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MALLIAVIN CALCULUS APPROACH TO LONG EXIT TIMES
FROM AN UNSTABLE EQUILIBRIUM

BY YURI BAKHTIN1 AND ZSOLT PAJOR-GYULAI
New York University

For a one-dimensional smooth vector field in a neighborhood of an un-
stable equilibrium, we consider the associated dynamics perturbed by small
noise. Using Malliavin calculus tools, we obtain precise vanishing noise
asymptotics for the tail of the exit time and for the exit distribution condi-
tioned on atypically long exits.

1. Introduction. Exit problems for small random perturbations of random
dynamical systems have been studied for several decades. The most celebrated
asymptotic results in this direction are large deviation estimates of the Freidlin—
Wentzell theory and their extensions; see the classical book [9].

There are situations when large deviation results are not sufficient for detailed
analysis of the system’s behavior. In particular, the analysis of noisy heteroclinic
networks, that is, systems with multiple unstable equilibria connected to each other
by heteroclinic orbits, requires studying distributional scaling limit theorems for
exit points and exit times. This approach allows for an iteration scheme that leads
to a detailed description of typical diffusion paths on time scales logarithmic in
noise magnitude ¢ > 0; see [1, 3, 4]. In those papers, the results on the asymp-
totics of exits from neighborhoods of critical points extend the results of [11] and
[7] where the leading deterministic logarithmic term for the exit time 7° and the
leading random correction to the logarithmic term were computed. Namely, for a
class of initial conditions near the critical point (or the associated stable manifold),
it was established that if A > 0 is the leading eigenvalue of the linearization of the
dynamics near the critical point, then

e 1
T leogg + 6.,

where random variables 6, converge in distribution as ¢ — 0. Moreover, the lim-
iting distribution is nontrivial and has explicit representations. The associated dis-
tributions of exit locations were also studied in [8] and [2].

To extend the results of [1, 3, 4] to longer time scales, one needs to study rare
events responsible for the unlikely transitions in the heteroclinic networks. One
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such rare event can be described as withstanding the repulsion near an unstable
critical point for an atypically long time. Thus, we need to study the asymptotics of
the tail of 7.. The best results in this direction, to the best of our knowledge, were
established in [12], where a large deviation estimate in the form of logarithmic
equivalence was obtained:

logP(z® > ¢ log %) _

a—1, o> 1.
e—0 loge
In this paper, for the one-dimensional case, we provide more delicate estimates
proving that for all & > 1,

1
(1) P(r5 > %log —) = A7 (1 +0(1)), e —0,
P

and computing the precise value of the constant A; see our main result, Theo-
rem 1.1, below. We give an explicit expression for A in terms of the starting point
ranging through a neighborhood of the critical point that we describe. We also ex-
plicitly compute the limiting distribution of the exit location conditioned on the
rare event of withstanding the repulsion for an atypically long time, and it turns
out that it does not depend on the starting point within that neighborhood.

It is essential for our proof to study the asymptotic behavior of densities of
certain auxiliary random variables. Besides the traditional methods of stochastic
analysis, we use the Malliavin calculus tools. We believe that our approach can be
extended to higher dimensions, although the extension is not straightforward, and
it will be addressed in a separate paper.

Let us now introduce the setting more formally. We will consider the family of
stochastic differential equations

) X (1) = b(Xe (1)) dt +£0 (X (1) dW (1),

on a bounded interval 7 = [¢g_, ¢+] C R, where the drift is given by a vector field
b € C*(R) and the random perturbation is given via a standard Brownian motion
W with respect to a filtration (F;);>0 defined on some probability space (€2, F, P).
The noise magnitude is given by a small parameter ¢ > 0 in front of the diffusion
coefficient o € C*(R) which is assumed to satisfy o (0) > 0. Although we are in-
terested only in the evolution within Z, we can assume that b and o are globally
Lipschitz without changing the setting.

Standard results on stochastic differential equations (see, e.g., [10]) imply that
for any starting location X?(0) € Z, equation (2) has a unique strong solution up to

7 =inf{t > 0: X,.(¢t) € 0L},

the exit time from 7.
Let (S”);cr be the flow generated by the vector field b, that is, x(z) = S"x is
the solution of the autonomous ordinary differential equation

3) i) =b(x(1),  x(0)=xp€eR.
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We assume that there is a unique repelling zero of the vector field b. Without loss
of generality, we place it at the origin. In other words, we assume that b(0) =0
and, for some A > 0 and 1 € C*(Z),

4) b(x) = Ax + n(x)|x|%, xel.

Note that since the origin is the only zero of b in the closed interval Z, this as-
sumption implies that for all x # 0, there is a uniquely defined finite time 7 (x)
such that ST™ € 3.

Under the condition (4), the map f : Z — R defined by

o0
(5) fx)= tlingoe“S_tx =x —/ e n(S™0x)|S ™ x|*ds
- 0

is a C?-diffeomorphism; see [8]. It preserves the order on R, so

flg-) <0< flg).

Our main result is the following.

THEOREM 1.1. Consider X, defined by (2) with initial condition X.(0) = ex
and let K (&) be a function such that

(6) limefK(e)=0 VB=>0.
&l0

Then, for all o > 1,

o
lim sup e(“l)P(r8>—logel>
el0 |x|<K (e) 7
e MG
7 - = _ -0
™ Vr o Wanl+lre >|)]
and
- o _ [ f(g)l
(8 lim sup P<X ) =q+ |15 > —loge 1>_ -0
e10 x|<K () «(72) |+ A (g0l + 1 f(g-)]

REMARK 1.2. The second term in (7) plays the role of A in (1). Note that in
(7) the coefficient in front of | f(g+)| + | f(g-)| is the centered Gaussian density
with variance o2(0) /(2A) evaluated at x.

