of (X i);.)i , and by (‘.)?i);)i | the sequence of horizontal excursions
reordered according to the sequence (X’ l"i 1- Then we distinguish between the k
largest such excursions and their lengths, that is, (X i)le and the others, that is,

(4.18) J=EL Vi <nL'PY <Al + Bir

1
ol



SHAPE THEOREM FOR CRITICAL IPDSAW 899

with
1 £ 1/3
AZ’L=m2|{ie{t,j_1,...,t,j—1}: |Vil <nL'3}| and
j=1
(4.19) /
vL mi
B = Z m,
i=k+1

and where r; is the index of the jth largest excursion, that is, X, := X J for
j €{l,...,k}. In the second step of the proof of Carmona and Pétrélis ((2016),
Proposition 4.7), it is shown that for all ¢ > 0,

(4.20) lim limsupPg(By.. > ¢|L € X) =0.

k=00 100

Thus, the proof of (4.17) will be complete once we show that for all k € N,

=0 1 00

(4.21)

k
lim limsupPﬁ<Z|{i € {r,j_l,...,rrj —1}: Vil < ﬂL1/3}| 28L2/3}
j=1

Le%):O,

which again will be a consequence of the fact that for all j € N,

lim limsup P (|{i € {r;—1,.... 7, = 1}: [V;| <yL'P}| > eL*7|

=0 1 500

(4.22)
LeX)=0.
The proof of (4.22) goes as follows. For i € {1,..., v}, we denote by &; :=
(Vi)ie{,jf],”_,tj_l} the jth excursion of V and we recall that conditionally on

(Xiief1,...,ur) = (Xi)ief1,...,vy)» the excursions (€;)jeq1,....v,) are independent and
of law Pg(:| X1 = x1) for €; and Pﬂyuﬁ(-|X1 = x;) for €; with j > 2. Thus, for
j Z 15

Rpye()) =Pg(|{i € {zrj-1. ... 7, — 1}: [Vi| <nL'P}| = eL*|L € %)
L—j
4.23 = Pg(X,. =¢|LeX P 1 €{0,..., 71 — 1}:
(4.23) ; p(X,, =L|L € )xgm}{ sx(lfi € 7 — 1)

Vil < L'} = eL2B|x, = o)},
Xr; T
We can argue here that - under Pg(-|L € X) converges in distribution toward the
jth largest inter-arrival of an 1/3-stable regenerative set on [0, 1] conditioned on
1 being in the set. For this reason, and for every £ > 0 there exists an m > 0 such
that for L large enough

(4.24) Ps(X,; ¢ [miL, L]|L € X) <&.
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Thus, we let
Croe={V:[{i €{0,....11 = 1}: [Vi| <nL'P| = eL*)
and (4.22) will be proven once we show that

(4.25) lim limsup  sup max Pg(Cp ,|X=10)=
=0 [ 00 te[mL,L]1¥€{01p}

From Carmona and Pétrélis ((2017), Proposition 3.4), we know that 7/£%/3 under
Pg s (-|X = ¢) [or under Pg(-|X = £)] converges in distribution toward R the
extension of a Brownian excursion normalized by its area. Thus, for every & > 0,
there exists [a, o] C (0, 00) such that for L large enough, we state that for every
£ €[mL, L] we have

T
P € , X=0)<é&.
xe%affﬂ} ,3 X <£2/3 [O[] 0[2]‘ ) — g

As a consequence, (4.23) will be proven once we show that
lim limsup  sup max P,gx(CL,,gﬁ{Zz/3 e[al,az]}‘X Z)

>0 L o0 te[m;L,L1¥€(0,1p}
(4.26)
=0.

At this stage, we introduce the notation (VS)SE[O,I] = (%WLHJ )sefo,1] and we

note that for £ € [m|L,L]and 7 € [alm%/3L2/3, ar L?/3] we have

1 &
(4.27) CL,,],gﬂ{ 573 € o, az]}C{/ T <—n }dsz—},
Z / 0 N _M’”i/3 (6%)
where we have used that L'/3 < VT 75 and L?/3 > —~. At this stage, we use the
apmy

convergence established in Carmona and Pétrélis ((2017) Theorem A) and (4.27)
to assert that

limsup sup max P (CL ﬂ{ [al,ag]} X=£>
L—oo Ce[miL,L]¥€{0,1p) b e e2r3 ‘

! e
S]P)(f ds Z _>,

where £ is a Brownian excursion normalized by its area and Qi¢ :=inf{t > 0: & =
0}. We conclude by observing that [P almost surely £ is continuous on [0, R¢] and
equals 0 at O and R¢ only. Thus, the RHS in (4.28) vanishes as n — 0 and this
concludes the proof. [J

(4.28)

At this stage, it remains to prove (4.10).
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PROOF. Let us define

K, ;o
Dp ¢ :={ sup ‘M — Acpa 28}
cel0,00[ L
and for n > 0 we set
5L
Er. ={ sup |=5+ —a(s)| <ng.
" yeronyl L2

By Lemma 4.2, the proof of (4.10) will be complete once we show that there
exists n > 0 such that lim; . oo P(Dy N EL ) =0. Under the event Dy . N Ep ,
there exists a ¢ € [0, a1 A EL/L2/3] such that |%KLCL2/3J — A¢| = . Assume that

K .r23)= (Ac+¢)L (the other case is treated similarly). Then cL?3 > échLwJ >

&A.+¢L and under E; , we can state that § 4, 1¢) > (A 46 — 77)L2/3 so that
finally ¢ > a4,4+¢ — 1. But since as, = ¢ we get n > min{a, 4. —a,: u €[0,1 —
e]}. Since a is P-almost surely continuous and strictly increasing on [0, 1], we
complete the proof of the lemma by claiming that

lim P(min{ay4e —ay: u €[0,1 —¢]} <n)=0. 0
n—

5. Proof of Theorem D.

5.1. Truncated version of Theorem D, that is, proof of Proposition 2.6. We
recall Definition 3.4 and for every L € N, we will generate a random walk path

(Vi)fLO of law Pg(-|L € X). To begin with, we use Theorem E in combination

with Skorohod’s representation theorem (the set of closed subsets in [0, 1] en-
dowed with the Hausdorf distance being a Polish space) to assert that there exists a
sequence of random sets X7 and a random set X, defined on the same probability
space (21, Ay, P1) and such that:

1. for every L € N, X, has the same law as X N [0, L] with X sampled from
Ps(-|L € X). We will denote by (X]L);L:1 the inter-arrivals of X, that is,
Xp={0,xF ... xF4+... 4 xE L),

vp—1°

2. X is a Cy/3 regenerative set intersected with [0, 1] and conditioned on 1 € X,
3. lim/ o0 $X1(0) = Xoo(w) for Pi-ae. o.

For k € N and every w| € Q1, we denote by (d{°, ), ..., (d>, f>°) the po-
sitions of the maximal intervals of [0, 1] which are not intersecting X, and are
larger than 1/k. Note that r := r°°(w) is random and bounded above by k. Note
also that Xj‘?o = f;’o — d;’o > 1/k for every j € {1,...,r}. We also denote by rp
the number of intervals of [0, L] larger than L/k whose extremities are consec-
utive points of X;. We let (d J-L, f JL);.L: | be the extremities of those intervals and



902 P. CARMONA AND N. PETRELIS

(XeLjL);.L:1 their associated interarrivals (i.e., 1 <ej; <--- <e, 1 <vp). Be-

cause of the almost sure convergence of %% 1 toward X, we can claim that for L

large enough rr equals r and moreover that for Pj-a.e. w; and j € {1,...,r},
- L ¢L L
(5.1) Lli)moo(dj Jfi) =57, f7°) and hm Xe/L =X5.

We will also need the notation

r rp
= UL, £7°] and A= J1d7, 1.
j=1 j=1
At this stage, we sample a family of independent random variables
(YJ’N)(j,N)eN2 on a probability space (€27, Az, P2) as follows:

1. for every (j, N) € N?, the random variable Y; n is a Bernoulli with parameter
Pg s (Vo #0[X = N).