One could approach Theorem 1.1 using that the distribution of X, conditioned
to stay in the bounded domain for an atypically long time, approaches the quasi-
stationary distribution exponentially fast; see [6]. However, our situation is more
subtle since both, the time scale and the system, depend on &. So, instead of at-
tempting to appeal to the general quasi-stationary distribution theory, we adopt the
following plan: we change the coordinates by conjugating the drift to a linear one;
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then we use Duhamel’s principle to represent the solution and express the event
of interest {t7 > 7 log é} in terms of a random factor in the resulting variation of
constants formula; the convergence of that factor in distribution is known and has
been employed in the literature cited above, but the desired result concerns un-
likely events, and we need much stronger regularity, namely, uniform convergence
of the associated probability densities. We use Malliavin calculus to study these
densities. In fact, the Malliavin calculus approach works only for small values of
o, and to extend it to the longer time scales we need to invoke an additional re-
cursive scheme that can be seen as studying the quasi-stationary distribution since
each step is performed under the no-exit conditioning.

In this program, the density estimates are based on a well-known formula for
the density in terms of the Malliavin derivative and the divergence operator; see
Proposition 4.1. This formula has been used to derive upper bounds on densities
(see [14], Section 2.1.1), but in general it is viewed as not very useful (see, e.g.,
[13]) where a replacement formula is suggested. However, in our context, Propo-
sition 4.1 turns out to be very efficient.

2. Proof of Theorem 1.1. We will study the system in a small neighborhood
of the origin and after the process has escaped this small neighborhood.

Let us start with the first part. The diffeomorphism f : Z — R introduced in (5)
and its inverse g = f~! provide a conjugation between the flow (S") and a linear
flow:

©) f(S'x)=e" (), or fl0)b(x)=Af ().

Note that the integrand in (5) is quadratic when x is close to zero, and thus we have

f(0)=0and f’(0) = 1. Outside of Z, we define f so that ' and f” are bounded.
Let Y. () = f(X(¢)) for times prior to the escape from Z. Itd’s formula and (9)

then imply that this process satisfies the stochastic differential equation

2
(10) dYe(1) =AY, (1) dt + 6 (Ye(t)) AW (1) + %h(Ye (1)) dt

for t < t&, where 5 () = f'(g(y))o (g(y)) and h(y) = £ (g(y))o*(g(y)). Due to
boundedness of f" and f”, & and h are also bounded.

Let us choose R > 0 sufficiently small to ensure that V = g([—R, R]) € Z and
6 (x) > 0 for all x € [-R, R]. The following result describes the behavior of ty,,
the exit time from V.

THEOREM 2.1. Let Y. (0) = ex, where |x| < K (&) with K (¢) satisfying (6).
There is a family of random variables (M) such that for all ¢ > 0, P(M; =0) =0,

(11) 8—11 R 11 | M, |
5= —log— — —lo ,
VT gg Y g | Mg

(12) P({Y. () = R} A{£M, > 0}) =0,
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and, if a(e) is a monotone function such that a(e) ~ ce?

then the following estimate holds:

,&— 0, for some c,0 > 0,

( ) [r
(13) lim sup |P(0<ZxM,<a(e))—, ————al(e)
eL0 1y <K (o) ) T o(0)

=o(a(e)).

REMARK 2.2. The coefficient in front of a(¢) in (13) is the centered Gaussian
density with variance a2(0) /(2A) evaluated at x.

We give the proof of Theorem 2.1 in Section 3.
After exiting from V), the deterministic dynamics dominates the evolution,
which is captured by the following standard large deviation estimates.

PROPOSITION 2.3. Let X.(0) = g(£R). There are constants cy, c2, &9 > 0
such that

(14) P(|tf —T(g(£R))| > ¢N) < cle_czNz, e<ey, N>1,
and

P(X.(t0) =q+)>1- cle_CZ/gz, £ < &.

PROOF OF THEOREM 1.1. Combining 77 = 1y, + (77 — 7y,) with (11), (14)
and the strong Markov property yields the representation

e 1 1 1 1 .
(15) rzleoge +C—Xlog|Mg|+0€, szlogR%—T(Xg(rV)),
where 6, is a random variable such that

(16) P(|0s] > eN) <cie V', N>1,

for some c1, ¢ > 0. Although R appears in the definition of C, one can easily
show that C does not, in fact, depend on the choice of R. Identities (15) and (12)

imply

(a7 P(eh= Tloge™!) =P(M.| £ X = L,
where

(18)  Ip=P(0 <M, <M+l c*_ %ng + T(g(£R)).

Let us simplify the definition of C*. Since T (g(£R)) equals the time it takes for

the linear flow to travel between R and f(g4), that is, 1 log @, we see that

1
(19) ci:fwvmgh
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We can write
Iy <P(0 < £M, <MDl L p(j6,| > £F),
where we choose B € (0, 1). The second term decays exponentially fast a ¢ — 0

by (16) and we may apply (13) to the first term with a(e) = HCFFeD) a1 ¢,
conclude

20) I <‘/Mwi8%1 G0 (1 4+ 0(e)) + o(e* )
M e o(e ,
*=\V7z 00

with the error term being uniform over |x| < K (¢). Note that invoking (13) was
justified by

Y:(0) = f(ex) = ex +o(ex) = ex(1 + o(1)).
The analogous lower bound follows similarly:

I > P(0 < £M, < M€ Dge1: o, < ¢F)

Q1) > P(0 < £M, < M D) _P(16,] = )
A exciga—1 VIR
- \/;We M0 (14 0(eP)) + o(e* 7).

Combining (20), (21) and (17), we obtain

A erC ACT L

with the error term being uniform over |x| < K (¢). Using (19), we complete the
proof of (7).
To prove (8), we write

P(X.(t5) =qs: AtE > (1 — ) loge™")
=P(X,(77) = g1 |Me| < T
=P(X:(5) = g(£R); |M| < M0~ 1) 1 O(e‘CZ/Sz)
=P(0 < +M, < e/\(Ci+95)8a—1) n O(e—cz/sz)
=14+ O(e /%),

Here, the first equality is due to (15), the second one is due to Proposition 2.3,
while third one holds by (12). Therefore,

—cp/e? AC*E
e o 1\ _ 1=+ 0( ca/e”y e
P(Xg(tz) =q+ ‘ 7 > Xlogs > = I+ P T

as ¢ — 0 and the proof is completed by (19)-(21). U
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3. The linear equation. The goal of this section is to prove Theorem 2.1. To
this end, we apply Duhamel’s formula to the stochastic differential equation (10)
to obtain

(22) Ye(t) = e’ M (1), M (t) = x + Ug (1) + Ve (1),
where we used Y, (0) = ex and introduced
t t
Ue(t) = / e MG (Ye(s))dW (s), Ve(t) = %/ e M h(Ye(s))ds.
0 0
Note that there is C > 0 such that for all t > 0 and x € R,
(23) (Ue)r < C, |Ve(1)] < Ce.
By the definition of 7y, we have

(24) R = Y ()| = ee™™ | M (1)

’

which we can rearrange to obtain
1 R 1
T = Xlog; — xlog\Mg(t{i)}.
This establishes (11) once we set M, = M, (rf,). Note immediately that
PM,=0)=P(t; =00)=0

by the uniform ellipticity of 6. Moreover, the sign of Y, (¢) coincides with the sign
of Mg(t) for all ¢+ > 0, and thus (12) is verified as well. Therefore, it remains to
prove (13), and the rest of the section is dedicated to this goal.

The strategy of proof is the following. We first replace the stopping time ty, with
the deterministic time

1 R 1
(25) T. = —log — — —loga(e),
A e A

where we recall that a(e) ~ ce?, which turns out to be a good substitute on the
rare events that we seek to study. Next, we use tools from Malliavin calculus to
establish that for an appropriately chosen shorter fixed time 7, < T, the random
variable M, (T/) has a density around zero that converges to the density of a cen-
tered Gaussian random variable with variance (21)~'2(0), which establishes the
desired estimate for M, (T}). Finally, we use the Markov property to iteratively ex-
tend this conclusion to M, (7;). The following well-known exponential martingale
inequality (see, e.g., Problem 12.10 in [5]) will be useful many times.

LEMMA 3.1. Let M(t) be a martingale with quadratic variation process
(M);. Then
2
P(sup|M(t)| > a: (M)oo < b) <2 %

t>0
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for any a, b > 0. In particular, due to (23),
P(sup|U8(t)\ > a) < 2e‘C“2, [Suprs(l)| ] P p=1,
>0 >0

for some constants C, C), < 0.

We start by showing that M (T¢) is a good substitute for M, = M, (ty,) on the
set |[M.| < a(e). When working with deterministic times, we do not restrict the
dynamics to times before the exit from Z, so we use our global Lipschitzness
assumption to ensure the existence of the strong solution. From now on, we use
the same letter C to denote various positive constants.

LEMMA 3.2. Foreveryy € (0,1) and y' > 0, there is g9 > 0 such that

sup P(|My — Mc(Ty)| > a(e)e”; |Me| <a(e)) <&, £ < &p.
Ix|<K ()

PROOF. Observe that {|M;| < a(e)} = {t}, > T} by (24) and (25). This allows
us to write

P(|Ug(t§)—Ug(Tg)|Za(gz)gy; ol < )
_ (V & (Ye(s)) dW s )‘ 8y;r{;sz)
o stn)awe] 22

<2 cCOETY c
= Z€EXpy — e_24)LT£ = 2EXpy—

a2(8)827/ }

R
e—2(log 2 —loga(e))

rexplocr) <&

= 2¢eX —C—7 < —,
p{ g2 } -2

for any y’ > 0, and sufficiently small &, where we use the boundedness of & and

Lemma 3.1 in the last inequality. At the same time, on {ty, > T}, we have

2
€ - eca(e)|h|
Ve(5) — Ve(Tp)| < ﬁtSEUT%M(YS(t))‘e o AN

where we used that 4 is bounded. Therefore, the triangle inequality and a simple
union bound gives

P(|M8 - MS(T8)| > a(e)e”; |M;| < a(s))
a(e)e?
2

= P(iUs('L'\e)) - Us(Ts)| =  IMe| < a(£)>
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“(ZW; M| < a(s))

+P<}V8(T]E)\) - Vs(T£)| >

/
<e’

provided y € (0, 1) and ¢ is sufficiently small. [J

Our next goal is to show that M, (T;) satisfies the desired small ball asymptotics.
The next proposition is the key technical result of this paper and will be proved in
Section 4 with Malliavin calculus tools.