At this stage, we use Theorem F and the Skorohod’s representation theorem to de-
fine on the same probability space (93, Az, P3) a family of independent sequences
of discrete random processes {((‘E{\}y IneN, J € N,y € {0, 1}} and a family of in-
dependent continuous random processes {(£/ (s), Dj’y(S))se[O’aj(l)], jeN,ye
{0, 1}} such that:

1. for every (j, N) € N? the random process @fv = (V] -0 N)T’0 " has for law

Py, ug( [Vo =0, X = N), and the random process C%N = (V’ L N)T’ Y has for
law Pg 1, (-|Vo #0, X = N),

2. for every (j,y) € N x {0, 1}, £/Y is a Brownian excursion normalized by its
area and a;,y is the inverse function of this area and D/+ is a standard brownian
motion independent of £ 7y,

3. forevery (j, y) € N x {0, 1} and for Ps3-a.e. w3,

lim  sup |——= V2N =9V (a; (s ‘20 and
N—>oo$e[0pl] N1/3‘ g1 (aj.y())
(5.2) 1

li — M _piv(a;

N1—1>n<>o S%pl] N1/3 éij (aj’y(s)),

where £/7'N is the pseudo-inverse of the geometric area (plus extension) of
fo\}y defined as in (2.4) and where M/-¥-V is the center-of-mass walk associated
with &}, that is,
N e iy.N |
Ml:/~y7 =Z(_1)Z—1|Vt]7y7 }+( l)l 1
t=0

(5.3) ie€{0,...,tjyN— 1},

VlyN|

2 ’
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Tj.y,N_l
YN _ asjy,N _ t—1|ysJ:¥.N
MSIJ\']-%N _M‘gj,y’N - Z (_1) |Vl‘ |
t=0

Let us note that for every (j, N) € N2, the random process GZY" ¥ is an excursion
of law Pg ., (-|X = N). To lighten the notation, we will drop the L dependency of
(XJL-), (djL, ij) and e; ; when there is no risk of confusion.

With these tools in hand, we apply for every L € N the construction of
V' (given in Definition 3.4) with law Pg ,,(-|L € X) on a probability space
(X, Qi @7, Ai, @4, P;). Of course, X, plays the role of X, then for every
te{l,...,v.} we sample on (R4, A4, P4) an excursion V' of law Pgu,(1X =
X;) and independently an i.i.d. sequence of Bernoulli trials (&;);en. We do so ex-
cept that for the indices (e j) 'L -, we replace each excursion V¢ @1 (y) by the

J:Yjx,, (@2)
excursion & X, /(le) ” (w3) defined above.

For every s € [0, 1], we set j, :=min{t <ry: f; >sL} and for j e {l,...,rL}
we let o 1 be the product of (— 1)"i~" with the sign of the excursion of V indexed
by e;, that is,

ajL = (=D sign(Ve, 1)
5.4 = (—1)'[81'*] (1{erj—1=0}86j — 1{erj—17é0} sign(VTej_l,l))

= (=D (1y, x,, =0)8e; = 175, =1} Sign(Ve, 1)),

For ease of notation, for # < k and u € [0, 0o), we will use the following shortcuts
in the computations below:

t,Y; Xe; X

(5.5) V= Vs;,yt:XEther and M :=M

Z,Yt,th sXet

1Ye Xep Xer
u u

We recall (2.22)—(2.24) and (5.3) and we observe that the truncated processes M Lk
and V| ; obtained from V can be written as

~ 1
P40 = 1y L) y75lVey | = 1, 6L 1 Vi,

(5.6)
Xejs 1/3 1 13 Js
:1AL(SL)|: I ] ([Xejj |VYL djs)
and
~ 1 5]
My i(s) = m[z M (e;)
t=1
ssL_l - 1V§
(5.7 +1AL(sL)(l TZ I(_1)1— Vi 4+ (= 1)L TL)}
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Js—1 1/3 1/3
X 1 —
=X 7] ey )
- L Xe,

t
X 1/3 1 1/3Mj
L i| O{js,L<|:Xej i| sL— d]g)

s

+ 1AL(sL)[

To complete the proof of Proposition 2.6 it remains to identify the limiting distri-
bution of (|VL ks M L.k) [defined in in (5.6)—(5.7)]. The tension of (|VL ks M LK)
is ensured first by the fact that r; < k (for every L € N) and then by the fact
that for every (j, y) € {1,...,k} x {0, 1} the convergences in (5.2) ensure that for

N > Nj ,(w3) the modulus of continuity of (N1/3 V;,ill\y, WM; . N)se[o 1] are

arbitrarily small. We conclude by saying that with high probabrhty L/k is larger
than max; <k yef0,1y Nj,y- Therefore we need to obtain the limiting law of finite
dimensional distributions of (| VL ls M k) as L — oo. To that aim, we define two
auxiliary processes |Bk, .| and Dk, I as

o\ Bginty (g, (L%
Js

where for every t <r, we set ¥; := Y; (w1, wp) =Y, yo  (which actually explains
e L

the L-dependency of |§L, r|) and

13 87 s —dip
1A ()(X5) P, L DI s (ajs,yjs( % )), s €0, 1].
Js
We will complete the proof by first observing that (5 )-(5.2) imphes that for every
s € [0, 1] the following convergences occurs for ®, | Pi-ace. (a),) 1 € X, 182,
that is,

(5.10)  Lim |Vp x(s)| — |Br..(s)|=0 and lim My s(s) — Dy.r.(s) =0
L—o0 L—o0

and then by showing that for every L € N, the two-dimensional process (|§k, Ll

5;{7 1) has the same distribution as that of (|§k|, DF) defined in the statement of

Proposition 2.6. To prove this last point, we prove below that we do not change

the law of (|§£,L|, INDA@,L) by removing the terms («; z);_; in (5.9). The result-

ing process (| B, 1|, Dk,1) does not depend on L anymore and a straightforward

consequence of Theorem G ensures that this process is distributed as (| B¥|, Db).
For t € N, we let F; be the sub-o-algebra of .43 defined as

(5.11) Fr=o(€ &Y, DI, j<t,ye{0,1}, N eN).
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The proof will be complete once we show that for every ¢ < r the law of the

s —d>® s —d>
(5.12) <5t’Y’<a,y (—’»,a,LD“Yf(a,y( ! )))
P xpe ' EANDE 5€[0,d®+X]

conditioned on the sub-o-algebra A; ® A ® F;—1 ® Ay equals the law of

o ) o))
X X 5€[0,dX+ X

with £ a Brownian excursion normalized by its area, a the inverse function of this
area and D is a standard Brownian motion independent of £. Such an equality
indeed allows us to compute the characteristic function of any finite dimensional
distribution of (|l~3k, Ll f)k’ 1) by conditioning successively on F;_1 from ¢t = r up
to ¢t = 1, getting rid at each step of the random variable «; .

To prove this later equality in law, we note first that the law of

s —d>® s —d>®
(6 (5 ))- 2 (e (F52))
t t s€[0,d°+X7°]

conditioned on A; ® Ay ® F;—1 ® A4 does not depend on Y, (w;, w2) and equals
the law of (5.13), second that the random variable «; 1, is A ® Ay ® Fr—1 & As-
measurable and takes values —1 and 1 only, third that for any ¢ € {—1, 1} the laws
of (£, D) and (&, ¢D) are equal.

5.2. The center-of-mass walk outside large excursions, that is, proof of Propo-
sition 2.4. Proposition 2.4 contains two limits. We will display the proof of the
second limit only since the proof of the first limit is way easier. To be more spe-
cific, the first limit gives some control on the fluctuations of the V random walk
sampled from Pg (-] - L € X) outside its largest excursions (in terms of geo-
metric area swept). The second limit is much more involved, essentially because,
despite the V random walk, the center-of-mass walk does not come back close to
the origin at the end of every excursion of V.