PROPOSITION 3.3.  Assume Y. (0) = ex and let T/ > 0 be a function of & such
that
AT/ c
ell——,2—«
loge—! loge—!

for some ¢,k > 0 and for all sufficiently small ¢. The random variable M =
M,(T/) has a continuous, bounded density p} (z). Moreover, for every K (¢) satis-

Jying (6),

(26)

lim sup sup|p}(z) — p*(2)| =0,
e30 x| <K (¢) zeR

where p* is the density of a Gaussian random variable with mean x and variance

1)~ Lo2(0):
X Al _)\((Z;X )2
@ \ = O'(O)e o

In the proof of the theorem on the outcome of the linear evolution, we will use
the Markov property many times, so it is convenient to denote by Py the joint
distribution of the driving Wiener process W and the process Y, with initial point

Ye(0)=y.

PROOF OF THEOREM 2.1. As observed in the beginning of this section, it
only remains to show that M, satisfies (13). Let us derive the theorem from the
following statement that we will prove later: if b(¢) = o(a(e)) and K (¢) satisfies
(6), then P(g,x) =P, (b(e) < M (T,) < a(e)) satisfies

. P(g, x)
27 lim sup —
e=0 <k ()l a(e)

p*(0)|=0.

Let us choose y’ large enough such that g’ = o(a(e)), e = 0. Lemma 3.2 and
(27) imply that if y € (0, 1), then

(28) Per(0 < M, <a(e)) <&’ +Pe(0 < M, <al(e);

M, — My (T,)| < a(e)e”)
<& + P (—a(e)e” < Mc(T) <a(e)(l +¢"))
(29) = p*(0)a(e) + o(a(e)).
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Similarly,
P, (0 < M; < a(e))
> Py (0 < M, <ale); |[My — Mo(T;)| < a(e)e”)
(30) > Pex(a(e)e” < Mc(Te) <a(e)(1 —€V); [Me — Mc(Te)| < a(e)s”)
=P (a(e)e” <M (Tp) <a(e)(1 —e")) — A(e, x),
= p*(0)a(e) +o(a(e)) — Ale, x),

where
A(e,x) =Py (ale)e” < My(T,) <a(e)(1 —¢”);
< Aj(e, x) + Az(e, x),

M, — MS(TS)‘ = a(g)gy)

with
Aj(e, x) = Psx(f\g) > T

Ao(e, x) =Py (13, < To;

M, — MS(T8)| = a(g)gy),
M (T:)| < a(e)(1 —g")).

Due to (28) and (30), the desired relation (13) for the positive sign follows from
(31) Ai(e.x) =olae),  i=12,

uniformly in x. Since {zy, > T;} = {|M¢| < a(e)}, Lemma 3.2 immediately implies
that Aj(e, x) < g’ for any y’ > 0 and sufficiently small ¢. To estimate A,(g, x),
we note that | M. (T,)| < a(e)(1 — &¥) implies

|Ye(Te)| = e | Mc(Te)| < R(1 —¢7),
and applying the strong Markov property to the process Y, after y,, we obtain

1 _ oV
As (e, x) §Zn:li);el)z<tehl)lgsl}Yg(l‘)| <R(1-¢)).

Duhamel’s formula (22) and the reverse triangle inequality imply

Yo ()] > eM||Ye(0)| — &|Ue(t)|—&| Ve ()| = |Ye (0)| — e|Ue(t)] — | Ve (2)

El

and, combining the last two displays, (23), and Lemma 3.1, we obtain

As(g, x) < P( sup |Ug(t)| = Re=177) — C) < 3¢ AT < e’
t€l0,T;]

for any ¥ < 1 and sufficiently small ¢. Thus, (31) is verified, completing the proof

of (13) for the positive sign. The result for —M, is proved the same way.

It remains to prove (27). If 6 € (0, 1), then T, = T satisfies (26), so (27) im-
mediately follows from Lemma 3.2 and Proposition 3.3. If 6 > 1, then we can-
not apply Proposition 3.3 directly, so our strategy will be to extend it to longer
times using an iterative procedure based on the Markov property. Namely, we let
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N = |0] + 1 and consider the shorter time 7, = T, /N. There is « > 0 such that
for sufficiently small ¢,

AT, 140—1¢, ( C )
Qg := = € -, 2 — K,
loge~! 6] +1 loge~!

where ¢, = O(1/loge™!). We recall that C > 0 stands for a constant that may
change on every appearance. In fact, observe also that the last display and N € N

imply

0
(32) 2<N<—+1+ ;
O loge~

for sufficiently small €. For simpler notation, let us use the abbreviations
Ts,k = kTg” Me,k = MS(TE,k)s Ys,k = Ys(Te,k), fs,k = ‘FTS,k

fork=1,..., N. We will show by induction that for each ¢ > 0 there is a sequence
(H;, k),‘;io of centered Gaussian random variables independent of F ;, with vari-
ance

0,2(0) 1— 82(N—k)ag

33 EH?, =
©3) SR YRR

and such that
(34)  P(e,x) =Pec(b(e) < My + e H, ) < a(e)) +ola(e)), e 0,

forallk =0, ..., N. Using (34) with k = 0 completes the proof of (27) as M, o = x
and the random variable H; ¢ is centered Gaussian with variance converging to
21)"162(0) as € | 0 by (33).

Now we proceed with the proof of (34) by first noting that the case k = N is
trivial as He y = 0. Let us assume that (34) holds for some k =1, ..., N and show
that it therefore holds for k — 1 as well. Due to the relation Y, (1) = e M, (z), the
Markov property allows us to write

Pei(b(e) < Mej+ & He g < a(e))
= Eeo[Per(b(e) < Me i + 6" He p < a(e) | Fr,, )]
= / O; Pei(b(e) < Me i + 6" He g < a(e) | Me g1 = 2)r{ D (da),
where we introduced the measure
r* D(dz) = Pey (Me 1 € dz).
Since Y, y = ger ek M= gl—kee M, i, forallk=0,..., N, the integrand equals
Pex(e'7"b(e) < Yer +eHex <6 “a(e) | Yo =¢' "7 D%y

=P, e, (875 b(e) < Vo1 +eHe p < &' T % a(e)),
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where we used the Markov property and the independence of H; ; and F x in the
last step. Note that Y, 1 is independent of H, ;. Combining the last three displays
and the change of variables z — ¢~ D%z gives

Pe.(b(e) < Mg + " H. ;. < a(e))
o0
(35) - / P (' % b(e) < Yoy + eHop < &' %a(e)
—00

x r)gk_l)(s(k_l)"“g dz).

Let us now prove that there are cy, ¢ > 0 such that for any L > 0, we have

(36)  sup Pe(e' K% b(e) < Yoy + e Hog <& % a(e)) < cre2L’
lzZI=L
Note that (32) implies
(k= Doz < (N —Da, <0+ T
loge™
50, using that £€/102¢™" — ¢=C — const > 0, we have

gl > gl—kaetC/loge™ oy > Col=kas (g,
which implies
\Yer + e He il = |Ye(T)) + e He | = 2™ (2] — |[Ue(T))| — | Ve(T))|) — €| Het|
> el 7% (12| — |Ue(TY)| — | Ve(TY)| — &% | He 1)
> Cre' ™ a(e)(1z] = [Ue(TY)| — £Ca — % | He k).
Since b(e) = o(a(¢)), the left-hand side of (36) can be thus bounded above by

sup Pe (1Y +eHe x| < ' 7*%a(e))
|z|>L

1
<P(Hoxl = L) +P<|U£(Tg/)| > L(1-e%) = o - gcz),

and (36) follows from the standard Gaussian tail bound, (33), and Lemma 3.1.
Conditioning on H j, using the independence of M, (7/) and H, j, and using
the existence of density of M, (7,) guaranteed by Proposition 3.3, we obtain

P (' %% b(e) < Yo+ eHop < ' Fa(e))
=P, (e * D% p(e) < M (T)) + £% H, . < e~ "D g (e))
a(e)e~k—Dae _goe g,

:E./b pi(u)du.

(8)8*(](*1)0(9 —g% H, 1
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This, along with the induction hypothesis (34), relations (35)—(36) and Fubini’s
theorem, gives

a(g)e~k—Dee _gae Her L
P(e,x)=E f pEu)r®=D (e ®=De g2y a4y
37) b(e)e=k=Dee _gee gy J—L
+0(e ™) + o(ale)).

To use the uniform convergence statement of Proposition 3.3, while simultane-
ously making the error term decay sufficiently fast, we choose

20
L=L()=K(e) :,lfloge—l.

This allows us to write (37) as

P(e,x)=E

a(g)e~k—Dee _gae g oo 1
/ pz(u)ng(e_( “Deepr € dz)du

b(e)e~k—Dee _gee f_ 4 J—o00
+o(a(e)),

where we also used the decay rate of p*(u) at oo to restore the integration domain
to the entire line.

Recalling that p%(u) = p®(u — z), we change variables: u’ = ¢~ D%y 7/ =
gk=Da 7 “and express the integral on the right-hand side of the last display as

a(e)—ek*e H, ;. roo
—(k—Da : /
e E

0f.—(k—Dag(,,/ (k—1)ae
& u —¢& Z
b(s)—s’“"*?Hs,k —oop ( ( ))

X Px(Mg’k_l € gk—Dee dZ) du’

— 8_(k_1)asE

a(e)=e" He poo —k=Nae () s
| e e =)

b(e)—ekee H, . J—00
X Py(Mg j—1 €dz’)du’
=Ppy (b(e) < Mg oy + %7 D% 4k g, < a(e))
=Ppy (b(e) < Mg o1 +%70% (£ 4% H, ;) < a(e)),

where & is a centered Gaussian random variable independent of both M, y_; and
H, ;. with variance (2)»)*102(0). This completes the proof of the induction step
once one verifies, by a straightforward computation, that He 1 := & + e H,
has the desired variance given by (33). [

REMARK 3.4. In the second part of the previous proof, the random variables
ek=Deeg with

&k =Hg 1 — & Hg



840 Y. BAKHTIN AND Z. PAJOR-GYULAI

essentially correspond to the distributional limit of the integral
kT,
I :/ MG (Yo(s)) dW (s)
(k=1)T!

conditioned on Y, not having exited a neighborhood of the origin of size O(¢).

4. Malliavin calculus tools and the proof of Proposition 3.3. In this sec-
tion, we turn to the proof of Proposition 3.3 by showing that M, := M, (T/) has a
bounded continuous density with the desired asymptotics. We are going to employ
Malliavin calculus tools, using [14] as a basic reference.

Let us first recall some basic notions. Let H = L2(R.) be the separable Hilbert
space of square integrable functions on the line and let B : H — L%(Q) be the
isonormal Gaussian process on H given by

s B(h) = /Oooh(s)dW(s).