We recall (2.23) and we observe that for every s € [0, 1] we have

~ ~ 1
(5.14) ML(s) = ML k(s) = 7775 (Mg, = M) (1)
Therefore, Proposition 2.4 will be proven once we show that for every n > 0

(5.15) kl_i)ngoliLHl)SolipPﬂ,Mﬂ <f,‘§a§§|M" — M} )| =L P|L e 35) =0.

The proof of (5.15) is divided into 4 steps. In the first step, we prove (5.15) sub-
ject to Claims 5.1 and 5.2 stated below. Claim 5.1 provides a control on the fluctu-
ations of the process whose increments are the altitude differences of the center-of-
mass walk between the endpoints of each small excursions (in terms of area swept).
Claim 5.2, in turn, provides a control on the fluctuations of the center-of-mass walk



906 P. CARMONA AND N. PETRELIS

inside each such small excursions. Those two claims are subsequently proven in
Steps 2 and 3, respectively. Note that for the proof of Claims 5.1 and 5.2 we use
the alternative construction of the V trajectory excursion by excursion displayed in
Definition 3.2 (see Section 3.1). Note also that proving Claims 5.1 and 5.2 requires
to use Lemma 5.5 which is proven in step 4 and provides an upper-bound on the
expectation of an auxiliary stopping time.

Step 1: Proof of (5.15) subject to Claims 5.1 and 5.2. We recall (2.22) and for
every j € N we set

J
Tj,% = ZMCXC(;-)”XVS%},
r=1
(516) F;: = max Z ( 1)9 IV +( l)l 1‘/1
J P€{tj1,...,Ti—1}| 2 =T
- 1 / ; IVJ
= _1 s— Vj _1 i—-1%i
ie{o,...,rrr;iij,l_l} (=D § + (=1 5
s=0

In this step, we prove (5.15) subject to Claims 5.1 and 5.2 and to Lemma 5.3 below.

CLAIM 5.1. Foreveryc > 0andn >0,
(5.17) hm hmsupP/g Mﬁ( max |T L| >nL1/3) 0.
C

—)OOL

CLAIM 5.2. Foreveryc > 0andn >0,
(5.18) hm limsup Pg, 1 ( max Fi> nL1/3> =0.

k=00 100 j§cL1/3:Xj§%

LEMMA 5.3 [Lemma 4.12, Carmona and Pétrélis (2016)]. For 8 > 0 and ¢ >
0, there exists a c. > 0 such that for L € N,

Pg (v > ch1/3) <e.

Lemma 5.3 is the same as Lemma 4.12 in Carmona and Pétrélis (2016) except
that it is stated there under Pg instead of Pg ,, but the proof is literally the same
and we will not repeat it here.

We first recall (5.16) and we observe that when L € X then §;, =17,, — 1 and
we can write

%?Z'M” - M, ()| = nsf%ix_JMn — M) ()]

(5.19)
<max|T. .|+ max Fj.
jsve PR J<vL: Xj<%
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Therefore, (5.15) (and consequently Proposition 2.4) will be proven once we show
that for every n > 0

(5.20) 11m llmsupPlg ﬂﬂ<max |T L| > nL1/3|L € %) 0,
—00 [
and also
(5.21) hm limsupPpg ., ( max F; > nL1/3|L € X) =
k=00 [ 500 Jj<vr: ng%

We recall that

(5.22) vp=max{j >1: X;+---+ X, <L},
and we set
/ . L
(5.23) V31,4 = VL — min ]ZI:X1+...+XJ.ZZ )
‘We observe that
(5-24) max |T; .| < max [T, |+ max |T. |
j<vy % j<vspa D jelvrptl, v} I T

but we can bound from above

max T. Ll= T max Mexc(r)1 <Ly
jG{UL/2+1 ..... UL}| | | VL/2:% | jE{UL/2+1 ..... vr} re l§/2+1 F
L
exc
(5.25) ST, 4] D M™)1y 1y
r:vL/2+l
v
max M€ (r)1 .
+je{vL/2+2,..,,vL} ; ( ) {er%}
At this stage, we note that
L
(5.26) UL+1—v§L/4=1—|—min{jzl:X1—|—---+ijz}

and then either L/4 € X and the RHS in (5.26) equals vz /4 + 1 or the RHS in
(5.26) equals vy, /4 + 2. In this last case, we note that vy /4 +2 < vy 5 + 1 except if
v7/4 = v, /2 but this means that X, 4l = Xy, e+l > L /4 and since the excursions
associated with a geometric area larger than L/k are not taken into account in the
present computation it suffices to choose k > 5 to make sure that

UL

max M€ ()1 L
./G{UL/2+1 ..... vr} ; {erf}

(5.27) |
J
Z}MCXC(UL+1_")1{X 1< k}
r=

< max
Jell,..., véL/4}




908 P. CARMONA AND N. PETRELIS

We can finally use (5.24)—(5.27) to conclude that

max|T L|
j=ur
(5.28) .
j
(DY
XEM WL +1=r1x, <ty
£

< max |T, L|+2 max
Jj<vapss Jell, ..., ng/4}

In the same spirit, we bound from above

(5.29) max F; < max Fj+ max Fov1-j.
j<vp: X<k j<vapsar X<k JShp et Xj<E

By reversibility, we note that under Pg ,,(-|L € X), the following equalities in
distribution hold true:

ZMexc(vL+1—r)1X <k

max |TJ L| =law ~ max

J=v3L)4 Jje{l,..., v3L/4}r 1
(5.30)
max Fj =Law max FvL-H—j-
J<vsia X< J=V3pp4: Xj<%

Thus, we can conclude from (5.28)—(5.30) that (5.20) and (5.21) will be proven
once we show that for every n > 0 we have
lim limsupPpg ., ( max sznLl/3|Lef{>=O,

k=00 | 500 j<vip: X<k

(5.31) SRR I

hm limsupP max |T. L >pL'B|Lex 0.

lim limsup P, max T, ¢ = nL'|L € X) =
At this stage, the two 1nequalities in (5.31) are straightforward consequences of
Lemma 5.3 above, of Lemma 5.4 and of Claims 5.1 and 5.2. Lemmas 5.4 and
5.3 indeed imply that it is sufficient to prove both inequalities in (5.31) without
the conditioning {L € X} and with cL'/3 instead of v3, /4 SO that we are left with
Claims 5.1 and 5.2.

LEMMA 5.4. For every B > 0, there exists a M > 0 such that, for every func-
tion G : U2, ZF — R* and every L € N, we have

(5.32) Eﬂ,ll«ﬂ [G(V(), .V ~1DIL € %] < MEﬂ,M,s [G(Vo, ey VTU3L/4*1)]'

T34
PROOF. We compute the Radon—Nikodym density of the image measure of
Ps . sCIL € X) by (Vo,..., VTU3L/4_1) w.r.t. its counterpart without conditioning.

Forye({l,....,3L}, re{l,....,y},me{0,...,t} and (z0, 21, ..., 2:—1) € Z' sat-
isfying t + |z1| + - - - + |z:—1| = y, we obtain

Pgussrja=m,Sn=y,tm=1, Vo,...,Vi1) = (20, ..., 2t-1)|L € X)
PpusiLjpg=m,Sm=y,tm=1t,(Vo,..., Vie1) = (20, - ., 21-1))
=GL(y)+ KLy,
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with
L/8
G (y) Zn:O P.lelﬂ (n € %)Pﬁ,,ulg (X =L—n— y)
L(y)= ’
(5.33) Pp iy (L € X)Pppp(X > % -y
’ L/4
Znil-{-L/S Pgu,(n e X)Pg (X =L—n—y)
Kp(y) = ‘

Pp s (L € X)Pp s (X = 3 — )

The rest of the proof consists in showing that Gz (y) and K7 (y) are bounded above
uniformly in L e Nand y € {0, ...,3L/4}. We will focus on G, since K, can be
treated similarly. The constants cy, ..., cs4 below are positive and independent of
L,n,y. By recalling (3.2) and since L —n —y > L/4 when n € {0,...,L/8}
we can claim that in the numerator of G (y), the term Pguy(X=L—n-—y) is
bounded above by ¢;/L*3 independently of n while Zﬁi % Pgug(n € X) < e L3
for every L € N. For the denominator, (3.2) tells us that Pg ,,,(L € X) > c3/ L33
and that

3L 3L c4
P,lelﬂ XZT—_)/ ZPﬂsM,B XZT zm, LEN,yG{O,,3L/4}
This completes the proof. [

Step 2: Proof of Claim 5.1. 'We recall (2.22) and the Definition 3.2. For every
Jj =1, weset

rj—rj,l—l le_l .
(5.34) Riz= Y (=D Ve pil= Y (=DNV/|
i=0 i=0

so that (R;);>1 is an ii.d. sequence of random variables satisfying |R;| =
|[M*€(j)| for every j > 1. We note that, for n > 2,

T L = Tn—l,% + (=)™ [1{Vrn71:0}5n

n

(5.35)
+ (v, 20y (—sign(Ve, 1)) [Ra(y, L)

and we define the filtration (F,),>1 by
Fo=0(et,....en, Vi)izr,—1), neN.

The expectation of T, L conditioned by F,_; is easily computed since 7, _, L is
JFn—1 measurable. Therefore, for n > 2 we obtain
Eﬁ,uﬁ[Tn,% | Fn-1]

(5.36) '
= Tn—l,% _ (—l)f"*lSlgn(vrn_l—l)Eﬂ,u,s[1{\/()750}R11{X1§%}]’
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and with the subsequent notation

(5.37) e1(x) =Ep 15[ 1vo£01 Ri1(x, <x1], xeN,
we can rewrite T L —Q L J L such that

n
QL =M1y 1)+ ZMQXCUN{er%}

n,
r=2

+ (=D 'sign(Ve,_ —Dei(L/ k),

(5.38)

n
(5.39) Ty b= @i(L/k) Y (=) sign(Vr,_, 1),
r=2
Equation (5.35) guaranties that (Q, L YneN is a L? martingale (it is L? since

IM®€(r)| < X, for r > 1). The proof of Claim 5.1 will therefore be complete
once we show that

(5.40) hm limsup Pg, Mﬁ( max |Q | > ﬁLl/3> =0,
k=00 1 500 <cLl/
13\ _
(5.41) kli)rglohznsupP,g Mﬂ( max EIERD )_o.

We begin with (5.40) and we apply Doob inequality with the fact that (Q n L JneN

is an L? martingale to assert that

4Ep 11 [Q§L1/3,%]

1/3
(5.42) Py M( max 9, 4| = nL / ) TRTE
and that
2
Eﬂ,uﬁ[QCLm’%]
2
(5.43) =Ep 1, [(M™(1)) 1{“%}]
CL1/3
+ 2 Epus (MO0 1y, 1y + (D7 Isign(Vr,_, D)1 (L/K)7].
r=2

At this stage, we recall (2.22) and (5.34) which yield that (M¢(r))? = R2 for ev-
ery r > 1. Moreover, (R;),>1 is an i.i.d. sequence of random variables and there-
fore, we deduce from (5.43) that

Eg.1p [Q§L1/3,%] = 2CL1/3(E/3,M/3[R%1{X15%}] + §01(L/k)2)
(5.44) 3 s
<4cL "Eg [R11{x15%}]’
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where the second inequality above is the result of Jensen inequality. As a result,
we need to bound from above the quantity Eg [R%1 {X1<%}], that is,

Eﬂ,uﬁ [R%1{X1§%}]

71—1 Vi — Vz
(5.45) =E5,Mﬂ[< +Z( i~ = !

2
Vi -1
2Vt
+ =D 17) 1{&5%}}'

At this stage, we substitute an expectation with respect to Pg to that w.r.t. Pg
in the RHS of (5.45). We proceed as follows. We define, for y € N, the set of
excursions Dy = sup; | D; y defined with

s—2
Dy, y = U!(vi)‘f;&: v;=0Vi<j—1landv; >0Vi>jand
j=0

s—1
s+z|vi|5x}
i=0

so that (5.45) becomes

(5.46)

Eﬂsl/«ﬂ[R%1{X1§%}]
(5.47) =23 3" Pp s (V)iZy = (1)iZy and V, <0)

s>1veDy,y

2

where the factor 2 in front of the RHS comes from the fact that negative and pos-

itive excursions contribute the same when computing Eg ., [R%1 (X, <L |- At this

stage, we recall (3.1) and we observe that for all v € Dy, we have

Ps((Vie1)Z) = ()32 and Vi1 = 0)
(5.48) i=0 i=0

1 — —
= g<1{vo=0} + 51{1}07&0})1’,3,#,3((%)525 = (v;){Zy and V; <0).
It remains to combine (5.47) with (5.48) to obtain that there exit c; > 0 such that
2
Eg up[Ri1 iy, <Ly]

T1—1 __ Vv 2
EC2E/3|:(__+ Y () ==+ (D" ”2 1)
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(549) X 1{V11,I>O,V-[l =0}1{X]§1+%}j|
_EIB[<Z( 1) U) Vzl—l>03V11:0}1{X1§1+%}i|

=Ge(1+7)
RS k)

For x € N, we decompose ¢»(x) with respect to the value taken by 7y, that is,

s 2
2(x) = ZEﬁ|:<Z(_1)lUi) 1{Vs|>O,Vs=0}1{fl=s}1{Xl§X}:|
i=1

s>2

=D o

§>2

(5.50)

We define for j € Nand V € {0} x ZN the geometric area seen from the minimum
of V after j steps, that is,

J
(5.51) Amin,j (V) = j+ "|Vi = min{0, Vi, ..., V}}]
i=1

and we define also
va3—{(U),1 1>011—SV—0X1<X}

(5.52)
Os,x = {(Ui)}zl Ve =0, Amin,s (V) < x}

and we apply to W, the s shifts 8/, j € {0,...,s — 1} defined by

07 (U, ... thg) = (Ujq1, .y Ug, UL, ... Uj).

The crucial point here is that for every (ui,...,us) € Ws, and every 0 < j <
s—1:

(@) 0/ (uy, ..., us) € Osx. .

() Pg((Ui,...,Us) = (ur,...,us)) =Pg((U1,...,Us) =0/ (u1, ..., uy)).

(©) Amins (a1, - tts) = Amin,s (07 ut, ..., uy)). |

(d) If s € 2N for (vy,...,v5) =6/ (uy,...,us) we have (Z‘i‘:l(—l)’vi)2
i (=D up)*.

(e) Forevery (vi,...,v5) € Uj;%) Qj(Wc,x) there exists aunique 0 < j <s — 1

and a unique (u1, ..., us) € Wy, such that (vy, ..., vy) =0/(uy,...,uy).