Let L2(Q; H) be the set of square integrable H-valued random variables with
norm |ull;2q. gy = ,/E||u||%1. The Malliavin derivative operator D : L>(Q) >
L?(S2; H) is defined on random variables of the form
(38) F = f(B(h),..., B(hy)), n>1,
by the formula

DF =Y 0y f(B(h1), ..., B(hy))hi.

i=l

It is extended to a closed operator under the graph norm

IFlli2 = IFI3+ IDFI3, .

with domain Dj », where we adopt the notation || Fll2 = | F|2q) = vVEF? and
lwll2; = Null 2@ 1y

This construction can be extended to Hilbert space valued random variables
producing a closed operator D : L>(Q; H) — L*(Q; H ® H) under the graph-
norm

2 2
lull2crr =y Nl + 1Dul3, g

with domain Dy 2.y, where |Dull2;uen = llull 2. o). The second-order
Malliavin derivative is the composition of the operators described above, a closed
operator D?:L2(Q) — L%, HQ H).

The divergence operator or Skorokhod integral § : L2(Q2; H) > L%(Q) is de-
fined as the LZ(Q; H) adjoint of D, that is,

E<DF7u>L2(Q;H) :E[FS(M)], u GDOInS,
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where Dom 8 is defined as the set of those u € L%(2; H) such that the left-hand
side of the indicated identity defines a bounded functional as a function of F.
In particular, H can be embedded naturally into Domé and §(h) = B(h) for any
heH.

PROPOSITION 4.1 ([14], Proposition 2.2.1). Let F € LZ(Q) € Dy and as-
sume that

(39) PF e Doms
IDFII
Then F has a bounded continuous density given by
(40) @) =E[1{F>z}8(D—F2)].
IDFIy

We are going to use this result with F = M/ under the measure P = P,,. We
will write p}(z) for its density given by (40). We are going to compare M, with
the limiting random variable

(41) 1:x+o(0)/ooe—“dW(t),
0

which is a centered Gaussian random variable with density p*(z). In what follows,
C will denote a positive finite constant, independent of ¢, x and ¢, which may
change on each appearance.

LEMMA 4.2. Let Y. (0) = ex with |x| < K (¢), where K (¢) satisfies (6). Then
for any y € (0, 2) and sufficiently small e, we have

E|l — M|* < Ce”.
PROOF. We start by estimating
E[Y,(1)]* = 2 E[M.(1)]* = 2 E[x + U, (1) + Vo ()]
(42) < Ce2e? (x> + E[U. ()] + E[V. ()]
<Ce?e® (1 +|x)?),

where the first inequality is due to the elementary (a + b + ¢)? < 3(a® + b* + ¢?),
while the second one follows from Lemma 3.1 and (23).
Next, we write

- M= /OTS e M0 (0) — 5 (Ye(2))]dW (1)

(43) Lo 0) / T e AW () — Vo(T)
7

= Ji(e) + J2(e) + J3(e).
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Using the boundedness of 6'(x) and the identity 6 (0) = o (0) [which is due to
f/(0) = 1], we can write

T
EJ{(e) < C/ e ME[Y, ()] dr < Ce*(1+ K*(e)) T, < Ce”
0

for any y € (0,2) and small ¢, where the first inequality is due to (42) and |x| <
K (¢). By (26),

2 2 * 20X 0) 2
EJ5(e) <o (0OE e MdwWm) | = o e <Ces

for sufficiently small ¢. Also, EJ32 (e) < Cég? by (23). Combining (43) with the the
elementary inequality (a + b + ¢)?> < 3(a® + b?> + ¢?) and the above estimates, we
complete the proof. [J

To use Proposition 4.1, we need to control the divergence and have certain es-
timates on the Malliavin derivatives of M. This is the content of the next two
results.

PROPOSITION 4.3 ([14], Proposition 1.5.8). There is C > 0 such that

8@, = C(I1Eully + | Dull; non).

where it is implicit that the finiteness of the right-hand side implies u € Dom §.

LEMMA 4.4. Let Y. (0) = ex and let K (¢) satisfy (6). Then

(44) lim sup |DM,—DI|, =0
&30 |x|<K () ’

and, for every m > 1,

(45) limsup sup E|DM]|," < oo,
e—>0 |x|<K(¢)
(46) lim sup E|D*M.|" =0.
£ 10 |x|§[?(8) I 6”2,H®H

The proof of Lemma 4.4 will be given in Section 5. We proceed now with the
proof of Proposition 3.3.

PROOF OF PROPOSITION 3.3. Let us first assume that F = M/ satisfies (39)
and, as before, write p} (z) for its density. We are going to compare M} with the
limiting random variable I [introduced in (41)], which is a centered Gaussian ran-
dom variable with density p*(z).
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We start by writing

@) — x(z)|—’E—1 (LM/)—I 3( DI )H
Pelei b =2 z,) o,
|
= {M;>z}
N T VAT ||D1||%,
47 + E[ 1y -1 8( )”
47) (Lpy>zy — Lr>zy) DI,

DM,
<oz ~ iz s
IDMLIG,  IDII,

DI
(i)
AL

where we used the Cauchy—Schwarz inequality in the last step.
Let us first deal with the second term on the right-hand side of (47). Observe

a*(0)
2X

+ ||1{M§>z} - 1{I>Z}||2

(48) DiI=e*o(0), |DII%}=

9

so DI is deterministic and

—\t
) H (llDIllH) 2(0) Hf U(O)dW(I)H

The other factor can be estimated as follows: for any 1 > 0,

Ell{yoz — 1y P =P{M, <z<Torl<z<M]}

(0)

(50) <P(I -z <n)+P(I - M| >n)
E|l — M2
51) S

where in the last step we used the Markov inequality and that / has a bounded
density. Choosing 1 = e”" for any ¥’ € (0,1/2) and invoking Lemma 4.2 with
y = 2y’ shows that the right-hand side of (50) converges to zero as ¢ |, 0. This and
(49) imply that the second term on the right-hand side of (47) converges to zero as
well, uniformly in |x| < K (¢) and z € R.