As a consequence, for every s € 2N and x € N we have the upper bound

(5.53) x < Eﬂ[(Z( 1)U) VS=0}1{Amm,s(V)5x}}
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and, moreover, one can show that there exists a ¢3 > 0 such that for s € 2N + 1
and x € N we have

(5-54) O x = C30s541 x+1,

since it suffices to add one increment equal to O in front of a trajectory from W ,
to obtain a trajectory from Ws1 x+1. We recall (5.50) and, as a consequence of
(5.53) and (5.54), we can claim that

(5.55) px) =Y +aavx+1), xeN,
with

Y(x) =) —pEﬂ[(Z( 1y’ U) 1(v5,=0}1 Amin,zp(V)Sx}:|

>1
(5.56) =

= Z V2px

p>1
We easily conclude that

V2p,x = 2E,3|:(Z( 1) Ul) 1{V2p—0 1{Am1n2p(v)<x}]

+2Eﬁ[< > (=1 U) (v, =014 mmzp<V><x}]

i=p+1

p 2
(5.57) = 4Eﬂ[(2<—1>’w) 1{V21:=0}1{Amin,2p(V)SX}]
< 4&[(2( 0% U) 1(v,,=01 Amin,,,<v>5x}}

=4A, ,,

where the equality between the RHS in the first and in the second line is obtained
by time inversion. We also observe by applying the Markov property at time p that

p 2
(5.58) Ap,xzzEﬁKZ(—l)’Ui) 1{v,,:yﬂ{Amm,pw)y}}l’ﬂ(" =)
i=1

yeZL

and it remains to use a local central limit theorem in Durrett ((2010), Theo-
rem 3.5.2) to claim that there exists a c5 > 0 such that for every y € Z we have
that Pg(V, =y) < % Finally,

P ‘ 2
659 VW25 Y [(Z(—l)’w) uAmm,pmfx}}.
i=1

p>1
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At this stage, we let (G,),>0 be the natural filtration associated with (U;);en and
we set

(5.60) T, i=inf{j > 1: Apin (V) > x},

which is a stopping time with respect to (G,),>1. For every p € N, the inequality
Amin,p(V) < x implies that p < T, and, therefore,

p . 2 DPATy
(5.61) Eﬁ[(Z(—l)lUl) 1{Amin’p(V)§x}:| SEﬂ|:<Z( 5} U) ]
i=1

Using that [(Z?:l(—l)iUi)z — nEﬁ(Ulz)] is a (G,),>1 martingale, we can assert
that for every p € N,

PAT
(5.62) {( > (=1) U) } =Ep(T: A p)Eg(U?).

Thus, (5.59)—(5.62) allow us to assert that there exists a ¢cg > 0 and ¢7 > 0 such
that

1
w(x)<c62 3/2E5(T)€/\p)_c6z 3/2E,B(p1 TX>P +Tx ‘[x<p})
1P 1P
(5.63) "~ -
Tx 1 o0 1
= ceEp [Z — 4+ Y T/Q} < 7Eg(VTx) < c7,/Ep(Tx)
VP p=Tx+1 p

so that finally (5.55) and (5.63) yield that there exists cg > 0 such that for every
x €N,

(5.64) ¢2(x) <8 /Ep(Ti4x),  x €N

At this stage, we combine (5.42), (5.44), (5.49) with (5.64) (at x = L/ k) and we

obtain that there exists cg > 0 such that
/Eg N‘EZ L
#

Pﬂ*“ﬁ( max |9, L|>"Ll/3><c9 n2L1/3

n<cLl/3
Thus, we complete the proof of (5.40) with a straightforward application of
Lemma 5.5 (proven in Step 5).
We continue with the proof of (5.41). We apply Cauchy—Schwarz to (5.37) and
we recall (5.49) to conclude that there exists a ¢; > 0 such that
(5.65) 1) < Ep iy [Ri1pxy20] % < crn 0!/,
Then we use (5.64) and Lemma 5.5 to conclude that there exists a ¢ > 0 such that

(5.66) @1 (x) < cox /6, x eN.
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We recall

Jo L= g1(L/k) > (=D 'sign(Vr,_ 1)

r=2
) LeN
is a tight sequence of random variables.

The idea to perform this proof consists in rewriting the sum in (5.67) as a sum
of i.1.d. centered random variable with a finite second moment. To that aim, we set
ro = 0 and for every x > 0 we define r14, :=min{j >r, + 1: Vi, = 0}. Then, for
every x € Ng we define Y, as

and, therefore, (5.41) will be proven once we show that

1
(5.67) <m max

n<cLl/3

n
> (=7 sign(Ve,_, 1)
r=2

Fx+1
Yei= Y (=DYsign(Vy;-1)
Jj=ry+1
(5.68)

Ix+1—Tx
= (—1)"x Z (=1)%+rx"Trx Sign(vfj+rx —1).
j=1
We have implicitly divided the V trajectory into groups of excursions indexed by x.
Except for the very first group (x = 1) every other group begins with an excursion
starting at O and the sign of this first excursion is given by &, 11. Then the sign
of the other excursions in the group are simply alternating so that the sign of the
(rx + j)th excursion is

. i—1
Slgn(Vrrxﬂ—l) = 8rx+l(_1)j .
As a consequence, we may rewrite, for x > 2

x+1—Tx
(5.69) Yy=¢&r +1(—1)"Zy with Z, 1= Z (=TTt =1
j=1
At this stage, we denote by Gexc(x) the part of the V trajectory (in modulus) made
of the r41 — ry excursions contained in the group indexed by x, that is,

Gexc(x) == (|VT,X l, |Vr,x+l|» cees |Vr,<x+1—1|)~

We easily observe that (Gexc(x))x>1 is i.1.d. We also observe that Z, is a function
of Gexc(x) only and that r,y1 — ry follows a geometric law with parameter 1 —
e P2 [ie., Ps (Vi =0[|V; > 0)]. As a consequence, (Zy)y>1 1s an i.i.d. sequence
of random variables with a finite second moment. We recall Remark 3.3 which
tells us that (&;);>0 is independent of (Gexc(X))x>0. Since for every x > O the
random variable (—1)"x is 0 (Gexc(j), j > 0) measurable and takes values —1
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and 1 only, the fact that (g;);>0 is an i.i.d. sequence of symmetric Bernoulli trials
implies that (&, 4+1(—1)%r),>0 is also an i.i.d. sequence of symmetric Bernoulli
trials independent of o (Gexc(j), j = 0). As aresult, (¥y),>1 is an i.i.d. sequence
of centered random variables with a finite second moment. Thus, the tightness of
the sequence of random variables in (5.67) is a straightforward consequence of
Donsker invariance principle.

Step 3: Proof of Claim 5.2. 'We set

Br ; ::{ max F <17L1/3}
jseLl3: x;<k
(5.70)
cL'3

j=1

and we use (5.16) to recall that the sequence (F) jen is i.i.d. so that

1/3 _ 1/3 L
(5.71) Pﬁ,uﬁ (BL.,) = ecL log(1-Pp s (F1=nL'3 X1 <% ))'
Thus, (5.71) guarantees that the proof of Claim 5.2 will be complete once we show
that for every n > 0,

o 1/3 1/3 L

(5.72) lim limsup L Pﬁ,uﬁ Fi>=nL77, X1 <—])=0.
k=00 [ 500 k

By using the mapping of trajectories introduced in (5.45)—(5.49), we again substi-

tute the law Pg to Pg ;,, in the RHS of (5.72). We indeed obtain that there exists a

¢ > 0 such that

L
(5.73) Pg i (F1 >nL'3, X < ;) <cPg(CL.p),
where
L
674 Cop={Fzal v > 0v =0 x <1+ ]

and with an alternative description of F7p, that is,

i

> (-1

s=1

1
5.75 Fi:=—
(575) Y

We slightly modify the notation in (5.52), that is, for x € N,

Wiy i={(U)i_;: Vso1 > 0,11 =5, Vy =0, X; <x, F; > nL'/?3},

(5.76) _ n
Oy = {(Ui)le Ve =0, Apins(V) <x, F| > §L1/3}
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and we note that

(5.77) Cry=W, .

§>2
We apply to W, the s — 1 shifts 6/, j € {0, ..., s — 1} defined by
Qj(ul,...,us)=(uj+1,...,us,ul,...,uj).

The crucial point here is that for every (uy,...,us) € 17\75, y and every 0 < j <
s — 1, the Rroperties (a)—(c) and (e) stated below (5.52) are still satisfied here with
Ws » and Oy , instead of Wi  and O; , whereas the (d) property is replaced by

(5.78) max (=Dl > = max (=) |,
jell, ., }; 173 jells) ; !
with (vq,...,v5) =607 (uy, ..., us). As a consequence, we obtain the following
upper bound:
nLl/3 L
(579  PyCLp<Y P,e(Fl > T Ve =0, Amins < )

s>2

At this stage, we consider a sequence of s increments (U;);_, such that the as-
sociated V trajectory satisfies Vs =0 and Apin s(V) < % Then the V trajectory
deﬁned by V Vs i fori € {0, ..., s} has increments (—Us41-;);_; also satisfies

=0 and Apin s (V) < L We can use this auxiliary trajectory and check easily
that F1 <max{Fi 1, F12} Where

Fi = (-D~'v;| and
Jell,.., L 1 +1} Z
(5.80) .
J
Fip:= max (-~ 1y,
Jell3 I+, s}; l
Moreover,
Fip < max Z( DI + (1! Z( DN (=Ugg1-i)
Jellz]+1,..., sHiZ i
(5.81) < )y ~lu; max Z( D' (=Ugq1-0)
jell 51+
s . ~
=Y (DU + Fi 1,
i=1
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and a straightforward computations gives us that | Y ?_, (— DHi-ly; | < F11+ F 1.1
Thus,

(5.82) Fi <3max{Fy 1, Fi 1}

and we note that, conditioned on ‘75 =0 and Amin,s(V) < %, the two random
variables F1 1 and F 1.1 have the same law. As a consequence, F can be replaced
by F1.1 in the RHS of (5.79) and the proof will be complete once we prove that,
for every n > 0,

o 1
(5.83) lim limsup L'/? Z ;an,s,L,k =0,

k—o00 L—o0 §>2

where
13 L
Qn.s, Lk = Pﬁ Fl,l >nL"/", Vs =0, Amin,s =< ; .

By Markov’s inequality applied at time #; := [ 5] + 1 we can write that for every
s>2,

L
Oys, Lk = ZP,B(FI 1>nL 173 VtA —y»AmmtA _Z>
veZ
(5.84)

xPg(Vs—t, =)

so that it remains to use the local central limit theorem in Durrett ((2010), Theo-
rem 3.5.2) to claim that there exists a ¢ > 0 such that for every y € Z we have that
Ps(Vi, =y) <= and to sum over y to obtain

Z Oy,s, L

s>2

L
<cy, 3/2Pﬁ<Fl 1> L', Aming, < ;)

§>2

)ll

L
(5.85) <2¢ Z p3/2P/3( max > nLl s Amin, p41 < E)

p=1 P77 U

j _ L
(5.86) <2y 3/2Pﬁ(.max Y =Dty >77L1/3,Amm,p§z>,

e ellp}|iT

where the second inequality in (5.85) is obtained by noting that #;,, = 13,41 for
every p > 1. At this stage, we recall the definition of 7 in (5.60) and we recall also
that for every p € N, the inequality Apin p(V) < % implies that p < 7} /4 and,
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|

therefore,

| &~

J
Y (=D > L', Ain,p <

i=1

(5.87)

JATL/k

Z( l)ll

>17L1/3}.

Moreover, Ty /i is a stopping time and o (= 1)i- Ui)nzl is a martingale so
that by Doob inequality we can claim that

JATLk

Z ( l)l lU

) < BaU S D o)
=0 2123

(5.88)
_ Eg@un P)Es(UD)
2123 ’

where we have used that [Z:‘l:l(_l)i_l U)?* — nEﬂ(Ulz)]nzl is a martingale. At
this stage, (5.83) becomes

1 E A P)Eg(U
(5.89) lim limsup L'/ Y~ — pELe A PESWUD) _ o

k=00 00 p>1 P 2L2/3
so that, by mimicking (5.63), it remains to prove that

(5.90) lim lim sule/3 Tk =0,

k=00 | 500

which is a straightforward consequence of Lemma 5.5 proven in Step 5 below.

Step 4: Lemma 5.5. In this section, we state and prove a lemma that allows us
to control the growth of T, as x — oo.

LEMMA 5.5. For every B > 0, there exists a ¢ > 0 such that Eg(Ty) < cx?/3
for every x € N.

To prove the lemma, we need to divide every V trajectory into pseudo-
excursions. To that aim, we define two sequences of random times, that is, ng =0
and for every i € N,

ni = 1inf{j = n;i: Vjy1 > Vj},
(5.91) s !
ni = inf{j > 7n;: V; < V3, ).
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The pseudo-excursion indexed by j € N is given by (V, JRESE Vi JIRTE, Fp Vi j)
and we associate it with the quantity
(5.92) Xj=nj—nj—1+ Y, Vi—Vy.
i=ﬁj+1

At this stage, we observe that every pseudo-excursion starts with a nonincreasing
part of length 7 followed by a real positive excursion (seen from Vj) of length
n — 1. The quantity X corresponds to the total length of the pseudo-excursion plus
the area swept by its real excursion. Henceforth, we will abusively call it the area
of the pseudo-excursion.

For n € N, we denote by m, the number of pseudo-excursions that have been
completed before time n and by a, the number of pseudo-excursions that have
been completed before their cumulated area reaches n, that is,

(5.93) my :=max{j >0: n; <n},
(5.94) an:=max{j >0: X, +---+ X, <n}.
At this stage, we define an increasing functional of the trajectory, that is,

Rn:}?l+"'+5€mn+(” nmn)+ Z V

i= 77mn+1

77mn

It is easy to see that R, is bounded above by A, for every n € N and every
trajectory V such that Vjy = 0. Therefore, by recalling the definition of Ty in (5.60)
and by defining

(5.95) Ty:=inf{j > 1: Rj(V) >x},

we can claim that T, > Ty for every x € N and every V. For this reason, the proof
of lemma 5.5 will be complete once we show that there exists a ¢ > 0 such that
(5.96) Eg(®) <ex??, xeN.

The following claim shed lights on the fact that pseudo-excursions seen from their
starting point are i.i.d.

CLAIM 5.6. Under Pg the pseudo-excursions, that is, {(Vy, +i —

Vi 1)77, "7t i > 1} are i.i.d. Moreover, for every j > 1 the sequences (Vij_i4i—

V- 1)77, =1 and (Vijj+i — Vr,j)nj i are independent as well.

PROOF. The proof of the claim is a straightforward consequence of strong
Markov property combined with the fact that 1 +7; and »; are stopping times for
every j >1. U

With the following claim, we compute the conditional expectation of 7, with
respect to {ay, X1, .. Xax} This will be the key object to prove (5.96).
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CLAIM 5.7. Forevery x € N,
Eg (%o (ax, X1, ..., Xa,))

(5.97)
N 2 I = >
=Y epXPXT" + g — X1 — - = Xa)
j=1
with
m
g0 i=Es| %1 =5 ana
(5.98) X

gs(») =Eg®|X1>y), yeN

PROOF. We pick k € N and (xq,...,xr) € N such that Zf;l x; <x and we
set

A:={ay =k, X;=x;fori=1,... k)

(5.99) B N k
={Xi=xifori=1,.. . k}N{ X1 >x—) x
i=1
and also
Aj =X =x;forie{l,....k}\ {j}}
(5.100) - k
N Xk+1>x—in , J<k
i=1
and
(5.101) A={X;=x;fori=1,... k.