Next, we have to estimate the first term on the right-hand side of (47). We wish
to apply Proposition 4.3 to the H-valued random variable u, given by

D, M., D, 1
DML, 1IN

DI — DMl | DM — Dyl
CIDMHIDIIG, D111

ug (1) =
(52)

t
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The H-norm of u, can be estimated using the triangle inequality and (48):

IDI1I, — DML / >
<C DiM, —"D;1
el = €(F R DL =Dy
- C((IIDIII%I — DM )DL + IPM | 1)
- /
+1DM - Di1l )

< c|pm. - DI| [1 + ;}

- ‘ S A
Using Jensen’s inequality, (53) and the Cauchy—Schwarz inequality yields

IDM; — DI||g
1Bl < Eflucll s < C[EHDM; _pi], + P~ Plin }

(54) DM, u

-2
< C[DM, = DI,y [ 1+ VE[DM] ] > 0

as ¢ | 0, where the convergence is due to Lemma 4.4.
To treat the second term given by Proposition 4.3, we observe that DI being
deterministic implies D>I = 0, and thus
Dsu(t) =D [ D: M, ]
U = | ——————— |,
she K ” D Mél%_l
where the right-hand side is estimated by (2.5) in [14] implying
3ID* M | hen
IDM; 17

so we can use the Cauchy—Schwarz inequality to obtain

IDucllnon <

’

81 1
(55) 1Ducl:men < CE[IDM | )? BID*M] [ g)* — 0
as ¢ | 0 by Lemma 4.4. Combining (54) and (55) with Proposition 4.3 gives
< DM, DI )

2

DML, IDI%

uniformly in |x| < K (¢) completing the verification of

1m
el0

lim sup |pf(z)—p*(2)|=0.
30 x|<K (e)
zeR

To complete the proof, it remains to show that i, = DM /|| DM ||12L1 € Dom$.
Clearly, Jensen’s inequality and Lemma 4.4 imply

it || < Elliic | 1 = EIDMc|| ;" < oo,
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while DI =0 and (55) give us

Dt 2. nou = IDucll2: Hgn < 0.

The desired conclusion now follows from Proposition 4.3 and the last two displays.
g

5. Proof of Lemma 4.4. In this section, we complete the proof of Theo-
rem 1.1 by proving Lemma 4.4. As in the previous section, C will denote a positive
finite constant, independent of &, x, and ¢, which may change on each appearance
and we will use the elementary inequality (3_}_; ;)" < nm1 i—ja’, Fubini’s
theorem, and the boundedness of &, & and all their derivatives without further
mention.

We start by recalling that the Malliavin derivative D; M, (1) satisfies a stochastic

integral equation ([14], Theorem 2.2.1)

(56)  DyMe(u) = e MG (Yo(t)) + / L e (Yo())Di Ve (s) W (s)
t
n %/tu e (Yo (5))D, Ye(s) ds
— M (Yo () + / U5 (Yo(9)) D ML (s) dW (s)
t

2 ou
(57) +5 /, 1 (Ye(s)) Dy ML (s) ds

for u > t, while D; M, (1) = 0 otherwise. Here, we used (22) and Proposition 1.3.8
from [14] [see also formula (1.65) in this reference] in the first step, and (22) in the
second one. This integral equation is equivalent to a stochastic differential equation
in the variable u:

(58)  d[DiMc(w)] =DM (w)dZe(u), DiM(t) = e 5 (Ye (1)),

where we introduced the semimartingale

u 2 u
zg(u)zg/t 5’(Yg(s))dW(s)+%/t 1 (Ye(s)) ds.

It is well known (see, e.g., [10], Section 5.6) that the solution of the linear equation
(58) is given by the Doléans-Dade exponential

(59) DM, (u) =e 5 (Y (1)) exp(zg<u> — <Z;>“)

=e M5 (Y. (1)) exp (8 /u &' (Ye(s))dW (s)

2

(60) + % /, Y (Ye(s)) = (6 (Ye(9))?) ds).
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LEMMA 5.1. For any m > 1, we have

sup E|[D,M.(u)|" < Ce ™™,
u€el0,T/]

PROOF. We can use the explicit formula (59) to estimate
E|D;M.(u)|" < Ce™ mME[exp(emf "(Ye(s))dW (s)

82m

+ S0 [ W) = @ (o)) )|
t
<Ce mME[exp(gm/ '(Ye(s)) dW (s)

8m

[y as)|=cem.

where we used sz(u -1 < 82T€/ — 0, as € | 0, in the second inequality to ma-
nipulate the Lebesgue integrals in the exponent, while the last step is due to the
martingale property of the process under the expectation. [

Let us now prove the claims of Lemma 4.4 one by one.