We use the equality 7, = Z?‘: \Mj — Nj—1+ Tx — 1)q, to compute

k
(5.102) Eg(@ia) =Y Ep[(nj —nj—)1a] +Ep[@ — nm)1a)-
=

At this stage, we note that for every j € N the random vector (n; — -1, X;) isa
function of the jth pseudo excursion only and, therefore, Claim 5.6 above yields
that (17, —nj_1, X;)j>1 is an i.i.d. sequence of random vectors. As a consequence,
for every j < k we write

Eg[(nj — nj-014] =Ep[(n; —nj-01z,—. ) |PslA]]
(5.103) =Epep(X X7 15, [PslA;]

= Eﬁ[gﬁ()?]))?f/?,'lA]
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Moreover, under the event A, the quantity 7, — n; only depends on (V;,4; —

Vi)t ™™ and one can write

j
fx—nkZiﬂf{jil3J+ Z Vieri = Vi = Zx,}
i=Mk1— M +1
Therefore,
k -
Eg[(@ —no)1a] = Eg [gﬂ (x - th')1{ik+1>x—zif=1xi}]Pﬂ[A]’
i=1
(5.104) ’k
Eg[(Tx —m)1a] =Ep |:§ﬁ (x - sz')u}
i=1
so that (5.102)—(5.104) complete the proof of Claim 5.7. [J

With Claim 5.7 in hand, the proof of (5.96) is a consequence of the 3 inequalities
displayed in Claims 5.8 below.

CLAIM 5.8. Forevery B > 0, there exists a C > 0 such that

(5.105) Eﬁ[ 2/3]X1_x <C, xeN,

(5.106) Eﬂ[ 2/3‘X1>x <C,  xeN,
a X2/3-

(5.107) Eﬂ[z 75| =C. xeN.
j=1 J

PROOF. We need to introduce some more notation to prove those three
inequalities. We recall (2.13) and we note that, under Pg the first excursion
(Vo, ..., Voy,—1) can also be divided into two independent processes, that is,
Vo, ..., V) and (Vi , ..., Vip,—1) with

(5.108) Ny:=max{i >1: Vi=Vo=---=V; =0}.
We can therefore rewrite X| = ‘ffll + Z; and X 1=n+ V4 1 with
N N —1
Zy=M -+ )
i =N +1
(5.109) e
n—1

Zi=m—m+ Y. Vi— V.
i=f1+1
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We observe that ‘)Ntl and 71 both follow a geometric law on Ny yvvith param-
eter Pg(U; = 0) and Pg(U; < 0), respectively. Moreover, (0 — My, Z1) and
(n1 — 11, Zl) have exactly the same law since (|V€711|’ ooy | Vo =1 and (V, —
Viis oo -5 Viyy—1 — V3,) themselves have the same law which can be seen also as the
law of (V(), ey Vm]_]) under P/g(-|V1 > 0).

We will also need the fact that there exists a ¢ > 0 such that

(5.110) Pg(Y =x) = 4/3( +o(l1))  forY e{Xy,X1,Z,Z;}and x € N.

To prove (5.110), we first observe that (3.2) is exactly (5.110) for X;. From this,
we deduce that (5.110) is true with Z; as well by using

1 2 .
Pﬁ(Y:X):E A oy (t)e " dt, xeN,Y e{Xy, Z;}

(qby bemg the characterlstlc function of Y) in combination with the fact that

‘ﬁl + Z1 and that ‘ﬁl has a geometrlc law and is 1ndependent of Z;. As
a consequence, (5.110) holds true for Z 1 also since Z and Z | have the same law.
Finally, the fact that X, = 1+ 71, that 71 has a geometric law and is independent
of Z 1 allows us to conclude that (5.110) is satisfied for X 1 as well.

For the sake of conciseness, we will not display the details of the proof of
(5.105). The reason is that the same inequality is proven in Carmona and Pétrélis
((2016), Lemma 4.11) with 911, X instead of 7, Xi. Then the equalities X; =
‘ﬁl + 7 and X1 = m +Z1,the equality in law of (D] — ‘ﬁ], Zy1)and (n1 — 11, Zl)
the fact that 77; and ‘ﬁl have geometric laws (and therefore light tails) and (5.110)
are sufficient deduce (5.105) from Carmona and Pétrélis ((2016), Lemma 4.11).

We continue with (5.106). We will assume for simplicity and in this proof only
that x'/3 € 2N. The case where x'/3 ¢ 2N is taken care of similarly. We use (5.110)
to claim that there exists a ¢ > 0 such that Pﬁ()N(l >Xx) = #(1 +0(1)), therefore,
the proof of (5.106) will be complete once we show that there exists a C > 0 such
that

(5.111) Eg(fc1(g,-0) <Cx'?, xeN.
We introduce for every y € N the stopping time
J
(5.112) Ty:=inf{j>1: j+> Vi — Vi >y
i=1

so that under the event {X; > x} we have %y < 711(55,5x) + (71 + Tx—iiy) 171 <x)
and it allows us to rewrite (5.111) as

(5-113) Ep(Ta1(%,5x) S Eg(i1) + Ep(Taeiy 15 <x} (%, 5x) = M1x + M2 .

The first term M . in the RHS of (5.113) is simply bounded above by Eg (i)
which is finite since 771 has a geometric law. Therefore, it remains to control M>
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and since 7| is independent of (V, — V3, ..., V-1 — V5,) which (as explained
above) has the same law as (V; ?11(; ! under Ps(-|Vi > 0) we simply rewrite [re-
call (2.4)]

x—1

My =Y Py(ii = k)Eg(Tr—1 (Z1>x—k})
(5.114) =0

x—1
=Y Pp(ii =EgE i1 x,>x—4) V1 > 0).
k=0

From (5.114), we deduce that the proof of (5.106) will be complete once we show
that there exists a ¢ > 0 such that

(5.115) EsEclx > lu=0p) <ex'?, xeN.
To prove (5.115), we write Eg(§1(x,>x}1(v,;>0}) < T1,x + T2,x with

Tix =Eplsctyy, <orm >0 1(x >0,
(5.116)
%,x = E,B[Sx1{V§x>%xl/3}1{U1>0}1{X1>x}]-

The terms 77  and 7 . are taken care of in a similar manner, but proving that
there exists a ¢ > 0 such that 7 , < cx1/3 for every x € N is harder than proving
the same inequality for 7] . For this reason and for conciseness, we will only deal
with 75, here.

We let L 1,3 and L 313 be the last time at which V crosses x!/3 before time &,

and the first time (after L .1,3) at which V crosses %xl/ 3, that is,

Lyis:=max{j€{0,...,&}:V; §x1/3},
G117
L

%x1/3 = mln{] >T. +1: Vj < §x1/3’ Vj+1 > §x1/3}'

We observe that & — L3 < x%/3 since after L,15 the trajectory remains
above x!'/3 up to time &,. Therefore, there exists a C > 0 such that Egl(éx —
L3)1w,>0)1(x,>x)] < Cx!/3 for every x € N and we can safely substitute L 1/3
to &, in the definition of 75 ,. We define also

Oy = {(jl,jz,y1,yz,21,zz) € (Ng)®: j1 < ja<x,z1<z2<xand

3
SRRVERT|

and we split the expectation defining T>.x depending on the values (ji, j») taken
by (T,1/3, T%xm) and (y1, y2) taken by (Vj 41, V},) and also (z1, z2) taken by
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(Kj1 , sz). Thus,

(5.118) 75,96 = Z Z ij,B(lev)’l,Zl N Ijl,jz,n,zz N sz,){%)’

U1 J2:31,32,21,22)€0x y35 3173

with
Wi ={Vi>0,Vie{l,..., i}, Vj, <x'/,
Kj =z, Vi1 =y}
3 o .
Ljy joyazn = {x1/3 <Vi=< 5351/3,\7'1 e{in+1,..., 2},
(5.119)

Vj2=y2,Kj2=Z2},
sz,y3 = {Vj2+1 :y3v ‘/l > x1/3’Vi € {.]2+ 17 ~--9EX}’
3
Ve, > —x1/3}.

2

Provided we change the equality into an inequality, we can safely restrict the event
Jj, in the RHS of (5.118) to {V,41 = y3}. Then we apply the Markov property at
time j; + 1 and j, and we obtain

To.x < > Yo APs(Wjy o)

U172:31552:21,22)€0x 35 351/3

(5.120) N
X Py (Lji jo.y2.21.22) PRy, (VI = y3),
with
~ 3 S,
Ljy joyriza = {x1/3 <Vi< 5x1/3,Vl <h—j—1
(5.121)

Vi—h—-1=y2,Kj—jj-1=z22—z21 — 1 = )’1}-

At this stage, we map every trajectory (V,-)i“:“(;1 taken account in Wj, y, ., onto an
associated path which equals V up to time ji, then touches x'/3 at time j; + 1 and
is equal to 2x!/3 — y; at time j; + 2 (i.e., we reflect Vj,+1 with respect to x13 to
obtain the position of the image of V at time j; + 2). Thus, we obtain a new set

Wj[,_)’l,ll = {‘/l >O’Vl € {la---vjl}y le §x1/3aKj1 =211,
(5.122) s s
Vi =x"2,Vj i =2x"7 —y},

so that Pg(Wj, y, z) = cgPp (ng,yl .z1)- We also reflect every piece of trajectory in
L\ j».v2.21.2, With respect to x1/° and we denote by I}, j, 1, 2., the set containing
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the resulting paths, thus

(5.123) Pgyi Uji joyazr,z) = P,B,2x1/3—y1 jy. jo.yaiz1.22)

and
7. 1 1/3 1/3 i _ .
Lj joya,z1,22 C Ex <Vi<x P \Vi<jp—j-—1,

1/3
VjZ—jl—l =2x / _yZ’sz—jl—l =22 _Zl}-

With the help of (5.122)—(5.123) and by summing over y3 in (5.120), we obtain

Tax < cp > JPs(W y, 2)

(J172:Y1,¥2,21,22)€0x
(5.124)

~ 3
X Pgois_y (i joyaz1.2)Pp (Ul > 5x1/3 - YZ)-
Since U; has a geometric law, there exists a ¢ > 0 such that Pg(U; > y) =
cPg(U; = y) for every y > 0. Therefore, there exists a constant ¢ > 0 such that

we can substitute Pg(U; = y, — —x1/3) to Pg(U; > 3x1/3 — y7) in the RHS in
(5.124) and write

Tox <c > IPs(Wjy y.2)
(J15J2:Y1,¥2,21,22)€O0x

p =~ L 43
X Egoxl/3_y Ij jp,yaz1,20 0 ij_jlzix .

At this stage, we let Cj, j, .y, y2.21.22 be the set of paths obtained by concatenating
trajectories in le y1,z; and in IJ1 jynziza M Vjp—jy = 2xl/3} that is,

(5.125)

Cii oz
c {V,- >0,Vie(l,..., 1}, Vi, <x'P K;, =21, Vigj, =x'3,
(5.126) Vapj, =2x'3 — yléxm <V <x'/3,
Vi€ 24 i, o)y Viprr = 2217 =y,
Kitj<z+x'P V= %x1/3}
and it is fundamental to note the Cj, j, y,.y,21.20 With (j1, j2, y1, y2, 21, 22) € Oy

are disjoint. The final step of this proof consists in attaching at the end of every
path in a given Cj, j, y,.y,.7,,z, another path which will reach the lower half-plane
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in such a way that the area swept by the whole excursion belongs to [7, 2x]. We
continue this computation by noticing again that by the Donsker theorem

lim P, 1/3<V <x1/3 Vi<t K, e[; })

X—>00 ﬂ
(5.127) ,
:PB():% (Bs <1,Vs €[0, 78], Ary € |:§, 1:|) >0,

and, therefore, we can assert that there exists a ¢ > 0 such that for every x € N, it
holds that

Tox <c Z JIPB(Cjy o, yi,yv2,21,22)
(J15J25Y1,52,21,22)€0x

(5.128) x P, ;M(Vi <x!'P Vi<t K. e [%x})

< B[ Trnax 513 11 =041 1113 301y ] = B [T, 133011

with Ty s i=max{i <@ V; > x1/3}. This provides us the expected upper

bound on Tz, x and the proof of (5.106) is complete. [

We conclude this section with the proof of (5.107). To begin with we recall the
definition of a, in (5.93) and we note that by definition of a;

ay ay I+4ay

52/3 S2/3,

(5.129)1«:,5[2)(]. } :E,{Z X%, <) } <Eﬁ[z X315, 20 ]
j=1 j=1

Since 1 + a, is a bounded stopping time with respect to the filtration (o (X1,...,

X;))n>1 and since (37 X,~1{)}j§x} —nE/j’M (X11{§1§x}))n21 is a martingale, we

can rewrite (5.129) as

Ay
S2 3
(5.130) Ep [Zx 1%, <x}} <Eg(l +a,)Eg(X; 2/ 1(%,<x))-
—

A straightforward computation with the help of (5.110) guaranties that there exists
a ¢ > 0 such that Eﬂ(iz/31{xl<x}) < cx!/3 for every x > 1. Then it remains to

show that Eg (ax) < ¢x1/3 for some ¢ > 0 and for every x € N. To that aim, we
denote by F~! the pseudo-inverse of the distribution function of X and we set
['j:=y1+---+y; (for j > 1) with (y;);>1 an i.i.d. sequence of random variables
with exponential law of parameter 1. We write

Eg(ay) =) Pglay > k)
k>1

X
(5.131) =Y PKi 4+ Xy <)
k=1
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X
<Y Pg(max{Xy, ..., Xx} <x)
k=1

X
=Y Pg(F ' (Tk/ Tis1) < x)
k=1
and the last equality holds true because I'x/ I'x41 has the same law as max{Ujy, ...,
U} with (U;)i>1 an 1.i.d. sequence of random variables with uniform law over
[0, 1]. Then (5.110) allows us to use Carmona and Pétrélis ((2016), Lemma 4.10)
and, therefore, F*I(u) ~c/(1— ulasu—>1".Asa consequence, we deduce
from (5.131) that there exists a ¢ > 0 such that

o k
(5.132) Eﬂ(ax)=0(1)+ZP5<y1 1/3) 0(1)—|—Ze 7,

k=1
and this is sufficient to conclude.

5.3. Proof of Proposition 2.5. We shall prove first the second limit. Thanks to
the independence of D and B the process

~ ds
N(s) := D(s) — D*(s) =/0 1ugry) dDy
is an L? martingale, and by Doob maximal inequality

C
]P’( sup |N(s)]| >8> <= [N(l) ]
s€[0,1]

o
:_2/ P(u ¢ Ty, u < ay)du.
& 0

Since the excursion process of Brownian motion is sigma-finite, we have for all
u: P(u ¢ I'y) — 0. Therefore, we can conclude by dominated convergence if we
can prove that E[a;] < 4-oc. This is indeed true since Y; = |B|4(;) conditioned by

Y (1) = 0 is distributed as (2,0,)2/3 with (p;)o<s<1 a Bessel bridge of dimension
6 =4/3. Therefore,

Efa] :E[/l ds] C/ —2/3

Since p; has density

21 1
e on{ 5 (11L5).

we see that, by symmetry,

T s [ a2
Elai] < Cf t / X e 27 |dt < +oo.
0 0



SHAPE THEOREM FOR CRITICAL IPDSAW 929

We now prove the first limit of Proposition 2.5. Given n > 0, since E[a] < 400
there exists A = A(#n) such that

1
Pla1 > A) < 5’7-
By Kolmogorov’s continuity criterion given 0 < y < %, the random variable
B, — B
K:= sup 1B; — By|
O<s<t<A [t —s|”
has a small moment: there exists § > 0 such that E[K] < +o0.
If s <1 then, on {a; < A},
|B(s) — B"(5)| = | B(ay)|La,¢rp)
=|B(as — B(g(as)|1(a,¢ry)
< lay — g(ay)[" K 1(a,¢ry)

1

< —K.
=

Therefore,

P( sup [B(s) — BX(s)| = ¢)
s€[0,1]

<P(a; > A) +IP’( S%p]]|§(s) — BX(s)| = £1a1 < A)
s€|0,

1 1
P(K >k"e) < -n+ ——FE
n+P(K > 8)_277+(ky8)6

=

M| —

for k large enough.
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