PROOF OF (44). Let I(u) =0 (0) [ e ** dW(s). Then
Dy1(u) =0 (0)e M 1<y
By the triangle inequality, we have
DM — D 1| < |DiMc(T,) = DA (T{)| + ¢ o (01517,
SO

0
IDM, — DI =/ E|D,M, — D,1%dt
' 0
(61) Ny |
SC/ E|D,M,(T)) _DtI(TS/)|2dt+C02(0)e’2”8.
0

The second term on the right-hand side converges to zero simply by 7, — co. To
estimate the first term, we use (56) and the triangle inequality:
62 DM (T]) ~ Dol (T)| < ey Ce ™[ (Ya(0))

where

T/
Rg(t):e‘/ &' (Ye(5))Dy M. (s) dW (s) + — / "(Ye(s))Dy M. (s) ds.
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The second moment of this latter quantity can be bounded as
T,
E|R.(t)]* < Ce*(1+ szT;)/ E|D,M.(s)|*ds < Ce?e™ ",
t

where the first inequality is due to Jensen’s inequality, while we used Lemma 5.1
and limg o £2T£’ = 0 in the second one. Combining this with (62) and (42), we
obtain

EID, M, (1)) ~ Dl () < C(1yerye Yo + EIR0))
< C(e*(14 K@) y<ry + &%),
and integrating with respect to ¢ gives us
o
/ E|D; M, ;(T)) — D, I(T)) [ dt < Ce*T/(1 + K*(e)) = 0
0

as ¢ |, 0. Therefore the right-hand side of (61) converges to zero completing the
proof. [J

PROOF OF (45). Applying Jensen’s inequality for the convex function x

|x|*m/ 2 and the measure on [0, T,] with density
e—ZAt 2 e—ZAt
fOTg o—2As T 2T
we obtain

!

/i —m T ou 2\ "2
E|DM.|; :E(/O 24 M| D, M| dt>
2% T+l Ty
<(«mm) [ e e D ar

Using the explicit formula (59), we can estimate

T}
e "ME|ID,M.|T" < CEexp(—gm/ &' (Ye(s))dW (s)
t

&2m (T!

- [ ) + @ (@) as)

Ty
< CE[exp(smf &' (Ye(s))dW (s)
t

e2m?

-= /tTg/(é’(Yg(s))zds)}=C,

where we used limg o 82T8’ = 0 in the second inequality to manipulate the
Lebesgue integrals, while the last step is due to the martingale property of the
exponential. Combining the last two displays completes the proof. [
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PROOF OF (46). It is sufficient to prove the claim for m > 2 since conver-
gence for m € [1, 2) will follow from Lyapunov’s inequality. Taking the Malliavin
derivative of both sides of (56) and using Proposition 1.3.8 in [14], we obtain that
the second derivative D2 .M/ (u) satisfies the integral equation

D2, M (u) = £6" (Ye(1)) Dy ML(1) + &5 (Ye (r)) Dy ML(r)

+¢? / ’ 5" (Ye(s)) Dy ML(s)D; MLs(s) dW (s)
rvt

te f“ &' (Ye())D2, Me(s) d W (s)

Vit

3 pu
+ / M (Ye(s))D, ML(s)D; ML (s) ds

+ — / "(Ye(s))D Mé(s)ds,

foru>r v ¢, while D2, M} (u) =0ifu <r v 1.
Taking mth moments, we can apply the a priori bound in Lemma 5.1, the BDG
inequality, and Jensen’s inequality to estimate

E|DZ, M. )" < Ce?(e™™ + ™)

m u
4 e (T / HE|D,MU)D M) " ds
rv

&

u
4 Cem (T 1/ E|D2, M. (s)|" ds.

rvt

The Cauchy—Schwarz inequality and Lemma 5.1 again imply

E|D, M.(s)D, M.(s)|" < E|D, M.(s)|*"E|D, M (s) "
< Cve2mirg=2mit — CeMAr+1)
Combining the last two displays, we obtain
E{D%tMé(u)rn < Cgm(e—mkr + oMM + &M (Tg)%*lem)»(u—r—t))
+Ce™ (T I/M E|D", M. (s)|* ds
r,t & .

rvit

We recall Gronwall’s inequality: if nonnegative functions #, g, k satisfy
u
hw <@+ [ Kb, uza,
a

and g is nondecreasing, then

h(u) < g(u)efau kis)ds u>a.
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Using this with h(u) = E|D? M, (w)|",a=r V1,

g(u) = Ce™ (e 4 "M 4 g (T)) 7 M0y,
where k(u) = Ce™(T/)"~!, and setting u = T/, we obtain
E|D;, M{|"
< Ce™(eT™M e MM 4 gm(T;)%—lemk(T;—r—w) oCE" (T (T =rvi)
)%—lemx(Tg—r—z))eCam(Tg)m

< Ce™ (e—mkr +e—m)Lt +8m(T8/

< C(eM (e 4 &M 4 g2 (1)) 3 T D)

< C(Sm(e—mkr + e—mkl) + 82m8—pem)u(T8/—r—t))

for any p > 0 and sufficiently small &, where we used lim; o ea(TE/)b =0 for all
a, b > 0. Using this along with Jensen’s inequality, we obtain

T’ T’ m
e & 2 2
BID* M|y =E( [ [ 1D Miardr)
nm-—2 LT 2 7 m
< (1)) E|D?,M.|" dr dt
0 0 ’

< C(e™(T))" + &P e) < C(em(T))" +&™<F),

where we used (26) in the last step. Choosing p € (0, mk) to ensure that the right-
hand side of the previous display converges to zero, we complete the proof. [J
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